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The study of the shape and properties of production functions is a subject of great interest in economic analysis. The
class of production functions with constant Hicks elasticity of substitution includes many important production functions
in economics; in particular, Cobb — Douglas production function and CES production function. In 2010, L. Losonczi
proved that a two-factor homogeneous production function satisfies the constant Hicks elasticity of substitution property
if and only if this homogeneous function is either a Cobb — Douglas production function or a CES production function.
The similar result for multi-factor homogeneous production functions was proved by B.-Y. Chen in 2012. In this paper
we generalize results of L. Losonczi and B.-Y. Chen to the class of quasi-homogeneous two-factor production functions
with constant Hicks elasticity of substitution. Namely the notion of quasi-homogeneous two-factor production functions
is introduced, relation between the condition of homogeneity and the condition of quasi-homogeneity is established, and
the class of quasi-homogeneous two-factor production functions with constant elasticity of factors substitution by Hicks
is obtained. Moreover, we pointed out the analytical form for quasi-homogeneous two-factor production functions with
unit elasticity of substitution. The obtained results can be applied in modeling of production processes.
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BOJICTBEHHAs1 (DYHKIIMS 00JaaeT CBOWCTBOM TIOCTOSIHHOM ANIACTHYHOCTH 3aMelleHHs (JaKTOPOB MPOU3BOJCTBA 10 XHUKCY
TOI/Ia U TOJIBKO TOT/IA, Kora oHa siBisiercst i ¢ynkuueit Koooa — [lyrnaca, nnn CES-dynkuumeit. [l MHOrodakTropHbIx
OJHOPOIHBIX POU3BOJCTBEHHBIX (DYHKILMI aHATOTHYHbIH pe3ynsrar nokasan b.-M. Uen B 2012 r. B manHoii paGote pe-
3ynbrathl, nonydennsie JI. Jlomonim u b.-M. Uen, 0600IIeHb B KIACC K8A3U0OHOPOOHbIX BYX(DAKTOPHBIX MPOU3BOI-
CTBEHHBIX (DYHKIMH C HMOCTOSHHOM 3JIaCTHYHOCTBIO 3aMeleHus (DAaKTOPOB IPOM3BOJICTBA 10 XHKCY. BBeneHo nonsitue
«KBa3HMOIHOPOJHOCTBY, YCTAHOBJICHBI CBS3M MEXKIY YCIOBHSMH OTHOPOAHOCTH M KBAa3HOIHOPOAHOCTH, BO MHOXKECTBE
JBYX(haKTOPHBIX MPOU3BOJCTBEHHBIX (DYHKIMI BBIJIEIICH KJIACC KBA3HOIHOPOIHBIX IPOU3BOICTBEHHBIX (DYHKIINII C IOCTO-
SIHHOM 2JIACTUYHOCTBIO 3aMeleHHs (PaKTOPOB MO XHKCY, YKa3aH aHAINTHIECKUH BU IBYX(AKTOPHBIX PON3BOACTBEHHBIX
(yHKIHMi, 00s1a1aONIMX CBOWCTBAMH KBAa3MOXHOPOJHOCTH M €ANHIYHON JIaCTHYHOCTBIO 3aMeIeHHs (DAaKTOPOB MO XHKCY.
[Tonmy4yeHHbIe pe3ynbTaThl MOTYT OBITH UCIIOIB30BAHBI PH MOACTHPOBAHUH TPOU3BOICTBEHHBIX MPOIIECCOB.

Knrwouesuvie cnosa: KBasnoAHOpOAHAA MPON3BOACTBCHHAA (I)yHKIII/ISI; IIOCTOsIHHAs 3JIaCTUYHOCTD 3aMCIICHU A (baKTOpOB.

Introduction. Consider a two-factor production function
Y:(K,L)—> F(K,L) forall (K,L)eG, (1)

where K is the quantity of capital employed; L is the quantity of labour used; Y is the quantity of output, and
the nonnegative function F is a twice continuously differentiable function on the domain G from the first
quadrant

R: ={(K,L): k>0, L>0}.

Almost all economic theories presuppose a production function, either on the firm level or the aggregate
level. In this sense, the production function is one of the key concepts of mainstream neoclassical theories. By
assuming that the maximum output technologically possible from a given set of inputs is achieved, economists
using a production function in analysis are abstracting from the engineering and managerial problems inherently
associated with a particular production process.

In 1928, the American scientists Ch. W. Cobb and P. H. Douglas introduced in the paper “A theory of
production” [1] the famous two-input production function

Y:(K,L)— AKI® forall (K, L)eR}, A>0, o, Be(0;1), a +B=1, 2)

nowadays called Cobb — Douglas production function, in order to describe the distribution of income in the
manufacturing industry of the United States of America during the period 1899—-1922. In later work [2],
P. H. Douglas prompted to allow for the exponents on K and L vary, which resulting in estimates that
subsequently proved to be very close to improved measure of productivity developed at that time.

Note also that the Cobb — Douglas production function is especially notable for being the first time an
aggregate or economy-wide production function had been developed, estimated, and then presented to the
profession for analysis.

In 1961, the economists K. J. Arrow, H. B. Chenery, B. S. Minhas, and R. M. Solow introduced another
two-input production function [3]

Y:(K, L) (ok? +pLr) " forall (K, L)eG, o, p>0, y#£0, 1, (3)

nowadays called CES production function (or the ACMC production function).

At the present time the Cobb — Douglas production function and the CES production function are widely
used in economics to represent the relationship of an output to inputs. Specifically, these production functions
were used to calculation consumer price index for the Belarusian pharmaceutical market [4] and in hybrid
models of economic growth [5] for the Eurasian Economic Union’s countries to 2050.

Concerning the history of production functions see the paper [6] of S. K. Mishra.

The most common quantitative indices of production factor substitutability are forms of the elasticity of
substitution. In 1932 the British economist J. R. Hicks introduced the notion of elasticity of factors substitution
in case of two inputs for the purpose of analyzing changes in the income shares of labour and capital [7]:

FyF, (KF, +LF,)
KL(zFKFLFKL _FI?FLL _FLzFKK

o’ (K,L)= ) forall (K,L)e G’ cG,

where the subscripts of the function £ denote partial derivatives, i. e.

0F=F,, 0,F=F,, 0,,F=F, 0, F=F,,,0,F=F,,.
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For instance, the production functions (2) and (3) are productions functions with constant Hicks elas-
ticity of factors substitution. The Cobb — Douglas production function (2) has unit elasticity of substi-
tution, i. e. 6”(K,L)=1. The CES production function (3) has the Hicks elasticity of factors substitution
co"(K,L)=1/(1-).

Let us remark that the practice of economic-mathematical analysis also uses other definitions of elasticity
of substitution (by R. G. Allen [8; 9], by B. N. Mikhalevski [10], by D. McFadden [11], direct and inverse
elasticities of substitution [12, p. 63—78]).

Problem statement. In his paper [13], Laszlo Losonczi proved that the homogeneous two-factor produc-
tion function with constant Hicks elasticity of substitution is either the Cobb — Douglas production function or
the CES production function. More precisely, we have the following (see [13] for details).

Theorem 1. Suppose the two-factor production function (1) is a homogeneous function of degree m # 0
and has constant Hicks elasticity of substitution ¢ # 0. Then the two-factor production function (1) has
the form

BK(XLm*(X, z‘f‘G:l;

F:(K,L)—> miy
(BKY+B,L)"",  ifo=l,
where o such that o.# 0 and o.# m, numbers B, B,, B,> 0 and Y=(c-1)/0c.

This result (theorem 1) complements the main propositions of the classical works [3; 9] and is consistent
with known results on the classification of production functions [12, p. 111-113]. Note also that the analogue
of theorem 1 for multi-factor production functions was proved by B.-Y. Chen in [14].

In this paper we generalize theorem 1 to the class of quasi-homogeneous two-factor production functions
with constant Hicks elasticity of substitution.

The two-factor production function (1) is called quasi-homogeneous of degree g € R with weight vector

g=(g.g,)eR*\{(0,0)}, if the condition hold [15, p. 39-40]
F(AK, A2L)=A"F (K, L) forall (K,L)€G andall A& (0;+eo). (4)
For example, the two-factor production function
F:(K,L)—2KL+3K’ +%2 forall (K,L)e{(K,L):K>0,L>0}

is a quasi-homogeneous production function of degree 3 with weight vector g =(1,2).

Notice that if a quasi-homogeneous production function of degree ¢ has the weight vector g = (1, 1), then
this production function is homogeneous of degree g.

The quasi-homogeneous condition (4) describes a condition of change of output when the quantity of capi-
tal and labour grow in different number of times.

Main results. The following statement (theorem 2) describes the analytical form of quasi-homogeneous
two-factor production functions with unit elasticity of substitution.

Theorem 2. Suppose the two-factor production function (1) is a quasi-homogeneous function of degree
q with weight vector g = ( g gz) eR’? \{(0,0)} and has unit elasticity of substitution. Then this production

function has the analytic form
F:(K,L)—> AK°L’ forall (K,L)eGcRZ, 4>0,

where non-vanishing real numbers o. and [ such that the following condition hold

og, +Pg,=g.
Proof. Let F:G— R, be a quasi-homogeneous two-factor production function of degree ¢ with weight

vector g =(g,, g,). Then, by generalized Euler’s theorem to quasi-homogeneous functions [15, p. 40], we
have identity

gK-F.(K,L)+g,L-F,(K,L)=gF(K,L) forall (K,L)eG. (5)

Since the production function F': G — R, is a twice continuously differentiable on the domain G, we see
that the second-order partial derivatives F,, = F},. Now differentiating the identity (5) with respect to the
variables K and L we get the system
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2K Fo (K, L)+g,L-Fy, (K,L)=(q—g1)FK (K, L) forall (K,L)eG, ©
gK F (K,L)+g,L-F,, (K,L)=(q-g,)F, (K, L) forall (K,L)eG.

If the production function F:G — R, has unit elasticity of factors substitution, then 6" (K, L)=1 for all
(K,L)e G’ cG. In other words, we have the identity

F F,(KF, +LF,)
KL
From the identity (7) it follows that the second-order mixed partial derivative

forall (K,L)eG". (7)

2FKFLFKL_FI§FLL_FL2FKK=

FF,(KFy +LF,)+ KL(F¢F,, + F] Fy )
- 2KLF,F,

F (K, L) forall (K,L)eG". (8)

Substituting the expression (8) for the partial derivative F, in the differential system (6), we obtain the
system of partial differential equations

g K -F,+qF g,L-F F. F
%FKK-F : ] FLL=2(q_g1)FK_g2L TK"'?L )
gK-F g&L-F, +gF Fe B
Fo. + F,=2(q-g,)F, —g K| —+—|.
) KK F, L (‘] gz) L& . Tk
From this differential system it follows that the second-order partial derivatives
F (K L): M_l F (K L) F (K L): M_l F(K L). (9)
K F(K,L) K&V 77 mew F(K,L) L))"

Further, substituting the expression (9) in (8), we get the mixed partial derivative

Foy (K. 1) = (KF’fz):Z()K’ L

After solving the first equation (the partial differential equation of the second order) from the system (9),
we find the solution

(10)

F(K,L)=GC,(L)K™, (11)

where C| and C, are some functions of the variable L.
By substituting (11) into the identity (10), we have C, (L) = o= const. Therefore,

F(K,L)=C,(L)K*“ (12)

Furthermore, substituting the function (12) into the second equation of the partial differential system (9),
we obtain the second-order ordinary differential equation

¢/(1)_c(m)_1
c (L) G(L) L
From this differential equation it follows that the function C, (L) = ALP. Consequently,

F(K,L)=AK°L", (13)

where 4, o and [ are arbitrary real numbers.

Since the function (13) is a quasi-homogeneous production function of degree g with weight vector
g=(g,, g,), we see that the parameters 4, o, and [ satisfies the conditions 4 > 0 and og, + Bg, = ¢. This
completes the proof of theorem 2.

Case 6" (K, L)= 0= const. Using methods of theorem 1, we have a quasi-homogeneous two-factor pro-
duction function F:G — R, of degree g with weight vector g = (gl, gz) and constant Hicks elasticity of
substitution ¢ # 1 satisfies the system of partial differential equations
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o= gl(gl—gzz)(G—I)K(F_K)Z+Gq+(6—1)(g2—2g1)(F_K)_L F,,
oq F og F ) ok
2
. gz(gz—glz)(G—l)L(i) +Gq+(c—1)(g1—2g2)(i)_L F, (14)
oq o oq F ) oL

oq cq’ F oq’ F))oF

F :(2_(& t2)0-1)  ale —gz)(G—l)K(i)+ 2 (g —gl)(c—l)L(FL )Jﬂ

After solving the first partial differential equation of system (14), we get a quasi-homogeneous two-factor
production function F':G — R, of degree g with weight vector g = ( g gz) and constant Hicks elasticity of
substitution ¢ # 1 has the form

F:(K,L)—C,(L)exp|z(K, L)dK, (15)

where the function z satisfies the functional identity

~& 8178,
Zgz (Kz_i] [KZ—L} =C] (L)K’gz/o'.
& 8~ &

By substituting the production function (15) into the second and third equations of the partial system (14),
we can find the functions C, and C, of the variable L.

For example, solving the system (14) under condition g, =g,=1 (case of homogeneous production
functions), we obtain the statement of theorem 1 in the case ¢ # 1.

Conclusions. In this article the notion of quasi-homogeneous two-factor production functions is introduced
(see formula (4)), relation between the condition of homogeneity and the condition of quasi-homogeneity is
established, and the class of quasi-homogeneous two-factor production functions with constant elasticity of
factors substitution by Hicks is obtained (see formula (15)). Moreover, we pointed out the analytical form
for quasi-homogeneous two-factor production functions with unit elasticity of substitution (theorem 2).
This strengthens theorem 1 of L. Losonczi [13]. The obtained theoretical results can be used to simulate real
production processes.

References

1. Cobb C. W., Douglas P. H. A theory of production. Am. Econ. Rev. 1928. Vol. 18. P. 139-165.

2. Douglas P. H. The Cobb-Douglas production function once again: its history, its testing, and some new empirical values.
J. Political Econ. 1976. Vol 84, No. 5. P. 903-916.

3. Arrow K. J., Chenery H. B., Minhas B. S., Solow R. M. Capital-labor substitution and economic efficiency. Rev. Econ. Stat.
1961. Vol. 43, No. 3. P. 225-250.

4. Khatskevich G. A. [The change of consumer prices index based on the variable of elasticity of substitution]. Ekonomika
i upravlenie. 2005. No. 1. P. 32-37 (in Russ.).

5. Gospodarik C. G., Kovalev M. M. [EAEU-2050: global trends and the Eurasian economic policies]. Minsk, 2015 (in Russ.).

6. Mishra S. K. A brief history of production functions. /[UP J. Managerial Econ. 2010. Vol. 8, No. 4. P. 6-34.

7. Hicks J. R. The theory of wages. London, 1932.

8. Allen R. G. Mathematical analysis for economists. London, 1938.

9. Uzawa H. Production functions with constant elasticities of substitution. Rev. Econ. Stud. 1962. Vol. 29, No. 4. P. 291-299.

10. Mikhalevski B. N. [The system models the medium-term economic planning]. Moscow, 1972 (in Russ.).

11. McFadden D. Constant elasticities of substitution production functions. Rev. Econ. Stud. 1963. Vol. 30. P. 73-83.

12. Kleiner G. B. [Production functions: theory, methods, application]. Moscow, 1986 (in Russ.).

13. Losonczi L. Production functions having the CES property. Acta Mathematica Academiae Paedagogicae Nyiregyhaziensis.
2010. Vol. 26, No. 1. P. 113-125.

14. Chen B.-Y. Classification of #-homogeneous production functions with constant elasticity of substitution. Tamkang J. Math.
2012. Vol. 43, No. 2. P. 321-328.

15. Goriely A. Integrability and nonintegrability of dynamical systems. Advanced Series on Nonlinear Dynamics. 2001. Vol. 19.

Received by editorial board 10.02.2017.

50



