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ITPON3BOACTBEHHBIE OYHKIIVN
C BAAAHHBIMU SAACTUYHOCTSAMMU BBIITYCKA U1 ITPON3BOACTBA
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Y Uncmumym 6usneca benopycckozo 2ocyoapcmeennozo
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PaccmotpeHs! oOpaTHbIe 3aJa4i BOCCTAHOBIICHUSI MHOTO(AKTOPHBIX MPOU3BOJICTBEHHBIX (DYHKINIT HCXO/S U3 3a1aH-
HOM 3JIaCTUYHOCTH BBIITYCKAa MPOAYKIHU HUIIU 3JIACTUYHOCTHU IMPOU3BOACTBA. Vka3aHbl aHAJIMTUUECKUE BUbI MHOFO(i)aK-
TOPHBIX MMPOU3BOACTBEHHBIX (l)yHKL[I/lﬁ C Sa)laHHOﬁ OJIACTUYHOCTBIO BLIITYCKa MPOAYKIHUW WX 3JIaCTUYHOCTBIO ITPOU3-
BOJICTBA. BhljieneHsl Kiacchl IBYX(aKTOPHBIX TPON3BOACTBEHHBIX (DYHKIIN, COOTBETCTBYIONINE 33 1aHHOH (TTOCTOSTHHOM,
JMHEHHON, TPOOHO-TMHEHHOM, CTEIIEHHOI 1 JIp.) SIaCTUYHOCTH MO KanuTyiry (1o Tpyay). IlocTpoeHo MHOXeCTBO BYX-
(haKTOPHBIX MPOU3BOICTBEHHBIX (PYHKIMN C 3aJJaHHOH (TIOCTOSHHOM, TMHEITHOH, APOOHO-ITMHEHHOH, CTENEHHOHN U 1Ip.)
9MACTHYHOCTHIO TPOM3BOACTBA. [losTydeHHbIEe pe3ynbTaThl MOTYT OBITh MCIIONB30BAHbI IIPH MOIEINPOBAHNY PEasIbHBIX
MPOU3BOJICTBEHHBIX ITPOLIECCOB.

Knrwuesvie cnosa: MMPOU3BOACTBCHHAA Q)yHKHI/IH; 06paTHa>1 3a/1avda; 2JJaCTUYHOCTL BBIITYCKA; 3JIACTUYHOCTH MPOU3-
BOJICTBA.
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elasticity of output or with given elasticity of production are indicated. Classes of two-factor production functions that
correspond to given (constant, linear, linear-fractional, exponential, etc.) elasticity of output with respect to capital
(elasticity of output with respect to labour) are obtained. The set of two-factor production functions with given (constant,
linear, linear-fractional, exponential, etc.) elasticity of production is built. The obtained results can be applied in modeling
of production processes.
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Introduction

Fundamental to economic analysis is the idea of a production function. It and its allied concept, the utility
function, form the twin pillars of neoclassical economics [1]. Roughly speaking, the production functions
are the mathematical formalization of the relationship between the output of a firm (industry, economy)
and the inputs that have been used in obtaining it. In fact, a multi-factor production function is defined
as a map

Yix— f(x)forallx=(x,...,x,)€G, (1)

where Yis the quantity of output, # is the number of the inputs, the non-negative function f'is a continuously dif-
ferentiable function on the economic domain G from the first quadrant R’} = {(xl, X, )i X, >0,i=1,..., n},
and x,x,, ..., x, are the factor inputs (such as labour, capital, land, and raw materials). The production func-
tion (1) expresses a technological relationship. It describes the maximum output obtainable, at the existing
state of technological knowledge, from given amounts of factor inputs.

At the present time, production functions apply at the level of the individual firm and the macroeconomy
at large. At the micro level, economists use production functions to generate cost functions and input demand
schedules for the firm. The famous profit-maximizing conditions of optimal factor hire derive from such
microeconomics functions. At the level of the macroeconomy, analysts use aggregate production functions
to explain the determination of factor income shares and to specify the relative contributions of technological
progress and expansion of factor supplies to economic growth [2—5].

The simplest production model used in economics is the famous Cobb — Douglas production function.
It was introduced in 1928 by the mathematician Ch. W. Cobb and the economist P. H. Douglas in the paper
«A theory of production» [6] in the following form

Y:(K,L)— AK°I® forall (K,L)eR2, A>0, o,Be(01), a+p=1,

where K is the quantity of capital employed, L is the quantity of labour used. We note that in the original
definition it is required that o+ [ = 1, but this condition has been later relaxed [7]. A generalized Cobb —
Douglas production function depending on n-inputs is given by

Y:ix— A[[x% forall xeR], 4>0, o, >0, i=1,...,n. )

i=1

The Cobb — Douglas production model was generalized in 1961 by the economists K. J. Arrow, H. B. Che-
nery, B. S. Minhas, and R. M. Solow [8]. They introduced the so-called constant elasticity of substitution (CES)
production function (or the ACMS production function)

v:(K,L)— (ak'+pL)"" forall (K,L)eR?

+9

o,B,p>0, y#0,1.

This model was extended to the n-inputs by H. Uzava [9] and D. McFadden [10], who defined a new
production function, usually called generalized CES production function

plY
Y:x—)A(Zaix]] forall xeR}, 4>0, o, >0, i=1,...,n, p>0, y<1, 7#0. (3)
i=1

At the present time, the Cobb — Douglas production function and the CES production function are widely
used in economics to represent the relationship of an output to inputs. Specifically, these production functions

14



Journal of the Belarusian State University. Economics. 2018;2:13-21

were used to calculation consumer price index for the Belarusian pharmaceutical market [11] and in hybrid
models of economic growth [12] for the Eurasian Economic Union’s countries to 2050. Note also that CES
production functions include as special cases many other famous production models, like a linear production
model, a multinomial production function or Leontief production function.

Concerning the history of development of the theory of production functions see the papers of
T. M. Humphrey [1] and S. K. Mishra [13]. For further results concerning new production models in economic
see recently articles [14—20]. Many other results on the geometry of production functions can be found in the
survey article [21].

For any production function (1), we have a lot of economic-mathematical indicators:

a) the output elasticity with respect to a certain factor of production x, is defined as

X d(In f(x)) a ‘
gi(x)_f(x) axl_f(x) G(Txl) forall xeG, i=1,..., n

b) the elasticity of production is given by

e(x)=lim—— af 1x) Ez ) forall xeG;

¢) the marginal rate of technical substitution of input x; for input x; is defined by
0,/ (%)
axi f (x)
d) the Hicks elasticity of substitution for the input x; with respect to the input x; is

ACREIAC) fi(x) /3 (x)
X%, 2/ () £ (x) 13 (%) = 17 (%) £ (x) = /7 (%) £ ()

MRS, = forallxeG, i, j=1,...,n, i #J;

H, (x)= forall xeG,

where f;=0, f, i=l.,n; f;=0. fii,j=l..n i#]

The Cobb — Douglas production function and the CES production function are functions with constant Hicks
elasticity of factors substitution. In his paper [14], L. Losonczi proved that a twice differentiable two-factor
homogeneous production function with constant Hicks elasticity of substitution is either the Cobb — Doug-
las production function or the CES production function. This result complements the main propositions of
the classical works [7; 8] and is consistent with known results on the classification of production functions
[2, p. 111-113]. The analogue for multi-factor production functions was proved by B.-Y. Chen in [15]. These
results were recently generalized by G. A. Khatskevich and A. F. Pranevich in [16; 17] for quasi-homogeneous
production functions with constant elasticity of factors substitution.

In [20], A. D. Vilcu and G. E. Vilcu classified homogeneous production functions with constant elasticity
of labour and capital. Their classification generalized some results [18] by C. A. loan and G. loan concerning
to the sum production function.

The aim of this paper is to identify all multi-factor production functions with given elasticity of output and
from given elasticity of production. Also the article is focused on the analytical forms of two-factor production
models with given (constant, linear, linear-fractional, exponential, etc.) elasticity of output with respect to
capital (elasticity of output with respect to labour) or elasticity of production. For building production func-
tions with specified properties we used the methods of economic analysis and the theory of partial differential
equations.

Results and discussion

Multi-factor production function. The following statements describes the analytical form of production
functions with given elasticity of output (theorem 1) and from given elasticity of production (theorem 2).
Theorem 1. Let €,: G — R be the output elasticity with respect to the factor x, ie {1, ooy n}, for some

production technology. Then this production technology can be described by one of the production functions
of the form
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Joix— (p(xl,...,xifl,xm,..., )exp_[ dx for all xeG, @)

. . . . . . . . 71
where @ is arbitrary non-negative continuously differentiable function on the domain R"™".

Proof. Suppose for some production technology we know the output elasticity €, : G — R with respect to
the factor x,, ie {1, oo n}. Then the production function, which is corresponding to this production process,

is a solution to the partial differential equation
X,
——d_f(x)=¢,(x).

From this first-order partial differential equation, we get

af()g() &) e (x) (X, e X, X X
W x , 0, Inf(x)= . ,Inf(x)= j%tm W (X oo Xy X on X, )

and

i

f(x)z exp(_[#dxi +\|!<x1, cees Xy s Xy eees xn)]z (p(xl, s X1y Xy gy ees xn)expj‘#dxi,

where @ =expVy and y are arbitrary continuously differentiable functions of the variable L.
Therefore the class of production functions with given output elasticity with respect to the factor x,,
ie {1 n} has the analytical form (4).

Remark 1. In theorem 1, we assume that the domain G = >< (a b, ) 0<a;, <b <+oo, i=1,...,n,such the

function €; is continuously differentiable on the closed domain G = >< [a ] Under these conditions, we

(x)

i’

have that the parameter-dependent integral I dx; is a continuously differentiable function [22, part II,

p. 268-301]. i
Theorem 2. Suppose the total elasticity of production €:G — R for some production technology is a con-

tinuously differentiable function on the domain G c R'. Then this production technology can be described by
one of the production functions

f(p:x% (P(ﬁ:~~'9£J6ij‘8(clx"""’ Cn—lxna xn)dxn fO}" all .X'EG, (5)
X X

X, CG=21 i=1,. n-1

n n
n

where @ is arbitrary non-negative continuously differentiable function on the domain R"™,

Proof. Suppose for some production technology we know the total elasticity of production €:G — R.
Then the production function, which is corresponding to this production process, is a solution to the first-order
partial differential equation

2.x9, f(x)=f(x)e(x). (6)
i=1
The ordinary differential system in the symmetric form
dx, dx, dx df
X X X, € (x ) S @

corresponds to the quasilinear partial differential equation of the first order (5).
Integrating the differential equations

dx. dx
—= - > 1= 17 » N — 17
xl xn
. X . . .
we obtain — = C;, where C, is arbitrary real constant, i =1, ..., n—1.

X

n
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Therefore, the rational functions

£ x> 5 forall xeR"™, i=1,...,n-1,
xn
are first integrals of the differential system (7).
Since x;, =C,x,, i=1, ..., n—1, we see that from the differential equation

dx,  df

n

X, - e(x)f

it follows that

df £(C1x,,, e Cix,, xn)dxn ’ lnfzj.e(clx"’ e Cpix,, X, )X, o

—= +C,,
f x}’l xn
r=c epr. E(Clxn, v G, xn)dxn ’ fexp(—J E(Clxn, e Cix,, xn)dxn ) _c,
xl’l le

where C, and C, = exp C, are arbitrary real constants. Therefore, the function

J-E(Clxn, nCox,, x

, X )dx
&n:x—>fexp(— v %) "]forallxeG

xn
is a first integral of the differential system in the symmetric form (7).

Using the functionally independent first integrals of system (7), we can build the general solution to the
first-order partial differential equation (6)

oL, Tt fexp(—jg(c‘x"’ 0 G x")dxn} ~0, )
X X X

n n n

where @ is arbitrary continuously differentiable function. If we take functions @ such that the equation (8)
is solvable with respect to the last argument (see the implicit function theorem, for example, in [22, part I,
p. 544-551]), then from the equation (8), we get the solution to the equation (6) in explicit form (5).

For example, if the total elasticity of production €:x — o, for all xe G, o, €R, then this production
technology can be described by one of the production functions of the form

foix— x° (p(ﬁ,...,h) for all xeG.
xn xrl

Using this formula, we obtain the following statements:

n—1
a)if o, =1and ¢:§— 2 o,& +o, forall EeR”"', then we have the linear function

i=1

n
f:x—)ZOcl.xl. forall xeR”, o, eR,, i=1,...,m;
i=1

b) if @:x— A4&"-...-E% forall £eR”™, then we get the Cobb — Douglas production function (2) with

+

n—1

n-1 % /“/
c)if :x— A(z o, &7 + oan forall £eR”™", then we obviously have the CES production function (3)
i=1
with p=a,.
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Two-factor production function. Now let us consider a two-factor production function
Y:(K,L)—> f(K, L) forall (K,L)eG,GcRZ,

where K is the quantity of capital employed, L is the quantity of labour used, Y is the quantity of output, and
the non-negative function f is a continuously differentiable function on G.

Taking into account theorems 1 and 2 for the multi-factor case, we obtain the following assertions for two-
factor production functions (theorems 3-5).

Theorem 3. Suppose €, :(K, L) - € (K, L) for all (K, L) € G is the output elasticity with respect to
the capital K for some production technology. Then this production technology can be described by one of the
production functions of the form

€. (K, L
Jo: (K, L) - @(L)expj‘%dl( for all (K, L) eq,
where @ is arbitrary non-negative continuously differentiable function on the interval (0; +<>o).
Using theorem 3, from some given output elasticities with respect to the capital, we obtain the correspon-
ding classes of production functions (see table 1).

Table 1
The form of production function with given
elasticity of output with respect to capital
Elasticity of output with respect )
No. ) Analytical form of production function
to capital (oc, B,yeR,u,ve C(G))
1 e (K,L)=vy fo(K.L)=9(L)K"
2 e (K,L)=0K+PL+Yy Sy (K,L)=0(L)KPH e
3 e (K, L) =u(K)+v(L) o (K.2)= (1) exp [
K _ o o-1
4 8K<K,L>=Kau(f) f(K.L)=o(L)ep L [Eu(E)dE)
L
p, (K = P @d
5 e (K.L)=Lul &> fy (K, L)=o(L)exp| L [—21dE
L S =%
1 (u
6 ec (K, L)=u(K°L’), o,B#0 1o (K,L)=¢(L)6Xp(aj g)ng
le= K*1P

Note. Developed by the authors.

Theorem 4. Suppose ¢, : (K, L) — g (K,L) for all (K, L) € G is the output elasticity with respect to the
labour L for some production technology. Then this production technology can be described by one of the

production functions of the form

fy:(K.L)= o(K)exp | #ﬂ for all (K,L)eG,

where @ is arbitrary non-negative continuously differentiable function on the interval (0;+°°)-
Using theorem 4, from some given output elasticities with respect to the labour, we obtain the correspon-
ding classes of production functions (see table 2).
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Table 2
The form of production function with given elasticity of output with respect to labour
Elasticity of output with respect
No. Analytical form of production function
to labour ((x, B,YyeR, u,ve C(G))
1 e, (K.L)=y o (K L)=o(K)L
2 g, (K,L)=oK+BL+7y £, (K, L)=@(K) L™t
— (K) V(L)
3 e, (K,L)=u(K)+v(L) £, (K, L)=o(K)L" expdeL
o K o u
4 e, (K,L)=K u(z) f, (K,L):(p(K)exp(—K j@d&)“
L
o[ K K1) = o(K)exp| &[54
5 e, (K,L)="Lu - /o (K,L)=¢(K)exp J&BH 3 )
&=
1 fu
; e, (K. ) =u(K°P). B0 (k)= o(K)ew 3 [ S|
&= K*1P

Note. Developed by the authors.

Theorem 5. Suppose €: (K,L) - S(K,L) for all (K,L) e G is the total elasticity of production for some
production technology. Then this production technology can be described by one of the production functions
of the form

fo:(K,L)— q{%) exp(J‘MdL} forall (K,L)eG,
\C1=§

where @ is arbitrary non-negative continuously differentiable function on the interval (0;+°°)-
Using theorem 5, from some given total elasticities of production, we obtain the corresponding classes of
production functions (see table 3).

Table 3
The form of production function with given total elasticity of production
No. Total elasticity of production Analytical form of production function
(oc, B,yeR, uve C(G))
K
1 e(K,L)=y f(p(K,L)ZLY(P(I)
2 e(K,L)=aK+BL+y /s (K,L)=L7<p(§)exp(aK+BL)
K u
; ¢(K.1)=u(oK +p1) (k1) = oo 5L
g _
|E= o K+BL
K u(K) v(L)
4 e(K,L)=u(K)+v(L) f¢(K,L)=(p(z)exp(J e dK+I i dL
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Ending table 3

Total elasticity of production . . .
No. Analytical form of production function

(oc, B,yeR, uve C(G))

: )=o) R CEE)

7 S(K,L):Lﬁf(f),B;ﬁO f$(K’L)=<P(§)eXP(%LB”(§)]
8 e(K.L)=u(K"LP), 0% B f¢(K’L)=‘P(§)e"p(al+B j”f;)ng oy

Note. Developed by the authors.

Conclusions

In this article we completely classify multi-factor production functions with given elasticity of output
(theorem 1) and multi-factor production functions with given elasticity of production (theorem 2). Classes
of two-factor production functions that correspond to given (constant, linear, linear-fractional, exponential,
etc.) elasticity of output with respect to capital (theorem 3 and table 1) and labour (theorem 4 and table 2) are
obtained. Full set of two-factor production functions with given (constant, linear, linear-fractional, exponential,
etc.) elasticity of production (theorem 5 and table 3) is built. The obtained theoretical results may be useful in
economic modeling of production at the regional and country levels.
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