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УДК 513.5

О КОНСТАНТE  ЛЕБЕГА  ИНТЕРПОЛЯЦИОННОГО  
РАЦИОНАЛЬНОГО  ПРОЦЕССА  С  УЗЛАМИ  ЧЕБЫШЕВА – МАРКОВА

Е. А. РОВБА1), К. А. СМОТРИЦКИЙ 1), Е. В. ДИРВУК 1)

1)Гродненский государственный университет им. Янки Купалы,  
ул. Ожешко, 22, 230023, г. Гродно, Беларусь

Рассматривается оценка константы Лебега интерполяционного рационального процесса Лагранжа на отрезке 
−[ ]1 1,  с узлами в нулях косинус-дробей Чебышева – Маркова. Показано, что в случае двух действительных гео-

метрически различных полюсов аппроксимирующих функций нормы фундаментальных многочленов Лагранжа 
ограниченны. На основании этого результата доказано, что в рассматриваемом случае оценка сверху константы 
Лебега не зависит от расположения полюсов и последовательность констант Лебега растет с логарифмической 
скоростью. В предыдущих работах оценки констант Лебега были получены только для конкретных наборов по-
люсов или зависели от расположения полюсов.

Ключевые слова: рациональные приближения; интерполирование; дробь Чебышева – Маркова; константа Лебега.

ON  A  LEBESGUE  CONSTANT  OF  INTERPOLATION  
RATIONAL  PROCESS  AT  THE  CHEBYSHEV – MARKOV  NODES
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In the present paper estimate of a Lebesgue constant of the interpolation rational Lagrange process on the segment 
−[ ]1 1,  at the Chebyshev – Markov cosine fractions nodes is considered. It is shown that in the case of two real geometri-

cally distinct poles of approximating functions, the norms of the Lagrange fundamental polynomials are bounded. Based 
on this result, it is proved that in the case under consideration the upper estimate of the Lebesgue constant does not de-
pend on the arrangement of the poles and the sequence of the Lebesgue constant grows with logarithmic rate. Note, that 
in previous works the estimates of Lebesgue constants were obtained only for particular choices of poles or depended on 
the arrangement of poles.

Key words: rational approximation; interpolation; Chebyshev – Markov fraction; Lebesgue constant.

О б р а з е ц   ц и т и р о в а н и я:
Ровба ЕА, Смотрицкий КА, Дирвук ЕВ. О константe Ле-
бега интерполяционного рационального процесса с узлами 
Чебышева – Маркова. Журнал Белорусского государствен-
ного университета. Математика. Информатика. 2018;3: 
12–20.

F o r  c i t a t i o n:
Rouba YA, Smatrytski KA, Dirvuk YV. On a Lebesgue constant 
of interpolation rational process at the Chebyshev – Markov 
nodes. Journal of the Belarusian State University. Mathematics 
and Informatics. 2018;3:12–20. Russian.

А в т о р ы:
Евгений Алексеевич Ровба – доктор физико-математиче-
ских наук, профессор; заведующий кафедрой фундамен-
тальной и прикладной математики факультета математики 
и информатики.
Константин Анатольевич Смотрицкий – кандидат фи-
зико-математических наук, доцент; доцент кафедры фунда-
ментальной и прикладной математики факультета матема-
тики и информатики.
Евгений Владимирович Дирвук – кандидат физико-мате-
матических наук; доцент кафедры системного программи-
рования и компьютерной безопасности факультета матема-
тики и информатики.

A u t h o r s:
Yauheni A. Rouba, doctor of science (physics and mathema-
tics), full professor; head of the department of fundamental and 
applied mathematics, faculty of mathematics and informatics.
rovba.ea@gmail.com
Kanstantin A. Smatrytski, PhD (physics and mathematics), do-
cent; associate professor at the department of fundamental and 
applied mathematics, faculty of mathematics and informatics.
k_smotritski@mail.ru
Yauheni V. Dirvuk, PhD (physics and mathematics); associate 
professor at the department of system programming and com-
puter security, faculty of mathematics and informatics.
dirvuk@gmail.com



13

Вещественный, комплексный и функциональный анализ
Real,  Complex and Functional Analysis

Introduction
Behaviour of the Lebesgue constant of interpolating polynomial processes was always of great interest of 

the researchers (see, for example, [1]). In this direction very deep and profound results were obtained [2].
In the case of interpolation by rational functions, this problem is less studied. Beginning of the investigation 

of the behavior of the Lebesgue constants of interpolation rational Lagrange processes at the Chebyshev – 
Markov nodes on a segment was made by V. N. Rusak [3], continued by A. P. Starovoitov [4]. However, in 
these papers estimates of the Lebesgue constants were obtained under certain conditions on the poles of inter-
polation rational functions. The main result of [5] is of a different nature. Let us quote it.

Let ak k

n{ } = 0
 be a sequence of real numbers such that a0 = 0, ak ∈ −( )1 1, , k = 1, 2, …, n.

Chebyshev – Markov rational fraction can be defined as follows

M x xn n( ) = ( )cos ,µ
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The function M xn ( )  has n + 1 zeroes xk , k = 0, 1, …, n, on the interval −( )1 1, . Then for any function  f 
defined on −[ ]1 1,  we construct the interpolating rational Lagrange function

 L x f f x l xn k k
k
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Theorem 1. For the Lebesgue function
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of the interpolating Lagrange process (1) the following estimate holds
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Note, that estimate (2) was obtained for any real poles, without any restrictions on their location.
Let us pay some attention to the right-hand side of the estimate (2). Like in previous studies it is a function 

of poles. However in [6] it was proved that in one particular case n = 2 there is no such dependence. In the 
present work we continue such study. 

Basic definitions and auxiliary results
Let a ∈[ )0 1, . Chebyshev – Markov rational fraction with two geometrically distinct real poles can be 

written as follows:
 M x x xn n2 2 1 1( ) = ( ) ∈ −[ ]cos , , ,µ  (3)
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Remark 1. If
x

a
=

−
∈[ ]cos

sin
, , ,q

q
q p

1
0

2 2

then the rational fraction (1) can be written in the following form
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Using the definition, we obtain directly the following lemma.
Lemma 1. The function M xn2 ( ) has 2n simple zeroes, xk , k = 1, 2, …, 2n on the interval −( )1 1, , that are 

symmetric with respect to the imaginary axis:
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For the further research we need the following property of the zeroes of Chebyshev – Markov rational 
fraction (3).

Lemma 2. The following inequalities hold:
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P r o o f. Let us consider the functions
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We have qn + 1 + qn = p for k = n + 1. It means
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Lemma 2 is proved.
Now for any function f x( ), defined on the segment −[ ]1 1, , we construct the interpolating rational Lag-

range function

 L x f f x l xn k k
k
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It turns out that in this case the uniform norms of the Lagrange’s fundamental polynomials are bounded.
Lemma 3. The following inequalities hold:
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Using lemma 2, it is not difficult to check, that
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Therefore,
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Now, let x ∈[ ]0 1,  and j, 2 ≤ j ≤ n, be such an index that x x xj j∈( )−, .1  Let us pay attention to the equa-
lity (10). If k ≤ j – 1, then
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The estimate for the first factor in the right-hand side of the last inequality can be found, for example 
in [7, p. 528]. For the second factor we use lemma 3. Then
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Finally,
l xk ( ) < 9 , k j≤ −1.

Then let j ≤ k ≤ n. In this case the factor in the numerator of (10) can be estimated as follows
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It is no difficult to check that the second factor in the right-hand side of the last inequality is not greater 
than 1 and therefore we obtain

l x j k nk ( ) < ≤ ≤2, .

So, we proved lemma when x x xn∈( ), .1  If x x xn∈[ ] ∪ [ ]0 11, ,  then in the scheme of the proof of the lem-
ma, there will be obvious changes. Besides, it is clear that

max max .
, ,x k x kl x l x
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This concludes the proof.

The main result
According to the definition Lebesgue function of an interpolating process is as follows

Λ2
1

2

n k
k

n

x l x( ) = ( )
=

∑ ,



17

Вещественный, комплексный и функциональный анализ
Real,  Complex and Functional Analysis

and Lebesgue constant is defined as
Λ Λ2 1 1 2 1 2n x n x k= ( ) = …

∈ −[ ]
max , , , .

,

Theorem 2. For the Lebesgue constant of the interpolating rational Lagrange process (4) the following 
estimate holds

Λ2 1 1 1 2n C n n≤ +( ) = …ln , ,, ,
where C1 is a positive constant.

P r o o f. Here we use modification of the method, applied by S. N. Bernstein to estimate the Lebes-
gue constant in the polynomial case (see, for example, [7, p. 539]). We are going to check the inequality 
Λ2 1 1n x C n( ) ≤ +( )ln  for arbitrary x ∈ −[ ]1 1, .  First, it is clear, that if x = xk , k = 1, 2, …, 2n, then Λ2 1n kx( ) = .

Now, let x ∈[ ]0 1, .  Since the Chebyshev – Markov rational fraction (3) is even,
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Note that the S x1( )  vanishes for j = 1, 2, 3, and the sum S x2 ( )  vanishes for j = n – 1, n. Applying lemma 3 
we obtain
 Λ2 1 22 24n x S x S x( ) ≤ ( ) + ( ) +( ).  (11)

Let us consider the sum S x1( ). Using definitions of Chebyshev – Markov rational fractions (3) and La-
grange’s fundamental polynomials (5), it is easy to see that for k = 1, 2, …, j – 3
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Given the location of the points qk, k = 1, 2, …, j – 3, the last estimate can be transformed as follows:

l x
n a

a a
k

k

k

k k( ) ≤
−( )

− − +( )sin
sin

sin sin cos cos
co

q
q

q q q q
2 1

1 1
2 2

2 2 2 2

ss cos
sin

(cos cos )
.2 2 2q q

q
q qk

k

kn−
≤

−

Therefore,

S x
n

k

kk

j

1
1

31
2

( ) ≤
−=

−

∑ sin
cos cos

.
q

q q

Then, since the function sin
cos cos

x
x − q

 increases for x ∈[ )0, ,q



18

Журнал Белорусского государственного университета. Математика. Информатика. 2018;3:12–20
Journal of the Belarusian State University. Mathematics and Informatics. 2018;3:12–20 

sin
cos cos

sin
cos cos

, , .
q

q q q
q qk

k
k k

x
x

x
−

≤
−

∈  +1
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Finally for the sum S x1( )  we obtain,
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A similar estimate also holds for the sum S x2 ( ).  Plugging the obtained results in the inequality (11), we 
conclude that

Λ2
8 8 2 48n x n( ) ≤ + +p pln ln .

The case x ∈ −[ ]1 0,  can be considered in the same way. Theorem 2 is proved.

Numerical examples
The result of theorem 2 shows that in the case of two geometrically distinct real poles the behavior of the 

Lebesgue constant does not depend on the choice of the parameters ak k

n{ } = 0
. In this section we show results 

of some numerical experiments for calculation of the Lebesgue function and the Lebesgue constant in the 
considered case of the choice of the parameters as well as some other cases. Numerical experiment was carried 
out using programming language Python, version 3.6, with the help of libraries NumPy, SciPy and Matplotlib.

Two real poles

Let n be even number, a0 = 0, ak = 1
2
,  k n= …1 2

2
, , , ,  ak = −1

2
,  k n n n= + + …

2
1
2

2, , , .  Then the graph of 

the function 
Λ2

1
n x
n

( )
+ ln

 for n = 30 is presented on the fig. 1 (horizontal axis – values of x, vertical axis – values 

of the function 
Λ2

1
n x
n

( )
+ ln

).

Behavior of the Lebesgue constant in this case is described by the fig. 2 (horizontal axis – values of n, ver-

tical axis – values of the ratio 
Λ2

1
n

n+ ln
).
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The results of the experiment support the conclusions of theorem 2 and even allow us to make an assump-
tion about the value of the constant in the statement of this theorem.

Also in the experiment we considered many other cases. Here the results of some of them.

Real poles

Let n be even number, a0 = 0, a ek
n= −1/ ,  k n= …1 2

2
, , , ,  a ek

n= − −1/ ,  k n n n= + + …
2

1
2

2, , , .  Then the 

graph of the function 
Λ2

1
n x
n

( )
+ ln

 for n = 30 is presented on the fig. 3 (axes mean the same as in the subsection 

«Two real poles»).
Behavior of the Lebesgue constant in this case is described by the fig. 4.

Complex conjugate poles
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 for n = 30 is presented on the fig. 5 (axes mean the same as in the subsection 

«Two real poles»).
Behavior of the Lebesgue constant in this case is described by the fig. 6.
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 for the case  

of two real poles and n = 30

Fig. 2. Lebesgue constant  
for the case of two real poles

Fig. 3. Graph of 
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 for the case  

of real poles and n = 30

Fig. 4. Lebesgue constant  
for the case of real poles



Журнал Белорусского государственного университета. Математика. Информатика. 2018;3:12–20
Journal of the Belarusian State University. Mathematics and Informatics. 2018;3:12–20 

The results of all conducted experiments show, that the Lebesgue constant grows with logarithmic rate and 
allow us to make an assumption of independence of the estimation of the Lebesgue constant from the choice 
of zeroes of Chebyshev – Markov rational cosine fractions.
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