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O KOHCTAHTE AEBETA MHTEPIIOAALIMOHHOI'O
PAIIMOHAABHOTO ITPOLIECCA C Y3AAMMUM YEBBIIIEBA — MAPKOBA

E. A. POBFA", K. A. CMOTPHIIKHH ", E. B. JHPBYK"

YIpoonencruii 2ocyoapcmeennuiii ynusepcumem um. gnxu Kynanot,
yi. Oocewro, 22, 230023, 2. I poono, benapyce

PaccmarpuBaeTcs OrjeHKa KOHCTaHTHI JleGera HHTEpIOISIIMOHHOTO PAIMOHAIBHOTO TIpoliecca Jlarpamka Ha oTpe3ke
[-1, 1] ¢ y3namu B Hymsix kocuHyc-apo0eit UebbiiieBa — Mapkosa. [Toka3aHo, 4To B CiTydae ABYX AEHCTBUTEIIBHBIX I€0-
METPHUYECKH Pa3INIHBIX MOTIOCOB ANMPOKCUMHUPYIOMNX (PyHKIINH HOPMBI (pyHIaMEHTAIBHBIX MHOTOWICHOB Jlarpamka
orpaHndeHHbl. Ha 0CHOBaHMM 3TOTO pe3yibTara JOKa3aHo, UTO B PACCMATPUBAEMOM CITydae OIEHKa CBEPXY KOHCTAHTHI
JleGera He 3aBHCHUT OT PACIIOIOKEHHMS MOJIIOCOB U IOCIEJOBATENLHOCTh KOHCTAHT Jlebera pacreT ¢ jgorapudMUIecKoi
CKOPOCTBIO. B mpenpayimmx padorax orneHkn KoHcTaHT Jlebera ObUTH MOMYYEeHBI TONBKO U1l KOHKPETHBIX HA0OPOB I10-
JIIOCOB MJIM 3aBUCEJIN OT PACIIOIOKEHUS TOIIOCOB.

Knrwoueewvie cnosa: pariioHAIBHBIE TPUOTIHKEHNS; HHTEPIIONMPOBaHNe; Mpoos UeOrimena — MapkoBa; koHcTaHTa Jlebera.

ON A LEBESGUE CONSTANT OF INTERPOLATION
RATIONAL PROCESS AT THE CHEBYSHEV — MARKOV NODES
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In the present paper estimate of a Lebesgue constant of the interpolation rational Lagrange process on the segment
[-1, 1] at the Chebyshev — Markov cosine fractions nodes is considered. It is shown that in the case of two real geometri-
cally distinct poles of approximating functions, the norms of the Lagrange fundamental polynomials are bounded. Based
on this result, it is proved that in the case under consideration the upper estimate of the Lebesgue constant does not de-
pend on the arrangement of the poles and the sequence of the Lebesgue constant grows with logarithmic rate. Note, that
in previous works the estimates of Lebesgue constants were obtained only for particular choices of poles or depended on

the arrangement of poles.
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Introduction

Behaviour of the Lebesgue constant of interpolating polynomial processes was always of great interest of
the researchers (see, for example, [1]). In this direction very deep and profound results were obtained [2].

In the case of interpolation by rational functions, this problem is less studied. Beginning of the investigation
of the behavior of the Lebesgue constants of interpolation rational Lagrange processes at the Chebyshev —
Markov nodes on a segment was made by V. N. Rusak [3], continued by A. P. Starovoitov [4]. However, in
these papers estimates of the Lebesgue constants were obtained under certain conditions on the poles of inter-
polation rational functions. The main result of [5] is of a different nature. Let us quote it.

Let {a, }::0 be a sequence of real numbers such that a,=0, a, € (-1,1), k=1,2, ..., n.

Chebyshev — Markov rational fraction can be defined as follows

M,(x)=cosp,(x),

where
u,(x)= ];arccos . ++ak’; ,
and
n 1 2
W (x) = M) A, (x) = % xe(-11)
1-x° izo 1+ ax
The function Mn(x) has n + 1 zeroes x;, k=0, 1, ..., n, on the interval (—1, 1). Then for any function f
defined on [—1, 1] we construct the interpolating rational Lagrange function
L,(x; f)= X f(x)(x), (1)
where e
lk(x)z M"—()C), k=0,1,..., n

(x - xk)M;;(xk)

Theorem 1. For the Lebesgue function
L,(x)= |1 (x)
k=0

of the interpolating Lagrange process (1) the following estimate holds

Ln(x)<1+Cdnln2(\/l_a" +\/1+“’f ] n=12, .., )
k=0

1+ a, 1-a,

where C is a positive constant,

d = max x”(xk‘l)’ A (1) )
" k=12,...n ln(x,() kn(xk,l)

Note, that estimate (2) was obtained for any real poles, without any restrictions on their location.

Let us pay some attention to the right-hand side of the estimate (2). Like in previous studies it is a function
of poles. However in [6] it was proved that in one particular case n = 2 there is no such dependence. In the
present work we continue such study.

Basic definitions and auxiliary results

Let a e [0, 1). Chebyshev — Markov rational fraction with two geometrically distinct real poles can be

written as follows:

M,,(x)=cosp,,(x), xe[-11], (3)

x+a x—a
W, (x)=n arccos - + arccos :

+ ax 1—ax
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Remark 1. If

x=L, 00, ],

J1 - a*sin’0

then the rational fraction (1) can be written in the following form

0

M,, T |- cos2n6, 0 €0, .
J1—a’sin’0

Using the definition, we obtain directly the following lemma.

Lemma 1. The function MZn(x) has 2n simple zeroes, x,, k=1, 2, ..., 2n on the interval (—1, 1), that are

symmetric with respect to the imaginary axis:

-1<x,<x, ;<..<x

n+1

<0<x,<x, ,<..<x <l

0 2k —1
X, = COSu, ) ek: k nok=1,2,..,2n;
xn+k:_xn_k+1) k:l’ 2,--., n.

For the further research we need the following property of the zeroes of Chebyshev — Markov rational
fraction (3).
Lemma 2. The following inequalities hold:

1 — a*sin®0, 2k —1
fzkl<9, GE[O, 1), 9k=
l1—-a’sin“0, 4n

W k=2,3,...,n+1.

Proof. Letus consider the functions

1—usin®0, _,
u)=— uel|0,1), k=2,3,..., n
Since
s 2 - 2
sin“0, —sin“ 0
(P]/((U)z k — k2—1 >0,
(l—usm Gk)
then
1-a’sin’0, | . 1-sin",_, (cos8,_, ’
1-a’sin’0, 1-sin’0, cos®, )
Now,
cos(e - J sin(z) n
Ul =—250, ee[o,—),
cos0 cos 0 2
and

- (3m))
(cosekl]2<(cosﬂnlj2 st 4n <9

cos0, cos0,

We have 0, ., + 6, =m for k=n + 1. It means
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1-a’sin’0,

T aea Lk
l-a’sin“0,

Lemma 2 is proved.

Now for any function f (x), defined on the segment [—1, 1], we construct the interpolating rational Lag-

range function
2n

LG(XQ f) = 2f<xk)lk(x)’ 4)
where !

MZn(x)
x— xk)Mz'n(xk)’

k=1,2,...2n (5)

I(x)= (

It turns out that in this case the uniform norms of the Lagrange’s fundamental polynomials are bounded.
Lemma 3. The following inequalities hold:

xg%?l),(l]|lk(x)| <6, k=1,2,...,n+1.

2n\l - d’
MZIn(x):Sinl"LZn(x)(l_;xz)\/cll_Ta

_ |M2n(x)|(l — azxf)\/l — x,f ‘

Proof. Since

then from (5) it follows that

1, (x) (6)
|k | 2n\/l—a2|x—xk|
Using lemma 2, it is not difficult to check, that
2 2 _ 2
- =1- acos’®,  l-a )

. - . H
1-a’sin’0, 1-a’sin’0,

2 : 0 1— 2
H:\/l_l cos’0,  smnb; a ®)

- a’sin’0, 1-a’sin’0,
Besides, assuming
cos0

x=——9  gcq0,q],
_ J1-a’sin’0
we obtain
cos6 cosO, c0s0y/1 — a’sin’0, — cosB, /1 — a’sin’O
X— X, = — = —
’ \/l — a’sin’0 \/1 —a’sin’0, \/l - azsinze\/l —a’sin’0,
2 2.2 2 2 )
cos 9(1— a“sin ek) — cos Gk(l— a’“sin 6)
\/1 - azsinze\/l - a’sin’0, (cose,ll — a’sin’0, + cosO, /1 — azsinze)'
Then

c0529(1 - azsinzek) - coszek(l - azsinze) =c0s’0 — azcosze(l - azcoszek) -

— c0s’0, + a’cos’ 6, (1 - a’ cos’ 9) = (1 - az)(coszﬁ — c0s’0, )
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Therefore,
(1 - az)(cos29 - coszek)

\/1 - azsinze\/l —a’sin’0, (cosG«/l — a’sin*@, + cos 0, /1 — azsinze)

©)

X=X,

It is clear, that

)= | === |,
J1-a’sin’6
Then, plugging (7)—(9) into (6), using remark 1, we obtain
|cos 218|sin 6, /1 — a’sin’6 ‘cosO\/I — a’sin’0, + cosO,+/1 - a’sin’ O
1 (x) = : (10)
) 2n(1 - azsinzek)«ll —a’sin’@ |c0526 - coszek|

Now, let x € [0, 1] and j, 2 <j < n, be such an index that x e (xj, xj—l)' Let us pay attention to the equa-
lity (10). If £ <j — 1, then

‘cos@wll —a’sin@, + cos0, \/1 —a’sin’0

|l ( )| - |cos 216) sin6,4/1 — a’sin’6 - |cos2n6|sin®,  |1- a’sin’#,
X - .
‘ Zn\/l — a’sin’0, (cos@k - cose) 2”(C059k - 0059) 1 - a’sin’@,
The estimate for the first factor in the right-hand side of the last inequality can be found, for example
in [7, p. 528]. For the second factor we use lemma 3. Then

< \/1 — a’sin’6, (cosO + cosB, ).

Therefore,

l—azsinzej l—azsinzej
< <9.

1-a’sin’0,  1-a’sin’6,_,
Finally,
Il ()] <9, k<j-1

Then let j < k < n. In this case the factor in the numerator of (10) can be estimated as follows
‘cosewll —a’sin’0, + cosek\/l — a’sin’0

|cos2n6|sin®, 1— a’sin’6

< \/1 — a’sin’0(cosH + cosH, ).

Thus,
|lk(x)| <

It is no difficult to check that the second factor in the right-hand side of the last inequality is not greater
than 1 and therefore we obtain

2n(cos®, — cosB) 1 — a’sin’0,

L (x)<2 j<k<n

So, we proved lemma when xe (xn, X, ) If xe [0, xn] U [x,, 1] then in the scheme of the proof of the lem-
ma, there will be obvious changes. Besides, it is clear that

xrg[ao?cl]|lk(x)| > xrerfgl),co]|lk(x)|.
This concludes the proof.
The main result

According to the definition Lebesgue function of an interpolating process is as follows

Al)= 2

2
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and Lebesgue constant is defined as

A,, = max A, ( ), k=1,2,....

" xe[-L]

Theorem 2. For the Lebesgue constant of the interpolating rational Lagrange process (4) the following
estimate holds

A,, < C(l+Inn), n=1,2,...,

where C| is a positive constant.
Proof. Here we use modification of the method, applied by S. N. Bernstein to estimate the Lebes-
gue constant in the polynomial case (see, for example, [7, p. 539]). We are going to check the inequality

A,,(x) < C(1+Inn) for arbitrary x € [—1, 1]. First, it is clear, that if x=x,, k=1, 2, ..., 2n, then Azn(xk): 1.

Now, let x e [0, 1]. Since the Chebyshev — Markov rational fraction (3) is even,

A, (x) < zkz 1, (x)|

Letj,j=1,2, ..., n, be a number such that x; <x <x; , (assume that x, = 1). We represent the sum in the
right-hand side of the last equality in the form

+1
AZW(xS( +j2|lk (x)| + S,(x J
k=j-2

where

9= Y ()

k=1 k=j+2

Note that the S,(x) vanishes forj=1, 2, 3, and the sum S,(x) vanishes forj=n— 1, n. Applying lemma 3
we obtain

Ay, (x) < 2(8(x) + Sy(x) + 24). (11)

Let us consider the sum Sl(x). Using definitions of Chebyshev — Markov rational fractions (3) and La-
grange’s fundamental polynomials (5), it is easy to see that for k=1,2, ...,j—3

|l (x)|= (1— azx,f)\ll—x,f .
‘ 2ny1-a* (xk—x)

Assuming x = cos6 and applying lemma 2, we obtain

sin®, J1-a’sin’0 (cosewll — a’sin’0, + cosO, /1 — azsinzf))

2n(1- a’sin’6, ) cos’0, — cos’®

|lk (x)| =

Given the location of the points 0, k=1, 2, ..., j — 3, the last estimate can be transformed as follows:

() < sin@, Jl—azsinze\/l—azsinzek (cosB + cos,) - sin®,
x)| < < .

¢ 2n(1 — a’sin® Qk) cos’0, — cos’0 2n(cosO, — cos0)
Therefore,

1 & smG

2n i cose —cos6’
Then, since the function _smx increases for x € [0, 9),

cosx — cos0
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sin®, sin x
<

< . xe[0,.0,,,]
cos, —cos® cosx — cosO

Integrating the last inequality with respect to x from 6, to 0, , ,, we get

ek-*-]

T sin®, < J- sin x dx
2n cos®, —cos® ~ ¢ cosx — cos®
k
Then
U _[ sinxdx 1 ’J‘ sin xdx 1 1—cos6
pa— pa— _n—
S ( .

7T 5, COsx—cos6 R y cosx—cos® T cosB,_,— cosB

Further, we note that

1—cos6 <2, cosB,_,—cos®>cosB,_,—cosb,_,
From here,

0.,+06.
Si(x) < 1 Insin 221 4 Insin— |,
n 2 4

n

It remains to note that, 6, >, ,>6, and therefore

0,_,+0
Insin—-2—7"1 > Insin®, = Insin—.
4n
Finally for the sum S,(x) we obtain,
2. . 2.1 2 2In2
S,(x) < —=lnsin= < —=ln— = =Inn + —
n 4n n 2n T

A similar estimate also holds for the sum S, (x) Plugging the obtained results in the inequality (11), we

conclude that

8In2 + 48.

8
A, (x) < Elnn +
The case x € [—l, 0] can be considered in the same way. Theorem 2 is proved.

Numerical examples
The result of theorem 2 shows that in the case of two geometrically distinct real poles the behavior of the
Lebesgue constant does not depend on the choice of the parameters {ak }:= ,- In this section we show results

of some numerical experiments for calculation of the Lebesgue function and the Lebesgue constant in the
considered case of the choice of the parameters as well as some other cases. Numerical experiment was carried
out using programming language Python, version 3.6, with the help of libraries NumPy, SciPy and Matplotlib.

Two real poles
1 n -1 n n
Let n be even number, a,=0, a,=—, k=1,2,...,—, a,=—, k=—+1, 5 + 2, ..., n. Then the graph of

2 2 2 2
2n (X)

the function for n =30 is presented on the fig. 1 (horizontal axis — values of x, vertical axis — values

1+1Inn
of the function M).
1+1Inn

Behavior of the Lebesgue constant in this case is described by the fig. 2 (horizontal axis — values of n, ver-

2n

l+lnn’

tical axis — values of the ratio
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0.55 0.85 L
0.50 0.80
o LU |
0.75
0.40 [
TTAVAVATRIATRIIN o)
ol RIIATAIAL
0.25 0.60 -
0.20 0.55
15 1 1 1 | 1 |
-1.00-0.75-0.50-0.25 0.00 0.25 0.50 0.75 1.00 0 10 20 30 40 50
A, ( ) Fig. 2. Lebesgue constant
Fig. 1. Graph of ——— T inm for the case for the case of two real poles

of two real poles and n = 30

The results of the experiment support the conclusions of theorem 2 and even allow us to make an assump-
tion about the value of the constant in the statement of this theorem.
Also in the experiment we considered many other cases. Here the results of some of them.

Real poles

—l/n n ~Un n n

Let n be even number, a, =0, g, =e k=1, 2,...,5, a=-e ", k=5+1,5+2,...,n. Then the

Asu(x)
graph of the function I

0 for n = 30 is presented on the fig. 3 (axes mean the same as in the subsection
+1nn

«Two real poles»).
Behavior of the Lebesgue constant in this case is described by the fig. 4.

0.7
0.6 085 |
0.5 —
0.80
04 f
0.3
1 1 1 1 1 1
-1.00-0.75-0.50-0.25 0.00 0.25 0.50 0.75 1.00 0 10 20 30 40 50
A,,(x) Fig. 4. Lebesgue constant
Fig. 3. Graph Of for the case for the case of real poles

of real poles and n =30

Complex conjugate poles

Let n be even number, a, =0, ak:ie_w'_’, k=1, 2,...,%, ak:—ie_”‘/;, k=§+1,§+2,...,n. Then the

hof As(¥)
graph of the function "

" for n = 30 is presented on the fig. 5 (axes mean the same as in the subsection
+1Inn

«Two real polesy).
Behavior of the Lebesgue constant in this case is described by the fig. 6.
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0.50 0.80 I
0.45 | n ﬂ ﬂ ﬂ {\ i 0.75 F
0.35 |
0.65F
0.30 -
0.60 -
0.25 |
0.55
0.20
1 1 1 1 1 1 1 1 1 050 T 1 1 1 1 1
-1.00-0.75-0.50-0.25 0.00 0.25 0.50 0.75 1.00 0 10 20 30 40 50
A ( x) Fig. 6. Lebesgue constant
Fig. 5. Graph of l-iz-nTn for the case for the case of complex conjugate poles

of complex conjugate poles and n = 30

The results of all conducted experiments show, that the Lebesgue constant grows with logarithmic rate and
allow us to make an assumption of independence of the estimation of the Lebesgue constant from the choice
of zeroes of Chebyshev — Markov rational cosine fractions.
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