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BriepBeie onmcaHa AByXCTyNeHYaTas MpoLEIypa HOINHOMHAIEHO-HOPMEHHOH KOPPEKIMU OINOOK PEBEPCHBHBIMU
2" -1

o ~ ~ i —i T . -
IIOMEXOYCTOMYHUBBIMU KOAMH, KOTOPBIE 3a1al0TCsI IPOBEPOYHON MaTpuuen H, = (B’, B ’) ,0<i<n-1,B=a ", THE
O, — IPUMHUTHUBHBIN 271eMEHT nonsd GF (2'"); n — JUIMHA KoAa. Tako# MoaxoJ NO3BOMSET CYLUIECTBEHHO YCKOPUTh MIPOLECC
oOHapy>XEeHUS U UCTIpaBICHUs omrOoK. TakKe MPeaCTaBIeH aJTOPUTM HAXOXKIACHHUS U UCTIPABICHHS OMIMOOK B 3aIIyM-
JIeHHoM cooOieHnu. Ha npumMepe pesepcuBHoro xoga C, JUIMHOHM 89 ¢ MUHMMAaIIbHBIM PacCTOSIHUEM 7 TOKa3aHa Mpo-
eIy pa UCIPaBICHHs] KOHKPETHBIX OLTHOOK.

Kniouesvie cnoea: nuHelHbIE TOMEXOYCTOMUUBBIE KOJIbl; MUHUMAJIBHOE PACCTOSIHUE KOJIa; PeBEPCUBHBIE KOJbl; BUX-
KOJIBI; CHHAPOM OIIHMOOK; HOPMEHHBIN METO]I IEKOTMPOBAHMSI.

O0pa3en LUTHPOBAHUA:

Kymnepos AB, JIunnunxuii BA. ColicTBa U IpUMEHEHUE IOIH-
HOMHAJIBbHBIX MHBAPHAHTOB (G-OpOHUT OMIMOOK B PEBEPCHUBHBIX
konax. JKypuan benopycckozo 2ocyoapcmeennozo ynueepcume-
ma. Mamemamuxa. Ungopmamuxa. 2018;3:21-28.

For citation:

Kushnerov AV, Lipnitski VA. Properties and applications of
G-orbits polynomial invariants of errors in reverse codes. Jour-
nal of the Belarusian State University. Mathematics and Infor-
matics. 2018;3:21-28. Russian.

ABTOpBI:

Anekcandp Buxmoposeuu Kywnepoe — acnmpant Kadeapsr
JuddepeHnanbHbIX ypaBHEHUH U CHCTEMHOTO aHaIN3a MeXa-
HHMKO-MaTeMaTH4decKkoro (akynsrera. HaydHblil pykoBoauTeb —
B. A. JIMIMHUIKUH.

Banepuit Aumonoeuu Jlunnuyxuii — JOKTOP TEXHUYECKHUX
Hayk, npodeccop; 3aBeayromuii kadenpoil BbiciIei MaTema-
KK, Ipodeccop Kadenps! IuddepeHIHaNbHbIX YpaBHEHH I
u CI/I]()JTeMHOFO aHaJIM3a MEXaHMKO-MaTeMaTHUECKOTro (aKyllb-
Tera .

Authors:

Alexander V. Kushnerov, postgraduate student at the depart-
ment of differential equations and system analyses, faculty of
mechanics and mathematics.

al.v.kushnerov@gmail.com

Valery A. Lipnitski, doctor of science (engineering), full profes-
sor; head of the department of higher mathematics® and professor
at the department of differential equations and systems analysis,
faculty of mechanics and mathematics®.

valipnitski@yandex.by

21



Kypnaa Besopycckoro rocyiapcTBeHHOro yuupepcurera. Maremaruka. Uadopmaruxa. 2018;3:21-28
Journal of the Belarusian State University. Mathematics and Informatics. 2018;3:21-28

PROPERTIES AND APPLICATIONS OF G-ORBITS POLYNOMIAL
INVARIANTS OF ERRORS IN REVERSE CODES

A. V. KUSHNEROV?, V. A. LIPNITSKI*®

*Belarusian State University, 4 Niezalieznasci Avenue, Minsk 220030, Belarus
Military Academy of the Republic of Belarus, 220 Niezalieznasci Avenue, Minsk 220057, Belarus

Corresponding author: A. V. Kushnerov (al.v.kushnerov@gmail.com)

In this paper is described a two-step procedure for polynomial-norm error correction with reverse error correcting
-1

codes. Such codes of length 7 traditionally are defined by check matrix H,= (B", B”')T, 0<i<n-1,B=a " andais
primitive element of GF(Z'"). Also in paper you can find a description of error correction algorithm and an example based
on reverse code of length 89.

Key words: error correcting codes; code minimal distance; reverse codes; BCH codes; norm method of error correction.

1. BBenenue

PeBepcuBHbIe KOIBI TPUMBIKAIOT K ceMericTBy BUX-KkoI0B ¢ KOHCTpYKTHBHBIM pacctostaueM S [1]. C 1990-x rr.
MIPOBOATCS CUCTEMATHUECKUE HCCIIEA0BAHNS KJIacCa PEBEPCUBHBIX KOJIOB, CHavYaJla IPUMHUTUBHBIX, JIEKCHKOTPa-
(udeckn yrmopsa04eHHbIX, a TaKke MUKINIeCKHX [2, T1. 6; 3; 4], a 3aTeM U HEMPUMHUTHUBHBIX [5; 6]. YcTaHOB-
JICHBI HEKOTOPBIE WX OOIIMe CBOWCTBA, B AMana3oHe UiH oT 7 10 507 HaliieHbl ciydau, KOT/la OHU COBIAIat0T
¢ komamu XemmuHTa, BUX-Komamu, a Takke Korjga MAHIMaJIbHOE PACCTOSHUE HETIPUMHUTHBHBIX PEBEPCUBHBIX
KOZIOB TIPEBBIIIAET KOHCTPYKTUBHOE.

B nanHo# pabote pa3BHBarOTCs UCCIEI0BAaHHS, HadaThie B [6]. J{J1s mepcrieKTHBHBIX HEITPUMHUTHUBHBIX PEBEP-
cUBHBIX K0110B C, (MUHUMAJIBHOE PACCTOSIHUE KOTOPBIX d > 5), crefyst [ 7], BBOAATCS NOJIMHOMHUAJIbHbIC MHBApHaH-
Tbl G-OpOHUT OMIMOOK OTHOCHUTENILHO Ipynibl G HIMKINYECKUX U IHUKIOTOMHYECKUX aBTOMOp¢hu3MoB kozxa Cp,
pa3pabaThIBAIOTCS TOTMHOMHAITEHO-HOPMEHHBIE METOIBI KOPPEKITUH OIMIHOOK BecoM 1-3 aTMuU KofaMu.

2. HeoOxonnMble cBeIeHUS 0 PeBePCUBHbIX KOAAX

JIBonuHBIN peBepcuBHBII Ko C, onpenenex Hax noneM ['amya GF (2’") u3 2" aneMeHToB (m > 2), UMeeT
HEYETHYIO JUTHHY 71, SIBISIFOLIYIOCS AenTeneM gucia 2" — 1, a Takke pasMepHOCTb k = n — 2m. 311ech clienyer
MOMHUTH O MHHHMAJBHOCTH M [UIsl BCEX HATYypaJbHbBIX 3HAYCHWIT |l < m BemmdnHa 2" — 1 He Jenurcs Ha 7.
Kon C,, omHO3HauHO 3aa€TCsl CBOEH MPOBEPOYHON MaTpHLIEH

HR: BO Bl BZ Bn—l
BO B—l B—Z Bl—n

0<i<n-1,2m<n, =0 Wis IpUMATABHOTO dIIeMeHTa O, TioJst [anya GF (2’")

, (M

b

m
zzu. Mpun=2"-1
n

BennunHa 3 = o, u kox C, Ha3bIBAaeTCS NPUMHUTHBHBIM. B IIPOTHBHOM Cily4yae KOJ Ha3bIBACTCsI HEIPHMHTHB-
HbM [1; 2]. .

Kozpi ¢ mposepouroit marpuneii (1), kak u BUX-koapl ¢ npoBepounoit marpuueii H zq; = (B', B3’) , CO3-
JIABAJIMChH B PacuyeTe Ha MCIIPABIICHUE IBOMHBIX OMNOOK, ¥ TOTOMY MX HAa3bIBAIOT KOAAMHU C KOHCTPYKTHBHBIM
paccrostareM 5. Y npuMHTUBHBIX BUX-K0JI0B 3TH pacyeTsl IeHCTBUTETHHO OATBEPAWIHCH [ 1, Ti1. 7]. UTo xe
KacaeTcsl IPUMUTHBHBIX PEBEPCUBHBIX KOJIOB, TO TIPH YETHBIX 3HaueHuIx m (toraa n = 2" — 1 genurcs Ha 3)

OHHU MMEIOT MUHUMAJILHOE PacCcTOsIHUE d = 3, a py HeueTHBIX m (Toraa n = 2" — 1 He genuTcs Ha 3) NeicTBU-
TensHO UMeroT d = 5 [1; 6].

3. [IpobieMa KOppeKIUH TPEXKPATHBIX
omn00K peBepcuBHbLIMEA Koxamu Cp

[ToreHunanbHasi BO3MOXXHOCTb OOHApYKEHUsI U UCIPABICHUS TPeXKparHOW ommOku B koge C, ¢ MUHU-
MaJbHBIM PACCTOSHUEM 7 TIPEACTABIISIET COOOW peallbHyI0 MpoOiIeMy, He pelraeMyr0 CTaHJapTHBIMU CHHJI-
POMHBIMH MeTOJaMH. J[eHCTBUTENBHO, PacCCMOTPUM W — COOOIIEHWE, MPUHATOE B HEKOTOPOH WH(pOpMa-

HUMOHHO-KOoMMYyHUKamoHHo# cucteme (MKC) ¢ nBonunsim kogom C, Hag nonem GF (2'") C MIPOBEPOUHOI
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marpuueil H,. Torna CHHIZPOM 3auIyMIeHHOTO cooOmeHus mpeactaBum B Bume S(w)=Hyw' = (s, s,),
TIe S, 5, — dNeMeHTHl oyt GF (2’” ); W = ¢ + e JUIsl IepeIaBaeMOro KojIoBOTO CJIOBA ¢ M BEKTOPa-OIIMOKH e.
o dyHIamMeHTaTbHOMY CBOHCTBY NMPOBEPOUHON MarpHbl koja Hyc' = 0, mostomy S(w)=S(e), T e. 3a-
BHCHT TOJIBKO OT BeKTOpa-omubku e. OTMETHM TaKKe, 4TO BCE CHHAPOMBI OTHOOK KOPPEKTHPYEMOil COBO-
KYTTHOCTH TOMIApHO pa3nnyHbl. HassaHHbIE 06CTOATENHCTBA ABIAIOTCS OCHOBON BCEX CHHAPOMHBIX METOJIOB
KOppeKIuK ommb0oK. JIjist onpeieNieHns TpeX OMMOOYHBIX MO3UIUH BEKTOPA-OMMOKH BECOM 3 HEOOXOMMMO
OTBICKATh PELICHUE CUCTEMbI U3 JIBYX YPaBHEHUH
x+y+z=s,

'y Tz =,

OTHOCHUTECJIBbHO NEPEMEHHBIX X, ), Z. O‘IeBI/II[HO, YTO 3TO PCHICHUE HE MOXET OBITH OJHO3HAYHBIM B CHUJIY HEC-
OMpEACICHHOCTHU CUCTEMBI.
AJ'IBTepHaTI/IBHI)IM MCETOAOM KOPPEKIHUU TAKUX OIIMOOK SIBJICTCS HOpMeHHLIﬁ.

4. OCHOBBI TEOPUU HOPM CHHIPOMOB
VISl HEIPUMHUTHUBHBIX PeBEPCHUBHBIX KO10B
B ykazanHoU Teoprn 0a30BbIM SIBIISICTCS MOHATHE HOpMbI cuHapoma. [Tycts MKC, dyHKIMOHMpYOIIast Ha
OCHOBE JBOMYHOIO peBepcUBHOro koga C, anuHoi n Hax nonem GF (2’”), MIPHUHSJIA COOOIIEHUE W C CHH]I-

pomom S(w)=H,w" = (s, s,) #0. Cornacuo [2] nopmoii cunapoma S(w) B xone C;, HA3BIBACTCS AIEMEHT

nonst GF (2'" ), KOTOPBIN BEIYHUCIISCTCS Yepe3 KOMITOHEHTHI CHHApOMa 110 hopmyie N (S (w)) = 8,8,.

I'maBHas 3ajaua JEKOJUPOBAHMS COOOIICHUS — HAUTH BEKTOP OIIMOKH, MPUOOPETEHHON B IPOIECCE €ro
niepenayd. Teopust aBTOMOP(HU3MOB KOIOB IMO3BOJISIET Pa30UTh MHOXKECTBO HCIIPABISEMBIX OIIMOOK HA HE-
TepeceKarolrecs KJIacchl SKBUBAJIIEHTHOCTH, Ha3bIiBaeMble | -opoutamu. L{ukimndeckue Kopl BRIISIIOTCS U3
KJIacca JUHEHHBIX TeM, YTO G — ONEPaTrop LUUKIWYECKOro CABUra KOOPAUHAT BEKTOPOB BIPABO HA OAHY IO-
3UIHIO 110 LUKITY — SIBIsSIETCs aBToMOp(hu3MoM 3Tux konoB. Koasl C, ¢ mpoBepounoit Matpulei (1) oTHocsaTCs
K KJjaccy nukindeckux [1—4]. Uepe3 [' 0003HaYUM ITUKIMYESCKYHO MOJTPYIITY, TOPOXKICHHYK aBTOMOP(hU3-

MOM G B I'pyImie Aut(C » ) 3TO KOMMYTAaTHBHAs TPyNIa nopsaka 7. [IBa BekTopa e,, e, U3 IPOCTPAHCTBA BEK-
k
TOPOB-OLIMOOK £, Ha3bIBAIOT SKBUBAJIEHTHBIMH, €CJIU BBIIIOJHEHO COOTHOILEHUE € = O (e2 ) OTO OTHOILIECHHE

9KBUBAJICHTHOCTH Pa30MBaET BCE IPOCTPAHCTBO BO3MOXKHBIX OIINOOK V Haj monem 7Z/27 Ha HemepeceKaro-
Irecs KJaccel, Ha3piBaeMble [-opOuTamu (neramu B [2—4]).

IMockonbky ninHa 7'y koo Cj, HedeTHA U IIPH YCIIOBUU d > 5 He enuTes Ha 3 (CM. paszl. 2), TO BCe OLIMb-
KU BeCOM 1—3 B 3TUX KOJax JCJSATCS Ha MOJHbIC [-OpOUTHI, COEPIKAIIKE 110 7 BEKTOPOB-OLITHOOK B KaXKOM.
Kaxnast ['-opOura J Takux omrOOK OJJHO3HAYHO OINPEICIISICTCs JJF0OBIM CBOUM IPEICTABUTEIIEM ¢, [IUKIInYe-
CKHM CJIBUTOM KOOPAMHAT KOTOPOTO MOTYT OBITH TIOTYYEHBI BCE 71 OMIMOOK [ -OpOHTHI:

J= {e, G(e), e G"_l(e)}z <e> =<e>.
Slcno, uro " (e) =e.

Kaxk uzBectHo [2; 3], ecnu S(w) = (sl, S, ), TO

_ -1
S(o(w)) = (Bs,. B™'s,)- )
Bnaromaps cBoHCTBY, BeIpaxkaeMoMy (HopMyIioi (2), CIEKTp CHHAPOMOB, T. €. MHOXKECTBO BCEX Pa3lIUYHbIX
CHHJPOMOB BEKTOPOB-OIIMOOK Kax10i [-opouTsl J, paBHOMOIIEH camoii [-opOuTe W B3aMMHO OJHO3HAYHO
COOTBETCTBYET €€ LMKIMYECKOi cTpyKType: ' (€)= e’ Torna u Tonbko TOra, KOrjia MoKa3aTeiu KOMIOHEHT

cunapoMoB S(e) = (sl, Sz) uS (e*) = (sl* ) S, ) CBSI3aHBI PaBEHCTBAMHU

degs, = degs, + kz, degs; = degs, — kz. 3)

JpyruMu cioBamH, J1Ba BEKTOPa-OLUIMOKHM MPUHAAJIEkKAT OHOK [ -opOuTe Toraa u TONbKO TOTIa, KOTAa pas-
HOCTb TOKa3arejei OAHOUMMEHHBIX KOMIIOHCHT UX CUHAPOMOB JC/IMTCA Ha Z.

TakuM 06pa3om, BEKTOP-0OIINOKA 110 CHHPOMaM C IMTOMOIIBI0 (hopmyit (3) OHO3HAYHO OTIPEeNsieTCs BHYTPH
kaxmoi [-opoutel. Bosee Toro, kKakablii BEKTOP-OITHOKa MPUHAIICKHUT JUIIb ogHOU I-opbute, ciemoBa-
TEJBHO, PA3HOCTH MOKA3aTeNIei CHHIPOMOB OYJIET JeUThCS Ha z B €IUHCTBEHHOM CIIy4ae, KOT/Ia 3TH BEKTOPHI
nexar B onHoi ['-opOute.
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W3 popmyisr (2) cienyer, yTo HopMa cuHIpoma N (S (w)) =N (S (G(W))) = N TIOCTOSIHHA Ha BCEX BEK-

TOopax KaXJOW OTAEIbHO B3ATOH I-opOuThI, M mMoTOMy HasbiBaeTcsi HOpMol camoi [-opoutel. Kak y mpu-
MUTHBHBIX, TaK U y HENIPUMUTHUBHBIX Ko#0B C, HOpMBI I'-0pOuT ommbok Becom 1, 2 momapHO pa3iMyHbI
1 OTIUYHEI OT (), UTO JIETKO MIPOBEPSIETCS MMOBTOPEHUEM JT0Ka3aTeIhcTBa TeopeMbl 4.8 u3 [3]. UTo ke kacaeTcs
HOpM [-0pOUT BEKTOPOB-OMIMOOK BECOM 3 Y HEPUMHUTUBHBIX K0J10B C ,'; , TO 371€Ch BO3MOXKHBI OTJEILHBIE CO-
Briajieans. He moka3aHo (B OTiIMYME OT ABOMHBIX OMIMOO0K) OTCyTCTBHE ['-OpOUT TPOHHBIX OMIMOOK C HOPMOH,
paBHOH 1; cpean HHUX BIOJIHE MOTYT HalTHCh [-O0pOuUTHI, ¢ HOpMO# 0 MM coBnamaromeil ¢ HOPMOW KaKow-
7160 I'-OpOUTHI TBOMHBIX OMIUOOK, C COBIAIAOIUMHI MEKIAYy COOOH HOPMaMHU.

Bo-nepBbix, uncno [-opOut mekogupyeMoll COBOKYMHOCTH K BEKTOPOB-OIIMOOK MAJISi PEBEPCHBHOIO

n*+

1
koza C, JUIMHOHM 7 ¢ MMHUMAJbHBIM PACCTOSHUEM 7 PaBHO ;(C,l, +Cl+ Cj) = , YTO BIIOJIHE MOXKET

OKazaTbcst 0ONMBIINM 2" — KOJIM4eCcTBa BO3MOYKHBIX 3HAYCHUI HOPM CHHJIPOMOB. Y BCEX NIEPEUHCICHHBIX BBIIIC
konoB C, 9Ta BEIMYHMHA HE MPeBOCXOauT 2". Bo-BTOPBIX, MMeeTcst Gosiee miyOoKasi, BHYTPEHHsISI IPHYHHA
BO3MO)KHOCTH TaKUX COBNAACHUH. Y NPUMUTUBHOIO kofa C, CIEKTP CUHAPOMOB S(J ) kaxmoit ['-opoutsr J
B OIPE/IENCHHOM CMBICIIE TIONHBIA. A HMEHHO, eciu Ui BekTopa e € J cunapom S(e)= (sl, sz) TaKOB, YTO
s, # 0, TO mepBble KOMIOHEHTHI criektpa S(J) cocTaBnsioT B crity GopMylsl (2) BCIO MY/IbTHILIMKATHBHYIO
rpynny GF (2’” )* nopsiaka 2" — 1. AHaJIOrn4Hasi CUTYalus 1 JUIs BTOPOH KOMIIOHEHTBI CHHIPOMA, €CIIH S, # 0.

VY HenpumuTUBHOTIO %€ Kona Cp, ipu s, # 0 1epBble KOMIIOHEHTHI CIIEKTpa S (J ) COCTaBIISIIOT B CHITY (JOpMY-

x
76l (2) cMexHbIH knace B rpynne GF (2’”) , TIOPOXKICHHBIH 2JIEMEHTOM s, 110 LIUKJINYEeCKOH moarpymme < 3>

m

nopsijika n = . BrionHe MOkeT HaWTHUCh BEKTOP OIIHMOOK € ¢ CHHIPOMOM S(E*) = (aisl, oc‘isz) TS

HEKOTOporo mesnoro 7, 1 <i < z. HecioxHo BUAETH, 4TO HOPMBI [-0pOuT J 11 < e”>[ COBNAAAIOT, a CIEKTPHI
CHH/IPOMOB HE MIEPECEKAIOTCS.

Takum 00pa3oM, y HEIPUMUTHUBHBIX PEBEPCUBHBIX KOI0B Cp MOXKET CYILECTBOBATH 0 Z IONAPHO Pa3Iny-
HBIX [™-0pOHT C OTMHAKOBBIMH HOPMaMH.

ITpumep 1. PeepcuBubiii ko C, 1umHOM 89 onpezeneH Ha mosnem GF (2“ ) OH cTI0c00eH ACKOANPOBATH

117 569 BexropoB-ommbOOK BecoM 1-3, koTopsie rpynmnupytotcs B 1321 T'-opoury: 1 I'-opOuta ommbok Be-
com | 1 HOpMOH 1, 44 onHbIe [-0pOUTHI OIIMOOK BecoM 2 ¢ ONapHO Pa3IMYHBIMU HOPMaMHU, OTIIMYHBIMU OT 0
u 1, n 1276 nonueix [-opout Tpoitneix omubok. Cpenu nocneguux 33 [-opOUTHl HMEIOT YHUKAJIbHbBIE HOP-
MBI, 924 I"-0pOuTHI — 110 2 oxrHAKOBBIE HOPMBI, 33 I™-0pOuTH! — 10 3 ofHAaKOBBIE HOPMEIL, 244 ["-0pOUTHI — 11O
4 onmMHAKOBBIC HOPMEI, a Takxke 22 ['-opOUTHI TPOWHBIX OMIO0K UMEIOT OAMHAKOBBIE HOPMEI ¢ 11 I'-opOuTamu
IBOWHBIX ommOok. Takum obpazom, 1321 I'-opOuta pacnpenenstorcs Ha 614 rpynm mo 3HaYEHUSM CBOHMX
HOPM, YTO TO-TIPEXKHEMY COCTaBJIsIeT JOCTATOYHO BHYIIUTEIHHOE KOJIUYECTRBO.

5. HopMeHHBI MeTO KOPpPEeKIHHU
omu0oK peBepcuBHbIMHU Kogamu C ,;
2

n+5
Merton 3akirodaercs B ciegyromeM. COCTaBIAI0T CIIUCOK 00pa3yoLIUX e; BCeX I"-opOuT BekTOpOB-

omK1OOK COBOKYIHOCTH K, CHHAPOMOB 00pa3yomux S (el.) U UX HOpM CUHIpOMOB N, =N (S (ei )) EctectBen-
HO, [-OpOUTBI COPTUPYIOT B IPYIIIBI C OJIMHAKOBBIMU HOpMaMu. [list ipuHsitoro coobmenust w nexonep MKC

B 00513aTEIbHOM TOPSIJIKE BBIYUCIISIET €0 CUHAPOM S (w) Ecau S (w) # 0, Haxomar N = N (S (w)) Oty Benu-

YKMHY CPABHUBAIOT CO CIIMCKOM IIOIApHO pa3auuHbiX HOpM N,. Ilycts N = N,. Cunznpom S (w) = (sl, s2) cpas-

HUBAIOT ¢ CUHApoMaMu oOpasyromux [-opour ¢ Hopmoii N,. B cuiy dopmya (3) HalizeTcst TOIbKO ofHa opouTa

<e,> ¢ oOpasytollell e, U CUHIPOMOM § (ek) = (slk, s ) TakKas, 94TO Pa3HOCTh MOKa3aresei deg(sl) - deg(slk )

HAIIeNIO JIeNUTCs Ha z. Ecir coOTBETCTBYIOIEe YaCTHOE PABHO T, TO UCKOMBIM BEKTOP-OMIHOKA e B cOOOIIIe-
_ (modn)

HUU W BBIYUCIISIETCS IO hopMyIie e = G (ek )

HopmeHHBII METON TOCTAaTOYHO YCIIENIHO pPelIaeT 3afady HaXOKICHHs BEKTOpa-omuOkd. OmHAKO YHCIO
I"-opOut nexonupyemoii COBOKYITHOCTH AJ1sl peBepCUBHOIO Kozia Cj, INIMHON 7 C MUHUMAJIbHBIM PacCTOSIHUEM 7,
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n+5
paBHOE , Oyzet ObICTPO YBEIMUYUBATHCS C POCTOM 71, UTO, €CTECTBEHHO, 3aTpyaHseT 3a1a4n 3(pdexTun-

HOTO TOMCKa HY)KHOM HH(POpMaIMy B OBICTPO pacTylIMX o0beMax XpaHeHUsl, 3aMeIsIeT paboTy aeKoaepa.
OnpeneneHHoro yCKopeHus rmporecca JeKOJUPOBAHUSI MOKHO JOOUTHCSI HOPMEHHBIM METOJIOM C UCTIOJb-
30BaHMEM MMOJMHOMHATBHBIX HHBAPUAHTOB [7].

6. G-opOuTHI OIIMOOK U HX MOJTHHOMHATbHbIC HHBAPHAHTHI

Onpenenum Ha MHOXECTBE T = {1, 2, n}, T7ie 77 — HEYeTHO, TpeoOpa3oBaHue (P 110 MPABUITY

2i—1,2i —1< n,
2i—1-n,2i—1>n.

o(i) =

Jl1 HeueTHBIX 1 oTeparop ( sABJISAETCS B3aMMHO OJHO3HAYHBIM HAa MHOXkecTBe 7. [IpumeHeHne naHHoro
orepaTopa K BEKTOpy-oIrOKe Mmoagpa3zyMeBaeT MepecTaHOBKY €ro KOOPAMHAT 10 MpaBuity . Ee Ha3pIBatoT Lu-
KJIOTOMHYECKON NePeCcTaHOBKOM Ha IPOCTPAHCTBE OMHNOOK £, 1 00BIYHO HO-NIPEXKHEMY 0003HAYa0T Yepes ¢.
[ToBTOpsist MOYTH JOCTOBHO JJOKA3aTeIbCTBO MpeuioxkeHus 3.17 u3 [3], MokHO yOenuTbCs, 4TO OHA SIBISIETCS
aBTOMOP(HU3MOM JIF000T0 HUKINUECKoro kopa C, ¢ mpoBepouHoit Marpureit (1), mpuyem nopsiika m. ABTo-
MOPQH3MBI G 1 (¢ 00pa3yroT HEKOMMYTaTHBHYIO rpyniy G nopsiaka mn [1; 2].

JlBa BekTopa f, g W3 MPOCTPAHCTBA OMMOOK £, Ha3bIBalOTCAd G-2KBUBAJICHTHBIMU, €CIIM HAHIETCS TaKas
nojcTaHoBKa T= @'G/, uto g = ’E( f ) COBOKYITHOCTb BCeX MonapHo (G-dKBHUBAJIEHTHBIX BEKTOPOB M3 MPOCT-
pancTBa £, HaspiBatoT G-op6utoil. [ns peBepcuBHOro koga Cp, onpeneneHHoro Haj noiem GF (2'” ), nro0as

G-opbuta J, UMEET YETKYIO CTPYKTYpy U COCTOUT U3 BCEX BEKTOPOB I'-OpOUT, openesnsieMbIX CaeIyonmM
COOTHOIIIEHUEM:

— — 2 = —1 —
JG:{<e>,(p<e>,(p <e>,..,o" <e>}, @)
rae <e > — [-opOura, nopoxeHHasi BEKTOPOM-OLUIMOKON e U3 MPOCTpaHCTBa OMUOO0K £ ; WL = m uiau [ ae-

aut m. @opmyna (4) onpenenser Bcro G-opOUTY OTHUM BEKTOPOM-OLIHOKOH, KOTOPBII Ha3bIBAIOT €€ 00pasyo-
LIMM, U IOTOMY UCIIOJIb3YIOT 0003HaueHue J, = <e > [2].

IuxmoToMu4ecKast MoACTAaHOBKA 3aMeyUaTeNIbHa CIEAYIOMNMA CBOUCTBAMU: €CTH S (E) = (sl, S, ), TO

S(0(2))=(s7. 52). (N(s(2))) = (5 (0(@))) ©

Ilycte N, = N (< e >) — HopMa I™-opOuTsl < e >, Torna Hopmbl I'-0pOUT G-0pOUTHI < € >, MUMEIOT CIIEKTP
N(<e>G): {Nl, N, N}, ..., leu*‘} B cuiy dopmyn (4), (5). Bo3eneHrue HOpMbI B KBajpaT COOTBETCT-
ByeT IIpUMeHeHnIo aBToMopdusma Ppobennyca k snementy N, nonst GF (2’" ) TIocTpoeHHBIH CIMCOK HOPM

F—Op6I/IT, COCTaBJIAIOIINX G—Op6I/ITy <e >G’ €CTb MHOXXCCTBO BCEX CONPSKECHHBIX APYT APYTY MO JIeiicTBUEM
TpyIIIbL FaJIya 9JIEMEHTOB 11015, TaKue IeMEHThI COCTABJISIOT IIOJHBIN CIIUCOK KOpHCI\/'I HCIIPUBOAUMOTIO 110~

JIMHOMA HaJ MUHUMAaJIbHBIM roamnoieM GF (2) [5]. DTOT mOTMHOM Ha3bIBAIOT MUHUMAJIEHEIM ITOJIMHOMOM 3JIe-
MeHTa N, (a Takke J11000ro dJIeMEHTa OIS, CONPSKEHHOTO ¢ HUM) U 0003Ha4aloT Irr(N 1 x). U3 teopemnl bezy
0 KOPHSIX ITOJIMHOMOB CJICJIYET, YTO HE CYIIECTBYET HHOIO HEMPUBOMMOTO IMOJIMHOMA, COJICPIKAIIETO XOTs ObI
OJIMH U3 KOPHEH MOJMHOMA Irr(Nl, x). OTcrona moy9yaem ClIeyoIIee OnpeeIcHIe.

Onpenenenue. ENMHCTBEHHBI HEMPUBOAUMBIN MOJIMHOM

(N, x) = (x= N )(x = N7 ) - (v = N7 ), 6)

MHOKECTBO KOPHEH KOTOPOTO COBIAJaeT ¢ MHOXECTBOM HOpM B Koze C, ['-opOuT, coCTaBIsIOMMNX TaHHYIO
G-opOuTy, Ha3bIBACTCS MOJIMHOMHAILHBIM HHBAPHAHTOM 3TOH G-OpOHTHI M 0003HaYaeTCs p(< e>;, x) WU
p(N,. x) [6].

BaxHO OTMETHTB, UTO CTENEHb MOJUHOMA p(< e>g, x) COBIIQ/IaET C KOJMUYECTBOM | -OpOUT B COOTBETCT-

Bytomiei G-opoute. B wacTHOCTH, IJIs MPOCTHIX 3HAYEHUH /71 CTETICHB 3TOTO TTOJTMHOMA paBHA | MiTH, UTO Yare
BCETO, /1.

KoneuHno, p(<e>G, x) JOJDKEH XpaHUTbes He B opme (6), a B CTAaHAAPTHOM MONMHOMHATIBHON (op-

Me x”+cu_,x“‘1 + ...+ ¢x + ¢, ¢ ko3pdunreHTamMu u3 GF(2) WM BOBCE B BHIE IBOWYHOTO BEKTOpPA

25



Kypnaa Besopycckoro rocyiapcTBeHHOro yuupepcurera. Maremaruka. Uadopmaruxa. 2018;3:21-28
Journal of the Belarusian State University. Mathematics and Informatics. 2018;3:21-28

(1, Cuts +ees Cpy co). Jl7s 9TOTO CIIelyeT pacKphITh CKOOKHM B hopmyiie (6) u mpuBecTH nogoOHsIe. ITomyueHHbie
B pesynbrare kodpduuuenTsl ¢, 0 < i < [, OyJyud CUMMETPUYECKUMHU TOJMHOMAMHU OT KOPHEH MoIMHOMA
B CHJIy TeopeMbl Buera, 10/KHBI ObITh HHBAPUAHTHBIMU OTHOCHTENBHO aBToMopdu3Ma dpobenuyca mous
lamya GF (2’") U, CJIIOBATEILHO, TPUHAIICKATh €r0 MUHUMAaTLHOMY TIoamoio GF (2)

Kaxnp1ii snement y nonst GF (2’") sBIIsieTCsl anredpandeckuM Hal noamnoiem GF (2), T. €. €CTb KOPEHb
HEKOTOPOTO €IMHCTBEHHOTO HENPUBOAMMOTO MOJIMHOMA Irr(y, x) €Z/2Z|x]. Ecau Y He IpUHA/IEKUT HUKa-
KoMy momosio nons GF (2'”), 10 deglrr(y, x) = m, B nporusHOM ciyuae deglrr(y, x) = W — nenuTens uuc-

na m (neranu B [8] win [9]). UToOBI KOHKpETHas paboTa ¢ MOJUHOMHUAILHBIME MHBAPHAHTAMU HE CO3J/1aBajia
poOIIeM co BpeMeHeM, He 3aMe/yisiia padoTy JeKoepa, CIeayeT 3apanee, Ipy NOCTPOCHNH KOHEYHOTO ITOJIS

GF (2’" ), JUISL K&XKI0TO BlIeMeHTa Y Haiiti ero nonunoM Irr (Y, x) € GF (2)[x] u xpanunts 51y napy B namstu
B eauHOIT cBsi3ke: Y > Irr(Yy, x).
B HCIIPUMUTUBHBIX KOJax, KaK U B CJIy4daec F-Op6I/IT, OOUH NOJIMHOMUAIBHBIN HWHBAapHUaHT MOT'YyT UMCTb

10 z pa3nuiHbiXx G-opout. OpnHoUHbBIE OMOKK 00pa3yloT ogHy G-opOuTy u3 oxHON I'-0pOUTHI ¢ MOJIMHO-
MHUAJIbHBIM HHBapHAHTOM X + 1. JIBOIHBIEC OIIMOKH ENATCS, KaK MPaBUII0, Ha MoJHbIE G-OpOUTHI 10 m [ -opOuT

o 1 2 I’l - 1 o
B KaXXKI0HU, HO €CJIM YHUCJIO F-Op6I/IT ZC" = T HE ACIIUTCA Ha m, TO Cpean G-0p6I/IT 00s13aTeIIbHO HauAgyTCs

HEMOJHBIE, HO cofiepxarue Oonee ogHON [-opouThl. Y G-0pOHUT TPOMHBIX OMHMOOK TPYIHO yKa3aTh KaKHe-
100 o01Ire 3aKOHOMEPHOCTH.

Ipumep 2. Hax nonem GF (2) nMmeetcs 186 pas3nuyHbIX HEMPUBOJUMBIX TOJTUHOMOB 11-ii cTenenu, o Ko-
TOPBIM pacHpenesstoTcs B KauecTBe KopHel 2046 snemenToB noist GF (2“) (1Ba ocTaBIIMXCS MMPUHAJICKAT
noanono GF (2)) B passurue npumepa 1 3ametnm, uto B koxe C, IIHHON 89 BEKTOPBI ABOMHBIX OLIMOOK
00pa3zyrot 4 nonueie G-0pOUTHI C YHUKAJIbHBIMU TOJIMHOMHUAIBHBIMA HHBAPHAHTAMH:

[Honmnuaom Oo6pazyromas 06(}':) E;I){[Ilc))(:[l:[eﬁ oGpEg}Il)}h;fueﬁ
L+ + 8+ + 8+ 20+ 25+ 2 + 1" (1,4) (0™, a**) o’
1 +x3 +x5 +x" +x7 +x10 +x|1 (1, 2) ((x527, Ot504) OC1()31
1 +x2+x4+x5+x6+x7+x8+x10+xll (1,6) (a397’ aZSZ) (x679
T+ +° + 2+ x% x +x7 + "0+ x" (1, 14) (oc”"“, ocm) o7

B cBoto ouepenp, 1276 I'-opOUT TpOHHBIX OMHOOK feisaTcs Ha 116 momHbIX G-0pOUT, KOTOPHIM COOTBETCT-
BYIOT 53 MOJIMHOMHUAJIBHBIX HHBapUaHTa. M3 HUX 3 MHBapuaHTa COOTBETCTBYIOT B TOUHOCTH OJHON G-opOwuTe,
43 monmHOMa — cpaszy AByM G-opoutam, 1 momuHOM — TpeM G-opoutam u 6 — geTsipeM. OTMETHM TaKKe, YTO
JIBa MHBAPHAHTHBIX MOJMHOMA TSI TPOWHBIX OIIHOOK COBMA/IAOT C TAKOBBIM JIJISl IBOMHBIX.

7. AByXcTyneH4yaras npoueaypa noJMHOMHAIbLHO-HOPMEHHOH
KOppeKUHH OIKO0K peBepcuBHBLIME Koxamu Cy
Jst paboThI JeKkoAepa Ha OCHOBE TTOTMHOMHUAIbHBIX MHBAPHAHTOB HEOOXOIMMO XPAaHHUTh B TAMSTH PSiJL CITHC-
KoB: PG =pl<e>;, x <e,>;, X), ..., pl<e,>., X); — CHHCOK NOMapHO Pa3INYHBIX MOJTMHOMHUAIBHBIX
P\s€ >, X), P\S€,26, » P\S €26 PHO D
HMHBapHUaHTOB BceX G-OpOUT BEKTOPOB-OIIMOOK BecoM 2 1 3; aist Kaskaoro uesnoro i (1 <i<s)—cnucok NI n3 1
(W= m nnu | — renuTeNs m) NonapHo pasnuuHbix HopM N, (1 < j <) T-0pOuT ¢ MoNnMHOMUAILHBIM HHBAPHAH-

T0Mp(< e>;, x); st Kk 10 HOpMBI N, — criicok N;OS = {< €;,>, S (Eijl ); <e;,>, S(E,.j2 ); ey <€y >, S(Eijg )}
obpasyrormx ['-0pOuT 1 CHHIPOMOB 00pa3yIOIIKMX C JAHHON HOPMOH N,

[IpencraBum anroput™ ucnpasieHus omuoku kogoM C, ¢ npoBepounoit Marpuuei (1). Ilycts npunsTo
HekoTOpoe coobmenue /. Boruncisem ero cunapom ommbku Hil'= S(/). Ecmm S(1) =0, 0 coobuenue He
CONIEP>KUT OMMOOK. AJTOPUTM 3aKaHUMBAET paboTy. B MpoTHBHOM citydae rmepexonuM Ha BBHIITOJIHEHHE Clie-
JYIOIMX HUKE [IaroB.
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1. Hycts S(!) # 0. Torma naxomum Hopmy curpoma S(/) = (s,, s,) o bopmyne Ny = N (S (l)) = s,5,. Ecim
N,=1us,=s,"=p'"', 0 ommbka e, ONHOKpATHAS HA {-If TIOUIIMK ¥ MOKHO MEPEXOTHUTH K IIary 6.
2. VlHaue 1o 0TMeueHHOH BbILIE CBS3KE IEMEHTOB OISl C UX HENPUBOIMMBIMH MouHoMamu Y <> Irr (Y, x)

OnpeeliieM MOJIUHOMUATIBHBIA UHBAPUAHT p(NO, x) U cpaBHHBaeM ero co ciuckoMm PG. Ilycts p(NO, x) =
= p(< e >, x) Ut HexkoToporo uestoro i (1 <7 <s). 1o 03Ha4yaeT, 4To HOpMa N, IPUHAUIEKUT KOPOTKOMY

criucky NI
3. CpasuuBaeM N, ¢ oTum criuckom, Haxonum N, = N, € N;I'. CnienopareibHO, HCKOMask BEKTOP-OIIMOKa
Haxoaures cpenu ¢ I'-opbur ¢ Hopmoii N, .

4. Jinst kaicztoro mesoro k (1 <k < ¢) u Bektopa &, , u3 crucka N, OS = {< &1 > S(Eijol ) = (s,l, sé); <g;,>,
_ _ _ deg(s,) — deg(s;
S(eijoz) = (Sf, szz); <>, S(eijog) = (sf, S5 )} BBIYUCIISIEM BEINUHMHY T, = ( ) B ( ), eciu s, # 0,
k
deg (sz) - deg(sz)

1 BCIIMYNH T’ = ,ecim s, = 0. duxkcupyem TO C€ANHCTBCHHOC, B CHUJIY CKA3aHHOI'O BBIIIEC
k : 1 s s

z
3HaYCHHE k = A, U1 KOTOPOTO T, MIIU T; SBISIETCS LEITBIM YUCIIOM.

d -
5. BbIuncIsieM HCKOMYIO BEKTOP-OIIHOKY €, = o ")(eijok) B COOOILEHNUH /.

6. ITomyuaem BepHOE coolmienue c =/ + e,
IIpumep 3. PaGoty nexoaepa mpociaeanmM Ha IpuMepe peBEPCUBHOTO kKoa MTinHON 89 Ham nojnem GF (2” )

Jlexomep MaHHOTO KOJa COMEPIKHUT B ceOe, TOMUMO TIPOBEPOUHON MATPHIIEI, CIHCOK PG U3 57 MOIMHOMOB
u cnucok SNO I'-opbut, orcoprupoBannblii mo G-opourtam. Bcero mpoctpaHcTBo ommOok comepkut 121
G-opbury: 4 opOUTHI ABYKPATHBIX OMTHOOK, 116 — omuOok BecoM 3, a Takke 1 opOUTY OTHOKPATHBIX OITHOOK.

[Mycts UKC npunsiia cnenyroiiee cooOieHue:
/= (01 1101111011100100100000000000000000000000000001 10000000000000000000000000100000000010010).
Haxoznm cuupom omm6ku uis coobmenns S(/)= Hi = (0(1687, o' )
1. BoraucisieM HOpMy cuHapoma N, = s,s, = o.'*. TIo cBSI3Ke dJI€MEHT TOIA — TOTHHOM OTIpeieNsIeM
p(NO, x)=1 X0+ 0+
2. B cnucke PG HaxonuM MOJIMHOM, PaBHBIN HalICHHOMY p(NO, x), p(x) =1+xX+ X+ x"+ X0+ x5+
+ x84+ 0+ XM
Cpazy noiydaem u CIIUCOK HOPM, COOTBETCTBYIOIIUI MHBAapUAaHTHOMY monuHomy: N, I" = {0(952, o'’ o,
all‘), a1083, a1565’ a1806, a903, a1475, a1761, a1904 }
3. B cnucke N.I” nierko OThIIIEM Hally HOPMY, a 3HAYHT, HCKOMas OIIMOKAa HAXOJHUTCSI CPEAN SIEMEHTOB
[-opGut ¢ Hopmoii N, Tlepexommm k crucky N, OS = {< (1, 25)>, {0(2037, OLMSS}; <(1,2,28)>, {0(606, 0(869};
< (1, 27, 28) >, {0(1490, o? }} OTMeTHM, 4TO JaHHOH HOPME COOTBETCTBYIOT [ -OpOUTHI IBOMHBIX U TPOMHBIX

OIMMOOK OJTHOBPEMEHHO.

deg(s,) — deg(s! 1n_
g( 1) g( ! ), e z = % = 23. Takum oOGpa3om, uMeeM

4. Haxoqum T, = e

1687 — 2037 350 1687 — 606 1687 — 1490 197
T, = = L Ty= =47, = = L
23 23 23 23 23

dukcupyeM T, = 47, Tak KaK OHO SIBJISETCS LEJIBIM YHCIIOM.

5. BerumciisieM HCKOMBIi BEKTOP-OIMHOKY €, = *7(medn) (1, 2, 28) = (48, 49, 75). Boinuiiem BeKTOp ¢, B 10J1-
HOH (opme:
e = (000000000000000000000000000000000000000000000001 10000000000000000000000000l00000000000000).
6. ITomyuaem BepHOe cooOmienue ¢ =/ + e;:
c= (0 111011110111001001000000000000000000000000000000000000000000000000000000000000000001001 0).
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8. 3akiouenue

B pabote pa3BuTa TCOpHs MOTMHOMHUATHHBIX HHBAPUAHTOB G-OpOUT OMMOOK HA KIACC PEBEPCUBHBIX KO-
JIOB, KaK MPaBIJIO HEMTPUMUTHBHBIX, KOPPEKTHPYIONIHNE BOSMOKHOCTH KOTOPBIX BBIXOAT 32 PAMKH KOHCTPYK-
THUBHBIX BO3MOXXHOCTEH. CBOWCTBA 3THX MHBAPHAHTOB TIO3BOJISIIOT MPEIOKUATH YCEUCHHBIN JIBYXCTyTIEHYA-
THI TOJMHOMHAIFHO-HOPMEHHBIN METO/ JCKOJUPOBAHMS OIIMOOK peBEpPCHBHBIMH Komamu. Kitaccumdaeckue
CHUHIPOMHBIE METOJBI KOPPEKIINU OMMOOK TaK MJIM WHAuYe MPEOA0JICBAIOT ITOIHBIA TIepebop CIUCcKa UCTIpaB-
JIIEMBIX OIIHOOK, 9TO HEN30€KHO MPUBOIUT K «IIpodiiemMe cenekropay. HopMeHHbIe METOBI Ha TIOPSIOK CO-
KpamraroT 3TOT epedop, nO0 eMy TOABEPTatoTCsl HOPMBI [ -OpOHT MEeKOTUPYEMBIX OMMHOOK (MX WHBAPUAHTHI).
Kornma unentudumnmponana [-opoura, comeprkarias HICKOMYIO OIMHOKY, JaTbHEHIITHI €€ TTIOMCK OCYIIECTBIIICTCS
JEeTEPMIHUPOBAHHBIMA BBIYUCIECHUSAMHE C CHHApOMaMHu. [loIrmHOMIaTsHO-HOPMEHHBII METO/T BHITIOMHSIET eI1le
0oJiee YCEUCHHBIN TONCK B CITHCKE MOJHHOMHAIBHBIX WHBAPHAHTOB G-OpOUT OMIMOOK KOPPEKTUPYEMOH CO-
BOKYITHOCTH C MOCJIEAYIOIIIMM MUHHMAaJIBHBIM ITIOMCKOM HYXHOHW [ '-0pOuTHI B y3koM criicke G-opOWT ¢ Haii-
JICHHBIM TTOJINHOMHUAIBHBIM HHBapHaHTOM. [IpeamaraeMprii MeTox KOPPEKIIMH OMTHO0K, HECOMHEHHO, JTOJDKEH
HaWTH CBOM MPHUIJIOKEHHS B IPAKTHKE.
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