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Ilycth (X ,d, u) — METPUYECKOE IPOCTPAHCTBO C MEPOH, YAOBIETBOPSIOLIEH YCIOBUIO YABOEHUS C ITOKA3aTelleM 7,
T. €. 11 Mo6bIx wapos B(x, R) u B(x, r), 7 < R, BBINONHAETCS HEPABEHCTBO

(8 0) = £ w(()

JUIsL HEKOTOPBIX TOJIOKHUTEIBHbIX IIOCTOSHHBIX Y U ¢, Ha Takoil o6uweii CTpyKType MOKHO BBECTH IPOCTPaHCTBO Xali-
nama — Cobonesa M [ (X), KoTopoe B €BKIMI0BOM CIIydae COBIAJAET ¢ KIACCHYECKUM COOONEBCKHM IPOCTPAHCTBOM
npu p > 1, oo = 1. B craree obcyxnaercs BnoxeHne QyHKUMH u3 npocrpancts Xaiinama — CoGonesa M2 (X ) B TIpoO-
CTPAHCTBO HENPEPBIBHBIX (QYHKIMH 1pH p < 1 B KpUTHYECKOM citydae Y = 0. bonee TouHo, mokazaHo, 4To Jitodast GpyHK-
st U3 Ki1acca Xaiinarma — Cobonesa M [ (X ), 0<p <1, a>0, uMeeT HEIPEPLIBHOTO MPEACTABUTENS B CIydae paBHO-

MEPHO COBEpIIEHHOTo npoctpanctsa (X, d, [L).

Knrouegvie cnoga: ananu3 Ha METPUIECKUX IPOCTPAHCTBAX ¢ Mepoi; npocTpancTBa Cobornesa.

O0pa3eny HUTHUPOBAHUMA:

Boupnapes CA. Bnoxenne xiacca Xaitnawa — Co6onesa M2 (X)
B IIPOCTPAHCTBO HENpPEPbIBHBIX (YHKLHI B KPUTHYECKOM CITy-
vae. JKypran bBenopycckoeo eocy0apcmeenHHozo yHueepcumemd.
Mamemamuxa. Hupopmamuxa. 2020;1:6—12 (Ha aHDIL.).
https://doi.org/10.33581/2520-6508-2020-1-6-12

For citation:

Bondarev SA. Inclusion of Hajtasz — Sobolev class M/ (X) into
the space of continuous functions in the critical case. Journal of
the Belarusian State University. Mathematics and Informatics.
2020;1:6—-12.

https://doi.org/10.33581/2520-6508-2020-1-6-12

ABTOPp:

Cepzeit Anexcanoposuyu bonoapee — actimpant xadenpsr Teo-
puu QyHKINH MEeXaHHKO-MaTeMaTnieckoro daxynsrera. Hayu-
HBIIl PYKOBOJHTENb — JOKTOpP (pU3MKO-MAaTeMaTHYeCKUX Hayk,
npodeccop B. I'. Kporos.

Author:

Sergey A. Bondarev, postgraduate student at the department of
function theory, faculty of mathematics and mechanics.
bsa0393@gmail.com




BemmecTBeHHBII, KOMIUIEKCHBIH M GYHKIMOHAJILHBII aHAJIN3
Real, Complex and Functional Analysis

INCLUSION OF HAJLASZ — SOBOLEV CLASS M} (X)

INTO THE SPACE OF CONTINUOUS FUNCTIONS
IN THE CRITICAL CASE

S. A. BONDAREV?

*Belarusian State University, 4 NiezalieZnasci Avenue, Minsk 220030, Belarus

Let (X, d, W) be a doubling metric measure space with doubling dimension v, i. e. for any balls B(x, R) and B(x, r),
r < R, following inequality holds

w(B(x. R)) < au(g)Y w(B(x. )

for some positive constants Y and a,,. Hajtasz — Sobolev space M, f4 (X ) can be defined upon such general structure. In the
Euclidean case Hajtasz — Sobolev space coincides with classical Sobolev space when p > 1, o = 1. In this article we dis-
cuss inclusion of functions from Hajtasz — Sobolev space M/ (.X) into the space of continuous functions for p <1 in the
critical case y= op. More precisely, it is shown that any function from Hajtasz — Sobolev class M/ (X ), 0<p<1,a>0,
has a continuous representative in case of uniformly perfect space (X, d, u).

Keywords: analysis on metric measure spaces; Sobolev spaces.

Introduction

Denote by ” usual Sobolev space (p 2 1 is a summability parameter, £ € N is a smoothness parameter).
These spaces were introduced by S. L. Sobolev in 1930s. They play crucial role in many areas of mathematics
and applications, especially in partial differential equations. Such a big variety of applications is due to the fact
that Sobolev spaces allow to define the smoothness of functions in a form suitable for literally any purpose
(e. g., weak solutions of many partial differential equations exist in Sobolev spaces). Different generalizations
of classical W,” space (say, fractional scales of these classes) play the same role. One of the possible genera-
lizations is a Hajtasz — Sobolev class M7 (X ) which allows us to define Sobolev space on arbitrary metric
space X.

Nowadays there is a big interest in so called nonsmooth calculus (see [1]) due to the recent developments in
fractals, nonlinear harmonic analysis, analysis on Riemannian manifolds, etc. Many facts of classical analysis
can be obtained without strong assumptions on the structure of the underlying space. For example, maximal
function, differentiation theorems, functions of bounded mean oscillation can be defined in the context of the
space of homogenous type, which will be defined below.

That’s why Sobolev classes on general metric measure spaces are of big interest as well. In [2] P. Hajtasz
introduced first order Sobolev class M{ (X ) on arbitrary metric measure space (X, d, u) for p > 1. This approach
is based on pointwise inequalities for the pair of functions ( £, g)

| £() =1 (y) < d(xy)(g(x) + g(»)) ()
and can be considered as a Lipschitz type characterization of Sobolev functions. One can define Hajtasz —
Sobolev space M{(X) as
MP(X)= {fe IP(X):3g € L”(X) such that (1) holds a. e.}.

In [2] it was shown that M} (R") =Wy (R”) for p > 1. D. Yang [3] introduced fractional scales of Hajtasz —
Sobolev spaces M (X), a.> 0.

Let o, p > 0. Hajtasz — Sobolev class M/ (X ) on the metric space X consists of the functions (equivalent
classes of functions) f € L”(.X), such that there exists a nonnegative function g € L”(.X) and the following
inequality

£ ()= £ () < (d(x )" (g (x) + 2 () 2)
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takes place almost everywhere. The inequality (2) can be interpreted as a Lipschitz type characterization of
Sobolev functions. Any function g which satisfies (2) is called an a-gradient of f. By D, [ I ] we denote the set

of all a-gradients. In euclidean case X' =R" one can take maximal function of a gradient |Vf | as g.
One can endow space M7 (X ) with norm (quasinorm for p < 1)

g = 1oy + in el o

where infinum is taken over all g € L” (X ) that satisfy condition (2).

It is well known that functions from Sobolev space Wl1 [O, 1] are absolutely continuous. What can one say
about this in case of arbitrary metric space? It appears that in critical case (i. €. p is equal to the dimension of the
space) any function f € M{(X), p <1, has a continuous representative if (X, d, [t) is Ahlfors regular space
(see precise definition in the next section). This result was proved by X. Zhou in [4]. The goal of this paper is
to generalize this result to Hajtasz — Sobolev spaces M % (X ), o > 0, and to relax a little bit assumptions on the

underlying space: one can obtain the same inclusion with uniformly perfect metric measure space satisfying
doubling condition (see precise definitions in the next section). Author came to these questions while investi-
gating Lebesgue points of functions from Hajlasz — Sobolev spaces (see [5] and [6] for subcritical and critical
case respectively).

The main result of paper [4] is the following theorem.

Theorem 1. Let 0 < p < 1. Any function f € M} (X) for p-Ahlfors regular metric measure space (X, d, u)
has a uniformly continuous representative. Moreover, there exists a constant ¢ such that for any ball B and any

\-gradient g € D[ f] N L*(X) |

P
sup |f(x)—f(y)| < c{]g”duj .
x,yeB 2B

Re-examination of the proof of theorem 1 allows us to state a bit stronger result.

Theorem 2. Let (X, d, u) be a uniformly perfect metric measure space which satisfies doubling condi-
tion with doubling dimension 7. Let also y = op, o. > 0 and 0 < p < 1. Then any function f € M} (X) has
a continuous representative. Moreover, there exists a constant ¢ such that for any ball B and any o-gradient
geD,[f]n IF(X)

sup | f(x) =/ (v) < er [m | g"dqu- 3)

x,yeB

It should be noted that expression on the right hand side of (3) tends to zero a. e. according to lemma 2.

In the Euclidean case there always exists a discontinuous function in ;" (B(O, e )) if n > 2. Indeed, one can
take as an example function In|In|x| which also shows that #,"(X) is not embedded into L” space. The same
result is valid for Hajtasz — Sobolev spaces M} (X ) as well, provided that (X, d, u) is p-Ahlfors regular. Exis-

tence of discontinuous function from M} (X ) was shown by P. Gérka and A. Stabuszewski in [7]. Just like in
the classical case they observed the function

£(x)= {“g(‘l"g.d(’“’ %) xe Bxs ) o),
0, otherwise

for some fixed pointx, € X. It can be shown that f(x) gives an example of discontinuous function in M (X) [7].

Preliminaries
In this section we collect all necessary definitions and preliminary results.
Let (X, d, u) be a metric measure space equipped with metric d and o-finite Borel measure p. We will

assume that the measure satisfies a doubling condition, i. e. for any balls B(x, r) and B(x, R), R > r, following
inequality holds

(80 ) = 4, 2] (8 1)
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for some nonnegative constants a, and . In order to exclude some trivial cases we will also assume that
0<p(B)<oo

for any ball B. Then (X, d, u) is called a space of homogeneous type. Parameter 7y plays the role of the dimen-
sion of the space. Further we will be working only with measures that satisfy doubling condition.

Definition 1. We will call a metric space uniformly perfect, if there exists some constant 0 < A < 1 such that
for any x € X and any radius » > 0

B(x, r) \ B(x, 7\,r) # .

Definition 2. A metric space is called a Ahlfors y-regular space, if there exist positive constants c¢;, ¢, such

that for any ball B(x, r)
qr’ < u(B(x, r)) < ey
Important examples of Ahlfors regular spaces are fractals. For example, standard middle third Cantor set,

von Koch snowflake curve and Sierpinski triangle equipped with Euclidean distance and corresponding Haus-
log2 log4 and log3

dorff measure are Ahlfors y-regular spaces with y equal to respectively (Hausdorff

log3’ log3 log2
dimensions of these fractals). 0g og og
Note that if space is Ahlfors y-regular then it’s necessarily uniformly perfect. The converse is not true.

We use following notation for integral average of function fover the ball B
1
Se=¢ fdu=——] fdp.
?E M(B)J;
Next we recall the definition of Hardy — Littlewood maximal operator Mf:
Mf(x)= zup<j5|f|du,

BXB

where the supremum is taken over all balls containing point x.

The following lemma shows that maximal function satisfies weak type estimate. One may find the proof
in [8] for Euclidean case and in [9, chap. 2] for general metric case. Throughout the paper by ¢ we denote some
positive constant whose value is not important and can change even in the same line.

Lemma 1. Let f € L'(X). Then

||f||L1 X
u({xe X :Mf(x) >7»}) < c%.

Note that (4) does not necessarily hold without doubling condition.
Lemma 2. Let 0 < g € IP(X). Denote

4)

E=<x€ X :limsup r*® q; gfdu>0;.
r—0 B(x, r)
Then N (E) =0.
Proof It’s easy to notice that
ECF:{xeX:Mg”(x) :+oo}.
Indeed, if Mg?(x) < e for some point x then
limsup r* 4} gPdu < Mg”(x) lim r* = 0.
r—0 B(x.r) r—0
It’s enough to show that (F)=0. This is a simple consequence of weak type estimate from lemma 1:
HUE) = A e 4 Mg =G0y T
In order to prove main theorem we’ll need one more geometric lemma. The proof can be found in [4].
Lemma 3. Let X be a uniformly perfect space. Then there exists a constant c, such that for any ball B(x, r)
there exists a sequence of balls { B, }w = {B(xi, cér)} with following properties:
1= i=1

1=
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1) B;c B(x, r);
2)B.NB =0 i#)
3) B, c B(x, c(")_lr) \ B(x, cér).
Proof of the main theorem

We will follow the ideas from [4].
Proofoftheorem 2. Let f € M (X). By definition there exists set E c X, W(E)= 0 such that inequality

()= ()] < (d(x2)) (g(x) + £ ()
holds for any x, y € X'\E. Denote also

F:{xeX\E:g(x)<ooandlimsupr‘“’ 4) g”du:O}

r—+0 B(x,r)

Clearly, p(X\F)=0.
Now fix the ball B =B(z, r) € X. We will show that

1

P

sup |f(x)—f(y)| < cr“[ 95 gpdu] .

x,yeEBNF B(Z,Zr)

Letx, y € B(z, r) N F. By lemma 3 there exists a sequence of balls B; = B(xl., cf)r) < B(x, r) such that
B, c B(x, cé_lr)\B(x, cér).

It’s easy to see that for any i € N there exists a point z; € B, N F for which
1

g(z)< [Cﬁg’]duy

Hence we get the chain of inequalities

The last inequality together with lemma 2 show that

lim /(2,)= /().

Therefore, we have

Now, applying doubling condition and an elementary inequality

née(z)

1

which holds for 0 < p < 1, one can obtain

10
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o P o P
sty s [edn | sot| < [eran| sat| § graul. ®
. 2 i=1p

Next inequality follows from the doubling condition and the inclusion B, ¢ B(z, 2r)

" [ 1 u(B) ’ [ T
glz) | dgldu| =| —————=|gldu| <c| pgldu| .
)=\$ B )] §
Similarly, one can find a point w; € B(, r) < B(z, 2r) such that
() = () ser| ¢ gldu (©)
B(z, 2r)
and
1
P
glm)<c| ¢ grdu
B(z,2r)

It allows us to conclude that

g(z)+e(w)<c Cﬁ ghdu
B(z,Zr)

Finally, in order to get inequality (3), write down triangle inequality

()= 7)) <[ G) = 1)+ [ £(2) = £ () + [ (w) = £ ()

and estimate first and third terms with help of (5) and (6) respectively. Then use the following inequality for
the second term

b

[£(z) - () < cld (e ) (g(z) + ew)) <er| § gPan

Taking supremum we get

sup |f(x)—f(y)|£cr°c Sﬁg”du

x,yeBNF B(z,2r)

Now continuity follows from lemma 2. This completes the proof of theorem 2.
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