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УДК 519.213

НОВЫЕ ВЕРХНИЕ ГРАНИЦЫ ДЛЯ ФУНКЦИИ  
НЕЦЕНТРАЛЬНОГО ХИ-КВАДРАТ РАСПРЕДЕЛЕНИЯ

В. А. ВОЛОШКО1), Е. В. ВЕЧЕРКО1)

1)Научно-исследовательский институт прикладных проблем математики и информатики БГУ,  
пр. Независимости, 4, 220030, г. Минск, Беларусь

Некоторые новые верхние границы для функции нецентрального хи-квадрат распределения выводятся из ба-
зовых симметрий плотности многомерного стандартного нормального закона: унитарной инвариантности, неза-
висимости компонент как в полярной, так и в декартовой системе координат. В сравнении с известными в лите-
ратуре аналогами предложенные новые верхние оценки имеют простой аналитический вид: они представляют 
собой комбинации из экспонент, прямых и обратных тригонометрических функций, в том числе гиперболиче-
ских, а также функции распределения одномерного стандартного нормального закона. Данные оценки могут быть 
полезны как в теории, так и в приложениях для доказательства неравенств, связанных с функцией нецентрального 
хи-квадрат распределения, и построения нижних оценок мощности хи-квадрат критерия Пирсона.

Ключевые слова: нецентральное хи-квадрат распределение; верхняя граница.
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NEW UPPER BOUNDS  
FOR NONCENTRAL CHI-SQUARE CDF
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Some new upper bounds for noncentral chi-square cumulative density function are derived from the basic symmetries 
of the multidimensional standard Gaussian distribution: unitary invariance, components independence in both polar and 
Cartesian coordinate systems. The proposed new bounds have analytically simple form compared to analogues available 
in the literature: they are based on combination of exponents, direct and inverse trigonometric functions, including hyper-
bolic ones, and the cdf of the one dimensional standard Gaussian law. These new bounds may be useful both in theory and 
in applications: for proving inequalities related to noncentral chi-square cumulative density function, and for bounding 
powers of Pearson’s chi-squared tests.

Keywords: noncentral chi-square distribution; upper bound.

Introduction
Let d ∈ ¥, m m= ( ) ∈=i i

d d
1 ¡ , l m m= =

=
∑2 2

1
i

i

d
. Then the cumulative distribution function (cdf ) of the non-

central chi-square distribution with d degrees of freedom and noncentrality parameter l is defined as follows:

	 f x d x x, , , .l x m( ) = − ≤{ } ≥prob 2 0 	 (1)

Here x ∈ ¡d is a standard normally distributed random d-vector. For the central chi-square cdf (l = 0) we use 
brief notation f x d f x d, :: , , .( ) = ( )0

The function (1) plays an important role in mathematical statistics. In particular, consider the classical 
problem of statistical hypothesis testing of null-hypothesis H0: L y p pt i i

K{ } = = ( ) = 1 (T observed i. i. d. random 

variables yt t
T{ } = 1, y Kt ∈{ }1, , ,  have their common mass probability function p Ki : , , )1 …{ } → +¡  against 

point alternative hypothesis H1: L y q qt i i
K{ } = = ( ) = 1. If the significance level α ∈( )0 1,  is fixed, and H1 is con-

tiguous to H0, i. e. the following convergence holds:

T
p q

p
i i

ii

K −( )
→ >

=
∑

2

1
0l

as T → ∞, then the probability b of type 2 error of the standard Pearson’s chi-squared test converges to f x d, , l( ) 
with d = K – 1 and x F

d
= −( )−

χ α2
1 1  (quantile function for the central chi-square distribution with d degrees of free-

dom). Hence the upper bounds for (1) provide the lower bounds for asymptotic power of chi-squared test under 
contiguous alternatives.

The function (1) is well studied analytically, being closely related to the generalized Marcum functions [1; 2] 
and modified Bessel function of the first kind [3]. Various upper and lower bounds for (1) are also available in 
the literature [1; 4]. Analytical expressions for these bounds, however, are as complex as the ones for f x d, , ,l( )  
being based on transcendental functions like modified Bessel function [1] or the moments of truncated normal 
distribution [4]. We present here some new upper bounds for (1). These bounds are of a relatively simple ana-
lytical form and may be useful both in theory (proving inequalities related to (1)) and in applications (bounding 
powers of chi-squared tests).

Upper bounds for noncentral chi-square cdf
Since the value (1) equals a standard Gaussian measure of a ball B xm,  of radius x  with center m, our idea 

is to construct upper bounds of the form 

	 f x d A B Ax
d, , , .,l x m( ) ≤ ∈{ } ⊂ ⊂prob ¡ 	 (2)
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Let P P1 2, ⊂ ¡d  be orthogonally complemented subspaces. Minkowski sums A Bi x i= +m, P  are cylind
ric sets containing B xm, . Due to properties of standard normal distribution, the events x ∈ Ai are independent 

and prob x l∈{ } = ( )A f x di i i, , , where di = dimPi and li is a squared norm of an orthogonal projection of m 

onto Pi, i = 1, 2. The set A = A1 ∩ A2 in (2) leads to the following upper bound.
Lemma 1. Let d = d1 + d2 , l = l1 + l2 , li ≥ 0, di ∈ ¥, i = 1, 2. Then the following inequality holds:

	 f x d f x d f x d, , , , , , .l l l( ) ≤ ( ) ( )1 1 2 2 	 (3)

Since f x x
x, , ,1 l l

l( ) = −
+Φ  where Φ ⋅( ) is the standard Gaussian cdf, we get from (3):

	 f x d f x d
x

x, , , .l
l

l( ) ≤ −( ) −

+1 Φ 	 (4)

Repeated application of (3) also gives the following bounds:

	 f x d d x
d x

d
, , ,l l

l( ) ≤ ( )−
+Φ /

/ 	 (5)

	 f x d x
x

d

x
x, , .l l

l( ) ≤ ( )−

−

−
+Φ Φ

1
	 (6)

Another way to construct covering set A in (2) is based on unitary invariance of standard normal distribu-
tion. Namely, let us assume d ≥ 2, x ≤ l, and define 

A w w x A cw c w Bd
x1 2 0= ∈ − ≤{ } = ≥ ∈{ }¡ : , : , .,l m

According to mentioned unitary invariance, the events x ∈ Ai are independent as well. It is easy to see that 

prob x
l

l
∈{ } = ⋅( )

−( )
+( )A f d

x

x
1 2

2

, ,  while A2 is a cone and prob x ∈{ }A2  equals normalized Lebesgue measure 

of a spherical ball A2 ∩ S d – 1 of radius arcsin x
l
 (in spherical metric, S d – 1 is the unit sphere in ¡d ). Hence we 

get the following lemma.

Lemma 2. The following inequality holds for d ≥ 2, x ≤ l:

	 f x d f d

d

d
d

x

x d, , , sinl
π

ρ
l

l( ) ≤ ⋅( )




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2
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l

0
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,

x

∫ 	 (7)

where Γ ⋅( ) is Gamma function. 

Using the inequalities prob x ∈{ } ≤A2
1
2
, 
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we obtain a weakened version of (7) having more explicit form:

	 f x d f d

x

d xx

x

d

, , , min ,l l

π
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l
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≥ ≤, , .d x2 l 	 (8)

For even d the bound (7) has completely explicit form since central chi-square pdf is integrable.
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Corollary. The following inequalities hold for x ≤ l:

	 f x e x xx
, , sinh arcsin2 2 1

2l π l
l

l( ) ≤
− +( )

, 	 (9)

	
f x e x x x x

x
, , sinh cosh

arc

4 2 1
2

1
2l π

l l l l
l( ) ≤ + +



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−



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×

×

− +( )

ssin .x x x
l

l l− −( )





−1

	
(10)

Combining (3) with (9), we get the following bounds for even d = 2k and x
k

≤ l :

	 f x k e x
k

kxkx
k

, , sinh arcsin ,2 2
1
2l π

l
l

l( ) ≤






− +( )

	 (11)

	 f x k e x x xkx k, , sinh sinh arcsin ,2 2
1
2 1l π l

l
l( ) ≤ ( )− +( ) −

∗
∗
	 (12)

where l l∗ = − −( )k x1 . The bounds similar to (11), (12) can be obtained from (10) for d = 4k.

Computer experiments
The  four plots on the fig.  1 illustrate the upper bounds for  (1) proposed in the paper. On  the plots on 

fig. 1, a, b, d, we see that the corresponding upper bounds are strictly ordered for the chosen d and l. This ob-
servation allows us to formulate the conjecture that the upper bounds for (1) are ordered as follows: «(6) ≤ (5)» 

for any x ≥ 0, d ∈ ¥, l ≥ 0; «(11) ≤ (12)» for any 0 ≤ ≤x
k
l , d = 2k (even), l ≥ 0; «(10) ≤ (6) ≤ (11)» for any  

0
2

≤ ≤x l , d = 4, l ≥ 0. The inequality «(4) ≤ (6)» is not listed, because it obviously follows from (5). The plot 

fig. 1, c, allows to conjecture that for d ≥ 2 the upper bound (8) is better than (4) for small x ≤ x* up to some 
x* ≤ l*, and vice versa for x* ≤ x ≤ l*.

Fig. 1. Noncentral chi-square cdf (1) (lower black lines) and its upper bounds (upperbroken lines)
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The plot on the fig. 2 illustrates dependence of the type 2 error b of chi-square test on data volume T under 
alternative H1 contiguous to H0:

T
p q

p
i i

ii

K −( )
→ =

=
∑

2

1
7l ,

where K = 5; p pi= ( ) = ( )0 05 0 1 0 15 0 3 0 4. , . , . , . , . . The threshold of chi-square test x = 6 corresponds to the 
significance level α χ= − ( ) ≈

−
1 0 2

1
2F x
K

. . The upper level bmax ≈ 0.265 on the plot corresponds to the upper 
bound (10) for x = 6, l = 7.

References
1. Segura J. Monotonicity properties and bounds for the chi-square and gamma distributions. Applied Mathematics and Computation. 

2014;246:399–415. DOI: 10.1016/j.amc.2014.08.034.
2. Andras Sz, Baricz A, Sun Y. The generalized marcum Q-function: an orthogonal polynomial approach. Acta Universitatis Sa-

pientiae. Mathematica. 2011;3(1):60–76.
3. Bateman H, Erdelyi A. Higher transcendental functions. Volume 2. New York: McGraw-Hill; 1953. XVIII + 396 p.
4. Cook JD. Upper bounds on non-central chi-squared tails and truncated normal moments. UT MD Anderson Cancer Center De-

partment of Biostatistics Working Paper Series [Internet]. 2010 [cited 2020 January 11];62. Available from: https://www.johndcook.
com/non_central_chi_square.pdf.

Received by editorial board 19.02.2020.

Fig. 2. Chi-square test type 2 error b against data volume T


