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Hexoropble HOBbIE BEpXHUE MPaHUIIbI sl QYHKIMH HELIEHTPAILHOTO XU-KBapaT PacIpe/IelieHns] BBIBOAATCS U3 0a-
30BbIX CI/IMMeTpl/Iﬁ IJIOTHOCTH MHOI'OMEPHOI'0 CTAaHAAPTHOT'O HOPMAJIbHOTO 3aKOHA! yHHTapHOﬁ HWHBApUaHTHOCTHU, HE3a-
BHUCHMOCTH KOMITOHEHT KaK B TIOJISIPHOM, TaK U B IEKapTOBOIl cuCTeMe KOOpAWHAT. B cpaBHEHHMN C M3BECTHBIMHU B JINTE-
parype aHaioraMmy INpeyIo)KEHHbIE HOBBIC BEPXHUE OLEHKH MMEIOT MPOCTON aHAINTHYECKUH BH: OHH ITPEACTABISIOT
c000if KOMOWHAITMH U3 AKCIIOHEHT, MPSAMBIX U OOPAaTHBIX TPUTOHOMETPHUYECKUX (YHKIUI, B TOM YUCIE TUIEpOOINIe-
CKHX, a Takoke QYHKINH pacupeeeHHs OXHOMEPHOTO CTaHAapTHOTO HOPMAJIBHOTO 3aKOHa. J[aHHbIE OLIEHKH MOTYT OBITh
ITOJIC3HBI KaK B TCOPHHU, TaAK U B IIPUIIOKCHUAX JII JOKA3aTCIbCTBA HCPABCHCTB, CBA3aHHBIX C q)yHKLII/IeI‘/’I HECUCHTPAJIBHOI'O
XH-KBaJpar pacrpeaciCcHus, U MOCTPOCHUA HUKHUX OLEHOK MOIITHOCTH XHU-KBaJpaT KPpUTEpUs Hl/IpCOHa.
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NEW UPPER BOUNDS
FOR NONCENTRAL CHI-SQUARE CDF
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Belarusian State University, 4 Niezalieznasci Avenue, Minsk 220030, Belarus
Corresponding author: V. A. Voloshko (valeravoloshko@yandex.ru)

Some new upper bounds for noncentral chi-square cumulative density function are derived from the basic symmetries
of the multidimensional standard Gaussian distribution: unitary invariance, components independence in both polar and
Cartesian coordinate systems. The proposed new bounds have analytically simple form compared to analogues available
in the literature: they are based on combination of exponents, direct and inverse trigonometric functions, including hyper-
bolic ones, and the cdf of the one dimensional standard Gaussian law. These new bounds may be useful both in theory and
in applications: for proving inequalities related to noncentral chi-square cumulative density function, and for bounding
powers of Pearson’s chi-squared tests.

Keywords: noncentral chi-square distribution; upper bound.

Introduction
Letde N, u= (ul )d eR’ A= ||u|| = z u?. Then the cumulative distribution function (cdf) of the non-

central chi-square distribution with d degrees of freedom and noncentrality parameter A is defined as follows:

f(x,d, 1) = prob{Jg - |} < x}, x>0, (1)

Here & € R is a standard normally distributed random d-vector. For the central chi-square cdf (A = 0) we use
brief notation f(x, d)::= f(x, d, 0).

The function (1) plays an important role in mathematical statistics. In particular consider the classical

problem of statistical hypothesis testing of null-hypothesis H,;: L{ yt} =p= ( pl) (T observed i.i.d. random

variables { y,} _p V€ {1 , K }, have their common mass probability function p; : {1, ., K } — R, ) against
point alternative hypothes1s H;: L{y}=q=(g )lK: - If the significance level o € (0, 1) is fixed, and H, is con-

tiguous to H, i. e. the following convergence holds:

K _ .\
T;%%m

as T — oo, then the probability 3 of type 2 error of the standard Pearson’s chi-squared test converges to f (x, d,\)

withd=K—1and x = Fx 3 (1 - oc) (quantile function for the central chi-square distribution with d degrees of free-
d

dom). Hence the upper bounds for (1) provide the lower bounds for asymptotic power of chi-squared test under

contiguous alternatives.

The function (1) is well studied analytically, being closely related to the generalized Marcum functions [1; 2]
and modified Bessel function of the first kind [3]. Various upper and lower bounds for (1) are also available in

the literature [1; 4]. Analytical expressions for these bounds, however, are as complex as the ones for f (x, d, K),
being based on transcendental functions like modified Bessel function [1] or the moments of truncated normal
distribution [4]. We present here some new upper bounds for (1). These bounds are of a relatively simple ana-
lytical form and may be useful both in theory (proving inequalities related to (1)) and in applications (bounding
powers of chi-squared tests).

Upper bounds for noncentral chi-square cdf

Since the value (1) equals a standard Gaussian measure of a ball B s of radius /x with center W, our idea
is to construct upper bounds of the form

f(x,d,A)<prob{Ee 4}, B, ~cAcR" 2)
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LetIT,, IT, c R be orthogonally complemented subspaces. Minkowski sums A, = Bu s 11 are cylind-

ric sets containing Bu N Due to properties of standard normal distribution, the events & € A4, are independent
and prob{é € Ai} =f (x, d;, ki), where d; = dimI1; and A, is a squared norm of an orthogonal projection of 1

onto I, i=1, 2. The set A = 4, N A, in (2) leads to the following upper bound.
Lemma 1. Letd=d,+d,, A=A+ A, A, 20, d, € N, i =1, 2. Then the following inequality holds:

F(x do )< f(x dp 2) £(x, doy Ay). 3)

Since f(x,,A)=® |\/\/Z+§ , where @(-) is the standard Gaussian cdf, we get from (3):
Sl d.2) < f(x d -1 )
Repeated application of (3) also gives the following bounds:
VI +x
f(x d,A) < ( Vol ) (5)
NEER RN

Another way to construct covering set 4 in (2) is based on unitary invariance of standard normal distribu-
tion. Namely, let us assume d > 2, x < A, and define

Alz{weRd:‘”wn—\/ﬂSx}, Azz{cw:czo,weBu’ﬁ}.

According to mentioned unitary invariance, the events & € 4; are independent as well. It is easy to see that

prob{§ c Al} =7, d)|(\/x+&)2

(i f)z , while 4, is a cone and prob{§ € Az} equals normalized Lebesgue measure

of a spherical ball 4, N §971 of radius arcsin % (in spherical metric, S~ is the unit sphere in RY). Hence we
get the following lemma.

Lemma 2. The following inequality holds for d > 2, x < A:

R+ x) . d-
f(x’ d’ }\‘) < f(’ d)|E\/xi\/;)2 d—-1 J. (smp)d 2dp’ (7)
r(z j\/E 0
where F() is Gamma function.
1 F(z + ;)
Using the inequalities prob{§ €A } > TZ) <z, z>0,and

P. p.

. . d—-1
J(sinp)d_zdp < _[(sinp)d_2 dsinp _ (sinp.) , Vp. e (0, Ej,

: ; cosp,  (d—1)cosp,

we obtain a weakened version of (7) having more explicit form:

d-1
5]
f(x, d,0) < f(, d)|5ﬁi£;2 min 1, A ,d>2, x<\ 8)

For even d the bound (7) has completely explicit form since central chi-square pdf is integrable.
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Corollary. The following inequalities hold for x < \:

1
f(x2,2) < %e_z(x = sinh \/Ax arcsin \/% )

T

1
F(x 4 ) < %e‘z‘“”((l o1 -

)Smhﬁ _ JAxcosh xxj ‘

X Larcsin\/% -2 x(h - x)] (10)

Combining (3) with (9), we get the following bounds for even d = 2k and x <

) k
f(x, 2k, 0)<e ¢ kx)(%sith% arcsin\/%] , n

1
f(x, 2k, x) < %e Sk k) sinhk_l(x)sinh Ae X arcsin\/kz, (12)

where A, = A — (k - l)x. The bounds similar to (11), (12) can be obtained from (10) for d = 4k.

>

Computer experiments

The four plots on the fig. 1 illustrate the upper bounds for (1) proposed in the paper. On the plots on
fig. 1, a, b, d, we see that the corresponding upper bounds are strictly ordered for the chosen d and A. This ob-
servation allows us to formulate the conjecture that the upper bounds for (1) are ordered as follows: «(6) < (5)»

foranyx>0,d e N,A>0; «(11) £ (12)» forany 0 < x < %, d =2k (even), AL 2 0; «(10) < (6) < (11)» for any
0<x< %, d=4,)\>0. The inequality «(4) < (6)» is not listed, because it obviously follows from (5). The plot

fig. 1, ¢, allows to conjecture that for d > 2 the upper bound (8) is better than (4) for small x < x. up to some
X» < As, and vice versa for x. < x < A

a b
—— (5)
08 F |—o—(6)
—— (4)
A=4,d=4
04 +
0 1 ! ! ! !
2 4 6 8 10 X
c
—e— (8)
——(4) 0.2+
04 A=65,d=5
0.1
02+
0 1 ! ! ! 0
1 2 3 4 5 6 X 0.5 1.0 X

Fig. 1. Noncentral chi-square cdf (1) (lower black lines) and its upper bounds (upperbroken lines)
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The plot on the fig. 2 illustrates dependence of the type 2 error 3 of chi-square test on data volume 7 under
alternative /1, contiguous to /,:

(r.-q.)
Y
i=1 4

where K=5; p= (pl-) = (0.05, 0.1, 0.15, 0.3, 0.4). The threshold of chi-square test x = 6 corresponds to the
significance level . =1-F , (x) =0.2. The upper level B,,,, = 0.265 on the plot corresponds to the upper

Xk -1

bound (10) forx=6, A =7.
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Fig. 2. Chi-square test type 2 error § against data volume 7'
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