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¢ynkuunit Mapkosa. [lomy4yeHbl HHTETpaIbHOE MPEACTABICHNE U paBHOMEpHAs OlleHKa MpUOMIbkeHN. B ciydae xorma
Mepa [L YIOBJIETBOPSIET CAEAYIOUIUM YCIOBUAM: SUPPLL = [1, a], a>1, du(t) = (p(t)dt u (p(t) = (t - l)a Ha [1, a], ycTa-
HOBJICHBI OI[CHKH TTOTOYEYHBIX U PABHOMEPHBIX MPHOIMKEHUI N aCUMIITOTHIECKOE BHIPKCHNE MTPU 71 —> 00 MAXKOPAHTBI
paBHOMEPHBIX NpuOIKeHuH. [Ipn GUKCHPOBAHHOM KOIMYECTBE FEOMETPHUUCCKH PA3IMUHBIX MOIIOCOB B PACIIUPECHHON
KOMIUIEKCHOH MJIOCKOCTH HAHAEHBI ONTHMAJbHbBIEC 3HAYCHUS ITapaMeTpoB, 00ECIEUNBAOINE HANOOIBITYI0 CKOPOCTh
yOBIBaHUS 3TONW Ma)KOPAHTHI, @ TAK)KE ACUMITOTUYECCKH TOYHbIC OIICHKH HAMIIYUIINX PABHOMEPHBIX MPUOIIKESHUH ITUM
METOZOM IPU YETHOM KOJIMYECTBE T'€OMETPHUYECKH PA3JIMYHBIX IOJIIOCOB anmnpokcumupyomei ¢pynkuuu. [IpuBeneHbt
ACHMITOTHYECKUE OLCHKH NPUOJIMIKEHNH HEKOTOPBIX 3JIEMEHTApHBIX (DYHKIMH, IPeACTaBUMBIX QyHKIMsIMU Mapkosa.

Kntroueewte cnosa: dynkims MapkoBa; palliOHATBHBINA HHTETPABHBIN ortepatop Tuna Oypre; parroHanbHas QyHK-
st YeOprméBa — MapkoBa; Ma)KOpaHTa paBHOMEPHBIX MPHOIMIKEHHN; aCHMIITOTHYECKAast OllEHKa; HauIy4Iiee MpuoIu-
JKEeHHE; TOUHasi KOHCTaHTA.

ON ONE RATIONAL INTEGRAL OPERATOR
OF FOURIER — CHEBYSHEV TYPE
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The purpose of this paper is to construct an integral rational Fourier operator based on the system of Chebyshev —
Markov rational functions and to study its approximation properties on classes of Markov functions. In the introduction
the main results of well-known works on approximations of Markov functions are present. Rational approximation of such
functions is a well-known classical problem. It was studied by A. A. Gonchar, T. Ganelius, J.-E. Andersson, A. A. Pekar-
skii, G. Stahl and other authors. In the main part an integral operator of the Fourier — Chebyshev type with respect to
the rational Chebyshev — Markov functions, which is a rational function of order no higher than # is introduced, and
approximation of Markov functions is studied. If the measure satisfies the following conditions: suppp=[1, a], a> 1,
du(t)= ¢(t)dt and ¢(¢) < (1 —1)" on [1, a], the estimates of pointwise and uniform approximation and the asymptotic
expression of the majorant of uniform approximation are established. In the case of a fixed number of geometrically
distinct poles in the extended complex plane, values of optimal parameters that provide the highest rate of decreasing of
this majorant are found, as well as asymptotically accurate estimates of the best uniform approximation by this method
in the case of an even number of geometrically distinct poles of the approximating function. In the final part we present
asymptotic estimates of approximation of some elementary functions, which can be presented by Markov functions.

Keywords: Markov function; integral rational operator of Fourier type; Chebyshev — Markov rational function; majo-
rant of uniform approximation; asymptotic estimate; best approximation; exact constant.

Introduction

Let 1 be positive Borel measure with a compact support /' = suppu < R. Cauchy transform of the measure [

ﬂ(z) = Jdu—(t), zeC,

Ft—z

is called a Markov function. Approximation of Markov functions is well-known classical problem in the theory
of rational approximation of analytic functions. One of the first works, devoted to the study of rational ap-
proximation of Markov functions, is an article by A. A. Gonchar [1]. T. Ganelius [2] applied some well-known
results from the theory of orthogonal polynomials and interpolation theory to the problems of rational ap-
proximation of Markov functions. Subsequently, quite important results related to the rational approximation
of Markov functions belong to J.-E. Andersson [3], A. A. Pekarskii [4], D. Braess [5]. This issue was further
developed by many authors (see, for example, [6—8]).

To date, methods based on Fourier series with respect to orthogonal systems of rational functions are widely
used. These methods were also applied in studies devoted to rational approximation of Markov functions.
A. A. Pekarskii and Y. A. Rouba [9] investigated rational approximation of Markov functions by partial sums
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of Fourier series with respect to the systems of functions in the unit circle, introduced by S. Takenaka [10]

and F. Malmquist [11], and systems of functions on the segment [—1, 1], introduced by M. M. Dzhrbashyan and
A. A. Kitbalyan [12].

K. N. Lungu [13; 14] studied approximation of continuous functions on a segment by rational functions of
degree no higher than » and with no more than ¢ (0 < g < n) geometrically distinct poles in a finite (extended)
complex plane and obtained a number of results in this direction. Based on the integral representation of deviation
of partial sums of Fourier series from Markov function obtained in [9], Y. A. Rouba and Y. G. Mikulich [15] found
asymptotic estimates of uniform approximation, when approximating function has fixed number of geometrically
distinct poles. In other words, they solved the problem of K. N. Lungu, extended to the class of Markov functions
and the partial sums of rational Fourier series were used as a method of approximation.

The main purpose of this work is to study the approximation of Markov functions by an integral operator
of the Fourier type based on the system of Chebyshev — Markov rational functions. The integral representation
of deviation of this operator from Markov function is established. In the case when the measure | satisfies
the conditions: suppu = [1, a], a> 1, du(¢)= ¢(¢)dt and ¢(¢) < (¢t —1)* on [1, a], estimates of pointwise and
uniform approximations are found. These estimates are exact when multiplicity of poles of the approxima-
ting function is even. In this case an asymptotic expression for the majorant of uniform approximations when
n — oo is also established.

Further in the paper we consider approximation of the classes of Markov functions by means of rational
functions with a fixed number of geometrically distinct poles of even multiplicity. In this case, using the Lap-
lace method [16; 17], we establish the asymptotic behaviour of the majorant and prove the order of uniform
approximation. It should be noted that similar results for the approximation of the function |x|s by integral
operator of Fejer type were obtained in [18].

Also the examples of approximation of some elementary functions, which can be represented as Markov
functions, are considered.

System of Chebyshev — Markov rational fractions

Let the numbers {ak }Z _, bereal and |ak| <1 or be paired by complex conjugation. Consider the Cheby-
shev — Markov rational fraction

M, (x) = cos Y arccos lx:aak’;, xe[-11]. (1)
k=1

Note, that if all the numbers @, =0, k=1, 2, ..., n, then the functions Mn(x) degenerate to the classical Che-
byshev polynomials of the first kind.

Now we consider some properties of functions (1).

Lemma 1. The Chebyshev — Markov rational fraction (1) is as follows

()=~

n

H (1 + akx)

k=1

where p, (x) is an algebraic polynomial of degree n with coefficients depending on a,, k=1,2, ..., n
Proof. Using the method, applied in [19], we immediately obtain that

M(x)z% ll[x+ak+i\/1— = H)H—ak_h”_ w/l—ak 2

kol 1+a.x 1+a.x

The result of lemma 1 follows from equality (2) and the conditions imposed on the parameters {ak }Z _r
Lemma 2. The following representation holds

H§+ock ul 1+ock§’ 3)

i+ 8+

where & = ¢" x = cosu, oy = |0ck|<1, k=1,2,...,n

ay
l+1-a?
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Proof. Letx =cosu in (2). Then

n 7 Q1 1- — 1-—
M(x)—l Hcosu+ak+lsmu\/ ak H cosu + a, — isinu,/ ak '

oA Bl 1+ a,cosu 1+ a,cosu

Substituting & = ¢™ and using Euler’s formula after some necessary transformations we get the representa-
tion (3). Lemma 2 is proved.

Rational integral operator
of Fourier — Chebyshev type and its Dirichlet kernel

-1/2
Let f be an absolutely integrable function with respect to the weight (1 - xz) on the segment [—1, 1].
Consider an integral operator s, : f — s, ( 1 x), which is defined by the formula

n+1 n(x)_MnH(x)Mn(Z) dt
o 2nyn If t—x

where M, (x) is a Chebyshev — Markov rational fraction (1). Require this operator to be exact for the constants,

1 = n=0,1,..., 4)
-t

it means s, (1, x)=1. We find y, accordingly.
Lemma 3. The following equality holds

2
1- an+l

= 2(1+2ocn+1cosu+ocn+1) T ‘anﬂ‘d, e 7

Proof. Itis clear, that

y :L_]‘l Mn +1(t)Mn(x)_Mn+l(x)Mn(t) dt
" 27'5_1 t—Xx 1_12

,n=0,1,....

Let x = cosu. In the last integral we substitute # = cosv. Then

£(0,.1(0) + 0,1, (0))(©,(8) + ©,(8)) = (0,.1(8) + ©,.1(8))(®,(¢) + ,(0))

1
Yn=—_|. dv,
87:0 COST — COSU
where
T z+0oy iv iu
o, (z)= ,C=¢", C=¢e". 6
(2= T 5 b=t (6)

After some transformations, we obtain

(7

- 1—Oci+1+f £ -1 , () E-1 w, (%) do

8m (1+ocn+1§)(§+ocn+l)03n(§)_(1+ocn+,§)(§+ocn+])0)n(C) COSV — cosu

Note that in this integral (7) the point { = & is not singular, since it is also zero of the numerator of the inte-
grand. Assume here & = pe”, p < 1, and again we apply substitution { = ¢'’. Then

(-onn)sf 1 0,0 0,0 d |
ami |0, )&+ o)t (1 @, 8)(E—8) (14, &)l 0,0 (C+ 0, )(E-€)

Vo=

The integrand of the second integral in the square brackets has no isolated singular points outside the unit
disk and has infinity as zero of the second order at least. Therefore, this integral is equal to zero.

The integrand of the first integral has the only singular point inside the unit disk { = & as a simple pole.
Applying the Cauchy residue theorem and passing to the limit as p — 1, we obtain the equality (5). This con-
cludes the proof of lemma 3.
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Remark 1. 1fin (4) a;,=0,k=1, 2, ..., n, then the operator s, (-, x) degenerates to the partial sum of Fourier

series with respect to the Chebyshev polynomials of the first kind [20].
Corollary 1. For the integral operator (4) the following representation holds

= [ f(coso)D,(u, o)do, ®)
where -

1o Eol) Ere o) ¢
2n 1+0°n+1cmn(§) §+OC”+1 (DH(C) C_E-"

o, (Z) is defined by (6).

Proof. From lemma 3 and formula (4) we get

D,(u, v)= {=¢" E=¢" x=cosu, )

M

1+20Ln+lcosu+0c e

n+1 (t)Mn(x) _Mn+1(x)Mn(t) dt
wfi—o2) Jf x N

where M, (x) is a Chebyshev — Markov rational fraction (1). Again we apply substitution ¢ = cosv, assuming

sn(f, x) =

x = cosu. Then
1+ 20, cosu + o, J.f(cosv) M, (cosv)M,(cosu) —Mnﬂ(cosu)Mn(cosv)dU

2 —
75(1_0‘“1) 5 COST — cosu

sn(f, x) =

Using representation 3 and arguments of lemma 3, we get formula (8). Corollary 1 is proved.
Theorem 1. For the integral operator (4) the following representation holds

i 1+2 +ol, si
Sn(f: x):i J'f(cosv)\/ a1 COBU az+1 sm?»n(v, u)dv, X = cosu, (10)
2n_; 1+20,,,0080 + 04, 07U
where
i l-a d 1- o
A, (0, u)= [, (»)dy, A, (y)= % + k o] <1.
(0] ;'. (). 2 (2) 2(1+2(xn+lcosy+0cn+l) 241+ 20, cosy + o | k|

Proof. Let us consider the kernel (9). We have

_ 1 (l+a,.8 o, Cg+an+lw &) . v-u B
Dl U)_E[\/%l+an+lcmn(§) El+a,,, o (C)](Sm 2 ) ’ (1n

where { = e”, £ = ¢". The expression in square brackets is a difference of two complex conjugate terms. Let us
transform it. Applying the same considerations as in [21], we get

o) ‘ep[m o dy]’

uh 11+20ckcosy+ock

1,...,n.

Similarly,

I+o,,,C +20,,, cOSy + 0L,

1+o,,,8 1+20cn+1cosu+ocn+1 ¢ o, o8y + O, d
= zJ‘ b |
1+20‘n+10037)+0‘n+1 ol

(0 —
Plugging the last expression in (11) and noticing, that \/g =exp [g], we obtain formula (10). Theo-

rem 1 is proved.

10
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Remark 2. If o, , | = 0, then the expression (10) defines an integral operator based on Chebyshev — Markov
rational functions, studied in [22].
Remark 3. If in (10) all the parameters o, =0, k=1, 2, ..., n + 1, then

ol e

s,(f, x)= ﬁ_‘[ f(cosv)

sin *
In other words, in this case s, ( 7, x) is a partial sum of polynomial Fourier — Chebyshev series of the function f.

Approximation of Markov functions

Now we will investigate approximation of Markov functions {1(x) by rational integral operator (4) in uni-

form metric on the segment [-1, 1].
Let

Sn(x, A) = ﬁ(x) — sn( ﬂ(x), x), X € [—1, 1], Sn(A) = Hﬂ(x) — sn( ﬁ(x), x)” , neN,

cl-1,1]

where 4= {Oc to= (0(1, Oy, oees (an), } is a set of (1 + 1)-dimensional vectors. Also we assume, that

suppit < [1, +e0) and

[l

12
= (12)
Theorem 2. Let measure | satisfy the condition (12) and measure Vv is defined by formula
4 2
()= T rdnle(»). y e (0.1) (13)
where
1 1
o(y)= E(J’ + ;J
Then for the approximation the following equality holds for x € [—1, 1]
1+ 201, cosu + o, o,(»)
,A)= ————d = , 14
g,(x, A) j\/ I~ 2ycosu +07° cos W, (u, y)1+0€n+1y v(y), x=cosu (14)
where
(1—&y)(1+0(n+1§) é+0€k ;
v, (u, y)=arg =e" (15)
(1.7) Ew, (&) H -1+ ocki

Proof. Since the operator s,(-, x) is exact for constant, using representation (8) for the approximation
g,(x, A) we find, that

en(x, A) = J.;In(u, t)du(t), X =cosu, (16)

t—cosu
where

+7
I(u, 1)= [ =220 (4, 0)dv,

5 t—cosv

and D, (u, v) is defined by (9). Assuming & = ", in the last integral we substitute { = ¢”. Then

1 Cﬁ EC-1 [H %, 160,06 &+, 0,8
27”&&:1(@_)/)(@_)1)) 1+a’n+1§ O)n(EJ) C+O(‘n+1 O)n(C)

In(”’ t): dc,

11
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where y = y(t) =t—~t'-1,ye (O, 1]. Splitting this integral into two ones, we get

1(u, t)= ﬁ[(l + ocnﬂé)mll(u, 1) - (E_, + a‘n+1)0‘)n(§)12(u’ t)] an
where

Il(u, t)= 95 iC—l O‘)n(C) dg, Iz(u, t): Cﬁ EJC_I dg

€=1(c—y>(c—;J“°‘"“§ <=1(c—y)(C—;) 0,(Q)(C+e)

Consider each of these integrals separately. Inside the unit circle the integrand of 11(“: t) has the only sin-
gular point { = y as a simple pole. Applying the Cauchy residue theorem, we obtain

&.:y_l o,y iu
()= 2n _umily’ E=ct ye(0.1] 18)
y

Outside the unit circle the integrand of Iz(u, t) has the = v as a simple pole and infinity as zero of the
second order at least. Therefore,

é_y O)n(y)
l_ 1+(xn+1y’
y Y

L(u, t)=—2mi E=e" ye(0,1]. (19)

Plugging (18) and (19) into (17), we get

g(un){%(lmn“&)ﬁ(wggy(&wm)wn(a)}(l ‘]”("I(y) ;
y 7Y 0,

Note, that since the terms in square brackets are complex conjugate, their sum is real. Besides 1 — &y =
iarg(l - £y) iarg(l + ’in+1€)

:\/1—2ycosu+y2e ,and1+ocn+1§:\/1+2ocn+1cosu+ociﬂe . So, we have

2\/1 —2ycosu +y* \/1 +20t,,  cosu + o, cosy (u, ), ()
1
(y —y](l + Otmy)

1- 1+« .
W:(U, t)=arg( E_,y)( n+1§), &:em, y:t— t2—1.

£, (&)

I(u,t)= , (20)

where

Plugging (20) into (16), we obtain

\/l —2ycosu +y° \/1 + 20, cosu + o, cosy, (u, 1)o,(»)

(- cosu)(; —y)(l + oany)

g,(x, 4)= 2-[ du(t), x = cosu.

In the last integral we do substitution y = — /2 —1. Then

142 + o’
Sn(x, A):J. O, cosu a2n+1 cos (u,y) ('on(y) 4y
1-2ycosu+y I+o, yl-y

2

~dp(¢(y)), x=cosu,

where ¢(y) is Zhukovsky function, which is defined in (13), v, (u, y) = v (u, o( y)) Finally, to get the rep-
resentation (14), we need to use the formula (13). Theorem 2 is proved.

12
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Corollary 2. Under the conditions of theorem 2 uniformly for x € [—1, 1], X = cosu, the following inequality
holds

o,|——="— .

1+ (X’n +1Y
cl-11]

e,(v.A)|<e,(4)<| [

2
\/1+2(xn+1005“+0°n+1 av(y)
suppv

1—-2ycosu +y2

where Sn(A) is a uniform approximation of Markov functions by the integral operator (4).

Estimates of pointwise and uniform approximation of Markov functions
In this section we are going to study the case, when the derivative of a measure u(t) is weakly equivalent
to some power function. Some previous results in this direction can be found, for example in [2; 3].
Theorem 3. Let suppv e [d, 1], 0<d <1, du(t)=o(t)dt, and ¢(t) = (t —1)". Provided the conditions of
theorem 2 are satisfied for the approximation of the function ﬂ(x) on the segment [—1, 1] the following inequa-

lities hold:
1) for the pointwise approximation

L1-2 +o ., (1-y)"
En(x, A)|S I_IJ' ocn+1cosu 02€n+1 (1 y) Xn(y)| dy, X = cosu; (21)
VA 1—2ycosu +y yrool-o,,,y
2) for the uniform approximation
e,(4)<e,(4), neN, (22)
where
. 1
£,(4)= Z=[1(4, n) + L4 m) | (23)
1 2y -1
I-y Xn()dy
11(‘4’”):(1_0‘“1) I ( «), 1 L) ,
Oy Y 0,
Oy 41 2"{
1=9)" |ta(y)|dy
L(4, n)= 1+ o ( )
2(47) +1[}" P l+y2 1=00, 1y
1,0 = TTZ=2E, o, €[0.1), k=1,2,..., n+1. (24)
k=il =0y

The inequality (21) is exact in the sense that if all the poles of approximating function have even multiplicity
then this inequality becomes equality for x =*1.
Proof. Assume, that parameters oy, k=1, 2, ..., n + 1, are ordered as follows

0<d<o,<o,<..<0,, <L

From (13) and (14) it follows, that when du(¢) = @(¢)dt, @(t) = (¢ —1)", it is natural to consider approxi-
mation €, (x, A) as

) Xn (y)dy

A)=—
e, (x, 4) T

1 fl\/l_za“]cosﬁaﬁ“ (1-y)" : (25)

cos vy, (u,
2Vt 1-2ycosu + y* Y Vi (1

n+1

where () is defined by (24), x = cosu, o, € [0, 1), w, (u, y) is defined by (15). Since |cosy, (u, y)| <1, we
immediately get estimate (21). Now we prove its exactness. For this purpose we study the right-hand side of (25)
when x = 1 or u = 0. Taking into account, that in this case § = 1, from (15) we get \|f(0, y) = 0. Therefore,

1—“n+1j(1—y)2“ X (¥)dy

27_1 d yY l—OC,H_]y'

e, (1. 4)| = (26)

13
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It is not difficult to check, that the right-hand-sides of the last expression and inequality (21) for x = 1 coincide.
Similarly, we can prove exactness of the estimate (21) for x =—1.
Then we are going to check the estimate (22). Keeping in mind, that x = cosu, from (21) we obtain

e, (v, 4) < °‘"“jv(x)(1 W7

- - X\ 2)\dy 1+ A4,(1—x
— . ( )| , V(X): l( ), (27)
2 3 y -,y 1+Y(1-x)

. Now we will study the function v(x). Since

2y
— 0,4 l_y

)
\/(1 +A4(1-X)1+Y(1-x)

. . . T
the function v(x) decreases for d <y < a, , | and reaches its maximum value for x = 0 or u = =. At the same

’

vl (x)=

time the function v(x) increases for a,,, | < y < 1 and reaches its maximum value for x = 1 or u = 0. Then,

splitting the integral in the right-hand side of (27) into two integral over the intervals [d, o, ., 1] and [(xn > 1],
applying above said arguments, we obtain inequality (22). Theorem 3 is proved.
Some corollaries of theorem 3. Let us consider the polynomial case. Assume in (21) and (22) o, = 0,

k=1,2,..,n+1,and g,(x, 0)=¢,(x), £,(0)=¢,,0=(0, 0, ..., 0) are pointwise and uniform approxima-
tions of Markov function ﬁ(x) by partial sums of Fourier series with respect to the Chebyshev polynomials of
the first kind, provided measure L (¢) satisfies conditions of theorem 3. Then

1 b 1=y _
g,(x) < — V' Vdy, x=cosu, xe[-1,1],
( )| 27 1;1]‘\/1—2ycosu+y2 |
1 ¢ 2v-1
82,1:2y_1j(1—y)Y ¥ Vdy, neN. (28)
d

Note that, having allowed the parameter to take a zero value, the integrals in the last relations exist when
the condition n > y+1 is satisfied.

It is interesting to study asymptotic behaviour of the integral (28) for v € (0, +o0)\N, when n — eo. We use
the Laplace’s method [16; 17]. Let us write the last integral as

2y -1

1 1(1_y) nln
Enzzy_lj = e" " dy.

The function Iny increases when y € (d, 1) and reaches its maximum value for y = 1. Since Iny =y -1+
+o(y- 1), y — 1, and taking into account that

. 2y -1
(lj}/—w)( = (l—y)zy_1 +0((1—y)27_1), y—1,

for small enough € > 0 and n — <> we obtain

Applying substitution (1 — y)n =1, finally we get
N r(2y)
€, ~ Ve dt ~ , Y>>0, n— oo, 29)
ZYlnzy(‘!‘ 20 Y (

where I is the gamma function.

14
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The last relationship is an asymptotic estimate of the uniform approximation of Markov function by partial
sums of Fourier series with respect to the Chebyshev polynomials of the first kind provided the measure u(t)
satisfies the condition of theorem 3. It should be noted, that in this estimate we have exact constants.

Asymptotics of the majorant of uniform approximations
of function [i(x) in case of a fixed number
of poles of the approximating function
Above we have found the estimates of pointwise and uniform approximations of Markov functions by ra-
tional integral operator (4) when measure [1(¢), 7 € supplL, satisfies some conditions. It is interesting to find
asymptotic expression for the quantity (23) when n — oo,

. o 1- . .
To solve this problem, we do substitution y = “ , dy= 5 in the integrals Il(A, n) and / 2(A, n)
Then I+u (1 + u)
, [ 27 —1 Bk du
II(A’ I’l)=2 YBn+1 j H

) +u|3n+l+u

5(4,

_521-1 J-D L+ B2, ™ "u—Bk| du

( - ) 1+ 22 [k=1u+ By Bysrtu
where
1-d 1-a
Dzm’De(o,l]a Bkzl Z’Bke(o,l]a k:1’29-",n+1' (30)

Note that, if D=1and B, #1,k=1,2, ..., n,then y € (0, 1). Otherwise, the integral 12(A, n) obviously
diverges.
Let g be a natural number, 0 < g <n, and 4, , be a set of parameters o € 4 such, that there are exactly ¢

. e . n
distinct numbers among o, 0, ..., ¢, and multiplicity of each parameter is equal to m = 7 n=mq.

It should be noted, that we choose appropriate set 4, , of parameters oy, k=1, 2, ..., g, for each particular
value of n. In other words o, = ock(m), m=1, 2, .... In this case we assume, that parameters o, k=1,2, ..., q,

satisfy the condition
m—> oo

mzi:(l—ock)—wo.

Theorem 4. For any natural numbers n and q (q is fixed and 0 < g < n) the following asymptotic equality
holds

27'r(2y) | Bl [q Bk—Bn+l)m+
nq ( i ] 22- ym( ) i i1 B+ B

1
_ Y—* . m
+2 1+Bn+l Z b;' (ﬁBk_b' ﬁ bj_BkJ
) S (1= 52) 1487 (B + by ) \k=iBi b= b+ By

1

J B q B
Py B
k=1(|3i—bj2) k:j+1(bj2—|3i)

n+1

+¢(An,q,n), m —> oo, (31

15
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where

\/1+Bn+1 (1-7)

\/5(1+[5n+1){2m§q: b
o4, ) )

\/1+Bn+1D2Y( )
L2“Ym\/1—D“( n+1+D)i

b; e ([3].+1, BJ) j=1,2,...,q—1, is the only root of the equation
J q
_2 P " 2 Bk =0, (33)

2
k=1Pr — U k= ]+1“ Bk

I is the gamma function.
Proof. Inorder to obtain formula (32) we need to consider each of the integrals [, (An, 4 n) and /, (An, 4 n)

from (23) separately. We are going to study their asymptotic behaviour when m — oo, n = mq. For this purpose,
we need two lemmas.
Lemma 4. The following asymptotic equality holds

'(2y)

i)
= B
where 1 is the gamma function.
Proof. Itis clear, that under the conditions of theorem 4, the integral can be written as follows

Bust  2y-1 g "
B, — di
e

Il(An’q, n) ~ m —> oo, (34)

0

To study its asymptotic behaviour, we use Laplace’s method [16; 17]. Transform this integral to the form,
at which the indicated method can be implemented. We have

Bt 2y -1 q
du B,—u
I(4, , n)=2%B, - ") , S(u)=) Inthb—,
e “a[(l_uzy Brore ) 2B
q
Since S”( 22 - <0, the function S(u) decreases on the interval [O, B, +1] and reaches its

k=1 k —u?
maximum value at # = 0. Hence, for m — oo the value of the initial integral is approximately equal to the value
of this integral over the small interval [0, 8]. On this interval we can replace functions by linear ones

S(u)z—2uiL fu)= o SR S—
’ (l—uz)YBnH"‘” B '

Then

€

2y 2y -1 s 1
Il(An,q, n)~2 ju exp _2””’2[3_ du, m — oo,
0 =

q
In the last integral we do substitution 2mu z = 1. Therefore,

1.
B

16
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1 9(m, €)
I 21Tt m > oo,

q 2
22Y ZL mY 0
k=1Fk

L1
where (p(m, 8) = emz — — o0, when m — o, The last asymptotic equality immediately leads to (34). Lem-
k=1Pk

L,(4, 4. n)~ 2"

ma 4 is proved.
Lemma 5. The following asymptotic equality holds

22Y 36?-,!—11 ! n+1 !
(4, ,.n)~ - ( J
1— v B 1Bt B
( Bn+l) kz‘l k Bn+1
27—1 . m
S LA ' [ Bt ~—BkJ
+ z(l_bz) /1+bj2(Bn+l+bJ,) rIlBk jkui-l J+|3k
X i ; 1 — +211_YCI)(An,q,n), m— oo, (35)
k " k

et X
k:l(Bk—bj) k= J+1( Bk)

where (I)(An,q, n) is defined in (32).

Proof. Under the conditions of theorem 4, the integral can be written as follows

L4 . n)=221 1 u® ”u—Bk|m du
e

2 k=1u+Bk‘ Buartu’

where D is defined in (30). Denote

)= | [ [lt]

2
Bm(l—uz) 1+ 4> 1P+ u ae1t U

g-1 B u’ a4 — " u
14(An,q’n)= ' J‘ [HBk H Bk] 3 d.

b
Al(l—uz) 1+ 22 S Betu =5 u+ By ne1 T U

? u® bou—B, ! u
IS(An,q’n)ZJ [H B J “

Bl(l_uz)Y 1+ Gsiu+Be ) Buitu

Thus,

L4, > 1) =271 B [ 1A g 1)+ 14, 0 1)+ 15( 4,00 )] (36)

To study asymptotic behaviour of these integrals, we use Laplace’s method again. So, for the integral
]3(A”’q, n) we have

nq> f u, flu)= Yu ,Su:qln .
( ) BWJ‘H ) (l—uz) \/1+u2([3n+1+u) ) k2=‘1 B +u

17
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The function the function S(u) decreases on the interval [[3" o Bq], and reaches its maximum value at

u =, .. Expanding this function into Taylor series at the point u = 3

2y -1
BnY-%—l
u): M%Bn+l’

2(1_ Bn+1) \[1+ Bn+1

for small enough € > 0 and m — oo we find

13(14,, ’ n)~ B%:ll (ﬁ Bk_BnJrl]MBM-i'Jreexpl:_zm < B (U_Bn+1)]du-
T (-2, ) 1B i 1Bt - B

From here we get

2y -1 _ m
1,(4,,. )~ Bl : (ﬁsk B] e o
4m(1_Bi+1)Y 1+Bi+1z Pr k=1 Br+ B

2 2
k=1Bk - Bn+1

.+ 1> and using decomposition

Consider the integral / 4(An’ o n). We have

(A )= zf

flu)= - - i =P

q
(1—u2)7\11+u2(|3n+1+u) k=1 Prtu kgﬂnu—"ﬁk.

Since

S'(u):i ;23k2+ i 22Bk2,S"(u):iik”2+ i Lk“ﬁo,

_ —-u U - — 2 2 - 2 2
k=1Pk k=j+1 k kfl(Bk—u) k71+1(u —Bk

there exist an inner point b, € (B JIE B j) such that the function S (u) reaches its maximum value at this point.

Besides S ’(bj ) = (. Using decompositions

P b by —Bs L 2B, &L 2bBy 2 >
u)= In In-Z - _—t ——(u - b, ollu—>5;) |,
| l; Pt d +k;+l bt B kg‘](ﬁi—bff +k;+l( Bk) be=t)+ (( ) )

2y
bj

(1=82) 1+07 (B,ur +8,)

when u — b;, for small enough € >0 and m — = we find

flu)=

14(An,q, n)~

! b‘zy (li[Bk b; H '_Bk] y
,:1(1_b2) ,/1+b2([3n+1+bj) k=1Br b= b+ By

L By z By >
X | exp| —2b;m —+ —— |u" |du.
‘[ zz‘ (Bk —bf) kgll(bjz_[}i)

18



BemmecTBeHHBII, KOMIUIEKCHBIH M GYHKIMOHAJILHBII aHAJIN3
Real, Complex and Functional Analysis

Taking into account, that
+oo

j e_tzdt = \/E,

—oo

from the last asymptotic equality for m — e we obtain

b.zYl(li[Bk_bj ﬁ b‘ - Bk)m

iciPet b Zisi b+ By

1,(4, . n)~ 2

i (1-82) 1467 (B, + b)) zj:szzz+ i -/
k:l(Bk—bj) k= ;+1( Bk)

Consider the integral / 5(An, o n). Let D # 1 (see (30)). Change variables u = cos0. Then

(3%)

arccos f3; 2y - 1-2y q 3
]S(An’q, n): J‘ f<e)ems(e)de " cos“'@sin " 70 S(G)zZlncose Bk'

9 2 )
arccos D ﬂl + cos“O (Bn+1 + COSG) k=1 cos0 + Bk

Since

g .
S’(9)= ZM<0,

2 2
i=1008"6 — By

the function decreases for 6 € (arccos D, arccos [31) and reaches its maximum value at the point 6 = arccosD.
Applying decompositions when 6 — arccos D

zq: D - Bk WZ Bk —arccos D), f(0)=

p¥(1-p? )l_2y

J1+ D? (BH+I+D)’

for small enough € > 0 and m — « we find

DZY(I_DZ)I_M 4D - By " 7 o~ B
I(4, ,. n)NW(Bn+1+D)(kl:[1D+Bk] Jexp[—%/l—D mZHDZ—Bi e]de.

This formula leads to the main term of the asymptotics

2 N2 1-2y m
[S(An,q,n)N DY<1 D) - (ﬁg_ﬁk] Mmoo, (39)
2m 1—D4(Bn+1+D)2 2Bk 7 P
i1D” =By

If D =1, then in a similar way we obtain asymptotic equality

" (e, m)
1 L1-By ! 1-2y 67
[S(An,q,n)N 1Y(H1+B ] J 0~ "Te™ d6, m —> oo,
k=1 k 0
\/_(1+Bn+l) mz
Bk
q
where (e, m) z — oo for m — oo. Taking into account that

k

J‘ 91—2Ye‘92d9 = %F(l - Y)= Y€ [O’ 1)’

19
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we finally have

()~ r(i-7) _ Y[/ﬁ:gz} m—> o (40)
2J5(1+BM)( 2 B J

Plugging asymptotic equalities (37)—(40) into (36), we get (35). Lemma 5 is proved.
Now we return to the proof of theorem 4. Using (34), (35) and (23) we immediately obtain (31). This con-
cludes the proof of theorem 4.

Order estimate of the uniform approximation of function ﬁ(x)
in case of fixed number of poles of approximating function

In this section we consider the problem of minimizing the right-hand side of (31) choosing an optimal set
of parameters A; .= {oc* o= (oc;‘, 0, e OCZ )} In other words, we will find an estimate of the best uniform

approximation of the Markov function by the rational integral operator (4), when measure u(t) satisfies con-
ditions of theorem 3. Let

. * . £
€= 00 e(d,) €= inf e(4,,)

where €, (An, q> is uniform approximation of Markov function by the rational integral operator (4) in case of ¢
geometrically distinct poles of approximation function. Obviously, from (22) it follows, that

€, 4 <e, 4o NEN.

Theorem 5. Let measure ],L(t) satisfy conditions of theorem 3. Then for any natural numbers n and q (q is
fixed and 0 < g < n) the following asymptotic equalities hold:

_ 2y _ 2y
g-1 2¢-1
1) et ~21+y q2q+1D,Y2q—1 zyl" ZY q_k 2 In n , De(0,1], n— oo,
n,q 2q

k=1 n

2) if nis even, then €, , ~ €, o N>

where 1 is the gamma function.
Proof. Let the set of parameters An,q = {oc o= (ocl, Oy, ..oy O, )} be defined as follows

1-B, Inm !
o L k=12,...,q.
k= 1+Bk Bk ( ) q

Also assume, that §,, , = - We are going to study the right-hand side of the asymptotic equality (31) in this
case. So, for the first term we find, that

-y 2171 (2 2 Ity - 2v
$(4yg) - —2rn) 2 @G T (41)

q 1 m 2k —1 2y m4QY
%)
i \Unm

Since B, | = Bq, it is no difficult to show, that the second term in the right-hand side of (31) equals to zero.
Let us study asymptotics of the third term when m — co. We have

S(A ):2v (1+l3,,+1)z bjzyi [HB" . b‘_Bk}m
| @-JfY(l+Bz“] Bt b= jin by + By

X : (42)
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For the further proof we need to figure out properties of the parameters bj, b] € ([.’)JAJr 1 Bj ), j=1,2,...,9-1,

which are the roots of the equation (33). For this purpose, we prove the auxiliary statement.
Lemma 6. [f parameters B, k=1, 2, ..., q, satisfy the condition

_ (Inm 2t k=12
Bk_ck 7 » =L 4...,4

then for the roots of the equation (33) the following asymptotic equality holds

Inm 27
b_] ‘,CJCIH(T) ,Jj=1L2,...,q—1,m—> oo

Proof. Itis clear, that in this case the equation (33) can be written as follows

J 1 el Bk .
y = Y —H— j=12,..,q9-1 (43)
k:lBk[l_] k=.i+11_(lik)

Br

For each fixedj=1, 2, ..., ¢ — 1 the root bj satisfies the double inequality

Inm )" Inm )™
Cj+1(7J <bj<cj(7) , j=1,2,...,q—1.

Hence, for given values of the parameters 3,, k=1, 2, ..., ¢, and m — o we find that

vyl oyl L(A)ZH
Cj '

k:lB (1_@}2 =1 B Inm
* B

In a similar way,

1 a B +1 lnm 27+l
Ly B B, ~ Lt -
bjzkg‘ﬂl(bj) kz]:ﬂ bjz

Br

Plugging last two asymptotic equalities into (43), we obtain

2j-1 2j+1
1 m Y’ Cipr (Inm\”
—|— ~ == , M —> oo,
¢ \Inm bj m

Statement of lemma 6 immediately follows from the last formula.

Now we continue to study asymptotic behaviour of the sum S3(An, q) (see (42)). Taking into account the
result of lemma 6, we have

jBk_jq'_BkmNX_mj_J "B_
(kl_ll Kt Jkl;['1J+Bk] epli ? [kz;lﬁ k; b)]

Also

Lt Sty ety

k=1 k= J+1
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Therefore,

4jy -3 2
)” N m

_1 -1 _3
%@%J~2Y2 %EJV%%nyz(%%
“

4 jc;1+3j 1
m
1 g-1 YJ& 77%1 4”_%
1 “lc. 4c,*In m
=22 ¥ Lt , M —> oo, (44)
j=1 4jy+4 Cfc—“
J
m
Similarly, using (32) we see, that
I'(1-
(=) Dot

-

V2(2¢,In m)1 U’

(D(An,qa n) ~1 pr-l (1 _ Dz)l‘zY (45)
m ,D#1, m— oo,
2—~
27 1-D*em P Inm
Plugging (41), (44) and (45) into (31), we obtain for m — oo
27T (2y) 2! In0 -2 1L g-1 Y% 7_%1 4”7%
. Y)e;'In mo y-o ¢ f¢tIn m
e,(4,,)~ i +2 \/EZ ' F +®(4, . n).
j=1 4jy+4 .
m J
If the parameters ¢;, k=1, 2, ..., g, satisfy the condition
. Civ1 .
4gy=4jy+ |[—, j=1,2,...,q-1,
<
4qy =2¢, D=1, (46)
2c
dgy="L D=1,
qY D
then it is not difficult to get
q-1
c,=2aDv* " '[](qa- kY.
k=1
Besides, in the last asymptotic equality we have
2 g1 o
8; (An,q) — 2+ (q2q+1D,Y2q—1) v F(zY)(H((] —k)z) %
k=1
(47)

n2 ") In*" =y
X 57 tol ——g— [ n—>e
n n
Using the considerations proposed in [23; 24], it is easy to show that it is precisely with the found ¢,

k=1,2, ..., q, the set of parameters 3,, k=1, 2, ..., ¢, is optimal in the sense that the quantity 3:(14;1, q) has an

asymptotically minimal value. This proves the first relation in theorem 6.
To check the second statement of theorem 6 we use the fact, that the estimate (21) is exact at the points
x =1 for even n, n = mgq. In this case from (26) we find
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1— 2 (e "
En(LAn,q)‘: 2foqu( ;’3 [ v ock] dy

ioil—oyy) 1= Oﬁqy‘
1- -2
Changing variables y = u’ dy = du2 , in the right-hand side of this relationship, we obtain
I+u (1 + u)
D 2y-1 " 2
,(+1, 4, ,)|=2"""8,] = TR e p_lod
’ 0(1_u2)Y iciBrtu Bq+u 1+d

Applying the well-known techniques for studying asymptotic behaviour to the last integral, we obtain

277 (2y) BB 2 BBt )
e, (£, An,q)‘ w 2Y+22‘Ym(1—[52 )Yzq: B, (HBWBHHJ "
{szJ B - B

k=1
1
27_%[3 1t(1+Bﬁ+1)‘1_1 bsz_E [ / Bk_bf . bj_Bk)mx
! TR (1-5) 187 (B 4 by ) i Bt B s by B
X —— ! +B,D(4, . 1), m—> oo,

y B,y B

k:l(Bi —bjz)z k:j+l(bj2 - Bi)z

where ®(4, . n) is defined in (32). We note that the right-hand side of the last asymptotic equality differs

from (31) in that the second, third, and fourth terms are multiplied by Bq. Therefore, if the parameters Pk,
k=1,2, ..., g, in its right-hand side are optimal with coefficients calculated by formulas (46), then it is easy
to obtain

e, (t1. 4, )| ~ e

n,q°

n —> oo,

where is defined by the first statement of theorem 5. Hence, we conclude that for even n the estimate of uni-
form approximations (47) is asymptotically attainable at the points x = 1. Therefore, under the conditions of
theorem 3, it is the norm of approximation of Markov functions by rational integral operator (4). Theorem 5
is proved.

Remark 4. From theorem 5 if follows, that for uniform approximation of Markov function provided

du(t) = (p(t)a’t and (p(t) = (t - l)Y by rational integral operator (4) in case of ¢ geometrically distinct poles of
approximating function, the following asymptotic expression holds

e\ 1 2g+17y,2¢ -1\ T 2 ;
limsup(mJ €,,=2 +v(q 1 pya- ) r(2y) H(l]—k) .

n— oo k=1

Similar by order estimate was obtained in [15] for of approximation by partial sums of Fourier series with
respect to the system of rational functions, introduced by M. M. Dzhrbashyan and A. A. Kitbalyan [12] with ¢
geometrically distinct poles of approximating function.

Corollary 3 (case of one fixed pole). Under conditions of theorem 3 in case of one fixed pole of approxi-
mating function the following relations hold:

nn ) nn )
1) e;,lzzl”r(zy)(Dy)”(n—J +0((n—2) ],n_m;

2) if nis even, then €, |~ €, |, n —> o,
Besides, for the majorant of uniform approximation the following asymptotic equality holds
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(4, - 2 EGRT

= +®(4,,.n), Be(0,1], 1>,

n

where

V 1+B2r(1—y)(1—[32)1_y(I_B)"
, D=1,
V2(1+B)(2nmp) Y \1+B
o) o) -p)
, D#1.
2'"71-D* (B + D)np D+p

Remark 5. It is interesting to compare the asymptotic estimate of uniform approximation found in corol-
lary 3 with the corresponding estimate in the polynomial case (29). We see that even in case of one fixed pole
of the approximating function, the rate of uniform rational approximation has a much larger order of smallness,
which reflects the peculiarities of rational approximation.

®(4,,.n)=

Approximation of some elementary functions

Many elementary functions can be represented as combinations of Markov functions. In this section, we
consider an example of such a function and, as a consequence of theorem 6, we find the exact constant and the
order of its approximations by the rational integral operator (4).

Consider the function f (z) =(z- l)Y, Y€ (0, +0)\N. It is holomorphic in the region C\(l, +o<>). The ap-
plication of the Cauchy integral formula leads to the relation

(Z—I)Y=L (E.:_l)Y

2mi 5, &-z
where D is a circle of radius a > 1 centered at the origin and cut along a segment [1, a]. From the last formula

d€, zeD,

it is easy to obtain (see [3; 4]), that the following equality holds for |z| <a, z€ (1, a),

(1-x)"= iy (x) + g(2), (48)
where
~ a _1 1— Y
l,L _ Sll’lTC J‘ t dt g ) %m J‘ (g_&z) dé
1 E=a

The function ﬁl(x), X € [O, 1], satisfies the conditions of theorem 3. Therefore,

_ 2y 1 \2Y
q-1 2qg -1
|sin7w|1"(2y)(q2"“Dyz" _I)ZY [H(q - k)z] (ln T nJ , 1 —> oo,

1+7v

€, q(ﬁl (x)) ~

k=1 n

The function g(z) is holomorphic in the region D. According to the well-known result of S. N. Bern-
stein [25], the order of its polynomial approximation is exponential, that is, there are constants ¥ >0,0< C< 1,
such that €, , ( g(z), D) < MC". Thus, the function g(z), z € D, does not affect the order of approximations of

the function (1-x)", x € [0, 1]. In other words,

(1= 0 ) =&, ( () + oz, , ((x))), 7>

From representation (48) and the last asymptotic equality, we obtain the following result.

Corollary 4 (approximation of the function (1 - x)Y, Y> 0). For any fixed q and even n the relation holds

n2q 2Y Y
llmsup(m) gn,q((l - X) . [O, 1]) =

n—»oc
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1+y 2y g1 By 2
|Sin1tY|F(2’Y)(q2q+1D'Y2q_1) H(q _ k) ) (49)
k=1
Besides,
tim e, (1= [0,1]) = Sirlsinmrir(ay), v >0

It is known [26, p. 96] that the best uniform polynomial approximation of the considered function possesses
the following property:

Ey (s [1.1]) = 7 £,((1 - )% [0.1))

Using similar reasoning, after the necessary transformations from (49) we find that

) n2 Y . TS sY4! yEEL 2 '
llzn:zp[m) s Sm;‘r(é‘)[‘lzqﬂl)(g) Ma-w].

Let g =1 in the last relation. Then

2 N
s s 111)-

This result is contained in [27] in case of approximation by partial sums of Fourier series with respect to
the system of Chebyshev — Markov of algebraic fractions. In particular, when s = 1 we obtain known equality,
proved in [28],

2

L[-L)=2

TS

5 r(s)(%)s.

2
—|sin—
T

(L) =%

Now we consider one more result, that follows from the formula (50). Substitution x = sinu leads to the

asymptotic estimate
: ) s 2| . ms sV 2s
hffﬂ"(m) €2n,2¢ (| . [0, 75]) =T Smj‘r(s)[qquD(E) ((4-1))

In this relation we put s = 1. Then we obtain known equality from [24]

02
limsup—¢,, 2(
n—> o0 1 nn ’

2q+1

):261”—*27:((‘]_1)!)2‘

2q
I n .
IMsup-—-——¢,, ,, (
noe In2"'n

In particular, for ¢ = 1 from the last formula we find

2
hmsup €2 (|s1nu| [0, n]) 1 .
n—e NN 3
This asymptotic estimate coincides in order with the two-sided estimate contained in [29], obtained in
case of approximation by partial sums of Fourier series with respect to the system of rational functions intro-
duced independently by S. Takenaka [10] and F. Malmquist [11]. It should be noted, that, in comparison with
work [29], here we found the exact constant.
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