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MaremaTH4eckasi JT0THKa, aJredpa H TeOpHUs YNCeT
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ITpu n > 0 dopmanmio § Ha3BIBAIOT 7-KPATHO G-JIOKAIBHOH, €CIU § =(1) — KJIacC BCE€X EIAMHMYHBIX TPYyNI WIH
§ =LF,(f), tme f(o;) sensercs (n —1)-kparHo G-10KaIbHON popmanueii 1 Beex O, € 6(F). DopMaimio Ha3BIBAIOT

TOTaJbHO G-JIOKAJIBHOM, €CIIM OHA N-KPaTHO G-JIOKaJIbHA JJISl BCSKOTO L[EJIOr0 HEOTPULATENbHOro yncia n. Llens nanHoi
pa0oTHI — M3yUeHHE CBOMCTB PELIETKH TOTAIFHO G-JIOKAIBHBIX (hopMalMii. B 4acTHOCTH, MBI I0Ka3bIBaEM, UTO PEIIeTKa
BCEX TOTAIBHO G-JIOKATBHBIX (hOPMAIHi SBISIETCS anreOpandecKkoil u TUCTpuOy THBHOM.

Kniouesnle cnosa: xonednas rpyra; GopMannoHHas G-QpyHKIHs; (GopMalisi KOHSYHBIX TPYIIT; TOTAIBHO G-JIOKabHast
(opmaryst; perietka popmaryi.
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Throughout this paper, all groups are finite. Let ¢ = {Gi |i el } be some partition of the set of all primes PP. If # is an in-

). and (3) = Ug o5 6(G).
A function f of the form f: ¢ — {formations of groups} is called a formation o-function. For any formation c-function
S the class LF,(f) is defined as follows:

teger, G is a group, and § is a class of groups, then 6 (n) = {Gl—|0'l- N 1(n)# @}, 6(G)= (5(|G

LF,(f)= (G is a group|G =1or G #1and G/O, , (G)e f(o;) for all 6, € G(G)).

If for some formation o-function f'we have § = LFG( f ), then the class § is called c-local and f'is called a ¢-local
definition of §. Every formaton is called 0-multiply 6-local. For n > 0, a formation § is called #n-multiply c-local provided
either § = (1) is the class of all identity groups or § = LF; (f), where f(Gi) is (n - 1)-multiply o-local for all ¢, € 0(8).
A formation is called totally G-local if it is n-multiply c-local for all non-negative integer n. The aim of this paper is to

study properties of the lattice of totally c-local formations. In particular, we prove that the lattice of all totally c-local
formations is algebraic and distributive.

Keywords: finite group; formation c-function; formation of finite groups; totally c-local formation; lattice of formations.

Introduction

All groups under consideration are finite. The notations and definitions we use are borrowed from [1-3].
The basic properties and various applications of 6-local formations can be found in the articles [4—10].

A. Skiba presented [4] the concept of generalised locality or 6-locality of formations as a tool for studying
the o-properties of groups, i. e. properties depending on some partition ¢ of the set of all primes. In [4], using
o-local formations, A. Skiba studied (weakly) S°-closed and (weakly) M/?-closed classes of finite groups.
Some general properties of 6-local formations as well as their applications for studying X?-closed classes of
meta-G-nilpotent groups [5] and (weakly) T -closed classes of finite groups [6], were obtained Ch. Zhang and
A. Skiba. Applications of the theory of G-local formations were obtained by A. Skiba [7] for a lattice charac-
terization of 6-soluble PGT-groups, and also for constructing new sublattices of the lattice of all subgroups of
the group generated by formation Fitting sets [10].

In [8; 9] Ch. Zhang, V. Safonov and A. Skiba described some general properties and examples of n-multi-
ply o-local formations and also consider one application of such formations in the theory of finite factorisable
groups. In particular, in their paper [9] it was proved that the lattice of all n-multiply c-local formations of
finite groups is algebraic and modular.

A. Tsarev [11] proved that every law of the lattice of all formations is fulfilled in the lattice of all n-multiply
o-local formations of finite groups and that the lattice of all n-multiply c-local formations of finite groups is
modular but is not distributive for any non-negative integer .

At the same time, the question on the algebraicity, modularity or distributivity of the lattice of all totally
o-local formations was an open problem. Note that the question on the distributivety or modularty of the lattice
of all totally o-local formations of finite groups was discussed by A. Tsarev in [11, question 3.2].
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In this paper we will prove that the set I2 of all totally 6-local formations of finite groups is a complete al-
gebraic and distributive lattice. In the work, we study also some general properties of totally 6-local formations
of finite groups.

We also note that the concept of generalised locality of formations was developed in papers [12; 13], where
the main properties and some examples of Baer-G-local formations were considered.

Definitions and notations

The basic definitions, notations and general properties of G-local formations were discussed in the pa-
pers [4—10]. Recall some of the basic concepts of the theory of 6-local formations.

Leto= {Gi|i el } be some partition of the set of all primes IP. If  is an integer, G is a group, and § is a class
of groups, then 6(n) ={o,|0;, N 7(n) @}, 6(G)=0(|G]), and 6(F) = Ug . 50(G).

A group G is called [14]: 6-primary if G is a 6,-group for some i; -nilpotent if every chief factor H/K of
G is o-central in G, that is, the semidirect product (H /K ) X (G/ Cq (H IK )) is o-primary; G-soluble if G =1 or
G # 1 and every chief factor of G is 6-primary.

We write G to denote the class of all 6-soluble groups and 91, to denote the class of all 6-nilpotent groups.
A class of groups § is called a formation if: (1) G/N € § whenever G € §, and (2) G/N N R € § whenever

G/N e §and G/R € §.
Any function f of the form f:6 — {formations of groups} is called a formation o-function. For any for-

mation o-function f the class LF;(f) is defined as follows:
LFc(f):(G is a group|G =1or G#1and G/O,, ,(G)e f(o,) for all 5, € G(G)).

If for some formation o-function f we have § = LF ( f ), then the class § is called 6-local and f"is called
a o-local definition of §. We write Fy;1(G) instead of Oy, 5 (G)=Gg_s, -

Every formation is called 0-multiply c-local. For n > 0, the formation § is called n-multiply c-local pro-
vided either § =(1) is the class of all identity groups or § = LF,(f), where f(o;)is (n—1)-multiply o-local
for all 0, € G(S ) A formation is called totally 6-local if it is #z-multiply 6-local for all non-negative integer 7.

The symbol 2 denotes the set of all totally 6-local formations. Formations from [° are called /2 -forma-
tions.
For any collection of groups X, [2 form (%) denotes the totally c-local formation generated by X, i. e.

IS form (X) is the intersection of all totally 6-local formations containing the collection of groups X. If X ={G}
for some group G, then § =12 form (G) is called a one-generated totally 6-local formation. For any two clas-
ses of groups M and §) we put M v H =12 form (MU H).

If f is a formation o-function, then the symbol Supp( /) denotes the support of f; that is, the set of all o,
such that f (Gi) # . A formation o-function f is called /2-valued if f (61.) is a totally o-local formation for
every G, € Supp( f); integrated if f(o;) < LF(f) for all i.

If m and h are [2-valued formation o-functions, then m v h is a formation o-function such that
(m ve h)(csi)z m(q) ve h(Gi) for all i; we use also m M & to denote the formation o-function such that

(mvh)(o;)=m(o;) N h(o;) for all i.

Every sequence a.,, 0., ..., 0, from G is called a 6-sequence. For any G-sequence o, O, ..., 0, and for
any collection of groups X, the class of groups 3.’-‘(ocloc2 ...ocn) is defined recursively in the following way:
(1) X(00) = (G/Fy(6)|G e X): @) X (@0, ...t,) = GIFy,, (G)] G e X000t .., )}

For any [2-formation ¥, we set &f(ci ) =/ form (S(Gi )), if o, € 6(F), and &f(c,- ) =@, if 6, € 6(X).

If § €12, then the symbol F denotes the smallest /-valued definition of §, i. e. T2 =, ., f;, where
{ /j‘ jedJ } is the set of all /2-valued definitions of .

We say that a 6-sequence o, 0., ..., 0., is suitable for § (or §-suitable), if o, € (5(8" ) and forany je {2, ey n}
we have o ; € G(S(ocloc2 ...ocj_l)).
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Let o, O, ..., 0, be an F-suitable o-sequence. Then the /2-valued o-function oo, ... o, is defined re-
(¢

cursively as follows: (1) oo, = (&S(OLI))G ;(2) Flo, .. 0, = (&focl e O,y (Otn)) .
For any group G and a non-empty formation § by G° denote the F-residual of G, i. e. the intersection of all

subgroups N of G such that G/N € §. If § and $) are formations, then §$ = {G|G’a es } is called the Gaschiitz
product of formations § and ).

Auxiliary results

We need some well-known results, which we present in the form of the following lemmas.
Lemma 1 [9]. If the class of groups §; is an n-multiply G-local formation for all j € J, then the class
N ;e is also n-multiply 6-local formation.

Recall that if f'is a formation 6-function, then the symbol Supp( f ) denotes the support of £, that is, the set
of all o, such that f(o,)= .

Lemma 2 [5; 9]. Let f and h be formation 6-functions and let 11 = Supp(f). Suppose that § = LF (f) =
= LF,(h).

(1) T=0o(F).

2)F= (moi enﬁo;ﬁcif(ci )) N &y. Hence § is a saturated formation.

(3) If every group in § is 6-soluble, then § = (ﬁcl_ . HGG;GGif(Gi )) NSy

(4)Ifo,€ 1, then &, (f(0,) N &)=, (h(c;)N§) <3

(5) §=LFg (F) where F is the unique formation G-function such that F(Gi ) = QjciF(Gi ) c§ forallo, eIl
and F(o,)=@ for all 6; € II'. Moreover;, F(o,)= &, (f(Gi )) NS foralli.

Lemma 3 [9]. If § is a non-empty formation and f(Gl. ) =35 for all i, then LFG(f) =MN,5.

Lemmad [9].[f §=n,;_,, and §; = LF,( f;) forallj € J, then § = LF,(f), where f(0,)=0,, f;(o;)
forall 6, € (5(3) = r\jeJG(Sj) and f(G[ ) = forall o, e G\G(%’). Moreover, if f:is integrated for all j € J,
then fis also integrated.

Lemma 5 [2, p. 41]. Let A be a monolithic group and let Soc(A) be a non-abelian group. Let M be some

homomorph. If A € |, form 9N, then A € M.
Lemma 6 [2, p. 152]. Let G be a group such that Op(G)zl, let Ny X ...x N, =Soc(G), where N, is

a minimal normal subgroup of G (k = 2). Let M, denote a maximal normal subgroup of G, which contains
N, X ... X N,_| X N;, | X ... X N, and does not contain N;, i €{}, ..., k}. Then

(a) the group G/M; is a monolithic and Soc(G/Ml- ) =N,M;/N; forany ie {l, cees k};

(b) N,M;/N, is G-isomorphic to N;

(c) 0,(G/M;)=1;

(d Min...NM,=1.

The main results

Let X be some collection of groups, 6, € 6(X), then the class of groups X (Gi) is defined as follows:
%(0,)=(G/F, ()G e x).

Lemma 7. Let § =12 form (%) = LFG( f ) be the totally 6-local formation generated by X, where fis an
I%-valued definition of §, and let T1 = (5(.’%:) Let h be the formation G-function such that h(Gi ) =12 form (%(Gi ))
for all o; € 11 and h(o‘,.)z D forall 6, €Il Then

(1) =0(F);

(2) his an 12 -valued definition of 3,

(3) h(ci) c f(cl.) N § and for all i.

Proof. Since X ¢ § we have IT < 6(F). In view of [9, remark 2.4 (ii)], the class of all IT-groups &y; is
a totally 6-local formation. Hence § € ;. Therefore, G(S ) c IT and statement (1) holds.
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Let H= LFG(h). Then it is clear that X < §). On the other hand, since 4 is an [2-valued, which implies that
$ is a totally o-local formation. Therefore, § C 9.

Since %(Gi) c f(ci) and the formation f(Gl-) is totally 6-local we have h(Gi) c f((sl.) N § forallo; e o.
Therefore, $ < §. Hence § = $ and so statements (2) and (3) hold. The lemma is proved.

Lemma 8. Let §; = LFG(/g ) be a totally o-local formation, where f; is the smallest I2-valued definition of

S.j€ J Then vg(f] ‘j € J) is the smallest I-valued definition of § = VZ(SJ‘]' € J).

Proof. Let/be the smallest /°-valued definition of §, f = vg(]ﬂ] I J), and I1= G(ujejsj) = quJG(ﬁj).
Then 6(F) =11 by lemma 7 (1). Now we show that I(G,. ) = f(Gl-) forall o; € ©.

Let 6, € o\Il. Then for any j € J we have /j.(csi ) = by lemma 7. Hence f (Gl- ) =(J. Similary, in view of
lemma 7, /(o,)=@. Therefore, I(o;) = f(o;).

Now suppose that o; e Il. Then there exists j, € J such that ¢, € 0(3’ ) ) From lemma 7 it follows that
jﬁl(ci) # & and

I(0,) =12 form (GIF, (GG € U, ., ;) =12 form(ujejz:j form (G/F,(G)|G € 3, )) _

=12 form (U, (o) e ) =(vV2(flieT))(o,)=1(5)).
Therefore, / (Gi ) =f (Gi) for all o; € II. Thus, / = /. The lemma is proved.
Lemma9. Let §; = LFG(hj), where h; is integrated I2-valued definition of $;, j=1,2. Then $ = $, VI, 9, =
= LF_(h),where h=h, Vv h, is integrated.

Proof. Let/be the smallest /°-valued definition of §) and let H be the canonical -local definition of §.
Let /; be the smallest [°-valued definition of $ ;and let H; be the canonical 6-local definition of ), j =1, 2. In view

of lemmas 2 (5) and 7 we have lj(oi ) c hj(di) c F@(Gi) for all o,. Besides, lemmas 2 (5) and 7 imply also that
I(0,) =12 form (($5, U $,)(0;)) = 12 form ($),(0;) L $,(0;)) = 12 form (4 (5,) L (0, ) <
c I2 form (Iy(0,) U Iy(0;)) = h(0,) € &, (o) = H(o,).

Hence /(o;) < h(o;) < H(o;) for all 6, Therefore, §) = LFy(h). The lemma is proved.
Lemma 10. Let § be a non-empty formation. Then the formation G 3§ is totally 6-local.

Proof. Let M = &,F. By lemma 3 the formation ) = M 9N is o-local and § = LF,(k), where h(c,)=M
for all 0, € 6. Since the Gaschiitz product of formations is associative,

H=NM =N (64F)=(Ns64)F =6,F =M.

Therefore 91 is a 6-local formation. On the other hand, h(ci ) =90 forall 6,€ 6. Hence M = § =LF,(h)is
2-multyply o-local. Therefore, the formation 971 is n-multiply c-local for any positive integer n. Consequently 91
is totally -local. The lemma is proved.

Lemma 11. [f § = LF () and G/O, (G) € f(0,) N § for some ;€ 6(G), then G € .

Proof. Since G/O, (G)e f(0;) N F, we have f(c;,)# . But then 6, € 6(F) by lemma 2 (1). Moreover,
GI0,(G)e f(o;) N § imply also that G’ "F c 0, (G) € &, . Hence G € &, (f(5,)NF). In view of lem-
ma 2 (4) we have G € & (f(Gl- ) N {3’) C §. The lemma is proved.

Lemma 12. Let §; = LFG(J? ) where f; is an integrated 12-valued definition of SpjeLIf§=n (Sj‘j € J),
then f=n ( flie J) is an integrated 1°-valued definition of 3.

Proof. First note that §; is an n-multiply c-local formation for all positive integer n. Then in view of
lemma 1, N, ;§; is an n-multiply o-local formation for all positive integer n. Therefore N, . ; §; is totally
o-local. Besides, since f=nN ( ]j‘ jeJ ) and f; is an I2-valued definition of S, we see that f'is an 12 -valued
o-function.

10
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Let H=LF,(f). Now we show that $)=3F. First assume that Ge § and let 6,€6(G). Then
G/Fci}(G)ef(Gi): N e, fi(0;). Hence GIF4,(G) € f;(o;) for all j € J. Therefore for all 6;€6(G) we
obtain G/F{c,.}(G) ejj.(csi). But then G € §, for all j € J and consequently, Ge N, §; = §. Thus $ C 3.

Now suppose that G € F=, ., §; andlet 0; € 6(G). Then G € §; forall j € J. Therefore, G/F{G’_}(G) e f(o;)
forall j e J. Hence G/F{o,.}(G) €N, ., f,(0;)=f(o;) for all 6; € 6(G). Consequently, G € § and § < 9.

Finally, since f; is integrated for all j € J, we have f(o;)= mjejj;(ci) c j;.((si) c §, forall 6, € 6. Hence
f (Gi) €N, 8; =7 and fis an integrated I2-valued definition of §. The lemma is proved.

Algebraicity of the lattice of all totally c-local formations

Theorem 1. The set I of all totally 6-local formations is a complete algebraic lattice in which, for any set
upper bound of{gj‘j € J} inlS.

Proof. Itis clear that the set [ is partially ordered with respect to set inclusion. Since by [9, remark 2.4 (ii)],
the formation of all groups & is totally o-local we have & is the largest element in 2. It follows from lem-

{Sj‘j € J} C 12, the intersection N, _ ;T is the greatest lower bound and I form (ujeJSj) is the smallest

ma 12 that N e IS € [°. Therefore, N e IS j is the greatest lower bound of {3 j‘ jedJ } in [2, which implies
that /2 form (U, ., ;) is the smallest upper bound of {§,| j €/} in /2.

Now we show that for every group A the one-generated totally o-local formation /2 form (A) is a compact
element in /2. Let 4 is counterexample minimal order and

§=1° fonn(A)gleform(quJEJ),
where §; is a totally c-local formation, j € J. If 4 is a 6;-group for some 7, then §=&;. Since §c
c I° form (ujejsj), we have 6(F) G(UJEJSJ.) = ujeJG(Sj) by lemma 7. Therefore, there is j, such that

K

o, € G(% i ) But then §=&; < §; by lemma 2. This contradiction shows that 4 is not G-primary.

Now we show that 4 is monolithic. Suppose that it is false and let N, N, be minimal normal subgroups
of 4, where N, # N,. Let £=1[C form (4/N,), M =12 form (4/N, ). It is clear that § = £ v 9. By inductive
hypothesis for groups 4/N, and A/N, our statement is true. Then since

£=1%form (4/N,) € § < IS form (U; ., F, ). M =12 form (A/N,) € § < IS form (U ., 5, ).
there are j, ..., j, and s, ..., s, such that

£ci2form(§;U...UF, )and M2 form (§, U...UF, )
But then we have

F=LvimclSfom(§,U...UF, U U...UF, ),
a contradiction. Hence 4 is a monolithic group.

Let P=Soc(A4). Assume that P is not a G-primary group. Since A€ /° form(uiejsj) we have Ae
SICH form(quJSj) by lemma 10. But P is not a 6-primary group, therefore, 4 € form(ujejgj). Using
lemma 5, we obtain 4 € U, 3 Hence there is j,, € Jsuch that 4§ I This contradiction shows that P is
a 6,-group for some 7. Therefore, F{ c,.}(A) =0, (4).

Let f, 1, h are smallest /2-valued definitions of formations Sj, Fand $H=1° form(uj 8 j), respectively.
In view of lemma 8 we have h=vC (jj‘] € J). Since OG[(A) = F{c,-}(A) and 4 € $, we have

oo

410, ()= AlF\(4)€ h(o) =V ( f(o))| /e 7).

Since ‘A/Oci(A)‘ <|4|, by our inductive hypothesis there are j, ..., j, € J such that

11
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19 form (4/0, (4)) < £,(0,) V2 ...v2 £, (5,)-
By lemma 8, /= f, VARR VAL /f; is the smallest [7-valued definition of £=7F,vZ...v2F,. But then
410, (4)el(c;)= f,(o;) v ...v2 £, (0,). Since [ is integrated, 4 € £ by lemma 11.
Thus, §=1/2 form (4) < 2=3J~IVZ Ve 3, This contradiction shows that every one-generated totally

o-local formation /2 form (4) is a compact element in /2.
It is clear that for any totally 6-local formation § we have § =2 form (u, 7S ), where {8’,|t eT } is the set

of all one-generated totally o-local formations contained in §. Hence the lattice 0 is algebraic. The theorem
is proved.

In the classical case, when 6 =¢' = {{2}, {3}, } we get from theorem 1 the following known results.

Corollary 1 [15]. The lattice [, of all totally local formations is algebraic.
Corollary 2 [2, p. 180]. The lattice of all soluble totally local formations is algebraic.

Distributivety of the lattice of all totally c-local formations

Recall that if § is a totally o-local formation, then F° denotes the smallest /°-valued definition of F.
If o, 0, ..., 0, is an F-suitable G-sequence, then the 2 -valued 6-function F2o,00, . .. o, is defined recursively

as follows: (1) §%0,=(32 (o)) () 80y .01, = (3001, t,  (ax, )"
Let §, 2, and X be totally 6-local formations. Let ., ..., o, be some suitable 6-sequence for §, 9, and X.
Then by EZ, .%z, EZOLI, .%ZOLl, ee E:OLI... o,, 52(11...(1,1 we denotes formation ¢-functions such that

€2 =(X2n ) v (M FT), HI=(%2 v M) 32,

~0 ~0
Lo, = (3620(1 N &fjocl) ve (E).”Ttﬁf,oc1 8 &Socl), o0y = (3620(1 ve ZDIZ(XI) N ooy,

~0

£.0,0,...0, = (%Zalaz...an N Sjoclaz...ocn) ve (Sﬁioclocz...ocn N 3jocloc2...ocn),
~0O
9000, ... O, = (%Z(xlocz...ocn ve imfo(xlocz...ocn) N 200, ... O,

Lemma 13. Let £ = (% 8 S) ve (sm N 3), H= (% ve 93?) N §, where M, X, and § are totally 6-local for-
mations. Then

() o(L)=o(%);
(2) if o, ..., 0, is a suitable 6-sequence for X, M, and §, then the formation G-functions
£2, Doy LI, Dol ooy Lolly... 0, Ho0... 0L,
are integrated [2-valued definitions of the formations
£, 9, Ei(ocl), 52(0(1), . EZocl...ocn_](ocn), 520(1...ocn_1(ocn),

respectively.

Proof Let 5, =XVIM, £, =XNF, L, =MNF, h=X2 VI M, [ =X NF2, and [, =M N F2.
By lemmas 8 and 12, it follows that §), :LFG(hl), £,=LF,(l), & =LF,(L,), and hy, I, I, are integrated
[°-valued o-functions.

(1) Since the inclusion £ < § is obvious, we obtain 6(£) < 6($). Let 6, € 6(H)\6(£). Since o, € 6($,),
we have hl(ci);t@ by lemma 7. If 6; ¢ 6(X) U (M), then it follows from lemma 7 that X2(o;)=2
and M?(o,)=2D. Consequently, /,(c;)=0, a contradiction. Hence o, € 6(X) LU o(M). But in this case
c,ec(XnF)uc(MnF)=0(L). Thus, 6(L)=0(H).

(2) Since £= £, v2 £, and H=H, N F, it follows from lemmas 9 and 12, that

Eo=hviL=(X2NE2) Ve (ML AGT), Hl=h N F2=(X2 VI M) A 52
are integrated [2-valued definitions of the formations £ and $), respectively.

12
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Let o, ..., o, be a suitable sequence for X, 91, and §. Since by the definition XZo, 0, Mo, i
320,...0 ; are smallest /°-valued definitions of the formations
XZoy...00 ( ) Moy .00 1( ) and Foa, .. 1(ocj)

( j=1, n), respectively, it follows from lemmas 9 and 12 that

a° _ o o
Smoclocz...ocj—(%moclocz 0 N B0, ) (sm o0, .. ocjmgmoclocz...ocj),

?)Zoclocz...(xj = (%Zoclocz 0 v Mo, ...ocj) N Foou0,... 0
are integrated [°-valued definitions of the formations
~0 ~O0
Lol ...ocj_l(ocj) and .0, ...ocj_l((xj),
respectively. The lemma is proved.

Lemma 14. Let N, X, and § be totally 6-local formations. Let G be a monolithic group and Soc(G) is not
o-primary. If Ge F N (% ve sm) then Ge(XNF)ve (M F).

Proof.Let Geg N (% ve E)ﬁ) It follows from lemma 10 that & form (X U 901) is a totally -local for-
mation. Therefore, /2 form (3€ v, sm) c &, form (.’f v EITZ) Since G is a monolithic group and Soc(G) is not
a o-primary group, we have G € form (X U 901) and Soc(G) is a non-abelian group. But then by lemma 5, it
follows that G € X L 9. Since G € §, we obtain G € (X N F) U (M N F). Hence,

Gellform((XNF)U(MNF))=(XNF) v (MAF).

The lemma is proved.
Theorem 2. The lattice I of all totally 6-local formations is distributive.
Proof. Suppose that this theorem is false. Then there exist totally 6-local formations 97, X, and § such that

(XN ) VI (MAF)=(XvE M)A F.

Let £=(XnN S) C(MANF)and 9 =(% ve ‘.ITI) N §. Since the inclusion £ < § is obvious, we obtain

H & £. Let G be a group of minimal order in $H\ L. In view that 2 is a o-local formation, we see that G is
a monolithic group with a unique minimal normal subgroup P = G*.
If P is not 6-primary, then G € £ by lemma 14. This contradiction shows that P is a 6;-group for some

c; € 6(9). It follows from lemma 13 that 6, € 6(£), £= LFG(E:), 9 =LFG(5~§Z,), and £, $. are integrated
[°-valued definitions such that

Zf"(ci): ("{Z(Gi) N 3§ (s; )) Ve (mg(ci) N3 (s; ))’ 52(01'): (%: (0;) v2 mZ (o, )) N §2(o:)-

Since £ is a 6-local formation and 6, € 6(£), we see that G is not a 6,-group and £<. (0;)# @. On the other

hand, since P is a 6;-group, O, (G)=1 and F{G_}(G) = OG[(G).
Since £ < $ we have EZ(Gi ) c 52( ) and since G € H\L, we claim that Ez(ci)c ?):(Gi). Indeed, by
lemma 2, it follows that G/F{G_}(G) € Y)Z( ) If Sw( ) Sﬁw( ) then

G/0,(G)= G/Fc,.}(G) e 92(0,) < 9(0;) = £(o;)
and G € £ by lemma 11. It is a contradiction. Therefore, E:(Gi)c E)Z(Gi). Note also that the condition

EZ(Gi)C,%:(Gi) implies X2 (0;)#@ and M2 (o;)# D, since otherwise Z:Z(o,.)zs%i(ci). Hence o; €

€o(X) N o(M). Thus, ~ N _
Gi= Gl (G)e 9.(0,)\ £=(c;). £=(0,) 2 2.

It follows from lemma 13 that
G(EZ(G,. ))- 6(5:(0,. ) E(0)=1F, (2%, ) 7 (c,)= LFG(g%ZGi),

13
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and EZGi, 520,- are integrated /2-valued definitions such that

~0 ~0
£..0, =(3€§ch[ N &fjcsi) ve (zmgq 8} &fjc), $..0; =(3EZG,- ve am:c,.) N 520,

Since G; £ EZ(GI- ), there exist o, € 6(G, ) such that
Gi/Fo\(G)) & £20; (o).

Note that since o, € 0(52 (Gl-)), we have o, € G(EZ(GI- )) and E:Gi (0, ) = @. Obviously,

£, (0y)= (%:Gi (o) N §2o; (o )) 2 (imgq (o) N 3o, (0‘1)) =
c 9.0, (o) = (%Zci (o) vZ MZo, (“1)) N30, (oy).
Besides, since G, /F{(XI}(G1 )e ?)ZG,. (o )\E:Gi (o), we have EZGi (o)) c 52@ (o). Therefore, X2, (a, ) # &
and Mo, (o, ) # D. Hence o, € 6(%2(@)) N G(Dﬁi(q)).

Suppose that F{GI}(GI) =1 and let N be a minimal normal subgroup of G,. Then N is not 6-primary. If G, is
a monolithic group, then since

G e $Ho(c,)= (%Z(Gi) ve imfj,(ci)) N§2(o;),
by lemma 14, it follows that
~0

Gie(x2(0,) N 52(o;)) va (M2(0;) M 32(0;)) = £2(a,).

This contradiction shows that the group G, is not monolithic.
Let Soc(Gl) =N, X ... X N, where N, is a minimal normal subgroup of G, and let M; denote a maximal
normal subgroup of G, such that M, contains N, X...XN;_; X N, X... X N, and does not contain N,

J=12, ..., k Bylemma 6, it follows that G,/M; is a monolithic group with a non-G-primary minimal normal
subgroup NJMJ/M and Z\GMJ/NJ is G,-isomorphic to N. Set B; = GI/Mj, j=1,2,..., k Since

B e 52(01') = (%Z(Gi) Ve imz(@)) M &S(Gi)’
we have B, € EZ(Gi) by lemma 14. It follows from lemma 6 (d) that G, is a subdirect product of B, ..., B,.

Hence G, € EZ(GZ. ) This contradiction shows that Ff{al }(G1 ) #1.

%Ill the other hand F{al}(Gl) # Gy, since otherwise G, /F{al}(Gl) =1e£20;(a,) = Q.
us,

Gi/Fy)(G)) € H20,(0)\E20, (o), £20,(0,) %D, 1 F, ,(G) =G,
Let G, =G, /F{%}(G] ) It follows from lemma 13 that
G(EZG,- (o, )) = G(.%Zp(al)),
£26,(0y )= LF, (Z}Zciocl ), fo0,(o )= LF, (?):ciocl ),
and £26,0,, $..0,0, are integrated /°-valued definitions such that
£o0,0,= (%Zqocl N &fjciocl) ve (imfooiocl N &quocl),

Ho0;01, = (%Zciocl ve E)thooiocl) N F2o;0,.
Since G, & EZGZ. (o), there exists a, € 6(G, ) such that

G, /F{%}(Gz) & £20,0,(0L,).

14
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Hence,
G, /F, 1(Gy) e 9.6,04 (0, )\ E20,00 (0t ).

Considering G, in the same way as the group G,, we obtain

o, € 0(362@ (ocl)) N G(S)JT:Gi (ocl)), G, /F, 1(G,) € 90,0, (0, )\ E20,00, (1, ),

£26,04(0,) %D, and 1% F{%}(Gz) cG,.

Put G;=G, /F{%}(Gz). According to the same argument, we see that the group G; satisfies the analogous

conditions: there exists
o, € c(%iciocl (o, )) N G(Qﬁfoci o, (ocz))
such that
G, /F{%}(G3) € 9.6,040, (00 )\ £26, 04,00, (03 ),

~c
Le0,040,(0) # D, and 1# F, 4 (G;) € G
Continuing this line of reasoning, we construct the groups
Gy=Gy/Fyy(Gy), -, G, = Gn_l/F{aH}(Gn_l),

such that for any j the following conditions are satisfied:

(o} (&
oy ec(%woiocl...ocj_3(ocj_2)) mc(?)ﬁwcioc, ...ocj__,,(ocj_z)),

~0 ~0
j_l)eS’jmciocl...ocj_z(ocj_l)\)lwc,.ocl...ocj_z(ocj_l),

szGj_l/F{aj_l}(G

EZG,.OLI ...ocj_z(ocj_l);t@, and 1 iF{aj_l}(Gf—l

)CG]-_I.

) # 1, we see that for the constructed sequence of the groups
G, G, Gy Gy oo, Gy

WY

Since F{aj }(G

it follows that
G| >|G|>|G,|>|Gy|>...>|G,|>....

Since the group G is finite, we obtain G, = 1 for some number k. But

szGk_l/F{aH}(Gk_l).

This implies that E{a | (Gk -1 ) =G, _,, a contradiction.
k

-1
Thus, our assumption is not true and ) < £. Hence $) = £. The theorem is proved.
Note that theorem 2 gives an affirmative answer to question of A. Tzarev on distributivety of the lattice of
all totally c-local formations of finite groups [11, question 3.2].
Let § and 9 be totally 6-local formations such that 9 < §, then F/S 9 denotes the lattice of all totally
o-local formations between 21 and §.
Corollary 3. Let § and $) be totally 6-local formations. Then the lattice isomorphism holds

SVeHEH=F2FNH.

In the case when 6 = 6,, we get from theorem 2 the following known results.

Corollary 4 [16]. The lattice , of all totally local formations is distributive.

Corollary 5 [2, p. 169]. The lattice of all soluble totally local formations is distributive.

Corollary 6 [17]. The lattice |, of all totally local formations is modular.

Recall that if § and 91 are totally local formations, 91  §, then by the symbol F/_ 9 denotes the lattice
of all totally local formations between 9t and §.

Corollary 7 [17]. Let § and I be totally local formations. Then we have

SV, M/ IM=F /5N M.
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