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УДК 519.714:004.3

СИНТЕЗ КВАНТОВЫХ СХЕМ  
НА ОСНОВЕ НЕ ПОЛНОСТЬЮ ОПРЕДЕЛЕННЫХ  

ФУНКЦИЙ И ifif-ДИАГРАММ РЕШЕНИЙ

A. A. ПРИХОЖИЙ 1)

1)Белорусский национальный технический университет, 
пр. Независимости, 65, 220013, г. Минск, Беларусь

Рассматривается задача синтеза и оптимизации логических обратимых и квантовых схем по функциональ-
ным описаниям, представленным диаграммами решений. Задача относится к ключевым проблемам, решаемым 
в целях создания квантовых компьютеров и технологий квантовых вычислений. Предлагается новый метод по-
следовательной трансформации исходной функциональной спецификации в квантовую схему, предусматриваю-
щий следующие состояния проекта: сокращенную упорядоченную диаграмму двоичных решений, if-диаграмму 
решений, функциональную if-диаграмму решений, обратимую схему, квантовую схему. Новизна метода состоит 
в расширении разложений Шеннона и Давио булевой функции по отдельной переменной до разложений этой же 
функции по другой булевой функции с получением продуктов разложения, представленных не полностью опре-
деленными функциями. Неопределенность в продуктах разложения расширяет возможности по минимизации 
графового представления заданной функции. Вместо двух исходящих ветвей вершины двоичной диаграммы ге-
нерируются три исходящие ветви вершины if-диаграммы, что увеличивает уровень параллелизма в обратимых 
и квантовых схемах. Для каждого шага трансформации предложены свои правила отображения, сокращающие 
число линий и вентилей и глубину схемы. Сравнение новых результатов с результатами, полученными извест-
ным методом отображения вершин двоичных диаграмм решений на каскады обратимых и квантовых вентилей, 
показало, что использование предложенного метода позволит существенно улучшить параметры синтезируемых 
квантовых схем.

Ключевые слова: обратимое вычисление; квантовая логическая схема; синтез; не полностью определенная 
функция; разложение функции; диаграмма решений; размер схемы; глубина схемы; минимизация.

SYNTHESIS OF QUANTUM CIRCUITS  
BASED ON INCOMPLETELY SPECIFIED FUNCTIONS  

AND if-DECISION DIAGRAMS

A. A. PRIHOZHY  a

aBelarusian National Technical University, 65 Niezaliežnasci Avenue, Minsk 220013, Belarus

The problem of synthesis and optimisation of logical reversible and quantum circuits from functional descriptions 
represented as decision diagrams is considered. It is one of the key problems being solved with the aim of creating quan-
tum computing technology and quantum computers. A new method of stepwise transformation of the initial functional 
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specification to a quantum circuit is proposed, which provides for the following project states: reduced ordered binary 
decision diagram, if-decision diagram, functional if-decision diagram, reversible circuit and quantum circuit. The novelty 
of the method consists in extending the Shannon and Davio expansions of a Boolean function on a single variable to the 
expansions of the same Boolean function on another function with obtaining decomposition products that are represented 
by incompletely defined Boolean functions. Uncertainty in the decomposition products gives remarkable opportunities for 
minimising the graph representation of the specified function. Instead of two outgoing branches of the binary diagram ver-
tex, three outgoing branches of the if-diagram vertex are generated, which increase the level of parallelism in reversible and 
quantum circuits. For each transformation step, appropriate mapping rules are proposed that reduce the number of lines, 
gates and the depth of the reversible and quantum circuit. The comparison of new results with the results given by the 
known method of mapping the vertices of binary decision diagram into cascades of reversible and quantum gates shows 
a significant improvement in the quality of quantum circuits that are synthesised by the proposed method.

Keywords: reversible computation; quantum logic circuit; synthesis; incompletely specified function; expansion of 
function; decision diagram; circuit size; circuit depth; minimisation.

Introduction
Nowadays, the synthesis of reversible and quantum logic circuits is an intensely investigated scientific 

direction [1– 4]. The circuits have the same number of inputs and outputs, consist of reversible gates and imple-
ment permutation functions, therefore carry out information-lossless computations and have the dramatically 
reduced power consumption. The application domains of reversible computations are optical and DNA com-
puting, nanotechnologies, cryptography and quantum computers [5]. The reversible and quantum design flow 
is mostly similar to the design automation flow of electronic circuits. It considers a design at abstraction levels 
from technology independent behavioural (high-level) descriptions to technology dependent quantum-level 
descriptions. Methods of synthesis of reversible and quantum logic circuits has been developed in [6 – 9]. Firstly, 
a reversible quantum compiler maps an input functional or algorithmic specification to a technology independent 
logic description that is composed of reversible gates from a reversible gate library. Its goal is the minimisation 
of the number of gates and the number of lines (qubits). Different intermediate representations and formats, 
including truth tables, binary decision diagrams (BDD), reduced ordered binary decision diagrams (ROBDD), 
functional decision diagrams (FDD), reduced ordered functional diagrams (ROFDD), Reed – Muller forms, etc., 
have been proposed in the literature [10 –14]. At this level, exact and heuristic synthesis methods are used. 
The method based on Boolean satisfiability [15] gives exact solutions for only small circuit sizes. To synthesise 
larger functional specifications, heuristic methods as follows are proposed [6; 9; 10; 16]: transformation-based 
approach, evolutionary algorithms, decision diagram based methods, etc. Secondly, the obtained reversible 
logic circuit is mapped to a quantum circuit composed of technology dependent quantum gates from a quantum 
elementary gate library. 

The approach proposed in [12] immediately maps a ROBDD to a reversible and then a quantum circuit. 
A new class of if-decision diagrams (IFD) and functional if-decision diagrams (FIFD) that is based on incom-
pletely specified Boolean functions is proposed in [17–19]. The main contribution of this paper is as follows: 
1) novel expansions of incompletely and completely specified Boolean functions, which use a minimisation 
operation, perform efficient transition from ROBDD to IFD, support the synthesis of three-branch-node dia-
grams with higher parallelism; 2) new step-wise method of transforming ROBDD to IFD and further trans-
forming IFD to FIFD of reduced size and (or) depth; 3) efficient rules of mapping FIFD nodes to cascades of 
reversible gates and mapping FIFD to a reversible circuit; 4) new techniques for synthesis, minimisation and 
parallelisation of quantum circuits from the reversible circuits.

Reversible logic circuits
A reversible circuit [1; 3] realises a reversible logic function by means of lines and reversible gates. The func-

tion is bijective since it has equal number of inputs and outputs, maps each input to a unique output, and is 
capable of reconstructing the input from the output. The circuit has no fan-out and feedback connections. 
The lines are labeled by Boolean variables of a set X. The reversible gate has the form of G T C, ,( )  where 
T ⊂ X is a set of target lines, and C ⊂ X is a set of control lines (C ∩ T = ∅). The gate operation is applied 
to the target line if the control lines meet a true condition. The target line is represented by ⊕, and its con-
trol line is represented by ·. Nowadays, some reversible gate libraries are available. The NCT library [1] 
includes (fig. 1, a) the NOT gate, the CNOT gate with one control line, and the Toffoli gate with two control 
lines. The GT library [6] includes generalised multiple-control Toffoli gates. The Toffoli gate maps three inputs 
to three outputs: G L C C L C C C C, , , , ,0 1 0 1 0 1( ) = ⊕ ∧( )( )  where ⊕ is exclusive-or; ∧ is Boolean conjunction; 
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L is input at target line; C0, C1 are conditions at control lines. The CNOT gate maps two inputs to two outputs: 
G L C L C C, , .0 0 0( ) = ⊕( )  The NOT gate realises Boolean inversion: G L L( ) = ¬( ). Therefore, the reversible 
circuit describes a behaviour with a superposition of three Boolean operations: ¬, ∧ and ⊕.

Quantum logic circuits
Quantum circuits carry out computations by changing states of qubits [1; 3]. The qubit state is Ψ = +α b0 1 ,

Ψ = +α b0 1 , where α and b are complex numbers such that α b2 2
1+ = . Quantum gates perform operations on 

qubits. A cascade of quantum gates applied to qubits is a quantum circuit. Quantum logic gates and circuits 
are reversible. Competitive quantum gate libraries are developed. The NCV library [1] is the most commonly 
used for synthesis of quantum circuits. Its gates require Boolean control lines. To the NOT and CNOT gates, 
the NCV adds V, CV, V + and CV + gates, which are known as square-root of the NOT gate:
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The NCV- v1  [3] library considers a 4-level (0, v0, 1 and v1) quantum system and uses qudits instead of qubits. 
Its gates use v1 as control value. Figure 2, a, depicts the key NCV and NCV- v1  quantum gates. The NOT gate 
without control, and CNOT gate controlled by 1 are similar to the corresponding gates of NCT. NCV- v1  in-
troduces a CNOT gate controlled by v1. The gate keeps the value unchanged if c ≠ v1. There are V and V + gates 
without control and with control by v1. Figure 2, b, describes the gates’ mapping functions.

Since the quantum libraries have no gate that immediately implements the Toffoli gate, they replace the gate 
by a cascade of quantum gates from the NCV (fig. 3, a) or NCV- v1  (fig. 3, b) library. A n-control Toffoli gate can 
be replaced by 2n + 1 quantum gates from NCV- v

1
.  After the replacement, minimisation techniques can reduce 

the quantum circuit size. Figure 3, c, depicts a minimised quantum circuit of 1-bit full adder.

 а b

Fig. 1. Reversible gates of NCT library: 
a – reversible gates NOT, CNOT and CCNOT (Toffoli);  

b – realisation of 1-bit full adder by cascade of gates

Fig. 2. Quantum gates of NCV and NCV- v1  libraries: 
a – quantum gates NOT, CNOT, V and V +; b – operation of quantum gates in 4-level quantum system

g NOT( g) V( g) V +( g)

0 1 v0 v1

v0 v1 1 0
1 0 v1 v0

v1 v0 0 1
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Approaches for modelling, synthesis  
and optimisation of reversible and quantum circuits

Various models and methods are used for synthesis and optimisation of reversible and quantum logic circuits. 
Reed – Muller expansions (Zhegalkin polynomials). The forms are based on two-level AND/EXOR and 

directly mapped into reversible circuits using the multi-control Toffoli gates. 
Optimisation based on exclusivesumofproducts (ESOP). Described in the literature [11] approaches for 

minimising the exclusive-or of Boolean cubes are applicable to reversible and quantum circuits.
Quantum operator form. It is a quantum extension [14] to the Reed – Muller form, which represents quan-

tum circuits based on the CNOT, CV and CV + quantum gates, and permits minimisation of circuits by using 
properties of quantum gates in addition to Toffoli gates.

Binary decision diagram. It is a graph representation of a Boolean function [12; 13] based on the Shannon 
expansion (1) of Boolean function f x x x xn( ) = …( ), , ,1  on variable xi:

 f x f x fi x i xi i
= ¬ ∧ ∨ ∧= =0 1,  (1)

where ∨ is Boolean disjunction. Residual functions fxi = 0  and fxi =1  are called negative and positive cofactors. 
Syntactically, BDD is a rooted acyclic directed graph consisting of terminal nodes labeled by 0 and 1 and 
non-terminal nodes (fig. 4, a) labeled by Boolean variables xi ∈ X and having outgoing edges low and high. 
Term bdd x n pi, ,( ) denotes a non-terminal node. In a reduced ordered ROBDD, the variable order is the same 
along all paths from root to leaves. Rules S and I perform the reduction: rule S deletes non-terminal node 
v bdd x n ni= ( ), ,  and redirects the incoming edges from v to n; rule I removes one of two identical nodes and 
redirects its incoming edges to the remaining node. Figure 4, b, depicts an example ROBDD.

Fig. 3. Realisation of Toffoli two-control gate by cascades of quantum gates: 
a – cascade of NCV library gates; b – cascade of NCV- v1  library gates;  

c – quantum circuit for 1-bit full adder

Fig. 4. Binary and functional decision diagrams: a – non-terminal node of BDD;  
b – example ROBDD (1– 6 denote the diagram node numbers); c – non-terminal node of FDD
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Functional decision diagrams. The positive and negative Davio expansions (2) and (3) of Boolean function 
f x( ) was a basic idea for creating the FDD:
 f f x f fx i x xi i i

= ⊕ ∧ ⊕( )= = =0 0 1 ,  (2)

 f f x f fx i x xi i i
= ⊕ ¬ ∧ ⊕( )= = =1 0 1

.  (3)

Constructively FDD is similar to BDD. The non-terminal node (fig. 4, c) is labeled by xi ∈ X, and has two 
outgoing edges low and ⊕, which point two sub-diagrams representing cofactors n fxi= = 0 and b f fx xi i

= ⊕= =0 1
 

respectively for (2). Term fdd x n bi , ,( ) denotes the FDD. A ROFDD orders the variables and has exactly two 
terminal nodes labeled by 0 and 1. Two rules D and I reduce the diagram: rule D deletes non-terminal node 
v fdd x ni= ( ), , 0  and redirects the incoming edges from v to n; rule I is the same as for ROBDD. Figure 5, a, de-
picts an example ROFDD derived from the example ROBDD. The ROFDD’s nodes match well reversible gates.

Works [11; 12] propose a technique of synthesising a reversible circuit from ROBDD, which substitutes all 
diagram nodes with cascades of reversible gates. The size of reversible circuit directly depends on the ROBDD 
size. Since the ROBDD size can grow exponentially over the number of input variables, the reversible circuit size 
can grow exponentially too. An alternative technique first transforms ROBDD to ROFDD, and then maps the 
ROFDD to a reversible circuit. Figure 5, b, depicts a reversible circuit synthesised from the example ROFDD.

Quantum gates controlled by various quantum levels. The gates controlled by value v1 that are introduced 
in the NCV- v1  library reduce the overall size of cascades that realise the multiple-control Toffoli gates [3; 6].

Template matching. It is a common approach to reversible and quantum circuit simplification [6]. Each 
template that is a cascade of gates in a circuit is replaced by a functionally equivalent smaller cascade.

Using additional ancillaries. Sometimes extra ancillary lines leads to reducing the quantum circuit size and 
depth [16].

Parallelisation of gates. In a reversible or quantum circuit, two adjacent gates G T C1 1,( ) and G T C2 2,( ) 
can be parallelised [16] and decrease the circuit depth if T C T C1 1 2 2∪( ) ∩ ∪( ) = ∅.

Expansions of incompletely specified functions
Let B = { }0 1,  be the set of Boolean values. Set M dc= { }0 1, ,  extends B with a don’t care value dc. 

A partial variable yi assumes values from M. A partial function F y( ) (also known as Kleene function) 
of variable y y yn= …( )1, ,  is a mapping F: M n → M. From functions F y( ) and Ψ y( ), a superposition 
F Ψy y y y yi i n1 1 1, , , , , ,… ( ) …( )− +  can be created describing a new partial function. Key unary and binary 
partial operations are analogues of Boolean unary and binary operations. A partial negation ~ yi (analogue of 
Boolean negation ¬) produces 1, 0 and dc if yi is 0, 1 and dc respectively. Table 1 defines key partial binary 
operations: conjunction (&), disjunction (+), implication (⇒) and exclusive disjunction (⊗). These are analogues 

Fig. 5. Mapping BDD to reversible circuit:  
a – example ROFDD that is functionally equivalent  

to example ROBDD (1– 9 denote the diagram node numbers); 
b – realisation of ROFDD by reversible circuit (diagram node numbers are above columns)
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of the Boolean operations ∧, ∨, → and ⊕. For partial operations ~, & and +, the following laws hold: associa tivity, 
commutativity, distributivity, identity, annihilator, idempotence, double negation, De Morgan’s laws and others.

Ta b l e  1
Binary partial logic operations

Variable y1 0 0 0 1 1 1 dc dc dc
Notation

Variable y2 0 1 dc 0 1 dc 0 1 dc
Conjunction 0 0 0 0 1 dc 0 dc dc y1 & y2

Disjunction 0 1 dc 1 1 1 dc 1 dc y1 + y2

Implication 1 1 1 0 1 dc dc 1 dc y1 ⇒ y2

Exclusive disjunction 0 1 dc 1 0 dc dc dc dc y1 ⊗ y2

An incompletely specified function ϕ x( ) of vector Boolean variable x x xn= …( )1, ,  is a mapping ϕ: B n → M. 
Three sets represent ϕ x( ): on-set ON ϕ; off-set OFF ϕ and don’t care set DCϕ. Three Boolean characteristic 
functions describe the sets: ϕon x( ), ϕoff x( ) and ϕdc x( ). Function ε x( ) is an extension of ϕ x( ) if ON ε ⊇ ON ϕ 
and OFF ε ⊇ OFF ϕ.

Definition 1. A pair f x d x( ) ( )( ) of Boolean functions is called a value / domain representation of an in-
completely specified function ϕ x( ) if f x x xon on dc( ) ⊆ ( ) ∪ ( )ϕ ϕ  denotes a value Boolean function and d x x( ) = ¬ ( )ϕdc

d x x( ) = ¬ ( )ϕdc  denotes a certainty domain Boolean function (or simply domain function). The pair specifies that 
ϕ x( ) = 1 in the area described by Boolean characteristic function ϕon x f x d x( ) = ( ) ∧ ( ), ϕ x( ) = 0 in the area 
described by Boolean characteristic function ϕoff x f x d x( ) = ¬ ( ) ∧ ( ), and ϕ x dc( ) =  in the area described by 
Boolean characteristic function ϕdc x d x( ) = ¬ ( ).

Function ϕ x( ) specifies constant 0, constant 1 and constant dc by terms 0 1( ), 1 1( ) and v 0( ) respectively 
where v is an arbitrary Boolean function. Since the partial logic operations can be applied to pairs f x d x( ) ( )( ), 
it becomes possible to construct expressions for describing various incompletely specified functions. It also 
appears to be possible to reduce such expressions to a pair of Boolean functions that are described by Boolean 
expressions.

Theorem 1. Following equalities hold for any incompletely specified functions v d1 1( ) and v d
2 2( ).

  v d v d1 1 1 1( ) = ¬( ),  (4)

 v d v d v v d d v d v d1 1 2 2 1 2 1 2 1 1 2 2( ) ( ) = ∧ ∧ ∨ ¬ ∧ ∨ ¬ ∧( )& ,  (5)

 v d v d v v d d v d v d1 1 2 2 1 2 1 2 1 1 2 2( ) + ( ) = ∨ ∧ ∨ ∧ ∨ ∧( ),  (6)

 v d v d v v d d v d v d1 1 2 2 1 2 1 2 1 1 2 2( ) ⇒ ( ) = → ∧ ∨ ¬ ∧ ∨ ∧( ),  (7)

 v d v d v v d d
1 1 2 2 1 2 1 2( ) ⊗ ( ) = ⊕ ∧( ).  (8)

P r o o f. The equalities are proved in work [18, p. 65–71].
An advantage of equalities (4) – (8) is that the value function of each right part is a Boolean operation that 

corresponds to the partial operation of the left part. The domain function of the right part is a Boolean function 
of four essential variables v1, d1, v2, d2. Equalities (4) – (8) allow the development of expansions of incompletely 
specified functions on partial logic operations. Let construct expansions on operations &, + and ~.

Theorem 2. The following equality holds for any incompletely specified function f d( ) and any Boolean 
function c.
 f d c f d c c f d c( ) = ( ) ∧( ) + ( ) ∧ ¬( )1 1& & .  (9)

P r o o f. Using (4) – (6), the right part of (9) is equivalently transformed to its left part:

c f d c c f d c

c f d c c f d c c f d c c

1 1

1

( ) ∧( ) + ( ) ∧ ¬( ) =

= ∧ ∧ ∨ ¬ ∧ ∨ ¬ ∧ ∧( ) + ¬ ∧ ∧ ¬ ∨

& &

∧∧ ∨ ¬ ∧ ∧ ¬( ) =

= ∧ ∨ ¬( ) + ¬ ∧ ∨( ) =

= ∧ ∨ ¬ ∧ ∨ ¬( ) ∧ ∨( ) ∨

1 f d c

c f d c c f d c

c f c f d c d c c ∧∧ ∧ ∨ ¬( ) ∨ ¬ ∧ ∧ ∨( )( ) =

= ∨ ∧ ∧ ∨ ∧ ∧ ¬( ) = ( )
f d c c f d c

f d f d c f d c f d .
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c f d c c f d c

c f d c c f d c c f d c c

1 1

1

( ) ∧( ) + ( ) ∧ ¬( ) =

= ∧ ∧ ∨ ¬ ∧ ∨ ¬ ∧ ∧( ) + ¬ ∧ ∧ ¬ ∨

& &

∧∧ ∨ ¬ ∧ ∧ ¬( ) =

= ∧ ∨ ¬( ) + ¬ ∧ ∨( ) =

= ∧ ∨ ¬ ∧ ∨ ¬( ) ∧ ∨( ) ∨

1 f d c

c f d c c f d c

c f c f d c d c c ∧∧ ∧ ∨ ¬( ) ∨ ¬ ∧ ∧ ∨( )( ) =

= ∨ ∧ ∧ ∨ ∧ ∧ ¬( ) = ( )
f d c c f d c

f d f d c f d c f d .
The theorem is proved.
Expansion (9) generalises the well-known Shannon expansion for incompletely specified functions. It re-

places a Boolean variable with an arbitrary Boolean function, and replaces cofactors on one Boolean variable 
with cofactors that are incompletely specified functions. 

Corollary 1. If  function d is constant 1 and f 1( ) is a completely specified function, (9) is reduced to (10):

 f c f c c f c1 1 1( ) = ( ) ( ) + ( ) ¬( )& ~ & .  (10)
Expansion (10) of the completely specified function introduces terms that describe incompletely specified 

functions with the same Boolean value function  f and domain functions c and ¬ c reducing the area of certainty. 
It is a strength of the expansion. Note that (8) does not support the development of similar expansions for ex-
clusive disjunction.

The following theorem and its corollaries allow to obtain novel expansions of an incompletely specified func-
tion whose domain function is represented by a complex Boolean expression. The expression is constructed of 
such operations as Boolean negation, conjunction, disjunction, implication and exclusive disjunction. The key ex-
pansion decomposes an incompletely specified function with the if-then-else Boolean function in the domain part.

Theorem 3. The following equality holds for any Boolean functions  f, e, g and h:
 f e g e h e f e g e f e h∧ ∨ ¬ ∧( ) = ( ) ∧( ) + ( ) ¬ ∧( )1 1& ~ & .  (11)

P r o o f. The right part of (11) is equivalently transformed to its left part using (4) – (6):

e f e g e f e h

e f e g e e f g e f e h e

1 1

1

( ) ∧( ) + ( ) ¬ ∧( ) =

= ∧ ∧ ∨ ¬ ∧ ∨ ∧ ¬ ∧( ) + ¬ ∧ ¬ ∧ ∨

& ~ &

∧∧ ∨ ¬ ∧ ¬ ∧( ) =

= ∧ ¬ ∨( ) + ¬ ∧ ∨( ) =

= ∧ ∨ ¬ ∧ ¬ ∨( ) ∧ ∨( ) ∨

1 e f h

e f e g e f e h

e f e f e g e h e ∧∧ ∧ ¬ ∨( ) ∨ ¬ ∧ ∧ ∨( )( ) =

= ∧ ∨ ∧ ∨ ¬ ∧ ∨ ∧ ∧ ∨ ¬ ∧ ∧( ) = ∧

f e g e f e h

f g h e g e h e f g e f h f e g ∨∨ ¬ ∧( )e h .

The theorem is proved.
Corollary 2. If function g is Boolean constant 1 and the domain function is Boolean disjunction e ∨ h 

then (11) is reduced to (12):
 f e h e f e e f e h∨( ) = ( ) ( ) + ( ) ¬ ∧( )1 1& ~ & .  (12)

Corollary 3. If function h is Boolean constant 1 and the domain function is Boolean implication e g e g→ = ¬ ∨
e g e g→ = ¬ ∨  then (11) is reduced to (13):

 f e g e f e g e f e→( ) = ( ) ∧( ) + ( ) ¬( )1 1& ~ & .  (13)
Corollary 4. If function g = ¬ h and the domain  function is Boolean exclusive disjunction e ⊕ h = 

= e ∧ ¬ h ∨ ¬ e ∧ h then (11) is reduced to (14):

 f e h e f e h e f e h⊕( ) = ( ) ∧ ¬( ) + ( ) ¬ ∧( )1 1& ~ & .  (14)

Corollary 5. Incompletely specified function f c( ), c e g e h= ∧ ∨ ¬ ∧  that is described by (11) can be 
considered as a positive cofactor of completely specified function f 1( ) in (10). Since ¬ = ∧ ¬ ∨ ¬ ∧ ¬c e g e h, 
a negative cofactor f c¬( )  is inferred from (11) by substituting ¬ g instead of g and substituting ¬ h instead 
of h. As a result, equality (10) can be transformed to (15):

 
f c e f e g e f e h

c e f e g

1 1 1 1

1 1

( ) = ( ) ( ) ∧( ) + ( ) ¬ ∧( )  +

+ ( ) ( ) ∧ ¬(
& & ~ &

~ & & )) + ( ) ¬ ∧ ¬( ) ~ & .e f e h1

 
(15)

Equalities (9) – (15) have a wonderful property: all domain functions in right part terms are conjunctions of 
positive and negative literals. The property simplifies the construction of cofactors of completely and incom-
pletely specified functions.
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Expansions based on minimisation  
of incompletely specified functions

In an incompletely specified function ϕ = ( )f c , Boolean function f may be replaced with any extension v 
from slice (16) without changing ϕ:
 f c v f c∧( ) ⊆ ⊆ ∨( )on on on

.  (16)
Since the functions of slice (16) may obtain different features, in particular they can produce quantum 

circuits of smaller time delay and (or) occupied area, the author of works [17; 18] introduced an operation 
v f c= ( )min  to select a best function of the slice. In (9) – (15), all incompletely specified functions represented 
by a pair f c( ) of Boolean functions may be replaced with the Boolean function min ,f c( )  and f 1( ) may be 
replaced with  f in case all partial logical operations are replaced by corresponding Boolean operations. It should 
be noted, in a single expression, several min operations can be considered as mutually dependent. It can improve 
the result of incompletely specified function minimisation. 

Thus, expansion (10) is transformed to the following expansion:
 f c f c c f c= ∧ ( ) ∨ ¬ ∧ ¬( )min min .  (17)

Expansion (17) generalises the Shannon expansion (2) by replacing a Boolean variable xi with a Boolean func-
tion c, and replacing the cofactors on xi with the cofactors on c and min. Expansion (15) with c e g e h= ∧ ∨ ¬ ∧  
from corollary 5 can be rewritten as follows:

 
f c e f e g e f e h

c e f e g e f

= ∧ ∧ ∧( ) ∨ ¬ ∧ ¬ ∧( )  ∨

∨ ¬ ∧ ∧ ∧ ¬( ) ∨ ¬ ∧

min min

min min ¬¬ ∧ ¬( ) e h .

 (18)

Expansion (18) has no analogue in the literature. Its special cases are expansion (19) for c = e ∧ g:

 f c f e g c e f e g e f e= ∧ ∧( )  ∨ ¬ ∧ ∧ ∧ ¬( ) ∨ ¬ ∧ ¬( ) min min min  (19)

and expansion (20) for c = e ⊕ h:

 
f c e f e h e f e h

c e f e h e f

= ∧ ∧ ∧ ¬( ) ∨ ¬ ∧ ¬ ∧( )  ∨

∨ ¬ ∧ ∧ ∧( ) ∨ ¬ ∧

min min

min min ¬¬ ∧ ¬( ) e h .

 (20)

Equalities (17) – (20) not only select a particular value function from slice (16) for each min operation, they 
rather prove to be held for any value function from slice (16) that corresponds to every incompletely specified 
term. The positive and negative Davio expansions are also generalised by means of using incompletely speci-
fied functions and the min operation:
 f f c c f c f c= ¬( ) ⊕ ∧ ¬( ) ⊕ ( )( )min min min ,  (21)

 f f c c f c f c= ( ) ⊕ ¬ ∧ ¬( ) ⊕ ( )( )min min min .  (22)

In expansions (17) – (22), the value function of all incompletely specified terms is  f. Contrary, the domain 
functions are different as well as the level of uncertainty they describe.

Most important realisations of the min operation are those reducing the number of essential variables in 
cofactors. For this reason, we consider the replacement of functions e, g and h with Boolean variables: e = xi, 
g = xj and h = xk. Moreover, we introduce new cofactors: fx xi j= =0 0, , fx xi k= =0 1, , fx xi k= =1 0, , fx xi j= =1 1, , fx xk i=  and 
fx xk i= ¬  of function  f. The first four cofactors are constructed on Boolean conjunction and are given by residual 

functions of two variables less. Cofactors fx xk i=  and fx xk i= ¬  being introduced by the authors of works [18; 20] 
replace variable xk with variable xi and its negation ¬ xi respectively, and reduce by one the number of essential 
variables in function  f. If c = xi ∧ xj ∨ ¬ xi ∧ xk , expansion (18) is transformed to expansion (23):

 f c x f x f c x f x fi x x i x x i x x i xi j i k i j
= ∧ ∧ ∨ ¬ ∧( ) ∨ ¬ ∧ ∧ ∨ ¬ ∧= = = = = =1 1 0 1 1 0, , , ii kx= =( )0 0, .  (23)

If c = xi ∧ xj, expansion (19) is transformed to expansion (24):

 f c f c x f x fx x i x x i xi j i j i
= ∧ ∨ ¬ ∧ ∧ ∨ ¬ ∧( )= = = = =1 1 1 0 0, , .  (24)
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If c = xi ⊕ xk , expansion (20) is transformed to expansion (25):
 f c f c fx x x xk i k i

= ∧ ∨ ¬ ∧= ¬ = .  (25)
Expansions (17) – (25) are capable of efficiently solving the problems of reversible and quantum circuit 

modelling, synthesis and optimisation.

If-decision diagrams
The author of works [17–19] proposed the concept of IFD and FIFD that are derived from expansions 

of incompletely specified functions. IFD is a rooted directed acyclic labeled graph consisting of non-termi-
nal and terminal nodes. Semantically a non-terminal node of the graph is interpreted as a representation of 
Boolean function using (17). Figure 6, a, depicts a non-terminal node of IFD, which is not labeled and has three 
outgoing edges if, high and low. Edge if points a sub-graph representing function c. Edge high points a sub-
graph representing function g f c= ( )min . Edge low points a sub-graph representing function h f c= ¬( )min . 
A term ifd c g h, ,( ) denotes the node. A labeled terminal node represents a Boolean constant 0, constant 1, 
variable xi or its negation ¬ xi. IFD can be with or without complement edges. Many reduction rules can 
be applied to IFD. The S and I rules of reducing ROBDD are also applicable to IFD. The rules as follows 
being inapplicable to BDD are new for reducing IFD: ifd c c h ifd c h, , , , ,( ) = ( )1  ifd c c h ifd c h, , , , ,¬( ) = ( )0  
ifd c g c ifd c g, , , , ,( ) = ( )0  ifd c g c ifd c g, , , ,¬( ) = ( )1  and others. A biconditional binary decision diagram that 
is proposed in works [18; 20] is a special case of IFD at c = xi ⊕ xi + 1 and is efficiently applicable to the syn-
thesis of reversible and quantum circuits.

Figure 6, b, depicts a non-terminal node of positive FIFD constructed using expansion (21). The node 
has three outgoing edges if, low and ⊕, which point sub-graphs representing functions c, min f c¬( ) and 
min minf c f c¬( ) ⊕ ( ) respectively. Slightly different negative FIFD is constructed using expansion (22). 
The non-terminal nodes of IFD and FIFD have different views. IFD and FIFD are a promising generalisation 
of BDD and FDD. All BDDs and FDDs including ROBDDs and ROFDDs can be directly modelled by IFDs 
and FIFDs. At the same time, tremendous number of IFD and FIFD configurations exist that are not modelled 
by BDD and FDD. The configurations may allow producing quantum circuit solutions, which overcome those 
provided by BDD and FDD regarding time and cost parameters. IFD and FIFD have three outgoing edges in-
stead of two in BDD and FBDD, therefore their capabilities for parallelisation are much larger [19].

Synthesis of if-decision diagrams  
from binary decision diagrams

Starting from BDD or ROBDD, we ask the question, what could be a method of generating a functionally 
equivalent IFD, which has better parameters? To synthesise an IFD of a smaller size and (or) depth, we have 
developed a method, which intensively exploits the expansions of logic functions proposed in previous sec-
tions. Key points of the method are as follows:

1) the transition from ROBDD to IFD which reduces the diagram size and (or) depth is accomplished by the 
step-wise replacement of nodes with two outgoing edges by nodes with three outgoing edges; the transition is 
carried out by applying the proposed expansions of incompletely and completely specified functions, minimi-
sation operation and reduction rules;

Fig. 6. Non-terminal node of IFD (a) and positive FIFD (b)
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2) the construction of a new non-terminal ifd-node is based on the selection of two or three variables xi, xj 
and xk , and a Boolean function c from the set x x x x x x x xi j i k i j i k∧ ∨ ¬ ∧ ∧ ⊕ …{ }, , ,  including numerous 
modifications of the set’s functions obtained by replacing positive literals with negative literals in various 
combinations;

3) the selection of a preferable expansion and one or more sub-diagrams is carried out for the chosen c func-
tion. The selection depends on the expansion properties and sub-diagram features associated with their ability 
of further diagram reduction;

4) the introduction of new ifd-nodes and applying the selected expansion to selected sub-diagrams give 
a new intermediate IFD;

5) the application of reduction rules to the current IFD gives a next-step IFD of decreased size and depth;
6) the diagram step-wise transformation is over if no expansion and sub-diagram have been found improving 

the IFD parameters.
Let demonstrate how the technique works on the example ROBDD depicted in fig. 4, b, which is imme-

diately transformed to a non-reduced initial IFD depicted in fig. 7, a.

First observe that the sub-diagram consisting of non-terminal nodes 2 and 4 (node numbering in fig. 4, b) 
can be represented by a term t ifd x ifd x t t ifd x t2 2 1 6 6 1 61= ( ) ( )( ), , , , , , , where t2 and t6 are sub-diagrams on 
nodes 2 and 6 respectively. Let construct function c = ¬ x2 ∧ x1 that selects constant 1 in the term and re-
writes (24) to (26):
 f c f c x f x fx x x x x= ∧ ∨ ¬ ∧ ¬ ∧ ∨ ∧( )= = = = =2 1 2 1 20 1 2 0 0 2 1, , .  (26)

Expansion (26) allows grouping identical nodes in such a way that the IFD is reduced significantly. 
Its application to t2 gives ifd ifd x x ifd x ifd x t t t2 1 2 1 6 6 60 1, , , , , , , , ,( ) ( )( )( )  which can be reduced to IFD2 2 1 60 1= ( )( )ifd ifd x x t, , , ,

IFD2 2 1 60 1= ( )( )ifd ifd x x t, , , ,  using the S reduction rule twice. Similarly, the sub-diagram consisting of 
non-terminal nodes 3 and 5 is represented as t ifd x ifd x t3 2 1 60 0= ( )( ), , , , . Applying expansion (26) to t3 
gives ifd ifd x x t ifd x ifd x2 1 6 2 10 0 0 0, , , , , , , , ,( ) ( )( )( )  which is reduced by the S reduction rule to IFD3 2 1 60 0= ( )( )ifd ifd x x t, , , , .

IFD3 2 1 60 0= ( )( )ifd ifd x x t, , , , .

Merging the initial IFD root with IFD2 and IFD3 yields an intermediate IFD depicted in fig. 7, b. Its size is 4 
non-terminal nodes, one less against the IFD shown in fig. 7, a. Since the outgoing if-edges of nodes 1, 2 and 3 
point two variables x3 and z, and the high-edge of node 2 and the low-edge of node 3 point the same variable x0, 
it is reasonable to apply expansion (25) to the IFD using c = z ⊕ x3. Term ifd z ifd z x ifd z x¬ ( ) ( )( ), , , , , ,0 00 1  
describes the cofactor fx z3 = ¬ . It can be reduced to ifd z z¬( ) =, , .0 1  Term ifd z ifd z x ifd z x, , , , , ,0 00 1( ) ( )( ) de-
scribes the cofactor fx z3 = . It can be reduced to ifd z x x x, , .0 0 0( ) =  Merging the diagrams that represent function 
c = z ⊕ x3, cofactor fx z3 = ¬  and cofactor fx z3 =  gives the final optimised IFD depicted in fig. 7, c. The diagram 
size is 3 non-terminal nodes, 2 nodes less than the size of the initial IFD shown in fig. 7, a. 

Fig. 7. Transforming example ROBDD to IFD:  
a – initial IFD (1–5 denote the diagram node numbers);  

b – intermediate IFD (1–3 denote the diagram node numbers; z is a function associated with the node);  
c – minimised IFD (1–3 denote the diagram node numbers; dash line denotes complement edge)
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Mapping if-decision diagrams to reversible circuits
The technique of mapping IFD to a reversible circuit works in two steps: 1) mapping the IFD to a FIFD; 

2) mapping FIFD to a reversible circuit. Observing the IFDs depicted in fig. 7, we recognise five types of node. 
Table 2 presents rules of mapping each node of IFD to corresponding one or two nodes of FIFD. 

Ta b l e  2
Rules of mapping IFD nodes to FIFD nodes and further to reversible gates

No. Function Term IFD node Equivalent FIFD nodes Reversible gates

1 f  = c ∧ g ∨ ¬ c ∧ h ifd c g h, ,( )

2 f  = c ⊕ g ifd c g g, ,¬( )

3 f  = c ∧ g ifd c g, , 0( )

4 f  = ¬ c ∧ h ifd c h, ,0( )

5 f  = c ∨ h ifd c h, ,1( )

Fig. 8. Transforming optimised IFD to FIFD and then to reversible circuit:  
a – FIFD functionally equivalent to optimised IFD (1– 4 denote the diagram node numbers);  

b – reversible circuit realising the FIFD (diagram node numbers are above columns)
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For each IFD-node type, table 2 describes the corresponding Boolean function, term, graphical view 
of the node, corresponding FIFD nodes, and reversible gates, which implement the nodes. The IFD nodes 
realise the functions as follows: c ∧ g ∨ ¬ c ∧ h, c ⊕ g, c ∧ g, ¬ c ∧ h and c ∨ h. Let apply the rules to 
the optimised IFD shown in fig. 7, c. Figure 8, a, depicts the functionally equivalent FIFD. To estimate the 
efficiency of the proposed transformation technique, we apply the rules to the IFD from fig. 7, a, and ob-
tain the immediate FIFD (fig. 9, a). While the FIFD has the size of 7 non-terminal nodes and the depth of 
4 nodes, the optimised FIFD has the size of 4 non-terminal nodes and the depth of 3 nodes. Mapping the 
FIFD nodes to reversible gates yields for optimised and immediate FIFDs the reversible circuits depicted 
in fig. 8, b, and 9, b, respectively. 

The comparison of three reversible circuits shows the efficiency of the proposed synthesis – transfor-
mation – optimisation technique. The circuit from fig. 5, b, synthesised from the ROFDD (see fig. 5, a) 
consists of 8 reversible gates, has the depth of 8 and uses 3 ancillary lines. The circuit from fig. 9, b, syn-
thesised from the direct FIFD (see fig. 9, a) has the worsen parameters since it consists of 10 reversible 
gates, has the depth of 10 and uses 4 ancillary lines. The optimised circuit (see fig. 8, b) derived from 
FIFD has much better parameters since it consists of 5 reversible gates, has the depth of 5 gates and uses 
only 1 ancillary line.

Synthesis of quantum logic circuits  
from reversible circuits 

The synthesis technique and parameters of quantum logic circuits essentially depend on the quantum li-
brary. Since NCV- v1  is a library that allows the generation of good quality quantum circuits [3], we have 
developed a technique of mapping the reversible gates of NCT library to quantum gates of NCV- v1  library, 
which consists of the following steps:

1) replacing all two-control Toffoli reversible gates with the cascade of quantum gates that is depicted in 
fig. 3, b; the procedure reduces the critical path of quantum circuit;

2) reducing the obtained circuit size by annihilating consequent V + and V gates and deleting gates for unes-
sential line outputs;

3) parallelising the execution of quantum gates and reducing the circuit depth.
The procedure searches for such assignment of the V and V + gates to lines, which gives the lowest size and 

depth of resulting circuit. It has been applied to three reversible circuits shown in fig. 8, b, fig. 5, b, and fig. 9, b. 
Table 3 and fig. 10 show that the quantum circuit that is synthesised from the optimised IFD (see fig. 8, b) has 
the lowest size of 9 gates and the lowest depth of 8. The circuit synthesised from the ROBDD has a higher size 
of 16 gates and a higher depth of 11. The circuit synthesised from the direct IFD has a worst size of 21 gates 
and a worst depth of 17. The final and initial figures for the size and depth (see table 3) show that the size re-
duction of 4, 12 and 9 gates and the depth reduction of 1, 5 and 4 are obtained by the technique when applied 
to the optimised IFD, ROBDD and immediate IFD respectively.

Fig. 9. Transforming immediate IFD to FIFD and then to reversible circuit:  
a – FIFD that is functionally equivalent to immediate IFD (1–7 denote the diagram node numbers);  

b – reversible circuit realising the FIFD (diagram node numbers are above columns)
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Ta b l e  3
Comparison of synthesised reduced parallelised quantum circuits

Circuit NOT 
gates

CNOT 
gates V gates CV gates V + gates CV + gates Size  

(initial)
Depth  

(initial)
Ancillary  

lines

Optimised IFD 1 4 2 2 – – 9 (13) 8 (9) 1
ROBDD 0 8 3 4 0 1 16 (28) 11 (16) 3
Immediate IFD 1 9 4 5 1 1 21 (30) 17 (21) 4

Conclusion
The problem of modelling, synthesis and optimisation of digital reversible and quantum circuits has been 

considered. All quantum circuits are reversible, therefore the first step in the quantum circuit synthesis process 
is the optimisation of reversible circuits with further mapping to quantum circuits. Although several models 
and methods have been developed for synthesis of reversible and quantum circuits (Reed – Muller forms or 
Zhegalkin polynomials, quantum operator forms, BDD, FDD and others), the problem of minimising the cir-
cuit size and depth is still open and requires further scientific research.

It is assumed in the literature that the ROBDD that is derived from the Shannon expansion with applying re-
duction rules is a most compact representation of Boolean functions. The promising extension of ROBDD is IFD, 
which is based on decomposition of incompletely specified functions and is capable of increasing the parallelisa-
tion potential of diagrams. This paper has obtained theoretical results which show that the IFD can provide graph 

Fig. 10. Quantum circuits synthesised from optimised IFD (a) and ROBDD (b).  
Numbers of columns indicate parallelisation steps
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representations that have lower size and depth against ROBDD. To synthesise IFDs with such properties, novel 
expansions of completely and incompletely specified Boolean functions that are based on the minimisation 
operation have been proposed in the paper. They allow for a particular diagram to find reconstructions that lead 
to reduction of the resulting diagram size and depth.

To synthesise a reversible circuit, the rules of transforming IFD to FIFD, which intensively use exclusive-or 
operations and extend the known functional binary decision diagrams have been proposed. New expansions 
of incompletely specified functions that extend the positive and negative Davio expansions of Boolean func-
tions lie in the basis of constructing and generating FIFD. The FIFD is a source of generating a reversible circuit 
of smaller size by means of mapping diagram nodes to cascades of reversible gates. The technique of synthe-
sising and optimising a quantum circuit from the generated reversible circuit has been developed in the paper. 
The optimisation aims at the reduction of quantum gate count after replacing Toffoli gates with cascades of 
quantum gates. It takes into account unessential output variables and carries out the reduction of the quantum 
circuit depth due to parallelisation. All stages of transforming ROBDD through IFD to a quantum circuit are 
illustrated by an example, which has shown the advantages of the obtained theoretical results.
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