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Approaches for modelling, synthesis  
and optimisation of reversible and quantum circuits

Various models and methods are used for synthesis and optimisation of reversible and quantum logic circuits. 
Reed – Muller expansions (Zhegalkin polynomials). The forms are based on two-level AND/EXOR and 

directly mapped into reversible circuits using the multi-control Toffoli gates. 
Optimisation based on exclusive-sum-of-products (ESOP). Described in the literature [11] approaches for 

minimising the exclusive-or of Boolean cubes are applicable to reversible and quantum circuits.
Quantum operator form. It is a quantum extension [14] to the Reed – Muller form, which represents quan-

tum circuits based on the CNOT, CV and CV + quantum gates, and permits minimisation of circuits by using 
properties of quantum gates in addition to Toffoli gates.

Binary decision diagram. It is a graph representation of a Boolean function [12; 13] based on the Shannon 
expansion (1) of Boolean function f x x x xn( ) = …( ), , ,1  on variable xi:
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where ∨ is Boolean disjunction. Residual functions fxi = 0  and fxi =1  are called negative and positive cofactors. 
Syntactically, BDD is a  rooted acyclic directed graph consisting of terminal nodes labeled by 0 and 1 and 
non-terminal nodes (fig. 4, a) labeled by Boolean variables xi ∈ X and having outgoing edges low and high. 
Term bdd x n pi, ,( ) denotes a non-terminal node. In a reduced ordered ROBDD, the variable order is the same 
along all paths from root to leaves. Rules S and I perform the reduction: rule S deletes non-terminal node 
v bdd x n ni= ( ), ,  and redirects the incoming edges from v to n; rule I removes one of two identical nodes and 
redirects its incoming edges to the remaining node. Figure 4, b, depicts an example ROBDD.

Fig. 3. Realisation of Toffoli two-control gate by cascades of quantum gates: 
a – cascade of NCV library gates; b – cascade of NCV- v1  library gates;  

c – quantum circuit for 1-bit full adder

Fig. 4. Binary and functional decision diagrams: a – non-terminal node of BDD;  
b – example ROBDD (1– 6 denote the diagram node numbers); c – non-terminal node of FDD


