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БГУ – столетняя история успеха

Functional decision diagrams. The positive and negative Davio expansions (2) and (3) of Boolean function 
f x( ) was a basic idea for creating the FDD:
 f f x f fx i x xi i i

= ⊕ ∧ ⊕( )= = =0 0 1 ,  (2)

 f f x f fx i x xi i i
= ⊕ ¬ ∧ ⊕( )= = =1 0 1 .  (3)

Constructively FDD is similar to BDD. The non-terminal node (fig. 4, c) is labeled by xi ∈ X, and has two 
outgoing edges low and ⊕, which point two sub-diagrams representing cofactors n fxi= = 0 and b f fx xi i

= ⊕= =0 1 
respectively for (2). Term fdd x n bi , ,( ) denotes the FDD. A ROFDD orders the variables and has exactly two 
terminal nodes labeled by 0 and 1. Two rules D and I reduce the diagram: rule D deletes non-terminal node 
v fdd x ni= ( ), , 0  and redirects the incoming edges from v to n; rule I is the same as for ROBDD. Figure 5, a, de-
picts an example ROFDD derived from the example ROBDD. The ROFDD’s nodes match well reversible gates.

Works [11; 12] propose a technique of synthesising a reversible circuit from ROBDD, which substitutes all 
diagram nodes with cascades of reversible gates. The size of reversible circuit directly depends on the ROBDD 
size. Since the ROBDD size can grow exponentially over the number of input variables, the reversible circuit size 
can grow exponentially too. An alternative technique first transforms ROBDD to ROFDD, and then maps the 
ROFDD to a reversible circuit. Figure 5, b, depicts a reversible circuit synthesised from the example ROFDD.

Quantum gates controlled by various quantum levels. The gates controlled by value v1 that are introduced 
in the NCV- v1  library reduce the overall size of cascades that realise the multiple-control Toffoli gates [3; 6].

Template matching. It is a common approach to reversible and quantum circuit simplification [6]. Each 
template that is a cascade of gates in a circuit is replaced by a functionally equivalent smaller cascade.

Using additional ancillaries. Sometimes extra ancillary lines leads to reducing the quantum circuit size and 
depth [16].

Parallelisation of gates. In a reversible or quantum circuit, two adjacent gates G T C1 1,( ) and G T C2 2,( ) 
can be parallelised [16] and decrease the circuit depth if T C T C1 1 2 2∪( ) ∩ ∪( ) = ∅.

Expansions of incompletely specified functions
Let B = { }0 1,  be the set of Boolean values. Set M dc= { }0 1, ,  extends B with a don’t care value dc. 

A partial variable yi assumes values from M. A partial function F y( ) (also known as Kleene function) 
of variable y y yn= …( )1, ,  is a mapping F: M n → M. From functions F y( ) and Ψ y( ), a superposition 
F Ψy y y y yi i n1 1 1, , , , , ,… ( ) …( )− +  can be created describing a new partial function. Key unary and binary 
partial operations are analogues of Boolean unary and binary operations. A partial negation ~ yi (analogue of 
Boolean negation ¬) produces 1, 0 and dc if yi is 0, 1 and dc respectively. Table 1 defines key partial binary 
operations: conjunction (&), disjunction (+), implication (⇒) and exclusive disjunction (⊗). These are analogues 

Fig. 5. Mapping BDD to reversible circuit:  
a – example ROFDD that is functionally equivalent  

to example ROBDD (1– 9 denote the diagram node numbers); 
b – realisation of ROFDD by reversible circuit (diagram node numbers are above columns)


