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Ta b l e  2
Error constants of the fourth order methods  

with an extended stability interval  
and their damped versions

k Initial method Damped method
21 94.211 3 88.203 6
17 41.462 4 39.133 3
13 14.899 8 14.196
9 3.878 8 3.730 3

Increasing the grid step size. In the cases of sufficiently small errors aerr and rerr it makes sense to 
increase the step size t of method (2). In contrast to one-step methods [5, chapter II, section II.4], changing 
the step size t by an arbitrary factor causes serious computational difficulties (see also [3; 4; 6]). To simplify the 
process of updating the grid, we introduce the constant

irate =
t

t
new
,

where tnew is the step size after the increasing (fig. 5).

After increasing the grid step size, the density of nodes decreases, but their number must still be at least k 
to calculate the next value of the solution by the formula (2). We will store a grid of nodes of size

gsize irate k= −( ) + 1 1

to avoid extrapolation. It allows to calculate k nodes of the increased grid by the interpolation polynomial and 
continue solving using the formula (2) with the new step size tnew .

We used the Hermite interpolation polynomial in our implementation. For methods with p ≤ 3, the well-
known formula
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is enough to find the values of the missing nodes in the case irate = 3
2
. For higher order methods we used the 

more accurate formula
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Naturally, we have to completely fill the grid with solution values before the next increment. It is reaso-
nable to choose a method with irate k⋅ −( ) ∈1   to reduce the computational costs when grid values with an 
increased step size are calculated.

Fig. 5. Increasing the grid step size in the cases 

irate = 2 (top), irate =
3

2
 (middle) and irate =

4

3
 (bottom)


