BEL[[ECTBEHHBH?I, KOMITJIEKCHBIA
U ®YHKLMOHAJIBHBIN AHAJIU3

REAL, COMPLEX
AND FUNCTIONAL ANALYSIS

VIK 513.5

OB AITMPOKCUMAIINAX COIPAXEHHBIX OYHKIIUN
N NX IMTPON3BOAHBIX HA OTPE3KE YACTUYHbBIMU CYMMAMMA
PAAOB ®YPBE — UEBBIIIIEBA

II. I IOLEHKOV, E. A. POBBA", K. A. CMOTPHI[KUH"

DIpoonencruii 2ocydapemeennviii ynusepcumem um. A. Kynanoi,
yi. Oxcewro, 22, 230023, . [ poono, berapyco

Annomayus. V13ydeHs! anmpoKCUMaluy CONPSHKEHHbBIX (YHKLUI Ha OTpe3Ke [—1, 1] c wioTHocThIO f€ H (o) [—1, l],

ae (0, 1], comnpsbkeHHBIMU psigamMu Dypbe — YeObllieBa. YCTaHOBIEHBI TIOPSIIKOBBIE OIICHKH MPUOIMKEHUH, 3aBUCSIINE
OT TIONIOKEHHS TOYKH Ha oTpe3ke. OTMEUEHO, YTO MPUOMHKEHH Ha KOHIIAX OTpe3ka NMEIOT OOJIBIITYI0 CKOPOCTh yOBIBAHUS

OO0pa3en UUTUPOBAHUS:

[ometiko I1I, Posba EA, Cmorpunknit KA. O6 anmpoxcuma-
LUAX COMPSDKEHHBIX (DYHKIUH U NX MPOU3BOAHBIX HA OTPE3KE
4acTUYHBIMU cymMmMamu psitoB Dypee — Uebbiiesa. JKypran be-
JopyccKkoeo 2ocydapcmeeniozo ynusepcumema. Mamemamuxa.
HUnpopmamuxa. 2024;2:6—-18 (ua anrm.).

EDN: ZITNRS

For citation:

Patseika PG, Rouba YA, Smatrytski KA. On the approximation
of conjugate functions and their derivatives on the segment by
partial sums of Fourier — Chebyshev series. Journal of the Be-
larusian State University. Mathematics and Informatics. 2024,
2:6-18.

EDN: ZITNRS

ABTOpBI:

Ilasen I'ennaovesuu Iloyeiiko — kauUAT GU3NKO-MaTEMATH-
YeCKUX HayK; JIOLECHT Kadeapsl GyHIaMEeHTAIbHON 1 MIPUKIIA/I-
HOM MaTeMaTHKH (aKynbTeTa MaTeMaTUKU U MHPOPMATHUKH.
Egzenuit Anexceesuu Posoa — noxtop Gpr3nKo-MaTeMaTHIECKIX
HayK, Ipodeccop; 3aBerylomuii kagenpoil GpynnameHTansHOI
1 MPHUKIAJHON MaTeMaTuKH (aKynbTeTa MaTeMaTHKH 1 HH(OP-
MAaTHKH.

Koncmanmun Anamonveeuuy Cmompuyxuii — KaHIuIaT QU-
3MKO-MaTeMaTHYECKUX HayK, JOIEHT; TOLEeHT Kadeapsr GpyHna-
MEHTAJILHOW U IPHUKJIaJHOW MaTeMaTHKH (aKyJabpTeTa MaTema-
TUKH U NHQOPMATUKH.

Authors:

Pavel G. Patseika, PhD (physics and mathematics); associate
professor at the department of fundamental and applied mathe-
matics, faculty of mathematics and informatics.
pahamatby@gmail.com
https:/lorcid.org/0000-0001-7835-0500

Yauheni A. Rouba, doctor of science (physics and mathema-
tics), full professor; head of the department of fundamental and
applied mathematics, faculty of mathematics and informatics.
rovba.ea(@gmail.com

https:/lorcid.org/0000-0002-1265-1965

Kanstantin A. Smatrytski, PhD (physics and mathematics), do-
cent; associate professor at the department of fundamental and
applied mathematics, faculty of mathematics and informatics.
k_smotritski@mail.ru

https:/lorcid.org/0000-0001-9054-8691




BemmecTBeHHBII, KOMIUIEKCHBIH M GYHKIMOHAJILHBII aHAJIN3
Real, Complex and Functional Analysis

B CpaBHCHUH CO BCEM OTPE3KOM. BBC}ICHBI KJIaCChbI q)yHKHPIﬁ, KOTOPBIE MOXHO B HCKOTOPOM CMBICJIC aCCOIIMMPOBATH
C TIPOU3BOHOM COTIPSDKEHHOM (DYHKIINHU Ha OTPE3Ke [—1, 1], 1 M3y4YeHBI TPHOIMHKEHUS (PYHKINH U3 STHX KJIACCOB YacTH-
HbIMU cymmamu psiioB @ypre — Yebbimesa. Haiiieno nHTerpanbHoe npeacrasienue npudimmxkenuid. [Ipu miotHocTn
fe w'H (o) [—1, 1], ae (0, 1], YCTaHABJIMBAIOTCS TIOPSIKOBBIE OIEHKH MPUOIMKEHUH, TaKXKe 3aBUCAIINE OT MOJOKEHHS
TOYKH Ha OTpe3ke. PaccMoTpeH citydaif, Korjga IIOTHOCTD f (t) = |t|s, s > 1. IIpu 3TOM moITy4eHB! HHTErPAIbHOE IPE-

CTaBJICHUE MPHOIKEHNH, OLEHKN TTOTOYEYHBIX ¥ PABHOMEPHBIX MPUOIMKEHUH, aCHMITOTHYECKAsI OLICHKAa paBHOMEP-
HBIX TpHONIIKeHni. OTMEYEHO, YTO MOPAIKH PABHOMEPHBIX MPUONMKEHUH H3ydaeMon (DyHKIIMH 9aCTUYHBIMH CyMMaMHU
psna @ypbe — UebblmeBa 1 COOTBETCTBYIOIIEH €1 CONMPSKEHHON (DYHKIIMN CONPSKEHHBIMU CYMMaMH COBIAIAIOT.

Knrwouegvie cnoea: cuHrynspHBIN MHTErpajl HA OTPE3Ke; CONpshKeHHas QyHKuus; yciaosue Jlunmmua; psag @ypee —
UYeObImeBa; paBHOMEPHBIE OIEHKH; aCHMIITOTHYECKHE OIICHKH.

brazooapnocme. ABTOPBI BEIPAKAIOT UCKPEHHIOW OJIarofiapHoCTh podeccopy, T0KTOpy (HU3MKO-MaTeMaTHYECKUX
Hayk A. [Tekapckomy 3a psiJi IEHHBIX 3aMEUaHUI U COBETOB, KOTOPBIC OBIIM YYTEHBI B OKOHYATEIHLHON PEIaKIMK CTAaThH.

ON THE APPROXIMATION OF CONJUGATE FUNCTIONS
AND THEIR DERIVATIVES ON THE SEGMENT
BY PARTIAL SUMS OF FOURIER — CHEBYSHEV SERIES
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Abstract. In this paper, we study the approximation of conjugate functions with the density f e /) [-1,1], ae(0,1],
on the segment [—l, 1] by the conjugate Fourier — Chebyshev series. We establish the order estimations of the approxima-

tion depending on the location of a point on the segment. It is noted that approximation at the endpoints of the segment
has a higher rate of decrease in comparison with the whole segment. We introduce classes of functions, which, in a cer-

tain sense, can be associated with the derivative of a conjugate function on the segment [—1, 1], and the approximation
of functions from these classes by partial sums of the Fourier — Chebyshev series is studied. An integral representa-
tion of the approximation is found. In the case when the density fe W'H (“)[—1, 1], oe (0, 1], the order estimations of
the approximation, depending on the location of the point on the segment, are established. The case, when the density
f (t) =, s >1, is considered. In this case, an integral representation of the approximation, estimations for pointwise and

uniform approximations, as well as an asymptotic estimation for the uniform approximation are obtained. It is noted that the
order of the uniform approximations of the function under study by partial sums of the Fourier — Chebyshev series and
the corresponding conjugate function by conjugate sums coincide.

Keywords: singular integral on a segment; conjugate function; Lipschitz condition; Fourier — Chebyshev series; uni-
form estimations; asymptotic estimations.
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Introduction
The integral (in the sense of the Cauchy principal value) with a Cauchy-type kernel

WJ' tx\/? [ L 1] (1)

plays an important role in various fields of rnathematlcs and physics (see, for example, [1; 2]). For its existen-
ce it suffices to assume that the density f ( ) satisfies the Lipschitz condition of any order on the segment [ 1, 1]
It is known (see [3]) that the transformation f can be considered as one of the ways for defying the conjugate
function on the segment [ 1, 1]. We also associate f with the conjugate Fourier — Chebyshev series (this series
converges under the above said constrains):
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+o0
~

f(x) = Z c, sin(n arccos x), 2)

n=1

where
c, = %H 7 ()T, (t)i T, (1) =cos(narccost), n=1, 2
n Tcl n l_tz, n > 9 Sy ey
are the Fourier — Chebyshev coefficients. Note that f (cos 6) can be expressed in terms of the conjugate func-
tion to f (cos 6) using the singular integral with a Hilbert kernel

-0

2n
f(cos8) = _ZL I /(cost)ctg dt, 6 €[0, n].
T
0
Also it can be associated with the corresponding conjugate trigonometric Fourier series.
The study of conjugate functions in the trigonometric case began with the works of J. Priwaloff [4; 5],

A. Kolmogoroff [6], M. Riesz [7; 8]. Here we put special emphasis on the following result. Let A (“), 0<a<l,
be a class of conjugate functions with a density that satisfies the Lipschitz condition of order a.. The exact up-
per bounds of the deviations of partial sums of the conjugate 2n-periodic Fourier series from the functions of
classes 7'®) were found by S. Nikol’skii [9].

V. Motorny (see, for example, [10; 11]) studied approximations of singular integrals of the form (1) with
a density belonging to certain classes of continuous functions on the interval [—1, 1]. V. Misiuk and A. Pekar-
skii [12] solved the classical problem of N. Bari [13] and S. Stechkin [14] about the best approximation of
functions and their conjugates on a segment by algebraic polynomials.

The method of approximation of continuous functions on the segment [—1, 1], based on the Fourier — Che-
byshev series, has wide applications. Here we should mention the works of S. Nikol’skii [15], A. Timan [16],
I. Ganzburg [17], Yu. Rusetskii [18], I. Ganzburg and A. Timan [19]. At the same time, the study of the appro-
ximation properties of the conjugate Fourier — Chebyshev series (2) was episodic. For example, pointwise and
uniform approximations of the singular integral with a Hilbert kernel with a density having a power singularity
by partial sums of the conjugate Fourier — Chebyshev series were studied in [20].

In the first part of this work, we study the approximation of the conjugate functions of form (1) with the

density fe H (o) [—1, 1], 0 < a <1, by partial sums of the conjugate Fourier — Chebyshev series

2 2% dt
5.(f, x)=) ¢;sin(karccosx), ¢, == | f ()T, (¢ , xel-11].
()= Businlharcoss). o= [ FOR () xe o0
Let the series .
> ke, cos(karccosx), xe[-1,1],
k=1

be the Fourier — Chebyshev series of a summable on the segment [—1, 1] function. We consider the class of
functions that can be represented as follows:

+00

f(x)==3" ke, cos(karccosx), x e [-1, 1]. 3)
k=1

Interest in the study of such functions is due to their relationship with conjugate series (2). Indeed, in this
case (2) and (3) clearly imply the relation

f(x)lel—xzf’(x), xe[-1,1]

Functions of form (3) have, in a certain sense, a periodic analogue. Let » and  be fixed real numbers (» > 0)

and the series
+00 . TEB . TEB
D k| a;cos kt+? + b, sin kt+7 , 4)

k=1

be a Fourier series of some summable function. Then this function is called (r, B)-derivative of the function f
in the Weyl — Nagy sense, it is denoted by fﬁr() (see, for example, [21; 22]), and in addition, a,, b, k € N, are
Fourier coefficients of the function /. The set of functions f that satisfy such a condition is denoted by ;.. If, in
addition, fﬁ’ eH (“), 0 < a < 1, that is, it satisfies the Lipschitz condition of order o, then we say that f belongs

8



BemmecTBeHHBII, KOMIUIEKCHBIH M GYHKIMOHAJILHBII aHAJIN3
Real, Complex and Functional Analysis

to the class WBFH (%) The classes WBV, r> 0, were introduced by S. Stechkin [23]. Approximation problems on

them were the subject of research by many specialists in the theory of functions [24]. For example, the ap-
proximation properties of various summation methods of the trigonometric Fourier series on classes W were
studied by the representatives of the Ukrainian mathematical school (see [25; 26]).

The conjugate function (2) can be written as follows:

+o0
f(x) = Z CkCOS(karccosx— gj

k=1
Taking into account the expression (4) we say, that functions of form (3) are algebraic analogue of its (1, —1)—de—
rivatives in the Weyl — Nagy sense on the segment [—1, 1].
In the second part of the paper, approximations of functions from class (3) by partial sums of the Fourier —
Chebyshev series

. G & _ 2t di
sn(f, x)=?°+kz::16ka(x), ck:EJ.f(t)Tk(t)—2> k=0,1,..., n,

are considered. Integral representations of the approximation are established. Also, we obtain estimations of
the approximation when the density /e W'H*) [-1,1], o€ (0, 1]. It should be mentioned that here we use the
methods proposed by O. Besov (see, for example, [27; 28]). The obtained estimations depend on the location
of the point on the segment [—1, 1]. Moreover, it appears that approximation at the endpoints of the segment is

better in order than on the entire segment.
In the third part of the work, approximations of individual functions belonging to functional class (3), when

the density f (t) = |t * s> 1, are investigated. For the study of the asymptotic behaviour of integrals the Laplace
method [29; 30] is used.

Approximation of conjugate functions
with a density satisfying Lipschitz condition

Let
g, (/> x)=f(x)— 5,(f, x), xe[-1,1], (5)
8,(/)=]/(x)-3,(7. %)

where §n( £ x) are partial sums of its conjugate Fourier — Chebyshev series defined in (2).

L’ neN, (6)

Theorem 1. For approximation of conjugate function (1) with the density f e H(a)[—l, 1], O0<a<l,onthe
segment [—1, 1] by partial sums of its conjugate Fourier — Chebyshev series the following estimation holds for
sufficiently large n:

o 20| | 2
2n“(\/1—x2) ln_an+7t |x| + " Inn (xe(O,l),

T+a 20’
n 2an® it Ay

2
Inn 7w |x Inn
752\/1—x2—+J nz—, a=1.

n 4n?

+
2n

8,(/, x) < (7)

Proof. Let us consider the deviation

&.(f, x)=f(x)=5,(f x)= f ¢, sin(karccosx), x e[-1,1],

k=n+1

of partial sums of conjugate series (2) from conjugate function (1). It is well-known (see [20]) that for the se-
ries remainder the following integral representation holds:

8,(/ %) =$_j 7(cos7) B, (v - 8)dx, x=cosb, xe[-1,1],
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where
COS(I’Z + lj’t
b,(1)=——2 (8)
s —
It is not difficult to see that
&,(f x)= if[f(cos(e +1)) = f(cos(0 — 7)) | D,(x)dx, x=cos0, xe[-1,1] ©9)

27:0

Here the integrand is even, 2n-periodic with respect to the integration variable. Therefore
2n

£, (/. x) :4%5 I Vo (T)coshtdt, hy=n+ %,
0

where

f(cos(e + r)) - f(cos(e - r))

. T
sin —
2

Wo(1)=

For the further proof we use the methods proposed by O. Besov (see, for example, [27; 28]). Taking into
account the properties of the integrand, the latter representation can be written as

. 1 2n 1
e, (/. x)=§j l:\ue(r) — Yy {r + %Hcosklrdr, M(n)=n+ 5
0

1

Further for brevity we will write simply A, assuming that A, depends on n.
We split the integral in the right-hand side into three integrals over the segments {0, %}, LT»[ , 21 — %}
1 1 1

and |:27t — %, 2m |, so that
1

g, (/. x)zgi[ll +1, +I;], x=cos, xe[-1,1], (10)
T

where

Ml
L= I Wo(T) —wo| T+ % cos A, tdr,
ho i
2n 7
I = j Wo(1) = Wo| T+ == | |cosATd.
- L 7\'1 .
»

Since (%Jr <sint<T,T€E [0, g}, for the function yg(t) we have

2% ni[sin 6|a |sin r|a

|\Ife(T)| < p
Then for the integral /; the following estimation holds:
iy iy -
I|<2%xlsin0]*| [ * 'dt+ [t+£J dt|=
<2 sindf| [ taes f| e

10
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(] (-2 )

2% ' %|sin "
alf
Substituting T+ 27 — 7 in the integral /5 and applying the same considerations we obtain
22l *|sin 6|"
AT
Now we pay attention to the integral /,. Since the integrand is 2n-periodic, estimations of the integrals over

,ae(O,l],?»lszr%. (11)

|I5] < , ae(0,1], X1=n+%. (12)

the segments Lvl, n} and {n, 2n — l} coincide. We have
1 1

J[\ve(r)—\ue(wr%ﬂcosklrdrzlptls, (13)
z 1
where
. f(cos(@ + 1:)) - f(cos(@ - r)) - f(cos[e +T+ 7:]] + f[cos[e -7- ):B
1= I cosA,tdT,
LS T+ T
i ' 1
sin
2
[ 1 1
I = I [f(cos(@ +1)) - f(cos(6 - r))] — - — |coshyrd.
LA sin — T+ —
M 2. A
sin
L 2 ]

Taking into account that f'e H(a)[—l, 1], 0 <o <1, we obtain

‘f(cos(e +1)) - f(cos(G +1+ %B

1

<

a 03

sin(9 + r)sin% + 2cos(6 + r)sin2 %
1 1

<

2,)7 2,

ZSin(Oiri T jsinzi

o

IA

) T .. L, T
sin@cosTsin— + cosOsintsin— + 2cos(0 + 7:)s1n2 —
| 1 |

. ) . . T
< |sm 6|OL sin* =~ + |cose|OL t*sin® =~ + 2% szaﬁ. (14)
1 1 1

Therefore, for the integral /, the following estimation holds:

o 20\ 1 4
IAES 21{|sin9|u[7\‘llj + 2“[%} Ji? + 2Tc|cos6|a[x£J !r“_ldr <
M

N

200 +1 a
alniLl . 21! |cos ) Lol l+ 2 In2, (15)

32n1+°‘|sin9| — —
oA, A

1

11
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Consider the integral /5. Since

‘f(cos(@ +71)) - f(cos(6 - T))‘ < 2%/sin o[ ¢

and
| 1 o
sm% Sinr + nl Zht
we get 2
15| < Zil |sin 0] fr“_zdr.
1 n
The last relation leads to the estimation "
M, ae (()’ 1),
<y 2 0 e (16)
=1

1
Substituting (15) and (16) into (13), we obtain for the integral 7,

olndy SRSt | ezt o (o)

81'c”°‘|sin9| S
|[ | < 7\,(]1 OLNT la (17)
| <
4 3
4n3|sin6| Ik, + T |cos9| + 21 %, a=1.
1 A A
Using inequalities (11), (12) and (17), it follows from (10)
Ot . o 20 o 20
|sm9|Ot In?, |sm9| + " |COS6| + mInk, , o E(O, 1),

22 BRrey iy 2005 2l r e a18)

1

InA, msin6| m |cosB]  ,InA,
+ +7

A, 2, 43

8, (f %)<

b

n |sm 9|
1
. 1 . . ..
Finally, we choose n that A, =n + — satisfies the following conditions: InA, > W, ae (0, 1), and
a

InA, > E, o = 1. Then, taking into account that x = cos 0, from estimation (18), we get (7). Theorem 1 is proved.

Approximation of functions £ (x)

Let

én(f)—Hf )—s fx” neN,

see also (5) and (6).
Theorem 2. For approximation of function (3) with the density feW e )[ 1, 1], oe (O, 1], by partial

sums of its Fourier — Chebyshev series, the following integral representation holds for n € N:

g, (f, x)=— j [/'(cos(0 +7))sin(0 + ) = #"(cos(6 — 7))sin (6 — 1) | D, (7)d, (19)

where x = cos0 and Dn(r) is from (8).
Proof. Letususe the integral representation of approximation (9). We assume that the density f e c [—1, 1]

and f'e H (a)[—l, 1], e (0, 1]. Therefore, the integral in the right-hand side can be differentiated with respect
toxe (-1, 1), x = cos6. Then

12
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W(fs x)= . FI[ cos 9+‘C s1n(6+r)—f’(cos(@—t))sin(@—t)}f)n(r)dr.

In addition, from the previous considerations it follows that
g, (f, x) =J1-x* g (f, x), xe (—1, 1).
Since the integrand is 2n-periodic, we get representation (19). Theorem 2 is proved.
Now we apply theorem 2 for the approximation of functions f, defined by (3), whose density f satisfies the
condition f'e H* [ 1,1], o€ (0, 1], on the interval [-1, 1].

Theorem 3. For approximation of function (3) with the density W' i [ 1, 1] o E(O 1] by partial
sums of its Fourier — Chebyshev series, the following estimation holds for sufficiently large n:

L ) | |
471;0‘(1_)(;2) 2 _(x+ o a 2o’ ( )
£, (/. %)< oo X (20)
2n2(1—x2)m—”+@+ il |x|, a=1,
n n* 2n?

where
e n2oc |x|1 +a

20 [ 2 o
ca(x)z—n 120cx |x| + n“(«/l—xz )a|x| +

Proof. We get from (19)

1+ o

g,(f. x) :i[sin(ﬂé +2c0s0; |, x=cos6, xe[-1,1], (21)

where

I, = 2JZI[]“(COS(E) + ’C)) —f’(cos(e - r))]cosr[—zjdr,

T
0 sin—
2

1 =20JF[f'(cos(9 + ’E)) + f’(cos(@ - t))]cos;cos(n + 2)‘56]’5

Let us study each of these integrals. To estimate the integral /; we use the same idea as for the proof of
theorem 1. So, for sufficiently large n we have

200+ 1
8n1+a|sine|aln_an+w 21 a 1+2a ll'lzl’l’ E(O, 1)’
il " e " “
4n3|s1n9| I, 2 |cos6) 3h1_2n’ o=l
n

We represent the integral /, as follows:
1
17=5[171 + 1], (23)

where ,
L, = I [f’(cos(e +1)) + f'(cos(0 - r))}cosnrdt,
0

2n
L, = I [f’(cos(@ +71)) + f'(cos(6 - r))} cos(n +1)tdr.
0
We estimate integrals /,, and /,, similarly. Bearing in mind the properties of the integrand, we have for the
integral 7,

:_I( [ cos 6+r))+f'(005(9_1))]_

13
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oo o) oo

Taking into account estimation (14), we obtain from the latter representation
2n'*fsin0" 2" n! T |cosf”  2lep!t2e

n* (1 + (x)n“ n**

|17] <

Similarly,
2nl+oc|sine|0t N 21+anl+2cx|cosg|0ﬂ .\ 21—an1+20t
(n+1)*  (L+a)(n+1)* (ne1)

Substituting the estimations for integrals /,, and 7,, into (23), we get

|15,] <

2! +OL|sin 6|OL plropls 20‘|cos(9|°‘ ol-a l+2a
+ +
n* (1+a)n” n*®
Let us return to the proof of theorem 3. Estimation (20) follows directly from (21), if we use inequalities (22)
and (24). Theorem 3 is proved.
Remark. Tt is important to note that approximation of functions of classes (3) with the density /e W'H (<) [—1, 1],

oe (O, 1], by partial sums of their Fourier — Chebyshev series depends on the location of a point on the segment.

Moreover, the approximation at the endpoints of the segment has a higher rate of decrease than on the whole
segment.

|1;] <

, x=cos6, xe[-1,1]. (24)

Approximation of the function £ (x) with the density |¢’, s > 1
In paper [20], the authors studied the approximations of conjugate functions (1) with the density f (t) = |t %

s >1, by partial sums of their conjugate Fourier — Chebyshev series. Here we consider a similar problem on
classes of functions (3). Since there is a certain relationship between the elements of these functional classes,
it is interesting to compare the orders of their approximations and the corresponding constants. For these ap-
proximations we have (see also (5) and (6))

52” (| S’ )C) = i(x) - S2n (]" X), X e [_1: 1], (25)
(1) =17 () s ()], o e (26)
Theorem 4. Approximation of the function f(x) with the density |t|s, s> 1, on the segment [—1, 1] by partial

sums of its Fourier — Chebyshev series satisfies the following properties.
1. Integral representation:

‘8’2n (|

_ n+1 1 ;
’ x)=( Bz sin [ (1-22) 23 Polt. x) _dt, xe[-1,1], @7)
2 2 (14277, (x) + £*)

where
P (2, x) = nt6T2n(x) + 1! (21/1T2n+2 (x) + (n + l)Tznf2 (x)) +
+ tz(n7"2”+4(x) +2(n+1)T,, (x)) +(n+1)T,,,,(x), (28)

T, () are Chebyshev polynomials of the first kind.
2. Estimations for pointwise approximation:

~ s 1 s 272 23— pe(t, x)|
-1, < ———fsin—||({l—¢ t —dt, -1, 1f. 29
€2n(| x) i 6[( ) (1_12)2 xe[-1,1] (29)
3. Representation for uniform approximation:
1
€y, (||S) = ZS_l—zrc sinE !(1 - tz)S‘thHsﬂ [(n + 1) - ntz]dt, s>1,neN, (30)

4. Asymptotic estimation for uniform approximation:
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sF(s - 1)

(2(n+ 1)
where F() is a gamma function.
Estimation (29) is exact. It turns into equality when x = 0.
Proof. From representation (3) it follows that approximations (25) have the form

+o0
£, (| ° x):— Z kcszzk(x), xe[—l, 1], neN, (32)

k=n+1
where c,, are polynomial Fourier — Chebyshev coefficients of the function |x|", s > 0. It is known (see [31, theo-
rem 5]) that for c,, the following integral representation holds:

() ms ey
= sin7j(1—z2) A k=1,2,
0

.S e(l, +oo)\N, n— oo, (31)

Applying the Laplace method (see, for example, [29; 30]) for the study of integrals’ asymptotic behaviour, we
can show that

(<) omsT(s+1)
2S_1TC 2 ks+1

F() is a gamma function. The series

Cop ~ ,s>Lk=n+L,n+2,..., k—> o,

I'(s+1 =
(Sl )sinE Z i,s>1,
27 2,50k
is a convergent majorant series to the series on the right-hand side of (32), which converges uniformly on the
entire segment [—1, 1]. Then plugging the integral representation for coefficients ¢, into (32) and interchanging

the summation and the integration, we have

g;2n (|

1
" x)= ﬁsm%o (1-2) 10, (1 x)dr, xe[-1,1], neN, (33)

where
+00
®,(1n,x)= Y (—1) k> Ty, (x), Ty (x) = cos (2k arccos x).
k=n+1
The following equality follows from the properties of the sum of the geometric series

+00 ; 1)qn+1+nqn+2
kgt = (cry :
k:Zn:Jrl( ) ( ) (1+q)2

Assuming here g = 2¢*®, x = cos0 and separating the real and imaginary parts we obtain

- t2n+2p6(t’ X)

(1 + 27T, (x) + ¢4 )2,

g|<1. (34)

@, (1. x)=(-1)

where py (7, x) is defined in (28).
The integral representation (27) follows from the last relation and (33). Note, that

Pe(6,0)=(=1)" (¢ 1) [ nt* + 208 = 2 = 2(n+ 1)t = (n +1) |

In other words, the polynomial py (t, 0) has # =1 as a zero of the second order. Thus, (29) immediately follows
from this fact and inequality

J1+27c0s20+ 14 21—, 1e[0,1], 0eR.

The exactness of estimation (29) can be verified directly by substituting x = 0 into (27).
Relation (30) for the uniform approximations (26) can be easily established with the help of integral rep-
resentation (33). Indeed, it is obvious that

(1 e L | PERE.
82n(|.| )gzs_2n51n%b|‘(l—t2)tl k§+1kt2kdt,neN.

15



ZKypnaa Besopycckoro rocyrapcrseHHOro yuusepcurera. Maremaruka. Mudgopmaruka. 2024;2:6-18
Journal of the Belarusian State University. Mathematics and Informatics. 2024;2:6-18

Using (34), we get

(1) 52

25721

1 2
s n+1)—nt
sinE“(l - 12) prelss %dt, neN.
2105 (1 - 12)
Then, relation (30) follows from the last inequality and the exactness of estimation (29).
In order to establish asymptotic estimation (31) we study the behaviour of the integral on the right side of (30)

when n — . To solve this problem, we again use the Laplace method [29; 30]. We write the integral as fol-

lows: .

[(1=22) 2 [(n+1) = nJdt = (n +1)J; + T, neN, (35)

0
where

lej(l B tz)s‘ltl—sez(nﬂﬁnzdt’ J,= Jl‘(l B tz)s_2t3_se2("+l)1“’dt.
0 0

The asymptotic behaviour of these integrals is studied similarly. Consider the first of them. The function
S (t) =In7 monotonically decreases for 0 < ¢ < 1 and reaches its maximal value for 7= 1. Since In¢ ~ (t — 1) and

s—2 §— .
(1—1‘2) tl_s~2s_2(1—t) 2Whent—>1,forsufflclentlysrnalls>0andn—>ooweget
|
Jy~ 2571 j (1=7) " Ngy,
1-¢

After the substitution 2(n +1)(1—7) > u, we have

2(n+1)e r
2(n+1) 3 2(n+1)
Similarly,
T —
J, ~ (S—l)_l, n— oo,
2(n+1y
Taking into account the obtained results, from (35) we find that

1 - T'(s—1

j(l 1) 212”+3_S[(n +1) - ntz]dt~ LS}I n—s .
0 2(7’1 + 1)

The last asymptotic equality, representation (30), and the accuracy of estimation (29) lead us to relation (31).
Theorem 4 is proved.
It is interesting to compare asymptotic estimation (31) for uniform approximations of function (3) with the

density |t *, s >1, by partial sums of its Fourier — Chebyshev series with the corresponding uniform estimation
for the approximation of function (1) by the conjugate Fourier — Chebyshev series established in [20]:
s sin 2u sT(s—1
§2”(|' ’ x)‘ﬁ% (—s)—l’
(2(n+1)

Conclusions

. TS
sin —
2

x=cosu, s € (1, +0)\2N, n — oo

In this paper, approximations on the interval [—1, 1] of conjugate functions (1) with the density /e H (o) [—1, 1],
oe (0, 1], by the conjugate Fourier — Chebyshev series are studied. Order estimations of the approximation
depending on the location of a point on a segment are established. It is noted that the approximation at the ends
of the segment has a higher rate of decrease in comparison with the whole segment.

Classes of functions (3), which can be associated in a certain sense with the derivative of conjugate func-
tion (1) are introduced. Approximations of functions from these classes by partial sums of the Fourier — Cheby-
shev series are studied. An integral representation of the approximation is found. In the case when the density

feWw'H (o) [-1,1], o€ (0, 1], the order estimations of the approximation are established, also depending on

the location of the point on the segment. Similarly, approximations at the endpoints of a segment have a higher
rate of decrease compared to the whole segment.
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The case when the density f (t) = |t *, s >1, is considered. An integral representation of the approximation,

estimations for the pointwise and uniform approximation, and an asymptotic estimation for the uniform ap-
proximation are obtained. It is noted that the order of uniform approximations of the function under study by
partial sums of the Fourier — Chebyshev series and the corresponding conjugate function by conjugate sums
coincide.
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