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Abstract. In this paper, we investigate the derivation algebras of simple three-dimensional anticommutative algebras
over algebraically closed fields. The main statement of the article is that the derivation algebras of simple three-dimen-
sional anticommutative algebras have dimensions 0, 1 and 3, for the latter case they are isomorphic to a simple Lie algebra
of traceless matrices of the 2™ order.
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Introduction

The study of derivation algebras is an important aspect of modern mathematics [1-9]; when discussing al-
gebras, it is assumed that they are considered over an algebraically closed field even if it is not explicitly stated.
It is well known that any derivation of a simple finite-dimensional associative algebra is internal [8]. Si-
milar results are valid for simple finite-dimensional alternative, Jordan and Lie algebras [5—7]. For a simple

algebra A from the indicated classes, the Lie algebra Der(A), which is a derivation algebra for A4, is simple.

In particular, the derivation algebra Der(A) of a simple split three-dimensional Lie algebra 4 is isomorphic
to the algebra 4.

In this paper, we study the derivation algebras of simple three-dimensional anticommutative algebras over
algebraically closed fields. Additionally, algebraic structures on finite-dimensional algebras, similar to those
examined in this paper, are studied, for example, in [9].

Any one-dimensional anticommutative algebra has zero multiplication, thus, it is not simple. Let us first
demonstrate that there are no two-dimensional simple anticommutative algebras.

Let 4 be such an algebra, in particular. Consider a € 4 such that its right multiplication operator R, : 4 — A4,

xR, = xa is non-zero. In some basis (el, e, ), this operator is either diagonal or a Jordan block, i. e.,

a 0 Al
Mepez(Ra):(Ol azJ or Mepez(R“):[o ?\‘j.

Examine each of these cases:
o 0
HM, . (R,)= ( 01 j One of the scalars o, a, is non-zero; let a,; # 0. Then, due to anticommutativity,
. o,

the vectors e, a are not proportional. Consequently, they form a basis for 4, and the linear span <e1> is a proper
ideal in A4, contradicting the simplicity of algebra 4;

Aol
)M, . (R,)= [0 }J. If A # 0, then (e, ) is a proper ideal in 4. If A = 0, then ¢,a = e,. Decompose a along

the basis (e, e,): a=oe, + Pe,. Due to anticommutativity, B # 0 and e, = e,a = ¢/( e, + Be, ) = Beje,. Thus,
<e2> is a proper ideal in 4.

The main goal of this paper is to prove the following theorem.

Theorem. Let M be a simple three-dimensional anticommutative algebra over an algebraically closed field

of a characteristic different from 2. Then its derivation algebra, denoted as Der(M ) has a dimension of 0, 1
or 3. If dim Der(M ) =3, then the algebra Der(M ) is isomorphic to the simple three-dimensional Lie algebra sl,.

It is known [10] that every simple three-dimensional anticommutative algebra is isotopically simple and
isomorphic to one of the algebras with basis (a, b, ¢):
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A=A(7», a, 3, y):baz?»bJrc, ca=Aic, bc=0a+Bb +yc, ah#0,
B=B(A, p, a, B, v): ba=Ab, ca=pc, bc=oa+ b+ yc, alp 0.

Lemma. The algebra A = A(?\., o, B, y) is not a Lie algebra. The algebra B = B(?», U, o, B, y) is a Lie al-
gebra if and only if B=y=A+pn=0.
Proof. Let us calculate the Jacobian in the algebra A for the basis elements:
J(a, b, c) =(ab)c + (bc)a + (ca)b = —(kb + c)c + (oca +Bb+ yc)a + (Xc)b =
=—Abc + Bba + yca + (Xc)b =—2Abc + Bba + yca.
Since in the algebra 4, the elements bc, ba, ca are linearly independent, it follows from J (a, b, c) =0 that

A = 0. However, according to the condition, A # 0, which means that 4 is not a Lie algebra.
The second statement is proved in a similar manner:

J(a, b, c) =(ab)c + (bc)a + (ca)b =—(kb)c + (aa + Bb + yc)a + (uc)b =
=—\bc + Bba + yca + pch =Bba + yea + (A + p)cb.
Therefore J(a, b, ¢)=0 ifand only if B=y =% +p=0.
Remark. All simple three-dimensional Lie algebras over an algebraically closed field are isomorphic to s/,.
o X
Let the derivation D in the basis (a, b, ¢) have the form D=| y, y, ;|

. 2 5 A
Algebra Der(A4). Let us consider the algebra

A=A(A, o, B, v): ba=Lb +c, ca=Mc, be=oa + Pb + ye, ad #0.

We shall now write down the right multiplication operators in this algebra:

0 0O 0 A -1 0 0 -
R,=0 A 1,R={0 0 O R=la B vy
0 0 A -a B -y 0 0 O

We observe that the linear mapping D is a derivation if and only if

|:Rv9 D:I = RvD
for any basis element v. Writing down this equation for v =a, b, ¢, we obtain the following system of equations:

—ox;+ Ay, + 2, =0, =Ax; —Bx; +2, =0, —x; —yx; =y, + 23 =0,
ox, + Az, =0, Bx, =0, —Ax; +yx, —z, =0,

oxy;— Ay —z, =0, Ax; + Bx; — 2z, =0, x, + yx5 + ¥, — 2, =0,
—ox, — By, + o, — vz, + 0z = 0, —ox, + Azp — Yz, + Bz; =0,
—oy — Ay + 7y, — By; +2, =0,

—ox, — Az; =0, —Bx, =0, Ax; — yx, + 2, =0,

ox, + By — o, + vz - azy =0, ox, — Az + vz, - Pz; =0,

oxy + Ay — W, + Pyy—z=0.

By removing the obvious consequences of the equations, we obtain an equivalent system of nine equations:
ox, + Az; =0, Bx, = 0, —Ax; + yx, — z, =0,

—ox; + Ay, +2,=0, =Ax; = Bx; + 2z, =0, x, + yx; + ¥, — 23, =0,
20z, =Yz, + PBz3 =0, 20y, — vy, + By =0,

—ayx; + By, — 20, — vz, = 0.

Let us recall that oA = 0.
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LIfB#0,thenx, =0,z =0and
A+ 2, =0, 005 =2y =0, Ax; + Bxy— 2z, =0, x; + yx3 + ¥, — 23, =0,

—¥zy + Bz3 =0, 20y — vy, + By; =0, vz, - P23 =0,
—ayx; + By, — 2ay, = 0.

After the transformations, we have

—oyxs + By — 20, =0, vz, — Bz3 =0, 2hy; — vy, + Py3 =0.
The determinant of this system with respect to the variables x;, x5, y|, 5, 3, Z,, z31s equal to OLB3(B +2M0).
If the system has nontrivial solutions, then 3 = —2A and we obtain the following system of equations:

{kxl+22=0,ax3—ky1=0,Bx3—222=0,x1+yx3+y2—z3=0,

A+ 2z, =0, 00, — Ay, =0, —2hx; — 22, =0, x; + x5 + ¥, — 23, =0,
—ayx; — 2hy, — 20y, = 0, 2hy, — vy, — 2hy3 =0,
¥z, + 2Azy = 0.
Continuing with z, = —\x,, we have
ox; — Ay, =0, 20x; — 2hx; =0, x; + yx; + ¥y, — 23, =0,
—ouyxy = 2hy; = 20, = 0, 2Ay; — 7y, — 243 =0,
—Ayx; + 2hzy = 0.
Note that x5 = x; and Ayx; = 2z;, yx; = 2z;, hence,
{ocxl -, =0, (2 + y)xl +2y,=0,
oyx; + 20, + 200, =0, 24y, — vy, — 2hy; = 0.

The rank of the fundamental matrix of this system with respect to variables x,, y;, ¥,, y; is 3, since its de-
terminant is 0, and

A 0 0
0 2 0 |=422=0.
20—y 2A

The last homogeneous system of linear equations depends on four variables and has a rank of 3, indicating
it has one free variable. Thus, it is proved that the original system of equations has a unique free variable. This

implies that dim Der(A) =1.
IL. If B = 0, we obtain the system
ox, + Az, =0, —=Ax; + yx, — z, =0,
ox;—A —z =0, A, =2, =0, x, + yx5 + ¥, — 2z, =0,
20z, — vz, =0, 2hy, + 1y, =0,
—oUyx; — 20, + vz, = 0.
There is no y; among the variables. After transformations, we have
ox, + Az, =0, yx, — 2z, =0,
oxy — Ay, —z=0,Ax; — 2z, =0, x; + 13 + y, — 23 =0, 0
2hz, =Yz, =0,
—oyxy — 20, + vz, =0, 2Ay, — vy, = 0.
A. If y # 0, then the matrix P of the system with respect to the eight variables x;, x,, x5, ¥, ¥, 2, Z3, 23
has a determinant equal to oA’ (y2 + 4a)2. If this determinant is non-zero, then system (1) has only the trivial
solution, and dimDer(4)=0.
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If 40 = —y*, then the rank of matrix P is 6 since it has a non-zero minor of order 6:

0 0 2 41 0 4

—4. 0 0 0 0 0
—4 0 -4y 0 -4 0 g
2 - v

0 —y* 0 0 0 4

—4n 4 0 0 0 0

v 0 0 0 —yF -4y

Let us consider a special case with o =—1, B =0, y =2, A = 1 (the general case is examined following the
same procedure). Thus, 4 has the multiplication:

ba=b+c,ca=c,bc=—a+2c.
System (1) takes the form

X, +2=0,x,-2,=0,
X+ +2=0,x-2,=0,x+2x+y,—2;=0, 2
z,—2z,=0,
X+ +2=0,y-y,=0.
It is easy to verify that system (2) has a general solution:
=X N=N =X~ X3, 1= 2, =X, 23 = X3,

where x,, x5 are free variables. Therefore, the general form of the derivation algebra is

X X X3
D=|(-x-x) (-x-x) ¥ |
X X X3

Then the algebra Der(4) has an additive basis of elements
X=ej+tep—e—epteyteyn Y=e3-e)—eptey Z=ey.
It can be readily verified that [XY|=-2X+Y - Z, [XZ]=Y - Z, [YZ]=-2Z. Since these specified com-
mutators are linearly independent, Der(A) is isomorphic to the algebra s/,.
B. If y = 0, then system (1) takes the form
ox, + Az, =0, z, =0,
oxy;—z=0,Ax,—z, =0, 3)
X+ y,—2,=0,
z,=0,y,=0, =0.
Thus, y, =y, =0wuz, =z, = 0. Then x| = x, = x; = z; = 0, meaning system (3) has only the trivial solution
then, D = 0 and dimDer (4)=0.
Algebra Der (B). Let us recall that
B=B(A, p, a, B, v): ba=Ab, ca=pc, bc=aa+ b + yc, akp # 0.

Let us write down the right multiplication operators in the algebra B:

0 00 0 - 0 0 0 —u
R,=0 A O,R={0 O O R=la B vy
0 0 u -a —p -y 0 0 0

The linear mapping D is a derivation if and only if [RV, D} =R, for any basis element v. Writing down

this equation for v = a, b, ¢, we obtain the following system of equations:
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—our; + Ay =0, —Ax; = By = 0, Ay; — 13 — wy3 =0,

ox, + pz, =0, Bx, — Az, + pz, =0, —px; + yx, =0,

oxy — Ay, =0, Ax; + Bxy =0, —Ay; + yx; + puy, =0,

—ox; — By, + oy, — vz + 0z =0, —ox, + Az, — vz, + Bz, =0,
—oury — Wy + 7y, — By; =0,

—ox, —pz =0, =Bx, + Az, —puz, =0, px; — yx, = 0,

ox; + By, — o, + vz, —0azy; =0, ox, — Az, + vz, — Bz, =0,
oxsy + [y — Yy, + Byy = 0.

This system is equivalent to the following system of nine equations:

oxy — Ay =0, Ax; + Px; =0, yo; —Ays + w3 =0,

ox, + pz, =0, Bx, — Az, + pz, =0, px; — yx, =0,

ox; + By, — oy, + vz, —azy =0, 4)
ox, — Az, + Yz, — Bz, =0,

X + Wy = 7y, + Pys = 0.

I. Let us assume that 3 = 0. Then system (4) takes the form

oy — Ay =0, A =0, yx3 = Ays + py; =0,

ox, + puz; =0, —Az, + puz, =0, px, — yx, =0,

ox; — oy, + vz, — azy =0, (5)
ox, — Az, + vz, =0,

o + Wy — vy, = 0.

1. If y = 0, taking into account aip # 0, we obtain

ox; —Ay; =0, x, =0,

ox, + pz; =0, (A —pn)z, =0, ©)
Y, +2,=0,
ox, —Az; =0, oxy + py, = 0.

A. If A =, then system (6) takes the form
ox; — Ay, =0, ax, + Az, =0,
YV +23=0, (7)
ox, —Az; =0, ax; + Ay, =0.

In (7) we have x, = x, =x; =y, =z, =0, z; =—),. There remain three free variables y,, y;, z,, indicating that
the mapping has the form

0 O 0
D={0 y, s
0 z, -»n

This implies that the algebra Der(B) is isomorphic to the algebra s/,.
B. If L # p, then system (6) takes the form

ox; — Ay =0, y; =0,
ox, +uz=0,z,=0, y, + z; =0, t))
ox, —Az; =0, axy + py, = 0.

In (8) y; =z, =0, zy = —y,, indicating that
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V3=2,=0,z3=-,,
ox; — Ay, =0, ax, + pz, =0, 9)
ox, —Az; =0, oxy + py, = 0.

It is worth noting that if B is a Lie algebra, then it is isomorphic to the algebra s/,, and every derivation of
B is inner, meaning it coincides with the right multiplication operator R, by a suitable element a € B. In this
case Der(B) = sl,.

Let the algebra B not be a Lie algebra. Then, according to lemma and the conditions 3 =y = 0 we have
A+ # 0. Then from (9) ax; — Ay, =0, ox; + py, = 0. Hence it follows y; = 0. Similarly, z, = 0. Consequently,
we have

0 =X=x3=0,=y;=0,2,=2,=0,2z; =-,.

In this case, there is one free variable y,. This implies that the derivation algebra is one-dimensional.
2. Let y # 0, then taking into account that ayAp # 0, from (5) we obtain

oy = Ay =0, 3, =0, 13 = Ays + Wy = 0,

ax, +pz, =0, (l— u)z2 =0, px; — yx, =0,

-0y, + Yz, — azy =0, (10)
ox, — Az + 7z, =0,

o + Wy — 7y, = 0.

A. If & =, then system (10) takes the form

ox; —Ay; =0, x =0, yx; =0,
ox, + pz; =0, yx, =0,

-y, + vz, —oz; =0,

ox, — Az, + vz, =0,

o + pyy — vy, = 0.

It is easy to understand that this system has only the trivial solution.
B. If A # p, then from the equations ox, + pz; = 0 and ox, — Az, = 0 follows x, =z, = 0. Then

x=x,=0,2=2,=0,y, +2z,=0,
oy — Ay =0, 5 + (L —=2) 3 =0, ax; + py, — vy, =0.

It is easy to understand that all variables are expressed in terms of x,, indicating that the algebra Der(B) is
one-dimensional.
IL. Let B = 0.
1. If y = 0, then system (4) takes the form

oxy; — Ay =0, Ax; + Bx; =0, (l—u)y3=0,

ox, +puz =0, Bx, — (A—p)z, =0, x, =0,

ox; + By, — oy, —az; =0, (11)
ox, — Az —Bz; =0,

oxs + wy + By; =0.

Assuming that x; = 0 in the equation Ax, + Bx; = 0, we obtain x; = 0. From the last equation in system (11), we
can find y, = 0. Assuming in (11) that x; =x; =y, = 0, we have z; = —y,. In this case, system (11) takes the form

(A =n)ys=0,
ax, +pz; =0, Bx, — (A —p)z, =0,
Z3="V2> (12)

ox, —Az;—Pzy =0,

axsy + wy + Byy =0.
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A. If A = p then it is easy to understand that system (12) implies the following equalities:
X=X =X3 =) =), =y;=2=23=0,
meaning the solution space of system (12) is one-dimensional.
B. If A # p, then x; = x3 =y, = y; = 0. Thus, system (12) takes the form

ox, +pz =0, Bx, — (A —p)z, =0,
Vo +2y=0, ax, —Az; —Pz; =0,
X =x3=y=y;=0.

It can be easily verified that the rank of this system is 8§, as

a 0 p O

B o 0 O )
=—Pn=0.

01 0 1 bu

a 0 A -B

It means that D = 0 and dimDer(4)=0.
2. If y # 0, then afyAp # 0 and it can be verified that the rank of system (4) is 8. It also means that D = 0
and dimDer(A) =0.

Conclusions

It is proved that derivation algebras of simple three-dimensional anticommutative algebras over algebrai-
cally closed fields have limited dimension variability, and in the case when the dimension is 3, they are isomor-
phic to a simple three-dimensional Lie algebra. In connection with the obtained result, the question arises: what
numbers can be realised in the form of the dimension of the derivation algebras of a simple anticommutative
n-dimensional algebra? In particular, can the dimension of the derivation algebra be greater than the dimension
of a simple anticommutative algebra?
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