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STABILITY OF SOME DIFFERENTIAL EQUATIONS
OF THE FOURTH-ORDER AND FIFTH-ORDER

B. S. KALITINE*

*Belarusian State University, 4 Niezalieznasci Avenue, Minsk 220030, Belarus

The article is devoted to the study of the problem of stability of nonlinear ordinary differential equations by the me-
thod of semi-definite Lyapunov’s functions. The types of fourth-order and fifth-order scalar nonlinear differential equations
of general form are singled out, for which the sign-constant auxiliary functions are defined. Sufficient conditions for stability
in the large are obtained for such equations. The results coincide with the necessary and sufficient conditions in the corre-
sponding linear case. Studies emphasize the advantages in using the semi-positive functions in comparison with the classical
method of applying Lyapunov’s definite positive functions.

Key words: scalar differential equation; equilibrium; stability; semi-definite Lyapunov’s function.

BBenenune

YCTOWYUBOCTD PEIICHUN CKAIAPHBIX MU (hepeHIMaIbHBIX YPABHEHUN YETBEPTOTO MOPSJIKA pACCMATPH-
Banach B paborax A. U. Orypuosa [1-3]. IlogpoOHOE H3IIOKEHHE U aHAIU3 ATHX PE3yJBTaTOB COJCPKATCS
B MoHorpaduu [4]. Pabora [5] nocpsiieHa UCCIIEAOBAHUIO YCTOMYHBOCTH PEIICHUN CKanspHbIX nuddepeH-
LUATBHBIX YPAaBHEHUH MSTOTO U MIECTOTO MOPSIKOB. BO BCeX 3THX MyOIMKAIMIX NPEACTABICHO PELICHHE 3a-
Jladu 00 YCTOWYMBOCTHU B 1[EJIOM (IJI00aJIbHAS aCUMIITOTHYECKAsl YCTOMYMBOCTD) C MCIIOJIb30BAHUEM MPSIMOTO
meroza Jlamynosa [6], mogpa3syMeBaroIIEro NOCTPOCHHE ONPEIEIEHHO-TION0KUTENbHOM QyHKIMHU V' ¢ Hemno-
JIOKUTENBHOU MPOU3BOAHOM 10 BpeMmenu V. Kpurepuem kauecTBa Moxy4eHHBIX JOCTATOUHBIX YCIOBUHN YCTOM-
YUBOCTHU B IIEJIOM (2 UMEHHO OLIEHKA OJM30CTH JIOCTATOYHBIX YCIOBHM K HEOOXOAMMBIM) CIIY)KUT TOT (DaKT,
YTO B COOTBETCTBYIOIIEM JTMHEWHOM CJIy4ae TaKHe YCIOBUS SBISIFOTCS HEOOXOUMBIMU U JIOCTATOUYHBIMU JJISI
ACUMIITOTHYECKON ycToiunBocTu. B paborax [7, mi. 2; 8; 9] pemraercs 3aga4a 00 yCTOWYHBOCTH PaBHOBECUS
CKaJSIPHBIX TU(GEPEHIUAIBHBIX YPAaBHCHUH BTOPOTO M TPETHETO MOPSJIKOB HA OCHOBAaHWU TECOPUM 3HAKO-
MoCTOAHHBIX (pyHKUu JlsimynoBa [7].

[Ipemnaraemast cTarhbs SIBISETCS MPOJOIDKCHUEM HCCICIOBAHUH [7—9] IUIsl CKANSPHBIX HEJNIMHEHHBIX JH]-
(hepeHIIMaTbHBIX YPABHEHUH YETBEPTOTO U MATOTO MOPSAKOB.

ITycts R" — BelllecTBEHHOE 72-MEPHOE EBKJIMI0BO MPOCTPAHCTBO CO CKAISPHBIM MPOU3BEICHUEM <> U HOD-

MOM |||| = 1/(-, > Paccmotpum cucremy auddepeHmansHeIX ypaBHEHAN

x=f(x), xeR", f(0)=0, (1)
rae f: R" — R” — HenpepriBHAs (QyHKINS, yAOBIETBOPSIONMAs yCIOBUSAM, 00€CIIEYNBAIOIINM €AHHCTBEH-
HOCTb pelreHnit B mpoctpancTse R”. Pemenne (1), mpoxomsiee uepes ToUKy x, € R" B MoMeHT BpemenH ¢ = 0,
OyzneMm 0003HaYaTh x(xo, t), T. €. x(xo, O) = x,. Cucrema (1) obnanaer TpuBHanbHBIM perieHHeM x = 0.

Hanomuum cnenytomme noHATUS U onpeeneHust Teopuu yctoiumsoctu [10, c. 18-20]. Pemenue x = 0
cuctemsl (1) sBnsercs:

* YCTOWYHMBBIM, €CITH (Ve > 0) (38 = 8(8) > 0) (‘v’xo € Bs) = ”x(xo, t)” <eVt=0;

» npursrusarowmym, ecau (36 > 0) (Vo> 0) (37 > 0) (on € BG) = ”x(xo, t)” <aVtzT;

* ACHMIITOTUYECKH yCTONYMBBIM, €CIIH OHO YCTOHYMBOE U IPHUTATHBAIOLICE;

* YCTOIYMBBIM B LIEJIOM, €CII OHO aCUMITTOTHYECKH yCTOHUMBO U I Beex X, € R” pewenne x(x,, £) — 0

TpH ¢ —> +o0;
» eyctoitunsbv, ecn (3¢ > 0) (V8 > 0) (Ix, € By) (Elt* > 0) = Hx(xo, t )H > e

Iycts R* — MHOMKECTBO HEOTPHIIATENBHBIX AeiicTBUTENbHEIX uncen, C' (]R”, R+) — MHOYKECTBO HENPEPHIBHO

muddepentmpyembix dyukuuii u3 R” B R*. Eciu Ve C' (]R”, R* ), TO yepes

P(x,)= dV;:%) - aVa(xx"), /(%)

0003HaualoT IIPOU3BOAHYIO 110 BpeMeHH (pyHKuuu V' B cuity cucteMsl (1) B TOUKe X,
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Ha ocnoBanuu teopem 3.3.2 u 3.3.3 [11, c. 151-152] o mo0ajibHON aCUMITTOTHYECKON YCTOMYMBOCTH KOM-
MAKTHOTO TIOJIOKUTEIIbHO MHBAPUAHTHOTO MHOXKECTBA JIMHAMUYECKOU CHCTEMBI CPOPMYITUPYEM COOTBETCTBYIO-
ee YTBEP)KIACHUE OTHOCHTEIIBHO CBOMCTB YCTOWYHMBOCTU HYJIEBOTO PEIICHUS CHCTEMbI audepeHInaTIbHbIX
ypaBHeHui (1).

Teopema 1 [11, c. 151-152]. IIpeononoxcum, umo ons cucmemut (1) cywecmeyem ghynxyus Ve C I(R", R+)
maxasi, 4mo:

DV(x)20 VxeR", V(0)=0;

2)V(x)<0 VxeR"

3) mHodcecmeo Y = {x eR": V(x) = 0} He co0epaicUum 02PaAHUYEHHBIX OMPUYAMENbHBIX NOLYMPAEKmMO-
puti, Kpome HY1e8ouU,

4) 6ce pewenus cucmemul (1) oepanuuenst npu t > 0.

Tozoa pewenue x = 0 cucmemut (1) ycmotiuuso 6 yenom.
B uccrnenoBanusx, mpoBOIUMBIX HUXKE, TOHAJ00UTCS TAKIKE CISAYIONIas JIeMMA.

Jemma. Ilycmo 3a0ana cucmema ouggepenyuanvhvix ypasnenutl X = Ax + f (t) 20e A — nocmosinnas
n X n-mampuya;, [ :R"— R" — nenpepwisnas gynxyus. [Ipeononoscum, umo:

1) 6ce xapaxmepucmuueckue Kopuu A j(A) mampuyol A umerom ompuyamenvhvle OeucmaumenbHvle 4ac-
mu, Rek,;(4) <0, j=1,n;

2) ¢ynxyus (t) oepanuyena npu t > 0.
Toeoa sce pewenusi cucmemuvl X = Ax + f (t) oepanuyerwvl npu t > 0.

JlokasaTenbcTso. s nponssonsHoro pemenns x(¢), x(0)= x,, 3axanHoit cucremst auddepenryas-
HBIX ypaBHEHHH 1pu ¢ > 0 cripaBeanmmBa hopmyna [12, ¢. 193]

t
x(t)=e"x, + '[eA('_‘v)f(s)ds, t>0.
0
Ortcrozia MOXKHO 3aIiCaTh HEPABEHCTBO ISl HOPMBI PELICHHS:

t
[ e)] < el + e~
0

3amMeTuM, 9TO TSI HOPMBI MAaTPHUITGI HMEET MECTO CICHYIONIas OICHKa: ”eA'

||f(s)||ds, t>0.

< Ne ™, t>0[13, c. 282], rne

N>0, 0< o <-—max Re(?» I.(A)). KpoMe Toro, 110 IIpeAnoNokeHNI0 OrPaHNMEeHHOCTH BeKTop-QynKumn f(7)
; :

cyuectByet uncio M > 0, s KOToporo || f (t)” < M npu Bcex ¢ = 0. B pesynbrare 11 pelieHus x(t) oJ1y-
YyaeM OILICHKY B BUJIE

|x(2)] < Ne~|lx,| + NMJEefa(hs)ds = Ne™|x, | + %(1 - e’“’), t>0.
0

DT U 10KA3bIBACT OIPAHHYEHHOCTD pemenns x (7).
Teopema 1 u temma OyryT MCTIOIB30BAHEI [UISI pellIeHus mpoOiieMbl Alizepmana (cMm. [4]).

[TycTn x(t) (x R — ]R) — cKaysIpHas k pa3 HenmpephsIBHO auddepeHnupyemast GyHKIus. st KpaTKoCTH
MOJIOKUM

. dx .. d’ d*
x=x= _x’ i=x?= —f, oo XM = —ZC (x(o) =X)
dt dt dt
JUTS TIPOU3BOIHBIX TI0 BPEMEHH BBICIINX MOPSIIKOB (DYHKITHH x(t).
YpaBHeHUsI 4eTBEPTOro NOPSAKA
1. PaccmoTpum HenuueitHOE quddepeHinaTsHoe ypaBHEHHE
x(4)+(p+oc)'5c'+(q+ocp+[5))'é+(ocq+[3p)5c+|3qx=0, 2

pemeHuit ypasuenus (2) aiis Beex x € R.
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[epeiinem ot (2) K COOTBETCTBYIONIEH crcTeMe TUPPEepeHIINAIBLHBIX YPaBHEHHUH C UCIIONB30BaHUEM ClIe-
JyIOLIEHN 3aMEHBI IEPEMEHHBIX:
y=Xx,z=X+0ox+Bx, u=% + oX + px. 3)
Ortcrofa noxyyaem
y=X=-Px—-oy+z z=u

Kpome Ttoro, cornacuo (2) umeeM paBeHCTBO # + pu + gz =0, T. e. nuddepeHunanbHOEe ypaBHEHUE 110
nepeMeHHON u. V3 mpeapIayIero clueayoT Takke paBeHCTBA

¥=-Pi-oy+z=—Py—o(Pr-oy+z)+u :an+(a2—B)y—az+u.

Taxum 0O6pa3om, B pe3yabrare 3aMeHsl (3) MPUXOAUM K CUCTeMe YpaBHEHHH

xX=y,
)Z/:—u’Bx oy + z, @
u=-qz— (p(x, ¥, Z, u)u,
TJI€ TTOJIOKEHO
(p(x, Y, Z, u) = p(x, v, —Px— oy + z, offx + (0(2— B)y —oz+ u) (5)
PaccMoTpuM 3HAKOTIOCTOSIHHYIO (DYHKITHIO
V(x,y, z,u)=0,5gz" + 0,5u". (6)
Ee npousBojHast Mo BpeMeHH B CHITy CUCTeMEI (4) paBHa
V(x, Y, Z, u) = —(p(x, y, z, u)uz.
g yTBepkieHUs 00 YCTOHYMBOCTH B 1I€JIOM TPEATIONOKUM, YTO BHIITOIHEHB! YCIOBHS
oa>0, >0, g>0; o

(p(x, Vv, z, u) >0 ‘v’(x, Vv, Z, u) e R

CoracHo ycnouto 3) TeopeMsl 1 moTpedyem, 4ToObI MHOXKECTBO Yw\{O}, IJI€ IPOU3BOHAS V(x, Vv, z, u) =0,
HE COAEPIKaJI0 OrPaHNUCHHBIX OTPHLATEIbHBIX TOTYTPaeKTOpUil. JleCcTBUTENIBHO, eciin Obl TaKas Oy TPaeK-
Topus Y = y_(x, v, Z, u) # {0} cymecrsoBana, T0 Bonb Hee KomnonenTa u(f)=0 V¢ < 0, a 3Ha4MT, 1 €€

MPOM3BOIHAS TI0 BPEMEHH u(t) =0 V¢ < 0. Boone nonytpaekropun y cuctema (4) TpancGopMupyercs clie-
IYFOIIIUM 00pa3oMm:

5=y, .
x= b .

y=—PBx—-oy+z, ) 3 x=y,

. y:_Bx_OW‘"Za .

Z=u, =R 0 S Jy=—Px—ay+z,
z=0,

1= —qgz — z=0.

u qz (P(x:y, z, u)ua O:—qZ

(u=0

To ecTb Bronb Y cuctema (4) CBOIUTCS K YNIPOIIEHHOH TUHEHHOH cucTeMe augdepeHInaIbHbIX YpaBHEHHN

{x -
y=—PBx - ay.
CornacnHo kputeputo ['ypsuria (cM. [4]), aCHMOTOTHYECKAsT YCTOWIUBOCTE HYJIEBOTO PEIICHUS dTOW CHCTEMBI
onpenensiercss HepaseHcTBamu o > 0, B > 0, rapantupoBanHbMA TpeboBanueM (7). ClienoBaTenbHO, Takast
TUHEeWHas cuctema MU (epeHInatbHbIX YPaBHEHUH HE MOXET COJEpKaTh OTIMYHBIX OT HYJEBOW OTpaHH-
YEHHBIX OTPULIATEIBHBIX TOITYTPAEKTOPUH, M MBI IPUXOANM K IPOTUBOPEUHIO C CyIIecTBOBaHHEM Y . Takum
oOpa3oM, QyHKIus (6) yAOBICTBOPSIET YCIOBHIO 3) TEOPEMBI 1.

[Toxaxem Tenepp, UTO BCSKOE PEIICHHE (x(t), y(t), z(t), u(t)) cucteMsl (4) orpannueHo mpu ¢ > 0. JleticTu-

TEJIBHO, TaK KakK ¢ > 0, TO HAJIMYKe 3HAKOIOJIMKUTEIbHON (hyHKIHHK (6) CO 3HAKOOTPHUIIATSIILHOM POU3BOIHON
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[0 BPEMEHHM O3HAYaeT, UYTO PeIlCHHUE (x(t), ¥(2), z(1), u(t)) CUCTEMBI (4) OrpaHMuYEHO 10 KOOpAHMHATaM
(z(t), u(t)) [ToxaxeM OrpaHUYEHHOCTb 110 OCTAJIbHBIM KOOPAWHATAM.
PaccMOTPUM /1B IEPBBIX yPaBHEHUs CUCTEMBI (4), IIpeanonaras, 4To z(#) — KOMIIOHEHTa PeLICHHSL (x(t),
y(t), Z(t), u(t)). HNmeem .
X=Y,
y==Bx—oay+z(1).

B cuiy tpe6oBanus o > 0, B > 0 mMaTpuia OXHOPOIHOM CHCTEMBI X =y, ¥ = —Px — 0y oOnamaer Juiib
XapaKTePUCTUUECKIMH KOPHIMH C OTPHULIATENbHBIMU IHCTBUTEFHBIMU YacTsIMHU. KpoMe Toro, MBI TOKa3anu

®)

OTrPaHUYCHHOCTh (DYHKIIUU z(t). CrnenoBarenbHO, JJIs1 CUCTEMbI AU(QepeHIMaTbHBIX ypaBHEHHH (§) BBINOJI-
HEHbI BCe yC/IOBHSA JIEMMbI, KOTOPast aeT OrpaHMueHHOCTD 1o koopannatam (x(¢), y(¢)).

Taxum 00pa3oM, BEIIIOTHEHBI BCe TPEOOBAaHUS TEOPEMBI 1, OTIpeeNsoNell yCTOMINBOCTh B 1IEJIOM HYJIe-
BOTO PEIICHUSI CUCTEMEI (4).

[TockonmbKy MHOXKECTBO TOUYEK (x, 0, 0) € R* monokuTensHO MHBAPHAHTHO, TO HEYCTOHUMBOCTh pellle-
Hus x =y = 0 cucteMsl (8) BIe4eT HEYCTOWYMBOCTE PEIIeHNs X = ) = z = u = () UICXOAHOH cucTeMbI (4).

B pesynbrare npuxoauM K CripaBeIJIMBOCTU CICIYIONICH TEOPEMBL.

Teopema 2. Hynegoe pewenue x = x =X =X =0 cxanapnoco ougghepenyuanvrozo ypaenenus (2) ¢ no-

dyuxyus @ : R* = R onpedenena coomnowenusmu (3) u (5).

Ecnu orce B <0 unu =0, o< 0, mo nynesoe pewenue ypasnenus (2) Heycmouuuso.

3ameuanue 1. JIns muHeiHoTO AudepeHIanisHoro ypasHenus (2) mpoodiema AlizepMaHa UMEET MOJI0KH-
TeJIhHOE PellIeHne OTHOCUTEIHHO Kod(hhuItueHTa p.

2. Paccmorpum HesuHelHOE uddepeHinaibHOe YpaBHEHHUE

4 (o4 8)% + (B+ ous) i + (Bs + v) %+ ysx =0, ©)

pernenuit s Bcex x € R.
[epeiinem ot ypaBHeHUs (9) K cOOTBETCTBYIOIIEH cucTeMe Au(QepeHITHATFHBIX YPABHEHUHA C TIOMOIIHIO
3aMEHBI TTIEPEMEHHBIX
y=X, z=p, u=X+ aX + Px + yx. (10)

Torpa ¢ yuerom npencrasienus (9) nonyunm nuddepeHunansHoe ypaBHeHue o + su = 0 OTHOCHTENBHO Tie-
PEMEHHOM u.
BriBenem muddepennpanbHoe ypaBHeHHE OTHOCUTEIBHO NepeMeHHoi z. 13 (10) nmeem
z=yp=X=—-yx—-Px—oX+u=—-yx—PBy—oz+u

W3 npenpinymiero cuenyer Takxke, 4to X = y = z. Takum 00pa3oM, B pe3ysibTaTe NCIO0JIb30BaHNs HOBBIX IIepe-
MeHHBIX (10) mpuxoauM K cucteme

x=y,
e (11)
z=—-yx—-PBy—-oz+u,
u= —(p(x, Vv, Z, u)u,
IJI€ TIOJIOKEHO
(p(x,y, z, u)=s(x, Y, Z, —yx—By—ocZ+u). (12)

PaccMoTpuM 3HAKOTIOCTOSIHHYHO (DYHKITHEO C COOTBETCTBYIOIICH MPOU3BOIHON 110 BPEMEHHU B CHITY CUCTE-
M&I (11):
V(x, , Z, u) = O,Suz, V(x, V, Z, u) = —(p(x, Vv, Z, u)uz. (13)
[TotpeOyeM, 4TOOBI BEITIOTHSITICH HEPABEHCTBA
o>0,0f>v>0;
4 (14)
(p(x,y, z, u) >0 ‘v’(x,y, z, u) e R".

Torna npounsBoaHas V' OyneT HEMOIOKUTEITHLHOM.
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CoracHo ycnoBuio 3) Teopemsl 1 norpeGyem, uto6er Muoxkectso Y \{0}, rne npoussonnas V (x, y, z,u) =0,
HE COIEPIKasI0 OrPaHHYEHHBIX OTPHIATENIbHBIX MOy TpaeKTopHil. JleficTBUTeNbHO, ey OBl TaKas Moy TpaekK-
Topust Y=Y (x, y, z, u) # {0} cymecrsoBana, To B1oab Hee xommonenta u(7)=0 V¢ < 0, a 3HauuT, U ee

MIPOU3BOJIHAS TI0 BPEMEHU u(t) = 0 V¢ <0. Boons nonyTpaekropuu Y cucrema (11) mpeoOpasyercst B cucremy
X=y,
y=z, (15)
z=—yx—PBy-oz.
Ha ocHoBanuu kpurtepust ['ypBulla HyJI€BOE pPELIEHHUE ITOW CUCTEMBI ACUMITOTHYECKH YCTOWYMBO TOIJIA
¥ TOJILKO TOTja, Korma o > 0, off > v > 0, uro obecneueno yciosueM (14). CrenoBarenbHo, JUHEWHAsE CHC-
tema (15) He MOXkKeT cofep)kKaTh OTIAMYHBIX OT HYJIEBOM OTrpaHWYEHHBIX OTPHUIIATENBHBIX MOMYTPACKTOPHA,
YTO TPUBOJUT K MPOTUBOPEUHIO C CylIecTBOBaHUEM Y . Takum oOpasom, ¢pyHkius (13) yI0BICTBOPSIET yCII0-
BUIO 3) TeopeMmsl 1.
[TokakeM Terephb BIMOJIHEHUE YCIOBHS 4) TEOpeMBI 1, T. €. UTO Bce perieHus cucteMsl (14) orpaHUYeHHBI.
JleficTBUTEIIBbHO, HATMYHE 3HAKOIIOJIOKHUTEIbHON (yHKIMH (13) cO 3HAKOOTpHUIIATEIHLHON TIPOU3BOHON O3HA-
YaeT, UYTO BCSIKOE PelIeHUe (x(t), y(t), z(t), u(t)) cuctemsl (11) orpaardeHo M0 KOOpIUHATE u(t) [Noxaxxem

OTPAaHUYEHHOCTH 110 OCTaJIBHBIM KoopanHaTaM. C 3TOH ENbI0 paCCMOTPHM IIEPBBIE TPU YPABHEHHS CUCTEMBI
muddepeHmansabix ypasaenuit (11):

xX=y,

Y=z
z=—yx—Py—oaz+u(r),

e u(t) — KOMITOHEHTA PEeIICHUS (x(t), y(1), Z(t), u(t)) C yuerom tpebosanus o > 0, oy >y > 0 marpuia
COOTBETCTBYIOIIIEH OJHOPOIHON CHCTEMBI HUMEET JIUIIb XapaKTEPUCTUUIECKIE KOPHU C OTPULIATSIIbHBIMU JICH-
CTBHTENBHBIMH YacTaMu. KpoMe Toro, nokasana orpaHudeHHOCTh QyHKImH (7). CllexoBaTenbHO, BHIIOTHE-
HBI BCE YCJIOBUS JIEMMBI, U3 KOTOPOH CIIEAyeT OTPaHUYCHHOCTh penieHuit cuctemsl (11) u mo koopauHaTam
(v(e). ¥{0). =(0).
Takum 00pa3zoM, yIOBIETBOPEHBI BCE TPEOOBaHUS TEOPEMEI 1, M MBI TPUXOAUM K CIEIYIOIICH TeopeMe.
Teopema 3. Hynesoe pewernue x = x =X =X =0 ckanaproeo ouggepenyuanrvrnoeo ypasnenus (9) ¢ no-

dyuryus @ : R* = R onpedenena coomnowenusmu (11) u (12).

Ecnu oce nynesoe pewenue nunetinoti cucmemol (15) Heycmouiuuso, mo Hynegoe peuietue ypaguerus (9)
HeyCmouiueo.

31ech yTBEpK/IEHHE O HEYCTOIYMBOCTH CIETYET U3 TOro (hakTa, 4TO MHOKECTBO Touek (X, y, z, 0) € R*
cucremsl (11) HONOKUTEIHHO HHBAPHAHTHO.

3ameuanue 2. JIns nureiinoro nuddepeHnmansHoro ypaBaeHus (9) npodiema AiizepMaHa UMEET TOJI0XKH-
TEJILHOE PELICHUE OTHOCUTENLHO Kod(uLIueHTa s.

JAnddepennuanbubie ypaBHEeHHS MATOr0 MOPSAIKA

1. PaccmoTpum HenuHelHoe nquddepeHnnansHoe ypaBHEHHE

X4 (p+a)x + (g +op+B)E + (0g + Bp +7)% + (Bg + py)s +ygx=0, (16)

HOCTB pemieHuit ais x € R.
XapakTepuCTUYEeCKOE YpaBHEHHE JTMHEHHOTo A depeHInanbHOr0 ypaBHEHUS ¢ MOCTOSHHBIME Ko3(du-
LEHTaMu 0, [3, 7, p, ¢, COOTBETCTBYIOLIETO ypaBHEHHUIO (16), MOXKHO MPEACTaBUTh B BHIC

A+ ar’+ Br+y) (A + ph+q)=0. (17)
( ) )

Ortcrona, comtacHO KpuTepHio ['ypBuna, ciegyeT, YTO KOPHH XapaKTEPUCTHYECKOTO YPaBHEHMS JTMHEHHOTO
ypaBHeHus (16) OyayT MMeTh OTpULIaTeIbHbIE BEILIECTBEHHBIE YaCTH TOT/IA U TOIBKO TOT/IA, KOIIa Haps Iy C He-
paBeHcTBaMu p > 0, ¢ > 0 BBIIIOJIHSIOTCS HEPABEHCTBA
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o>0,aB>v>0. (18)

OTMeTHM, 4TO XapaKTepPUCTUIECKOE YpaBHEHHE JTIFOO0TO TUHEHHOTO MU epeHIInaTbHOTO YPaBHEHUS TIsi-
TOTO TIOPSAJKa MOXKET ObITh 3amucano B Gopme (17) BHE 3aBUCHMOCTH OT €ro KOpHEH (BEIIeCTBEHHBIX HITH
KOMITJICKCHBIX ).

[epeiinem ot ypaBHeHUs (16) kK COOTBETCTBYIOIIEH cucTeMe TU(PEPEeHITHATBHBIX YPAaBHEHUN C UCTIONH30-
BaHHEM 3aMEHBI IEPEMEHHBIX

y=x,z=% u=%+ 0¥+ Bi+ yx, w=x+ 0¥ + P + yx. (19)
Orcroma cnemyer, 9To
z=X=—-yx—PBy—oz+u, i=w.

Kpome toro, cornacHo (16) numeem paBeHCTBO W + pw + gqu = 0, T. e. qudQepeHaipHoe ypaBHEHHE T10 Tiepe-
MEHHOH W.

> 4
3anmmem BeITekarotiee u3 (19) npeacrapieHe MPOU3BOIHOM x@k:

x(4):w—oc')'c'—B)'é—ch=W—O‘(”_OCZ_By—Yx)_BZ_sz
= oyx + (0B = )y + (- B)z — o + w

Taxum 00pazoM, B pe3yabTaTe 3aMeHBI TepeMeHHBIX (19) mpuxoanm K cucteme u3 matu quddepeHimas-
HBIX YPaBHEHUH MEPBOTO MOPSIIKA

=y,

y=z,

z=—yx—PBy—-oaz+u, (20)
u=w,

»w: —qu — (p(x, V, Z, U, w)w,

€ IIOJIOKEHO

(p(x, v, Z, U, w) = p(x, Vv, Z, —=Yx— By — oz +u, oyx+ (O(B - y)y+ (0(2— B)Z — o + w). (21)

PaccMoTpuM 3HAKOMOCTOSTHHYIO (DYHKITHIO

V(x, V, Z, U, w) = O,Squ2 +0,5w% (22)
Ee mponsBoanas mo Bpemenu B cuiny (20) paBHa
V(x, Y, Z, U, w) =-0(x,», z, u, w)wz.
Hapsny ¢ ycnosusimu (18) motpedyeM BHITOIHEHNE HEPABEHCTB
q>01/1(p(x,y, Z,u, w)>0 ‘v’(x,y, zZ,u, W)E]RS. (23)
Torna byHKIms V GyIeT 3HAKOMONOKHTEIBHON, a e¢ IPOM3BOAHAS V/ — 3HAKOOTPHLATEIBHOMN, 3HAYHT, OyIyT
BBITIOJTHEHBI YCI0BHS 1) U 2) Teopemsr 1.
Ha muoxectse Y, rae V(x, V, Z, U, w) =0, cpaBeanuBhl paBeHcTBa U = 0, w = 0. AHAJIOTHYHO pacCyx-
JICHHSIM, UCTIOIb3yEeMbIM IPH MCCIIEAOBAaHUH CHCTEMBI YETBEPTOTO MopsKa (4), MOXKHO TIOKa3aTh, 4TO (PyHK-
1us (22) ynoBieTBopseT yCIoBHIO 3) TeopeMsl 1, ecnu penyurpoBanHas cuctema (20), a UMEHHO JTHHEWHas
cucrema auddepeHanbHbIX YPaBHEHHH TPETHETO MOPSIIKA
X=,
y=z, (24)
z=-yx—Py-oaz,

MMeeT aCHUMIITOTHYECKH YCTOWYHBOe HyileBoe pemeHue. [lo kpurepuro ['ypBuma nocnenHee OyneT BBIIONI-

HATBCS TOT/IA U TOJIBKO TOT/Ia, Korna Ko GUIMEHTHI cucTeMbl (24) noaunHeHbl TpeboBanusM (18).
Taxum o6pazom, HepaBeHcTBa (18) u (23) obecmeunBaroT BEITIOTHEHUE YCIOBHS 3) TEOpeMEI 1.

Hakonen, /Ui BbIIONHEHUs! yCJIOBHUS 4) TeopeMbl | MOKakeM, YTO BCSKOE peIleHHUE (x(t), y(1), z(1),
u(t), w(t)) cuctemsl (20) orpanudeno npu ¢ > 0. JlelictBurensHo, Tak Kak ¢ > 0, To HaTU4KMe 3HAKOIOJIO-
KUTEIbHOH (QYyHKUMHU (22) CO 3HAKOOTPULATEIbHONW HPOM3BOJHONW IO BPEMEHM O3HAYaeT, YTO pEIICHUE
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(x(t), y(t), z(t), u(t), w(t)) cucreMbl (20) orpaHHuYeHO MO KOOpIUHATAM (u(t), w(t)). Paccmorpum mep-
BblE TPH ypaBHeHus cucTeMbl (20) ¢ dynkuneit u(r), snsowmeiicss kommonentoit pemenus (x(¢), y(t), z(t),
u(t), w(t)). HMmeem
X=Y,
y=1z, (25)
z=—yx—Py—oaz+u(r).
C yuerom tpeboBanus (18) marpuiia cucteMsl (25) (Ipu OTCYTCTBUU €€ HEOAHOPOIHON YacTH u(t)) UMEET

JIMIIb XapaKTCPUCTUUYCCKUE KOPHHU C OTPHUUATCIIbHBIMUN )leﬁCTBI/ITeJIBHLIMI/I qacTAMU. KpOMe TOTO, ITOKa3a-
Ha OrpaHU4YC€HHOCTDH Q)YHKHI/II/I u(t). CJ'IeI[OBaTeJ'ILHO, BBIIIOJIHEHBI BCE YCJIOBHA JIEMMbI, U3 KOTOpOfI cJIeayer

OT'paHUYCHHOCTH M 110 KOOpJAWHATam (x(t), y(t), Z(l)).

Takum o6pas3om, Ha ocHoBaHUM TeopeMbl 1 ycnoBus (18) u (23) naroT ycTOWYMBOCTD B LIEJIOM HYJIEBOIO
penienus cucteMsr (20).

. . 4
Teopema 4. Hynesoe peuienue x =x =X =X = xl

=0 CKaApHO20 ouppepenyuanvrozo ypasnenus (16)
o © e ees 4 o
¢ nocmosiHbiMu O, B, Y, q u ¢yurxyuen p = p(x, X, % % 2 )) VCMOUYUBO 8 YeNoM, eCllu GbINONIHEHbL YCIl0-

sus (18) u (23), 20e ynxyus @ : R — R onpedenena coomnowenusmu (19) u (21).

Ecnu nynesoe pewenue nunetinoii cucmemol (24) neycmouuuso, mo Hyiesoe peuieHue ypaenerus (16) ue-
YCMOUYUBO.

31ech YTBEPKICHNUE O HEYCTOMYMBOCTHU CIIAYET U3 CBOMCTBA MOJOKHUTEIHHON WHBAPHAHTHOCTA MHOXE-
CTBa TOYEK (x, y, z, 0, 0) € R’ cucremsr (20).

3ameuanue 3. JIns nuneiitnoro quddepennumansaoro ypasuenus (16) npobinema Aiizepmana UMeeT I10JI0-
JKUTEJIBHOE PELICHUE OTHOCUTEJIBHO MOCTOSHHOTO KOG GULIMEHTA p.
2. PaccMmoTrpuM HenmHERHOE 1uddepeHInanbHoe ypaBHEHUE

x4 (a + s)x(4) + (Ocs + B)x + (Bs +Y)i+ (8+sy)x +8sx=0, (26)

HOCTB peLIeHH npu Beex x € R.
[lepeiinem ot ypaBHeHUs (26) K COOTBETCTBYIOIIEH cucteMe auddepeHnanbHbpIX ypaBHEHUH ¢ TIOMOIIBIO
3aMEeHBbI IEPEMEHHBIX "
y=X,z=p,u=z, w=x"~+0X + B¥+ yx+ ox. (27)

BriBenem auddepeHnuatbHOe ypaBHEHHE OTHOCHTENIBHO mepeMenHoit w. 13 (26) caemyet, uto w + sw= 0.
Takoe paBeHCTBO moMy4aeTcs AUGGepeHITNPOBAHNEM TTOCICIHET0 ypaBHEHHS (27) 1 ITyTeM JIETaIbHOTO pac-
CMOTPEHHUS JICBOH YacTH ypaBHEHHUS (26) C BBIICICHUEM B HEM BBIPAKCHHH 1T W U W.
Ocraetcs onpenenuTs nuddepeHInaIbHOe ypaBHEHUE OTHOCUTENBHO TepeMeHHon u. CormacHo (27)
. .. 4
U=z=y= x, Kpowme Toro, nocnennee paBeHCcTBO (27) naet
4 . .
= w— o — B — i — 8x=w— o — Pz — yy — dx.
ITosToMy nonyuyaem
u=w-—ou—Pz—7yy—ox.

TakuMm 00pa3zoM, B pe3ynbTare 3aMeHbl HEPEMEHHBIX (27) NPUXOJUM K CUCTEME M3 MATH TudPepeHnab-
HBIX YPABHEHUHI

xX=Y),
Z,
i=u, (28)

u=-0x—"7yy—Pz—owu+w,

}}V: _(P(x, Y, z, U, W)Wa
1€ IMOJIOKCHO

(p(x, v, Z, U, w) = s(x, Y,z u, —Ox — Yy — Pz — ow + w). (29)
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PaccmoTpuM 3HAKOMIOCTOSIHHYIO (DYHKITHIO C COOTBETCTBYIONIEH MPOU3BOHON MO BPEMEHHU B CHITY CHUCTE-
MEI (28) ]
V=0,5w" V= —(p(x, Y, Z, U, w)wz. (30)
[ToTpebyeM BEITIOIHEHUE YCIOBUH
>0, 08>y, oafy—a’d—y'>0,8>0;

31
o(x,y, z,u, w) >0 V(x,y, z,u, w) e R’. (31)

Torna (GyHKIHsS ¥ — 3HAKOMOIOKHTENIbHA, €€ POU3BOHAS V — 3HAKOOTPHIIATENbHA, 4 3HAYHT, BBIONHEHBI yC-
noBust 1) u 2) Teopemsr 1.

Ha maOXecTBe Y_, T/I€E V(x, Vv, Z, U, w) = (, BbIIIONIHSIETCA PaBEHCTBO W = 0. AHAJOTUYHO PACCYX ACHUSIM,
MIPOBEJICHHBIM TIPU HCCIICIOBAHUHM CUCTEMBI YyeTBepToro mopsiaka (11), MoxxkHo nmokasars, uto gynkuus (30)
YIIOBJIETBOPSIET YCIOBHIO 3) TEOpEeMHI 1, eciiu peaynupoBaHHas cucrteMa (28), a UMEHHO JMHEIHas cucTeMa
nud depeHInaIbHBIX YPaBHCHUN YSTBEPTOTO MOPSIIKA

x=y,
o
d (32)
Z=u,

u=—0x—"yy—Pz— ou,

MMeeT aCHMITOTHYECKH ycTOW4MBOe HyneBoe peuieHue. [lo kpureputo ['ypBuua nociennee OyneT JOCTHT-
HYTO TOTJa ¥ TOJILKO TOTJa, Koraa Ajsi KoagpuuueHToB cucteMsl (24) BeimonHensl Tpedosanust (31). Takum
o0pazoM, eciii UMErOT MecTo HepaBeHcTBa (31), To gpynkuus (30) yaoBiIeTBOPSIET YCIOBHUIO 3) TeOpEeMBI 1.

Haxkonern, mokaxkem, 4TO BCSKOE peILICHHE (x(t), y(1), z(2), u(?), w(t)) cucremsl (28) OorpaHHYEHO NPH
¢t > 0. JleiicTBUTENBHO, HAJTMYNE 3HAKOMONOKUTENbHON (yHKIMH (30) cO 3HAKOOTPHUIATEIHHOM MPOU3BOAHOM
110 BPEMEHH 03HAUYAET, YTO PEIIeHUE (x(t), y(1), z(2), u(t), w(t)) OrpaHnueHo 110 koopauHare w(f). Pacemor-

pHUM TepBbIEe YETHIPE YpaBHEHUS CHCTEMBI (28) ¢ KOMIOHEHTOI w(t) peuieHus (x(t), y(t), z(t), u(t), w(t)).
Nmeem

xX=y,
)
d (33)
Z=u,

i =—8—yy—Bz— ow+ w(r).

B cuity (31) marpuiia COOTBETCTBYIOIICH OHOPOAHOM cucteMbl s (33) (OTCYTCTBUE HEOJHOPOIHOM YacTu
w(t)) VMMEEeT JINIITH XapaKTePUCTHIECKIEe KOPHH C OTPUIATEIBHBIMHU JEHCTBUTEIHHBIME YacTsaMu. Kpome Toro,
MoKa3aHa OrPaHUYCHHOCTh (PYHKIIUU w(t). 3HAYUT, BHITIOTHEHBI BCE YCIOBUS JIEMMBI, U3 KOTOPOU ClIeayeT
OTPAaHUYCHHOCTD U MO OCTAILHBIM KOOpAUHATAM (x(t), y(t), z(t), u(t))

Taxum obOpazom, ycnosus (31) obecrieunBaroT BEIIOTHEHNE BCeX TPeOOBaHUH TeOopeMbl | 1 UMEET MECTO
CIICTYIOIIUI Pe3ybTarT.
. . 4
Teopema 5. Hynegoe peutenue x =x =X =X = =0 cKansaprozo ouggepenyuanvrozo ypagnenus (26)

()

¢ nocmosinnvimu o, B, v, & u ¢gynxyueir s = s(x, X, X, X, x ) YCMOUYUBO 8 YEelOM, eCllU BbINOIHEHbl YCI0-

us (31), 20e gynxyus @ : R’ = R onpedenena coomnowenusmu (27) u (29).

Ecnu nynesoe pewenue cucmemot (32) neycmouuuso, mo Hyiesoe peuletue ypagueHus (26) Heycmouuueo.

31ech yTBEPI/IEHNE O HEYCTONIMBOCTH CIIEAYET U3 TOro (hakTa, 4To MHOKECTBO TOUeK (X, ¥, z, u, 0) € R’
cucTeMsl (28) MOJIOKUTEILHO HHBAPUAHTHO.

3ameuanue 4. J{nst muHaeiiHOTO AU PepeHInaIbHOr0 ypaBHeHus (26) npodiaema AiizepMaHa UMEET IM0JIO-
JKUTEJILHOE PEIICHIE OTHOCUTEIBLHO MOCTOSIHHOTO KO3 UIIMEHTA 5.

3akiIoueHue

JlocTaTouHbIe YCIOBUS YCTOWYMBOCTH B IIEJIOM, TTOJYYEHHBIE B TeopeMax 2 1 4 OTHOCHTEIbHO K03 du-
IIMCHTA p M B TeOpeMax 3 U 5 OTHOCUTEIHHO Ko HIeHTa 5, COBIAAAIOT C HCOOXOAMMBIMH U TOCTATOYHBIMHU
YCIIOBHUSIMU aCHMIITOTHYECKOH YCTOHYMBOCTH B COOTBETCTBYIOIIEM JITHEHHOM CITydae CKaIIpHBIX AupdepeH-
HUaNbHBIX ypaBHeHUH (2), (16) u (9), (26). D10 yka3plBaeT Ha OOMICTIPUHATYIO KaYeCTBEHHYIO OLICHKY MOy~
YCHHBIX PE3YJIBTATOB 3a/1a4M YCTOMYMBOCTH B TICTIOM.
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OTMeTHM TaKKe, 4TO JUIsl KQKJOT0 U3 JIBYX Tap MCCIEeIOBaHHBIX CKATSIPHBIX AU (depeHInaIbHbIX ypaB-
HEHUH 4eTBEpTOro M IISITOrO HMOPsIKOB 3ajada Al3epMaHa UMEET CIIEAYIOILYI0 OCOOCHHOCTb €€ PELIeHUs.
B ommume ot TpaMIIMOHHON MOCTaHOBKH ITpo0ieMbl Alizepmana [4] mocTosHHBIN K03 HUITMEHT B COOTBET-
CTBYIOIIEM JIMHEHHOM ciTyyae MOXKHO 3aMEHHTH (DYHKIIMEH, 3aBUCSATIIEH OT BceX (Pa3oBBIX MEPEMEHHBIX COOT-
BETCTBYIOIICH cCTEeMbI U (EpEeHIINATBHOTO YPaBHEHUSI, U TIPH 9TOM COXPAHSETCsl CBOHCTBO YCTOMYMBOCTH
B 1I€JIOM.
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