
79БГУ – столетняя история успеха

Дискретная математика и математическая кибернетика
Discrete Mathematics and Mathematical Cybernetics

Step 6: FOR each arc v vp q,( ) existing in the directed subgraph V A, , ∅( ) of the mixed graph G V A E= ( ), , , 
introduce the precedence relation vp → vq, which means that processing the task vp must be completed before 
starting the task vp in any feasible schedule. 

Step 7: a general shop-scheduling problem GcMPT t Ci =1 max is constructed on the mixed graph 
G V A E= ( ), , , where the precedence relations on the task set V are determined at step 6 and the machine set M 
is determined at step 3 and step 5 STOP. 

Case 2. Let the set W be not empty, W = ∅. Since the mixed graph G V A E= ( ), ,  is colourable, every cir-
cuit v v v vk k k kV k1 2 1

, , , ,…( )( )
 in set W has no adjacent vertices in the subgraph V E, ,∅( ) of the mixed graph G 

(theorem 1). Therefore, all tasks v v v V kk k k V k1 2
, , , :…{ } = ( )

( )
 must be processed simultaneously in any feasible 

schedule for the desired general shop-scheduling problem GcMPT t Ci =1 max on the mixed graph G V A E= ( ), , , 

where the circuit v v v vk k k kV k1 2 1
, , , ,…( )( )

 exists in the directed subgraph V A, , .∅( )
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, , , , , , . Then, we delete all arcs  Ac defined in  (5) 

from the mixed graph G V A E= ( ), ,  and apply the above algorithm to the obtained circuit-free mixed 
graph G V A A Ec

0 = ( ), , .\  As  a  result, the problem GcMPT t Ci =1 max is constructed on the mixed graph 
G V A A Ec

0 = ( ), , ,\  which is equivalent to finding an optimal colouring c G0( ). Consequently, the problem 
GcMPT t Ci =1 max on the mixed graph G V A E= ( ), ,  is equivalent to finding an optimal colouring c G( ). Lem-
ma 4 is thus proved. 

We apply the above constructive proof of lemma 2 to the mixed graph G V A E= ( ), ,  depicted in fig. 3 and 
obtain example 4 of the problem GcMPT t Ci =1 max on the mixed graph G V A E= ( ), ,  depicted in fig. 4. Note 
that examples 3 and 4 are different, e. g., all jobs are simple in example 4, while there are two non-simple jobs in 
example 3. 

In general, it is easy to show that the proof of lemma 4 implies that for any colourable mixed graph 
G V A E= ( ), , , one can construct a general shop-scheduling problem GcMPT t Ci =1 max on the mixed graph 
G V A E= ( ), , , which is equivalent to finding an optimal colouring c G( ) and all jobs in the set J are simple. 

Note that it is required to use non-simple jobs for some objective functions g = …( )f C C CJ1 2, , , , since 
only completion times Ci of the jobs Ji ∈  J are their arguments. Hence, the completion times of some tasks may 

be ignored in the values of such objective functions. In particular, the total completion time g = =
=
∑ΣC Ci i
i

J

1
 is 

such an objective function.

Fig. 4. Mixed graph G V A E= ( ), ,  determining  
the problem GcMPT t Ci =1 max with eleven tasks and nine machines,  

the optimal mixed graph colouring c G( ) being equivalent to example 4


