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However, a more detail comparison of the curves in fig. 5 and 6, made for the same parameter β and the 
adopted model, shows that the incorporation of the Casimir forces results in a weaker reduction in the first 
natural frequency than accounting for the vdW forces when the voltage becomes close to the critical value β∗. 

Conclusions
In this work, free small vibrations of a micro-cantilever as an element of the micro-switch were investigated con-

sidering the electrostatic and intermolecular forces, including the vdW and Casimir ones. We revised the approach 
stated earlier (see, for example, [9; 10]), which is based on splitting the stress-strain state of the micro-cantilever 
into the static and dynamic states. Assuming a solution of the original nonlinear dynamic equation in the form 
of the superposition of static and dynamic components, we derived the nonlinear differential equation, gover
ning the static deviation caused by the intermolecular forces, and the linear equation with variable coefficients 
describing free small oscillations in the vicinity of the static strained state. The novelty of our approach com-
pared to the similar ones realised in [9; 10] is in the effective method, which allows correct estimating the static 
component strongly influencing the subsequent calculations of the natural frequencies of free vibrations near the 
deformed state. The static component was first correctly determined within the well-established LDL and QDL 
models [3; 4], according to which the resulting lateral force acting on the movable cantilever is approximated 
by either the linear or parabolic function of the axial coordinate. The differential equation governing small 
vibrations of the micro-cantilever near the static deformed position was derived in the form which is invariant 
with respect to the geometrical and physical parameters of the micro-electromechanical systems and can be 
utilised for studying small vibrations with a wide range of variation of these parameters. In the case of a small 
static deviation of the beam, we determined several first natural frequencies and corresponding modes using the 
asymptotic approach with a small parameter equal to the tip deviation. For the general case with a finite static 
tip deviation, we proposed the numerical procedure based on the Runge – Kutta method. All computations were 
performed for the vdW and Casimir forces not exceeding the critical pull-in instability values. The comparison 
of results obtained by different methods showed a good agreement for small values of the vdW parameter α3 
corresponding to relatively large clearances between the electrodes. As an expected result, we confirm that 
increasing the voltage and intermolecular forces leads to a decrease in the natural frequencies, with this effect 
turning to be strong for the lower natural frequency and becoming weak as the mode number increases. In ge
neral, the calculations performed for the adapted models without specifying the parameters of the micro-electro-
mechanical systems also revealed that for the fixed values of the vdW or Casimir parameters, the QDL model 
gives higher values of the eigenfrequency with respect to the LDL model. 

We note that the simple procedure developed in this paper, which relies on the adopted LDL and QDL mo
dels [3; 4], may be considered as a benchmark for subsequent investigations to study small and finite vibrations 
of the electrically actuated nano-beam considering size effects within the nonlocal theory of elasticity [2].
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Fig. 6. The first positive eigenvalue λ of the micro-cantilever versus  
the Casimir parameter α4 for different values of the voltage parameter β calculated  

in the framework of the LDL (a) and QDL (b) models: 
β = 0 (1), β = 0.15 (2), β = 0.3 (3), β = 1.0 (4 )


