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OLIEHVBAHWE ITAPAMETPOB
ITYACCOHOBCKOTO ITPOLIECCA BTOPOTIO ITOPAAKA,
YIIPABAAEMOI'O MAPKOBCKHUM ITPOLIECCOM,

C UCITIOAB30OBAHUEM ITPOLIEAYPBI OBHAPYJXEHUSA PASAAAKHU

C. 3. BOPOBEHYHUKOBY, I0. b. BYPKATOBCKAA"-?

D Tomeruii eocyoapcmeennulil yuusepcumem, np. Jlenuna, 36, 634050, 2. Tomck, Poccus
DTomexuii nonumexnuueckuii yuugepcumem, np. Jlenuna, 30, 634050, e. Tomck, Poccua

Annomayus. PaccmatpuBaeTcs mpobiiemMa OIeHKH MapaMeTpoB ITyacCOHOBCKOTO MPOIIecca BTOPOTO MOPS/IKA, YIIpaBIse-
MOT0 MapKOBCKUM MpoliieccoM. PazpabarsiBaeTcst HOBBIH ABYX3TalHBIN aITOPUTM KX OlleHKU. Ha nepBom sTarie crposites
HayaJbHbIE OLIEHKH MapaMeTPOB HUHTEHCUBHOCTHU C UCIOIb30BAHUEM METOJIa MOMEHTOB U METO/Ia MAKCUMAIBHOTO TPaB-
norono6usi. Ha BropoM 3Tare 3TH OIEHKH MPUMEHSIOTCS B allTOPUTME KYMYIIITUBHBIX CYMM OOHAPYKCHUS Pa3NIaaKH JIIs
OINpECNICHUS] BPEMEHHBIX MHTEPBAJIOB, MPU KOTOPBIX MHTEHCUBHOCTH MpOLIEcca OCTAETCSl MOCTOSIHHOM; 3aTeEM CTPOSAT-
Csl OLIGHKH BCeX IMapaMeTpoB. Pa3paboTaHHBIN alTOPUTM CPaBHUBACTCS C M3BECTHBIM allTOPUTMOM JUIS HAXOXKICHUS
OIICHOK MakcuManbHOTO Tpaspononodus (EM-anroputmom). IIpennoxeHHBI METO HE SIBISICTCSI HTEPALIOHHBIM,
qTo o6ecneqMBaeT JOBOJIBHO HI/I3Ky}O BI)I‘II/ICJ'II/ITGJ'H)HyIO CJIOKHOCTD.
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Abstract. The problem of estimating the parameters of a second order Markov modulated Poisson process is considered.
A new two-staged algorithm for their estimation is developed. In the first stage initial estimates of the intensity parameters
are constructed using the method of moments and maximum likelihood method. In the second stage these estimates are used
in the cumulative sums change-point detection algorithm to determine time intervals, during which the process intensity is
constant; after that estimates of all parameters are constructed. The developed algorithm is compared with a well-known
algorithm for finding maximum likelihood estimates (the EM algorithm). The proposed method is non-iterative, ensuring
relatively low computational complexity.

Keywords: Markov modulated Poisson process; MMPP; cumulative sums; method of moments; maximum likelihood
method.
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Introduction

Stochastic processes with changing parameters, in particular, processes with change points, are widely used for
approximating real non-linear processes in different applications (finance, medicine, psychology, geology, literature
and so on) and even in our daily lives. In the context of statistics a change point is a place or time point such that the
observations follow one distribution up to that point and follow another distribution after that point. Multiple
change points problems can also be defined similarly [1]. Processes with a single change point are usually used to
simulate a withdraw from stable conditions or an equipment error, whereas processes with multiple change points
describe real processes with several states, where switches between states occur in unknown instants. The men-
tioned above book is devoted to parametric change-point detection with applications to genetics, finance and
medicine and contains a number of classical and recent results in this field for some commonly used distributions.

In queue theory processes with multiple change points are applied to describe queue systems with different
regimes of customers arrivals. A process with two states corresponding to «usual» and «peak» time can be
considered as the simplest model. These two states are characterised of different rates of arrivals: at the first
case events occur in general much rarely then in the second case. When the switching times are controlled by
a Markov chain and the flow of events have Poisson distribution, the model is named as Markov modulated
Poisson process (MMPP). The time intervals between events can be considered as random variables obeyed to
a mixture of two or more distributions.

Various modifications of the expectation maximisation (EM) algorithm based on maximum likelihood estimates
are usually used to estimate mixtures of distributions. Each iteration of the algorithm consists of two steps. In the
expectation step the expected value of the likelihood function is calculated using the current parameter estimate.
In the maximisation step the parameters that maximise the expected maximum likelihood function are calculated.
For the first time an algorithm with this name was proposed in paper [2], although iterative maximum likelihood
estimates had been proposed earlier: for example, in article [3] they were used for the analysis of Markov chains.
Later a large number of publications appeared in which the proposed approach was applied and modified for
different classes of random processes, including processes characterised by a mixture of exponential distributions.

Markovian arrival processes have been introduced in 1970s and since then they and, in particular, MMPP
have extensively been used as models for input streams to queueing systems. In paper [4] MMPP is applied to
web traffic modelling. Article [5] uses MMPP to describe human inter-contact times. In work [6] a modified
MMPP is applied for modelling disease dynamics based on medical claims data.

Paper [7] can be mentioned as one of the first devoted to EM estimates for MMPP. It presents a detailed
description of the algorithm and some numerical examples. The author stresses that the algorithm demands so-
me complex calculations and it should be taken into account to determine the effectiveness; nevertheless,
it demands much less iterations than others. Article [8] contains a specification of the EM algorithm in order to
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fit an empirical counting process observed at discrete times to a Markovian arrival process. An exact numerical
procedure to compute the EM steps is introduced and some examples are given. Work [9] examines maximum
likelihood estimation of the second order Markovian arrival processes parameterisation of the two-state Marko-
vian arrival processes. The problems of the starting solution and of the carrying out the numerical evaluation of
the likelihood function are stated and discussed. For the starting solution the method of moments can be applied.

A review of various modifications of the EM algorithm is given in paper [10]. The positive aspects of the-
se algorithms are due to the fact that they are based on the maximum likelihood method, which guarantees
the consistency and asymptotic efficiency of estimates. However, a number of works note the disadvanta-
ges of EM algorithms. Namely, the convergence of the EM algorithm is proved under the mandatory condition
of the boundedness of the log-likelihood function. Also, the presence of a large number of local maxima of
the log-likelihood function leads to a large instability with respect to the initial approximation and the initial
data [11]. In addition, the iterative nature of the algorithms leads to a large number of calculations, the volume
of which increases with a significant number of parameters [12]. In this regard alternative approaches to esti-
mating the parameters of mixture distributions are also being developed. In work [12] a mixture of exponential
distributions is used to approximate distributions with heavy tails, which are characteristic of file lengths, call
retention times, the lengths of scenes in moving picture experts group video streams and the intervals between
connection requests in Internet traffic. The authors demonstrate the feasibility of approximating a distribution
with heavy tails by a hyperexponential distribution and propose a recursive fitting algorithm. Firstly, the mini-
mum intensity, which provides the highest values of the random variable and thus contributes the most to the
tail of the distribution, is estimated. Secondly, this distribution is subtracted from the mixture distribution, and
the intensity is estimated. Article [13] develops this approach for approximating the Pareto distribution, when
estimating the average duration of the cumulative sums procedure for which an explicit formula is obtained as
aresult. In paper [ 14] the authors use a hyperexponential distribution to describe sensor networks. For estimating
the parameters two original algorithms that minimise the objective function are proposed. The first algorithm
consists of two stages. In the first stage the intensity parameters are estimated, in the second stage the probabi-
lities of occurrence of observations with given intensities. Probabilities are expressed through intensities, which
allows to reduce the number of estimated parameters by half at each stage. The second algorithm estimates all
parameters simultaneously.

In paper [15] we consider the problem of estimating the parameters of a hyperexponential distribution with
two values of the intensity. Explicit formulas for moment estimates were obtained. Also, the combined pa-
rameter estimates that use the first two sample moments in the likelihood function are proposed. In this paper
we develop this approach. The properties of the combined estimates are analysed and used to evaluate MMPP
parameters. In work [16] we developed a cumulative sum algorithm for Poisson process change-point detection,
when parameters of the process are known. The estimates of the parameters instead of their values are used.

Problem statement

MMPP is a doubly stochastic Poisson process, the rate of which varies according to a Markov chain. We consi-
der a process with two rates determined by the states of a non-observable controlling Markov chain. The so-

journ time in state { j }, je {1, 2}, is determined by exponentially distributed random variables {xl.}, i=12,...,
with parameters p;, where x; for odd i and for even i are distributed with different parameters.

Let us denote x; + ... + x,, as T, and 7; = 0. At interval [Ti_l, 7;) we can observe a Poisson process with the
rate A, where j is the state of the controlling Markov chain at the interval. The instants 7, can be considered as
the change points of the observed Poisson process, where the rate of the process changes. We denote the arrival
times of the observed process as #;, k=1,2, ..., 7, =0.

The problem is to estimate parameters {A,, A,, W, i, } from observations z,.

Parameter estimation

We consider the process {Ti} where 1, =, — ¢, _, is the length of the i interval between arriving events

i>1°
in the observed flow. The values {ri} for MMPP are independent and exponentially distributed with one of two

possible parameters. It allows us to use the hyperexponential distribution as a model for the observed data.
The hyperexponential distribution has the density function

f(T)ZpK1e77”1T+(1—p)?»zef}“zt,pe(O, 1), (1)
which is a mixture of two exponential distributions.
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To estimate parameters A, A, and p of the hyperexponential distribution we can apply either the method
of moments (using three sample moments) or the maximum likelihood method. In the latter case maximisation of
the likelihood relation demands the use of numerical methods with the prescribed accuracy.

We propose combined estimates on the basis of both mentioned above methods. Let us have a sample

{rl, e T N} obeyed distribution (1). Primarily, we calculate the following two first moments:
1 & 18,
=— D) T, my=—) T,.
vE NS

Then, equating them to the corresponding theoretical moments, we have the system of equations

m=2 1P
}\’1 7\‘2
_2p 2(1-p)
T
Let us introduce the following notations:
p 1-p
X = -, = . 2
YT, 2
We obtain the system of equations
m=x+y,
2 2
my= 2 2
p l-p

Expressing from the first equation y = m, — x and substituting it in the second equation, we come to the qua-
dratic equation

X - 2mlpx+p(m12 —I_Tpmzjzo.

If the inequality m, — 2m12 > 0 holds true, the equation has two solutions:

m 2
22 _wm

X, =pm = p(l—p) ) 1

Choosing the largest root, we have

x=pm +p(1-p) m2 my,

y=(=p)m = [p(1-p) |2~ mi

Then using the notations (2), values A,, A, are defined as functions of the parameter p:

A = : ! ,
m1+\/_p\/mz—m12
p V2 (3)
%, = !

ml—le\/mz—mf

It should be noted that 11< 5»2. If we take the smallest root for x, it obtains the same estimators for A, A,,
except of A, < A,.
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As both rates should be positive, parameter p should obey the following inequality:

It means that

Then we define the log-likelihood function

N
1) =S 0.

n=1

where parameters {Xl, 7»2} are calculated according to equations (3). Maximising the function L( p) on p,

2
0<p<2ml

p and using relations of the equations (3), we obtain the estimates of parameters {ll, k2}.
2

In paper [16] we developed a cumulative sum algorithm for Poisson process change point detection, when
parameters {A,, A, } are known. To construct algorithm we use statistics and cumulative sums from work [16].

Statistics z, is defined as the logarithm of the likelihood ratio for exponential distribution
A —A,T;
z=I Ay exp(Ayt) —ln?2 (0,01, )
A exp (A1) A
Let X(t) be the rate of the arrival process at moment ¢. We introduce the following two hypothesis:
Hy={n(t)=1;, j=1,2}.

We suppose that A, < A, and denote 6 = h, where & > 1. Statistics z, in distribution (4) have the form
1

z;=Ind -2, (8-1)1,.
Under hypothesis H,, these statistics have the following properties:

E[ z|H, ]=nd-(8-1)<0,
E[zi|H2}=ln8—(%j>O.

Note that the mean of statistics z; changes the sign with the change the rate of the process.
In our algorithm we use estimators (3) obtained above instead of the parameter values. We introduce positive

values h(l), h(z) as the algorithms thresholds and construct cumulative sum §;, which is recalculated at the in-
stants of arrivals:

S —0 max{O,Si_l+ci_lzi},ifSi_1+ci_lzi<hi,i21,
OIS ez 2k, i 2],

~

zizln%_(xz_xl)@,

i 5
¢ ,if S, +c¢_,z;<h,i>l, (5)
C‘O:l’ ci: . )
—Ci_15 if Si—l +C_1Z; Zhi, 1 21,
Wit e, | =1,
h =
Wit ¢, | =1.
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If ¢; =1, the sum detects the increase of the rate, i. e. the change of the hypothesis from H, to H,, when it
reaches threshold 41, If ¢; = —1, the sum detects the decrease of the rate, i. e. the change of the hypothesis
from H, to H,, when it reaches threshold A2,

Let sequence {Gm }m2 0 be the sequence of instants, when the cumulative sum reaches the threshold 4, 1. e.

c,=0, cm:min{ti>c5m71:SiZh},m21. (6)
Consider sequence {nm}m> , associated with sequence {Gm }m> , as follows:

ny=0, n,=max{t,<c,:8,>0,5, =0}, m=1. (7)

Thus, instant #n,, is the first instant, when the cumulative sum becomes positive to reach then the threshold.
The algorithm for change-point detection is described as follows. Calculate the cumulative sum given by
equation (5). Then construct sequences {c,, }, {n,,} defined by equations (6) and (7). If for the last instant 7,
one has m =2/ +1, one sets n,,, , =t,. If for the last instant »,, one has m =2/, one sets n,,, , = t,. Here the odd
instants n,, , , are the estimators of the instants, when the rate changes from A, to A,, and the even instants »,,, ,
are the estimators of the instants when the rate changes from A, to A,. So, we consider the Markov chain to be

in the first state at intervals [ny, n2,+1] and in the second state at intervals [”21+1s n2,+2].

According to sequential change-point detection algorithms two types of errors are considered: the false
alarm and the skipping of the change. A false alarm occurs, when one of the cumulative sums reaches the corre-
sponding threshold in the case of the constant intensity of the arrival process. A skipping of the change occurs,
when the change of the parameter occurs but the corresponding cumulative sum did not reach its threshold.
Usual characteristics of any sequential algorithm are the mean delay and the mean length of the interval bet-
ween false alarms, as well as the probabilities of a false alarm and of a skipping the change.

When implementing the algorithm, it is possible to encounter false alarm situations. We shall record all the
exceeding the thresholds by either the first or the second cumulative sum. If the same sum reaches threshold
several times in a row, we only record the first occurrence.

Now we are ready to estimate parameters {ul, uz} of the controlling Markov chain and parameters {7»1 , Xz}.
Let &V, be the number of intervals [qzl, 92 H} and 7 be the total length of these intervals. Also, let N, be the

number of intervals [qz ki1 Dok 2] and 7, be the total length of these intervals. The estimates for { ji;, p,} have

the following form:

0 :ﬁ i=1.2 (8)
”’j T,] 5 &
J

Let M, be the number of events at intervals [qzl, qy; +1]. Also, let M, be the number of events at intervals
[%;Hl’ Dok + 2]- Thus, we can estimate rates {1, A,} as reciprocal values to the mean length of the interval
between neighbouring events, when the controlling chain is in the corresponding state:

oM 9)
'_Ta.]_:'

j .
j

Simulation results and their discussion

To analyse the algorithm simulations were conducted. The results are represented in table 1. Here
{A1, Ay, 1y, 1y} are the process parameters, {7»1, Ay By ﬁz} are the estimates (8) and (9), h,, &, are the thre-

sholds of the change-point detection algorithm. The parameters in first two rows were chosen according to pa-
per [7], where they were used to implement EM algorithm.
Table 2 represents the simulation results from article [7]. Here [ is the number of iterations, other notations

are the same as in table 1. Columns for estimates {il, 5»2, 0, ﬁz} have two rows, the first one contains initial
values of parameters {7»1, Ays Hys uz}, which are necessary for EM algorithm. It should be mentioned that they
are not calculated in the frame of the algorithm.
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Table 1
Simulation results
Iy A, A, » ’ ™ i i, hy hy
50 100 46.72 | 105.96 2.0 5.0 2.160 4.970 1.0 4.7
10 100 9.95 106.39 1.0 10.0 1.010 | 10.610 2.5 4.1
50 100 49.46 | 102.19 1.0 2.0 1.10 2.070 1.3 4.4
1 2 0.98 2.16 0.04 0.1 0.038 0.090 1.0 53
1 10 1.02 10.63 0.10 1.0 0.097 1.050 2.2 4.1
1 3 0.96 3.13 0.04 0.1 0.045 0.096 2.5 2.9
Table 2
Simulation results for EM algorithm

A A, A, iz 1, 1, 0, 0, 1

50 100 53.9 128 2 5 1.90 10.12 26

50 100 50.8 105 2 5 2.94 5.26 26

The results demonstrate a good quality of the proposed approach. The error of the estimates is similar to EM
estimates but the procedure is much simpler because it is not iterative.

Conclusions

A new algorithm for estimation of the parameters of a second order Markov modulated Poisson process is
proposed. Simulation results demonstrate the algorithm quality, which is similar to widely used EM algorithm.
The proposed approach does not demand the initial estimates for all parameters and it is not iterative. Hence, the
computational complexity of the algorithm is much less than the computational complexity of the EM method.
We are going to develop our approach for arbitrary order MMPP.
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