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Fig. 3. Comparison between empirical CDF FN   
of the p-values generated by Frequency test for n = 2

20 and uniform CDF (a). 
Deviation of the empirical CDF FN of the p-value distribution of the Frequency test  

from continuous uniform CDF (b)

The deviation may be identified with an error propagated from the computation of the p-value in the first-
level test, which is a consequence of the introduced approximations. The random variable Sn in relation (1) has 
a binomial distribution, which is however assumed to be normal. From Berry – Esseen theorem, we know that 
the error of this approximation, under the assumptions of the central limit theorem, is bounded by (see [15])
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P ; � �� � is a CDF of the standard normal distribution; n is the number of independent 

variables Xi , 1≤ ≤i n, summed in relation (1), i. e. the number of bits in the sequence; � � � � �E Xi
2

1; the third 
order moment is E Xi
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1= ; C < 0 474 8.  (see [16]). The maximal error  of  p-value is the error of the approxi-

mation F xSn
� � by � x� � and from formula (2) is twice the above error, i. e.  = 2C
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Assuming this bound of the error in the computation of a p-value, we can bound also the maximal error in 
the distribution of N p-values in k subintervals. A p-value that should belong to a subinterval may be found 
into the nearby one only if its distance from the border of two subintervals is less than . If we have N p-values 
uniformly distributed in the interval  0 1,� � the maximal number of p-values that may be found in the wrong 
adjacent subinterval is N. This is independent of the numbers of subintervals.

Since all subintervals (but the first and the last), have two neighbours, the maximum error ∆ in the number of 
p-values in a subinterval is � � 2N. In our case, N = 2

20
, so ∆ 1944 8. . This value is compatible with that may 

be observe in fig. 2, a. The increasing n will result in decreasing the propagated error as 1
n

 (the results of the 

experiments are confirm that in paper [4]). More generally, increasing n will reduce the error in the first-level 
p-value and so increasing the reliability of a second-level test, for all tests in the suite. A very simple reliability 
condition is requiring that ∆ is smaller than the standard deviation of the number of  p-values in a subinterval 
from its mean value, i. e.
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In the case � � 2N, k =10 and n = 2
20

, we get
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Two-sided estimates for the quantiles of the binomial distribution
To construct a statistical test with the specified error probabilities, we need the information on the distribu

tion «tails». But relative errors of the de Moivre – Laplace approximations for the tails of binomial distribution 


