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Hereditary properties
Let us remind basic notions related to hereditary properties of graphs referring for more details to the mo

nograph by S. Kitaev and V. Lozin (see [24, chap. 2]).
A class of graphs is called hereditary if every induced subgraph of a graph in this class also belongs to the 

class. The family of hereditary classes includes many important classes of graphs, for instance, bipartite graphs, 
chordal graphs, planar graphs, line graphs, graphs of vertex degree at most k (for a fixed k), etc.

It is well known that a class X of graphs is hereditary if and only if X is M-free (i. e. every G X∈  is M-free) 
for some set M. In this case graphs in M are called forbidden induced subgraphs for the class X. Generally, for 
a hereditary class X the set M of forbidden induced subgraphs is not unique. For instance, M can be defined 
as the set of all graphs that are not in X. However, to describe X it is sufficient to find only so-called minimal 
forbidden induced subgraphs. A forbidden induced subgraph H for hereditary class X is minimal if H is not in X  
but every proper induced subgraph of H is in X. It is known that for every hereditary class the set of minimal 
forbidden induced subgraphs exists and is unique.

As noted in paper [25], every (hereditary or not) class X of graphs can be «approximated» by two hereditary 
classes as follows: by  X�� �� we denote the maximal hereditary subclass contained in X and by  X�� �� the minimal 
hereditary class containing X. It is known that X�� �� and X�� �� are uniquely defined and that X X X�� �� � � �� �� with 
equalities holding if and only if X is a hereditary class.

In order to prove that the classes Wve 1� � and Wev 1� � of well vе‑covered graphs and well ev‑covered graphs 
are not hereditary classes, let us prove the following result.

Theorem 5. For any graph H, there exists a graph G that contains H as an induced subgraph and G is both 
a well vе‑covered graph and a well ev‑covered graph.

P r o o f. Given a graph H with the vertex set V H u u un� � � � �1 2, , , ,  n ≥1, construct a new graph G as fol‑
lows. For each vertex ui,  i n=1 2, , , ,  add two new vertices – ai and bi, and join ui to ai and ai to bi, respectively. 
More precisely,

V G V H a b i ni i� � � � �� �� �, | , , ,1 2   and E G E H u a a b i ni i i i� � � � �� �� �, | , , , .1 2 

Clearly, by the construction, H is an induced subgraph of G.
Let D be any minimal independent vе‑dominating set of G, and let U D V H� � � �. Then for each vertex 

u V H Ui� � � \ , the set D contains exactly one of the two vertices – ai or bi, since otherwise the edge a bi i cannot 
be vе‑dominated. Therefore, D U V H U n� � � � �\ , and hence G is well vе‑covered.

Now let F be any minimal independent ev‑dominating set of G. It is easy to see that for each i n=1 2, , , ,  the 
set F contains exactly one of the two edges – u ai i or a bi i, since otherwise the vertex bi cannot be ev‑dominated. 
By minimality of F, we have F E H� � � ��. Therefore, F n= , and hence G is well ev‑covered.

The theorem is proved.
By theorem 5 we conclude that both hereditary classes – Wve 1� ��� �� and Wev 1� ��� �� – are coincide with the class 

of all graphs.
Now we consider a hereditary subclass of the class Wve 1� �. A graph G is called perfectly well vе‑covered if 

every induced subgraph of G is well vе‑covered. We characterise perfectly well vе‑covered graphs in terms of 
minimal forbidden induced subgraphs.

In the sequel of this section, the notation y z∼  ( ,y z��  respectively) means that the vertices y and z are adja
cent (non-adjacent, respectively). For disjoint sets of vertices Y and Z, the notation Y Z∼  ( ,Y Z��  respectively) 
means that every vertex of Y is adjacent (non-adjacent, respectively) to every vertex of Z. In the case when 
Y y�� �, we also write y Z∼  and y Z��  instead of y Z� � �  and y Z� � �� , respectively. Also, for the sake of simpli
city, a subgraph of G induced by a vertex set  u u u V Gk1 2, , ,� �� � � will be denoted by G u u uk1 2, , ,� � instead 
of G u u uk1 2, , , .� �� �

Theorem 6. For a graph G, the following statements are equivalent:
(i) G is a perfectly well vе‑covered graph;

(ii) G is a G G1 2,� �-free graph, where the graphs G1 and G2 are shown in fig. 3.

Fig. 3. The graphs G1, G2 and G3


