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Abstract. 1t is proved that any two simple 3-dimensional unital commutative algebras of nil-rank | are isotopic if the
ground field is algebraically closed and has characteristic different from 2 and 3. Thus, the classification up to isotopy of
simple 3-dimensional unital commutative algebras containing nil-elements of index 2 is completed.
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Introduction

Everywhere below it is assumed that the main field is algebraically closed and its characteristic is different
from 2 and 3.

An algebra with unit 1 (neutral element under multiplication) is called unital. An algebra is called simple if it
has the non-zero multiplication and does not contain its own ideals. Algebra is called isotopically simple if
every its isotope is a simple algebra.

The interest in the study of isotopically simple algebras is associated with Bruck’s theorem on composition
series [1]: every finite-dimensional algebra 4 has the isotope B, in which there is a composition series

B=B,>B >B,>..>B,=0,

where B, , < B; (ideal) and factor algebras B, /B, ,,,i =0, k—1, are either isotopically simple or 1-dimensio-
nal algebras with zero multiplication.

In the same work [1] R. H. Bruck proved that there are no 2-dimensional isotopically simple algebras.

Studying of 3-dimensional isotopically simple algebras is quite a difficult task.

It is known [2] that every simple 3-dimensional anticommutative algebra is isotopic to Lie algebra s/, se-
cond-order traceless matrices.

Work [2] provides a fairly complete list of papers related to the study of isotopes.

A significant number of publications are devoted to the study of isotopes associated with automorphisms of
commutative associative algebras (see [3]).

Papers [4—6] studied isotopes of alternative, (-1, 1) and Jordan algebras. In work [7] it was shown that among
the isotopes of Jordan algebra of a symmetric bilinear non-degenerate form on an infinite-dimensional vector
space there are both simple algebras and algebras containing ideals with zero multiplication.

A non-zero element a is called a nil-element of index 2 if a* = 0. The maximum number of linearly inde-
pendent nil-elements of index 2 is called the nil-rank of the algebra. In publication [8] is given a classification up
to isotopy of simple 3-dimensional unital commutative algebras of nil-rank 2. It turns out that every such algebra is
isotopic to Jordan algebra .J of a symmetric bilinear non-degenerate form on 2-dimensional vector space.

This work is devoted to proving an analogue of the above result for algebras of nil-rank 1. Let’s describe
its contents.

Let C be a simple 3-dimensional unital commutative algebra of nil-rank 1 and a € C be a nil-element of
index 2. Then the operator R, is either nilpotent or there exists 0 # b € C such that ab =b. In the first case
we say that C is of Engel type, and in the second case that it is regular.

First we prove that an algebra of Engel type is isotopic to some regular algebra. Then we classify up to iso-
morphism the regular algebras and define the conditions under which a regular algebra has nil-rank equal to 1.

The work considers the commutative algebra, which we called special,

D=<1, x, y|x*=0, xy=y, y2=1>,
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and the main result is proven in the work: every simple 3-dimensional unital commutative algebra of nil-rank 1
is isotopic to the special algebra D.

It can be proved that all unital commutative isotopes of Jordan algebra J and special algebra D are standard,
and, therefore, they have the same nil-rank as the original algebra.

Thus, taking into account the publication [8] and the made remark, the classification is obtained accurate to
isotopy of the simple 3-dimensional unital commutative algebras, containing nil-elements of index 2.

Every such algebra is isotopic to one and only one of the following three algebras depending on its nil-rank 7:
cyclotomic algebra for » =3 ([2], theorem 5), Jordan algebra of non-degenerate bilinear symmetric form for
r =2 ([8], theorem 1), or special algebra for » =1 (see lemma 6 and theorems 2 and 3).

Albert isotopes

In 1942 A. A. Albert [9] introduced the concept of isotope. Let’s remember that the linear algebras (A, ) and
(B, o) over the main field F are called isotopic, if there is a triple A = (o, y, &) of linear isomorphisms 4 — B,
satisfying the condition x?o y¥ = (x . y)é for any x, y € A. In this case, the triple of isomorphisms A is called

isotopy. The isotopy relation is a broader equivalence relation than the isomorphism relation.
Let f, g: A— A be the linear automorphisms of the additive structure of algebra (A, ) Let us define

the algebra 4" = AY® on the same linear space 4 with respect to the new multiplication x * y = x/y¢ for any

x, y € A. Algebra A" is called the main isotope of algebra 4.

It is known (see [4] or [9]) that two algebras are isotopic if and only if one of them is isomorphic to the
main isotope of the other. In particular, if the algebras 4 and B are unital and isotopic, then the main isotope B”
is also unital.

Albert theorem. If isotope A™ = A g unital, then there are elements g, h € A such that R, = yL,=1,.

A short proof of this theorem can be found in paper [4].

Definition 1. An element a of the algebra 4 is called R-invertible, if the operator R, : x = xa of right mul-

tiplication by the element « is invertible (non-degenerate). Note that the inverse operator R;l, generally speaking,
is not a right multiplication operator (see, for example, [8]).

Let’s denote the set of non-zero scalars from F as F". The following two lemmas, proven in publication [8],
are valid.

Lemma 1. Let A be an algebra, o, 1€ F* and 1=1,. Then the isotope A=A

ration a*b = (Ga)(’tb) and the algebra A are isomorphic.
Definition 2. An isotope of the algebra C of the form C*= C°*®) & e F* is called standard.
Lemma 2. The algebra C and its standard isotope C*= C (0 9) pave equal nil-ranks.

(oL <) yigh respect to the ope-

Simple algebras of Engel type

Throughout below, unless otherwise is stated, the term «algebra» means that we are talking about the
3-dimensional unital commutative algebra C over an algebraically closed field F of the characteristic different
from 2 and 3.

Definition 3. An element a # 0 of the algebra C is called nil-element of index 2 if a* = 0.

Definition 4. The algebra C is called the algebra of Engel type, if for some nil-element a of index 2, the
operator R, is nilpotent.

If C is a simple algebra of Engel type and its nil-rank is 1, then the nilpotency of the operator R, holds for
any nil-element b of index 2, since a and b are proportional.

Lemma 3. /n any simple algebra C of Engel type it is possible to choose the basis (1, X, y) so that x* =0,
xy =1. Moreover, the operator R is nilpotent of index 3.
Proof. Let’s note that if(l, X, y) is the basis and x* = 0, xy =1, then

1R’ =0, xR =0, yR> = x, yR =0.
Let a be a nil-element of index 2. Then the elements 1, a are linearly independent.

Let’s consider the subspace U = <1, a), generated by elements 1, a. It is invariant under R,, which means

that on the one-dimensional space C /U the nilpotent operator R, has zero effect. Then there is b ¢ U such that
ba =M\ +pa for some A, peF.

Note that the elements (1, a, b) form the basis of the algebra C. If A =0, then ba =pa and <a> is a proper
ideal in algebra, which contradicts the simplicity of the algebra C. This means A # 0. Therefore, (b - ul)a =\l
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and (b - ul)(?fla) =1. Then after the replacement x:= X 'a, y:=b—ul we obtain a basis of the algebra C of

the required form. The lemma is proven.
Let’s note that by virtue of lemma 3 it is necessary to know the expansion of the vector y* in the basis

(1, x, y)to describe the structure of the algebra C. Let
C=<1, X, y|x2= 0, xy=yx=1, y2= rll+12x+r3y>.

Lemma 4. Under the conditions of lemma 3 in the algebra C we can choose the basis (1, X, y) so that
x*=0, xy =1 and one of the conditions is completed.:

() y*=x;

(ii) y* =tx+y, where 1€ F.

Proof. According to lemma 3 in the algebra C we can choose the basis (1, X, y) such that x? = 0, xy =1
Let y':= y+px. Then

xy'=xy+px’=xy=1,
Y= (y+px)2 =y +2pxy =(2p+1)1+1x+ 13

So, choosing p so that 2p+ 1,= 0, we can assume that the basic elements 1, x, y satisfy the following

equalities:
x*=0, xy=1, y*= T,X+ T3 ).

Let’s make one more replacement: x' == px, y":=p"'y. Then
X?=0, xy'=1, Wy? =y = x+ 1,y =,u X + T,y

Multiplying both sides of the last equality by p > we get

12 -3 -1
Vi=nuTx ey
Let’s consider two cases:

(i) T3 =0. Then y'* = 1,ux’ and, putting u* = 1,, we get y'> = x';
(ii) T3 # 0. Then, putting p =14, T=1, >, we have y'? = tx'+ )"

Reduction to regular algebras

Definition 5. The simple algebra C is called regular if it is possible to choose the canonical basis (1, a, b)
such that a®= 0, ab =b.
Remark. Let C be a regular algebra with canonical basis (1, a, b). Then the operator R, is not nilpotent.

Conversely, if a” = 0 and the operator R, is not nilpotent, then it has an eigenvector b corresponding to a non-
zero eigenvalue A, that is ab = Ab. It is clear that b ¢ <1, a>. Replacing the vector a by the vector a'= A ™'a, we
obtain the canonical basis (1, a b).

Let’s now prove the following result.

Theorem 1. 4 simple algebra of Engel type has a regular isotope.

Proof. Let’s consider two cases of algebras of Engel type indicated in lemma 4.

(i) Let in the algebra C the following relations be satisfied for the elements of the canonical basis (1, X, y):

x*=0,xy=1, y’=x
Let us set ¢ :=1+y and show that the operator R, is invertible:
lc=c=1+y, xc=x(1+y):1+x, yc:y(1+y)=x+y.

This means, that by identifying, as usual, the operator and its matrix, we have

101
R.=|1 1 0}, det(R,)=2#0.
01 1
Let’s put
| 11 -1
q;:Rc‘zE -1 1 1
1 -1 1
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Let’s consider the elements
a=1+x, b=x+y, e=c*=1+x+2y.
Then we have

11 -l
a®=(1,1, o)-% -1 1 1]=(0,1,0)=nx,
-1 1
11 -l
b* = (0, 1,1)-% -1 1 1]=(0,0,1)=y.
1 -1 1

Let’s consider the isotope C*= C (9) Where u*v = u®v®, and the products in it

e*v=cv"’=v((pRc)=v, a*a=a%"=xx=0,
a*b:a‘pb(":xy:l:%e+%a—b, bxb=b""=y*=x=a-1.
Let’s put a'= —a, b'=b—le. We have a'*a’'= a*a =0 and
a'*b'=—a*(b—%ejz—(%e+%a—bj+%a=b—%e=b’.

It’s clear that the operator R, is not nilpotent.
(i1) Let the following relations be satisfied in algebra:
x*=0, xy=1, y*=1tx+y.
Let us assume that t+2 # 0. Let’s put ¢ :=1+ y and show that the operator R, is invertible:
le=c=14+y, xc=1+x, yc=y(1+y)=rx+2y.

It means that,

1 01
R.=|1 1 0], det(R.)=1+2#0.
0 t 1
Let’s put
|
@::RL,‘I:L 2 2 1],
T+2
Tt -t 1
a=1+x, b:=1x+2y, e=c*=1+1x+3).
Then
. 2 0t -1
a®=(1,1,0 -2 2 1 (=(0,1,0)=x,
(R (0.1,0)=x
T -1t 1
. 2 1t -1
b*=(0, 1,2 -2 2 1 (=(0,0,1)=y.
(0% 2)— (0,0.1)=>
T -t 1
Let’s consider the isotope C*= C'* ®) where u *v = u®*
We have
e*v=cv‘p:v((pRc):v, a*a=a%"=xx=0,
1
a*b=a""=xy=1= et——a- 3

a .
T+2 T+2 T+2
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The operator R, of right multiplication by the element « in the algebra C” is not nilpotent, since the vector

e+ wa —3b is an eigenvector of R, corresponding to the eigenvalue A =— 43—2 :
T
a*(e+—(3t_l)(1+2)a—3bJ+ 3 [e+ (31_1)(T+2)a—3bj =
3 T+2 3

Ca3geps 3 [e+(3r—l)(1+2)a_3b):
T+2 3

:a—?{ ! +—a- 3 b)+ 3 (e+(31_1)3(r+2)a—3bJ=0.

a
T+2 T+2 T+2 T+2

Let now t=-2 and the following relations hold in the algebra:
x*=0, xy=1, y2: —2x+y.
Let’s put ¢ :=1-y and show that the operator R, is invertible:

le=c=1-y, xc:x(l—y):—1+x, yc:y(l—y):2x.

Then
1 0 -1
R=|-1 1 0|, det(R,)=2=0.
0 2 0
Let’s put
0 -2 1
(pzzRglzl 0 0 1],
2
2 21
a=-1+x, b:=2x, e::c2:1—2x—y.
Then
0 -2 1
a‘pz(—l,l,O)-% 0 0 1|=(0,10)=x,
2 21
0 21
b= (0,2,0)- 3/ 0 0 1)=(0,0,1)=y.
2 21

(0, @)

Let’s consider the isotope C*= C'* ¥, where u * v =u®v®. We have

exy=cy?= v((pRC)zv, a*a=a% " =xx=0,
1
a*bzawb‘p:xy:l:—a—i-ab.
The operator R, of right multiplication by the element a in the algebra C” is not nilpotent, since it has an
. . . 1
eigenvector 2a — b, corresponding to the eigenvalue A = 5:

a*(2a—b)—l

(Za—b)z—a*b—a-i—lb=—(—a+lbj—a+lb=0.
2 2 2

The theorem is proven.
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Classification of regular algebras up to isomorphism

Special algebra D. Let us define a special algebra.
Definition 6. Let’s call a special the commutative algebra of the form

D=<1, x, y|x*=0, xy=y, y2=1>.

Lemma 5. The special algebra D is regular.
Proof. Let a=al+px+ vy be a nil-element of index 2 in the algebra D. Then

0= (ocl +Bx+ ](y)2 = (oc2 + y2)1 +20PBx+ 2(0L + B)yy.
Since the elements 1, x, y are linearly independent, then
a’+y>=0, aPp=0, (oc+|3)y=0.

Let’s prove that o = 0. Let, by contradiction, o # 0. Then 3 =0 and y =0, which implies o = 0.

So, o =0, but then y =0, which means that the elements @ and x are proportional, that is the nil-rank of the
algebra D is 1.

Further, the operator R, is not nilpotent, since y is its eigenvector, corresponding to eigenvalue 1.

Let us show now that the algebra D is simple. Let / be a proper ideal in D.

1. Let’s first prove that / cannot contain any of the basis vectors 1, x, y. Obviously, 1¢ I. If y €/, then
l1=y?’e I.Ifxel, then y=xyel.

2. Let’s prove now that / cannot contain a vector of the form ol + x +7yy, where exactly two of the three

scalars a, B, y are non-zero. [f x+yy € [ and y # 0, then yy = x(x + yy) € I, which is impossible due to the item 1.

If1+Bxel, then x= x(l +[3x) € I, which is also impossible. I[f 1 +yy e [, then x+vyy = x(l +yy) € I, which is
impossible due to the previous one.
3. Let’s prove that / cannot contain a vector of the form u =1+ Bx +vyy with non-zero scalars B, y. If u € /,

then /> ux = (1 +Bx + yy)x = x + 7Yy, which contradicts the item 2.
The lemma is proven.
Basic types of regular algebras. Let’s consider the unital commutative algebra

D(p17 pZ: p3):=<17 a, b|612= 07 ab:b: b2= p11+p2a+p3b>,

where p;e F, i=1,2,3and p, # 0.
Note that every regular algebra has the indicated structure. The algebra D(O, [ p3) is not simple, since

(a, b)is its ideal.
Lemma 6. The regular algebra D(pl, Py, p3) is isomorphic to one of the algebras:

D(py, p3, 1), D(py, 1, 0), D(py, 0, 0).

Moreover, D(pl, 0, O) for p, # 0 is isomorphic to the special algebra D.
Proof. Letb'=Ab, A #0.Then ab’'=b" and

A= b= pl+p,a+pb=pl+pa+p, LD

After multiplying both sides of this equality by A% we get b = A*p,1+A*p,a + Ap;b'.

If p, # 0, then for a suitable A we have Ap; =1, hence the algebra D(pl, Py, p3) is isomorphic to the al-
gebra D(pj, ph, 1) for some scalars pj, pj.

If p; # 0, then in the algebra D(pl, Py, 0) we have b* = p;1+p,a. Let us assume that p, # 0. Then for
b'=Ab, L %0, we have ab'= b’ and b'>= A?p,1+A*p,a. Let’s choose A so that A*p, = 1. Then the algebra
D(pl, Pys O) is isomorphic to the algebra D(pi, 1, 0) for some scalar pj.

If p, = p; =0, then the algebra D(pl, 0, O) satisfies the following relations: ab =b, b* = p,1. Since p, # 0,
then, similar to the previous one, the algebra D(p,, 0, 0) is isomorphic to the algebra D(1, 0, 0), which coin-
cides with the special algebra D. The lemma is proven.
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Nil-ranks of the algebras D(p,, p,, 1) and D(p, 1, 0). Let’s prove the following lemma.
Lemma 7. The following statements are true:

(i) the nil-rank of the algebra D(p, 1, O) is equal to 1 if and only if p # —%;

(ii) the nil-rank of the algebra D(pl, Py, 1) is equal to 1 if and only if (Zp1 +p, )2+ p; = 0.

Proof. Let us assume that z=Ba+vb is a nil-element of index 2 in the algebra D(pl, Pys p3), where
p;#0.Then 0=z =(Ba+ yb)2 = 2Byb+7> (py1+pya+psb).

Since the elements 1, a, b are linearly independent, then yzpl =0 and y =0, that is the elements z and a are

proportional. So, without loss of generality, we can assume that the nil-element of index 2 has the form
z=1+Pa+vybh.

(i) In the algebra D(p, 1, 0) we have
0=2z2=(1+Ba+yb)’ = 1+v*b> + 2Ba +2yb+2Byab =
=(1+y2p)1+(2[3+y2)a+2y(1+[3)b.
Since the elements 1, a, b are linearly independent, then
1+v°p=0, 2B+7y* =0, 2y(1+B) =0.
From here we get y #0, B=-1, 2Bp =1, which means p = —%.
(i1) In the algebra D(pl, Pys 1) we have
0=z2= (1+Ba+yb) = 1+y*h* +2Ba+2yb+2Byab =
:1+y2(p1 +p2a+b)+2Ba+Zyb+ 2Byab =

=(1+7°p 1+ (2[3 + yzpz)a +(2B+y+2)yb.

Note that y # 0 and the following equalities are true:
1+y%p, =0, 2B+7°p, =0, 2B+7+2=0.

From the first two equalities we obtain

0= (1"‘sz1 )pz _(ZB+Y292)91 =p, —2Bp;.

2
Therefore, = 2p_2 and y=-2B— P2 Then the equality 1+ yzpl = 0 takes the form 1+ p, (_p_z - 2] =0.
1 P P

After multiplying both sides of this equality by p, we have (Zpl +p, )2 + p; #0. The lemma is proven.

Standard isotopes of the algebra D

Definition 7. Let E (oc, [3) denote the unital commutative algebra with the basis (1, X, y) and the multi-
plication table

x*=0, xy=c,1+0,x+0,y, yr= 71+ Tx+ 13,
where

o =—P5, 0,=20P3, oy=(p’+1)3,
7 =(a+1)8, 1, =-2a(a+1)d, 1;=—2p8,
=

5=(a—p*+ap’+1) .

Lemma 8. The algebra E(OL, B)for any scalars a, B, satisfying the condition o.—B*+ ap®+ 10, is iso-
topic to the special algebra D.
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Proof. Let o, p e Fand o —B*+ ap?+ 1 0.In the special algebra D, let’s consider the element ¢ == 1 + a.x + By
and calculate the operator R:

le=l+ax+By, x''=xc=x+py, y’:=yc=Bl+(1+a)y,

Il a B
R=[0 1 B | det(R)=58"=a-p*+ap’+1.
B 0 1+a

Let’s assume e :=c? = 1 + B*1+ 20x + 2By + 20Bxy = (1+B2, 2a, 2(0L+ I)B)
1+p> 20 2(a+1)B

Since| 0 1 B d=1, thene, x', y" are linearly independent.
B 0 o+1

a+l —-o’-a of-PB
Let’s put :=R.'=8| B° —p’+oa+1 —B | Note that x*=x, y’*=y. So (e, x', ') is the basis

B of 1

of the isotope D* = D9 4%y = u%'v". We have

exv=y, x'*x'=0, x'*y’:xy:yz—B8e+2B8x'+(B2+ 1)6y',

V*y' =y*=1=(a+1)de—20 (o +1)5x' - 28y,

the last two equalities are checked directly.
Thus, it is proved that the algebra D" is isomorphic to the algebra E (o, B). The lemma is proven.

Main results
Isotopes of the algebra D(p, 1, 0). Let’s prove the following theorem.
1
Theorem 2. Algebra of the type D(p, 1, 0) forp# -3 is isotopic to the algebra D.

Proof. By lemma 8 it is sufficient to understand that in the algebra E (OL, 0) there are elements such
that the equalities are satisfied
a’=0, ab=b, b’=pl+a, (1)
provided that p # ——. Note that for 5 =0 we have the following parameter values, participating in the defini-
tion of the algebra E(OL, 0):
1

6,=0,=1;=0, G3=6=m, =1, 1,=-2a.

Multiplication in the algebra E(a., 0) is given by the table
x*=0, xyzLy, y2= 1-2ax.
I+a
We will look for elements a, be E (oc, O) that satisfy relations (1) in the form

a=(oc+1)x, b=0y.
We have 0=ab—b=(a+1)8xy -0y :(a+1)6%y—6y:0,
+a
Ozbz—(p1+a):62y2—(p1+(a+1)x):
=92(1—2(xx)—(p1+((x+1)x)=(62—p)l—((x+1+2920c)x.
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So, in order relations (1) to be satisfied, it is necessary and sufficient to fulfill the equalities 6% = p,
. 1 . .
oc(1+262)+1:0 or 0°=p, a(1+2p)+1: 0. Since p# — then the last system is solvable with respect

to the unknowns o and 0. The theorem is proven.

By virtue of lemmas 2 and 7 (i) the restriction p # - in theorem 2 is essential.

Isotopes of the algebra D(p,, p,, 1). Let’s prove the following theorem.

Theorem 3. Algebra of the type D(pl, Pas l)for (2p1 + p2)2 + p, # 0 is isotopic to the algebra D.

Proof. By virtue of lemma 8, the algebra D is isotopic to the algebra £ (a, [3). Let’s prove that the algeb-
ra D(pl, Pas 1) is isomorphic to the algebra £ (oc, B) for some a, B, and B # —1. Recall that the commutative
algebra E (o, B) has the basis (1, x, y) and the multiplication table

=0, xy= o,l+o,x+05y, y = 71+ Tx+ 14,
where
o,= P8, 6,=2aps, o;=7'3,
1 =(a+1)d, 1,=20(a+1)d, 1;=-2p3,
-1 -1
y=(B*+1) , d=(a-p’+ap’+1) .
It is enough to understand that in the algebra £ (a, [3) there are elements a, b, which

a*=0, ab=b, b*=p,1+p,a+b. 2)
0 1 0
The operator R in the algebra E (OL, [3) has the form R, =| 0 0 0 |. Its characteristic polynomial is
G, O, O,
0 1 O
equal to ¢ (t—o03), this means that its Jordan form is a matrix of the form| 0 0 0
G, ©, O,
Let’s check that the Jordan basis of the operator R, consists of the vectors 1, x, b, where

+
b=01+0,x+y, 6,= ﬂ’ 0,= O, (272(53 '
03 03
Note that o; # 0 and check the equality bx = o;b:

bx=(01+0,x+y)x=0x+ xy =0, x+0,1+0,x+0;y =

G, ©,+0,0
=c511+(91+62)x+03y=03(—1+1—223x+yj=

O3 G3

2

+
=0, [ﬂ+mx+y]=63(611+92x+y)=63b.
O3 O3

Vectors a, b of the form a:= ix, b=0,1+0,x+ y satisfy the first two relations (2). The validity of the

O3
first equality a” = 0 is obvious. Let’s check the second equality ab = b:
abzix . b=L . bx=L - o3b=0.
O3 O3 O3

Note that the following equalities are true:
x=03a, y=—0,1-0,0;a+b. 3)
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It remains to understand that according to the given scalars p,, p, it is possible to choose a, B so that the
third equality from relations (2) is satisfied. We have

b* = (0,1+0,x+y)* = 0] +20,0,x +20,y +20,xy + y°=
= 612 +20,0,x+20,y + 20, (011+62x+G3y)+('cll+12x+r3y):

= (07 +20,0, +1, )1+ (20,0, + 20,0, + T, ) x+(20, + 20,0, + T3 ) .
Let’s put
EJ = 291 + 29203 + T3. (4)

Later we will show that for a suitable choice of scalars o, p the relation & # 0 holds. Continuing the cal-

culation of b2 due to equalities (3) we have
b= (912 +20,0,+ 1, )1 +(26,0, +26,0, +1,)osa+Ey =

= (07 +20,0,+ 1, - £0, )1+ (20,0, + 20,0, + 1, ~ £0,)5ya+ &b,

that is
b*= A1+ ha+Eb, (5)

where
A =00 +20,0,+1,—£0,, A,=(20,0,+20,0,+1,-E0,)0;.
Setting b =&b', due to relation (5) we have 25> = A1+ A,a + &b, hence,
a*=0, ab'=b', b*=LE21+N,Ea+D.

To prove the isomorphism of the algebras D(p;, p,, 1) and E(a., B), it is sufficient to establish the validity

of the equalities
Pi=ME” py=2gE” (©)

Let us prove that it is possible to select the scalars ((x, B) so that equalities (6) are satisfied. Let us present

the corresponding reasoning in the form of a sequence of points.
1. Let us show that & = 2([32 - 3)By8. Consistently we have

0,= 2L =c,0;' =5 - 15" = By,
G;

2=20L[38 - y87'= 20y,
O3
1% _ _B5-20B8 - 15 = —2apys,
G3
=00 L L Oy %y iy dapy =y + 2apy,
C3 O3 O3 G

0,0, =L +0,=20B5—Pr.
O3

Let us now transform the following expression:

457+ 2(20-1)y " = —4(a—BP+ apP+ 1)+ 2(2a—1)(p’+ 1) =

=—40+ 48"~ 4o’ - 4+4ap’- 287+ da-2=2(p*-3).
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Due to formula (4) we have
£=20,+20,0,+ 1, =—2By-2By+4aP6-2Bd =
=—4By+2(20~1)B5 = (45 "'y +2(20-1))B3 =

= (~457"+ 2(20- 1)y )pyd =2(p* ~3)pya.

2. Let us show that A, = y* Using the equalities o1 —Bvy and %1% _ g B*y3, we have
G3 C3

2
0,0,= [iﬁ-'_&}jl - [ﬁj + 2% (By)z— 2ap*y8=Pp*y(y —20d).

O3 O3

Let us now transform the following expression:
40y (o )y 2+ 2(B - 3)B7 = —aap (B2 1)+ (+ 1) (B2 1) + 2(B2 - 3)pR=
=—4ap*- 4o+ o+ 20+ a+ B+ 2B+ 1+ 2B - 6p°=

=—30B*~ ap’+ o+ 3p* - 4p7+ 1=—(3p7- 1)(a—[32+ ap?+ 1)= —(3;32— )57
Completing the calculation of ,, we obtain

Ay =07 +20,0,+7,— €6, = (By)"+ 2B’y (v—208) + (ot +1)3+ 2(B* - 3)B*y’5 =

=3(By)’- 4aBPy5+ (o +1)8+2(B° - 3)p*y%5 =

=3(By)"+ (—4aBy "+ (ar1)y 2+ 2B 3)B)y0 =3(By) - (387~ 1)y =7

3. Let us show that &, = ~2(a+2B*+ ap?)y’3.

-1
Let’s first consider the expression y =2, (y28) :

-1

-1
x="2(1%8) = (20,0, +20,0, + 1, - £6,) 04 (1)
N 25\ cls 251 -3 3_ B
ote that o, (y 8) =y 0y "0 =y . Hence, yy'= 20,0, +20,6,+1,-E0,.
Because 6, =y, 0,= —By*87'+ 2a.By, G, =209, then
1y’ =87 (8a’B7y5’— 8y’ + 287y + EBY + 7,0 — 26 Byd).

Let’s note that
Y=p+q+r,

where p:=y>8" (8oczl32y82— 8al Bzyzé), qg=y>8" (2B2y3 + éBﬁf), ri=y78" (1,0 - 26aByd).
Let us calculate the values p, ¢, r, taking into account that
-1

y=(B+1) ) 5=(a—P+api+l) .
Firstly, p =8ap*y™> (oc8 - y) = 8(1[32([34 - 1)8. Secondly, using & = 2([32 - 3)[3y8, we have
q=By'5" (2By+£) =257+ (B~ 3)) =28 (B’ + 0 2).
Finally, thirdly, the following equalities are true:
r= y_3 (12 - 2@(1[33() =—2ay_3((0,+1)8 + E)By) =

=20 (B +1)(c 4B+ 33* + 20+ a B’ + 1)3.
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Theny=p+q+r= —2((1 +2B% + aBz), hence, A, = —2(a +2B% + aBz)yzé, and item 3 is proven.
4. Using equalities (6) and items 1-3, we get the system

pP1= 7“1&\72 = YZEIZ = iKz (Bz - 3)_2 672,

(7
P N -2 2 2\ -1
pa=haf 7= =B (B -3) (o427 +ap?)s
P __ 2 2 ing o= P2
where = 2(0L+2[3 + of ).Assumlng p:=—=, we have
Pi P
p(oc—B2+ ocB2+1):—2(oc+2ﬁ2+ ocﬁz),
therefore, if p+2 # 0, then
L i
a=f(B*)=— =) ®)
(B +1)(p+2)
If p=-2, then 1-3B%=0.
Let’s note that system (7) is equivalent to the system
1. 2 _
pi=B7(p*-3) 87
4 (€))

p(a B2+ ap+ 1) =—2(0c+2[32+ 0([32).
5.1f1-3p%# 0, then p+2 # 0 and equality (8) holds.
6. With the value o. = f ([32) specified in equality (8), we calculate 8 ' and &:
2

B(B*-3)
57— (1738%) EL = (P+2) s
) 52 ) Bl A

7. Parameter 3 must be chosen so that & := (2pl +p, )2 +p, #0.

Let’s assume that £k = 0. Then (2p1 +p, )2 =-p,and 2p, +p, = —i\/p_l. By virtue of equalities (6) and item 2
we have 2y + k2§_2 =—iy, 2y°+ Ay+ iyE? = 0. Using now the equalities A, = —2(a +2B% + ocﬁz)yzé and
€= 2[3([32 - 3) Y9, proven in items 3 and 1, respectively, we get

—2y2(8(oc+3i[3+2[32— i+ aﬁz)—l) -0,
taking into account that y # 0, we have
o +3iB+ 28— i+ ap? =57, o(1+p°)+3ip+2p°— ip’= 57"
By virtue of equality (8) and the representation 8~ from item 6 we obtain
~4p+ p(B*-1)
p+2

+3iB+ 27— ip® = p—iz(l—sﬁz),
—4B2+ p(Bz— 1)+(p+z)(3iﬁ+2ﬁz— iB3)=2(1—3B2),
(p+2)(—i[33+ 3B+ 3ip —1) =0, (B+i)' =0,

8. We must prove the existence of a solution to system (9) provided that k£ # 0. Let us choose 3 as the root
of the equation

(1- 3t2)2= pr(p+2) (- 3)2,
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—4p°+ (B~ 1
where p = &, except numbers 0, iL +\/§, i Let’sput o= ( )

Py V3T (B*+1)(p+2)

is the solution of system (9) and k # 0, hence, the algebras £ (OL, [3) and D(pl, [ 1) are isomorphic. The theo-
rem is proven.
By virtue of lemmas 2 and 7 (ii) the restriction on parameters p,, p, in theorem 3 is essential.

. Then a pair of values (a., B)
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