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RATIONAL INTERPOLATION OF A FUNCTION |x[*
WITH CHEBYSHEV — MARKOV NODES OF THE FIRST KIND
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This paper considers the approximations of the function |x|a, a > 0, by interpolation rational Lagrange functions on
the interval [—1, 1]. Zeros of the rational Chebyshev — Markov function of the first kind are chosen as interpolation nodes.
An integral representation of the interpolation remainder and an upper estimation for the considered uniform approxima-
tions are obtained. The polynomial and general rational cases are studied in detail. In the polynomial case, an asymptotic
estimate for uniform approximations is found. When approximating by interpolation rational Lagrange functions with
Chebyshev — Markov nodes of the first kind, the upper and lower estimations are found. These estimations are close to
that of the best uniform approximations of the function under consideration on the interval [-1, 1].

Keywords: rational Chebyshev — Markov fraction; rational interpolation; function with power singularity.
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BBenenune

MHorue pe3ylbTaThl B TEOPUH alIPOKCUMALIUH BOCXOIAT K MPUOIMKEHUSIM POCTEHINX QyHKIHNA. Bech-
Ma Ba)KHOM B 9TOM CMBICIIE SIBJIETCS POJIb (DyHKUIUI |x , |x|", e m . m. Hamtyumeit mosmHOMEATBHOI anTpoK-
cuManuu QyHKIIUU |x|u B Pa3IUYHBIX METpHKax mocesmeHsl padotsl C. H. bepumretina [1], C. M. Hukounb-
ckoro [2], P. A. Paiittuna [3], A. Jlx. Kapnenrepa u P. C. Bapru [4] u np. PanmonansHas anmnpokcuMariyst 3Toi
(YHKIMH TaKKe BBI3BIBAECT HHTEPEC HCCIIeAoBaTeneil (cM., Hanpumep, [5, p. 106; 6-9]).

HexoTopeie MaTemMaTky 0O0paTWIIMCh K TIOJIMHOMHAJIBHOM anmpoKCUMaluy (GyHKIHH CO CTEIIEHHOH 0CO-
OCHHOCTBIO KOHKPETHBIMHU MeToAaMu npubmmwkenuit. Tax, P. A. Paituun [10] npoananusupoBan nprOIMKeHHs
TakuX QyHKIUI YacTHYHBIMU cyMMaMu psitoB @ypee — UeObimesa. M. M. I'an30ypr [11] nccnenosan momuHo-
MUAJIbHBIE aNpPOKCUMAH (yHKINU |x|OC Ha OTpe3Ke [—1, 1] M0 pacIIMPEHHBIM CHCcTeMaM y3710B YeOrbIena.
M. Pesepc [12] momyuns monoOHbIe pe3ynbTaThl B clydae HEYeTHOTO Yrcia y3a0B YeOrbieBa mepBoro posaa.

B crarpe [13] paccmarpuBanachk anmpokcuManus GyHKINH cO CTENEHHONH 0COOEHHOCTHIO IO PacIInpEH-
HOI cucteme y3moB YebpimeBa — MapkoBa.

B macTosmeit paborte n3ydaroTcs anmpoKCHMAaIOHHBIE CBOMCTBA MHTEPITOSIMOHHBIX PAIIHOHATBHBIX (DYHK-

1uii ¢ y3namu YeObimeBa — MapkoBa [1€pBOro posia, HOCTPOCHHBIX s PYHKIHU [ (x) = |x * a>0xe [—1, 1].

Ilems paGoTHI — UCCIIEIOBAHIE TTPUOTMKCHIH (DYHKITHN |x * o>0,Ha OTpe3Ke [—1, 1] UHTEPIOISIMOHHbI-
MU paroHAIBHBIME QyHKIUsAMU Jlarpanxka ¢ y3J1aMu B HYJISIX pallMOHaIbHBIX QyHKIWH YeObieBa — Map-
KOBa IEPBOT0 pOJia, a TAKXKE MOJYUYCHUE HHTETPATIbHOTO MPECTABICHUS OCTaTKa MHTEPIIOIUPOBAHUS, ACUMII-
TOTUYECKUX U JIByCTOPOHHUX OIEHOK PAaCCMaTPUBAEMbIX PABHOMEPHBIX MPHUOIIKCHHIA.

Pe3yabTaThl M X 00CyKIeHHE

O6wmmii ciryvaid. [lycte a,, k=1, 2, ..., 2n, — xoMmiuiekcHble uncna (Rea, = 0), ynoBneTBopsitowiye ciemyro-
UM YCIIOBUSIM:
o
a=a,=...=a,=0, r:2[z}+4, n>r,
1
Ay = akﬁk_laza , N, ( )

rae [Oﬁ] O3Ha4YacT LEJIYI0 4aCTb YHCJia Ol.
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Torna paccmoTpuMm (pyHKITHIO

Wy, (x 2 arccos
I+ax

1 BBEZIEM PaMOHAILHYIO KOCHHYC-APOOh I16613111161:321 — Mapxosa [ 14, c. 47]
m,, (x) = cosp,, (x).
PaunonansHas GyHKUms m,, (x) nMeeT BUX

m,, (x) — pZn(x)

n

[T (1 fo*x?)

k=1

b

rie pZn(x) — HEKOTOPBIM YEeTHBIH anreOpanyeckuil NOJIMHOM Iopsiaka He Belme 2n. O003HAUUM uyepes X,
k=1,2,...,2n, aymu GyHKIUHU m,, (x) OHU ABIAIOTCSA MPOCTHIMU, CHMMETPUYHBIMU U MPUHAIJIEKAT HHTEP-
Bally (—1, 1):
1<%, <Xy, 1 <... <X, <0<x,<...<Xx,<x, <1,
= k=1,2 @
Xn+bk= Xy g+ =12, ..., n
[TocTponM MHTEPMOIAMUOHHYIO panroHaIbHYIO (pyHKIUI0 Jlarpanxka ¢ y3mamu (2) 1 QyHKIUN

f(x)=]x", o> 0:

2n
o
Lyy-a (% f)= 2 bl 4 (), (3)
k=1
my, (x
raelk(x): 2"(,) L k=1,2, ..., 2n.
(x = x ) m3, ()
Besne nanee Oynem HasblBaTb TOUKU X, k=1, 2, ..., 2n, y3namu YeOblieBa — MapkoBa 11epBOro poja.
HerpynHo BuzmeTs, 4To B cilydae, KOrza napamerpsl a,, k = 1, 2, ..., 2n, ynoBiaeTBopsitoT yciaosusaM (1),

paroHanbHast GyHKIMA L,, 2(x, f ) SIBJSICTCS] UETHOM U MIMEET MOPSIIOK He BhIIIe 271 — 2.
Baenem 0003HaYeHUs

Szn_z(x, a) = |x|a— LG_z(x, f), xe [—1, 1],
“4)

€5, (a)=[es, »(x. a)
2n— 2 2n-2 C[ 11

e az(al, Ayyeney aZn).

AMNIpoKCUMAIIIOHHBIC CBOWCTBA BEJIMYKH (4) OMUCHIBACT CIIEAYIONIAs TeopeMa.

Teopema 1. /[ npubnusicenutt pynxyuu | (x) = |x|(x, o > 0, na ompesxe [—1, 1] UHMEPNOTAYUOHHBIMU PA-
yuonanvuvimu ynuxyuimu Jlaeparnca (3) ¢ yanamu Yedviumesa — Mapkosa (2) cnpasednugvl coomuoulenus

1 o+1
4 . 7O u 1 du
827172()(:’ a):_SIH_mZn(X) _ s (5)
T2 6[(1_”2)(;“)52(1—”2)4'“2 w, (1) + v, (u)
1 o-1
4| . mo u du
< —lsin— 6
£2n—2(a) P Sin 9 J @ |\|l (Ll)| + ‘w—l(u) ( )
0(1—142)2 " n
20e
u_Bk, ! k=1,2,...,n,xe[—1,1],n>r.

Ecnu nomocel payuonanvnoii ynkyuu m,, (x) UMeIom YemHyro Kpamnocme, mo oyenka (6) s161s1emcs moyHoli.
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JoxazartenscTBo. O6patuBmucs kK popmyse (3), moaydaum

Ly, _»(x, f)=k2;(xk )ulk(x) + kan,+l(_xk )alk(x)-

Bynem nonarate, 4To X € (0, 1], U UCXOJS U3 TOXKIIECTBA

2n
Z L(x)=1
k=1
HalgeM
€5,-(x, @)= m,, (x)(S,(x) + 5, (x)), (7)
e
& x = (x)”

=3 = 5= 3

x_xk)mén(xk)’ k:n+l(x_xk)m£n(xk).

BeiGepeM onHO3HauHyI0 BeTBb QyHKIMK f(z)=z% B IIOCKOCTH ¢ Pa3spe3oM MO MPOMEKYTKy {z:z =

=iy, —o< y< O} TaK, 910 | (1) =1. Torma ans pyHKuuMil S, (x) us, (x) JIETKO MOJIYYUTh UHTETPAJIbHbIC IPE-
CTaBIICHUSI:

o_ o o (_ -\
Sl(x)zLJ.Ldz, SZ(x)zijdz, (8)
rae koutyp Ty =I5 U T 5 U I,
L5 ={z:2=iy, 8 <y <+eo},
T T
1“;5:{2:|z|=6, —ESarngE},

T}T5={Z:Z=iy,—oo<y<—8},
axontyp Iy =35 U Ty 5 U T,
T 3n
Is=3z:|z|=8, = <argz < —¢,
to= el =5 2 gz < |

9, 0 < J < x,, — TOCTATOYHO MAJIOE MOJIOKUTEIBHOE YUCIIO.
Tak xak x € (0, 1], a>0wu |m2n(0)| =1, To HETPYIHO MTPOBEPHUTD, UTO

o o
lim [ —~—% g =0,
8- 01"5,5 (x - Z)mZn(z)
(x_ _ o
T O el ) MY
8_>01"I’5 (x - Z)mZn(Z)
CrnenoBarenbHO, U3 paBEHCTB (8) uMeeM
1T -

Sy (x)= _2_751‘_-.[ m dz, 9)

joo

1 +ico xoc_(_Z)(X

0= 50 | o)

joo

dz. (10)

3aiimemcs unTerpasioM (9). PazoObeM ero Ha JjBa MHTErpasia o MpoMeKyTKaM (—ioo, 0] u [O, + ioo) U B [IEPBOM
UHTErpajie cejlaeM 3aMeHy Z = if, a BO BTOPOM MHTETpajie — 3aMeHy z = —it. [lonyunm
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S1(x): 1 TMCJNFTMdt‘

onl ) (x—it)my,(it) 3 (x+it)my, (i)

371eCh TaKKe BOCIONB30BAINCH YeTHOCTBIO (DyHKIMH 11y, (7).
Takum oOpazom,
1 x*= (i) x*=(=it)" | ar
M| (x) =—— —— + - —.
2n o x—it xX+it m,, (it)

Amnamornyno u3 uHTerpana (10) MOXXHO IMOTYIUTh

+oo A o (\O
SZ(X) - % - X E l;t) " - X +(Z) m dZit)'
0 2n

W3 HaliieHHBIX UHTETPaJIbHBIX NPEICTaBIeHUN Ul yHKUUH S, (x) u s, (x) HMEEM

Hn(x) = Sl(x) +8, (x) =

12 x*— (—it)a N x%— (it)oc ~ x*— (it)OL B x*— (—it)u dt

2n x—it X+it x—it X+ it m,, (it)

0
s il‘aﬂ(z’a _ (_l-)ot) P

T ? my,, (lt)

== ;
0 Xttt

3aMeTuM, 4TO
. AO . . T
i*—(=i) = 2isin—,
2
OTCIO/Ia TTOJIYYUM

too o +1
Hn(x):—zsinH _t2 > —dt.
n 2 0 xT+t m2n(1t)

H, ciieoBareabHo (cM. hopmymy (7)),
too o +1 dt

€, 2(x,a):—zsinﬂm2 (x) !
el ) ==gin =m0 | S

, xe[-1 1]
0

OO6o3HauuM uepes J, (x) MHTErpal B IpaBoi yacTtu paBeHctsa (11):

too t(XJrl dt

J(x)=| ¥———F—
() o X+ 17 my,(it)
2
+z 4iz
Crenaem B HeM 3aMeny { =—i—, di =————— dz.
1-z2 (1 _ 22)

Tornma

J(x):—4ij(—i1+22)a+l z dz
! 1-2? (1+22)2—x2(1—z2)2 M, (iz)’

rae M,, ( y) — palMoHajbHasl KocuHyc-Ipo0b bepHiuTeiina [14, c. 49] ¢ noirocaMu B TOUKAX z, U Z,

. 1+a,
Zk= 1—2’
«l1+|ak|
T

F={z:z=ei‘p, OS(pSE}.

k=1,2,...,2n;

10

(11)

(12)
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3aMeTHuM, 4TO

May(3)= 2 1 0) + 100 an )= TT22 2

B unrerpane (12) caenaem ere onHy 3aMeHy:

+iy1—u?
z:u+z\/1—u2,u:%(z+%),dzzi%du.

1—
TTonyuum !
1 o+l
T (x)= u 1 du . 13
) J(l_uz)‘;ﬂxz(l_umuz Vo w17 ()

IIpeoOpa3oBeiBas BeIpaxeHue i M,, (z’u —J1-u? ), MIPUXOIUM K cliefyromieit popmyie:

M,, (iu - W) = %(wn(u) ' (w),

eV, (u)=|—— B, =—F7—k=1,2, ...,n.
‘If( ) gu+l3k B ,71+|ak|2

Torna u3 npeacrasnenus (13) umeem

|
u®t! 1 du

(1) ¥ (e e vl e v )

[ToncraBuB manHOE BhIpaxkeHHe B paBeHCTBO (11), momyunm dopmyiy (5).
Teneps paccMOTpUM (YHKIHIO

, xel0,1].
. xe(o.1]

OueBUAHO, YTO PYyHKIHS (pu(x) ABJIsIeTCSl yOBIBAIOIEH Ha OTpe3Ke [O, 1] u (pu(O) =1 npu Kaxa0M QUKCH-
POBAHHOM U, U € (0, 1).
Ecnu y4ects, uto |m2n (O)| =1, To u3 paBeHctBa (5) cnenyer HepaBeHCTBO (6), IPHYEM 3HAK PAaBEHCTBA IMEET

MECTO B ciIydae, Korna QyHKIus Y, (x) He MeHseT 3HaK Ha otpeske [0, 1].
Teopema 1 gokazana.

Hoannomuanbuwlii ciry4ai. Ecim nonoxuts Bee a;, k=1, 2, ..., n, pasapivu 0, TO m1,,, (x) = cos2narccosx,

T. €. ABJIseTCs noauHoMoM Uebsbliesa, a y3nbl X;, k=1, 2, ..., 2n, ecTb y31bl YeOblIIeBa.
B sTom cirydae BBeiem o0o3HaueHue (cM. hopmyiy (4))

82n—2(0>= €,-2,0°

o o
Teopema 2. /[na npubnuscenuti ghynkyuu f (x) = |x| , o> 0, Ha ompeske [—1, 1] UHMEPNONAYUOHHBIMU NONU-
nomamu Jlazpansica ¢ yznamu Yebwviutesa nepsoco pooa cnpagedno adcumMnmomuieckoe paseHcmeo

lim (2n)" €5, 5 o = —[sin "2 T A (14)
n— oo 2n=2,0 T 2 0 e’+e_’ .
3ameuanue. HeTpyaHo BUIETH, UTO
1 +oo o—1
—I'(a) £ dt <T'(o),
2 ( ) I e+e ( )

11
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T. €.
too o -1

[ L— ar=6r(a),

!
v ete
. 1
rae F(oc) — ramma-QyHkius Jitnepa; 0 € > 1.
Jloka3zarenbcTBo. PaccMoTpuM crieayromiee paBeHCTBO, MOTyUYSHHOE U3 OLEHKH (6):

u®! du (1— Jn
3 > Wa(u : (15)
0(1_u2)§+1 Wn(u)+l|!nl( ) ( ) I+u

Haiimem acumMnToTHYeCcKOe BRIpAKCHHUE MHTETpasia B MpaBoil yactu paBeHcTBa (15). C 3Toif menmpio pac-
CMOTPUM UHTErpai

1
I=[——"— (16)
A AGEAA ( )
Beenem ob6o3HaueHUE
1
9, = -
V(2n)
Pazo0bem nnTerpan (16) Ha ABa MHTETpaA:
3, o—1 1 oa-1
u” " du u” " du
I = j j Oy O (17)

@@ L

Bnauase orieHuM BTOpOI MHTErpat:

1 o-1
= J A 1524 \Ign (#) du.
Sn 1 + Wn (Ll)
Bocnoas3oBaBuimich HEPAaBCHCTBOM
:Z <e™ uelo,1], (18)

HalaeM

CnenaeM B 3TOM HHTErpajie 3aMeHy L = 2xu U MOIYyYUM

2n —1 -
1 o v

@e LTty
! (2’1)(X 28, I+

3ameTuM, 9To O,11 —> ©o, 1 —> oo, OTCIOZIA
1
1) :o(—uj, " — oo, (19)

Teneps 3alimeMcss MHTErpaIoM [ ,(1]) B hopmyne (17). HerpyaHo npoBepuTh, 4TO COPaBEIIMBO CIEIYyIOLIEe
HEPABEHCTBO:

I u Ze_zu(Hg), ue [O, ) ]
1+u "

12
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2
JISL 9TOTO JIOCTATOYHO TOKa3ath, uto dymkims ¢ (u)=(1—u)e? — (1 + u)e™ spnstercs Bo3pacTaiomeii Ha
y ¢ 1Y
orpeske [0, 8, ], u yuects pasencrso ¢(0)=0.

CrnenoBaTeabHO,
72nu(l + Z) _\/a 0
Vs gte 2 51N g2y, E[O, 5,1].
2
Torna, yanTeiBast 3TH HepaBeHCTBa U Gopmyny (18), Haxomnm

{1 - EJE”’“ + et < \un(u) + w;l(u) ety (1 + \/a)ezm’, ue [O, 8,,].

2

y,(u)ze

Takum 0Opa3om, ToydaeM

3, (x ldu - I(]) - j_n u(l—ldu
0

ey (1 + \/7)62'7” T (1 _ \/g]lem + eZnu'
2

Termepp paccMOTPUM CIIEAYIONIYIO Pa3HOCTE:

n o-1 5, OLl
A, = u du du _
J [y e

( —2nu +

=8f 1+5, )e Znu) ual((l_\/gjjeznuwz"u]
e

_}n uoz—l\/g(z—le—Znu +eznu)du
0 [[1 _\/g_n]e—Znu + eZnu](e—Znu + (1+ \/a)ez%)

du =

<

S

% u®du 3 ! u*du
(-!-( 2 ( \/g)eZnu)_\/g(.!. eZnu(l_i_\/g_'_e—élnu) =

87]
<49, J. u® e du.
0

B MMOCJICAHEM UMHTCTPAJIC ITPOU3BLCICM 3aMCHY 2nu=vu MoJIy4ynum

I/\

8 21’16,7 1
" _W J. Da_le_UdU:O(—a], n—> oo, (20)
2n)" n
C yuerom cootHomenus (20) nmeem
an a-1
1 J‘ u" " du +o( la),n%oo
0 [1 _ \/a]e—Znu + eZnu n
2

13
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B nonyueHHOM MHTETpase clienaeM yxe I/I3B€CTHyIO 3aMeHy 2nu = V:

v*lgv ( 1 )
+ 0 - |~
8, ) n

Ocraioch 3aMETUTh, YTO

too o1
d
_[ DD 2:0(1) n—>c0, 0> 0
e +e
VB,
U B UTOTE TIOTYYUM
1 ! 1
1V = J v 6{0 +o(—),n—>o<>.
(2n)" § e"+e” n”
Ecnu Teneps yuects cootHomenwue (19), To u3 dhopmysi (17) umeem (cM. uaterpan (16))
1 Tt 1
- v dv | o(_), n s o 1)
(2n)“ 5e+e” n®

OOparuMcs kK HHTETpalry B paBeHcTse (15):

1 o—1
J = u du ‘
' 6[(1_ uz)%ﬂ v, (1) + v, (u)

Hepr,Z[HO BUJCTD, UTO CHIPAaBCAJIMBBI CIICAYIOIINEC HCPABCHCTBA:

1 a-1
J' du -
0 + l‘r’n—r( )
C Of1HO# cTopoHHI (cM. mHTEerpan (16)),
1 4o
J. du =Ly
0 Wn+r )+ Wn+r( )

C JIpYTOil CTOPOHBI.
Torna Ha ocHOBaHWM paBeHCTBa (21) nMeem

1 v gv (1)
+o|— |, n—> oo

" (2n)a 5e'+e®

B urore npuxoanm k paBeHcTBy (14). Teopema 2 nokasaHa.

B TouHOCTH Tako# ke pe3ynbrar nonydeH M. WM. 'an30yprom [11], HO TONBKO /Ui citydasi, KOTJIa HHTEP-
MOJIMPOBAHKE BEIETCS M0 PACIIMPEHHON cucTeMe y35i0B UeObllesa nepBoro poaa, T. €. K y3iam YeObliena
X}, X, ..., X, JOOaBiseTCA ToUKa X, = 0. Takum 0Opa3oM, JoOaBIEeHHE OJHOTO y3/1a HHTEPIONIUPOBAHHS HE
BJIMSCT HA TOYHOCTH MIPUOIIKEHNH.

PanmonanbHblii crydaii. Beegem o603HaueHMe

€,.2=, inf &, ,(a).
{al’ a5 -0 aZn}
[lapamerpsl a,, a,, ..., a,, 30€Ch YIOBICTBOPSIOT yCI0BUsAM (1).
Teopema 3. /[ pasnomeprvix npubnudicenutl yHkyuu |x|a, o > 0, unmepnonayuoHHbIMU paYyuoHATbHLIMU

yuxyusmu Jlaepanaca (3) ¢ yanamu Yeovuuesa — Mapkosa (2) cnpaseonuswl nepasencmea

14
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C(o)

sin% exp(—n 2noc) < &,,_, < Cyla) sin% \/;exp(—n 2no. ) n>r,

20e C(OC), CO (O(,) — HeKomopbwle NOJI0HCUMENIbHble NOCMOAHHbIE, 3A8UCALUE MONILKO om napamempa O

B arom ciyuyae oOparumMcs k paBeHCTBY (5). BBemem o0o3HaueHue JUisl MHTErpajia, CTOSIIETO B MPaBOn
YaCTH:

1 o+1
Jn(x)z.[ u 1 du (22)
0

R e A DR

2

Tak xak ¢pyHKIOUSA u)= nepeMeHHON u IBAIETCS Bo3pacTarolned Ha oTpeske |0, 1
X b

xz(l—uz) +u?

ueo, (1) =1 npu kax0M (HPUKCUPOBAHHOM X, X € (O, 1], To 1o popmyne bonne [15, c. 119]

J,(x)=] ut du L Eelo,1).
:

(l_uz)%ﬂ v, () + v, (u)

Ortcrofa cremyer, 9To

1
J,(x)=[—" LAC AR (23)
:

e

Uccnenyem nepssiii uHTerpai. Tak kak mapamerpsl a;, k=1, 2, ..., 2n, ynoBieTBopstoT ycnoBusam (1),
paCCManHBaGMLIﬁ HUHTCIrpaJl MOXKHO IIPEACTAaBUTL B BUJIC

1 n _
/0= [a(uw)u uPrk p

n
£ k=1u+Br+k
e

1 -1\
a(”): - ,r=2g +4, n=n+r, n>r.
o \u+1 4 !

IIycTp

Toraa
IO = [a(u)u"g,(u)du (24)
Temeps paccMOTpUM (YHKITHIO
OB, 1 By B) = )™ 02 )l
nepeMeHHbIX B3, 1, B, 12 ---» By &

15
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v n—r
Dra QyHKUMA ABISETCS HENPePBIBHOI Ha (1 — r)-mepHoM Ky6e [0, 1]" ", n HeTpyano nokasars, 4To B He-

ES

o * ® n—r #
KOTOpOIl TOuKe (Brﬂ, Brios oo BZ) €(0,1)" " ona gocruraer MunnMywma, pudem uncna B, By o, ..., B,

MOTIapHO pa3iInyHBI [16]. 3aMeTHM TakXke, 4TO B JAIBHEHIINX PACCyKACHHUSAX MBI CIETyeM METOY, PEIIOKEH-
HOMY B pabote [16].
3Ha4MT, B yKa3aHHOH TOUKe

a;q):O,m:r+1,r+2,...,n.
aB,,
Tak xak
0D ¢ » nou-B,  —2u
—=|2a(u)u® "o, (u du =
B, '[ ) ( )k:l:[+1,”+ﬁk (u+p )2
5 k#m m
1
1 1 1
=2 Yo (u)— - d
!"(”)” ‘P"(”)Bm[uwm u—ij N
TO
‘ du ¢ du
Ja(u)u® o)} (u)——== [ a(u)u"9}} () —, (29)
i3 u+Bm 13 _Bm
rue
(pZ(u)— H u_Bf,m=r+1,r+2, , N
k=r+1u+ k
NmeeT MecTo cremyroliee paBeHCTBO:
* _ *® n A

)
u m:r+1u+Bm
rne A, m=r+1,r+2, ..., n,— HEKOTOPbIEC YHACIA.

OTCIO,Z[a MOJIy4uM, 4TO

(1) - 9,(0) _ 3 A,
—u m:r+l_u+l3fn’
U TaK KaK
* * -1
(pn (—Z/I) = ((pn (u)) 2
TO

o * n A

*

u(pZ(u) m=r+1u_l3m

Ha ocHoBanuu paBeHcTB (26), (27) u popmyis (25) 3akiiogaeM, 4To

1 1

Ja(u)u“@ZZ(u)Mdu ZJ‘a(u)ua(pf(u)Mdu.

*
ITocne HecIoKHBIX npeoGpa30BaHI/H71 nojry4acm

E""a(u)u‘)‘ oy (u)du = é[a(u)u‘)‘_ ' (u)du.

*

CreoBarenbHo, nipu 3Ha4enusx B, B, 5, ..., B, 111 uHTErpana J,Sl) (cm. popmymst (23) u (24)) crpa-
BEUTHBBI COOTHOIICHUSI

‘J,El)‘ < Jl-a(u)uo‘_1

1
0, (u)‘3 du < J-a(u)ua o2 (u)du.
&

16
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3ameruM, uto 0 < |a(u)| <lue [0, 1],

‘Jlsl)‘ < ju“_l(pzz(u)du. (28)

Terneps oOpaTuMcs K OAHOMY W3 pe3yIbTaToB padoThI [17], B COOTBETCTBUU C KOTOPBIM IIPH JIFOOBIX Y > 0
u n € N cymecrsyror uncna B, k=r+1,r+2, ..., n, n > r, Takue, 410

[Tt < o ()e ™, e [0, 1,

k=14 + Br +k
roe C (y) — HEKOTOpAsI MOJIOKHUTENbHAS TOCTOSHHAS, 3aBUCSIIAsI JIMIIb OT apamerpa Y. Torna npu Takux 3,
k=r+1,r+2,...,r+n,, u3 HepaBeHcTna (28) umeem
. 2
Lo,
2m H Br +k du <

iU+ By

IR -
2

HeTpynHo 3aMeTUTh, 4TO
o= > e =< > =
nol — /1 > no —a, l’ll>?.
Eciu npociieinTh BBIBOJI YKa3aHHOTO BBIIIE pe3yibraTa B padore [17], TO MOKHO YBUAETH, YTO TIOCTOSH-
Has C(y) HETIPECPBIBHO 3aBUCUT OT IMapaMeTpa Y, CJICOA0BaTCIbHO,

o 1

2 2w

3):[CCL " JaJiee uepes3 Ck (OC) 6YI[6M 0003HaYaThH Pa3JIMYHBIC TOJOXKUTCIBbHBIC TIOCTOAHHBIC, 3aBUCAIINEC JIMIIb
OT HapameTpa o.
B utore noJIy4uM, 4TO

JW < Cz(oc)\/n_lexp(—n 2nloc) < C3(oc)\/;exp(—n 2noc).

<C/(a), neN.

o
B nocnenneMm HEpaBEHCTBE YUTCHO, YTO =1, + 7, I' = 2[2} + 4.

Jlerko BUAETH, UTO U JUISI HHTETpalia J,Ez) (cM. popmymy (23)) cripaBemiiBa Takasl k€ OIICHKA:
. 3
u—1 ,
u
o-1 (u + J (Pn( )

:j “ - du £C3(oc)\/;exp(—n 2noc), n>r.
g

J(z)

n

W3 nmocnenHux IBYX COOTHOMEHUH H (hopmynbl (23) cieayeT, 4To NPy HEKOTOPHIX 3HAYCHUSAX MapaMeT-
poBa,, k=1,2,...,2n,

Jn(x)| < C4(oc)x/Zexp(—n 2noc), n>r, xel0,1].

Torma n3 coorHomeHw# (5) U (22) mMoIy4YrM BEPXHIOIO OIIEHKY B Teopeme 3.
Hwxuss ouenka cienyet, Harpumep, u3 pesyasrara I Llrans [7].
Teopema 3 gokaszana.
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3aKjaoueHune

B pabote nccnemoBansl mpuOMIKEHUS PYHKITHH |x %, 0> 0, HHTePIIOJSIMOHHBIMH PALHOHAILHBIME (YHK-
nusmu Jlarpanxa c y3namu YeOpiieBa — MapkoBa miepBoro poxa. [lomydueHsl nHTETrpanbHOE PEICTaBICHNE
0CTaTKa MHTEPIOIUPOBAHHUS U OLIEHKA CBEPXY COOTBETCTBYIONIMX PABHOMEPHBIX PAIlMOHABHBIX TPUONMKEHNH,
KOTOPAasi TP ONPE/ICTICHHBIX YCIOBHSX SBISCTCS TOYHOM. B MOJMHOMHUATIBHOM CiTydae Haii/ieHa aCHMITTOTUYECKAs
OIICHKA PABHOMEPHBIX MPUOIIKEHHH. B ciiydae npuOmmKkeH! i paimoHamIbHBIMU (DYHKIIMSIMU OIIEHKA CBEPXY OT-

JIMYAeTCs OT U3BECTHOM HaI/IJ'Iy'lH_ICI\/'I OLICHKH JIMIIIb MHOXXHUTCIIEM  71.
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I[I/ICD(DEPEHI_[I/IAJH)HBIE YPABHEHHAA
N OIITUMAJIbHOE YITPABJIEHUE

DIFFERENTIAL EQUATIONS
AND OPTIMAL CONTROL

VIK 517.925

NCCAEAOBAHUME B IIEAOM ITOBEAEHUS TPAEKTOPUM
CUCTEMbBI XUIIIHUK — JKXEPTBA

A. JI. YIIXOV, ]1. C. yIIIXO0"

Y dovieetickuii 2ocydapemeennviii ynusepcumen,
ya. Ilepsomaiickas, 208, 385000, e. Maiikon, Poccus

MeToamu KITacCHYECKOH KaueCTBEHHOH TEOPUH ANHAMUIECKIX CHCTEM Ha INIOCKOCTH PEIICHA B IIEJIOM 33/1a4a MOCTpoe-
HUS (HA30BOTO MOPTPETa CUCTEMBI XUIHUK — xkepTBa Kommoroposa. PaccMOTpeHbI BO3MOXKHBIE TOIIOJIOTHYECKUE CTPYKTYPBI
JTAHHOW MOJIEIIN IS IIECTH CTydaeB KO3 (UIIMEHTHBIX YCIOBHH IPH TOJIOKUTEIBHBIX 3HAYCHUSIX TPEX MapaMeTpoB. 3a cueT
pa3dueHuss MHOXECTBA 3HAYEHUI OJJHOTO U3 TapaMeTPOB Ha MPOMEKYTKH OCTPOEHHI (pa3oBbIe MOpTpeTHl B kpyre Ilyan-
kape. Halinensl 3HaueHns 3TOr0 mapamerpa, Ipu KOTOPHIX B CHCTEME BO3MOXKEH PEXXUM aBTokosiebanuid. [Tokazano, 4to
HerpyOBIil OTHOKPATHBIN CIOKHBIA (OKYC HE OKPYKAIOT 3aMKHYThIE TpaeKTOpHH. Ha OCHOBe aHaiM3a pacrooKeHUs
IJIaBHBIX M3OKJIMH CHCTEMBI Ha BCel (ha30BOM MIOCKOCTH MUCKIIIOUUTEIBHO T€OMETPHUYECKH yCTAaHOBIICHA TOIOIOTHYE-
CKasl CTPYKTypa CIIOKHOTO COCTOSIHUSI paBHOBECHSI Ha OECKOHEUHOCTH 0e3 OTophl Ha N3BECTHBIEC aHATUTHUYECKHE (Doree
TPYIO€MKHE) METOABI.
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INVESTIGATION IN GENERAL OF THE BEHAVIOUR
OF THE TRAJECTORIES OF A PREDATOR - PREY SYSTEM

A. D. USHKHO?® D. S. USHKHO"

*Adyghe State University, 208 Pervomayskaya Street, Maykop 385000, Russia
Corresponding author: A. D. Ushkho (uschho76@rambler.ru)

By the methods of the classical qualitative theory of dynamical systems on the plane, the problem of constructing a phase
portrait of Kolmogorov’s predator — prey system has been solved in general. Possible topological structures of this model
are considered for six cases of coefficient conditions with positive values of three parameters. The phase portraits in the
Poincare disk are constructed by dividing the set of values of one of the parameters into intervals. The values of this
parameter are found at which the self-oscillation mode is possible in the system. It is shown that a weak focus of order 1
(multiplicity 1) is not surrounded by closed trajectories. Based on the analysis of the location of the main isoclines of the
system on the entire phase plane, exclusively geometrically, the topological structure of a complex equilibrium state at
infinity is established without relying on known analytical (more time-consuming) methods.

Keywords: A. N. Kolmogorov; predator — prey system; global phase portrait; Poincare disk; equilibrium states; limit cycle.
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BBenenune

B nenasueii pabote [1] ucciaenoBaHo moBeneHNE TPACKTOPU CHCTEMBI XUIITHUK — xXepTBa Kommoroposa
BUIA

%zx[b+(1—b)x—y—X2]EP(X’J’)’

% = y[—Sb + (c — S)x] = Q(X, Y),

TJC B ICPBOM KBAaJAPAaHTEC BBIIIOJIHAIOTCS HEPABCHCTBA
6>0,b>0,c>0. 2)

Ipu sToM naHa KiaaccuduKanus 1o0aabHOM JMHAMUKH 110 TpeM napamerpam (8, b, ¢), UMEIOIIUM OIpe-
JICTICHHBIN YKOJIOTUIECKHUHA CMBICI. BCe TOMMOIOrHuecKy oTIryaromuyecs rodanbHeie (ha3oBbIe TOPTPETHI T0-
CTPOCHBI B TIOJIOXKUTEIIBFHOM KBanpanTe kpyra [lyankape. OgHako HECOMHEHHBI MaTeMaTHICCKUA WHTEPEC
MIPENICTABIISET PEIICHUE 3a/1a4n ITOCTPOCHMSI (pa30BOTO MOpTpeTa cucTeMsl (1) Ha Beel mmockocTu. B HacTos-
IeH cTaThe MPUBEIACHBI PE3YABTATHI PEIICHHUS ITOCTABICHHON 3aJa9l Ha OCHOBE MCIIOH30BAHUS HHCTPYMEH-
Tapus KaueCTBEHHOU Teopun AuddhepeHITHATBHBIX YpaBHECHUH.

3ameTuMm, 9TO B padote [1] ©MEIOTCS HEKOTOPhIE HETOYHOCTH, KOTOPBIC OTMEUEHBI B TalTbHEHIIIEM TEKCTE.

(1)

HeoOxonumbie NnpeaBapUuTe/JIbHbIC YTBEPKICHUA

Jlemma 1. Eciu b > 1, mo cucmema (1) ne umeem 3aMKHymvlx mpaekmoputi 8 nepeom Keaopanme.
HJoxazartenscTBO. Tak kak x = 0 u y = 0 — UHBapHAHTHBIE MIPSIMBIE, TO UX HE TIEPECEKAIOT 3aMKHYThIE
TpaeKTopuu cUCTEeMHI (1), TOITOMY pacCMOTPUM CHCTEMY

a’x_b+(l—b)x—y—x2

_ = EF

dt y (x.7), 3)
dy —8b+(c—-8)x

R )

rae dt = xydt.
CornacHo pabote [2] 3amMkHyThIe TpaekTopuu cucteM (1) u (3) coBnanaroT, HO MapaMeTpU3alUN Ha HUX
MOTyT OBITH Ppa3INYHbIMHU.

, , 1-b—-2x
Boipaxenue F(x, y) + G, (x,y)= 5 CTPOTO OTPHLATEIHEHO B IEPBOM KBAJPAHTE, U COINIACHO TIPH-

3HaKy benaukcona [2] oueBUIHO OTCYTCTBHE 3aMKHYTBIX TpaeKTopuil. JlemMma gokazana.
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3ameuanue 1. B cury nemmbl 1 ipeaenbHbIe IUKIIBI B IEPBOM KBAaIPAHTE MOKHO O’KHUIATh TOJIBKO MTPH BbI-
nostHeHnn yenmoBus 0 < b < 1.
(b+1)8

Jlemma 2. Ecau d>0,0<b< 1, c= , mo cucmema (1) unu He umeem npeodenbHbLIX YUKI08, UL

umeem nojlbKo npocmaowle npe()eﬂbele YUKTIBL.
I[ OKa3aTCIbCTBO. HeHOCpeI{CTBeHHHMI/I BBIYHUCJIICHUAMU MOXXHO Y6€I[I/ITLC$[ B TOM, 4TO (I)yHKLII/II/I

(b - l)x 1
o(x,y)=—"— B(x,y)=—=
(x, ) 5y B(x,»)=-%
YAOBIETBOPAIOT QyHKIMOHANBHOMY ypaBHenuto o) — BP = P/ + O, npy 5TOM CNPaBeyIuBO HEPABEHCTBO
b-1
ol + B =22 %0.
L+ B 5oy

Taxkum 00pa3zoM, BBITIOJIHSIOTCS yCIOBUS TeopeMbl 4.4, pefcTaBieHHol B padore [3]. Jlemma nokasana.

OcHoOBHBIE pe3yJabTaThl
(b+1)d

Teopema 1. Ecau 6>0,0<b< 1, c= , mo cucmema (1) umeem 6 oepanuuernoll yacmu hazoeou

NIOCKOCMU Yemblpe COCMOSHUAL PABHOBECUSL! 0(0, 0) — npocmoe ceoio, D(—b, O) — npoCmou ycmoudugwlil
b bc[c - (b + 1)5]
’ 2
c—9 (c-3d)
cpeput Ilyankape pacnonodicensvt 06a cocmosinus pasnogecus: Wy (u =z = 0) — npocmou Heycmouuugwlii y3ern,
W, (v =z =0) — croaxcrnoe cocmosnue pagnosecust, K KOMopoMmy HPUMbIKAIOM Mpu 2unepooIuueckux cekmopa

u 00un anaunmudeckutl cekmop. Cucmema ne umeem 3aMKHYmMvIX MPAEKMOPUIL.
JlokaszaTenscTBo. Pemenusmu cuctemsl

y3er, A(l, 0) — npocmoe ceono, E — He2pybblll yemotiyugwlil ghoxyc. Ha skeamope

Sh bc[c - (b + 1)8]
c=8  (c-d)

SIBJISIFOTCSL KOOPJIMHATBI TOYEK 0(0, O), D(—b, 0), A(l, O), E . Cnienys pabotam [2; 4],

BBeieM 0003HAUYEHUS BEIUUUH O U A.
ITycTh B pe3yabTaTe mepeHoca Havaaa KOOPANHAT B TOUKY TTOKosT H (xo, yo) W3 CUCTEMBI

dx

:R b b
dt (x y)
dy
—=5(x,
» (x,7)

MOJIy4eHa cucTemMa
dx

E=mx+ny+ (p(x, y),

%=m+w+ﬂmm

rae @ ¥ Y — aHaIuTHYecKue (PyHKLIMH, pa3IoKeHNsl KOTOPbIX He COIepKaT CBOOOIHBIX U JIMHEHHBIX YJICHOB.
Torna
G(H)=m+ q, A(H)zmq— np.

Tax kak A(O)=-8b><0, T0 O — IPOCTOE CE/TO MPH BHITIOTHEHHU yCIOBHiA (2).

{x=3_6+1,
y=y

cucreMma (1) rpancopmupyercst B cuctemy (0003HaueHUs (Pa30BbIX IIEPEMEHHBIX OCTABIISIEM HEM3MEHHBIMH)

B pesynsrare npeoOpa3zoBaHus
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%z—(b+1)x—y—(b+2)x2—xy—x3,
4

d
z);z[c—(b+1)8:|y+ (C—S)xy.
W3 cucremsl (4) momydaeM BETHYHHBL
o(d)=—(b+1)+c—(b+1)8, A(4)==(b+1)[c—(b+1)5]. (%)

U3 BeIpaxkenwii (5) B CHITy yCIIOBHIA TEOPEMBI CIIEAYET, YTO A(A) <0, 1. e. 4 — mpocToe ceJo.

B pesynbrare nmepeHoca Hadana KOOPAWHAT B TOUKY D(—b, 0) cuctema (1) mpuaumaet B (0003HAYCHIS
(ha30BBIX MIEPEMEHHBIX OCTABIISIEM HEM3MECHHBIMHU )

?:—b(b + 1)x+ by+(2b + l)xz—w—XSa
dt (6)
;); = —bcy + (c - 5)xy.

W3 cucremsl (6) BUIHO, YTO A(D) = bzc(b + 1) > 0 mpu BBINIOIHEHHUH YCIIOBHH (2). YUUTHIBas TOT (akT, 4To
TOuKa D JNEeKUT HA UTHBAPUAHTHOU NpsaMoi y = 0, 1esaeM BbIBOJ: TOUKA D(—b, O) €CTh IIPOCTOH y3€ell, IpuueM
YCTOHUMBBII, Tak kak 6(D) = —[b(b +1)+ bc:l <0.

st ycTaHOBIICHHS THIIA TOYKH MOKOsI £ mpeobpasyem cucremy (1) mo ¢popmynam

db
c-98
bc[c —(b+ 1)5]
(c-8)

X=X+

y=y+

1 3alIMIIEM pE3YJIbTAaT B CTAPbIX NEPEMCHHBIX !

@ZSb[c—S—b(zc+6):|x_ 8b y+|:c—8—b(c+8)—Sb]xz_xy_x3’
dt (c-3d) c—9 c—9 N
dy _be[e—(b+1)3]
o P x+(c—8)xy.
3blc—8—b(c+? 8b’c[c—(b+1)8
W3 cucremsr (7) momydaemM BBIpaKEHUS G(E)= [C (C+ )] u A(E): c[c ( ’ ) ] Taxk

oo (oo
kak 6(E)=0, A(E)>0, To st Toukn nokos (0, 0) cuctemst (7) uMeeT MeCTo MpoGlIeMa OTIMYMS LEHTPa OT
¢oxkyca.

b+1)3
C y4deTrom ycioBus ¢ = - nepernuiieM cuctemy (7):
a_(b=1) D)
dt 2 2 )
dy db(1+b) 258b
—= X+ xy.
dt 2(1-b) 1-b
n3b(1+b)’

IlepBas nsirTyHOBCKAs BEIMYMHA Hayasia KOOPAWHAT CHCTEMBI (8) ONpeeNsieTCsl PABEHCTBOM Oly = — F—
8w
nosTomy 0 < 0. CreroBarenbHoO, TouKa £ mpeacTapiseT co0oi HerpyOblil ycToitumBblii Gokyc [2; 5].
Jnst uccneoBaHus MOBEICHNS TPACKTOPUI CUCTEMBI B OECKOHEUHO YaJeHHBIX 4acTsX (a30BOM MIIOCKOCTH

BOCTIONBb3yeMcs peoOpazoBanusmu [lyankape.
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[TepBoe mpeoOpazoBanue [lyankape

1
xX=-,

z
y=7

Tpanchopmupyet cucremy (1) B cucremy

d—b;:u+(b+c—8—1)uz+u2z—(b+5b)uzz,

& )
—=z+ (b—1)22+u22—bz3.
dt
Bropoe npeobpazosanue [lyankape
x=2,
z
1
Y=z

npuBoauT cucteMy (1) k cucreme

dv
=z} +(5 —-b—c+ l)vzz + (b+ Sb)vzz,
dt
J (10)
/7
—==(8-c¢) vz? + 8bz°.
dt
Kax Bunno n3 cuctem (9) u (10), mpsimast z = 0 COCTOUT W3 TPACKTOPHUH JAHHBIX CUCTEM. EAMHCTBEHHBIM
COCTOSIHHEM paBHOBecus cucteMsl (9) npu z = 0 siBistercst Touka W, (1 = z = 0), KoTopast IpeJCTaBIseT co00i
MIPOCTON HEYCTOMUYMBBIN y3€Il, TaK Kak A(Wl) =1, (S(VVI) =2,Te. A(Wl ) >0, (5( Wl) > 0.
[ockonbky B cucteme (10) B MpaBhIX YacTsIX YpaBHEHUH HET JTMHEHHBIX WIEHOB, TO COCTOSTHAE pPaBHOBE-
cust W, (v=z=0) cnoxHoe.
W3BectHO [6], uTo cymma nHiekcoB I lyaHkape Bcex cOCTOSHHI paBHOBECHSI TUHAMUYECKON CHCTEMBI, BKITIOUast
OecKoHEUHO yaneHHble, paBHa 1. Tak kak cymma unaekcoB Touek O, A, D, E, W, paBHa 1, TO MHIEKC COCTOSTHUS
e—h

paBHoBecust W, pasen 0. CornacHo popmyne bennukcona [4] 1 =1+ noiaydyaeM h=e+2,tae hu e —

KOJIMYECTBO TUMIEPOOTMYECKUX U IIIUINTHYSCKUX CEKTOPOB, MPUMBIKAIOUINX K TOUYKe W, COOTBETCTBEHHO.
IToxaxkeMm, uto e = 1 H, cienoBaTeabLHO, i = 3.

Pacnionoxenue tpaexropuil cuctems! (10) B OKpeCTHOCTH TOUKH W, MOXKHO YCTaHOBUTH MeTO10oM DPpom-
Mepa [7]. OmHako BO M30eKaHUE TPOMO3IKUX aHATUTHYCCKUX BBIUUCIICHUH, CBSI3aHHBIX C ATHM METOIOM,
BOCIIOJIb3yeMCs TpauecKUM TPEACTaBICHHEM TIIaBHBIX M30KJIMH cucteMbl (1) B kpyre [lyankape (puc. 1)
Y YIPOCTUM J0Ka3arenbcTBO. [ludpamu /—17 0603HaueHBI 00IaCTH, Ha KOTOpBIe pa3out kpyr Ilyankape rimaB-
HBIMH U30KJIUHAMU CUCTEMBI (1).

W3oxnuna Hyns

H3oknmnHa
OECKOHEYHOCTH

VVZV
Puc. 1. TnaBuble n3okiuHbl cucteMsl (1) B kpyre ITyankape
Fig. 1. The main isoclines of the system (1) in the Poincare disk
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7 d
HemnocpencTBeHHOI MPOBEPKOI yCTAHOBICHO, UTO ;); >0 (j); <0)Bobmactsix 1,4,6,9,10(2,3,5,7,8, 11),

d d
;); >0 (?); <0) B obnactsx 3, 4, 6, 7, 10, 11 (I, 2, 5, 8, 9). ComacHO yKka3aHHOMY PacIpe/ICIICHUIO 3HAKOB

dy dx .
IIPOU3BOJAHBIX jy, ; B 00J1aCTIX JCJIa€M BBIBO/I: 3a UCKITFOUCHUEM €AMHCTBECHHOU TPACKTOPHH, KOTOpast OTHUM
¢t at

KOHIIOM TPHMBIKAeT K Touke W, a IpyruM KOHIIOM — K y31y D, Bce OCTalbHBIE TPAEKTOPUH, PACTIOIOKEHHBIE
B 0071aCTH 4, OZTHIM KOHIIOM TIPUMBIKAIOT K ToUKe W', a pyrum KoHIIOM — K y3iy D. Takum o6pazom, k Touke W,
TIPUMBIKAET TUTIEPOOIMUECKII CEKTOP, PACTIONOKECHHBIN B 00macTi 4. O4eBUIHO, YTO THIIEPOOTUICCKUN CEK-
TOp UMeeTcs B 00acTu 3, M OH IPUMBbIKaeT K Touke W,. K 310l Touke IpuMBbIKaeT erie OJuH MMIepOoInIecKUil
CEKTOp, PacIONIOKEHHBIH B 00macTsx / u 2. CiemayeT OTMETHTb, 9TO JII00as TPAeKTOPHS, NCXOASIIAst U3 TOUKH W),
TIPH ¢ — +oo BO3BPAIIACTCS B ATY K€ TOUKY, HE BBIXOAS U3 oomactel /0 u /1. TeM caMbIM MBI yTBEPIKIaEM, UTO
K Touke W, mpumblikaeT ammnTraeckuii cexrop. CoracHo padore [4] Touku W, u W, cOOTBETCTBYIOT OHOI
1 TOM ke OECKOHEUHO yJajdeHHO! Touke 1okost W, (v =z =0), a Touku W, u W, — oqHOM 1 TOH e Touke 1moKost W]
(u=z=0).

Takum 00pa3oM, yCTaHOBJIEHO, UYTO K CJIOXKHOM Touke 1okost W, (v =z = 0) npuMbIKaroT Tpu runepoonnye-
CKHX CEKTOpa M OIMH JUTNIITHYECKHIA CEKTOP.

IIpenenbHBII UK HE OKPYKaeT HETPYObIi yeTOHIMBEIA (hoKyc E. JIeHCTBUTENBHO, B CHITY JIEMMEI 2 BEIpa-

ob

€CJIM CYIIECTBYET NMpeaelbHbIN UK, TO OH JA0JKEH OBITh YCTOWYMBBIM. [Ipenmonoxkenue o CynecTBOBaHUH

YCTOWYHMBOTO MPEIEeNIbHOTO [UKJIA, OKPYKAIOLIETO YCTOWYHMBEIN (OKYyC, TOMyCKaeT 10 MPUHIHITY Konbla [4]

CYIIECTBOBaHHUE XOTs ObI OJHOTO HEYCTOMYMBOTO MPEACIHLHOTO UKIIA BOKPYT (okyca E. JlaHHOE nmpoTHBOpe-

9He TOKa3bIBAET, uTo cucTteMa (1) He UMeeT 3aMKHYTOH TPaeKTOPHUH B IEPBOM KBaJpaHTe. TeopeMa Joka3aHa.
®dazoBeIii opTpeT cucteMsl (1) B ycnoBusx TeopeMsl | n300paxeH Ha puc. 2.

KEeHHe o) + [3; = MeHBIIIe HyJIs B TIepBoM kBazpanTe. CoracHo Teopeme 4.4, TipeicTaBieHHoi B padore [3],

",

!
W,
Puc. 2. ®azoBblii nopTpet cucteMsl (1) B ycIoBHsIX TeOpeMBI 1

Fig. 2. The phase portrait of the system (1)
under the conditions of the theorem 1

3ameuanue 2. Cxema pacoJIOKEHUS TPACKTOPUH B OKpeCTHOCTH Touku W, B pabote [1] ycraHosieHa He
nonHocTbio. CortacHo puc. 4.1, ¢, IpUBEAEHHOMY B yKa3aHHOH paboTe, OKPECTHOCTh TOUKU W, COOEpKUT
YeThIPe TUIEePOOINIECKUX CEKTOpa, YTO HE COOTBETCTBYET KapTHHE, N300paKeHHO Ha puc. 2.
B sTOoM MOXHO yOenuThCs Ha KOHKPETHOM TPUMEPE CIEAYIOIIEH CHCTEMBI:
dx
;=x<3— 2x—y—x2),
t
y (an
& y(=3 + 4x).
dt
Da3oBbIli MOPTPET AaHHOU cucTeMsbl B Kpyre [lyankape, mpeacTaBieHHbIH Ha pUc. 3, TOKa3bIBAET, YTO OKPECT-
HOCTB TOYKH PaBHOBECHS W, COCTOHUT U3 TPeX IMIIEPOOIMYECKUX CEKTOPOB U OHOTO SILTMITUYECKOTO CEKTOPa.
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Puc. 3. ®a3zoBsiii moptpeT cuctemsl (11)
(W, — cocrosiHue paBHOBecus Ha 3kBatope cepsl [Tyankape, K KOTOpOMY
MIPUMBIKAIOT TPH THIEPOOIMUECKUX CEKTOPA M OIUH JUIMITHYECKHH CEKTOP)

Fig. 3. The phase portrait of the system (11)
(W, — the state of equilibrium at the equator of the Poincare sphere,
to which three hyperbolic and one elliptical sectors adjoin)

Teopema 2. Eciu 6 >0, b > 0, ¢ = 0, mo cucmema (1) umeem 6 oepanuqennoil yacmu ¢)azoeot ni0CKocmu
mpuU cOCMOSIHUSL PABHOBECUSL: 0(0, 0) — npocmoe ceono, D(—b, 0), A(l, 0) — npocmule YCMouyugvle V3ol
Ha sxeamope cgepur [Iyankape pacnonodcenvt npocmou neycmouiyuswiti yzen Wy (u =z = 0) u crnoosicnoe co-
cmosinue pasnogecus W, (v =z = 0), K Komopomy npumuIKaom yemuipe eunepooIuieckux cekmopa.

e —

CornacHo ynomsiHyTo# BbilIe Gopmyne bennukcona / =1+ HHJEKC TOUKH 1okost W, paseH —1, mo-

9TOMY h=e+4. 006 OTCYTCTBUU SJUIUIITUYCCKUX CCKTOPOB B OKPECTHOCTU TOYKH VVZ CBUACTCIILCTBYCT TOT

dy y
¢axr, 9to I >0 (— < 0) B TpeTbeM H 4eTBEPTOM (IIEPBOM M BTOPOM) KBaJIpaHTaX B CUILY CUCTEMBI
t

dt
%sz+(l—b)x2—xy—x3,

dy
Y _Shy.
a0

JlelicTBUTENBHO, B YKa3aHHBIX Mapax KBaJIPAHTOB H300paKaroIas TOYKa JBUKETCS BIOJb (Pa30BBIX TPacK-
TOPHIA JTMOO TOJNBKO B HATIPABJIICHIH BO3PACTAHUS ), THOO TOJIBKO B HANPABICHUN YOBIBAHUS .
®da30BEIH MOPTPET CUCTEMBI (1) B YCIIOBHSX TEOPEMBI 2 M300pakeH Ha pucC. 4.

",

VVZ!

Puc. 4. ®a30Bblii nopTpeT cuctemsl (1) B yClI0BUAX TEOpEMbI 2

Fig. 4. The phase portrait of the system (1)
under the conditions of the theorem 2
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Teopema 3. Ecaiu 6 >0, b >0, c= (b + 1)8, mo cucmema (1) umeem 6 ocpanuuenHol yacmu Gazoeoul

NILOCKOCMU MPU COCMOAHUSL PABHOBECUSL! O(O, 0) — npocmoe ceono, D(—b, 0) — NPoOCmotl Yycmoudusyblil y3er,
A(l, O) — ceonoyszen. Ha sxeamope cghepul Ilyanxape pacnonodcenst npocmoti neycmotuivugwiii yzen Wy (u=z=0)

u cnodcnoe cocmosinue pasrnogecus W, (v =z = 0), kK Komopomy npuMsbIKaiom mpu 2unepooIuyeckux cexkmopa
U OOUH INIUNMUYECKUL CEKMOP.

3ameuanue 3. Ilpu ¢ = (b + 1)8 ceno A U TOMOJNIOTUYECKUH y3en £ CIMBaloTCa B OAHO COCTOSIHME pPaBHO-

BECHUS — IBYKPATHBIN CEI0y3ell.
3ameuanue 4. TOMONOTUYECKUM y3JIOM B TEPMUHOJIOTHH pa0OTHI [2] HAa3bIBAETCSI COCTOSTHAE PaBHOBECHS,
SIBIISTIOIIEECS Y3JIOM W (hOKYCOM.

",

’
W,
Puc. 5. ®azoBslit noprpet cucteMsl! (1) B yCIOBUSIX TEOPEMBI 3

Fig. 5. The phase portrait of the system (1)
under the conditions of the theorem 3

®da3oBbIit mOpTpeT cucTemsl (1) B yCIIOBUAX TEOpeMbl 3 300paskeH Ha pHuc. S.
(b+1)d

Teopema 4. Eciu 06>0,0<b< 1, c> , mo cucmema (1) umeem 6 oepanuuennotl yacmu ¢azosou

NIOCKOCMU Yemvlpe COCMOSHUSL PABHOBECUSL: 0(0, 0) — npocmoe ceoio, D(—b, O) — Npocmotl ycmouyueulil
Sh bc[c - (b + 1)5]
’ 2
c—-98 (c-3d)
JHCEHHBIU YCMOUYUBHIM npedenvbhblm yurkiom. Ha sxeamope cghepwr [lyanukape pacnonodicenvt npocmoii He-

yemouuusviid ysen Wy (u =z = 0) u croocnoe cocmosanue pasnogecua W, (v =z =0), Kk KOmopomy npumbikaiom
mpu 2unepooOIUYeCKUX CeKmopa U 0OUH LIUNIMULECKUL CeKMOop.

(b+1)d

yzen, A (1, 0) —npocmoe ceono, E — NPOCMOUL HeYCMOUYUBDLUL Y3el UL (DOKYC, OKPY-

HokaszartenbcTBo. U3 uepaBenctB 6>0,0<b< 1, c> CJenyeT HepaBeHCTBO A(A) <0, cormac-

HO KOTOPOMY A SIBISETCS IPOCTBIM cezutoM. Takke BoIMomHsoTes HepaseHeTsa 6(E) > 0, A(E) > 0, 13 KoTopbIx

cienyer, uto £ npexacrasinsieT coO0H HEYyCTOHUMBBIN TOMoIOrnueckuii ysen. Bmecre ¢ tem W, (1 =z =0) ecTb

HEYCTOWYMBBIN y3el. Tak kak £ — eIMHCTBEHHOE COCTOSHUE PaBHOBECHS B TIEPBOM KBaJPaHTE, TO IO TEOPEME

[Tyankape — benaukcona Touky £ okpykaeT X0Tsl Obl OAMH YCTOMYMBBIN MPEAETbHbIN UK. EANHCTBEHHOCTH

NPEAEIbHOTO IUKIIA, OKPYKAIOIIETO TOUKY £, FapaHTUPOBaHA B COOTBETCTBUH C pe3yibTataMu padoTsl [8].
®dazoBsIii TopTpeT cucteMsl (1) B ycnoBusx TeopeMsl 4 n3o0paxeH Ha puc. 6.

+1
Teopema 5. Fciu >0, 0<b < 1, (b + 1)8 <c< % mo cucmema (1) umeem 6 ocpaHu4enHolU 4ac-

mu ¢hazo6ou NIOCKOCMU Yemvlpe COCMOSHUS PAGHOBECUSL: O(O, 0) — npocmoe ceoJlo, D(—b, O) — npocmoti
8b  be[c—(b+1)3]
c=8  (c-9)

YCmou4uewlll y3er, A(l, O) — npocmoe ceono, E — nPOCMOoU yCMoudUussIti Mmonoio-
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euyeckutl y3en. Ha sxeamope cgepur Ilyankape pacnonodicenvl npocmoti Heycmotiuugwiil ysen Wy (u =z = 0)
u cnosicnoe cocmosanue pagrnosecus W, (v =z = 0), kK komopomy npumsixaom mpu 2unepooIuyeckux cexmo-
Pa u 0OUH INAUNINULECKUTE CEKINOP.

dazoBbIii mopTpeT cucTeMsl (1) B yCIOBUSAX TEOpEeMBbI 5 U300pakeH Ha puC. 7.

3ameyanue 5. Cuctema (1) B yCIOBUSIX TEOPEMBI 5 allMKIMYHA B CHITY paOOTHI [§].

2N

'

2

Puc. 6. ®a3zoBslit noprpet cuctemsl (1) B yCIoBUsIX TeopeMsl 4

Fig. 6. The phase portrait of the system (1)
under the conditions of the theorem 4

.
S

VVZ!

Puc. 7. ®a30Bblit noprpet cuctemsl (1)
B YCIIOBUSIX T€OpeMEI 5 (E — yCTOWUMBEII y3em)

Fig. 7. The phase portrait of the system (1)
under the conditions of the theorem 5 (£ — the stable node)

Teopema 6. Eciu 6> 0, b >0, d<c< (b + 1)6, mo cucmema (1) umeem 6 oepanuyennol yacmu ¢hazosoti
NIOCKOCMU Yemblpe COCMOAHUSL PAGHOBECUSL: 0(0, 0) — npocmoe ceono, D(—b, 0), A(l, O) — npocmoie yCmoti-
Sh bc[c - (b + 1)6]
c=8  (c-9)
npocmoti neycmouuugoi ysen Wy (u =z = 0) u crnoocrnoe cocmosinue pasnogecus W, (v = z = 0), k komopomy

NPUMBIKAIOM MPU 2UNepOOIULECKUX CEKMOPa U 0OUH DNIUNMUYECKUL CEKMOP.
®a30BbIil mopTpeT cucTeMsl (1) B yclmoBHsIX TeopeMbl 6 n300pakeH Ha puc. 8.

uugvle yvl, E — npocmoe ceono. Ha sxeamope cgepuvr [Iyanxape pacnonodiceHvl
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VVZI

Puc. 8. ®a3oBblif mopTpeT cucTeMsl (1) B yCIOBHUSIX TEOPEMBI 6

Fig. 8. The phase portrait of the system (1)
under the conditions of the theorem 6

3ameuanue 6. Tak Kak eMUHCTBEHHOE COCTOSIHUE PAaBHOBECHS, HE MPHUHAJICKAIICC WHBAPUAHTHON TPS-
MOi, ecThb cemyio £, To cuctema (1) anukinvHa.

3akaoueHmne

[IpoBeneHHOE HCCICIOBAaHUE IACT BO3MOXKHOCTD IIPOC/ICAUTh U3MEHEHUE (Pa30BOr0 MOPTPETa CUCTEMbI
B 3aBHCHMOCTH OT IIapaMeTpa C:
1)ecin 8> 0, 5> 0, c =9, T0 O — npoctoe cemo, D, A — IPOCThIe YCTOWYHMBBIE Y3JIbI (CM. pHC. 4);

2)ecn 8>0,b>0, 8 <c<(b+1)3, T0 O—npocroe cemno, D, A — NpocThe yCTONUMBEIE Y3IbL, £ — 1IpoC-
To€ cenyio (cM. puc. 8);
3)ecnund>0,b>0,c= (b + 1)6, T0 O —IpocTOE ceano, D — npocToil ycToW4IuBBIN y3en, 4 = E — cequioysen
CM. puc. 5);
(om. prc. 3) (b+1)3 o
YHecmd>0,0<b< 1, (b + 1)6 <c< ﬁ, T0 O — mpocToe ceio, D — mpoCcToil yCTOMUUBBIN y3ell,

A —mpocToe cenyio, E — MPOCTON yCTONIUBBINA TOITOJIOTHIECKUH y3er (CM. puc. 7);
(b+1)8

5)ecmn 6>0,0<b<1, c= , To O —1pocToe cemyo, D — MPOCTON YCTOHUMBBIN y3el, A — MpoCcToe

cemto, £ — HerpyOblil ycroiumBbIi hoKycC (M. puc. 2);
(b+1)3

6)ecmun 6>0,0<b<1, c> , To O —1pocToe cenyo, D — mMpoCTO yCTOWIMBEIN y3eid, A — MPOCToe

cemio, £ — nmpocToil HeyCTOMYMBBIN TOMOIOTMYECKUH y3€l1, OKPYKEHHBIM YCTOWYUBBIM NPEAEIbHBIM LIUKIOM
(cm. puc. 6).

Pesynbrars! HecnenoBanus elie pas MOATBEPKIA0T TE3UC O TOM, YTO MPOIIECCHI, TPOTEKAIOIIIE B MHOTOYHC-
JICHHBIX PeajIbHbIX TUHAMUYECKUX CUCTEMAaX, yIOBICTBOPUTEIHLHO MOACIUPYIOTCSI aBTOHOMHBIMH CUCTEMaMHU
muddepeHInanbHbIX YPaBHEHUH € TOJIMHOMHMAIbHBIMU IPAaBbIMHU YacTSIMH. YCTAaHOBJIEHHE CXEMbI [TOBEACHUS
TPACKTOPHUI TAKKX CUCTEM Ha BCell (ha30BOIl TNIOCKOCTH BO3MOYXHO TOJIBKO Ha OCHOBE UCIIOIb30BAHUS CBEICHUI
U3 KIIACCUYECKOW KaueCTBCHHOW TEOPHH, CBSI3AHHBIX C PEHICHUEM TPYIHEHIIHX MpoOiieM: IIeHTpa U (okKyca,
CYIIECTBOBAHMSI MJIM OTCYTCTBUS IPEAEIbHBIX IUKJIOB, UX B3aUMHOI0 paciiojaokeHus U T. 1. Co BpeMeH co3za-
TeJsl KaueCTBEHHOM Teopun quddepenmanbabix ypaBHeHuid A. [lyankape v 1o HaCTOSIIUI MOMEHT YCHIIHSMHU
YUEHBIX CO3/IAI0TCS pa3InYHbIE METO/IbI PELLICHHS TAHHBIX MPOOJIEM /IS OTAEIBHBIX KJIACCOB TOJMHOMHAIBHBIX
muddepeHnanbHbIX ciucteM. Tak, B padote [9], nocsimeHHON mpodieMe HeHTpa U poKyca KyOrMueCKou CUc-
TEMBI, U1 IPOBEICHUsI OONBLINX AHATUTUYECKUX BBIKIAIOK Y)K€ IMPHUBJIEKAIOTCS CUCTEMbI KOMIIBIOTEPHON
anredpsl Tuna Maple win Mathematica. B crarbe [10] n3ydaercst kBajpaTuyHas CHCTEMa, HMEIOIIAsl YeThIPE
NpeeIbHBIX LUKIA, TPH U3 KOTOPBIX OKPYXKatoT oauH Gokyc. [Ipr aToM 00cyskaaeTcst BaXXHBIN BOIPOC O TIpe-
JEJIbHBIX IIMKJIaX HOPMAJIBHOTO pa3Mepa, T. €. TAKUX MPeeTbHBIX IIUKIaX, KOTOPhIE MOTYT ObITh OOHApPYKEHBI
YHCJICHHBIMU METOIaMH.
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OYHKTOPUAABHBIE CBOUCTBA Q-HACHIIIIEHUA
TOITIOAOTUYECKOI'O ITPOCTPAHCTBA
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PaccmarpuBatoTcst HachleHus TUIa {2 TOMOJIOIMYECKOTO MPOCTPAHCTBA X, KOTOPble KAHOHUYECKH BKJIa/IbIBAIOTCS
B BOJIMOHOBCKOE pacCHIMpeHHE WX U SBIAIOTCS OCIaOIEHUEM TOHITHS CYETHOKOMIAKTH(UKAINKA B cMbIcie Mopu-
Thl. HaxonsTcst HeoOX0qMMbIe M JOCTAaTOYHbBIE YCIOBHUS CYIIECTBOBAHHS HEMPEPBIBHOTO MPOAOIIKEHUSI OTOOpaKeHHUs

X —/—) Y na Q-HaCBIIIIeHI/ISI IMPOCTPAHCTB Xu Y, a TaKX¢C JJOBOJIBHO O6HII/IpHI)Ie KaTeropuur, Ha KOTOPbIX OMPCACICHBI
BO3HUKAIOIIUC ITPHU 3TOM KOBAPUAHTHBIC q)yHKTOpLI.
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Herein, we consider the Q-saturations of a topological space X, which are canonically embedded in the Wallman ex-
tension X and are a weakening of the concept of the countably-compactification in the Morita sense. We find necessary

and sufficient conditions of the continious extension of a map X —L 5 ¥ to Q-saturations of the spaces X and 7Y, as well as
sufficiently wide categories on which the covariant functors arising in this case are defined.
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BBenenue

[onsiTre HACHILIEHNUS TOIOJIOTMYECKOTO MPOCTPAaHCTRA, PECTaBIIsIoNIee cOO0H HeKoe 0cIadIeHre MOHITHS
CUETHOKOMITAKTH(HUKAITMH B CMbICTIe MOPUTEHI, MMOSIBIIIOCH B padote [ 1]. MI3BecTHO, 9TO THIIOTE3a O CIETHOKOMITAK-
tudunmpyemoctu M-npoctpanctsa MopuThl [2] (CH4eTHO-KOMIIAKTHOE pacIIMpeHHe Y mpocTpancTBa X Ha3bIBaeTCs
€r0 CYETHOKOMITAKTH(DHUKAIMEH, eI B Y 3aMKHYTO JIF000€ 3aMKHYTOE B X CYETHO-KOMITAKTHOE MHOKECTBO [3])
HE OmnpaBjanach (Jake HE BCe HOPMAJIbHBIE JIOKAIBHO KOMITAaKTHBIE M-TIPOCTPAHCTBA CYETHO-KOMMAKTH(DH-
uupyeMsl [4]). TemM He MeHee ncciae0BaHUE PACHIMPEHNUH TOMOJIOTMUYECKOTO MPOCTPAHCTBA, ABISIOLIUXCS
CUCTHOKOMHIAKTU(UKALUAMHU, TMO0 OJIM3KUX K HUM PACIIUPEHHH, B YaCTHOCTH HACBIIIEHUH C TEMU WA HHBIMU
CBOMCTBaMH, MMPEJCTABISIET ONpeesieHHbI nHTepec. [lpeanaraemas paboTa MPUMBIKAE€T HEMOCPEICTBEHHO
K ITyOnuKanuu [5], rie uceiemnyroTest HACBILCHNS! KOHKPETHOTo TUIa (£2), AJIsl KOTOPBIX HAXOISTCSI HEOOXOAUMBbIE
Y JIOCTaTOYHBIE YCIOBUS UX CYETHOKOMITAKTHOCTH (T. €. pelaeTcs 3ajaqa 0 C4eTHOKOMITAaKTH(DUITUPYEMOCTH).
B Hacrosieii cratbe 17151 HEIPEPBIBHOTO OTOOpayKeHUsT X —L 5y (IpoCTpaHCTBO Y peryaspHo) ycTaHaBIu-

BaIOTCSI HEOOXOAMMBIE U JOCTATOUYHBIC YCIOBHS CYIIECTBOBAHMUS HEMPEPHIBHOTO MTPOJIOIKEHHS S —L S E e
S'u E — Q-nHaceimeHus (cM. onpezeneHue 1) mpoctpancTB X U Y cooTBETCTBEHHO (cM. TeopeMsr 2 u 3). [lanee
MOKAa3bIBACTCS, UYTO (-HACKHIIIICHHS U HENPEPhIBHBIC IPOJIOJDKEHHUST OTOOPaKEHUH ONPEICISIIOT KOBApUAHTHBIE
(YHKTOpBI N3 HEKOTOPBIX TOIOJIOTHYECKUX Kareropui B kareropuro TOP Bcex TOMOIOrHYecKuX MpOCTPaHCTB
1 HETIPEPBIBHBIX 0TOOpaXkeHUH (cM. Teopemy 4). B gacTi HCTIoas30BaHUS B OCHOBHBIX TIOCTPOCHISIX KOHCTPYK-
LUK BOJIMIHOBCKOTO pacIIMpeHHs M.X, a TAKXKe ONPECTICHNs] pACCMOTPEHHBIX KJIACCOB OTOOpaXeHUH JaHHas
pabota npumbIkaeT K crathe /. Xappuca [6].

IlousiTust u 0003HAYEHUS

[Tox mpocTpaHCTBOM MOHUMAETCS IPOU3BOIBHOE TONOJIOTHYECKOE 7;-POCTPAHCTBO, ECIIH 3TO HE OTOBOPEHO
0co00. ITycts X u S — npoctpanctea, A C X. Beenem cienyroniye 0003HaYCHHUS: [A] y — 3aMbIKaHHE MHOXKE-

CTBa A B IPOCTPAHCTBE X; Cov(A, X ) — CeMEeICTBO BCeX MOKPHITHI MHOXeCTBA 4 OTKPBITHIMU B X MHOXECTBa-
MU, Cov(X ) = Cov(X , X ); N — narypanbnbiit psin. bynem nucare 4 € X (A cX ), ecnu A OTKPBITO (3aMKHYTO
op cl
COOTBETCTBEHHO) B X. MHOXeCTBO A HAa30BeM JMCKPETOM B MPOCTPAHCTBE X, €Cl A CUETHO, TUCKPETHO (KaK
HOJMPOCTPAHCTBO) U 3aMKHYTO B X. CeMeicTBO BceX AUCKPETOB B IPOCTpaHCcTBe X 0003HauuM uepes A (A pu
HeoOxomumocTu yrounenus). [loacemeiictBo B C A HazoBeM A-0a30ii B pOCTpaHCTBE X, €Ciu yisi JTF000r0
A € A MmoxHO BbIOpath B € B Tak, uto0bl B C A. Uepes & (8, npu HEOOXOAMMOCTH yTOYHCHHS) 0003HAYNM
CEeMENCTBO BCEX AUCKPETOB A € A, TOMYCKAIOLINX pa3LyTHe 10 TUCKPETHOTO CeMEHCTBAa OKPECTHOCTEH CBOUX
Touek, A-6asy [ Oynem umenoBarh 0-6a30ii, eciu B  d. [IpocTpancTBo X HasbiBaeTcs d-xaycaophossim [7],
€CIIM OHO XaycA0p(oBo U ceMeiicTBO O sBisieTcs: A-6a30id.
ITycte X < S (1. . X — monmpoctpanctBo B S). Ecmu U < X 1 0L — ceMeHCTBO HEKOTOPBIX OTKPHITHIX B X MHO-
op
KECTB, TO IOJIOKUM, 4TO U = U{G c S|G NX=U } u o= {U |U € oc}. [IpocTpancTBO S Ha3bIBaETCs HACHI-
op
mieHueM npoctpanctsa X [1], ecnu S — paciupenue 11 X (T. e. [X ] ¢ =), 10060¢ 6ECKOHEIHOE MHOKECTBO
A c X umeert B S npenesibHYI0 TOUKY U JTF000€ 3aMKHYTOE B X CYeTHO-KOMITAKTHOE MHO>KECTBO 3aMKHYTO U B S.

ok
B BOIMPHOBCKOM KOMIIAKTHOM PACIIMPEHUH WX HAPOCT [F ](D ' MHOXecTBa ' C X 0003Ha4nM qepes F.
* cl
Hanmomunm, uto HapocT X = @X\X 00pa3yioT 3aMKHYTbIE (T. €. COCTOSIIIME U3 3aMKHYTBHIX B X MHOXECTB)

cBOOOHBIE (T. €. UMEIOIIUE IIYCTOE MEPECCUCHKE) YABTPAPHIBTPBI, a 0a3y TONOJIOIHH B 0.X — MHOXKECTBA BH/Ia
w(U)=Uu {& € X"|U o F s nexoroporo F € g},me UcXEemFcXuFcUcX,to [F],, cW(U)
op ¢ op

uW(U)=U(re.Ww(U)=u {GcmX|GmX:U}); w(U,u...0U,)=W(U,)u..uW(U,),meU, cX,
op op
1 <i<n (nmompobuee cm. [8, c. 270-272]).

IIpenBapurtebHbIe pACCMOTPEHUSA

PaccMOTprM BOJIMIHOBCKOE pacIiMpeHne M.X IpoCTpaHCTBA X, TIpr 3ToM X He CYETHO-KOMITaKTHO, 3 — A-Oaza
B X. Ilonoxum, 4To

sX=xuleex |Enp=o}
SlcHo, 4TO SBX — pacuupenue s X, X C SBX c X,

spX =X U (U{A*|A € B})
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Pacmmpenne sg X onpenesneHo B pabore [5] (Tam 0HO 0003Ha4eHO Yepes Yj). B Hell xe yKa3aHb! OCHOBHBIC
CBOIICTBA ITOTO PACIIUPEHHSI.

Ipennoxenne 1 [5]. [lycme S = sg X. Toeoa S— naceuyerue npocmpancmea X, npusem 6olnomHsIOMCs yCAo6us.:

1) mnooicecmea U, 20eU < X, obpazyiom 6asy mononocuu npocmparcmea S, 2) ecmu A € 3, mo [A] = [A]m pa [A] s
op - . ~

Komnaxmuo, 3) eciu FClXu FcUcX,mo[F]Sc Uu,49uv,v..vulU,=U0,v...0U, u[F]m an]

op
= [FI]S N...N [Fn]s, 20e U, c X, F, C1 X, 1<i<n neN;5) ecmu npocmpancmeo X peeyrapHo, mo npo-
op cl

o=

cmpancmeo S xaycoopdoso.

VYcnoBue 5) npemtoskeHus | TOTOTHAIOT TIPEIIOKEHHS 2 1 3.

Hpennoxenne 2 [5]. Ecau nacouyenue sg X pezynspho (011 nekomopot A-6asvl B), mo npocmpancmeo X
S-xaycoopgoso u B asrsiemesn d-6azou. Obpamno, ecau npocmparncmeo X pe2yisapho u d-xaycoopposo, mo
Hacelyenue sg X peyriapro ous 1ot O-6aswl B.

Mpennoxenne 3 [5]. ITycmo npocmpancmeo X enonne pe2ynsapno u d-xaycoopghoso. Toeoa nacviwenue spX
gnonHe pe2ynapHo 05 1odoil d-6aszwei P.

Omnpenenenue 1 [5]. [Iycts S — HEKOTOpOE pacHIMpeHne IPOCTPAHCTBA X U BBITIOIHSIOTCS YCIOBUS: 1) s

060ii Touku z € S\ X Haiinercst quckper A € 3 Takoii, 4To z € [A]S, u o0parTHo, [A]S N (S\X) #J s mo-
6oro4def;2)eciuBcAePBuBcUcX, 10 [B]S c U (um, APYTUMHU ciioBamu, eciid 4 € B u Fch’ TO
op c

[F]y n[4\F]; = @); 3) mHOKecTBa U, tne U < X, 06pasyroT 6a3y Tomooruu npocrpanctsa S. Torna S Ha3bl-

BAETCsI ()-HACKIIIIEHHEM (MIJIM HACBIIIIEHUEM THIIA () IpocTpaHcTBa X, a A-6a3a § — w-gomyctumoii ast S. Eciy,
KPOME TOr0, KOMIIAKTHBI BCE MHOKECTBa [ A| » Te A € B, To S HasbiBaeTcs (-HACHIIEHUEM (MM HACBIIIEHNEM
tuma Q) npocTpancTsa X, a A-6a3a 3 — Q-gomyctumoit st S.

JIro6oe m-HachIeHne AEMCTBUTENBHO SIBIISIETCS. HACHIIIEHUEM, W €CITH OHO PETYIISIPHO, TO yCIIOBHE 3) OII-
penenenus 1 BBIMOIHATCS aBTOMaTu4yecku (cM. [5]).

SIcHo, 4TO BCE HACBILCHHS BUJA s3. X TPE/CTABISIOT COOOM Q-HachleHns ¥ r00ast A-6a3a B Q-nomycrima
st sgX. OOparHo, 1:060¢ (-HACBILIEHHE S IPOCTPAHCTBA X Pean3yercs B HEKOTOPOM (2-HaChICHHH sp.X
CJIC/IYIOIIIM 00pa3oM.

Teopema 1 [5]. [ns moboeo w-nacviugenus S npocmparncmea X ¢ ®@-oonycmumoti A-6azoii § cywecmeyem
Kanonuueckoe (m. e. moscoecmsennoe na X) eroocenue npocmpancmea S 6 sgX (m. e. X ¢ § s X), npuyem
eciu S — Q-Hacviyenue, a A-6aza B Q-oonycmuma, mo S u spX Karnonuuecku comeomopuel (m. e. S = spX ).

TakuMm 00pa3oM, MOKHO CUUTATh, YTO (D-HACBIIICHUE S MOTyYaeTcsl B pe3yNbTaTe HEKOTOPOH «IIOpUm» Ha-
pocra sgX'\.X, a UMCHHO «BBIKAJIBIBAHHS» OTICIBHBIX YILTPA(UIBTPOB U3 HAPOCTOB A= 4] oy A A ompe-
JIeTIEHHBIX TUCKPeToB A € B (cM. mpumep B pabore [5]).

CaencrBue. /[ 1106020 W-HACbIUeHUS BLINOIHAWOMCS YCa08us 3)—5) us npednodxcerus 1.

[TonsiTHE (O-HACHIILIEHHS TTO3BOJISIET YTOUHHUTH NPEIIOKEHUE 2.

Ipennoxenue 4. Eciu nexomopoe ®-Hacvlwenue S npocmpancmea X pe2yiapHo, mo npocmpancmeo X
d-xaycooppoeo u ons S cywecmeyem ®-donycmumas d-6asa.

JokaszarenscTBo. [lycts B —HekoTopas w-mnomyctumas A-6asza st S. Cunraem, uto S C sgX (em. Teo-

pemy 1). TIpoussonbHOMY yisTpaduibrpy & € S\X 1mocTaBuM B COOTBETCTBUE JUCKPET Az € & N B, xoTopswiii

pasayeM 10 JU3BbIOHKTHOI'O CEMENCTBA { V,|jae A }, e a €V, C X, a € A (410 BO3MOXKHO B CUILY PErYJISPHOC-
op

i X). cX0/1s U3 PeryisipHOCTH S U COOTHOIICHUH & € [AE) ]S c 17, e V=u { Viae Aé}, Hainercs W c X,
op

nust kotoporo & € W u [ $C V (otciona crenyer, uto [ ]  CV).Baentem o6o3nauenne B, = A; N W.3ametnm,

ar0 B, € & v ucKpeT By pasnyBaetcst 10 IMCKPETHOTO CeMEHCTBA {Wb ‘b € B; }, tne W,=WnV,,be B (Bcuy

YKa3aHHOTO BBIIIIE COOTHOIIICHHUS [W] + © V). Manee nonoxnm, aro §” = {B € A‘B C By juist HEKOTOPOTO EeS\X }

Jlerko mpoBepuTh, uto B’ — 8-6a3a, ®-gomycTumas i S, a ee HaJTMIUe OYEBH/IHO BIICUET O-XayCcA0pPOBOCTh
npocrpanctea X. [Ipeuioxkenne qoka3zaHo.
Ilyctp nanee Fc X, S = sBX.
cl

Omnpenesenne 2 [5]. [TokpsiTHe 0L € Cov(X ) HAa3bIBACTCsI 3-KPYIHBIM, €CIIH JTF000# TUCKpeT 4 € [3 TOKphI-
BAETCsl KOHEYHBIM YHCIIO 3JIEMEHTOB OL.
MHOXeCTBO BceX [3-KpyITHBIX MOKPBITHIA IPOCTpaHCTBa X 0003HaunM (Kak B pabote [5]) uepes BCovy (X )
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Onpenenenue 3. [TokpoiTHEe O € Cov(F , X ) Ha3oBeM F-P-KpymHbIM, ecin I KaXI0ro quckpera A € B
nepecederne F M A MOKPHIBACTCS KOHEYHBIM YHCIIOM JIEMEHTOB O.
COBOKYMHOCTH BeeX F-B-KpymHBIX TIOKPHITHIT MHOXKeCTBa F 0003HAYNM Yepe3 BCovy (F , X )

Omnpenenenne 4. MHOXKeCTBO F Ha30BeM [3-KOMIAKTHBIM, €CIIH M3 JIFOOOTO TOKPHITUS OL € BCovg (F , X )
BBIJIETISIETCS] KOHEYHOE TOACEMENCTBO, TIOKpBIBatoLIee £
3ameuanue 1. OUEBHIHO, YTO SCIM MHOXKECTBO F' [3-KOMIAKTHO M CYETHO-KOMITAKTHO, TO OHO KOMIIAKTHO.

Jlemma 1. Ilycmo oL € Cov(F, X), o= {0|U € oc}. Cemeticmeo 0, NOKpbleaem [F]S moz20a u moibko mozod,
K020a O, € BCOVB (F, X).

Jloka3zaTenbcTso. CHAYAIA JOKAKEM JOCTATOYHOCTH. [TokakeM, uTo U QL D [F ] 5 CootromeHne UQ O F
oueBHaHO. [TycTh & € [F ] g Fude & N B. Torma F N A € & Ho 1o ycnosuto F M A HOKPIBAETCSI HEKOTOPHIME
mHoxectBamu U, ..., U, € o, otkyna & € [F N A]S c Ul/u—u\Un = 01 U...U 0;« W, CJIEZIOBATENBHO, & € [7,
1utst HekoToporo i, 1 <7 < n. JlocTaTO4HOCTH JOKa3aHa.

Teneppb qokaxeMm He0O0xonuMocTb. ITycth 4 € . TTockombKy [F N A]S C [A]S = [A](nX’ TO [F N A]s KOM-
MaKTHO U, CJEIOBATEIbHO, MOKPHIBAETCS HEKOTOPHIMU MHOXECTBAMU 01: . ﬁn €d. Hotornau FNAcC
cU,U...u U,. Urax, a.€ BCovy(F, X ). Jlemma noxasana.

3ameuanue 2. Ecnu OKpeITHE OL € Cov(F , X ) siBisietcst F-B-KkpynHbIM 171t HeKoTopoit A-6a3er 3, Q-mo-
MyCTUMOH TSt S, TO OHO sIBJIsieTCS F-B-KpymHbIM 1 Jutst JIF000# Takoil A-6a3si 3.

pennoxenue 5. Muoowcecmeo [F ] § KOMRaKmHo moa2oa u monvko moeoa, ko2oa mrodxcecmso F B-komnaxmro.

HoxazarenbcTBO. B cury ieMmMbr 1 HeoOXoauMocTh oueBUIHA. JlokaxeM JocTarodyHoCTh. [1ycTh ce-
MeHCTBO O = {U|Ue 0(} mokpeiBaeT [ F | (UOCX s Beex U e o). Cormacho nemme 1 o€ BCovy(F, X),
¥ 10 YCIIOBHIO F' MOKPBIBACTCS HEKOTOPBIMH MHI:))KECTBaMI/I U, ..., U, e o.Ho torna [ F]S c m =
=U,u...uU,. IIpennoxenue 10ka3aHo.

3ameuanue 3 (aHamorndHoe 3amedanuto 2). Eciiu MHOkeCTBO F B-KOMIIAKTHO /Il HEKOTOpOi A-6asbl 3,
Q-nomycTMOit 1715t S, TO OHO B-KOMITAKTHO U 1St k0001 Takoit A-6asbl [3.

IIponoskenne oTodpakennst Ha QQ-HACHIIEHHS

Hanee paccMOTpPUM JTOTOJIHUTEIBHO MPOCTPAHCTBA Y U Z U HENPEPhIBHBIC OTOOpaxeHusT X L5y
u X —£— Z, npu 510M Y He CYETHO-KOMIAKTHO, V — A-6aza B Y, E = s, Y. Tlo-npexnemy S = spX.

Onpenesenne 5. Ckaxem, 4To oToOparkeHue f [3-V-cormacoBaHHO, €CIIM MHOKECTBO [ f (A)]Y V-KOMITaKTHO

nist moboro A € B. Ecnu oto6paxenue f A, -A, -cormacoBaHo (8, -0, -COIacoBaHHO), TO HAa30BEM ero A-co-
[JIACOBAHHBIM (O-COTTACOBAHHBIM COOTBETCTBEHHO).
Omnpenenenne 6. CkaxxeM, 4T0 OTOOPAKCHHUE g YIOBIETBOPSIET YCIOBHIO (H B ), €CJIH JIUIS1 JIFOOBIX JUCKpEeTa

A € B ¥ KOHEYHOTO TOKPBITHI O € Cov([ g(A)]Z, Z ) MOXHO BBIOpaTh KOHEUYHOE MOKPBITHE U € Cov(A, X )

u kaxzioMy U € u IIOCTABHTE B COOTBeTCTBHE V7, € U Takum o6pasom, uto g(U)cVyn[g(4'nU ):Iz cVy,
npu A’eBuUe u. _.

Teopema 2. [lycms npocmpancmeo Y peeynsapro. Ecau f donyckaem nenpepuvigroe npodoidicetue S L
(m. e. ]7 ‘x = f), mo f eduncmeenno, omoopagicenue f B-v-coenacoeanno u yoosiemeopsiem ycioguio (HB )
Obpammno, ecau omobpadicenue | B-v-coenacosanno u yoosiemsopsiem ycioguio (HB) mo f donyckaem He-
npepuvigHoe npododicerue S —/ S E

HoxazarenbcTBo. CHauana JOKakeM MEpBYIO YacTh TeopeMbl. [10CKONbKy MHOXKECTBO [A] ¢ KOMIIaKT-
Ho 1ipu 4 € B, a mpoctpancTBo E xaycnopdoso (cM. npemiokenue 1), To [ f (A):IE = f ([A] S) u [ f (A)]E KOM-

MTaKTHO, OTKy/Aa CIIEAYEeT V-KOMITAKTHOCTB [ f (A)]Y (cm. mpemiokenue 5). Urak, -V-coracoBaHHOCTh OTO-
Opaxenust [ nokazana. [lycts manee 4 € B, ¥ € Cov([ f (A)]Y, Y ) n U KoHeyHo. PaccMOTpUM KOMIAKTHOE
MHOKeCTBO [ 4], ero oGpas a ([A]S) = [ f (A)]E W cemeiicTBo D = {I7|Ve 1‘}}. OTMeTHM, 9TO D TIOKPBIBAET
[ f (A)]E. KomrmakTHOCTB [A]  TO3BOJISICT BbIOpaTh MHOXecTBA U, C X, ..., U, g Xul,..,V,e 0 rak, uToObl

op
0,u..0U,o[4]n f(ﬁl)cf{, 1 <i<n Iyers A’ B, 1 <i<n. Hockombky A’N U, =[4' " U], c U,
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To [4'N Ui]S c U, u, crenosaternsHo, j;([A’m U,] ) f( )c V. A Tak Kak MHOXeCTBO [ A’ N U]S KOM-

TIaKTHO, TO f([A’m UI.]S) = [f(A'm Ui):IE‘ Takum 06pasom, I:f (4N, ]E C ¥, 4To BiIEUET COOTHOIICHHE

[ f (A’ NU, )]y c V. Yenosue (H ﬁ) BBINOJHAETCS. ENMHCTBEHHOCTH NPOAOIIKEHUS f cieayeT u3 xaycaopgo-

BOCTH TIpocTpancTBa £ (cM., Hampumep, [8, c. 118]). Ileppast uacTs goKa3aHa.
Teneps 10KaKeM BTOPYIO 4acTh TEOPEMBL. 3aUKCHPYEM IPOU3BOIIbHEIE YIbTpauistp & € S\ X u quckper

At~ Bussere obosnaserme F (&, 4)={[ /(40 F)], |F e &}. oo, wo ceveiictso {[ /(4 F)], [F e €]
LIEHTPUPOBAHHOE, @ B CHITY yCIOBHS 3-V-COMIACOBAHHOCTH M MPEIOKEHHS 5 KakK/10€ MHOKECTBO [ fAnF )]E
xomnaxtio, otkyna F (§, 4)#D.Eem & NP> A 1o f(ANF)| [ /(4N ANF)] SF(E, L), meFeg,
u, cnenosarensuo, F (&, A)> F(§, A4”). U naobopor, F(&, A') > F (&, A), orkyna F(&, A)=F(§, 4’), T e
F (&, A) e sasucur ot BriGopa 4 € & N B. Ilycts z € F (&, 4). Torma npu mo6six F € & u okpectocty V touxi z
(V c Y) mieent P f(AAF)=V A f(An F) %@, otkyaa cienyer, wro A £~ (V) €&, Ho torza s ey

xaycaophoBocTH mpocTpaHcTsa £ F ((";, A) = {z} [Tonoxwuwm, uro f (&) = z. Jlanee npoBepuUM HENPEPHIBHOCTh ]7 .

Mycts x€ X, f(x)=ye VC Y. BeiGepem muOKecTBa W C Y n U C X Tak, uroGet y € W, [W], cV,xe U
op op

u f(U)c W. Hokaxewm, uto f( )CV, ITycts & € U\UMAeﬁmB.Torz[af e[f AmU:IEc[W]ECV.

CootHomienue f ( U ) CV nokasaHo, TEM CaMbIM YCTaHOBJIEHA HEIIPEPBIBHOCTH B Toukax x € X. IlycTh Te-

neps & e S\ X, f(i)—zeV e VCY Io onpenenenuio {z} = ﬂ [f AmF):l e A€& NP (cm. Bolme).
Fe&

Ho tora mist HeKOTOpsIX F, ..., F, € & BBIMOIHAETCS BKIIOYEHHE ﬂ [f(A NFE )]E cV (cm. [8, c. 197]). ITo-
i=1

jaraem, 4ro F = nF Nmeem F e & u [f Ar\F] Cﬂ[f AmF)]E, OTKyZAa [f(AmF)]ECVH, cie-

i=1
JIOBaTEJIbHO, [f AN F ]Y c V. B cuny ycnoBus (HB) JUTST IOKPBITUS O € Cov([f(A)]Y, Y), U= {V, W}, rie
W=Y\ [ f (A NF )]Y, MOYKHO TTO/T00PaTh KOHEYHOE TIOKPBITHE U € Cov(A, X ) C yKa3aHHBIMH B OTIPENIEIICHNH 6
cBoiicTBaMu. Bymem cuuTars, uto u = {Ul, e Un} U {Ul’u LU }, el =V, 1<i<n, VU/ =W,1<;<k.
Beenem ob6o3nauenne U = CJ U, . Jlerxo mpoBeputsb, uto 4 N F M Uj’ = s noboroj <k, otkyna AN FcU

i=1
U, CIIEI0BATENbHO, & € U. OdeBHIHO TaKXKe, 4TO [ (U ) c V. Ilokaxem, 4To f ((7 ) c V. Ecim Ve U\U , TO U3

cootHomrernst U = U, U ... U U, crenyer, uto B N\ U, € y s HekoTopelx Bey NP ni, 1 <i<n. Ho mo

YCIIOBHIO (Hg) nMeeM I: f B N U :I C V, 9T0 BIE€YET COOTHOIICHHUE f I: f B N U ] V. Hemnpepsis-

HoCTh f mpoBepena. TeopeMa T0Ka3aHa.

Jlajee pacCMOTPUM CITy4aid, KOTjia OTHO U3 IPOCTPAHCTE CYETHO-KOMITAKTHO.

Onpenenenne 7. Oto6paxkenne X —E— Z Ha30BeM B-comp-cONIacOBAHHBIM, ECIIM MHOKECTBO [ g(A)]Z
KOMITAKTHO JIJIst JTI000Tr0 auckpera A € P.

Teopema 3. IIycmb npocmpancmeo Z cuemno-KOMRakmuo u pe2ynapro. Eciu g donyckaem Henpepbvighoe
npodonicenue S —E— Z, mo § eduncmeenno, omobpacerue g B-comp-coenacosanto u yoosiemeopsiem yc-

J0BUIO (H B)‘ Obpamno, eciu omobpadicenue g B-comp-coanacosanno u yooeiemeopsem yciosuio (H B ) mo g

donyckaem nenpepwiéroe npodondicenue S —— Z.
JlokazarenbCcTBO TEOpEeMBI 3 TIOYTH AOCIOBHO IMTOBTOPSIET JT0KA3aTENECTBO TEOPEMBI 2 (C YUYETOM 3aMEHHI Y,
f wm ycioBust B-V-coriacoOBaHHOCTH Ha Z, g ¥ YCIIOBHE [3-comp-COTIIACOBAHHOCTH COOTBETCTBEHHO).
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@OyHKTOpPHAJbHBIE CBOMCTBA KOHCTPYKIMHU (2-HACBILIEHUS

Teopems! 2 1 3 03BOJISIOT 00OCHOBATH CIEAYIOLIEE IOCTPOEHHE, KOTOPOE AAeT B3IV Ha KOHCTPYKIHIO
(2-HACBILIEHUS C KATETOPHON TOUKHU 3PEHHUSL.

Onpenenum kareropuu I1, K,, Ky 1 ux otobpaxenus s, s,, S5 COOTBETCTBEHHO B kareroputo TOP Bcex To-
MOJOTMYECKHUX MPOCTPAHCTB U HEMTPEPHIBHBIX OTOOPAKEHHH.

OGbekramn kareropun I1 HasoBem moGyro napy (X, B), rae X — peryIspHOe He CYETHO-KOMIIAKTHOE MPo-
cTpaHcTBO, B — A-6a3a B X, a Takxke 11000 CYETHO-KOMITAKTHOE PETrYJISIPHOE MPOCTPaHCTBO Z. Mopdusma-

MU Tapbl (X, [3) B napy (Y , v), napbl (X, [3) B IIPOCTPAHCTBO Z, NPOCTPAHCTBA Z B Hapy (X, B) U TIPOCTpaH-

h

CTBa Z B MPOCTPAHCTBO Z  OylAeM CUMTATh HEMpPEephIBHbIC OTOOpakeHHsT X L sy, X—£57,7 X
P

u Z ——> Z' COOTBETCTBEHHO, I7i¢ /1 U h’ eCTh MPOU3BOJIbHBIC OTOOPAKCHHUS, f M g YIOBICTBOPSIOT YCIOBUIO

(H B) u f B-v-cornacoBanHo, a g B-comp-coracoBanto. OOpa3bl yKa3aHHBIX 00BEKTOB H MOP(HH3MOB Hpn oTO-

OpaKeHHH s — 9TO {2-HACBILICHHE s X, CAMO POCTPAHCTBO Z, HENPEPBIBHBIE MPOJOIIKEHUS spX L s, Y
u sgX —£ 5 7 u camu orobpakenns /v b’ cooTBeTCTBEHHO (T. €. h = h, b’ = ).

O06bexToM Kareropuu K, HazoBeM mr000e perymnspHoe npoctpancTBo. Ecin X u Y He cueTHo- KOMHaKTHLI
aZwu Z’ cueTHo- KOMHaKTHH TO MOp(l)I/ISMaMI/I B K, Oymem cuurtarh HenpepbIBHbIE OTOOpaxkeHusT X —L sy,
X257 7 s xuwzs Z’,tne h u h’ ecTh NPOU3BOJIBHBIC OTOOPAKEHUS, f U g YIOBIECTBOPSIOT
YCIIOBHIO (H ) u f A-cornacoBanHo, a g A-comp-cornacoBanHo. O0pa3bl 00beKTOB X U Z U yKa3aHHBIX MOp-
CI)I/ISMOB pH 0T06pa>x<eHm/I S, — 3T0 2-HaCBIILIEHHE S, X, CAMO MPOCTPAHCTBO Z, HENPEPHIBHbIE MIPOJOKEHUS
s\ X —L— 5,Y u s, X —E— Z u camu otoGpaxenus i u h’ cooTBETCTBEHHO (T. €. h = h, I’ = h’).

Kareropuro Ky onpenensieM, 00bsBIISIA ¢ 00bEKTaMU BCE HE CYETHO-KOMITAKTHBIC PETYJIApHBIE O-XaycIop-
(hOBBI IPOCTPAHCTBA U BCE CUETHO-KOMITAKTHBIC PEryJsipHbIE IMPOCTpaHCTBa. Jlajee MOBTOPSIEM TO e, 4TO
u s kareropuu K, 3amensis A Ha d.

3aMKHYTOCTbH Kareropwii I1, KA, K OTHOCHTENBHO Onepanuyi KOMIO3UIIUY MOP(U3MOB, a TAK)KE BBIIIOTHE-

HUE COOTHOILICHUH BHUJla g o f =g o f CIIEMYIOT HEMOCPEICTBEHHO U3 TeopeM 2 U 3 (B YaCTHOCTH, U3 CUHCT-
BEHHOCTH HEMPEPBIBHBIX MPOI0DKeHuUH ). Takum 00pa3oM, cripaBeiIiBa HIKETIPUBEIEHHAS TeopeMa.
Teopema 4. Omobpadicenus s, s, u Sg A6aAOMCA Kosapuanmuvimu gynkmopamu uz kamezopuii 11, K, u Ky
coomeemcmeenno 6 kamezopuio TOP.
3ameuanue 4. OTOXKIECTBUB KaXJ0€ HE CUETHO-KOMIIAKTHOE IIPOCTpaHCTBO X Kareropuu K, ¢ napoi (X , A),
MBI MOJKEM CUUTaTh Kateroputo K, nonHoii noaxareropueit B I1, a pynkrop s, — cysxenuem Ha K, ¢pyHKTOpA 5.
AHaJnoru4HoOe yTBEpKACHUE CIIPaBeUTHBO JUIs Kateropun Ky (¢ yueTom 3ameHs! A Ha d).
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PaccmarpuBaeTcst 00001IeHEE 3a]a9H O PAaCIPOCTPAHCHUH TIOBEPXHOCTHON YIPYToi BONHBI Panes okxomo cBobon-
HOMW MTOBEPXHOCTH, TIOTyIaeMOl MaTeMaTHIeCKIM Je(pOPMHUPOBAHIEM CBOOOTHOM TITOCKOCTH. MHOKECTBO BO3MOYKHBIX
peanuzainuii MOBEpXHOCTH B CPETHEM SKBHUBAJIEHTHO TUIOCKOCTH, a JTUCIIEPCUS SBIISIETCS MOCTOSSHHOM BenuuuHoi. [Ipen-
0J1araeTCsi MAJIOCTh OE3Pa3MEPHOro MapamMerpa — rpaJrueHTa K MOBEPXHOCTH, YTO OOYCIIOBIMBACT HAIMYNE MAJIbIX (IIyK-
Tyalui y Bcex MoseBbIxX BesmurH. Onpenenstores 3G heKTUBHbIC TpaHUYHbIC YCI0BHS Ha A (HEKTUBHON IIIOCKOHM IpaHHIIe.
W3 ycnoBus cyliecTBOBaHMSI HEHYJIEBBIX PELICHUH 3a]a41 0 COOCTBEHHBIX KOJIEOaHMSX MOITYIPOCTPAHCTBA C HEPOBHON
rpaHUIIeH BRIBOOUTCS 0000IEHHOE ypaBHeHHE Paresi, comeprkaliee TOMOTHUTEIBHEIN TapaMeTp 0e3pa3MepHOil qucrep-
CHU TpaJieHTa K MOBEPXHOCTH. UMCICHHO HaXOASTCS KOPHU YpaBHEHHUS B 3aBHCHMOCTH OT Kod¢durmenta [lyaccona
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U JMcriepcuu. BimsiHue qucnepeuu rpaiMeHTa K HEpOBHOM MOBEPXHOCTH MPOSIBIISIETCS B TPaHC(OPMAIMU HYJIEBOTO KOp-
HSl B HEHYJICBOM NP YCJIOBHH, YTO OTHOIICHUE CKOPOCTH PAJIEEBCKOM BOJIHBI K CKOPOCTH TIOTIEPEYHON BOJHBI MEHBIIIE
eMHUIIBI. BTOpoMy KOpHIO, TOTydaeMOMY U3 HYJIEBOTO, COOTBETCTBYET MOSBICHUE O0Jice MEIICHHOM, YeM PAJICeBCKas,
BOJTHBI, AMIUTUTY/Ia KOTOPOIl TAK)KE YMCHBIIIACTCS C IIYyOHHOW. DU3HUSCKHU JTOMYCTHMBIC PEIICHHUS MOTYT CYIIECTBOBATh
TOJIBKO IJISI BCJIMYUHBI )mcnepcm/l rpa)meHTa MCHBIIIC 0,09 B Auaria3oHEe M3MCHCHUS CBOﬁCTB MaTepI/IaJ'IOB oT TBepllBIX o
PE3UHOTIONOOHBIX.

Knrouegwie cnoga: ynpyras BonHa Panest; mucriepcust HEpOBHOCTH MOBEPXHOCTH; MBI O€3pa3sMepHBIi mapaMmeTp.

Bnazooapnuocms. Pabota BEIITOTHEHA B paMKax TOCYIapCTBEHHON MPOrpaMMBbI Hay9HBIX HccinenoBanmii « KonBepren-
mus-2025» (3aganwme 1.7.01.2).

PROPAGATION OF A SURFACE WAVE
NEAR A RANDOMLY ROUGH SURFACE

A. V. CHIGAREV’, M. G. BOTOGOVA®", G. I. MIKHASEV*

Belarusian State University, 4 NiezalieZnasci Avenue, Minsk 220030, Belarus
Corresponding author: A. V. Chigarev (chigarev@rambler.ru)

A generalisation of the problem on the propagation of a surface elastic Rayleigh wave near a free surface obtained by
continuous deformation of the initial plane is considered. The set of possible realisations of the surface is, on average,
equivalent to a plane, and the dispersion is a constant. The smallness of a dimensionless parameter, the gradient to a sur-
face, is assumed, which causes the presence of small fluctuations in all field quantities. The effective boundary conditions
on a plane boundary are obtained. From the condition for the existence of non-zero solutions, the generalised Rayleigh
equation is found for the case of an uneven boundary containing a parameter of a dimensionless dispersion of the gradient
to a surface. Roots of the dispersion equation are numerically found depending on the Poisson’s ratio and dispersion.
The influence of the dispersion of surface roughness is manifested in the appearance of an additional root under the con-
dition that the ratio of the Rayleigh wave velocity to the transverse velocity is less than unity. The second root corresponds
to the appearance of a wave slower than the Rayleigh one, the amplitude of which also decreases with depth. Physically
acceptable solutions can only exist for a dispersion value of less than 0.09 in the range of varying of material properties
from solid to rubbery.

Keywords: elastic Rayleigh wave; dispersion of surface roughness; small dimensionless parameter.

Acknowledgements. This work was supported by the state program of scientific research «Convergence-2025»
(task 1.7.01.2).

BBenenue

Lenp uccnenoBanus — pa3paboTaTh MOAXO/ K PEIICHHIO 3aJa4H O PACIPOCTPAHEHUH TOBEPXHOCTHON BOJI-
Hbl B OKPECTHOCTH CBOOOJHOI Cily4aifHO-ILIEPOXOBATON IMOBEPXHOCTU HAa OCHOBE HOIy4eHHsI 0000IIEHHOIo
ypaBHeHus Panest.

O060011eHne 331291 0 pacTIPOCTPaHEHUH TIOBEPXHOCTHBIX BOJH Parnest paccMarpruBaeTcst BO MHOTHX paboTax
B CBSI3H C X IPAKTUYECKUM IPUMEHEHHEM B Pa3HBIX 001acTsAX re0pU3MKH, aKyCTHUKH, SIEKTPOHUKH U Ap. [1—4].
Bonbiioe koaM4ecTBo myONUKaIHii IIOCBIIICHO PAa3IMIHBIM aCTIeKTaM paclpoCTPAHEHHUS TOBEPXHOCTHBIX BOJIH
BOIM3M CBOOOIHOM IpaHULIBI B HEOAHOPOAHBIX Cpeax, OAHOPOIHBIX U HEOAHOPOIHBIX TENaX C KPUBOIMHEHHON
rpanutei [5—14], B ToM 4ncie ¢ y4eTOM MOBEPXHOCTHOTO HATsbKEHU [ 15; 16] 1 pu HanM4Yuy MOBEPXHOCTHOTO
ToKpeITHA [17].

Kak n3BectHO, mOBEepXHOCTHAsI BoJIHA Panest, pacmpocTpaHsomasicst BA0Ib CBOOOJHON MOBEPXHOCTH, SIB-
JSIeTCsI CYTIepIO3UIIMeH MaJarolel U OTpaKeHHOH HEOHOPOHBIX BOJIH, TOATOMY IpobiieMa AudpaKkiiuy BOJIH
Ha HEPOBHBIX MOBEPXHOCTSIX MPECTABIISIET HHTEPEC U B CIy4ae pacupoCTpaHEHHUsI HOBEPXHOCTHBIX BOJIH BOJIH-
3H [IEPOXOBATHIX TOBepXHOCTEM [18-21].

MHoroo0pa3re pa3IHYHbIX TOIOTpadwii MOBEPXHOCTEH 00YCIOBINBAET MHOTOOOPA3He METOIOB PEIICHUS
3a]a4 B 3aBHCUMOCTH OT COOTHOILICHHUS MEKAY ATHMHON BOJHBI M MaciuTaboM HepoBHOCTH. Hanbomnee n3BecTHbI
METO/T MaJIbIX BO3MYIICHHUH peibeda MOBEPXHOCTH (Jjajiee — METOJT MaJIbIX BO3MYIIEHHUI) u meton Kupxro-
da [18; 19]. Meton MaibIX BO3MYIIEHUH IPUMEHSIETCS JUIS UCCIIEIOBaHUS PACIIPOCTPAHEHHUS BOJIH B CITyYae,
KOTJia BeJINUMHA (UIyKTyaluy OBEPXHOCTH, XapaKTepu3yeMasi MOIYyJIeM I'paineHTa (PyHKIHUH, ONUCHIBAIOIIEH
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MMOBEPXHOCTH peiibedha, 3HAUYUTEIHPHO MEHBIIIE SIUHUIIBI. ITO TO3BOJISICT BBECTU MaJiblii Oe3pa3MepHbIii mapa-
METp, M0 KOTOPOMY MPOBOJUTCS Pa3jOKEeHUE BCEX MOJEBBIX BeauuuH. s 3 hekTuBHOM cpepl ¢ TUIOCKON
B CpEJIHEeM TpaHuiied GopMyTUpPYIOTCS TPeoOpa30BaHHbIC TPaHUUHBIC YCIOBUs. [lis cilydasi CTaTUCTUYECKU
OJTHOPOJIHOM KBA3UILIOCKOW MOBEPXHOCTH BBIBOJUTCS 0000IIIEHHOE ypaBHEHHE Pajtest.

Meton Kupxroda [19] mo3BossieT mojsyuuTh NpUOIMKESHHBIC PEIICHUS 1)1 TOBEPXHOCTEH, Y KOTOPBIX pa-
JUYChl KPUBU3HBI HEPOBHOCTEH 3HAYUTEIIHHO OOJIBIIIE UTMHBI BOJIHEI.

OTMeTuM, 9TO METOJ] MaJIbIX BO3MYIICHUH ucmonb3oBaics J[x. V. Pangeem u B nanpHEiIeM COBEpIICHCT-
BOBAJICS B pa3HbIX ucciieaoBanusx. Meron Kupxroda mmpoko nmpuMeHsUics B 3ajlauaX paccesiHusi BOJIH Ha
IIEPOXOBAThIX MTOBEPXHOCTSIX. B citydae ciiabomiepoxoBaroil moBepxHoCTH npubiamkenne Kupxroda naer ta-
KO e pe3ysbTart, Kak U MEeTOJl MaJIbIX Bo3MyIieHui [19].

MarepuaJbl 1 METOAbI HCCJIETOBAHUS

Paccmotpum ynpyroe noaynpocTpaHCTBO Takoe, YTo B cucteMe koopauHat Oxyz (puc. 1) cBobonHas rpa-
HUIIA OIMCBIBACTCA BbIPAXKCHUCM

z=h(x), —o<x<+oo, b Sz<h .. (1
h(x) A
0,04
0,02 0
- n n
| T T T | [ I [ S T Vl [ S ) [ S TR —| -
o—==5 70| S~ 0 15 20 x
-0,02
0,041

Puc. 1. Ynpyroe nomynpocTpaHCTBO CO CBOOOHOM
[IEPOXOBATON TTOBEPXHOCTHIO (MTpoduiiorpaMma B miockocTu Ohx)
(n — HOpMaJTb K HepoBHOiT moBepxHocTH; N — HOpMAab K MIOCKOCTH Z = 0)

Fig. 1. Elastic half-space with free rough surface (profilogram in the Ohx plane)
(n — normal to rough surface; n” — normal to surface z = 0)

3T0 03HAYaeT, YTO PACHPOCTPAHEHHE ITOBEPXHOCTHOM BOJIHBI IIPOUCXOIUT B YIPYroi noiymiockoctu xOz,
CBOOOMHBIN Kpali KOTOPOH coracHo BelpaskeHuIo (1) siBisieTcst HepoBHBIM. Kak 00bIMHO, BBOISTCS OTEHLINA-
JBL Q ¥ Y, Yepe3 KOTOPBIE 110 U3BECTHBIM (hOPMYIIaM HAXOIATCS BCE MOJICBbIC BETMUUHBI.

B o6nactu z < 4(x) HMEIOT MeCTO CllefyIomye ypaBHeH s Ui oTeHumanos ¢(x, z) u y(x, z) [2; 4]:

0* 0°
—(Zp + 87(2[) +ko=0,

ox

oy Py,

o T Yl

(2)
2 2
(O] ()
k]2 = T ktz = T

Cl G

_A+20 5, U
= » G >

p p
e A, L — koaddunuentsr Jlame; k, — BOJIHOBOE YKCIIO MPOJOIBLHON BOJIHBI; ¢, — CKOPOCTH IIPOJIOJILHON BOJIHBI;
k, — BOTHOBOE YHCIIO MONIEPEYHON BOJIHBI; ¢, — CKOPOCTH ITOTIEPEYHOIT BOJHBL; () — YaCTOTA; P — INIOTHOCTD.
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B ypaBHeHusix (2) y4reHo, 4To 3aBUCHMOCTb TTOJIEBBIX BEIMYMH OT BPEMEHH, KaK TIPaBUII0, ONPE/IeIISIETCSI MHO-
JKUTEINEM exp(i(ot). OOBIYHO 3TO O3HAYAET PACCMOTPEHNE TApMOHUYECKOM BOMTHBI. HanpspkeHus BeIpakaroTcs

uepes ¢(x, z) n y(x, z) mo popmynam

Po oy oy

%= =W 5oz i

b

’p 9y o’ 9%
=2 + +A + ,
== dz*  0xoz ox? 977 ®)

’p d*y ’¢p 9%
- A
ox?  0xoz " ox? " 0z*

Oy = 2K

VcnoBus Ha TPAHUYHON OBEPXHOCTHU Z = h(x) HUMEIOT BUJ
Gij}’ljZO, i,j=1,2,3, (4)
[J€ 71 — BEKTOP HOPMAJIM K CBOOOIHOM IOBEPXHOCTH; O} = Oy, Oy =O,, 033 =0,,, G|, =0, , 0|3 =0,,, 053 = O,,..
W3 ypaBHenwuii (2) u (4) ciemyer, 4to B ciydae 3afaqn Panest Uit TiIocKoi CBOOOIHOM TpaHUIbl 00001IIeHEe
JUTSI HEPOBHOM CBOOOTHOM T'PaHUIIBI SBISIETCS 3aa4eil 0 CBOOOAHBIX KOJIeOaHUSIX MOTYTIPOCTPAHCTBA.

PaccMoTpnm cityuaii, korna h(x) — ciyuaiinas QyHKUWS, IPeICTaBUMas B BHJE
h(x)=(h)+ h,
rae <h> — CpenHss IOBEPXHOCTB; h— ciydaiiHast piayKTyalus OoT <h> [Nomoxmum, uto <h> = 0 (rutockocTs z = 0),
TOTa ABYXTOYEUHAs KOPPEIsAUHOoHHas QyHKums ans /(x) uMeet Bz (B KOPPEISALUOHHOM IIPUOIHKEHIN)

R(x, x2)=<l;(xl)/5(x2)>, )
IJIE X/, X, — IPOM3BOJIbHbIC TOYKH HA OCH X.

IIpenmnonoxum, 4TO IIEpOXoBarasi MOBEPXHOCTh OIMHUCHIBAETCS CTATUCTUYECKH OJIHOPOJHOMN CIydaiHOU
dbyHKIIEH, TOTaAa B hopMyIe (5) umeemM

R(xl, xz) = R(x2 - xl),
rae R(0) — aucnepenst (cpeHeKBapaTHyHas aMILIATY/A LIEPOXOBATOCTH), SIBISIOLIASCS IOCTOSHHOM Belli-
YMHOMN. [€OMETPHYECKH 3TH YCIIO0BHS 321a10T KBa3HILIOCKYIO OBEPXHOCTS, T. €. /1(X) — CTATHCTHYECKH OIHO-

ponHasi pyHKIUS, XapaKTepU3yIONIast U3MEHEHHUE h(x) B HaIlPaBJICHUU OCH Z.
IIpenctaBum BEeKTOp N B cieayromeM Buse [22]:

—@i +k
n=— &  __ _dh 0,1
U ©)
dh\" ?
1+ (}
dx
dn'\’
B [IPEAIIOJIOKEHUH, YTO = < 1.
by
B paccmarpuBaeMoM citydae TpaHUYHBIE YCITOBHS (4) 3aITUCHIBAIOTCS B BUJIE
o.n,+0.,n,=0,
(7)
o,n.+0o,n,=0.
[IpencraBum Bce BeMUMHBI B ypaBHEHUsX (7) cieayronmmM o0pa3om:
—n© 4 0 —c0i60 ; =
n=n"'+n"’, 6,=6;"+0; i,j=1,2. (8)

. dh
Brimumiem ypasuenus (7) mist mpuOImKeHui 1Mo mapamerpy —. i HylieBoro npuOMmKeHus U3 ypaBHe-
Huil (7) ¢ y4eToM BeIpaxeHHH (&) moydaem dx
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Jist mepBOro MpuUOIMKEHNUS UMEEM

S+ 60+ 6000+ 600 =0,

€))
S+ G + G0+ 600 =0,
C yuerom opmynst (6) u3 ypaBHeHui (9) crnemayoT ypaBHEHUS
0%y 5l =0,
dx
(10)

v 1 o
W3 ypasuennii (10) BeIparkaeM IpUOIIKEHUS TIEPBOTO TTOPSIIKA IS ng) gyepes GS)) TIPY MaJIOH BETUINHE

napameTpa dh,
R

o= o)

& (11)
ol) = o) .

dx

C yuerom npudmmkenuii (11) rpannunsie yenoBust (7) iMetoT BUA Y(PPEKTUBHBIX TPAHUYHBIX YCIIOBUN Ha
miockocth z = 0:

dh
G§2)+Gg)—=0 npuz =0,

dx
(12)

dh

cﬁ? + 0(22) —=0mnpuz=0.

dx
I'pannunsie ycnoBus (12) npencrasisioT co0oi npuOIMKEHNE ASHCTBUTENBHBIX TPAHUYHBIX YCIOBUI
6;n; = 0 Ha rpannne z = h(x), MIEPEHECEHHBIX Ha CPeAHIO0 Tpanuiy z = (. DTo npubImKkeHue MMEeT MeCTo

< 1.

IIPpU BBIMIOJIHCHUU YCJIOBUA

. . . (0 0) (1) (1
B cuny nuneiiHoCTH ypaBHEHHH (2) Al IpUOMMKEHUN (p( ), W( ), (p( ), W() 3aIUCHIBAIOTCSl HECBA3aHHBIC
CHCTEMBI YpaBHEHHI

%0 92" i .
a;pz " a;pz +hk7e" =0, i=0,1,
(13)
32“,(1‘) a2w(i) 2 )
+ + kg =0,
w2 a2 Y

a TaKoke COOTBETCTBYIONINE HANpsDKeHU (3) 11t TpUOIMKEHUH, ypaBHEHHUS U1l KOTOPBIX OyAyT HECBA3aHHBIMU:

2.,(1) 2.(0) 2.,(0)
Ox “( oz o o J TR
2.(0) 24,(0) 2.,(0) 2,,(1)
()_ oy 0@, IW 5| 907 L e 14
o) _ . an,(i) B 32\4,(1') o an,(i) . Bz(p(i)
o ox> 0x0z ox> 9z*
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Pemenne ypaBuennii (13) ais HyJeBOro MpUOTMKCHISI HIIIEM B BHJIC
(p(o) =40 exp(ikx + Vlz),

v =0 exp(ikx + v,z), (15)
1 1
vi= (B2 = k72, vy = (k2= K22,

0 0 w o
e Al ), B _ nocrosmmere aMIUTUTYIbL; k = ~ — BOIIHOBOE YHCJIO MOBEPXHOCTHO# BOIHBI; ¢ — CKOPOCTB 110~
BEPXHOCTHOM BOJIHBI.
[ToncraBnas ypaBuenus (14) B rpannunslie ycinous (12), momydaem

32@(0) aZW(O) 32“,(0)
O =H 0x0z " o "

dh 32(p(0) BZW(O) 32([,(0) 32(p(0)
) - A =0 =0, 16
" dx[ M( ox? 0x0z " ox? i 0z* HpH 2 (16)
32(‘)(0) 82\;!(0) an,(O) aZ(P(O)
=2 A
o= [ o ooz | Lo | a2 )
dh 82(P(0) 32\|’(0) BZW(O)
- 2 — =0 =0.
+ T [u( s + Y Y. TIpH z (17)

ITocne momcranoBku BeIpakeHuit (15) B hopmymsr (16) u (17) umeeM cucteMy anreOpandeckuX ypaBHCHHMA
OTHOCHUTEJIBHO A(O), B(O) BUJIA

% S 20 [0 ) -
()
[zwf e (004 ) + Lo ik, }A(O) + [Zu(ik)vz (o VZ)}B@ ~0.
dx dx

Cucrema (18) siBnsieTcst pe3yabTaToM MPUMEHEHHSI METO/la XapaKTepUCTHUECKOTO ypaBHEHUS K ypaBHe-
HusM (13), (14) u rpanudHBIM yenoBusM (12).
YcroBus CyIiecTBOBaHMS HEHYNEBBIX pelieHui ypaBHeHuH (18) mpuBoasST K 0000IIEHHOMY YpaBHEHUIO

2
. dh

Panesi, koTopoe B cilydae IMIepoOXOBaTOW I'PaHHIIBI COACPIKUT Mable Oe3pa3MepHbIe MapaMeTphl o (d_ ,

x

IpeAcTaBisIonIe coool ciayuaiinsle GpyHkunu. Ocpeanss onpeaeInTeNb CHCTeMbl ypaBHeHnH (18) ¢ yueTom

ycnosuii (m=0, <%> _o, <[%]2> =D,

HaxoauM OCpCIAHCHHOC YPaBHCHUC Panes JUIsI MHOXXECTBA BO3MOKHBIX peaﬂmaunﬁ IEepOXOBATOCTU ITOBEPX-
HOCTH, MOJIYYaCMbIX I'COMETPUYCCKUM UJIN TOIIOJIOTUYCCKUM IlC(i)OpMI/IpOBaHI/ICMZ

F(n, v, D)=(2-m)" =41 -n)(1-6m) +
+D{2-n) + 2m(2-n) + 41— n)(1-em)} =0, (19)
e 6e3pasMepHbIe TapaMerp 0 U MCKoMasi BEJIMYKHA 1) ONPEAEIIAIOTCS 110 GopMysiam
2 2
C C
)

3[ECh ¢ — MICKOMasi CKOPOCTb BOJIHBI Pasiest; ¢; — CKOPOCTb POJOIBHON BOJIHBL, €, — CKOPOCTD IIOIIEPEYHOM BOIHBIL.
[Ipu D = 0 ypaBuenue (19) npeobpasyercs B KllacCCHUECKOE ypaBHeHHE Pajest.
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OTMeTHM, 9TO €CIH HE TPOBOIUTH OCPEIHECHUE OMIPEICITUTENS CUCTeMBI ypaBHeHul (18), a BeImHCaTh €ro
B SIBHOM BH/JI€, TO MOJyYUM YPABHEHUE

2

RO+ %R(‘) + (?] RY=o, (20)
X

e

RO = —apkv, v, + [Zuvf + k((ik)2 + vf)}u((z‘k)2 - v%)
RY = | 20 (i)} + A (i) + V) [2m i)V, = | 2098+ [ + )| (2038, ),

RO = [ 20 ()4 2 +v7) | () = v | = 20 () v, - 20 (k) v,

VYpasuenue (20) ycTaHaBIUBACT CBSI3b MEXKIY T U h(x), KOTOpasi UMEET MECTO, €CJIM BO3MOKHA (DYHKIIHO-

dh
HaJIbHAasl 3aBUCUMOCTb ¢, ¢, OT X. DTO MOXKHO Peaju30BarTh, €CIH pelars ypapHeHue (20) OTHOCUTENIBHO T
X

Ocpe/HERNE LENeCO00PA3HO OCYILECTBIATH Ha MHOKECTBE BO3MOMKHBIX Pean3alyii cyyaiitoii Gpynkumu A(x),
410 JaeT ypasHeHHe (19), B KOTOPOM Bce BETMUMHBI HE 3aBUCAT OT X.

OTMeTHM, 9TO BEIOOpP Majioro 6e3pa3MepHOTo mapameTpa - HE CTMHCTBCH.

Pe3yibTarhl U MX 00CyXKIeHUE

VYpasuenue (19) pemanoch 9UCICHHO MPH PA3INYHBIX 3HAUEHUSAX MapamMeTpoB v u D. Pesynbsrarsl npen-
CTaBJICHBI B TaOIHUIIE.

Kopnu 06001mennoro ypasuenusi Pajiesi B 3aBucumMocTs 0T 3HaueHUii napameTpoB v u D
Roots of the generalised Rayleigh equation depending on the values of the parameters v and D

D v=0 v=0,1 v=03 v=04 v=0,5
0=0.5) (6= 0,444) (6 = 0,286) 0=0,1667) (6 =0)
0 n, =0 n,=0 n,=0 n,=0 n, =0
N, = 0,764 N, = 0,798 M, = 0,86 N, = 0,888 n,=0913
0o | Mi=0086 N, = 0,076 1, = 0,058 1, = 0,049 N, = 0,041
: N, = 0,723 N, = 0,765 N, = 0,841 N, = 0,874 1, = 0,903
0.05 n =2 n, =225 M, = 0,366 M, = 0,286 n, = 0,227
: N, = 5,425 N, = 5,148 1, = 0,695 N, = 0,783 N, = 0,844
_ Her _ _
0,06 n =2 n=5,189 BEIIECTBEHHBIX M, =0,367 M, = 0,283
N, = 5,466 KopHel M, =0,74 m, = 0,822
- Her Her _
0,08 nl__ 2 n=5276 BEILIECTBEHHBIX | BEIIECTBEHHBIX nl__ 0,42
My =3,55 KOpHEH KOpHeH n, =0,753
- Her Her _
0,09 n=2 n=>5,321 BEIIECTBEHHBIX | BEIIECTBEHHBIX M, =053
n,=5,593 KopHeii KopHeii n,=0,676

IIpumeuanue. JIMHUSA CHHETO LIBETA OT/CISCT MHOXKECTBO JCHCTBUTEIILHBIX KOPHEH OT KOPHEii, HE HMEO-
muX GpU3NIECKOro CMbICIA.

W3 Tabauiel BUJHO, YTO HYJIEBOW KOpeHb ypaBHeHus: Panes mpu D = 0 TpanchopMupyeTcs: B HEHYIICBOH,
KOTOPBIN NepeMeliaeTcs BIeBO BI0JIb OCH 1| Ipu pocTe D.

JeiicTBUTENbHBIE KOPHH CYILECTBYIOT JUIs 3HaueHui koadduuumenta [lyaccona 0 < v < 0,5 u qucnepcuun
0 £ D £0,09. Takum obpazom, ipu D < 0,01 cymecTBYOT ABa PU3NYECKH JOIMYCTUMBIX KOPHS. DTO CBH-
JETEILCTBYET O BO3MOKHOCTH CYLIECTBOBAHUS JIByX IIOBEPXHOCTHBIX BOJIH, CKOPOCTH KOTOPBIX IIpu V = 0
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paznuuarorcs Ha mopsiiok. Ckopocts 0osiee ObICTPO BOIHBI Ha TIOPSIOK OOJBIIE CKOPOCTH MEJICHHON BOJTHBI
1 Ha TOPSIOK MEHBLIE CKOPOCTH TOBEPXHOCTHOW BOJIHBI, PACTIPOCTPAHSIONICHCS OKOJIO CBOOOAHOW MOBEpX-
HocTH 0€e3 mepoxoBaTocTu. M3 Tabnuipl ciaeayer, YTo CyIiecTBOBAaHHE IOBEPXHOCTHBIX BOJH 3aBUCUT OT Be-
JUYUHBL qucnepcun D, poct kotopoit 10 0,09 coBmecTHO ¢ pocTtoM V 10 0,5 CBUAETENHCTBYET O HAIUYUH JIBYX
MOBEPXHOCTHBIX BOJIH. Takum 00pa3oM, OKOJIO IIEPOXOBATON MPaHULIbI PACTIPOCTPAHSIOTCS 1BE BOJIHBI (ObICTpast
¥ MeJJICHHAs ), KOTOPBIE 3aTyXaloT C TITyONHOM.

Ha puc. 2 npencrasiena 3aBUCUMOCTb PyHKIMU F' = F' (n, v, D) B IiockocTy OMNF ot BennuuHbl 0 <M < 1
mpu v=0,1,v=03,v=04,v=05uD=0,01, nemorCcTpUpyIOmas COMMKEHNE KOPHEH C POCTOM V TIpH
D =0,01. Ha puc. 3 u3o0pakeHa Ta e 3aBUCUMOCTb 1ipu D = 0,05.

FA
1,0

0,5

-0,5

-1,0

v=0,1 v=0,3

v=04

v=0,5

Puc. 2. 3aBucumocts pyHKuuH F (n, v, D) orm
npu D = 0,01 u paznnunbIX 3HaUeHMIX Koddurmenta [Tyaccona
Fig. 2. Function F(n, v, D) versus 1
for D =0.01 and different values of Poisson’s ratio

~0,5F

v=04

v=0,3 v=0,5

Puc. 3. 3aucumocts Gpyuxuun F (1, v, D) orn
npu D = 0,05 u paznnunbIX 3HaUeHUIX koddunmenra [Tyaccona

Fig. 3. Function F (1, v, D) versus 1
for D = 0.05 and different values of Poisson’s ratio

[pu D=0,09 uv =0,5 cymecTByT JBe MOBEPXHOCTHBIC BOJIHBI C OIM3KUME cKopocTaMu. [Ipu nanpHeii-
mieM pocte D, HaunHasi ¢ D = 0,1, JelicTBUTENBHBIX U (PU3NYECKH IOyCTUMBIX KOpHEH He cyliecTByeT. Touku
nepecedeHust KPUBBIX C OCBIO T) ONPEACISIIOT KOPHU 00001IeHHOTO YpaBHEeHHS Parnest.

Ha pwuc. 4 nzobpaxena 3aBucumocts 1 oT vV ipu D =0, D = 0,01, D = 0,05.
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nJ
0,90

>

0,85

0,80

0,75

0,70

0 0,1 0.2 03 0.4 0,5 V
— D=0 ——D=00 ——D=005

Puc. 4. ®ynkuus 'r](v) TIPH pa3IMYHbIX 3HAYEHUSAX napamerpa D

Fig. 4. Function 1(v) for different values of parameter D

Bunno, uro ¢ poctoM D 3aBUCHMOCTB 1| OT V IIPH KOHKpeTHOM V yMmeHbmaercd. [lpu D = 0,05 3aBucu-
MOCTb 1| OT V HaunHaeTcs ¢ V = 0,3, 4T0 CBUAETENBCTBYET O CYIECTBOBAHMH 30HBI HEUYBCTBUTEIBHOCTH,
KOIZla KOPHU HE UMEIOT (PU3UUECKOTO CMBICIIA.

3aKiIoueHune

B xoze uccnenoBanust MoMy4YeHb! CISTYIONTUE PE3yIbTaThI.

1. Pa3paboraH momxo/ K PEeUICHHUIO 33J]a4l O PACIIPOCTPAHCHUH MMOBEPXHOCTHBIX BOJIH PAJICEBCKOTO THIIA
OKOJIO CBOOOJIHOM IIEPOXOBAaTON TPaHMIIBI, OCHOBAHHBIH HA UCTIOIB30BaHNHU 3PPEKTHUBHBIX IPAHUYHBIX yCIIO-
BUH B COYETAHUH C METO/IOM TTOCIIEIOBATEIHHBIX MMPHONMKEHUHN 110 a0COFOTHON BEIMYHMHE TPAIMeHTA K TIOBEPX-
HoCcTH. CyIIECTBYIOT U JPYTHE IMOAXOABI K UCCIETOBAHNIO BOJTH Pases, HCITONb3yIompe HHEIE METOIBI TIOCITe-
JOBATEIHHBIX TTPHOIIKEHUN.

2. O6o0mieH moaxo/ Panes k MolyueHuro ypaBHEHUsI JIJIsl CKOPOCTH MOBEPXHOCTHOM BOJIHBI, B KOTOPOE

. N dh .
BXOJIAIT Oe3pasMepHbIi mapaMeTp D (qucriepcusi cnydaiHon (QyHKIH o 3 PEeKTUBHON TTOBEPXHOCTH, OITH-
x

CBHIBAIOIICH HEPOBHOCTH TIOBEPXHOCTH) U TTapaMeTp MaTtepuana v (kodddurment Ilyaccona).

3. UccnenoBaHo BiIMsHEE CBOMCTB MaTepraia U TeOMETPUH IIOBEPXHOCTH Ha BUJI pEILICHUs ypaBHEeHUs! Pajtes,
YTO BBIPAKACTCS B TIOSIBJICHUH JIBYX HEHYJICBBIX KOpHEH 00O0OIIEHHOTO ypaBHEHUs Panest, yIoBIeTBOPSIOIIIX
¢uznueckum TpedoBanusM. bonbinii KOpeHb COOTBETCTBYET CKOPOCTH OBICTPOM BOJIHBI 33 CUET HEPOBHOCTH
CBOOO/HOI ITOBEPXHOCTH, a MEHBIINI KOPEHb B ciydae MarepuayioB ¢ koddduimentom [lyaccona 0 < v < 0,5
u rpanunbl ¢ gucnepeueit 0,01 < D < 0,09 onpenenser CKOPOCTh MEAJICHHOM BOJIHBI, KOTOpask OTJIMYAETCs Ha
ropsinok. IIpu pocre D mo 0,09 xopHH (CKOpOCTH) COMMKAIOTCA. MEHBINI KOPEHb TpaHCHOPMUPYETCS U3
HYJIEBOTO KOpPHS ypaBHeHHs Pasest.

4. ITomyueHo penieHne 3a1a4i 0 COOCTBEHHBIX KOJIEOaHMSIX YIPYTOTo MOIYIPOCTPAHCTBA C HEPOBHOM CBO-
OOIHOH rpaHUIeld METOAOM IOCIIeI0BATEIbHBIX MPUOINKESHHH.
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VIIK 539.3

KOAEBAHWSI KPYTOBO TPEXCAOWHOU IAACTHUHBI
IIOA AEMCTBUEM AMHEWMHOM BO BPEMEHU
BHEIITHEW HATPY3KU

JI. B. JEOHEHKO", M. B. MAPKOBA"

1)Bejzopycckuzl 20CY0apCmeer bl YHUgepcumem mpaHcnopma,
ya. Kupoea, 34, 246653, 2. ['omens, Benapycw

PaccmoTpena 3amada 0 TUHAMHYECKOM Je(OPMHPOBAHUH KPYTOBOW TPEXCIOWHON IUIACTHHBI CO CTYIEHYAThIM H3-
MEHEHHEM TOJIIIMHBI BHEIHUX ci1oeB. Monenb nedopMupoBaHus IIACTUHBI IIOCTPOEHA Ha OCHOBE I'MITOTE3bI JJOMaHOH
maun. [Toaxon K pacCMOTPEHHIO TTOCTABICHHON 3a/1a4n 0a3upyeTcs Ha METOAE JICKOMIIO3UIMH T€OMETPUH TIACTHHBI,
B COOTBETCTBUU C YEM NPECACTABJIICHBI YPABHCHHUA ABUKCHUA UIA KAXKI0TI0 Y4aCTKa MMOCTOSTHHOM TOJINIMHBI, BEIBOJ] KOTO-
PBIX BBIIIOJIHEH C MOMOIIBIO BapUAIMOHHOTO NpuHNKNa 'amunsrona. [lonydyeHo yacTHOE aHATUTUYECKOE PEIICHHUE JUIs
BBIHYK/ICHHBIX KOJI€OaHUH MIaCTUHBI, BO30YyK/IaeMbIX JINHEHHBIM BO BPEMEHH BHEIIHUM Bo3aelicTBueM. [Ipencrasinen-
HOE pellIeHHe OCHOBAHO Ha CYNEpPHO3ULUU KBa3UCTAaTHYECKUX U AUHAMHUYECKUX COCTABISAIOIIMX MepeMEeleHNH, BOSHU-
KalOIINX B TUIACTHHE MPHU KoseOaHusIX. [yis anpobanuy pemeHns BEITOTHEHBI YUCICHHBIE NCCIIEJOBAHMS TS PA3THIHbBIX
[IaKETOB MaTEepUaoB.

Knrwouegvie cnosa: tnHammaeckoe 1e(pOpMHUPOBAHNE TPEXCIONHOM MIaCTHHBI; KBa3UCTaTHIeCKoe Ae(hOpMUPOBAHHUE
TPEXCIONHOMN MIACTUHBL; KPYroBasi TPeXCIOoHHasl CTyleHuaTas IIacTHHA.

Brazooaprocme. Pabota BhINONHEHA MPH TOAACPKKE bemopycckoro pecnyonukanckoro Gouna GyHIaMeHTaIbHBIX
nccnenoBanuii (mpoekt T22M-072).

OSCILLATIONS OF A CIRCULAR THREE-LAYER PLATE
UNDER EXTERNAL LINEAR IN TIME LOAD

D. V. LEONENKO®, M. V. MARKOVA®

“Belarusian State University of Transport, 34 Kirava Street, Homiel 246653, Belarus
Corresponding author: M. V. Markova (198 7marinamarkova@gmail.com)

The problem of dynamic deformation of a circular three-layer plate with a step-variable thickness of the outer layers is
considered. The plate deformation model is based on the zig-zag theory. The approach to the consideration of the problem
relies on the method of decomposition of the plate geometry. According to this, we represent the equations of motion for
each section of the plate with a constant thickness. The derivation of these equations predicated on Hamilton’s variational
principle. A particular analytical solution is obtained for forced plate vibration induced by linear in time external action.
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The represented solution is based on a superposition of quasi-static and dynamic components of the displacement appea-
ring in the plate during vibrations. To test the obtained solution, numerical studies were performed for various materials.

Keywords: dynamic deformation of a three-layer plate; quasi-static deformation of a three-layer plate; circular three-layer
stepped plate.
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BBenenue

KoMmrmo3uTHbIE 351eMEHTHI He SBJISIOTCS HOBBIM MH)KEHEPHBIM PELICHHEM B MPOEKTHOU npakThke. OHaKO
C K&)KIbIM T'OZIOM HX IPUMEHEHHE IIPU IIPOEKTUPOBAHNH 3aHUN U COOPYKEHUH, AeTalel MAIlluH 1 MEXaHU3MOB
TOJBKO PACTET BBUAY SBHBIX MPEUMYILECTB KOMIIO3UTHBIX KOHCTPYKLHH Nepesn KOHCTPYKIHSMH, BBIIIOIHEH-
HBIMHU U3 OfIHOTO Marepuana. CodyeTaHne pa3HOPOAHBIX CBOMCTB HECKOJIBKUX MaT€pHasIoB MO3BOJISET HAAETIUTh
KOMITO3UTHBIH 3JI€MEHT TpeOyeMbIMU (PU3NKO-MEXaHUUECKUMH XapakTepucTukamu. [Ipumenenune takoro pona
KOHCTPYKIMH B MPOEKTHOW NpakTUKe 0OyCJIOBIMBAEeT HEOOXOAHMMOCTh CO3/IaHMSI PACUETHBIX MEXaHHKO-MaTe-
MaTUYeCKUX MOJIeJIeH, YUUTHIBAIOIINX HEOAHOPOAHOCTD UX CTPYKTYpPbI U 0COOCHHOCTH paboThI MO HArpy3KOH.

PaccmoTpenHsIi B JaHHOM CTaThe TUCKPETHO-CTPYKTYPHBIN moaxox [1] Kk MogenmmpoBaHuio 1eopMUpoBa-
HUSI TPEXCIIOWHOH TIACTHHBI B JIUTEpaType MOTy4rI Ha3BaHUE THIIOTE3bI TIOMAaHOU TMHUHY (zig-zag theory [2; 3]).

OC00OEHHOCTBIO MCCIIEyeMOTO B pa0doTe IMakeTa SIBISICTCS CTYIIEHYaTOe M3MEHEHHE TONIIMHBI BHEITHUX
cioeB. [lonoOHOTO posa ToKaIbHbBIE YTOIILECHNUS B HAanOO0JIee HANPSPKEHHBIX MECTaX KOHCTPYKLMH O3BOJISIIOT
YIYYLIUTh pabOTy dJIEMEHTA MOJ HarPY3KO# 0e3 CylIecTBEHHOTO H3MEHEHHS €r0 COOCTBEHHOTO Beca.

B uccnenoBanusx mocneqHux JeT padoTa KPYroBbIX IEMEHTOB CTYIIEHYaTO-IIEPEeMEHHOM TONIIHHBI pac-
CMaTpUBAJIACh C MO3ULIHHU OJHOCIONHON KOHCTPYKUMH. Tak, ¢ ONOPOil Ha TEOPUIO CABUra IIEPBOTO MOPSIKA
MunnuHa B myonukanusx [4—7] NpoBeicH aHaIn3 CBOOOIHBIX KOJICOaHHI KPYTOBBIX OJTHOCIOWHBIX IJIACTUH
C MHOT'OKPATHBIM CTYIEHYAaThIM M3MEHEHHEM TONIIMHBL. B crartbe [8] paccMorpeHa miaBydast KOHCTPYKLMS
MIOHTOHHOT'O THIIA, KoJieOaHHs B KOTOPOH BO30YKAal0TCsI BO3/EHCTBUEM BeTpa U BOJIH. KOHCTpYyKIMs Mozenu-
pyeTcs Kak Kpyromas IIacTUHA CO CBOOOJHBIMU KpasiMu. J[iis ynydineHus KCIoIb30BaHUs MaTepUaliOB TIPU
COIIPOTUBIIEHUH HAIIPSKCHUAM U AeOpMalysIM TOJIIIMHA IIJIACTUHBI CTYIIEHYaTO U3MEHSIETCS BAOJIb pajuyca.
B pabore [9] npeanoxeH cnoco0 n3MeHeHus (Gopmbl KoneOaHni KpyroBoil IIIaCTHHBL CO CBOOOIHBIM KpaeM
¢ n=2Han =0 myTeM CTYNeHYaTOro yBeJIUUEHHs TONIIMHBI OT CEPeINHBI K BHEITHEMY KOHTYPY. ABTOpBI MO/~
YEepKMBAIOT, YTO BO3MOKHOCTD NpHBENeHUs KosebaHuil K Gopme 7 = 0 uMeeT BecoMoe 3Ha4€HHUE U1 U3MEPHU-
TEJIBHBIX U MYCKOBBIX YCTPOMCTB, a TaKKe OOJIBIINX IUIABYYMX KOHCTPYKIMH MOHTOHHOTO THHa. C Onopoii Ha
METOJ ICKOMIIO3HIINY ¥ MIPUMEHEHUE TUCKPETHOM CcBepTKH B cTarhe [10] mpemcTaBieH HOBBIN MOIXOM K aHA-
JM3y CBOOOIHBIX KOJIEOAaHMH KPYrOBOM CTYNEHYATOM IIACTHHBI, KOTOPBIA HE TpeOyeT YCIOBUI PeryiIsipHOCTH
(orpaHMYEHHOCTH) PEILICHHUS B LICHTPAJIbHOM TouKe. TOYHOCTH OMTMCaHHOTO METO/IA IPOBEPEHA Iy TEM CPAaBHEHHS
MOTYYEHHBIX PE3YNIBTATOB C MMEIOIIMMUCS NaHHBIMH. B padote [11] paccmoTpeHa 3a/1aqa BpamieHust KpyroBon
TUTACTHHBI TIEPEMEHHOH TONIIMHBI, HarpY»KEHHOH 10 BHEIITHEMY KOHTYpY. B myOmmkarmu [ 12] nccnenoBaHo Ter-
JIOBOE HarpykeHue npo(uIMpoBaHHON KOJIbIIEBOH IUTACTUHBI C YYETOM TEINIOOOMEHA C OKPYIKAIOIICH Cpeiou.

Pabota TpexcmoiHBIX KOHCTPYKITUI CTYIIEHYATO-TICPEMEHHON TOJIIIMHBI PACCMOTPEHA B PaMKaX IPSMO-
yroibHbIX TacTuH [13—15] u crepxueit [16]. B crarse [13] n3yueHo HanmpshkeHHO-Ae(hOPMUPOBaHHOE COCTOS-
HUE MPSIMOYTOJIBHOM W3rHOaeMOi IITACTHHBI CO CTYNEHYAThIM YBEIHUCHUEM TOJIINHBI PACTSIHYTOTO JIUIEBO-
ro ciios nakera. PemeHne nocTaBaeHHON 3a/1auy IIOCTPOEHO HA TUIIOTE3€ JIOMaHOH JIMHUM U BAPUALIUOHHOM
npuniune Jlarpamwka. B nmyonukauusx [14; 15] paccMorpena crarnueckas (M3rud M yCTOWYMBOCTD) U JMHA-
Muueckasi (CoOCcTBEeHHbIE KolieOaHust) paboTa MpsIMOYTONBHON TJIACTUHBI C YTOJNIIEHUSIMHU B 30HE KaK pacTsi-
HYTOTO, TaK U CXKaToro ciios. B crarbe [16] mpoaHaau3npoBaH H3THO TPEXCIOHHOTO CTEPIKHS CO CTYIICHUATO-
MEPEMEHHON TOJIINHONW OJJTHOTO M3 HECYIIMX CJIOEB NP €0 YaCTUYHOM ONMPAHUM Ha YIIPYroe OCHOBAHHME.

Crarudeckoe jiehopMUpOBaHIE KPYTOBOH TPEXCIONHOM IIACTHHBI CO CTYNEHYAThIM H3MEHEHHEM TOJIIIU-
HBI HAPYXKHBIX CIIOEB U3y4eHO B paboTax [17-20]. B HacTosmIe# cratbe pacCMOTPEHO MOCTPOSHHE PEIICHUS
JUIsl IMHAMHUYECKOTO 1e(hOPMHUPOBAHHSI CXOKEH KPYroBOW IUIACTHHBI, MPEACTABICHHONW TPEXCIOWHBIM TaKe-
TOM, TOJIIIMHA BHEIIHUX CJIOEB KOTOPOTO CTYNEHYATO M3MEHSETCS BAOJb PaaUyca, a TakKe MPOaHATH3UPO-
BAaHO BIIMSIHUE (DU3UKO-MEXAaHMUYECKUX XAPAaKTEPUCTHUK CIIAralolIuX MaKeT MaTepuajoB M I'€OMETPUYECKHX
napamMeTpoB CTYNEHYaToro nNpouis Ha BEIMYUHY MPOTHOOB MPH BHIHYKACHHBIX KOJCOAHMSX, BHI3BAHHBIX
MTOCTOSTHHOM BO BPEMEHH HArpy3Koil, 1 KBa3HUCTaTHUECKOM Je(OPMHUPOBAHNH.

IlocTanoBKka 3a1a4n

B nununapuyeckoit cucteMe KOOpAUHAT 7, (P, Z PACCMOTPUM KPYTOBYIO TPEXCIOMHYIO IJIACTHHY CO CTY-
[IEHYaThIM U3MEHEHHMEM TOJIIIMHbBI BHEIIHUX c10€B. OTHOCUTEIBHO TOJILIMHBI CPEIUHHOTO CJI0s 3 BHEIIHUE
cion | 1 2 UMEIOT HEOOJIBIIYIO TOJIUHY, KOTOPAas 334aeTCsl ¢ IOMOIIBIO KyCOYHO-TIOCTOSIHHOM (QYHKIUH Xe-

BUCaiina H, (r) [21]:
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h(r)= gy + (hl(H) - h1(1)) : HO(’” _R1)> hy(r)= by + (hz(n) - hZ(I)) . Ho(r —Rl),

rae pumckum udpamu [ u I HymepyroTcsi COOTBETCTBEHHO LIEHTPATIBHBIN U HAPYKHBIH yU4acTKH, HMEIOIINe
Pa3NUYHYIO TONMIKHY; R| — paauyc HEHTPaJbHOro ydacTka. Toraa oOumii paanyc acTHHBI, COBMAAAOMINN
C BHELIIHUM KOHTYPOM Hapy>KHOTO y4acTKa, 0003Ha4YMM Kak R, (puc. 1).

Puc. 1. KpyroBas TpexcioliHasi CTyIeHYaTast IUIACTHHA
C YIIUPEHHEM (@) U CyKeHHEM (0 ) B LIEHTPAJIbHON YacTu

Fig. 1. Circular three-layer stepped plate
with widening (a) and narrowing (b) in the center

CpenuHHBIN 3ar0IHUTENb, 00ECIEYMBAIOIINI MOHOJIUTHOCTh BCEH KOHCTPYKLMH TPEXCIOHHOIO MakeTa
1 CIyXalli AJIs epepacrpeneneHus yCUINNH MeXIy BHEIIHUMH HECYIIMMH CIIOSIMH, UMEET IOCTOSIHHYIO
BJIOJIb pajinyca TONIUHY /1, = 2¢ = const. KoopiuHaTHas IJI0CKOCTb IUIACTUHBL F, () COBIAJAET CO CPEIIUHHOM
IUIOCKOCTBIO 3alIOJHUTEILS.

Kunemarnka nmakera onmchIBaeTCs ¢ HOMOIIBIO TUIIOTE3bI JOMaHOW JIMHUH, COINIACHO KOTOPOii 1ehopMupo-
BaHME TOHKHMX BHELIHMX CJIOEB MOTYMHSETCS KilaccudeckuM runore3aM Kupxroda [22], a nedopMupoBanue
OTHOCHUTEIHFHO TOJICTOTO CPETMHHOTO 3aIIOIHUTENS — CIBUTOBOW Teopun TumMorieHnko [23].

PaccmarpuBaemMasi TiiacTHHA HAXOAMTCS B TIOKOE M HE MMEET MEpBOHAYAIbHON nedopManuu. B MomMeHT

BPEMEHH #, OHA BOCIIPUHUMAET OCECUMMETPUYHOE BEPTUKAIBHOEC BHEIIHEE BO3NCHCTBUE g = 9 H)(r, t), BbI-
BOJISILLICE €€ U3 COCTOSIHUS paBHOBecHsL. B pesynbrare B IuIacTMHE BO3HUKAIOT IPOTrUO w(r, t), OTHOCHUTEILHBIN

CIBUI' B 3aIIOJIHUTECIIC \|I(I", t) " paanajibHOC CMCIICHUC KOOp)II/IHaTHOI\/'I MOBCPXHOCTHU U (}", t).

C UCMOJIb30BaHUEM METOJIa JICKOMITO3UIIMK TeoMeTprun B padote [24] Oblia mpeacTaBieHa cuctema aud-
(hepeHIMaNbHBIX YPaBHEHUH IBMKEHHS VIS KQXKI0T0 y4acTKa pacCMaTpUBAEMOM IIACTHHBI, BEIBOJ KOTOPOH
OCHOBAaH Ha BapuallMOHHOM IpuHIune ['amunsrona [25]:

AAW(I, m + D, m™M, H)AW(I, m + DomMiq, II)W(I, m = Du 40, ny
C, m
B (1, 1) L ..
Ugmy = bl(], mWrayr T Cl(I, o T T, Irw(l, Il)dr’ (1)
C, m
(1, 1) 20L1) [ .
Vi = bz(l, ey T C3(I, ) J.FW(I, II)dr’

rae A — oneparop Jlannaca; D, b;, m, m; u M| — k03()HLUEHTBI, 3aBUCALINE OT INIOTHOCTH, YIIPYTUX CBOUCTB
MaTrepHrajIoB M TONIIMHBI CII0EB TAcTHHBL; C, — KOHCTAHTH HHTETPUPOBAHMS, OTPEIeIIsIEMbIE U3 TPAaHUIHBIX
YCIIOBUH; W,, — yroJl I0BOPOTa HOPMaJIM IIPU U3rue IUIacTUHBI (IUTPUX B HUXKHEM MHJEKce 0003HauaeT ore-
panuto muddepeHITPOBaHSI IO CICTYIONICH 3a HUIM KOOPIUHATE).
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Perienre ay1s1 TUIACTUHBI B IIEJIOM MOXET OBITh 3aIIMCAHO ¢ TOMOIIBI0 (DYHKIMKM XeBUCaARA:

w=wWy) * (W(n) - W(I)) -Hy(r = R,),

U=y + (u(u) - ”(1)) : Ho(r - RI), V=y,+ (‘V(u) - \y([)) : Ho(r - RI).

MeTon IeKOMITO3UINH, TIPUMEHSIEMBIN TIPH ITOCTPOSHUH PEIIeHHs, MPEaNoIaracT HeoOX0ANMOCTh HaJIo-
JKEHHUsI YCIIOBUM paBEHCTBA NEPEMEIIEHUM U BHYTPEHHUX YCUJIUHA B TOUKE COMPSHKEHUS! YYACTKOB Pa3IMYHON
TOJIUHBI (Ipu 7 = R)):

Wiy = Wy ¥y = Uy Yy = Yoy Wayr = Waye
Tr(l) = Tr(n)a Mr(I) :Mr(II)’ Hr(I) = Hr(H)’ Q(I) = Q(H)’

rae 7 — npononbHas cuna; M — u3rubaromuii MOMEHT; [/ — MOMEHT Ha rpaHuIle KOHTAaKTa cioes; O — mo-
nepeuHas cuia. BeipaxkeHus 1is onpeaeeHrs BHYTPEHHUX YCUIINN MIPEICTaBIeHbI B cTaThe [26].

YcioBusl OnMpaHus BHEITHETO KOHTYpa (POPMUPYIOT OCTABIIMECS BRIPAXKCHUS TPAaHUYHBIX YCIOBUH, HE00-
XOIUMBIE ISl OTIPEACNICHUSI KOHCTAHT UHTErpupoBanus. Tak, Mpu KECTKOM 3aIeMJICHUH BHEIIHETO KOHTYpa
JINHEWHbBIE (W(H), u(H)) U YIJIOBBIE (\|I(H), w(H),r) HepeMelleHUs B Touke 7 = R, OyIyT oTCyTCTBOBaTh [27]:

2

Wy = 05 4y =0 Wiy = 0, Wiy, =0. ©)

[Ipy mapHUPHOM ONMpPaHUU AJIS1 HAKETOB € KECTKOW Auad)parMoil o BHEIIHEMY KOHTYPY, HPEISITCTBYIO-
1ield B3aMMHOMY CIBHTY CJIO€B, HEOOXOAMMO IOTPeOOBATh Ha ONIOPE PaBEHCTBA HYJIIO H3rHOAIOIIEro MOMEHTa,
poru6a, OTHOCUTEIBHOTO C/IBUT'A B 3aIIOJHUTENE U PaJIHaIbHOTO CMEIEHHS KOOPANHATHON ITOBEPXHOCTH:

W(H) = O, I/I(H) = 0, \V(H) == O, MV(H) = O. (4)
JUst perennst cuctemst (1) nckomble dyHKin nepemertennit w(r, ¢), u(r, t), y(r, t), BosHuKalomMX B rutac-

THHE IIPU BbIHY)KICHHBIX KONeOaHUSX, IPEACTABUM B BUIE Cyleprosuuuu keasucratuaeckux (wy(r), u,(r),
V,(r)) u munammaeckux (w,(r, 1), u,(r, t), y,(r, 1)) cocrapmsomux [28]:
Wi = Yo T Waemp Yo T Yoy T Uaeny Yo T Yeem T Yo )
HauanbHble yCIOBUs IPMHUMAEM OJHOPOIHBIMH:
w(r, 0) = ws(r, 0) +wy, (r, 0) =0, W(r, O) = v'vs(r, O) + v'vd(r, 0) =0, ©)
ar,0)= w3 (r,0). i, 0)= i (1, 0).

C yuerom pemrenust (5) cuctema (1) mpeoOpasyeTcs K BULY

s T AWd(I,n)) +

AAWd(I, m T D(I, w1, ) (AW

+ D(I, 11)M1(1, u)(Ws(l, 1) + Wd(l, 11)) = D(l, Il)q(l, m AAWs(l, 1)’

us(I, 1) + ud(l, m = bl(I, H)(Ws(l,n)'r + Wd(l, II)'r) +

7
Gam M ™

TR ey jr(WY(I,II)+wd(I,II))dr9

(L, 1

Vot Vaam = bZ(I, H)(WS(I, myr T Wa, II)'r) +

C’4(1,11) mz(l,ll) .
ro JF(WS(LH)

+ gy + + ))dr.

LI LI

Cucrema, ONMCHIBAIONIAsT KBA3UCTATHUECKOE 1e(hOPMHUPOBAHHE TIACTUHBI, MOKET OBITH ITOTYYCHA U3 CHC-
Tembl (1) myTem oOHYIIEHHS HHEPIIMOHHBIX CllaraeMbIX:

AAW, (1 1y = D w91, my 8)
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C

s2(1,10)
1, m” r

C

s4(1,10)

Usam = bl(l, m) We (1, my

yr+ Cag,

Vsam = bZ(I, W ayr T C, 3 m”

Pemute cuctemy (8) MOKHO MTOCPEICTBOM YETHIPEXKPATHOTO WHTETPUPOBAHNS TIEPBOTO BHIPAIKEHHSI C TIO-
CIIEYIOIIEH MOICTAHOBKOM MOTyYeHHOTO pe3ybTaTa B MOCIeTHUE 1BA YPABHEHHUS:

WY(I,H)ZC ( +C ( lnl"+

r+C’(

1,11 I, 1I) 7(1,10)

+ CSS(I, H)rz Inr + D(I, H)J%J rJ‘ % '[ (rq(l’ m ) drdrdrdr,

C, b
s2(1, 11) (1, 1)
Usa,m) = Csl(I, 't +2C; 6(1, Il)b i C, L)
9
Dy b
(1, m)"1(1, 1) 1
+ ng(l, II)bl(I, H)r(2lnr + 1) + TId?J(’%L H))drdrdr,
4(1 1) b2(l,ll)
WS(I, m = Cs3(1, m" Tt 2C 6(1, H)b 21, m)" + C 70,0 g
D, b
(1, m72(1, 1) 1
+ Csmbag, II)r(2lnr +1) + TJrj;j(rq(L H))drdrdr,

rae C,, — KOHCTaHTbl HHTEIPUPOBAHUS KBa3HCTaTHUECKOTO 1e(hOPMUPOBAHHUS, ONPEAEIIsIEMble U3 TPAHUIHBIX
ycioBuii (2)—(4).

s nuHeliHOM BO BPEMEHU BHEUIHEH Harpys3ku ﬁé([, mn= 0, Torna ¢ yuerom ypasnenui (8) cucrema (7)
mpeoOpasyercst K BULY

AAW, 1 1y * Dy, ™1, ;A% 0 my + P, M, mWa,m = 05
C

_ a2 M
)= b

, 1(1,10) ..
1(1, 11) d(Lm)r + Cdl(l 11) 7 - r J.rwa’(l, Il)dr’ (10)

ud(l, I

C

da(Lmy M

2(L, 1) ..
lIfal(l, m = b2(I, II) d(1,1)r + Cd3(1 II) 7 - 7 J.rwd(l, H)dr‘

Cucrema (10) mpencraBnger co00i ypaBHEHHS JBH)KEHUS, ONMCHIBAIOIINE COOCTBEHHBIE KOJIeOaHUs Tu1ac-
TUHBIL. PerieHne JaHHO#M CUCTEMbI MOXKHO TIOYYHTh C MMOMOIIIBI0 MeTona Dyphe [29], peacTaBuB QPyHKIIUIO
poru6da MIACTUHBI B BUJIE MPOU3BEACHUS BYX (DYHKIIUI:

Wd(I,II)(r’ l):W(I,H)(r)C(t)’ (11)

e WEI 11)( ) (YHKITHS, 3aBUCAIIAS TOJLKO OT KOOPIAWHATHI 7 C(t) — (DYHKIWS, 3aBHUCSAIIAST TOJTHKO OT BPEMCHH 1.

ITocne noacranoBku BelpaxkeHus (11) B nepBoe ypaBHeHue cuctemsl (10) nomydaem

AA[W(I, 11)( ):| 2(1(1 H)A[W(I, H)(”)i| - B?I, H)[W(I, H)(r):| =0, C(t) + wzc(t) =0,

T Oy ppy M B(I m KO2(GHULMEHTHI, 3aBUCSIIUE OT YaCTOTHI KoJieOaHHU TIIACTUHBI (, IPH STOM

Q) = \/0’ szD(l,ll)m(l, Im) » B(l, m = ‘\‘/(’)ZD(I, lI)Ml(l,ll)'

YHacToThl COOCTBEHHBIX KOJICOAHUH CTYNIEHYATOH IIIACTUHBI (0 OMPECIISIOTCS U3 TPAHCIICHACHTHOTO YPaB-
HEHUS1, TOTyYEHHOTO U3 TPAHUYHBIX YCIOBHIMA.

Takum 00pazom, pereHue sl PyHKIIUU Wy (1, ) ¥ OCTAIIBHBIX TUHAMUYECKUX COCTABIISIONINX MEepEMellie-
HUH npencrapisieTcs B Buae psaa [30]:
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d(1,11) Z { d5n(1,11) (’NY:(I, ) ) + Cd6n(I ) 0(’"7:(1, ) ) + Cd7n(I,II)J0(lNYn_(I, ) ) +

n=0

+ CdSn(I, m%o (V’Y;(I, ) ):| (An Ccos ((Dnt) +B,sin (O)nt))’

- Cd2n(l, 1) O‘)iml(l, 1)
d(1,1) 2 din(1,m)" 7 + CdSn(I, II)]l(r’Y:(I, ) ) 'Y:(I, 1) bl(I, Im) Tt |-
n=0 Yo(1,1)
©.m
1(1, 10)
- Cd6n(1, H)Kl(”Y;(I,H) ) Y:(I,H) bl(I, m W -
12
Oz .
- _ (1, 1
- Cd7n(I, II)‘jl(rYn(I, 1) ) Yn(I, 1) bl(I, m— ,Y-— -
n(L, 1)
- - O‘)iml(l, 1) .
- CdSn(I, II)YI(rYn(I, ) ) V(1) bl(I, m T (An Cos(mnt) +B, Sm(cont))’
n(1, 1)
- Cd4n(I, m) 032’”2(1 1m)
d(1,1) Z Cd3n Lm” 7 + Cd5n(1, H)II(VY;(I,H) ) Y:(I, 1) bZ(I, 1) + Y+— -
n=0 n(1,11)
Oy O,y
n!"2 (1,11 - - n'" (1,11
- Cd6n(I, II)KI(FY;(I, 1) ) V;(I, 1) bZ(I, 1) + ,Y+ - Cd7n(l, H)Jl(ryn(l, 1) ) Vn(l, 1) bZ(I, m Y_— -
n(1,10) n(L,11)
@, 1y
_ - n'"h2(1, 1) .
- CdSn(I, II)Yl(rYn(I, ) ) Vo1 m) bZ(I, 1) I (An cos ((Dnt) +B,sin ((Dnt))’

Yn(l, 1)

+ o -
e Y, — K03(pdULUEHTHI, 3aBUCAIINE OT YaCTOThI COOCTBEHHBIX KOJIEOaHUI MIACTUHBI M, Jo(ryn ) — dyHKUMSA
beccens HyneBoro nopsiaka nepsoro poaa; ¥, (ry; ) — ¢ynkums beccenst HyneBoro nopsiaka BToporo poaa ((yHk-

st Heiimana); Io(ry; ) — MomubunMpoBanHas QyHKIMs beccenst HyneBoro nopsiika mepBoro poaa ((QyHKIUS

Hudenvna); K, (ry; ) — MoauduimpoBanHast GyHKIHs beccenst HyneBoro nmopsiaka Broporo poaa (gpyHkus Mak-

noHansna) [31; 32]; C,, — KOHCTaHTbI UHTETPUPOBAHMUS, ONIPEEIsIEMbIC U3 TPAHUYHBIX YCI0BUM; 4, U B, — KOH-
CTaHTBHI, OTIpeIeTIieMbIE U3 HAYaIbHBIX YCIOBUH KOIeOaHMH MIacTHHEI (6).

KOHCTaHThI HHTETPUPOBAHHUS Cs2(l)’ Cs4(1)’ Cs7(I)’ ng() CdZn() Ca’4n(1)’ Ca’én(l)’ Cs.,

HSTH PABHBIMH HYJIIO HCXOJIS M3 YCIIOBUH PETYISIPHOCTH (DYHKITHIA TTepeMeIeHnid, 00yCIIOBIEHHBIX CHHTYJIISP-

HOCTBIO B IIEHTPAJILHOW TOYKE IIacTUHBI (TipH # = 0):

Cs2(I) = Cs4(I) = Cs7(I) = CSS(I) = Cd2n(I) = Cd4n(I) = Cd6n(l) = Ca’Sn(I) =0. (13)
Cucrema ypaBHeHHH, chOpMUPOBAHHAS U3 IPAHUYHBIX YCIOBUH (2)—(4), CIy>KUT IJIs1 ONpe/ieIeHUs] KOHC-

TaHT UHTETPUPOBAHUS KaK TP KBA3UCTATHUECKOM, TaK M NIPU TUHAMUYECKOM Jie(hOPMHUPOBAHHH.
BpemeHHBIe KOHCTaHTBI UHTETPUPOBAHUS A, 1 B, MOTYT ObITb ONpEleseHbl U3 HavYajabHbIX yCIOBHH (6).

Omnwmpasick Ha CBOHCTBO OPTOrOHAJIBHOCTH KOOPAMHATHBIX (YHKIMH AMHAMHYECKUX COCTABISIOIINX MPOTH-

1) TpeOyeTcs npu-

00B Wn(r), MTOJTyYUM BBIpayKeHUs U1l A, U B :
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Ry Ry Ry
4,= J’”Wn(’”)wd(’”a O)d’”:_J W,y ()W (7 0) dr — J’”Wz(n)(”)ws(n)(’”a 0)dr =
0 0 Ry

B
= _J. (F[CdSn(l)IO(r’Y;(I) ) + Cdm([)Jo(VYJ(I) )} X
0
X I:CSS(I) + Cs6(I)V2 + D(I)J.%J.T’_[%_[(l’q(l)(l’, 0))drdrdrdr:|)dr —

RH
- J. (r[cdSn(ll)IO(r’Y;(ll) ) + Cd6n(11)K0(rYn+(n) ) + Cd7n(11)J0(rYn_(n) ) + Cdsn(n)Yo(rYn_(u) ):| X

R R R
1 . —11! . ! .
B,= o, J W, (r)w,(r, 0)dr = ®, 6[”%(1)(’”)%(1)(’”’ 0) dr + I,! VVKI(H)(”)WS(H)(Va 0)dr |=

Ry
- ;)_1{.[ (”[CdSn(I)IO(”Y;(I) ) + Cd7n(1)*]0(’”7;(1) )}D(I)I%JFI%I(W?(I)(V, 0))dl’drdrdr] dr +

+ (F[CdSn(lI)IO(rY;(II) ) + Cdén(II)KO(rY;(II) ) + Cd7n(u)‘]0(ryn_(n) ) + Cdsn(ll))/()(ryrz_(ll) ):| X

X D(II)J%JFJ%J(FQ(II)(V’ O))drdrdrdr) dr :I

Takum oOpa3zom, perrenue (5) ¢ yaeroM BeipakeHuit (9) u (12), a Takxe koHctaHT (13) u (14) sBusercs
peIICHUEM 3aJ1a9K O BBIHYXKJICHHBIX KOJICOAHUSX TPEXCIONHOM CTYNeHYaTo! TIIACTHHBI.

YuciieHHbIE HCCIIET0BAHUS

15t anpoOanuy moay4eHHOro peleHHs PAcCMOTPUM J1e(hOPMUPOBAHHUE CIECTYIOMINX TAKETOB TPEXCIOMHBIX
crynendarsix miactud: J[16T — dropormnact-4 — J116T, ctans — dpropormmact-4 — crans, cranb — [1C-1 — cTans
(16T — mropamomunnit, [1C-1 — momuctuponbHbIi neHoruiacT). Pu3nko-MexXaHU4eCKHe XapaKTepUCTHKH pac-

cMaTpuBaeMbIx Matepuaios [33-35]: 16T —p, , =2700 kr/m’, K ,=0.,8- 10" TTa, G, ,=0,267 - 10" ITa; dpropo-
macta-4 — py =2150 kr/M’, Ky =3,45 - 10" a, G;=9,0 - 10" ITa; cramn — p, , = 7850 kr/m’, K| ,=1,913- 10" ITa,
G,,=0,78- 10" ITa; IIC-1 —p;=60 KF/M3, K;=10- 107 Ma, G;=1,5- 10" Tla (p —moTHOCTH Marepuana, K — Mo-
IyJlib 00beMHOM gehopMary Marepuaia, G — MOIyIIb CIBUTra MaTtepraia). Paauyc BHEITHETO KOHTYpa paccMaTpH-
BaE€MBIX IIACTUH R;; paBeH 1 M. 3HaueHHs TONIMH HAPY>KHBIX CI0EB: hl(l) =h, n= 0,04 M, hl(H) = hz(n) =0,02Mm

(m71s TIIACTHH € YIIUPEHNUEM B IIEHTPAIbHOM YacTH); hl(l) =h, n= 0,02 m, f, = h, = 0,04 M (s TIIacTHH

2(1)
C Cy)K€HHEM B LIEHTpaJIbHOU 4acTH). TonmuHa cpeanHHoro 3anonHurtens A, cocrasuser 0,3 m. Ha mnactuny
JIeHCTBYeT NOCTOSIHHAS BO BPEMEHH IMHAMUIeCKast Harpyska ¢ (#) = const. Bo Beex 4mclIeHHBIX pacueTax orpa-
HUYCHHE JJTUHBI CyMMUPYEMbIX PsisioB (12) B KaXKIOM CITydae UCCIIENOBAIOCh OTIEIBHO.

Ha puc. 2—4 npencrapieHbl rpauky M3MEHEHUST BEJIUYUHBI IIPOTHOa W B IIEHTPAJILHONM TOYKE TUIACTUHBI
(r=0) c TeueHreM BpPEMEHH ¢ BEIHYKJCHHBIX KOJIeOaHUH, BRI3BAHHBIX PABHOMEPHO paclpe/elICHHOH Mo Beeit
ITOATH HATPY3KOW HHTEHCHBHOCTHIO q0)= 9y = —100 I1a.
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ala
w,MA 0,01 0,02 0,03 004 0,05 0,06 0,07 0,08 0,09 0,10 0,11 0,12 0,13 0,14 ;
0 : \ ' t ‘ -
~0,002 1 a—ﬂ \ /gy |
—0,004 +H / \ \ N\ R, =0,75R,
~0,006 % i
~0,008 . \ | R,=0,50R,
0,010 \
~0,012 B R,=025R,
~0,014 il -
~0,016
6/b
w,MA 0,01 0,02 0,03 0,04 0,05 0,06 0,07 0,08 0,09 0,10 0,11 0,12 0,13 0,14 ;¢
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Puc. 2. VI3MeHeHHE BeTMYMHBI IPoruda B IEHTPAIBHOM TOYKE IMaKkeTa

J16T — ¢ropornact-4 — [116T ¢ ymupenuem (a) u cyxenueM (6) B EHTPaIbHONW 4acTH
Fig. 2. Change of deflection at the central point of the package D16T — PTFE — D16T

with widening (@) and narrowing (b) in the center
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Puc. 3. VI3aMeHeHne BeTMYUHBI TPOruba B EHTPAIBLHOM TOUKE IakeTa
cTanb — PToporutacT-4 — CTalb ¢ yUIMpeHueM (a) U cy)keHueM (6) B ICHTPaJIbHOU YacTH

Fig. 3. Change of deflection at the central point of the package steel — PTFE — steel
with widening (a) and narrowing (b) in the center
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Puc. 4. VI3MeHeHHE BeTMYMHBI IPOrH0a B IEHTPAIBHOM TOYKE IMaKeTa

crasb — [IC-1 — cTans ¢ ymupeHnueMm (a) 1 cy>xeHueM (0) B HEHTPaAIbHON 4acTH

Fig. 4. Change of deflection at the central point of the package steel — PS-1 — steel
with widening (@) and narrowing () in the center
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M3meHenne BeTMUMHBI MAaKCUMAIHHOTO MPOTHba 1 neproja koyiedanuii 00ycioBI€HO H3MEHEHHEM JKeCT-
KOCTH 3JI€MEHTa IIPH BapbUPOBAHUHU €I0 F€OMETPUUECKHUX MapaMeTPOB U (PU3MKO-MEXaHUIECKUX CBOHCTB.
W3 puc. 2—4 BunHo, uyTo Ae(HOPMAaTUBHOCTH TPEXCIONHBIX 3JIE€MEHTOB MPHU TWHAMUYECKOM Harpy>KeHUH
B OOJIBLIEH CTETIEHN 3aBUCUT OT MEXaHUYECKUX XapaKTCPUCTHK BHEITHHUX CIIOEB, YeM OT MEXaHMUECKHX Xa-
PAKTEPUCTUK CPEIMHHOTO 3aIONHUTENS. Tak, MPH yBEITUYCHUH MOIYIsl 00bEMHOM AeopMaluy BHEITHHX
cioeB B 2,4 pa3a nmporud ImiacTHH paccMaTpUBaEMOi TEOMETPHUH B CPEIHEM YMEHBITUIICS B 2,35 pasa. [Ipu
YMEHBIIEHUN MOAYNA 00beMHON JedopMalui CpeAMHHOTO 3anoaHuTens B 34,5 paza nmporud miacTHHBI
yBeanuuics B 1,1 pasa.

PaccmoTpum mepBbIii MaKCHMaJIbHBIN MPOrU0 TIACTHHBI, BOZHUKAIOUINHM B Tpoliecce KojaeOaHui, u mpo-
CJIEIMM 3a U3MEHEHUEM €TO BEJIMYWHBI IPH M3MEHEHUH paJinyca LEHTPAIBHOIO y4acTKa YKa3aHHBIX BBIIIE
nakeToB racTuH. Ha puc. 5 npencrasiensl rpaguku M3MEHEHHS IPOruoda npyu KBa3UCTaTHYECKOM U TMHAMU-
YeCKOM J1e(hopMUpOBaHHH.
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Puc. 5. VI3MeHeHNe BeTMYHHBI IPOTHOA B IIEHTPATBHOM TOUKE IMAKETOB
J16T — dpropornact-4 — 16T (a), ctans — Gpropornact-4 — ctans (0), ctans — [1C-1 — ctans (8):
1, 2 — nuHaMu4eckoe (B MOMEHT MEPBOTO0 MaKCUMAJIBHOTO MPOruda) U KBa3uCTaTHUECKOE
ne(OPMUPOBAHUE TUTACTHHBI C YITUPECHUEM B ICHTPAIBHOMN 9aCTH COOTBETCTBEHHO;
3, 4 — nuHaMuYeckoe (B MOMEHT IEPBOr0 MaKCHMAJIbHOTO MPOruda) U KBa3uCcTaTH4eckoe
Je(OPMUPOBAHUE TUIACTUHBI C CY)KEHHEM B IICHTPAILHON YacTH COOTBETCTBEHHO

Fig. 5. Change of deflection at the central point of the packages
D16T — PTFE — D16T (a), steel — PTFE — steel (b), steel — PS-1 — steel (¢):
1, 2 — dynamic (at the moment of the first maximum deflection)
and quasi-static deformation of the plate with widening in the center respectively;
3, 4 — dynamic (at the moment of the first maximum deflection)
and quasi-static deformation of the plate with narrowing in the center respectively

W3 puc. 5 BuaHO, 4TO I pacCCMOTPEHHBIX IakeToB npu R, = 0,615R |, Kak pu KBa3UCTAaTUYECKOM (KpH-
BbIe 2 U 4), TaK ¥ TIpU AMHAMITYECKOM (KpuBbIe / 1 3) 1ehopMUpPOBaHIH IJIACTHUHEI C yITUpeHHeM (KpuBbie / 1 2)
U TUTACTHHBI C Cy’)KeHHEM (KpHBbIE 3 1 4 ) B IEHTPaJbHON YaCTH UMEIOT OAUHAKOBBIH nporud. [1pu aToM 00bem
Mmarepuaa, TpeOyeMbli /Il H3TOTOBJICHUS] BHEIIIHUX CJIOEB IJIACTUHBI C CY)KEHHEM B IICHTPaIbHOM 4acTH, Ha
18 % mpeBbITIaeT 00beM MaTepuana, TpeOyeMbIi I H3TOTOBIIEHHUS BHEITHHUX CJIOEB TUIACTHHBI C YITUPEHUEM
B IIEHTPAIILHON YacTH. M3 3TOr0 MOXKHO CZeNaTh BBIBOJI, YTO IIPU PaBHOM J1e(hOpMaTUBHOCTH JIBYX BHJIOB ILIaC-
THH IUTACTHHA C YITUPEHHEM B LIEHTPAIBLHON YaCTH MEHEe MaTepraloeMKa.

PaBHas MarepnanoeMKOCTh IIACTHH C YIIMPSHUEM U CY)KEHHEM B IICHTPaJIbHON YacTH JTOCTUTACTCS IPU
R,=0,707R,;, uTO BUAHO U3 puC. 6.

Paccmotpum nehopMaTBHOCTD CTYTNIEHYATHIX IUIACTHH MO JISHCTBHEM PaBHOMEPHO pacrpe/iesIeHHOH JINIIIb
BJIOJIb OJTHOTO ydacTKa Harpys3ku (puc. 7-9). PaBHozeicTBYIOmAs HArpy3KH, BOCIIPUHUMAEMON IIACTUHOM, CO-

crapiset Bermuauny F'=—100 xH. /11 maBnennst, AefCTBYIOIIETO IO TUTOIIA TN IIEHTPATFHOTO YIacTKa, qn) =
F

n(Ri - RY)

>
an
JUISL TABJIEHHU, IEUCTBYIOIIETO MO IUIONIaAu HapyKHOTO y4yacTka, q(H) =
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[Ipu HarpykeHUH HEHTPATHHOTO yYacTKa KpUBbIE IPOTUOOB JUId TUTACTHH C YIIHPEeHHEM (KpUBbIE /) U Cy-
xKeHueM (kpusble 2) nepecekarorcst B Touke 4 npu R = 0,54R,; (i nakera [{16T — gropomnacr-4 — [116T)
(cm. puc. 7) u R; = 0,55R,; (u1st makeToB cTajib — (hroporuiact-4 — crainb u craib — [IC-1 — crans) (em. puc. 8 u 9).
B aTom cnyyae oObeM Marepuana, TpeOyeMbli ISl M3TOTOBJICHUSI BHEIIHHUX CIIOCB IIACTHUHBI C CY:KCHHEM
B LIEHTPATHHON YACTH MPHU pacCMaTPUBACMBIX TE€OMETPUUICCKHUX TapameTpax, Ha 32 % (mns makera 16T —
¢droportact-4 — J116T) u 30 % (as nmakeToB cranb — roporiact-4 — crajib u ctanb — [1C-1 — crane) npe-
BhIIIACT 00bEM MaTepuala, TpPeOyeMblid JUIsi U3rOTOBJICHUSI BHEITHUX CIIOCB IUIACTHHBI C YITUPEHHEM B IICHT-
panbHON yactu. Takum oOpa3om, B ciydae NMPHUIOKEHHs BHEIIHETO BO3JCHCTBHS JIMIIL B 30HE ydacTka I
IUTACTHHA C YIIMPEHHEM B IEHTPAILHON YaCTH TaKXKe ABJISIETCA MEHEe MaTepHajJIoeMKOM IIPH YCIOBUHU PaBHON
ne(hopMaTUBHOCTH.

0,2 0,4 0,6 0,8 1,0
R, ™M

Puc. 6. 3aBUCIMOCTH IIIOMIAAN YIACTKOB CTYNIEHIATON TIIACTHHBI
OT pajJiyca rpaHuIlbl Mepernasia TOMIUHbEI BHEIIHUX HECYIINX CIOEB:
1 — yuactok I; 2 — yuacroxk II

Fig. 6. Dependence of the area of the stepped plate sections

on the radius of the thickness difference in the outer bearing layers:
1 —section I; 2 — section 11
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Puc. 7. I3meHenue nporuda B EHTPAIBHOM TOYKE MaKeTa
J16T — dpropornact-4 — J116T npu qHAMHYECKOM (@) M KBa3HCTaTHUECKOM (6) IeOpPMUPOBAHIH:
1, 2 — HarpyKeHue y4acTtka | B INIACTHHE ¢ yIIMPEHHEM U CYKEHUEM B IIEHTPaJIbHOM 4aCTH COOTBETCTBEHHO;
3, 4 — HarpyxeHue yyactka I B miacTuHe ¢ ymmpeHHeM 1 cy)kKeHHEeM B IEHTPAIbHOH 4acTH COOTBETCTBEHHO

Fig. 7. Change of deflection at the central point
of the package D16T — PTFE — D16T during dynamic (a) and quasi-static (») deformation:
1, 2 —loading of section I in the plate with widening and narrowing in the center respectively;
3, 4 — loading of section Il in the plate with widening and narrowing in the center respectively
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Puc. 8. Iamenenue nporuda B HEHTPATBHOM TOYKE IMaKeTa
cTajb — roporiacT-4 — crajb PU JUHAMUYECKOM (@) U KBa3ucTaTuueckoM (6) neopMHpOBaHUH:
1, 2 — Harpy’>keHHe yJacTKa | B IilacTHHE ¢ YIINPEHHEM U Cy)KEHHEM B IIEHTPAIBHOI 9acTH COOTBETCTBEHHO;
3, 4 — marpyxeHnue ydyactka I B ruilacTuHe ¢ ymmpeHHeM U Cy)KEHHEM B LIEHTPAJILHON YacTH COOTBETCTBEHHO

Fig. 8. Change of deflection at the central point
of the package steel — PTFE — steel during dynamic (a) and quasi-static (») deformation:
1, 2 —loading of section I in the plate with widening and narrowing in the center respectively;
3, 4 —loading of section II in the plate with widening and narrowing in the center respectively
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Puc. 9. Iamenenue nporuda B HEHTPAIBHOI TOYKE ITaKkeTa
ctanb — [IC-1 — cTanb npu AUHAMHUYECKOM (@) ¥ KBa3UCTaTHYECKOM (6 ) aeopMUpOBaHUU:
1, 2 — Harpy>xeHue y4acTka | B IulacTHHe ¢ yIIMPEHHEM U Cy)KEHHEM B IEHTPAIBLHOI YacTH COOTBETCTBEHHO;
3, 4 — narpyxenne y4yacTka Il B mmacTuHe ¢ ynmpeHueM U Cy)KeHHeM B IIEHTPAIBHOH 9acTH COOTBETCTBEHHO

Fig. 9. Change of deflection at the central point
of the package steel — PS-1 — steel during dynamic (@) and quasi-static (b) deformation:
1, 2 —loading of section I in the plate with widening and narrowing in the center respectively;
3, 4 —loading of section II in the plate with widening and narrowing in the center respectively

Paccmotpes panuyc nenTpanbHoro yyacrka R, = 0,707R;, Ipu KOTOpOM MaTepUaaoeMKOCTb IUIACTHH Pa3-
TMYHOHN (hOpMBI OyIeT OMHAKOBa, BUAMM, YTO IPU HArpyxeHnu yuactka | (kpussie / u 2) mporu0, BO3HUKAIO-
MM B TJIACTUHE C YITUPEHHUEM B IIGHTPATBHOM YaCTH, JUIsl BCEX MCCIIEOBAaHHBIX MTAKETOB COCcTaBiseT 58 % oT
nporuda, BOZHUKAIOILETO B IUIACTUHE C CY’KEHHEM B IIEHTPaJIbHOM 4acTH.

B ciyuae npusioxkeHus BHEITHEH HArpy3Ky K y4acTKaM, HMEIOIINM MUHUMAJIbHYIO TOJIIUHY (HApyKHOMY
YYaCTKy AJIs IUIACTHHBI C YITUPEHUEM B ICHTPAJIbHOM YacTh (KpuBble 3) U HEHTPAILHOMY YYacTKY ISl TTIaCTHHBI
C CY’)KEHHEM B LIEHTPAJIbHOU YacTH (KpUBBIE 2)), IIIACTHHBI 00enX (opM MoTydaT paBHbII NPOrud Npu paauyce
LEHTPaJILHOIO y4acTka oT R; = 0,20R; 10 R; = 0,23R}; (Touku B Ha puc. 7-9). IIpu 5TOM MaTepranoeMKoCTh
TUIACTHHBI C CY)KCHUEM B LICHTPaIbHON yacTu OyneT Bbime Ha 85—88 %.

Pesynbrare! uccnenoBanus Mo OMPEACICHUIO IPHOPUTETHOTO BapyuaHTa Mepeayl BHEIIHEH Harpy3ku Ha
YYACTKH CTYIEHYAThIX TJIACTHH, OCHOBAHHBIC Ha CPABHEHUH MTApaMeTPOB 1e(hOPMAaTUBHOCTH — MaTepUAIOEM-
KOCTb, CBEJICHBI B TAOJIHILY.
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OnTHMAIBHBIH C0CO0 HATPY:KeHHS IIACTHHBI PH CPABHEHUH BO3MOKHBIX BADHAHTOB

The optimal way to load the plate when comparing possible options

Harpyxenue Harpyxenue
C HauMeHbUIEH C HauMEHbILIEH
CpaBHUBaeMble CpaBHUBaeMbIe
Ie(OPMATHBHOCTHIO ne(OPMATHBHOCTHIO
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11 puMedaHHUuc. OnruManbHEIA crrocob HarpyxeHus JJIs1 KaXXKA0ro U3 BapuaHTOB OTMEYUCH 3HAKOM (ILTFOC».

3aKjIoueHune

B pabore noiyueHo aHaTUTHYECKOE PElIeHHe, KOTOPOE MO3BOJISIET ONPEICIUTh MTePEMENICHNS], BO3HU-
KArOIIHE TTPU BBIHYKICHHBIX KOJICOAHUSIX KPYTOBOW TPEXCIOWHOHN TUIACTUHBI CO CTYNEHYATHIM H3MEHCHUEM
TOJIITUHBI BHENTHUX HECYIIHX cI0eB. [lomyuenHoe pemenne crpaBeayinBo s TaKETOB, COOPAHHBIX U3 TIOOBIX
MaTepuajIoB, KOTOPbIE BOCIIPUHUMAIOT JIMTHEHHOE BO BPEMEHH OCECHUMMETPHUYHOE BEPTUKAITHHOC BHEITHEE
BO3JICHCTBUE, NMEIOIIEee TTPOM3BOIBHYIO JIOKAIU3AINIO Ha y9acTKax TuIacTUHBL. COCTaBHON YacThIO TIpej-
CTaBJICHHOTO PEIICHUS SBIISIETCS PEIICHUE, TIO3BOJISIONIEE OMPEACTUTE IIEPEMEIICHUS TIPY KBa3UCTATHIECKOM
ne(hOpMUPOBAHUN TPEXCITOWHOM CTYIIEHIATON TNIACTHHBI, YTO TAET BO3ZMOXKHOCTH TApaUIeILHO PacCMaTPHUBATh
cpasy [1Be 3aja4H.

B pamkax 9rciieHHBIX UCCIICOBAHIH TPOAHATU3UPOBAHBI ITAKETHI U3 PA3TUIHBIX MAaTCPHUAJIOB U BBISBIICHO,
YTO JTUHAMHUYECKOE BHEIITHEE BO3CHCTBUE TIPUBOANT K YBEIWUCHHUIO TPOTHOA B CPEAHEM B 2 pa3a Mo cpaBHe-
HUIO C TIPOTHOOM MPH BOCTIPUATUN KBa3UCTATHUCCKOTO BO3IEHCTBHS TAKOH K€ HHTCHCUBHOCTHU. [ lTacTUHEI co
CTYIICEHYATHIM N3MEHCHHUEM TOJIIITUHBI BHEITHUX HECYIHUX CJI0EB, HMEIOIIHIE YTOMIICHUE B IICHTPATHHON YaCTH,
001a1at0T MEHBIIIEH MaTepHUaJIOEMKOCTRIO TIPH YCIIOBUU PABHOH e hOPMATHBHOCTH, YEM TIIIACTHHBI, UMCIOIITHE
YTOJIIICHHE 110 TIepu(Eepum.
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CTABUAN3NPOBAHHBIE IBHBIE METOADBI
THUIIA AAAMCA BBICOKUX ITTOPSIAKOB C AEMITOMPOBAHMUEM

A. B. MOHCA", B. B. DAJIEHYUK", B. H. PEITHUKOB"

1)Ee/zopycacuzl 2ocyoapemeennblil yHusepcumem, np. Hezasucumocmu, 4, 220030, e. Munck, Berapyce

[Iponomxaercs uccieq0BaHUE IBHBIX METOAOB THIA AlaMca ¢ PacIMPEHHBIM HHTEPBAJIOM YCTOWYMBOCTH, BIIEPBHIE
IIPEJCTABIEHHBIX B IPEbIAYIIEH CTaThe aBTOPOB B U3aHuU «KypHan benopycckoro rocy1apcTBEHHOTO YHUBEPCUTETA.
Maremaruka. Madopmaruka» (2021, Ne 2). Takue mMeToasl TpeOYIOT TOIBKO OJHOTO BEIYMCICHUS [ Ha Ka)KIIOM IIIare,
HO TIPH 3TOM MMEIOT TOpa3zio OoJiee AIMHHBIE HHTEPBAIbl yCTONYNBOCTH, YeM KJIacCHYecKue aHanoru. Lleapio paboTs
SBJIACTCS IOCTPOCHHE JeMII(PUPOBAHHBIX MOAU(DHKALIMI METOOB C PACIIMPEHHBIM HHTEPBAJIOM YCTOHYUBOCTH BTOPOTO
TOpsIJIKa M BBIIIE, & TAK)KE TECTHPOBAHUE MX MPUTOIHOCTH JUIS PELICHUS )KECTKHX CHCTEM OOBIKHOBEHHBIX AH(D(hepeH-
LUaJIbHBIX ypaBHeHUH. /sl paciuupeHnsi o0acTH yCTOMYMBOCTH BOJNW3M JCHCTBUTEIBHONW OCH Mpeiaraercst oomas
Ipoleaypa ONTHMHU3ALNHI, OCHOBaHHAsI HA ITIOMCKE TI0 CETKE C MOCIE0BaTeILHBIM YBEIHUCHUEM JIeMII(pUpyIoLIero na-
pametpa. CTpOSATCS psi/i METOJIOB BTOPOTO, TPETHEr0 M YETBEPTOTO MOPS/IKOB, OIUCHIBACTCS PEANn3alys aJaliTHBHOTO
BBIOOpA IIara HHTETPUPOBAHUS M IPUBOAATCS PE3yIbTaThl CPABHUTEIBHBIX YHCICHHBIX KCIIEPHUMEHTOB.
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HIGHER ORDER STABILISED EXPLICIT
ADAMS-TYPE METHODS WITH DAMPING

A. V. MOISA®, B. V. FALEICHIK®, V. I. REPNIKOV*

*Belarusian State University, 4 Niezalieznasci Avenue, Minsk 220030, Belarus
Corresponding author: A. V. Moisa (moysa@bsu.by)

In this paper we continue the study of explicit Adams-type methods with an extended stability interval represented for
the first time in the previous article of the authors in «Journal of the Belarusian State University. Mathematics and Infor-
matics» (2021, No. 2). Such methods require only one calculation of f at each step, but at the same time, they have much
longer stability intervals than their classical counterparts. The aim of this work is to construct damped modifications of the
methods with an extended stability interval of second order and higher and to test their ability to solve stiff systems of ordi-
nary differential equations. In order to extend the stability regions along the real axis, we propose a general optimisation
procedure based on grid search with a progressive increase in the damping parameter. We construct several methods of
second, third and fourth orders, describe the realisation of the adaptive choice of the integration step, and represent the
results of the comparative numerical experiments.

Keywords: stiff systems; linear multistep methods; Adams-type methods; explicit methods.

Introduction

Let us consider a system of ordinary differential equations

y'zf(t,y), y(to)zyo,y:R%R",f:RX]R"—)R". (1)
Methods of the form

ym+k=ym+k_1+T(Bofm+~-+Bk_1fm+k_1) (2)

with an increased length of the stability interval were considered in work [1]. Let p be the order of the me-
thod (2). The root locus curves [2, p. 241] of these methods have the form

p(E) ¢ -¢"
G(C) ZBJCJ

These curves for a sufficiently large & touch the real axis at several points (fig. 1). Damping of the me-
thod for the numerical solution of the initial value problem (1) [2, p. 32-33] is a qualitative modification
of the method in order to increase the distance between the boundary of the stability region and the real
axis (see also [3; 4]). This is necessary for the stability of the method in the case of slight deviations of the
eigenvalues of the Jacobian matrix from the real axis. When constructing a damped method, we need to
introduce a minimal change to the stability interval length while keeping an acceptable distance of the root
locus curve from the real axis.

The paper is organised as follows. In section «Damped methods construction» we describe the approach
which was used to construct the damped stabilised Adams-type methods of higher orders. The implementation
details and the results of numerical experiments are presented in section «Implementationy.

C={uy(*)]o <0, 2m)}. 1y 0)= G)

p=4, k=21

Fig. 1. Root locus curves (3) of the methods
with an extended stability interval
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Damped methods construction

Problem statement. The optimisation problem for the unknown coefficients of the damped method can be
stated as

B* = argmin py(-1),
BeFnT,

F={BeRr!|mp(c?)2e Voely, n-v]}

k-1 - 1
={B€Rk‘zoﬁj z 1_k+Jq 1Bj=a’q:27p}7
j= =

where ¢ is a parameter which determines a shift from the real axis, and y is a small constant which eliminates
inequalities in the conditions where sin is small. However, it is not possible to solve it in this form for a suf-
ficiently large £, so let’s try to get a simpler problem.
It was shown in work [1] that the imaginary part of root locus curve (3) of the method (2) has the form
k-1
2 a; cos j@
j=0

Impy () = O(p)sing, O(9)==——
Z Sj cos j@
j=0

“)

where

a .
ai_1 =2y, ak—j—lzsz_ak—j’ aO:Bk—l_El9 J=Lk=-2,

k-1 Jj
80 = 2 B]27 8] :2ZBIB.f+1’ ]:1, k-1
Jj=0 1=0

A way of damping of the first order methods was proposed in work [1]. It is based on the representation of
O(@) of the damped method as

®)

where C is a scaling constant to be determmed from only one order condition. The coefficients [3 and 8 are
related to @; in the same way as f3; and , relate to a; in formula (5). Thus, B can be found from &; as

A G N &t
BO_ 2 ’ Bj_ 2

This approach is not applicable in the case when there are more than one order condition (p > 1), therefore
to construct a higher order damped method we put

214=C(aj+88j+vj), (7)

J

» By 1—a0+— j=L k-2 (6)

where V. are constants, p — 1 of which are determined from the order conditions, and the rest can be set in such a way
that the stability interval of the obtained method is the largest possible, but at the same time the imaginary part of the

root locus curve is greater than ¢ on the segment [y, 7t — v]. Let’s write the corresponding optimisation problem as

C, v=argmin lig (—1),
(C‘A,v)ef,
Ppe?,
A (®)
]—":{CER, VGRk‘Q((p)Sin(pZS Voely, n—y]}.

Problem (8) is much easier to handle than problem (4) because, firstly, the functions from the admissible set
directly depend on the sought coefficients, and, secondly, it turns out that to obtain an acceptable result, it is
enough to immediately fix v, =v,; =... =v, =0, p— 1 < ¢ <k, thus reducing the dimension of the problem.
We chose € = 0.05, y = 0.15 in our implementation.
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The damped methods construction algorithm. The algorithm below is based on a combination of a brute-
force grid search with a successive increase of €.

The required input values are:

* the coefficients {Bj} of an original stabilised Adams-type method constructed in work [1];

* the search grid step /4, the empirically defined range of values is /1 € [10_4, 10_3];

* the required root locus curve shift from the real axis ¢ > 0.

The output of the algorithm is the scalar variable sc and the vector variable nu which store the computed va-
lues of Cand v = {Vj } respectively. The sought coefficients of the damped method {Bj} are then derived from C

and v using formulas (7) and (6).

Algorithm: damping of the higher order stabilised explicit Adams-type method.

Require: 3, =0, k-1,/72>0,e>0.

1:
2:

10:

11:
12:
13:

14:
15:
16:

17:

18:

19:
20:
21:

22:
23:
24:
25:
26:
27:
28:
29:
30:

31:

32:
33:
34.
35:
36:

. h
leps «— —

N N AN

Calculate a;, §,, j =0, k-1, from B; by (5)

> Vi

q(—min{2+p,k—p}
:oe{oj=0,j=0,q—p}
:nu(—{nuj=0,j=0,k—1}

5

: while eps < ¢ do

{0
N « [oo—h, 09> 0y + h] x [ol—h, 0, 0, + h] X ... X [0
for every unique node » in N do

ISR DI

{vq, . vk_l} <o, ..., 0}
Express d; « C(aj +eps- 9, + vj), see (7)

q-p

Express Bj from d; as in (6)

Find C, v;, j=q—p+1 g—1 from the order conditions P, (4)
Calculate values of Bj

if Imuﬁ(ei‘p) >eps Vo ey, m-7]

and Imuﬁ(ei“’) 20 Voe[n-v, n]

and ‘uﬁ(ei“)

sc <« C
nu < v

l ‘uﬁ(em)

> ( then

else
continue
end if
end for
if 7/ > 0 then
0 < nu
if eps = € then
break
else

eps ¢« min {eps + g, 8}
end if
else
q<—qg+1
Append nu,_, , | to vector o
end if

37: end while
38: return sc, nu
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The non-linear system of equations which needs to be solved in row 14 is transformed to a linear one by
replacing C - v, withx;_ .

The inequalities in rows 16 and 17 can be checked for every local minimum of function Im uB(eiq’ ), taking
into account the specific shape of this function (fig. 2).

It is necessary to manually check the shape of the root locus curve of the damped method, because some-
times the algorithm can produce an unsatisfactory result (although it formally satisfies all the requirements).
In order for the root locus curve to have a more regular shape, it is necessary to increase the parameter ¢ in
row 2 and repeat the algorithm.

Examples of the root locus curves of the damped method for p =4, k= 21 and different values of € are pre-

sented in fig. 3, graphs of O(¢) and Q((p) of these methods are given in fig. 2. Stability regions of the second

order methods with an extended stability interval and their damped versions (¢ = 0.05) for k=4, ..., 13 are
presented in fig. 4.

1.0

0.8

0.6

0(¢) and O(0)

0.4

0.2

O||||I||
0.5

A

—0(9) —O0(9),£=0.05 —O(9),e=0.1

1.5 2.0 2.5 3.0

Fig. 2. Graphs of O(¢) and O(¢) of the damped methods with p = 4, k =21

Im (A1)
0.2
0.1

6 i 4 3 -2 -1 %01 Re(21)
N o~ = S S~ N 02
e=0.1 £=0.05 e=0

Fig. 3. Root locus curves (3) of the damped methods with p =4, k=21

Implementation

Implementation of methods (2) with a constant step size is straightforward. To implement a variable step
size, it is necessary to solve the following main tasks:

1) error estimation;

2) increasing the grid step size;

3) decreasing the grid step size.

Error estimation. We use two methods of orders p (main method) and p — 1 (assistant method) to estimate

[»] [p-1]

the error. The values y,, , | calculated by these methods in formula (2) we denote as y,, . , and y,,_ - respectively.

[r]

Then the absolute error estimate of the y,,, , can be found from the well-known formula

aerr=[ AL~ Ar) ©)
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el bdinln

|

Fig. 4. Stability regions of the second order methods with an extended stability interval
and their damped versions (¢ = 0.05) for k=4, ..., 13
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The relative error estimation is defined as

-1
{J’Enpl k }j - {yEanr k] }j
= : (10)
‘{ykplk} | + atol
J
where atol is the value of the required absolute error. It is added to the absolute value of the vector components

to avoid close to zero values in the denominator.
If the inequalities

rerr = ||r|

aerr < atol, rerr < rtol, (11)

where rtol is the required relative error, are satisfied, then the value y£np 1 « 1s considered as accurate enough.

Formulas (9)—(11) can be easily generalised for the case when ato/ and rtol are vector values. To do this, in
expressions (9) and (10) it is necessary to replace the norm by the vector of the absolute values of the compo-
nents, and the inequalities (11) should be generalised to the case of the vector values.

We mainly used the damped version of the method with p =4, k=21 as the main method in our implemen-
tation (see fig. 2 and 3). This method is quite simple to obtain and damp and it has 20 times larger stability
interval than the classical fourth order Adams method. If'it is necessary to get a larger stability interval, it might
be better to reduce the order p instead of increasing k. The coefficients of this method are presented in table 1.
The error constants of some fourth order methods are given in table 2.

Initially, it seems natural to choose an assistant method with approximately the same stability interval as the
main method, for example, p = 3, k = 14 (see fig. 1). But in practice, better results were obtained using the classi-
cal explicit Adams method of order p — 1 as an assistant one. This can be explained by the fact that the result of
the assistant method is not used in the next step, so its instability does not affect the process too much.

Table 1
Coefficients of method with an extended stability interval
and its damped version with p =4, k=21
B
C,v
Initial method Damped method
—0.014543302409352176 | —0.012505757070276 544
~0.03737276745690795 | —0.032789411451952875
~0.043406 196086467105 | —0.039488125649616054 | (g3,
—0.027486 149404601503 | —0.02710756840223853
0.008252769527671221 | 0.0036421767862354817 | 0-0384
0.05453741374197281 0045478507054 11257 0.0507
0.097209 19562192801 0.086 121595255923 64 0.044
0.121058 6278993817 0.111500997 408 773 63 0.0154
0.114285 854014006 83 0.10982066523723678 0.0075
0.072422109 1964963 0.07419621656392267 | —0-0041
0.000623683 1645298625 | 0.009440996312261642 | —0-0016
~0.08639627884825268 | —0.07003394385450419 | —0-0018
0.16697807707346646 | —0.14742963889853627 | 0-0021
~0.21721908002973 ~0.2026743067641012 0.0015
~0.2167683834965075 ~021239613275673438 | 00018
0.1543689556363484 ~0.16305576404555994 | —0-0029
~0.03176697227076077 | —0.049724157 17264737 0
0.135099815930591 2 0.114121239098021 19
0318153574 5819823 0.305707 490985957 0
0.482259056 075009 85 0.483 881120483 0822
0.592404062 958 8244 0.613293 8008806402
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Table 2

Error constants of the fourth order methods
with an extended stability interval
and their damped versions

k Initial method Damped method
21 942113 88.2036
17 41.4624 39.1333
13 14.8998 14.196
9 3.8788 3.7303

Increasing the grid step size. In the cases of sufficiently small errors aerr and rerr it makes sense to
increase the step size T of method (2). In contrast to one-step methods [5, chapter II, section 11.4], changing
the step size T by an arbitrary factor causes serious computational difficulties (see also [3; 4; 6]). To simplify the
process of updating the grid, we introduce the constant

CW

. T
irate = —r:c ,

where T, is the step size after the increasing (fig. 5).

new

- ° . ° - ° - ° £ . L 2 1 .-

@ o0& o S0 @ & o S0 @& o5& o S+ &

® Initial grid @ Grid after increasing the step size

Fig. 5. Increasing the grid step size in the cases

irate =2 (top), irate = % (middle) and irate = % (bottom)

After increasing the grid step size, the density of nodes decreases, but their number must still be at least &
to calculate the next value of the solution by the formula (2). We will store a grid of nodes of size

gsize = I_irate(k - 1) + 1_'

to avoid extrapolation. It allows to calculate £ nodes of the increased grid by the interpolation polynomial and
continue solving using the formula (2) with the new step size T, .

We used the Hermite interpolation polynomial in our implementation. For methods with p < 3, the well-
known formula
VitV o1

. k
+—(f1—z+ﬁ_1), l=m+ k-3], J:(),L‘”’{E_lJ’

5 2 8

N w

. . . . 3 .
is enough to find the values of the missing nodes in the case irate = =. For higher order methods we used the
more accurate formula 2

+ _—
512 512

y 3= (35 +81f_,-81f_,—3f),

N | W

I=m+k-3j, j=0,1,..., {%—IJ.
Naturally, we have to completely fill the grid with solution values before the next increment. It is reaso-

nable to choose a method with irate - (k—1)e N to reduce the computational costs when grid values with an
increased step size are calculated.
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Suppose that the value irate is chosen. If at some moment the number of stored solution values is less than
gsize (for example, at the very beginning or immediately after increasing the grid step size) then it is not possible
to increase the grid step size. If the entire grid is completely filled, in addition to inequalities (11) the condition

rtol

aerr < atol rtol <o
irate” irate”
should also be checked. If it is satisfied, we calculate the missing grid nodes with an increased step size T,
and store them into a separate array. Then we find the next value of the solution using formula (2) and check
its accuracy using inequalities (11). If they are satisfied, we change the old grid with step size T to the new one
with step size T,.,, and continue calculating with this step. If inequalities (11) are not satisfied, we discard the so-
lution value obtained with step size 7,..,, and continue applying the method with step size T.

, 0<o<l,

In our implementation we take irate = > o =0.9.

This implementation already works quite well, but it can be further improved. Consider the situation when
the errors aerr,, , , and rerr,, , of yEnp-;kl] still satisfy conditions (11) but at least one of them have become larger

than aerr,, , ., and rerr, . ., respectively. This could happen for three reasons:

1) the error of integration of the function f has increased;

2) one or more eigenvalues of the Jacobian matrix went out of the stability region;

3) there were roundoff errors while calculating aerr and rerr.

In the first two cases, we should avoid the step increase during the next iprhb steps. In practice, it turned out
that in the case of double precision numbers, a simple check

—15 —-15
aerr,,  , —aerr, ., _, <3-107°, rerr,  , —rerr, ,_,<3-10 (12)

is sufficient to handle the third case. If at least one inequality in formula (12) is not satisfied, we disallow the
step size increase for the next iprhb = 13 steps.

Decreasing the grid step size. If at some moment at least one inequality in formula (11) is not satisfied,
then the grid step size must be reduced. As in the case of increase, we introduce the constant

drate = ,
. . . new
which is presented in fig. 6.
— g . - @ - @ - = -
— g o @ .- &—o & @
® [nitial grid @ Grid after decreasing the step size

Fig. 6. Decreasing the grid step size in the cases drate = 2 (top), drate =§ (bottom)

. . 3
In our implementation we take drate = 5>

The values at the missing nodes can be found using the formula

5 64 4 T
=— +— +—y, +—|4 + 64 -8/,
);‘é 81)/172 81)’171 27)’1 243( Ji-a Jio fl)
4 64 5 T
=— + — +—y, +—|(8 — 64 —4f1),
)’l_g 27)*1—2 81J/1—1 81)’1 243( Jioa Ji- fl)

I=m+k—-2j, j=0, 1EJ

Implementation details. The proposed damped explicit multistep methods were implemented in C. The main
features of the implementation have already been described, so here we add only a few details.

The first £k — 1 grid values were found using the one-step method RADAUS (see the Internet page www.uni-
ge.ch/~hairer/sofiware.html). Grid values y,, and f,, of length gsize are stored in a circular queue. Pointers
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to the oldest element in the queue (begin), to the element from which the calculation begins according to
formula (2) (front), and to the last added element (back) are stored separately. There are always exactly
k elements between the front (inclusive) and back (inclusive) elements. Between the begin (inclusive)
and back (inclusive) elements there can be from k (at the very beginning or immediately after increasing the
step size) to gsize elements (the grid is completely filled). Elements are never completely removed from this
queue, currently unnecessary elements are simply moved to the end of the queue (after the back element).
Elements from the outside are never added to this queue, the usage of free (located between back and begin)
elements is always enough. The projects are compiled with Intel Fortran Compiler Classic 2021.4.0 and Intel
C++ Compiler 19.2.

Numerical experiments

All methods implementations to compare with our method were taken from the Internet page www.uni-
ge.ch/~hairer/software.html. The damped method with p =4, k=21 will be denoted as SA4-21. The parameters
rtol and atol are equal in all cases. The following tables will provide the statistical data about the performance
of the considered methods. We use the following notation:

* rerry, is the final relative error compared to a more accurate model solution;

s aerry, 1s the final absolute error compared to a more accurate model solution;

* fen is the number of function evaluations;

* step is the number of the computed steps;

* accpt is the number of the accepted steps;

* rejct 1s the number of the rejected steps;

* time is the elapsed time (ms).

DOPRIS is an explicit one-step Dormand — Prince method of fifth order [7]. Initially this method was not
intended for solving stiff problems. But in work [2, chapter IV, section IV.10] it was shown that it can be suc-
cessfully applied to middly-stiff systems.

ROCKA4 is an explicit one-step fourth order Chebyshev method [4]. This method was created for stiff prob-
lems which possess a Jacobian matrix with (possibly large) eigenvalues close to the real negative axis.

RADAUS is an implicit (unlike all the others) one-step method RadaullA [2, p. 74]. It is impossible to directly
compare the statistics of explicit methods with it, it is listed as a classical method for solving stiff systems.

HIRES. This is a classical midly stiff test system of dimension 8 describing a chemical reaction [§]. The in-

terval of integration is [0, 321.812 2] (table 3) and [0, 421.812 2] (table 4).

Table 3
Numerical experiment results for the HIRES problem, 7, =321.8122
Method atol rerry, aerrg, fen step acept rejct | time
1-10° | 7.16-10°° | 447-10° | 13766 12 774 12 745 29 3
1-10° | 7.03-10° | 438-10" | 19080 | 17132 | 17069 | 63 | 4
SA4-21 — - —
1-10 2.51-10 1.57 - 10 22517 20 811 20 756 55 4
1-10"2 | 246-107° | 1.54-107"2 | 41523 40 359 40 302 57 8
1-10°% | 237107 | 1.48-107 | 62504 10 417 10416 1 2
1-10% | 8.17-107 | 2.33-107 | 62840 10 473 10 473 0 2
DOPRI5 — —~ —
1-10 1.02-10 29-10 65 366 10 894 10 894 0 2
1-10" 1 1.07-10° | 3.05-10" | 79340 13 233 13 233 0 3
1-10° | 323-10° | 2.01-107 | 11628 873 812 61 1
1-10°% | 924-10° | 2.63-10° | 19931 2071 1928 143 1
ROCK4 — ~ —
1-10 7.82-107 | 3.09- 10 35410 4842 4632 210 1
1-1012 ] 328-10" | 1.59- 10 | 69873 11253 11102 | 151 2
1-10°% | 1.01-10° | 1.48-107 491 60 53 7 <1
1-10% | 1.10-10° | 6.89-10°8 820 100 97 3 1
RADAUS5 — —~ —
1-10 5.89-10° | 3.68 - 10 1655 197 197 0 1
1-10"2 | 488-107 | 1.8-10" 3291 414 414 0 1
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Table 4
Numerical experiment results for the HIRES problem, 7, = 421.8122

Method atol rerrg, aerry, fen step acept rejct | time
1-10° | 1.08-10" | 1.52-107" | 14290 13 288 13259 | 29 3
1-10° | 1.28-10° | 1.64-10"2 | 19962 | 17916 | 17851 | 65 4
sAdl 1-10"° [ 2.01-10"° | 25810 | 24602 | 22816 | 22761 55 5
1-10" [ 7.19-102 9231075 | 47226 | 45953 | 45895 | 58 9
1-10° | 401-107° | 1.98-107 | 64406 10 734 10 733 1 2
1-10% | 292-10° | 1.45-107° | 64736 10 789 10 789 0 2
DOPRI5S | 1-10" | 2.88-107 | 1.42-10" | 67436 | 11239 | 11238 1 3
1-10"2 | 84-10° |4.16-10"7 | 82142 13690 | 13689 1 3
1-10™ [ 9.08-10" | 449-107"° | 149588 | 24931 | 24930 1 5
1-10° | 552-10° | 6.22-10° | 11967 909 844 65 1
1-10% | 1.58-10°° | 2.07-10° | 20312 2110 1966 144 1
ROCK4 | 1-10" | 1.57-10° | 2.04-10" | 36251 4958 4748 210 1
1-10"]2.06-10" | 264-10" | 72180 | 11617 11466 | 151 2
1-10™ [ 3.82-10" | 49-10"° | 168592 | 28285 | 27083 | 1202 | 6
1-10° | 6.65-107 | 8.54-107" 542 66 59 7 <1
1-10° | 2.78-107 | 3.57-107" 915 111 108 3 1
RADAUS | 1-10" | 493-10° | 632-10"2 | 1839 219 219 0 1
1-10" | 1.81-107 | 23310 | 3661 460 460 0 1
1-10" [ 3.02-10"° | 3.87-10" | 7271 977 977 0 2

It should be noted that the required and actually obtained errors for some methods are very different. This
fact should be taken into account when comparing statistics.

Unlike one-step methods, reducing the grid step size always causes a rejected step, so in some cases the
number of the rejected steps is quite large.

Burgers’ equation. The second problem is taken from work [4]. The spatial derivatives are approximated

by standard central finite differences, the discretisation step is Ax = 00 so the dimension of the resulting or-

dinary differential equation is 500. We took p = 0.005 and the integration interval is equal to [0, 2.5] (table 5).

Table 5
Numerical experiment results for the Burgers’ equation
Method atol rerrg, aerry, fen step acept rejct | time
1-10° [ 2.82-10"° | 6.08- 107" | 4912 4744 4741 3 29
1-10°% | 2.54-10"° | 5.65- 107" 4713 4544 4542 2 28
SA4-21 10 10 11
1-10 2.69 - 10 4.55-10 4996 4826 4825 1 30
1-102 [ 588-10" | 9.16-10" | 9273 9036 9032 4 54
A3 1-10° | 409-107 | 6.72-107 3204 3045 3043 2 17
) 1-10° | 1.59-107 | 2.44-10° | 4305 4144 4144 0o | 23
1-10° | 1.1-10° | 1.84-107 | 22784 3797 3794 1 25
1-10% | 1.1-10° | 1.84-107 | 22790 3798 3795 1 25
DOPRIS —10 —10 —11
1-10 5.75-10 9.62 - 10 22 814 3802 3798 2 25
1-102 1394102 | 6.42-10" | 22868 3811 3807 2 25
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Ending table 5

Method atol rerry, aerrg, fen step acept rejct | time
1-10° | 1.48-103 | 7.59-10°° 1748 76 71 5 2

ROCKA 1-10% | 296-10° | 1.38-10° 2059 105 104 1 2
1-10° | 1.85-10° | 6.62-107° | 3407 231 231 0 3
1-10"% [ 433-10" | 231-101% | 7537 835 835 0 7
1-10% | 27-10° | 3.14-107 145 22 22 0 2

RADAUS 1-10° | 1.28-107 | 1.42-10°° 255 39 39 0 3
1-10° | 2.69-107° | 3.18-107"° 520 76 76 0 5
1-10"2 | 807-10" | 1.19-10" 1104 159 159 0 9

The stability region of the SA4-21 method is not enough in the case of low required accuracy. The SA3-21
method has a 1.5 time larger stability interval and works slightly better in these cases.

Conclusions

Based on the experimental results obtained, we can conclude that the stabilised explicit Adams-type methods
of higher orders with damping can be useful in solving middly-stiff differential systems with real (or close to real)
eigenvalues of the Jacobian matrix. If it is possible to improve the algorithm by adding to it an adaptive choice of
parameters p and 4, in some cases it can become the optimal variant, due to the smaller number of the right-hand
side evaluations.
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HEBUJIUMOTO U(PPOBOrO BOJSHOIO 3HAaKa B MIPOCTPAHCTBEHHBIE JTAHHBIC DJICKTPOHHBIX KapT B LIEJSX 3alUThl aBTOP-
CKHUX IpaB Ha KapThl, 00eCIEYECHUs 1IEJTOCTHOCTH TIOCIIEHUX WM JI0Ka3aTeIbCTBA UX MMOJUIMHHOCTH. MeToa NpuMeHnM
K 2JIEKTPOHHBIM KapTaM B ¢popmatax Shapefile 1 GeoJSON. OH ocHOBEIBaeTCS Ha pa3MEIICHHH TOTIOTHUTEIBHBIX TOUCK
B [IPOCTPAHCTBEHHBIX 00BEKTAX (MOJIUIOHAX ), COCTABISIONIMX IEKTPOHHYIO KapTy. B JaHHOM ciiydae kapTa CIIy>)KUT KOH-
TEHHEPOM, a KOOP/IMHATHI TOUYEK SIBJISIFOTCS JIEMEHTaMH KIIF0YeBOW HH(OPMALMK CTeraHorpaMuecKoro npeodpazoBaHus.
[1pu 9TOM ycTaHaBIMBACTCS CBSI3b MKy IIPOCTPAHCTBEHHBIMU O0OBEKTaMH KapThl, 4TO 00ECHEUNBACT UX LIEIOCTHOCTb.
PaccmarpuBaloTcst alropuTMBI IPAMOTO M 00PaTHOTO cTeraHorpaduyeckoro npeodpasosanus. OnuceiBaeTcs pa3padoTaH-
HBII MHTEPHET-CcepBUC StegoMap niisl peanu3aliy pasMeNeHus] 1 U3BJICYSHUS] HEBUIMMOTO IIM(POBOTO BOASIHOTO 3HAKA
Ha OCHOBE NPEUIOKSHHOTO METO/Ia.

Knioueswle cnoga: >1eKTpOHHbIE KapThl; CTeraHOrpadus; aBTOPCKOE MpaBo; LU(PPOBOI BOIIHON 3HAK; IPOCTPAHCT-
BeHHBIC naHHbIe; popmar GeoJSON; hopmar Shapefile.

bnazooapruocms. Pabota BhITIONHEHA TIPU (PHMHAHCOBOM MOJICPIKKE TOCYIaPCTBEHHOMN MPOrPaMMbI HAyYHBIX HCCIIC-
noBarui «L{upoBBIe 1 KOCMHYECKHE TEXHOIOTHH, O€30MacHOCTh YeTIOBEeKa, 00IIecTBa U rocymapceray Ha 2021-2025 rr.
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Electronic maps (e-maps), which are a set of computer files, are the main form of representation of geographic
information to the end user. An important task is protecting e-maps from unauthorised use or modification. This paper
describes the steganographic method of embedding an invisible digital watermark into the spatial data of e-maps for
protecting copyright, ensuring integrity of maps or proving their authenticity. The method is applicable to e-maps in
the Shapefile and GeoJSON formats. It is based on the placement of additional points in spatial objects (polygons) of the
e-map. In this case the e-map is used as a carrier object, and point coordinates are elements of the key information of
the steganographic transformation. This establishes a relationship between the spatial objects of the e-map, which en-
sures their integrity. Algorithms for direct and inverse steganographic transformations are considered. The developed
StegoMap Internet service for implementing the placement and extraction of an invisible digital watermark on the basis
of the proposed method is described.
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Introduction

Modern geoinformation technologies based on the methods and tools for studying, modelling and analysing
relationships in geosystems, cartographic analysis and modelling, are the most important areas of geoinforma-
tics [1]. These technologies are of great importance for the solution of a number of social problems. The level
of such importance largely depends on the delimitation of access to a geographic information system (GIS),
and the information included in the system [2—4].

Electronic cartographic images or electronic maps (e-maps) are the main and rather expensive form of
representation of geographic information to the end user [5]. E-maps are a set of computer files containing
cartographic images in a vector or raster format that can be rendered in the GIS. E-maps are widely used in
environmental, social and economic applications, such as navigation, various land management tasks (creation
of a land cadastre for real estate accounting), agromonitoring and equipment monitoring, creating a commu-
nications accounting system, as well as business planning. They are also used in military or security related
applications [1-5].
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The vector e-maps preparation requires significant costs and efforts. At that such methods are used as digi-
tising images of raster maps, as well as space or aerial photography with adjustments if necessary. The value
of these e-maps makes protecting them necessary not only to prevent an attacker from illegal use but also to
prevent the use of e-map in a situation related to various security aspects.

Due to this, the task of developing effective means of protecting e-maps from illegal copying or use is rele-
vant. The International Hydrographic Organization recommended standards for protecting e-map information
are contained in publication [6]. This document defines the security structures and operational procedures that
must be followed to ensure the proposed e-maps protection scheme, and also includes specifications to enable
the creation of consistent systems for dealing with the data of the e-maps. This document recommends using
cryptography as the primary tool for securing the e-map.

Since maps are often used in an open form, in accordance with the recommendations of publication [6] to
solve the above problem, it is justified to use the methods that provide the placement of secret, copyrighted in-
formation, performing the function of a digital watermark (DWM), using steganographic transformations [7—10].

The main directions and possibilities of using steganographic methods for protecting e-map data presented
in vector graphics formats are formulated in works [11-13]. The main features of the method for embedding
watermarks in SVG vector image files based on adding points to Bezier curves are described in articles [14; 15].
A similar approach can be used to protect e-maps. The latter is the subject of the research in this paper.

Theoretical substantiation of the proposed steganographic method

E-map can be considered from the logical and physical sides. Logically it consists of a number of spatial
objects that have additional characteristics (attributes). Spatial objects are often grouped into layers. A layer re-
presents geographic data on a specific topic, such as roads, land plots, building footprints, etc. An e-map consists
of an ordered collection of layers; often the map has only one layer. In addition to the spatial description the
map contains a set of attributes that characterise the spatial areas, for example, soil type, building height, etc.
The description of spatial regions is usually written in one of the following formats: WKT (well known text),
WKB (well known binary), GML (geography markup language) or GeoJSON. Moreover, all formats, except
the last one, are subsets of the XML markup language. Attributes are numeric or textual characteristics.

Physically the e-map is a file or a set of files linked together. Cartographic data processing is done in a GIS
such as ArcGIS or Maplnfo, each of which provides its own file format. In addition, most modern DBMS allow
you to store and process spatial data in the appropriate database formats.

E-map Shapefile storage format. Let us consider the Shapefile format used by ArcGIS, which is one of
the standards for vector e-maps. A map in the Shapefile format is a set of files that store the spatial and attribute
values of objects. Let us analyse, for example, an e-map which contains a single spatial element, namely,
a polygon representing the contour of the border of the Republic of Belarus. The set of files is shown in fig. 1.

A

VimeHn v [aTa nameHeHus Tun Pasmepa

L] IpaHunua_benapycu_nonuroH.dbf 20.12.2017 10:08 dann "DBF" 1 KB
d MpaHunua_benapycy_nonuroH.prj 20.12.2017 10:07 ®aiin "PRJ" 1 KB
‘ IpaHunua_benapycy_nonuroH.shp 20.12.2017 10:07 ®aiin "SHP" 525 Kb
(& Mpannua_Benapycy_nonuroH.shx 20.12.2017 10:07 ®ann "SHX" 1 KB

Fig. 1. A set of e-map files in the Shapefile format

The main file is in the .SHP format, which contains information about the spatial object. The file consists of
a fixed length header and one or more variable length entries. The .SHX index file format makes a link between
.DBF and .SHP files, and also defines the type of the spatial data binding. The most important are the three
required files, namely, .SHP, .SHX and .DBF, that must be saved in the same directory. In addition to the main
files, there may be additional files, including .SBN and .SBX spatial index files, which allow us to accelerate the
processing of spatial data, or . ATH and .AIN attribute table index files that allow to speed up the attribute lookups.

In the .DBF file format the attribute information of geometric objects is saved. The .PRJ file specifies
information about the spatial coordinate reference system. Figure 2, a, shows the display of the Border Bela-
rus_ polygon.shp file. It is not possible to view the contents of a file directly. Figure 2, b, reflects the contents
of the Border Belarus _polygon.dbf file with a list of spatial data which shows that there is only one spatial
object in the file that has no attributes. Figure 2, ¢, shows the contents of the Border Belarus polygon.prj file
which specifies the GCS WGS 1984 reference system.
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ala o/b
A

1 |OBJECTCODE |
2 81110000

3

4

6/c
Mj panuua_Bbenapycu_nonuroH.prj — BnokHoT - O X

dann [lpaBka dopmat Bug Cnpaeka

IGEOGCS["GCS_WGS_1984" ,DATUM[ "D_WGS_1984" , SPHEROID
["WGS_1984",6378137.0,298.257223563] ], PRIMEM
["Greenwich",0.0],UNIT[ "Degree",0.0174532925199433]]

Fig. 2. Contents of e-map files in the Shapefile format

The .SHP format allows to store the following types of geometric objects: points (multipoints), lines
(polylines), polygons, etc. When storing polygons, only the coordinates of the vertices are stored. Virtual
straight lines between adjacent polygon vertices are named as edges. The edges are not described in any way,
they are only displayed by the GIS software. A single file can only store objects of the same type. Each entry in
the .SHP file can also have several attributes, such as name, height, terrain type, etc. Spatial objects descriptions
can be displayed in the WKT format which is similar to path descriptions in the SVG files. Thus the techniques
developed for embedding the hidden data in e-map files can be applied to the SVG files and vice versa. Figure 3,
for example, shows the content of one spatial element of the e-map in the .SHP format. The element is a set of
two polygons. It is important that according to the requirements of WKT format the last vertex of the polygon
must coincide with the first vertex of the polygon. The specified coordinates depend on the used coordinate
system which is the same for all objects of the e-map. The current map uses the spatial reference identifier
SRID = 4326 which corresponds to the WGS 1984 geographic coordinate system.

MULTIPOLYGON (((24.121052730010657 52.537050075893916,
24.121040931537145 52.536891401261236, 24.121043226657839
52.536916149411823, 24.121052730010657 52.537050075893916) ),
((24.12108609988805 52.53756315704824, 24.121075745353686
52.537374418290831, 24.121079227484003 52.537423489707422,
24.12108609988805 52.53756315704824)))

Fig. 3. Spatial element of the e-map content

Vector e-map GeoJSON format. The GeoJSON format is also a way to describe spatial data. A GeoJSON
object can generally be represented as a collection ( feature collection). This object consists of the spatial object
itself (geometry) and attributes ( properties), as well as a set of key — value pairs named as properties. Each
GeoJSON spatial object must have a property #ype. The value of this property is a string containing the GeoJSON
object type. The GeoJSON format supports geometric types similar to WKT format: a point, a line, a polygon,
as well as sets of these objects. Next, a mandatory object property is specified — coordinates, which are deter-
mined by an array of numbers. The order of the elements must be as follows: x, y, z (for data in a rectangular
coordinate system — east offset, north offset, altitude; for data in a geographic coordinate system — longitude,
latitude, altitude). In addition to the spatial description, optional properties of the type of key — value pairs can
be included in the object. An example of a fragment of a file in the GeoJSON format is shown in fig. 4. This
file is a spatial description of some objects in Baranovichi city (Republic of Belarus), and the fragment of the file
demonstrates the structure of the GeoJSON format in the form of key — value pairs where the list of all vertices
of a polygon that defines a spatial figure is sequentially set for the coordinates key.

79



ZKypnaa Besopycckoro rocyrapcTBeHHOro yaupepcurera. Maremaruka. Madopmaruxa. 2023;1:76-87
Journal of the Belarusian State University. Mathematics and Informatics. 2023;1:76-87

“type": "Feature",

"properties": {
"name": "UpPart",
"town": "Baranovichi",
"square": "15.9152"

+

"geometry": {
"type": "Polygon",
"coordinates" : [

[

25.9552001953125,
53.11154464430509

26.009445190429684,
53.140180585580396

26.055450439453125,
53.156858919018774

26.039657592773438,
53.15891752333123

26.052017211914062,
53.16571821716968

26.037940979003906,
53.17106127943977
1,

Fig. 4. GeoJSON file fragment example

Description of the proposed steganographic method. Now let us return to the fundamental task formu-
lated above: the user needs not only to confirm his copyright on the e-map, but also to ensure the integrity of
the data (both spatial and attributive ones). In this regard we will further consider the most important features
of the steganographic method described in work [14] and adapt it to the GeoJSON format. The main idea of
the steganographic method is that additional points set on edges of the spatial objects or lines are not visualised
due to the way GIS displays. Therefore, you can set any number of additional points on segments of a spatial
figure and place hidden copyright information in their location. Let us consider a little example. Table 1 gives
a description of three spatial objects in the form of the WKT format description. The column «/d» lists a single
attribute of the spatial area, and the column «Spatial object» lists this object’s description: in this case, all ob-

jects are polygons.

Table 1
Spatial figures with the same display

1d Spatial object

1 POLYGON ((10 10, 10 20, 20 20, 20 15, 10 10))

2 POLYGON ((10 10, 10 15, 10 20, 20 20, 20 15, 10 10))
3 POLYGON ((10 10, 10 20, 15 20, 20 20, 20 15, 10 10))
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Table 1 suggests that spatial figures have different descriptions, but they are all displayed in the same way.
Figure 5 shows the display of each of the polygons from table 1 in the GIS. The additional vertex (10, 15) from
polygon 2 is not displayed because it is on the same line with two neighboring vertices (10, 10) and (10, 20),
and the additional vertex (15, 20) from polygon 3 is not displayed because it is on the same line with two
neighboring vertices (10, 20) and (20, 20).

Fig. 5. Display of each of the polygons from table 1

Further only polygons will be considered. For real maps spatial areas are described using polygon or multi-
polygon objects, and each of them can have hundreds, thousands and tens of thousands of vertices. For example,
table 2 shows the number of vertices for the polygons that form the spatial areas of a small map of the water
protection zones of the Republic of Belarus. In total, the map consists of 363 spatial objects.

Table 2

Distribution of peaks in the map
of water protection zones of the Republic of Belarus

The number The quantity The percentage of
of peaks of objects total quantity of objects
101-1000 232 64
1001-10 000 124 34
>10 000 7 2

The main idea of the steganographic method proposed in work [14] is to set additional points on the edges of
polygons in a certain ratio A, A € [0; 1], as shown in fig. 6. The additional vertex will have coordinates (X, ¥ ):

Xt Ax

W +}\’yt+1

b

1+ A

1+A

where (x,, y, ), (x, o Y +1) are the vertices of the edge on which the additional point is set.

(x.7)
(x,, y,) ® ® ® ('xt+1’ yt+1)

A

Fig. 6. Additional vertex (X, Y) set in ratio A
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Let us assume that the user has a GeoJSON (or Shapefile) format e-map in which all spatial objects are
represented as polygons with a set of additional attributes, the first of which (/d ) is the number of the object
and it is named the key attribute. We will consider the e-map as a sequence of polygons in the order of the /d
attribute as shown, for an example, in fig. 7.

Fig. 7. E-map as a sequence of polygons

Let us also assume that the e-map consists of N spatial objects, each of which we will denote as G;, i € [1; N ]
The object G, is a structure and consists of the following set of fields:

« Id, is the key attribute, the number of the spatial object G;;

*A4;, ..., A;, are additional attributes of the object G, of the e-map;

* g; is the description of the initial spatial region i.

The user also has to generate DWM as the identifier / to protect copyright, and ensure the integrity of the
e-map. This could be the user’s first and last name, the current date, another unique identifier, and so on as a text.

Let us define the date of implementation as D and the data on the e-map owner as O. The D and O values

make the identifier / of the e-map owner, and / consists of two parts (variable D and constant O): [ = {D, 0}.
For each polygon, starting from the first one, a control value 4, should be calculated that ensures the data
integrity in this polygon. This control value verifies that the polygon and its attributes are unchanged. As 4,
it is proposed to use the hexadecimal value of the hash function H' from the concatenation of the spatial de-
scription of the polygon g, its attributes 4,,, ..., 4,,,, user identifier / = {D, O}, and the number of polygons
N,ie[l; N]:
h =H1(g,. [{4- s 4,0} 1 HN)

For this method we suggest to use the MDS5 hash function, the result of which is a 128-bit string written in
hexadecimal notation.

To hide the DWM (/) it is necessary to convert the control value /4, to a set of additional vertices P.embedded on
the edges of the polygon g;. Such a set P, of the polygon g, will be called as secret vertices. We write h; in the form

hy={hyhy.. oy}

where 4, j € [1; 32], is the next digit of the control value #; in hexadecimal notation.

e
We propose to place the vertices P. as follows: each vertex of the set P.is a set in ratio

B
o hi*0,
- 116
— b, =0.
327

For example, for the control value / ={68EF4...} the first additional vertex is located in the ratio é, the
8 4 16
second — T3 the third — —, etc.

It is also necessary to select a set of edges E; of the spatial object g;, to which the vertices P, will be added.
Hiding each 4, in the polygon g; will require 32 edges. In this method, we propose to use a pseudo-random edge
selection principle with a random number generator. Further we will name such edges as secret. We propose
generating its own list of vertices P, for each polygon g,. Figure 8 shows the installation of some of the secret
vertices (vertices P, are marked in red colour, edges E,, selected as secret, are marked in blue colour).
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{68EF4...| n—

Fig. 8. Setting secret vertices P, on the polygon g;

After setting the vertices P, the description of the spatial object g; will change with the transformation function:
P
E":g, — gs,. (1)
For the reverse steganography transformation it is necessary to know the location of the set of secret verti-
ces P in order to extract the identifier / from the spatial object gs;. For this, it is proposed to add another set of
vertices R,, i € [2; N ], to the next polygon e-map (g;, ) from the data of the location of which it is possible

to extract the numbers of secret edges P, i € [1; N ] We will further name such vertices R, as control vertices,

and the edges T, on which they are installed, as control edges. The location of the control vertices R; must be
known to the author (owner) of the e-map and unknown to other (unauthorised) users. We propose to define the
control edges T, of the polygon g; , , as the value H, of the hash function A~ from the concatenation of the identi-
fier I and the key attribute /d; of the spatial object:

Hy=H'(1 |V 1)
Let us define the set K, = {D, O, N, H', Hz} as a key of the first kind.

It is suggested to use the SHA-2 hash function, the result of which is a string with a length of 512 bits or 128

hexadecimal digits, as a function H?. Let us write H;in the form H; = {tli, Lyjs cees tlzgi}, where 7, j € [1; 128],
is a hexadecimal digit from 0 to F.
Each set of control edges T, i € [1; N], is formed as follows:

T, ={tys 1+ by tyy + U By e B+ 1+ g 2)
Figure 9 shows how the control edges T; are located depending on the value of H.:
1;=3=1,=3,
Li=4=1T,=17,

t,;=1= T;;= 8 and so on.

(3.4,1,C..} )

1

Fig. 9. Selection of a set of control edges 7; on a polygon g; , ,
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The set of vertices P, is known from polygon gs;. It is necessary to hide this set on control edges 7. Since
the number of secret vertices P, is not always a single digit, it is necessary to separate the vertex numbers from
each other by some symbol. To do this, we write P. as a sequence ¢ separating the vertices with the number 0:

¢, =[B;0P;0...0B,, | 3)

For example, the set of secret vertices P=1{l, 4,17, 25, ...} becomes the sequence ¢ =[104017025...].
Here we can formulate a constraint on the sets P: vertices are generated randomly but cannot contain vertices
marked with the number 0. It is also necessary that /( H,)>I(h,), where / is the hash length.

On control edges T, control points R, i € [2; N ], will be set at a certain ratio. We propose to put additional
points R; in the ratio from the beginning of the edge according to the value of the next digit of the sequence to

1
the number 16, and if the next digit is 0, then in relation to EvS For the example of control edges 7; in fig. 9 the

. . ) 1 1 4 1 1 1 2 )
sequence of the ratio would look like this: | —, —, —, —, —, l, —, —, i, ... |. Figure 10 shows how
16 3216 32 16 16 32 16 16
a part of the control vertex set R, is set.

{3,4,1,C...} |
[L 14 }
163216

1

Fig. 10. Setting a set of control points R; on a polygon g,

Having set control vertices R, the description of the spatial object g, ; will change, so let us define the de-
scription of the new spatial object as g/, |, and the transformation function ER as
R ’
Fo:gi 1> g “4)
Next, for the region g7, , we perform the transformation F% | and obtain a spatial object gs; , ,.

Thus each polygon g;, except for the first one, goes through two transformations: first ER, when control
vertices R, are added to the polygon, and then F,”, when secret vertices P, are added to the polygon. The first

polygon goes through only the FIP transformation. Moreover, the secret vertices P. of the polygon g; are written
in the current polygon gs;, and its control vertices R, — in the next polygon gs, , ,, which allows us to sequen-
tially connect all e-map objects like a blockchain system. After transforming the last polygon g, we get the

polygon gs,:
F;:(Fi\i]:g/\/f])_)gSN- &)
Let us name a set of secret vertices Py, the key of the second kind K, that is
K, = {le Pyys ooy P32N}'
After successive transformation of all polygons g; we obtain an e-map with a placed identifier / and a key
of the second kind K,. Then the resulting e-map can be distributed by the user. Using this method, all spatial
regions g; of the e-map become sequentially connected with each other. This allows you to control the integrity

of the e-map and provide copyright protection.
So, according to formulas (4) and (5) for each spatial object g; two transformations are performed sequentially:

Filflzgi — gl i>],
F': g/ > gs.
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Extraction of the identifier / occurs sequentially, starting from the last e-map object. The key of the se-
cond kind K, contains the secret vertices P, of the polygon gs,. Let us check which of the following values

1 1 2 1
{3—2, IR é} represent the ratio in which the vertices { B, Py, ..., B,y } share edges between the

vertices {(Plel, PlNH), (PZth P2N+l)’ e (P32N71, P32N+1)}. Consistently saving the obtained values, we

obtain the value /,. Then we remove the secret vertices P of the polygon gs, and get the polygon g3. Then,
using the key of the first kind K, we determine the set of control edges 7, , for the previous polygon gsy ;.
We find the control vertices Ry, and for each of them we determine at which ratio it is installed on the corre-
sponding edge. The sequence of the ratio forms the sequence ¢ from which we obtain a set of secret vertices
P, _, of the polygon gs, _;.

Let us delete the control vertices R, _; and obtain the polygon g,. For the resulting polygon g, we compare
the previously obtained value 4, with the value of the hash function A " which we calculate for the obtained

spatial object g,. If the map has not been changed, then 4, = H 1( gN). After it we move on to the previous

spatial object gs,,_,, and continue comparing the obtained values of 4, with the values of the hash function H !
for each spatial object g,. We do this for all spatial objects.

Results and discussion

The proposed steganographic method is designed to hide identification information (invisible DWM) into
electronic cartographic images. The peculiarity of the method is that it allows you to analyse the contents of the
e-map not as a single, indivisible entity, but as a set of interrelated objects or areas. For each of these objects
you can define a certain control parameter, with which you can control the integrity of the e-map. The method
allows you to chain all e-map spatial objects with each other, placing the control value of the previous object in
the next object, similar to the concept of blockchain. Thus, if any spatial area or the value of any of its attributes
changes accidentally or intentionally, a control value mismatch will indicate an attempt to change the integrity
of the e-map and perform evidentiary procedures related to copyright issues.

A brief outline of the method is as follows.

Step 1: representation of the e-map as an ordered set of polygons.

Step 2: building a list of vertices and edges of the current polygon.

Step 3: selection of random (secret) edges of the current polygon.

Step 4: calculation of the control value from the current polygon.

Step 5: setting secret vertices to secret edges defined in step 3 in the ratio defined in step 4.

Step 6: rebuilding a list of vertices and edges of the current polygon according to formula (1).

Step 7: making the sequence ¢ according to formula (3).

Step 8: move to the next polygon to add control vertices.

Step 9: building a list of vertices and edges of the current polygon.

Step 10: getting a list of control edges of the current polygon from formula (2).

Step 11: setting control vertices of the current polygon defined in step 10 in the ratio defined in step 7.

Step 12: go to step 2 if there are still unprocessed polygons.

Upon completion of the algorithm, the user receives a special key that allows him to check the e-map for
Integrity.

To apply the method, it is necessary for the number of vertices of any spatial object of the e-map to be more
than 2048. This value was evaluated as a minimum of the number of control edges needed. If / (H 2 ) =512 and

it is assumed that each polygon can contain no less edges than is used in formula (3), so the number of vertices
is 16 - 128 = 2048 (here first multiplier (16) is the max hexadecimal digit, and second multiplier (128) is the
quantity of digits). If there are polygons with an insufficient number of vertices in the e-map, then such poly-
gons must either be combined with other polygons with similar values of attribute columns into multipolygon
objects or deliberately complicated by adding points to random edges.

The method involves placing secret vertices that hide the control value on random edges of spatial objects,
which makes it difficult to create an algorithm for extracting them. The key of the first kind provided by the
author of the e-map consists of a constant and variable parts, serves to extract such vertices, and must be kept
secret. The key of the second kind, obtained as a result of hiding the DWM, allows you to sequentially obtain
the original e-map, control the integrity of all objects and confirm the authorship of the card owner. The key
information generated by the owner of the e-map for the steganographic system created on the basis of this
method allows the owner of the key to perform all the necessary identification and evidentiary procedures like
the use of keys in cryptographic systems.
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To implement the steganographic method of placing hidden copyright labels on e-map files and checking
the integrity of the e-map, the StegoMap software product was developed [16]. Using the application, informa-
tion about the owner of the e-map is embedded in the map, and the polygon attributes are controlled. The ap-
plication converts a Shapefile format to the GeoJSON format to create a steganographic container. The appli-
cation is implemented using a microservice and client-server architecture in the form of the StegoMap Internet
service. For implementation a set of classes was created, which includes methods for hiding information in the
polygons of an e-map and extracting that hidden information, as well as several auxiliary classes. To place the hid-
den label, a hash value is calculated from the identifier of the e-map owner. This identifier is generated when
a user registers in the system using standard Angular utilities. The application is implemented using the Java
Spring Boot technology.

The user selects an e-map in the .SHP format. As soon as the files are selected from the hard drive, they are
converted to the GeoJSON format using the Aspose.GIS library. Then the GeoJSON format file is sent to the
Internet service, where the steganographic label is added, and the file with hidden information is sent to the client.
The resulting steganographic container (carrier of a secret author’s message) is placed in the database and dis-
played in the tab «Maps» of the application, where the user can upload it. When the map is uploaded, GeoJSON
is converted by Aspose.GIS library back into Shapefile that the user can distribute.

To check the map for authenticity the user must click the button «Check map» on the main page and then select
the Shapefile that he wants to check in the window that opens. The result of the check from the Internet service is
sent to the client. If the map has been changed, the user sees information about these changes.

Conclusions

A steganographic method is considered that allows embedding and extracting hidden messages when using
e-maps as steganographic containers. This method can be applied to the Shapefile or GeoJSON formats of the e-map.
The method is based on the sequential modification of the parameters of spatial objects and it can be used to
confirm the authorship and control the integrity of the e-map. The method provides the random placement of
additional secret vertices containing the user’s identifier, and the control of this placement by calculating the
control value also using the identifier. The user’s identifier consists of a constant and variable parts. All spatial
areas of the e-map become connected similarly to the blockchain principle.

Further research is supposed to focus on hiding such an excess steganographic label in the e-map which
allows us not only to determine the fact of violation of the integrity of the e-map but also to at least partially
restore the spatial objects of the e-map.
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PA3SPABOTKA METOAA KAACCUOUKAIINN CUTHAAOB
C UCITOAB30OBAHMEM OCIINAASTOPA Y)XKYA
B PAMKAX PE3EPBYAPHOTIO IIOAXOAA

B. A. CLIYEB", A. M. KPOT", I. A. IPOKOIIOBHY"

DO6weounennviii uncmumym npo6nem ungopmamuru HAH Benapycu,
ya. Cypeanosa, 6, 220012, 2. Munck, bBerapyco

PaccMoTpeHBI IPaKTHUECKUE aclieKThl 00paOdOTKM CUTHAJIOB C MCIOJIb30BaHHEM XaOTHYECKOTo ociiuisiTopa Wikya
(B pyCCKOSI3BIYHOM JINTEpAType TAKKe PacpocTpaHeH BapuaHT Uya) B KadecTBe BBIYUCIUTENbHON cpebl. ViceaenoBanne
MOTHBHPOBAHO PACTYIIUM HHTEPECOM K HOBBIM CIIOCOOAaM BBIUHMCIICHHUH C IPUMEHEHNEM CBOWCTB, M3HAYAIBHO MTPUCYIINX
Pa3IIYHBIM CJIO)KHBIM CHCTEMaM TI0]T OOIIIMM Ha3BaHHEM «pe3epByapHbIC BIYNCICHU». [lokazaHo, uTo ocmmutaTop Yxya
MOXKET BBITIOJTHATH HETMHEHHOE NPeoOpa3oBaHNe BXOJHBIX CUTHAIOB 1 00/1a/1aeT KPaTKOBPEMEHHOM NMaMAThIO, a CIIC/IOBA-
TEJIbHO, COOTBETCTBYCT TpeGOBaHI/ISIM K pE€3€pBYapHbIM BbIYUCIUTCIIAM U IMMOAXOAUT JJIA UCIIOJIb30BAHUSA B KAYE€CTBE OCHOBBI
JUISL IOCTPOGHHUS BEIYHUCIIUTENIBHBIX yCTpOUCTB. Jits ynpasieHus: ocumuisitopoM Ukya BBelleH ClielMalIbHBINA apaMerp,
TI03BOJISIIOLINI CXEME B XaOTHUECKOM PEXHMMe TeHEepHUpOBaTh HEJIMHEHHbIE KOiIeOaH!s, /Il KOTOPBIX GopMa aTTpakTopa
B [IPOCTPAHCTBE COCTOSTHHUI OJTHO3HAYHO OMPEIEIISIETCs YIPABISIOMINM ITapameTpoM. Kpome Toro, cHMMeTpust arTpakTopa nc-
TIOJTB3yeTCs ISl OLICHKH BHEIITHETO BO3/ICHCTBHS Ha OCIIMILIATOP. B mTore pazpaboraH criocod yrnpasieHus OCHMIIATOPOM
1 CUUTBHIBAHHS €TO COCTOSIHUS, TTO3BOJIIOMINI IPUMEHSITh ocHIIATOp UKya B KauecTBe Tak Ha3bIBAEMOTO pe3epByapa
B paMKax pe3epByapHOro moaxoaa. Peanusanus Merona oOpabOTKH CUTHAJIOB IIOKAa3aHa Ha MIPUMEpPE IIOCTPOCHUS Kiac-
cudUKaTopa CUTHAJIOB KBaJPaTHON, TPEYrOJILHON M CHHYCOMIAILHOM (OpMBI. Pe3ynbrarsl MonempoBaHust U MPOTOTH-
MTUPOBAHHMS IIEKTPOHHOTO YCTPOMCTBA JJIEMOHCTPUPYIOT BOZMOKHOCTD MCHOJIB30BAHMSI OCIMIIISITOpa Ukya Kak OCHOBBI
JUISl TIOCTPOCHHUSI aHAJOTOBBIX BBIYMCIMTEIBHBIX MOIYJICH, HAlPaBICHHBIX HA PEIICHUE CIENHNAIN3UPOBAaHHbIX 3a/1a4d
(aHAJOTOBBIX YCKOpPHUTENCH), B THOPUIHBIX aHATIOTO-ITU(PPOBHIX CHCTEMaX YIPaBICHUS HEMPOMBIIIICHHBIMUA pOOOTaMHI
1 yCTPOMCTBAX UHTEPHETA BEILEH.

Knroueswvie cnosa: neTepMHUHUPOBAHHBIN Xaoc; ocmuIITop Wkya; Kiaccu(UKaIus; aHaIOTOBbIC BRIYHCIUTCIBHBIC
MAaIIIMHBL; 00padOTKa CUTHAJIOB.

Brazooaprocms. Pabota BuinoaHeHa npu (GUHAHCOBOH moIepskke bemopycckoro pecryonrukanckoro ¢hoxaa GpyHaa-
MeHTanbHbIX uccnenoanuii (npoekt ®22KHN-012 «IIpoekTrpoBanne caMooOydaromiencs: MoJiesid MOOMIbHOTO podoTa
Ha OCHOBE BU3YalIbHOW OJJOMETPHH M BBICOKOITPOU3BOANTENBHBIX apU(METHIECKUX YCTPOHUCTBY) U FOCYAapCTBEHHOH ITPO-
rpaMMBbl Hay9HBIX nccienoBannii « Ll poBblie n KocMUYecKie TEXHOIOTHH, 0€301acHOCTh YeIoBeKa, 00IIecTBa 1 rocyaap-
ctBay Ha 2021-2025 rr. (3amanwue 1.3.1 (T31)).
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Practical aspects of signal processing using Chua’s chaotic oscillator as a computational substrate are considered.
The research is inspired by a growing interest in the framework of unconventional computations that involve the inherent
properties of different complex systems known as the «reservoir computing framework». The study proves that Chua’s
oscillator meets such a requirement for being used as computation media as the ability to non-linearly transform input
data and possesses a short-term memory. To control Chua’s oscillator a special control parameter is introduced to enable
the circuit in the chaotic mode to produce non-linear oscillations, for which the form of the attractor in the state space
is definitely determined by the control parameter. Besides, the symmetry of the attractor is used to estimate the external
influence on the oscillator. As a result, the control and readout methods are developed to apply Chua’s oscillator as the
so-called reservoir according to the reservoir computing framework. To exemplify the implementation of the signal pro-
cessing method according to the reservoir computing framework a classifier of square, triangle and sinusoidal waves is
developed. The simulation as well as prototyping of the electronic device show prospects to use Chua’s oscillator as the
basis of an analog computations accelerator to perform narrow tasks in hybrid digital-analog control systems for non-
industrial robots and smart devices.

Keywords: deterministic chaos; Chua’s oscillator; classification; analog computing; signal processing.
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BBenenne

TexHOMOTHN YAAJICHHOTO MOHHUTOPWHTA M YIPABICHUS B TMOCIEAHUC TOIbI AaKTUBHO BHEAPSIIOTCS B IIPO-
MBIIIJIEHHOCTh, TOPOACKYIO CpEeay, OTACIbHBIC ToMa U KBapTUPhl. OTHAKO JIEKAITUM B UX OCHOBE YCTPOMCT-
BaM MHTEpPHETA Bellel 1 OeCIPOBOIHBIM CEHCOPHBIM CETSIM CBOMCTBEHHA OTPAaHUYEHHOCTh PECYpPCOB (KaK BBI-
YUCIUTENBHBIX, TaK U SHepreTruyeckux) [1]. OOecneynTh MOBBIIICHHE KaueCTBa 00CTY)KUBAHHS TOTPeOUTEICH
TaKMMHU CUCTEMaMHU MOXKET HCIIOJIb30BaHIE HOBBIX dHEPTod((EKTUBHBIX METOJI0B 00pabOTKHM CUTHAJIOB, JaH-
HBIX U METOZIOB MAITHHHOTO OOYJICHUISI.

OfHUM U3 TIEPCIICKTUBHBIX MOJIXO/IOB K CO3aHUIO YHEProdEKTUBHBIX METOJI0B 00pabOTKH CHUTHAIIOB,
JAHHBIX ¥ METOZI0B MAIIMHHOTO 00yYEeHNS CANTAETCS MPUMEHEHHUE CTICIINATU3UPOBAHHBIX AaHATIOTOBBIX KOMIIBIO-
TEPOB, IOCTPOSHHBIX HA HOBeHIIeH AneMenTHOM 0a3e [2; 3]. K npumepy, B padote [4] npecTaBlieH aHaJIOTOBbIN
anmapaTHBI YCKOPHUTEIh CETH TITYOOKOTO OOydYeHMs, pealu3yrommii (GyHKIIUN KIaCTePHOTO aHaIn3a U W3-
BJICUCHUS XapaKTEPHBIX 0COOCHHOCTEH BXOMHBIX CUTHAJIOB JJIS UCIIONB30BAHUS B CUCTEMaX PACIIO3HABAHUS
n300pakeHu. JlaHHBIN YCKOPUTEIh OTIIMYAETCS BRICOKOW BRIYUCIIUTENBHOM 3 pekTnBHOCTRIO. bonee Toro, on
BBITIOJTHEH B BHJIC HHTETPATLHON MUKPOCXeMBI 1o TexHoyoruu 0,13 MkM. B oTimane oT coBpeMeHHBIX IEHT-
PaNbHBIX U rpaUUECKUX MPOLECCOPOB MOMOOHAS MHUKPOCXEMa MOXKET ObITh U3rOTOBJICHA Ha OOJBIINHCTBE
3aBOJIOB TI0 TIPOU3BOJICTBY TOIYIIPOBOJHHKOBBIX TIPHOOPOB.

B TO ke Bpems aHAJIOTOBBIE apXUTEKTYPhI CJIOXKHBI B peKOH(OUTYpUpOBaHUU. YaCTUYHO 3TOT HEOCTATOK
TIPEOJI0JICH B THOPUIHBIX aHAIOTO-ITU(PPOBBIX BBIYUCIUTEIBHBIX YCTPOUCTBAX, KOTOPBIE OBLIN ITHPOKO PACTIPO-
CTpaHeHsbI ¢ cepenunbl 1950-X IT. ¥ /10 UX BbITeCHEHUS IU(DPOBBIMU KOMITbroTepamu [5]. B HacTosmii MOMEHT
WHTEpeC K THOPUIHBIM CUCTeMaM CHOBa pacteT. K mpumepy, B padore [6] nmpeicraBieHa ruOpuiHas cucreMa
yTpaBIEHU, KOTOpas MO3BOJIIET CaMOOalaHCHPYIONEeMy POOOTY pearupoBaTh Ha BHEIITHHE BO3AEUCTBUS OBICT-
pee, yeM 1udpoBast cucTeMa COIOCTaBUMBIX Pa3MEPOB CO CXOIHBIM dHEpronorpedieHrem. B yromsayTom podote
CTEeTIMAIN3NPOBAHHBIC aHAJIOTOBBIE YCKOPHUTENHU BRIMONHIOT pyHknmu [11/][-perymsaropa u ¢punsrpa Kanmana.
J171s1 TOBBIIIEHUST CKOPOCTH M TOYHOCTH HACTPOUKHU aHAJIOTOBBIX YCKOPHUTENEH MPUMEHSIIOTCS MEMPHUCTOPHI [ 7].
[ToxazaHo, 4To OGIarogapst UCIOIB30BAHUIO MEMPHUCTOPOB MOXKHO KQUECTBEHHO YITYYIIUTh ITApaMEeTPhI THOPHI-
HBIX CHCTEM B CPAaBHEHHH C TTapaMeTpaMH paHee PacIpOCTPAHCHHBIX apXUTEKTYP. B TO e Bpems B THOPHUIHOM
CUCTEME YIIPABJICHHsI POOOTOM aHAJIOTOBBIC YCKOPHUTEIIHM OTBEYAIOT 32 HU3KOYPOBHEBbBIE (DYHKITUH YIIPABICHUS
JIBUTATEIISIMU 10 CUTHAJIAM OT JJATYMKOB JJIs BRITIOJHEHUS TUHAMUYECKOM cTabmim3anuu podora. OyHKIMY ke
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BBICOKOTO YPOBHSI, K KOTOPBIM IIPUHSATO OTHOCHTH 00pab0TKy N300paeHuH, KapTorpadupoBaHue, INIAHUPOBAHUE
MyTH, pean3y0TCs LIeTUKOM Ha I poBoii miatdopme. Ho obnactu npuMeHeHHs aHaIOTOBBIX BRIYUCIUTENCH
HE OrPaHNYNBAIOTCS] HU3KOYPOBHEBBIMU (DYHKIMSIMU. CyILEeCTBYIOT HHbIE ITOJXO0/IbI, BOBJIEKAIOIIIE AHAJIOTOBbIE
yCTpOICcTBa B pellIeHHE BEICOKOYPOBHEBBIX 3a/1a4.

B Teopun aBTOMaTHueCcKoOro ynpasiaeHus HOIyYHII PACHpOCTPAHEHNE METO (PyHKIIMOHAIBHBIX PsiioB Bosb-
Teppsl [8]. Pazmoxkenue B psim BonbTepphl, O3BOISIONIEE TPEACTABUTh MOAETb HEIMHEWHON CTallMOHAPHON
CHCTEMBI B BHJE PsiZia II0 MHOTOMEPHBIM MHTErpajaM CBEPTKHU, UCIIONB3YeTCsl AJIsl CHHTE3a U aHalu3a Hellu-
HEHHBIX CHCTEM C MaMSTHIO.

Kpome Toro, 0110 okazano [9], uto psasl Bonbsreppsl, B cBOI0 oyepeib, MOTYT OBITh alllPOKCUMHUPOBAHbI
JBYXYPOBHEBBIM IIPOLIECCOM, IIE€PBbIM YPOBEHb KOTOPOTO JOKEH OBITh IMHAMUYECKUM, & IMEHHO BKJIIOYaTh
B ce0s MaMsITh, 1 MOJKET SIBJISITHCSI JIMHEHHBIM, & BTOPOW YPOBEHb JIOJDKEH OBbITh HEJTMHEHHBIM U MOYKET SIBIISITHCS
CTaTHYECKUM.

[ocnemyromnme nccineqoBaHus TOKa3ald, YTO JBYXYPOBHEBBIH IMpolecc HeoOs3aTeIbHO KOHCTPYHPYETCS
LieJIeHaNpaBIeHHO. MHOTHE CIIOAKHBIE CUCTEMBI PA3INYHON MPUPOJIBI N3HAYATIBHO SIBISIOTCS HEIWHEHHBIMU
1 00J1aJar0T CBOMCTBOM KPaTKOBPEMEHHOH mamstu. B yacTHOCTH, 3TH 0COOEHHOCTH IIPUCYILN HEKOTOPBIM HC-
KyccTBeHHbIM HepoHHBIM ceTsiM (MHC) u apyrum cinokabiM cuctemam [10].

Ha ocHOBe mepeuncieHHbIX TEOPETUYECKUX PE3YJIbTaTOB BO3HUKIIA IIPAKTUKA IPUMEHEHUS HEIMHEHHBIX
nuHammuueckux cucreM (HIAC) st penieHust 3a1ad anmpoKCHMAIMY, KilacCU(PUKaMM U YIIPaBICHUS C HC-
M0JIb30BaHUEM CBOMCTB, M3HadanbHO npucyumx HJC, ona nonyuwnia HazBaHue pezepByapHoro noaxoaa (PII)
(B aHITIOS3BIYHOM JUTEpATypE MUCIIONB3YETCSl TEPMUH reservoir computing framework) [11]. Jdauasii mogxomn
MpeycMaTpuBaeT UCIONb30BaHHEe (PU3MUECKHX CUCTEM B Ka4eCTBE BBHIYMCIHMTEIBLHOM CpPeAbl U MO3BOJISIET pea-
JIM30BaTh aJATOPUTMbI MAIIMHHOTO OOy4eHHs Oe3 aJanTHBHOIO OOHOBJIEHHS KakuX Obl TO HM ObUIO BECOBBIX
KO3(QPUIIHEHTOB, 32 UCKIIIOUYCHUEM TEX, KOTOPbIE HEOOXOMUMBI JIs TIOJITOTOBKH BXOAHBIX JaHHBIX 1 00paboTKU
pesyabTatoB. PocT nHTEpeca K ONMMChIBaeMON MapagurMe OObSICHSETCS] BBICOKOH 3HEPro3((eKTUBHOCTHIO BbI-
YHCJICHUH B COYETAHUH C Pa3HOOOpa3ueM BapUaHTOB armaparHoi peanmuzanuu [12]. Haubonbmyro addextrs-
HocTh PII nemoHCTpupyeT npu pemeHuy 3a7ad MporHOo3MpOBaHMs JUHAMHUKHU CIOKHBIX cucteM. He ycrymas
B kauectBe nporuo3uposanust MHC myGokoro o6yuenus, P11 TpebyeT 3Ha4nTEeIbHO MEHBIIE BHIUMCIUTEIIbHBIX
PECypCOB ¥ IAaHHBIX JUIsl O0YUESHHS, YTO TTOATBEPKIACTCS pa3IMUHBIME ITpUMepaMu. B uacTHOCTH, Ha OCHOBE He-
JMHEWHON aHAJIOTOBOM CXEMBI C 3aIa3bIBaroIIei 00paTHO CBA3BI0, pealu3yloliel ypaBHeHrne Moku — [tacca,
OBbUT IOCTPOCH FMOPUIHBIN Pe3epBYapHBIN BHIYUCIUTEIb C OJTHUM y3JIOM. YCTPOMCTBO CIIOCOOHO pacrio3HaBaTh
IUQpPBI, MPOM3HECEHHBIE TOJIOCOM, a TaKKe MPOTHO3UPOBaTh BpeMeHHbIE psabl [13]. [TomMuMO 3MEeKTPOHHBIX
cxeM, PII mponeMoHCTpUpOBaH Ha MEXaHUYECKUX, ONTHYECKUX U JPYTUX AUHAMUUYECKHUX cucTeMax [14].

Amnanu3 TeopeTnyecknx ocHOB PII M mpakTHKH ero mpuMEHEHUs MO3BOIHI CHOPMYITUPOBATH OCHOBHBIE
TpeOOBaHMs K pe3epByapaM, TAKUE KaK HEIIMHEHHOCTb, 3aBUCUMOCTb BBIXOJHOI'O CUTHAJIA OT HCTOPUU CUTHA-
JIOB Ha BXOJI€, KpaTKoBpeMeHHas mamsTh [11]. CTOUT OTMETHTD, UTO MIEPEUUCICHHBIM TPEOOBAHUSIM OTBEUAIOT
u maorue HJIC ¢ xaoTnueckum nosegeHrneM. TakuM o0pa3oM, MPUMEHEHNE Xa0THYECKUX OCLUUITOPOB JJIs
peanu3alyy pe3epByapoB MOXKET pacCMaTpUBAThCs KaK MEPCHEKTUBHBINA MTyTh yCOBEPILIEHCTBOBAHUS aJITOPUT-
MOB MalIMHHOTO 00y4eHus. bosee Toro, coBpeMeHHbIE aHAIOTOBBIE AJIEKTPOHHBIE KOMITOHEHTBI, BKITIOYast MEM-
PHCTOPBI, TTO3BOJISIOT 3()D(HEKTUBHO peaan30BaTh PE3EPBYaphbl HA OCHOBE XAOTHUECKUX OCLUUIITOPOB, TAK )K€
KakK ¥ yCTPOMCTBA MOITOTOBKH M CYUTBHIBAHUS JAHHBIX.

MHorue XxaoTHYeCKHEe OCLHMIIATOPHI SBISAIOTCS MPOCTBIMU YCTPOUCTBAMH C TOYKH 3PEHUS] KOHCTPYKIIHU.
OnHako cpeau 3IEKTPOHHBIX CXEM 0c000€ MecTO 3aHMMaeT cxema Uxkya. DTO eJUHCTBEHHBIH XaOTHUECKUH
OCIMJUIATOP, Xa0C B KOTOPOM MOATBEPKAECH UCCIEIOBAHUSIMH JIEKTPOHHON CXEMBbI, KOMITBIOTEPHBIM MOJIEIIH-
pOBaHUEM M MaTEMaTUYECKUM aHanu3oM [15]. Ha naHHbI MOMEHT XaOoTHYeCKUIA ocuuisaTop Yxya sBisieTcs
HauboJsiee M3y4YEeHHBIM M OMUCAHHBIM U MPH 3TOM JIOCTaTOYHO MPOCTHIM. BO3MOXXHOCTH IpUMEHEHHs BCEX
TPEX METOJOB MCCIICAOBAaHNS MOTHBUPYET K HCIIOIb30BAHUIO OCHMIIISTOpa YxKya B Ka4eCTBE BBHIUYUCIUTEIb-
HOM cpenpl B pamkax PII, kak 3To mokazaHo, HaripuMep, B ctathbe [16]. YTBepkIaeTcs, 9TO BEIYUCIUTEIHHOE
YCTpPOMCTBO Ha OCHOBE CXeMbl Uxkya IeMOHCTPUPYET BBICOKYIO IIPOU3BOJUTEILHOCTD B 3a/ja4aX HEJIMHEHHON
perpeccuy U HeTMHEHHON KiTacCH(DUKATIHH.

B nyOmuxaruu [17] moka3ano, kak cxema Uxya, TOCTpOEHHAsS ¢ UCIOIH30BAHUEM MEMPHUCTOPOB, BEHITION-
HseT Knaccudukanuo o0pazoB. Pabora kinaccupukaropa paccMOTpeHa Ha MpUMeEpe KilacCU()UKALMK CUTHA-
JIOB TPEYTOJBHON M CHHYCOUIANBbHOM (popMbl 1 curHAIOB DKI.

BaxHo oTMETHTB, UTO IPUMEHEHHE ocLuIATopa YKya Ajsl perenus 3aga4 o0pabOTKH CUTHAJIOB Hava-
JIOCh BCKOPE ITOCJIE MOSIBIICHUS JAHHON CXEMBI, 3a/10JII0 10 BOSHUKHOBEHHSI KOHIIETILINH PE3EPBYapHBIX BBIUHMC-
neHuit. Yaie Bcero oHa HCMOIb30BaJIach B Kau€CTBE HCKyCCTBEHHOTro HelipoHa B coctaBe MHC. B wactHoCTH,
B pabore [18] mpencrasnena MHC, kotopasi mpoaeMOHCTpHUPOBaia BOSMOKHOCTh PACcIIO3HABAHUS PYKOIIHC-
HeIx mu¢p. B craree [19] npennoxena MHC, BeimonHstonas GyHKIMU acconuaruBHoW namstu. B myOnuka-
1y [20] ynmoMsHyTast apXUTEKTypa peajln30BaHa anmnapaTHo.
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Onnaxko cxema Ykya He TOydnIia IMUPOKOTO TIPUMEHEHHS B 33/1a4axX 00padOTKH WHPOPMAIHH, HECMOTPSI
Ha OJarompusATHBIE IS 3TOTO XapaKTePUCTUKH, ONTMCAHHbIE BhINIE. /laHHOE 00CTOATENHCTBO 00YCIOBICHO HE-
CKOJIbKUMH TpUYMHaMU. Tak, JUIs yCIeHoro npuMeHeHnsa cxeMbl Yxya B pamkax PII Heobxoqumo pemunThb
3a1a4qy MJICHTU(PHUKAIMY JHHAMUKH CHCTEMbI U CBS3aHHBIX C HEHl M3MEHEHWH BXOJHOTO CHTHaja. B Hactos-
1Iee BpeMs €CTh MHOXXKECTBO METOIOB, pa3paboTaHHbIX criennanbHo it ananm3a HC ¢ xaoTnyecknmu pesxu-
Mamu. B gacTHOCTH, UIsI peam3auyd MEXaHU3Ma CUUTHIBAHMSI COCTOSHUS ocumiuisitopa Wkya B pabote [16]
OBUT KCIOB30BaH OU(YPKAMOHHBINA aHanu3. |1 KOMTMYECTBEHHON OIIEHKH Xaoca MPUMEHSIOTCS SKCTIOHEHTa
JlsmynoBa u ¢paxraibHas pasmepHocTh [10], a Takke (hakT caMOCHHXPOHM3AIMU CUTHAIIOB C BBIXOJIOB sIJiEp
B MaTpuU4HOH nexommo3ummu [22; 23]. OmHako BCe MePEUUCIICHHBIC METOMBI SIBIISTIOTCSI CPABHUTEIIEHO PECYPCO-
emknMu. Kpome Toro, CymiecTByromye MEeTOIbl YIIPaBIeHUS Xa0THYECKUMHU OCIIHIUISITOPAMH XOTS U XOPOIIIO
pa3paboTaHbl, HO HE aJaTUPOBAHBI JIJIsl pelICHUs 3a1a4 00padoTku nHpopManu. He MeHee BakKHO U TO, 4TO
OOJILIIIMHCTBO ONUCHIBAEMBIX MTPUMEPOB pu3nueckux peanuzanuid PI1 neMoHCcTpUpYIOT paboToCIOCOOHOCTD
MIPUHIIMIIOB, JIEKAIINX B UX OCHOBE, TOJIBKO HA Y3KOM KpyTe 3ajad.

Taxum 0Opa3oM, HacTOAIIEEe UCCIIEAOBAaHNE CTAaBUT CBOEH IeJbi0 pa3paboTKy crocoba yrpaBieHHs Xao-
TUYECKUM OCHMIUIATOPOM UKya M CUMTBHIBAHUS €r0 COCTOSIHHSA, MO3BOJISIONIETO HCIOIB30BATH OCIHILISATOP
B pamkax PIT muist knaccuukanmum BpeMEHHBIX psZIOB. B nanbHeeM 3ToT crnocod moydyuT NpakTHIeCKOe
MpUMEHEHHNE B 00J1acTh 00paOOTKH CUTHAIOB B BHJIE MJIEKTPOHHOTO YCTPOUCTBA.

Ocunasarop Yikya B kauecTBe pu3nyeckoro peepsyapa
Iycts uMetotes o0ydarommas Beroopka u' ™" (¢), mpencrasmsomas cCOG0H BXOIHON CUTHATL, K COOTBETCTBYIO-

it eif xenaemblit Boixozoit curnan y ™" (¢). Coanacno PI1[10] neobxooumo paspabomame maxoii punsmp F,

~train

Komopwiil npu noyuenuu Ha éxode cuenana u'™" (t) esioacm na evixooe cuenan ™" (1), makcumanvno ruskuil
k cuenany y™"(¢). J1st 5TOro creayeT MOATOTOBMTH MHOTOMEPHYIO IMHAMHYECKYIO cucteMy X (f), Kotopas
BBITIOMHSET (YHKLMIO pe3epByapa U MOYKET YIPABIATHCS CUrHaIoM u " (¢), IIph 5TOM TlepeMeHHbIe IPOCTPaH-

CTBa COCTOSIHMI TaKOM CHCTEMBI x,.(t), i=1, ..., n, MOKHO HaOJIOAATh M 3amuchIBaTh. Ha ciemyromem miare

Ha BXOJ CHCTEMBI TOZI2eTCsl cUrHAT ¢ (¢) M 3amMCBIBAETCs COOTBETCTBYIOIMIT OTBETHBI curnan x, " (7).

Hanee Haxomutcs QyHKUMs F, KOTOpasi MO3BOJIHUT MPeoOpa3oBaTh 3alMCaHHBIA BEKTOP COCTOSHHN CHUCTEMBI

(xltrain (1), ... xrain (t)) B BBIXOJHOI curHan ™" (), anIpoKCHMUPY O XKeaeMblii CUrHa ytrain (). Ipoueny-

n

pa UCTIOIb30BaHMSI Pe3epByapa 3aKI0uacTcsl B TOM, YTOOBI TOJATh Ha BXOJ HOBBIM CUTHAM U (t), 3aI1ncarb u3Me-
HECHHUS IEPEMEHHBIX IIPOCTPAHCTBA COCTOSHUM X, (t), I (t) Y BBIYHCIIUTD BBIXOJHOW CUTHAJ )A/(t) =F (x(t))

Hicxomst 3 MPEANONOKEHHUST O TOM, YTO OCIIIIATOP UKya MOKET OBITh TOAXOISIINM BIYUCIHTEIBHBIM CPEJl-
cTBOM B pamkax PII, HeoOxomuMo pa3paboTaTh crocod yrpaBlIeHHs OCIHIUIATOPOM U CYUTHIBAHUS €r0 COCTOS-
HHs1, COOTBETCTBYIOIINI OMUCAHHOM BbIiie cxeme. [IpuueM 0CHOBHBIM TpeOOBaHHEM SIBISIETCS CYIIIECTBOBAHUE
3aBUCUMOCTH TPACKTOPHU CHCTEMBI B MPOCTPAHCTBE COCTOSIHUI OT YIPABISIONIETO CUTHANIA 6e3 HeoOXo0u-
MOCMU NOTYYUMb HEKYIO CReYUDUUECKYI0 OUHAMUKY OCYUILIAMOPA.

PaccmoTpuMm fanee cucTeMy HETHHEHHBIX Tu(depeHIHaTbHBIX YPABHEHHIA, OMMCHIBAIOIIYIO OCIHIUISTOP
¢ KyOHUYECKOW HETMHEWHOCTBIO U JIOTIOHUTEIILHBIM YIIPABIISIOIIHM TAPAMETPOM:

dx

E=Oc(y—x3—cx)+8,

dy
=x—y+z, 1
dt royTe M

dz B

i Vs
IJIe X, V, Z — IePEMEHHbIE IPOCTPAHCTBA COCTOSIHUM; O, 3, ¢ — TapaMeTphl; O — CUTHAJ yIpaBJeHHs. XaoTH4e-
CKasl IMHaMUKa HaOuronaeTcs npu o, = 15,6, B =28, ¢ =-0,3.

st ynipaBiaeHust ocmiisiTopoM UYKya yaiie BCEro UCIONb3yeTcst mapaMeTp of. B wacTHocTH, B my0Onuka-

nusx [22; 24] mokazaHo, KaK OT mapaMeTpa Ol 3aBUCAT TUHAMUYCCKHUE PEeKUMBI ociimuuisiTopa Wkya. OnHako
B cucteMe (1) mpUCYTCTBYET JOMOMHUTENBHBIN MapaMeTp O, KOTOPbIN H3HAYAIBHO ObLIT BBeICH B padbote [24]
KaK KOO(QQHULIUEHT CBSI3H MEXKIY AByMS OCHWLIATOPAMH, PaOOTAIOIMMU B peXXUME CHHXpOoHHM3auuu. B Ha-
CTOSIIIIEM HCCIIEIOBAHUH O SBISIETCS CAMOCTOSITEIIBHBIM [TAPAMETPOM, BIHSIONIMM (Kak Oy/eT MOKa3aHo HUKE)
Ha THHAMHUKY OCHMILISATOPA. Jlanee HCCIeayroTCsl Cllydan, KOria mapaMerp O 0CTaeTcst HEM3MEHHBIM JIH0O 13-
MEHSETCS] KPaTKOBPEMEHHO.
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JuHamMuKa ocHMIIATOPa NMPH (PMKCHPOBAHHOM 3HA4YeHWHU YIpaBJsiioliero napamerpa. Paccmorpum
pe3yAbTaThl YUCICHHOTO MOACTUPOBAHUS CUCTEMBI (1) MpH pa3IUUHBIX 3HAUCHUSIX YIPABJIIOIIETO MapaMeTpa.
Ono nposeneno B cpene MATLAB ¢ moMomIbIo BCTPOSHHOTO petatens AudQepeHInanbHbIX ypaBHeHHH ode4s,
ABTOMATHYECKH OTPEEIISIONIETO TapaMeTphl pelIeHus . 31eCh U Jlajee MPUHSTHI CIEAYIONIe HadaJbHbIe yC-
soBust: x, = 0,02, y, =0, z, = 0. I306paxenus arrpakropos cuctemsl (1) mist 8 = 0,2 u & =—0,4 npeacrasieHsl
Ha puc. 1, a u 6, cooTBEeTCTBEHHO. | paduku n3MeHEHUsI BO BpEMEHH NIEpBON EPEMEHHOW MPOCTPaHCTBA CO-
crosiauii cuctemsl (1) st &= 0,2 u 8 =—0,4 npuBeeHbI Ha prC. 2. MOXHO BUAETH, 4TO TipH O = 0,2 KosteOaHwust
COCPEIOTOUEHBI TIPEMMYIIECTBEHHO B TIOJIOKHUTENBHOM 06macT, a ipu O = —0,4 — B OTpHUIATENBHOM.

ala o/b
0,2 T T T 0,2 =

=
=
T
I
2
—
T

3HaueHHE y
(e}
T
Il
3HaueHue y
)
T

-0,1F . -0,1
-0,2 . . . -0,2
-1,0 -0,5 0 0,5 1,0 -1,0
3HaueHue x 3HaueHue x
Puc. 1. DOpMBI aTTPaKTOPOB IS Pa3IMIHbBIX 3HAYCHHUH YIPABISIONIETO TapameTpa o:
a-06=02;6-06=-04
Fig. 1. The forms of attractors for different values of control parameter 3:
a-06=02;b-06=-04
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Puc. 2. [Ilunamuka niepBoii IepeMEHHOM MPOCTPAHCTBA COCTOSTHHUN cHCTeMBI (1)
U PA3IMYHBIX 3HAYCHHSX YIPABISIONIETO Mapamerpa o:
a-8=02;6-6=-04

Fig. 2. The dynamics of the first state-space variable for the system (1)
at different values of control parameter &:
a-06=02;b-06=-04

OOG1iee mpeacTaBiIeHIE O BIMSHAK YIPABISIONIETO MapaMerpa O Ha TpaeKTopuio cuctemsl (1) B mpocTpan-
CTBE COCTOSIHMII 1aeT Ou(ypKalMoHHAast TuarpaMMa Ha puc. 3, a. J{nis cpaBHeHus Ha puc. 3, 6, npuBeaeHa oudyp-
KallMOHHAs AMarpamMmMa Ipy yrpasJieHUH 110 napameTpy o. O0nacTh 3HaYCHUH YIpaBIIsIOLIETo TapaMeTpa, B KO-
TOPOM CyILECTBYIOT XaOTHUECKHE KOJIEOAHUsI M HAOIIONAETCs aTTPAKTOP TUIA «IBOMHON 3aBUTOK», OTMEUEHA
KPacHBIM I[BETOM. MOYHO BUJICTh, YTO MPH OOJBIIMX OTPUIIATEILHBIX 3HAYEHUSIX TapamMeTpa O KojiebaHus mpo-
HCXOJIAT TOJBKO B OTpHUIIaTebHOM 06mactu. C pocToM BElHUYKHBI O Bee Oorbliie KoebaHuii HabIromaeTcst B 1mo-
JIOKUTENBHON 00JIaCTH U BCE MEHBIIIE — B OTPULATENILHOM, /10 TEX MOP MOKa BCE KoJeOaHUsI HE COCPEOTOATCs
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B TMOJOKUTEIbHON 00nacTu. [y 4rciaeHHON OLIEHKM OMMCAHHOTO SIBICHUS YIOOHO HCIONB30BaTh cpedHee
apugmemuueckoe 3HaueHue nepsoil nepemennou x (0003HaYMM €ro 4Yepe3 X), BRIYUCIIIEMOE Ha HEKOTOPOM
BpEMEHHOM HMHTepBasie. Jlanee X OyIeT pacCUMTBHIBATHCS IJISi BCETO BPEMEHH MOJEIHMPOBAHMS C MOMOUIBIO
¢ynkuun mean() cpeast MATLAB. JIng ciyyaeB, IpOMILTIOCTPUPOBaHHBIX Ha puc. | u 2, mpu 2000 maroB mMo-
nemupoBanus X = 0,364 08 (mst 8 =0,2) u X =—0,438 48 (s 6 =—0,4). [padmku 3aBUCUMOCTH BETUUUHBI X OT
YIIPABISIIOLIETO MapaMeTpa MpH yIpaBJIeHUH 10 TapaMeTpaM O U oL TIOKa3aHbl Ha PUC. 4, a U 6, COOTBETCTBEHHO.

ala 0/b
1,0 T T T T T 1,0 T T T T T
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[} Q
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Puc. 3. budypkannonHblie 1uarpaMmbl ist cucteMsl (1):
@ — TIpY yTIPABIICHHH TI0 TTapameTpy O; 6 — IIPH YIIPaBJICHHH 0 apameTpy o (& = 0)
Fig. 3. Bifurcation diagrams for system (1):
a — for the §-control; b — for the o-control (8 = 0)
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Puc. 4. 3aBHCHMOCTB CpPEIHETO apu(HMETHIESCKOTO 3HAUCHHS
HEPBOI MIEPEMEHHO# POCTPAHCTBA COCTOSIHMI X OT YIPABISIFOIIETO apamMeTpa:
a — TIpH YIIPaBJICHHH TI0 TIapamMeTpy O; 6 — TP YIpaBlIeHnH 1o mapametpy o (8 = 0)
Fig. 4. The dependence of the mean value
of the first state-space variable X on the control parameter:
a — for the §-control; b — for the oi-control (3 = 0)

Kak BumHO 13 puc. 4, a, 3HaYCHUs! YIIPABISIIOIIETO MapaMeTpa, IpH KOTOPBIX HAOIIOAAETCS Xa0TUIECKUN
pexuM, GOPMUPYIOT Ha IpadiKe HEJIMHEHHYIO KPUBYIO, B OTIIMYME OT CiIy4dasl yIpaBleHHS 10 apameTpy o

(cM. puc. 4, 6), TIe B XaOTUYECKOM PEKUME BEIMUMHA X KOJIEOJIETCs OTHOCHUTENBHO HYJsl 0e3 00pa3oBaHUs
KaKHUX-JINOO SIBHBIX TPEHJIOB.

JMHaMUKa OCHM/LIATOPA NPH MMILYJIbCHOI (popMe YNPaBJISIOLIEro NapaMerpa. YIpasisrolui napa-
METp JJIs1 OCHMILISATOPA MOKET OBITh MPE/ICTABIEH B BUAC UMITYJIbCA, aMIUTUTYAA, IIUPUHA, IOISIPHOCTD U BPeMsI

TTOSIBJICHUST KOTOPOTO TIO3BOIISIOT KoAUPOBarh nH(popmanuto. Ha puc. 5, a, n3odpaxen rpaduk nepeMeHHoON x(t)

JUtst BapranTa, koraa O = 0. B atom ciyyae nipu 250 marax mogenuposanus X = 0,034 433. TIpu nogavue Ha BXOT
cucrembl Ha 80-M miare umyisca 6 = 0,4 mTensHocThio 1 mar mogenuposanus X =—0,003 8116 (puc. 5, 6).
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Kax moxkazano Ha puc. 5, g, eciiu MHUpUHA UMITYThCa CTAHOBHUTCS MHOTOKPATHO OOJBINIE BPEMEHH, KOTO-
pOe MOYXHO YCIIOBHO Ha3BaTh MEPHOLOM Komebanuii' mo x (60—300-if marn Moxenmposasus, & = 0,4), cuc-
TeMa NepexoiuT B PEXUM paboThl Npu (PUKCUPOBAHHOM 3HAUEHHM HapaMmeTpa, B 3ToM ciyyae X = 0,195 34.
U3 puc. 5, 2, BUAHO, YTO, KOT/A JUIMHHBIA UMITYJIbC MIpepbiBaeTcsi KOPOTKUM (141-142-if marn Mmoaenuposa-
aust, & = 0), X=0,214 67. Kpome TOr0, B JIByX MOCIEAHNX CIyYasX 3aMETHBI OTINYUS B (hopMe KoJaeOaHuii x.
B wactHOCTH, Ha puc. 5, 2, B paifone 173-ro mara MoaenupoBaHus KOJICOAHHs yXOAAT B OTPHUIIATEIHHYIO 00-

JIACTh M COXPAHAIOTCS TaM 1o 181-ro 1mmara, 4ero He HaOIIOmaeTcs Ha puc. 5, 6.

ala 6/b
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Puc. 5. BnusiHue ynpasisioluX CUI'HAJIOB
Ha IMHAMHUKY crucTeMsl (1) pH yIpaBieHuH o mapameTpy o:
@ — OTCYTCTBUE HUMITYJIbCA; 6 — KOPOTKHI UMITYJIbC; 6 — JUIMHHBINA UMITYJIbC; & — CIIOKHBINA HMITYJIbC

Fig. 5. The influence of control signals
on the dynamic of system (1) under the 3-control:
a — without impulse; b — the short impulse; ¢ — the long impulse; d — the complex impulse

Ha Bennuuny X BIUSIIOT Kak hopMa UMITY/IbCa, TaK U YMCIIO LIaroB MoJenupoBanus. Ecin oHO JocTaTtouHo
BEJIMKO, Pa3HUIIA B 3HAUEHUHU X JJIS CIIy4aeB OTCYTCTBHUS M HAJIMYMS UMITYJIbCA CO BPEMEHEM YMEHbINIAeTCH.
J1y1st KOpOTKOTrO UMIyJibca (puc. 6, a U 6) OTMEUEHO, 4TO 10 94-r0 11ara UMITYJIbC, MOAaHHbIN Ha 80-M miare,
HE OKa3blBAaeT 3HAYMTEIbHOIO BiIMsAHMA Ha X. [locne 122-ro mara pacxoxJeHHe HAYMHACT yBEJINIUBATHCS,
JIoCTUTast HanOoJbIel BenmnuuHbI B paitfone 200-ro mara mogenuposanus. B paitone 1000-ro mara KpuBbie
cxoasTes. M xoTd nanee OHM HE CTAHOBATCS MOJHOCTBIO HASHTHYHBIMU WITH NTapaJUIEIbHBIMU, YK€ HE YIaeTCs
HUACHTU(UIUPOBATH CHCTEMY, ITOJBEPTUIYIOCS UMITYIBCHOMY BO3ACHCTBUIO, M0 BeJnYnHe X. Kak BUIHO M3
puc. 6, 6, JIMHHBIN MUMITYJIbC BBI3BIBAE€T POCT BENWYUHBI X. B cBOIO ouepens, puc. 6, 2, MOKAa3bIBAET, YTO
[IpEepbIBaHNE AJIMHHOTO UMIIYJIbCA HE IPUBOAUT K 3HAUYUTEIBbHBIM HU3MEHEHHUSIM B 3aBUCUMOCTH X OT 4HCia
LIaroB MOJEJIMPOBAHUSI.

'"Tepmun «mepron koneGanuiny HCIONB30BAH 3ECh AT 0003HAUCHIS CPEIHEr0 BPEMEHH, B TEUEHHE KOTOPOrO TPACKTOPHS CHC-
TEMBI OCTAaeTCs B TIOJIOKUTEIILHOM 001aCTH, IIPEK/IC YeM NIEPEHTH B OTPULIATEIIbHYIO 001aCTh, 1 HA0OOPOT.
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Puc. 6. Ddpdexr kpaTKOBpeMEHHON MaMsITH:
a — KOPOTKUH UMITYJIbC (IUCKPeTHOCTH 20 maroB);
0 — yBETTMYCHHBIN (parMeHT I KOPOTKOTO HMITYIIbca (AUCKPETHOCTH | mrar);
6 — JNIMHHBIN UMITYJIbC; 2 — CJIOKHBINA UMITYJIbC

Fig. 6. Short-term memory effect:
a — the short impulse (discrete 20 steps); b — enlarged fragment
for the short impulse (discrete 1 step); ¢ — the long impulse; d — the complex impulse

Kiaccnpuxarop curnajios
Ha OCHOBe ocHuJLIATOpa Uskya

[Ipeanaraemplii TOIX0/ K yIPaBICHHUIO OCLHUIUIATOPOM M CYUTHIBAHUIO JAHHBIX IPUMEHEH JUIS IIOCTPOCHUS
KJIaccu(pUKaTopa KBaApaTHOTO, TPEYTOJILHOTO H CHHYCOUIATBHOTO CHT'HAJIOB.

st aTOTO aBTOpaMu pazpaboTaH MporpaMMHBINA pemarens B cpene MATLAB na ocHoBe Metona Pynre —
KyTTb! 4eTBepTOro mopsiika, KOTOPbIi MO3BOJIIET U3MEHATH IAPAMETPhl CHCTEMbI OOBIKHOBEHHBIX JU(depeH-
UAJBHBIX YPaBHEHUH B TIPOLIECCE PEILICHUS M HCIIOIb30BaTh (PUKCUPOBAHHBIN IIAT BPEMEHH.

C nomomrsio uHctpymenta audioOscillator cpenst MATLAB coznano no 300 06pa3inoB (CeMIUIOB) CUTHA-
JIOB K&)KAOTO THIIA JUIsl HACTPOWKH (00yueHns ) kiaaccudukaropa. AHaIOrHYHas BRIOOpKa COPMHUpPOBAHA IS
tectupoBanus. K ynciay nmapameTpoB 00pa3ioB OTHOCATCS CMELIeHUE (a3bl, 3HAYEHUS] YaCTOThI, aMIUTUTYIbI
1 CMELICHHS YPOBHsI CUTHaNIa OTHOCUTENbHO Hyis. CMemenue ¢asbl (PhaseOffset) kaskmoro curnana 3amaercst
ClTydaifHBIM 00pa30M C MOMOIIBIO TeHepaTopa ICeBAOCTyYaiHbIX YHCE, JeKAIUX B HOPMaJIH30BaHHOM HH-

TepBalle [0; 1], KOTOPBII COOTBETCTBYET JUANA30HY [O; 27c]. Yacrora (/) 3agaercs ciydaiiHbIM 00pa3oM B JHa-

mazoHe 20—40 I'tr. 17151 O1ieHKH COCTOSHUS OCITMIIIATOPA UCTIONB3YETCS BEIMINHA X, BEIYUCIIIEMAs 32 BCE BpeMs
MOJICTTUPOBAHUS JJIsl KAXKJ0TO cUrHana. [ paguku ¢parMeHTOB TECTOBBIX CUTHAIOB U COOTBETCTBYIONIUX UM
KOJIeOaHUH 10 IEpEMEHHOM X MPE/ICTABICHBI Ha PHC. 7. XOPOIIIO BUAHBI Pa3Iindus B JOPME KOJIeOaHHIA OCIINII-
JSITOPA B 3aBUCUMOCTH OT YIPABJISIOIIETO CUTHATIA.
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Puc. 7. BnusiHue TECTOBBIX CUTHAJIOB (JIMHUU KPACHOTO 1IBETa) Ha JUHAMUKY OCLIHJUIATOpA:
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@ — KBaJIpaTHBIN CHTHAI, O — TPEYTOJbHbIH CUTHAIT; 6 — CHHYCOU/IANIbHBII CUTHAI
Fig. 7. The dynamic of the oscillator under the influence of the different control signals (red lines):

a — square signal; b — triangle signal; ¢ — sinusoidal signal

1-0,1
%)
o]
=
1-02 §
Z
o
-03
~0,4
3000

OneHuBast BeTUUUHY X JUIs1 Pa3IMYHBIX 00pa3LoB, MOXKHO C/IEIaTh BBIBOJ, YTO X 3aBUCHUT OT ()OPMBI yIIpaB-
JIFOLLETO CUTHaJIa, KaK [I0KA3aHOo Ha pUC. 8, I/ KaX/1asl TOUKa COOTBETCTBYET OHOMY 3HAYEHHIO X JJIs1 KasK10ro

E

. N B .
W3 CHTHAJIOB oOydaromield BeIOopku. Cpeaane 3HaueHust X = —in (E — pasmep oOydarorieil BRIOOPKH) TS

i=1

Ka)KI0M TPYIIIbI CUTHAJIOB MOT'YT UCIIOJIb30BaThCS KAK OIIOPHBIE 3HAUYEHHUSI MHOTOYPOBHEBOI'O KOMIIApaTopa mpu
BBINOJTHEHNH Kaccudukanyu. Takium 00pa3oM, GpyHKIHIO, BEITTOIHIEMYIO HCKOMBIM (DHIBTPOM F, MOKHO OTTH-

carh B BHJIC

k,, ecim (|XSin - x| < ‘Xtriangle - x‘) A (|XSin - x| < ‘qur - X ),

F(S) = k2’ ecim (‘Xtriangle - x‘ < |Xsin - x|) A (‘Xtriangle - x‘ < ‘qur - X )’
ks, ecm (‘qur - x‘ < ‘Xtriangle - x‘) A (‘qur - x‘ < |XSin - X ),
N
e O — CUTHaJ yrpaBneHus; k,, k,, ky — KI1acChl CUTHAJIOB; X = — z x; (x — mepBas nepemMeHHas cucremsl (1),
~ i=1 ~

N —4uciio maroB MoJeIupoBanus); X — OTIOPHOE 3HAYEHUE /IS CUHYCOM/IANILHOTO CUTHATIA; X tiangle — OTIOP-

HOC 3HAYCHUEC JIs TPEYTOJIbHOI'O CUTI'HAJIA; qur — OITOPHOE 3HAYCHUE JIJI1 KBAJIpaTHOTO CUTHaJIA.
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Puc. 8. Cpennue apupmeTndeckre 3HaUCHHS TIEPBOI TEPEMEHHON
IIPOCTPAHCTBA COCTOSHUN X Ul Pa3IMYHbIX YIPABIIAIOIINX CUTHAJIOB

Fig. 8 The mean values X of the first state-space variable
for the different control signals

AMIUTITY/IA ¥ CMEIICHUE CUTHAJIA OTHOCSATCS K IapaMeTpam, C IIOMOIIBI0 KOTOPBIX MPOU3BOJINTCS HACTPOHKA
pesepByapHoro Bbrauciutens. [Iporecc HACTPOWKH CBOIUTCS K TOMY, YTOOBI IOOUTHCS HAMOOMBIIEH pa3HUIIBI

MEKIY BEMHIHHAMU X oo X ianeier Xsqr-

3aBUCHUMOCTH JOJH OMTHOOK KJTacCH(DHUKAITNU OT YHCIIa IIIar0B MOACIIMPOBAHMS TIPEACTaBICHA Ha pHC. 9.
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Fig. 9. The dependence of the classification error rate
on the simulation time

Buano, uyto npu OomblIeH INTENBHOCTH MOASTUPOBAHUS 10J1s1 OIIMOOK KiIaccu(pUKauuu ObICTPO YMEHb-
maetcst. Yxe npu 40 000 maroB MoAenMpoBaHUs BCEe KBAaApaTHBIE CUTHANbI KIACCH(PUUIUPYIOTCS Oe301u-
004HO. MUHMMaIBFHOE KOJIMYECTBO OMHMOOK KiIacCH(UKAIIK (JBE OMMOKY Ui CHHYCOUJAIBHBIX CHTHAJIOB
¥ TPH OIIUOKH JJIST TPEYTOIBHBIX CUTHAIOB) HocTUTHYTO mpu 160 000 maros. Jlanee gomns ommOoYHO Kiac-
CU(QHIIMPOBAHHBIX CHT'HAJIOB HE3HAYMTENBHO KoJieOneTcs. Psi mpencTapneHHbIX HAOMIONECHUH 32 TUHAMUKOM
ocruiusiTopa Ykya HOCST IMIUPUUECKUN XapaKTep, OJJHAKO [TO3BOJISIOT 3aKII0YUTh, YTO OCIUIUIATOPY B Xa0-
THYECKOM PSKHME MPH YIPABICHHUH I10 TTapaMeTpy O CBOMCTBEHHBI HHEPTHOCTh M KPATKOBPEMEHHAs TAMSITh.
[TprHUMast BO BHUMaHHE HETMHEHHYO 3aBUCHMOCTD BBIXOIHOM BEJIMYMHBI X OT YIPABJISIOIIETo mapamerpa d,
IIPEACTABICHHYIO Ha PHUC. 5, d, MOYKHO CHeJaTh BBIBOX, YTO OCLMILIATOP UKya, yHIpaBiIseMbll C TOMOLIbLIO
mapaMerpa O, OTBe4aeT BceM TpeOOBaHUSM, IPEABSIBISIEMBIM K pe3epByapam. B cBoro ouepesis, cpenee apub-

METHUYECKOE 3HaYCHHE MEePBON MTEPEeMEHHOM MPOCTPAHCTBA COCTOSHUIN X MOYKET MCIIOB30BaThCs [Tl Tpyooit
OLICHKU JUHAMUKU CUCTEMBIL.

97



Kypnaa Besopycckoro rocyrapcrseHHOro yuusepcurera. Maremaruka. Mudgopmaruka. 2023;1:88-101
Journal of the Belarusian State University. Mathematics and Informatics. 2023;1:88-101

3aKjaoueHune

HUccnenoBansl cBoiicTBa ocIumissTopa Ykya, MO3BOJSIONINE YCIIEITHO MTPUMEHSTH €T0 JIIsl 00paOOTKH CUT-
HaJoB. Pa3zpaboTansl crioco0 ympaBiieHUs! OCHMILIATOPOM M OLIEHKH €T0 COCTOSIHHSA, JAONINH BO3MOXHOCTH
OOHO3HAYHO C8A3AMb YNPABGIAIOWUL CUSHAIL C (POPMOLL KOIeDaHULl OCYULIAMOpd, U apXUTEKTypa yCTpOICTBa,
peanmsyromias mperaraeMbli moaxo (cM. mpuitokeHue). [IpencraBieHHsIil criocod ncciieoBaH Ha IpUMeEpPe
MMOCTPOCHHS Kiaccu(huKkaTtopa CUTHAIOB KBAJPATHOH, TPEYTONbHON M CHHYCOMIAIbHON (POpPMBI Ha OCHOBE
ocmmuuiaTopa Ykya B pamkax ¢usmaeckoro PII.

IIpunoxenune

Ha ocHoBe mosiy4eHHBIX pe3y/bTaToB pa3padoTaHbl MPUHLMIHAIBHAS JIEKTpUUecKas cxema (puc. 1, a)

1 3KCIIEpUMEHTANbHBIN cTeHa (puc. I, 6) aHamoroBoii yacTu pe3epByapHoro Beranciutens. [IpencraBnenHbiit
2
Ha cxeme reHeparop Uxya npennoxer B. Cunepckum”.

ala
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- A A
Ver. 2.00k
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100n TL062
Yer. 2.16k _l_ Ilur. OY: 12 B

Puc. I. AHanorosast 4acTb pe3epByapHOro BEIYUCIIUTEIIS:
a — MPUHIMITHATIBHAS DIICKTPHYECKas cxeMa (YCT. — YCTaHOBJICHHOE 3HAYCHHE;
nuT. OY — nuTanue onepalmoHHOr0 YCUITUTENS ); 6 — YKCIIEPUMEHTaIbHBIN CTEHT

Fig. I. The analog part of reservoir computer:
a — electronic circuit (yct. — set value;
mut. OY — operation amplifier power supply); b — experimental setup

ZSiderskiy V. Building Chua’s circuit [Electronic resource]. URL: http://www.chuacircuits.com/howtobuild1.php (date of access:
03.11.2022).
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BxomHoii Oydep ciryKHT JIs SIIEKTPUUECKOTO COITIACOBAHUS HICTOUYHHKA CHTHaa co cxemoit Wkya. Kommapa-
TOp HAIPSKEHUM CPaBHUBACT ABYXIIOJISIPHBIN BBIXOJHOM CUTHAJI OCLHMILIATOPA C HylleM. Bce Bpemst, IIoka Ha BbI-
X071€ OCLIJUISATOPA COXPAHSAIOTCS KOJIeOaHUsI B MOJNIOKUTENIBHOM 00JIaCTH HAaPsDKEHUH, Ha BBIXOZIE KOMITapaTopa
HPUCYTCTBYET CUTHAJI JIOTUYECKOM €IMHUILIBI, B IPOTUBHOM CJIy4ae JIOTHYECKOTo HyIIsl. J{anee MUKpOKOHTpoJLIep
(Ha cxeme He MOKa3aH) BBIYHUCISIET BPEMsI, B TEUEHHE KOTOPOTO BBIXOJHOM CHTHAJI KOMIIapaTropa OCTaeTcsl paB-
HBIM JIOTUYECKON €IMHHUIIE, TIOCTIE YeTO PACCUUTHIBACT BENNUYHMHY X. OCIMIIIOrpaMMBl YIIPABIIAIOUINX CUTHAJIOB
pa3nuuHO (POPMBI ¥ BUJI CUTHAJIOB Ha BBIXOJIE OCIMIIISITOPA TIOKa3aHbl Ha puc. 11.

o/b
Hantek B2 /|8 AT & AARRNW] 4.00 ms Menu
TmhmsT | :

(A

% M a8 500mv SN 8 5.00V J[CHIE 2.00V 0Hz 1-Jan-09 02:28 E @5 50mV |5 85 500V . CHI '\_ 2.00V 60 Hz 1-Jan-09 00:09

FEAg 500mv 5888 500V | CHIAL 240v T 30Hz 1-Jan-09 00:09

Puc. II. ®opmsl HanpspkeHnit U, (JIMHUHE KPaCHOTO I[BETA)
UL Pa3nU4YHBIX OPM BXOAHOTO curHana U, (JIMHUH CHHETO LBETA):
@ — KBaJpaTHbIA CUTHAJI; 6 — TPEYTOJIBHBIM CUTHAI, 6 — CHHYCOUAJIBHBIH CHIHAI

Fig. 1l. The waveforms of oscillations U, (red lines) for different input waveforms U, (blue lines):
a — square signal; b — triangle signal; ¢ — sinusoidal signal

Jia BxonHbIX curHaioB yacToToi 30 ['11 (MCTOUHMK — reHepaTop CTaHIapTHBRIX CUrHaNoB Tumna ['6-34) mo-
JIy4eHbI CIIeTyIoIIre yCpeAHEHHbIE 110 BPEMEHN 3HAYeHUs HAIMPsDKEHUH Ha BBIXOJ/IE KOMITapaTopa, MCIOb3y-

& 7 CMP
eMbIe KaK OTIOpHbIe 3HAYEeHUS IPU Kaccu(puKanuu: USSIMP = 3,6 B msa kBamparHoro curHana, U tﬁangle =40B

JUIsL TPEYTOJILHOTO CUTHAIA, USEIMP =3,84 B st cunyconaanbHoro curxana. Pasmax Bxopuoro curxan U,
cocrasieT ot 0,2 no 1,6 B.
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