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O CYIIECTBOBAHUU TPUTOHOMETPUYECKHNX
AITITPOKCUMAILINA OPMUTA - AKOBU
N HEAMHEVHBIX AIITIPOKCUMAILINN SPMUTA — YEBBIIIEBA

A. II. CTAPOBOHTOBY, E. I1. KEYKO", T. M. OCHAY"

YTomenvcruii 2ocydapcmeennblil ynusepcumem um. Opanyucrka Cropunol,
yn. Cogemckas, 104, 246028, e. ['omens, Berapyco

OrmpeienieHbl aHAIOTH aNreOpandeckrX annpokcuManuii Opmura — [aje, a MIMEHHO TPHTOHOMETPUYESCKHE alllPOKCH-
Marm Dpmura — [lage n Dpmura — Sxo6u. [locTpoeHBI IpUMepHI PYHKITHHA, U KOTOPBIX TPUTOHOMETPHYECKUE alllIpOK-
cuManuy JpMmuTa — SJkoOH CyIIecTBYIOT, HO HE COBIAAIOT ¢ TPUTOHOMETPUYECKIMH allIpoKcUManusaMu Dpmuta — [laze.
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BemmecTBeHHBII, KOMIUIEKCHBIH M GYHKIMOHAJILHBII aHAJIN3
Real, Complex and Functional Analysis

[TomoGHBIC TPUMEPHI TOCTPOCHBI IS JIMHEHHBIX M HETMHEWHBIX allpoKcHMAaIi JpMuTta — UeOslneBa, SBISIOMNUXCS
KpaTHBIMU aHaJIOTaMU JIMHEWHBIX M HEIMHEeWHBIX annpokcumanuii [lage — YeObiea. O6a THIIa NPUMEPOB BBITEKAIOT
W3 M3BECTHBIX MPEJCTABICHUN JUIsl YUCIUTENS M 3HaMeHarels Jpo0eii, BBeaeHHbIX 11, DpMHUTOM Npu JOKa3aTesbCTBE
TPaHCLICHAECHTHOCTH YUCIIA e.

Kniouesvle cnosa: TpUroHOMeTpUUIECKUE PsABL; psibl Pyphe; TpuroHoMeTpuueckue annpokcumarmu Iage; MHOTOUITE-
HBl OpMmuTa — [lazge; annpoxcumarmu Ilane — YeObimena.

Brazooaprocme. Pabota BhINOIHEHA B pAMKaX TOCY/IapCTBEHHOMN IPOrpaMMbl HAYYHBIX UccienoBanuii « Konsepres-
mst-2025».

ON THE EXISTENCE OF TRIGONOMETRIC
HERMITE - JACOBI APPROXIMATIONS
AND NON-LINEAR HERMITE — CHEBYSHEV APPROXIMATIONS

A. P. STAROVOITOV®, E. P KECHKO’, T. M. OSNACH"

*Francisk Skorina Gomel State University, 104 Savieckaja Street, Gomiel 246028, Belarus
Corresponding author: E. P. Kechko (ekechko@gmail.com)

In this paper, analogues of algebraic Hermite — Padé approximations are defined, being trigonometric Hermite — Padé
approximations and Hermite — Jacobi approximations. Examples of functions are represented for which trigonometric
Hermite — Jacobi approximations exist but are not the same as trigonometric Hermite — Pad¢é approximations. Similar
examples are made for linear and non-linear Hermite — Chebyshev approximations, which are multiple analogues of linear
and non-linear Padé — Chebyshev approximations. Each type of examples follows from the well-known representations
for the numerator and denominator of fractions, introduced by C. Hermite when proving the transcendence of number e.

Keywords: trigonometric series; Fourier sums; trigonometric Padé approximations; Hermite — Padé polynomials; Padé —
Chebyshev approximations.
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BBenenne

Ilycte dynkmus f (z) IIpEaCTaBIICHA CTCIICHHBIM PSIA0M
f(2)=2 %7
i=0

C KOMITIEKCHBIMU K03 durpentamu. J{ist mo060it napsr (n, m) [EJTBIX HEOTPHUIIATENbHBIX YHCEN CYIIECTBYIOT
Takue aarebpandecKkrue MHOTOWICHBI Qm(z) " Pn(z), nmMetomue crenenu degQ,, < m, deg P, < n, uTo

0,(2)/(z)-B,(z)=0(=""""") (1)

p+1

31ech U anee 1noj O(Zp ) MOHMMAETCS CTeNeHHOM psig Buna [,z” + Lz " + ...

MHOTOUJICHBI Qm(z) u Pn(z) OTIPECIISIOTCS YCIOBUAMU (1) HE €MMHCTBEHHBIM 00pa3oM, TeM HE MEHee

Ipodu ) o Pn(z)
nn,m(z)—ﬂn,m(zsf)—%

ONIPEIEIISIOT OIHY M Ty K€ PALMOHAIBHYIO (ByHKIHIO, Kakue Ob1 MHOTOWwIeHs O, (z) 1 P, (z), yaoBierBopsio-

e ycnoBusM (1), mel HE B3stmu [1, mn. 2, § 1]. CymecTBoBaHMEe MHOTOYJICHOB Qm(z) u Pn(z) JIOKa3aHO
A.Tlane [2,4. 1, o 1, § 1.1]. o 5T0ii nprurHe pamoHanbHble PyHKIMA T, , (z) IIPUHATO HA3bIBATh AIIIPOK-

cumarmsmu [lage nnm [age — @podennyca (I. Dpodennyc [3] B 1881 1. viccnenoBall aHATOTUYHYO 33]1a4y ).
Emie panbmie, B 1846 1., Onu3kas B UACHHOM IUTaHe 3a7a4a usydanachk K. Skoou [4], koTopblit 0000mmI
pesyabrat O. Korium, cBS3aHHBIN ¢ palliOHAIBHON WHTEPIONSAIUEH QYHKIWH, 3aaHHON B 1 + m + 1 pa3nny-

HBIX Toukax. K. SIkobu paccmorpen (n +m+ 1)-1<paTHy10 PaLMOHAIIBHYO HHTEPIOISALUIO B OJHOU Touke. Ero
HMHTEPIOIIAUOHHAS KOHCTPYKIUS IPUBOJUT K CIETYIOIIEMY ONPEACICHHIO.
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Omnpenenenne 1. PanimonanpHyo n1po0b BHIa

T, .(z)="n, (z =M
nn(2)= R0 (2:1) XB

e Muorownens O, (z) u P,(z) MMEIOT CTeneHn He BBILIE 71 U 71 COOTBETCTBEHHO, Gy/IeM Ha3bIBATH AIIIPOKCH-
Mmarueit [lage — SxkoOu [uist mapbl MHIEKCOB (n, m) " QyHKIHN [ (Z), ecau

~

f(Z) _ M:0(2n+m+l)‘

~

0,(2)
Cornacro teopeme Ilazge [2, 4. 1, m. 1, § 1.1, reopema 1.1.1] annpoxkcumanuu Ilage w,, m(z; f ) CylLIeCT-
BYIOT JUJIs1 JTFOOO# TTaphl HHIEKCOB (n, m), B TO BpeMs Kak anmpokcumMaiuu [lage — Sxoou ?cn, m(z; f ) MOTYT

¥ He cymectBoBath. CooTBeTCTBYIOMMH IpuMep GyHKiuK £ (z) 1 napbl HHIEKCOB (71, m) IPUBEeH B paboTe
[2,4q. 1, . 1, § 1.4]. [TomHOE HiccnenoBaHNe YCIOBUIA, IPH HATMYHMHN KOTOPBIX paIllHOHAIBHBIE (PYHKITHH ?cn, m (z; f )

cymectBytoT, mpoBen k. beiikep [2, 4. 1, m1. 1, § 1.4]. B cBs3u ¢ 3TUM parntmoHa bHbIe (DyHKIHN ﬁ?n, m (z; f ) HHO-
IJ1a Ha3bIBAIOT anmpokcumanusamu [lazne B cmbiciie belikepa.

AHaIIOTHYHBIE KOHCTPYKIIMU PAlMOHAIBHBIX APOOE, HO COOTBETCTBYIOIINE OJHOBPEMEHHON HHTEPIIOISIINN
HecKoJbKUX (hyHKImiA, ObuTH pazpadoranst L. Dpmutom [5]. OHE cTamm OCHOBOH €ro JJ0Ka3aTelbCTBa TPaHC-
[IEHICHTHOCTH YncIa e. PartmoHanbpHbIe IpoOou DpMHUTa OOBIYHO HA3BIBAIOT COBMECTHBIMH alIPOKCUMAIIASIMU
Mage [1, m. 4, § 1]. B cay4ae xorjga paccMaTprBalOTCSl HECKOIBKO (DYHKIIMNA, COBMECTHBIE alllIPOKCUMAIIAN
Takke MOTYT OBITH JIByX THMOB. bylem Ha3bIBaTh MX anmpoKcHManusMu Dpmurta — [lage u anmpokcumartus-
My Opmuta — Skoou. M3rawansHo L. DpMuUT paccMarpuBall OHOBPEMEHHYIO WHTEPITONSAIUI0 HECKOIBKIX
SKCTIOHEHIAIBHBIX (PYyHKIUH. J[71st cucTemMbl aKCTIOHeHT, paccMarpuBaeMbixX L. DpmutoM, 1Be KOHCTPYKIUN
panroHaIBHBIX Ipobeit coBmaaaroT. OMHAKO IS TPOU3BOIHLHOTO HA00Opa HECKOMBKUX aHATUTHIECKUX (DYHKITHIH
3T0 He TaK. COOTBETCTBYIOIIUN IPUMED IPUBEACH J1aJIee.

Annpokcumauuu Ipmuta — [lage u Ipmura — AAxkodoun

Paccmorpum cucremy f = ( h (z), N (z)), COCTOSIIYIO U3 kK aHATTMTUYECKUX B OKPECTHOCTHU HYJISI (DyHK-
LU, TpeICTaBUMbIX CTEIICHHBIMHU PSAaMHU

00

fj(z):Zﬁjzl, j=L ..k (2)

1=0

C KOMIUTEKCHBIMA K02 (ppurreHTaMi. MHOXKECTBO A-MEPHBIX MYJTBTHHH/IEKCOB, SIBIISIONUXCS YIIOPST0OYCHHBIM
k _ k

Ha0OPOM £k IeTIbIX HEOTPULIATENbHBIX Yucel, 0003HauuM Z . [lopsiok MyabTUHHIIEKCA 71 = (ml, e ) el,

1 . k
€CTb CyMMa m = m, + ... + m;. 3aQUKCUpyeM UHJEKC 11 € Z, U MYIbTUUHEKC M = (ml, s mk) eZ,.

Anmpokcumanuu Jpmuta — [lage s MyasTHHHIEKCA (n, ﬁ1), ACCOIMMUPOBAHHBIE C CUCTEMOU QyHKIHH f,
OIIPEIEIISIIOTCS PABEHCTBAMU

B Sl
TC»Z:T[”_H,;, z, :j—aj: 5 ey Iy
/ e 0,(2)

rie muorounenst O, (z) =0, ;(z; f)u P/ (z)= P/ ,,(z; f) smmores pemennem cnentyromeit sanaam [1, 1. 4, § 1,
3amava Al. !
3apauya 1. HaliTi TOXXIECTBEHHO HE PaBHBIA HYJIIO MHOTOWICH Qm(z) =0, ,ﬁ(z; f ), deg Q. < m, m Takue

m —

MHOTOYJICHBI Pnj (z) = Pnj,;,(z; f), deg Pnf <n,n=n+m-—m, 4TOOBI s j = 1, ..., k BBIIIOJNHSUIACH YCIOBHS
J ? J
J — J _ n+m+l
R} 4(2)=0,(2) £(z) - Bl (z)=0("""""). 3)
Mtuorounetst Q,,(z) u Pnl1 (2), ... Pn]; (z), sBsrommecs: pemenuem 3axaan 1 (pemenne 3anadn 1 Beerna

CYLIECTBYET), Ha3bIBAIOT MHOTOWIeHaMu OpMuTta — [lane ans MynsTUMHIEKCa (n, ﬁq) u cucteMbl QyHkuuii f.

k
OcoOb1it HHTEpEC MPEACTABISIOT CUCTEMBI (DYHKITUH f, 1711 KOTOPBIX pallMOHAIBHBIE ITpOOH {nj(z)} _

OJTHO3HAYHO OMPEACIISIIOTCS YCIOBUAMHE (3) st IF0O0TO0 MYIBTHHUHIICKCA (n, 1171) BaxubIM cirygaeM Takux
CHCTEM SIBJISIFOTCSI COBEPIICHHBIC CUCTEMBbI (IPUMEPBI CUCTEM, OTIIMYHBIX OT COBEPIICHHBIX, /I KOTOPBIX pa-
k
LIMOHAJTILHBIE IPOOHU {n j(z)}_ | OTIPEJIEIISIOTCS OHO3HAYHO, IPUBE/ICHDI B pabote [6]).
] =

8
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Onpenenenne 2. Cucremy f, cocrosmnnyro u3 ¢yHKImii (2), Ha3bIBAIOT COBEPIICHHONW OTHOCHUTEIBHO 3a/1a-

# k1 | k
an 1, ecimu 1t MoGoro MymbTHHHACKCA (1, i) € Z, " 1 moGoro pemenns 3agaun 1 0, (z), P, (2), ..., P, (2)
C 5TUM MyJILTHUHIEKCOM

— J -
degQ,, =m, deanj—nj,j—l,...,k. .
o o Az
[Tpumepom coBeplIeHHON cUCTeMbl QYHKIHMN SIBISIETCS. HA0OP SKCIIOHEHT {e ! } , TIE ), — pasuuHbIe

j=1
HE paBHBIC HYJIIO KOMILICKCHBIE uynciia. COBEpIICHHOCTh 3TON cUCTeMBbI (0e3 (popMaIbHOTrO OMPEISIICHUs) [10-

kazan . Dpmur [5]. Ero qoka3aTenbcTBO TpaHCIEHASHTHOCTH YHCIIa ¢ OCHOBBIBACTCS HA TOM, UTO JUISI He-
KOTOPOTO MPOCTOTO YUCIIA p UHTETPAJIbI

+ p-1

1A . -
M:(p——l)'f xH(x—l) e " dx,

0 i=1

joo+ Pl

ol g
M, L j xH(x—i) e “dx,

(P_l)!j i=1

J p-l

gjz(pe—]l)!(')[ xH(x—i) e “dx

- i=1

JIAf0T HY>KHbIE TIPUOIKEHUS K HA0OpYy HaTypallbHBIX CTETICHEH e:

e]—ﬂzi,j: 1, ceey k.
M M
Ilpu m # (0, cen 0) WHTETpaJIbl DpMHUTa JIETKO Tipeolpa3yrores [ 1, ri1. 4, § 2] B pemeHus 3a1auu 1 aiis CHCTEMBI

k
Ek:{ex’z} : mpu Hopmuposke O, (0)=1uj=1, ...k
i=1

n+m+1 +o

0u(2)=0,.a(z Ek):w [ T(x)e ™, )
"0
) ) ek,-z n+m+1 +oo
P/ (z)=F;(z Ek)—m [ 7(x)e ™y, (5)
e
) eka n+m+1 7‘1’
Rj(z):R}{l,Wl(Z; Ek):W T(x)e_zxdx’ (6)
0

k
rae T(x) =x" H(x —kp) ”. Cumraercs, uro B popmynax (4) u (5) Rez > 0. B cinyuae Rez < 0 3nauenus
=1

muoroutenos Q,,(z) n qu (z) onpenensIOTCS ¢ MOMOIIBIO AHAIMTHYECKOTO MPOAOuKeHus. 3 Gopmya (4)
u (5) cnenyer, 4to
degQ, 5( By )=m, degP/ (5 E)=n;, j=1, ..., k.

BBenem B paccMoTpeHHe anmpokcuManuy OpMuta — SJkoou.
Onpenenenne 3. Panponanbaeie QyHKINU BUIA

TE I RNATE 15
ni(z)=m, ,a(zf)==—", j=L..,k
J j Qm(Z)

A A . STRN
e anre6panyeckue muorownenst O, (z)=0, x(z; f) u B, (z)=P/; (- f) nmeror cTeneny He BIiIe 7 1 1)
COOTBETCTBEHHO, 1, = 1 + m — m;, OyNeM Ha3bIBaTh aNMPOKCUMAIUIME DpMHUTa — SIKOOU Jisl MyTBTUHH IEKCA
(n, ﬁ1) u cuctemsl pyuknmii f, ecim

ﬁ(z)— < =0(Z"+m+1),j=l,...,k. (7)
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MHorouieHsl Qm (z) u ﬁnll (z), ey 13'; (z), yaoBieTBopstonye ycnosusuM (7) (Oyznem Ha3bIBaTh HX MHOTOUJIE-

n
Hamu DpmuTa — SIko0n), Kak U anmpoKkcuManuu JpMuTa — SIkoOu, MOTyT He cymiecTBoBaTh. [IpuBenem coot-
BETCTBYIOLUHI IIPUMED.
Hpumep 1. [lycte k=2, n=1,m, =m, =1,

fl(z)=2+z+2zz+ 24 224+25+...,

fz(z):1+z+222+323+4z4+ 520+ ...,

~ A ~y
Torxa m = ny = n, = 2, muorouneusl 0,(z) u Py(z), P (z), yrosnersopsomtue ycnosusiv (7), HaXomsres
C TOYHOCTBIO 1O YUCJIOBOTO MHOXHUTEIIA U IIPU ONIPEACIICHHOM BI)IGOpC 9TOro 4YHUCJIOBOT'O MHOXHUTEIII UMCIOT
BUJ
A1 2 A2 2 A 2
P(z)=2z-3z", B (z)=z-z", QZ(Z)ZZ—ZZ .
Jlerko mpoBepuTh, UTO [T HAlIEHHBIX MHOTOWIEHOB YCJI0BHUs (7) HE BBIMOIHAIOTCS, T. €.
2 2
2z -3z 4 z—z 4
A2 - Z20(2), hl(e) - S5 #0(Y),
z -2z z -2z
Mmuorounens! Opmura — [lane, ynoneTBopstomire ycioBusaM (3), Kak u anmpokcumarmu JDpmuta — [lazge,
CYIISCTBYIOT JUIsl JIIOOOTO MYJIETHHHJIEKCA (n, ﬁ1) u cucteMbl QyHKIwmii f.

k
Aoz
Teopema 1. /Iycmo E, = {e / } , 20e \; — pasnuunvie He pasHble Hymo Komnaekcrole wucaa. Toeda ons
j=1
k
_ k+1 ~

106020 mynsmuundexca (n, m) € Z," " annpoxcumayuu Ipmuma — Axobu {n j(z; E, )}] _, Qwecmeyion, on-
peoenaiomcs eOUHCMEEHHbIM 00PA30M U MOJCOECMBEEHHO COGNAOAIOM C COOMEEMCMEYIOUWUMU ANNPOKCUMA-
yusamu Ipmuma — I[lade, m. e.

(2B )=m(zE) j=1,...k (®)
HokazartenbcTBo. [Ipennonoxxum BHaYane, 4to m # (0, oo 0). Torma muorouwnensl Dpmuta — [lamge

0, (z; E, ) u Pn’/ (Z; E, ) py HopMUpoBKe O, (0; E, ) =1 3anarorcs popmynamu (4) u (5). DTO 3HAYMT, YTO MHO-

rounet 0,,(z; Ey ) Mokro sanucars B Buge O, (z; E ) =1+ bz +...+b,z", mostomy dysKums ————
Qm (Z 5 Ek )
ABIISETCS AHATUTUYECKOH B HEKOTOPOI OKPECTHOCTH HyJISl M, CJIEI0BaTEIBHO, MOKET OBITh IIPEJICTABIIEHA B STOM
OKPECTHOCTH CTEHEHHBIM PSIOM

1 2
=cytz+cyz ...

Qm (Z’ Ek )
PaccmarpuBaembie MHOrOusIeHbl DpMuTa — [lazie yaoBIETBOPSIOT YCIOBHIM
"0, (2 B )~ Bl (= Ek)=0(2"+m+1), j=1 ...k )

Pasnienus neByto 1 nmpaByo yacTH papeHcTBa (9) Ha O, (z; E, ), a 3aTeM MePEeMHOKUB COOTBETCTBYIOIIHE PSIIBI
B IIPaBOM YacTH HOBOTO PaBEHCTBA, ITOIYyYUM

Az PnJ/ (Z’ Ek)

e] _—zo(szrerl), le,’k (10)
Qm (Z9 Ek )
OTcroa ClIeyeT CpaBeInBoCTh cooTHoueHui (8) mpu 1 # (0, ..., 0).
Ecmu m = (0, ey O), TO OYEBUJIHO, YTO C TOYHOCTHIO 10 YHCIIOBOTO MHOXKHTENS 0, (z; E, ) =0, (z; E, ) =1,

a Pnj (z; E, ) =13,; (z; Ek) €CTb -5 YacTHasi CyMMa psiia j;(z), U cripaBeasuBbl paBeHcTBa (8). EanncTBen-
k
HOCTb anmpokcumanuii Ipmura — SAxodn {ﬁ ] (z; E, )}

CJICAYCT U3 CAMHCTBCHHOCTHU COOTBCTCTBYIOIMX all-
j=1

npokcumanuii Opmura — [lage. Teopema 1 gokazana.

10
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Tpuronomerpnueckne annpoxkcumanuu Ipmuta — [lage u Ipmura — Sxodn
Hycrs f'= ( A(x), oo i (x)) — HaGOp TPUTOHOMETPHYECKHX PSATIOB

J ©
£(x)=5+ (af costx + b/ sinix), j=1,.... k, (11)
1=1
¢ neiictBuTenbHBIME KodppunmenTamMu. Cunraem, 9to psiusl (11) cxomsites ipu Beex x € R M Kax bl U3 HAX
3aaeT (GyHKIHIO, ONIPECTICHHYIO Ha BCel IEHCTBUTELHOM MPSIMOIA.
3adurcupyem HHIEKC 71 € ZL Y MYIIBTHHHJEKC 711 = (ml, e Ty ) € le Y pacCMOTPHM CIIEIYONIYIO 3a/1a4y.
3apauya 2. [lns Habopa TpuronoMmerpuueckux psaoB (11) HaliTH TOXISCTBEHHO HE PaBHBINA HYIIO TpHU-

TOHOMETPHUYECKUN MHOTOUJICH Q,’n (x) =0

t t
i (x; f ), degQ,, < m, ¥ Takue TPUTOHOMETPUUYECKHE MHOTOUJIEHBI

t ¢ Lot ¢ . .
Pj (x) = Pn]_’ n i (x, f ), deng Sn,n=n+m-nm, 9T00BI U1t j = 1, ..., k BBIIOJHSUIUCH YCIOBUS

0, (x) £ (x)-P/(x)= i (Ezfcoslx+l§,jsinlx),
I=n+m+1

~ J Wi 12 t 6
rae a; u by, kak 1 K09()PULUUCHTbI TPUTOHOMETPHYECKUX MHOrOWIeHOB O, (Xx) u P (x), MOryT ObITh KOM-
IIJIEKCHBIMH YUCIIAMH.

Omnpenenenue 4. Ecnu mapa (an, P ), rne P = (B’, oo F}f ), SIBIISICTCS] PEIICHUEM 3aJ]aud 2 C UHICKCOM
1 — k 14 t t
n € Z, 1 MyJIbTUUHIIEKCOM 77 = (ml, e mk)e Z',, TO MHOTOYJIEHEI Qm(x) u R (x), oo Pk(x) U paluoHab-
HBIE IPOOH

Pl(x

n;(x)zn;j,n,,h(x; ft)zﬁ, j=1L..,k,
0, (%)

OyzeM Ha3bIBaTh TPUTOHOMETPUYECKUMHU MHOTOWIEHaMH DpmuTa — [lajge u TpUroHoMeTpu4ecKuMH amipok-

cumanmsimMu DpmuTta — [lage (coBMeCTHBIME ampokcuMarusiMu Opmuta — Oypbe) s Habopa TPUTOHOMET-

pudeckux psnoB f' cooTBeTCTBEHHO.

Kax n B anreOpandeckoM cirydae, J0Ka3bIBaeTCsl, 4YTO PeIIeHUE 33/1a4H 2 CyIIeCTBYET [UIsl JF000TO MYJIBTH-
WHJIeKCa (n, 171) ¥ 1I060r0 HaGopa TPUrOHOMETpHYecKHX paaos f' (B ToM uncie GopManbHBIX). TO pemeHue
OTIPEIENSeTCS C TOYHOCTBIO JI0 YUCIOBOTO MHOXKUTENS, IPUYEM €ro HEeITUHCTBEHHOCTb, KaK U B anreOpau-
YECKOM Clly4yae, MOKeT ObITb U OoJiee CylIecTBEHHOH. bynemM roBoputs, 4To 3a7ava 2 MMEeT €IMHCTBEHHOE
pelIeHne, €CIU 3TO PELICHNE SAMHCTBEHHO ¢ TOYHOCTBIO 0 YHUCIIOBOIO MHOXKHTEINSL. AHAaJOTHYHO anredpan-
YECKOMY CIIy4ar0 JOKa3bIBACTCs, YTO PELICHHE 31291 2 SAMHCTBEHHO JUIsl My/IbTHUHACKCA (71, 771), KOTIa Juls
M060T0 PelIeHHs 3a/1auH 2 an(x), Plt(x), o P (x) ¢ oTHIM MynBETHHHIEKCOM

degQrtn =m, dengtz nj, ]21, N k.

OmnpenenuM Terneps TPUTOHOMETPUYECKHE aNIPOKCUMAIUN DpMuTa — SIKOOH.
Omnpenenenue 5. Panmonansabie pyHKIIMN BUIa

Dt
£ (x)
At At et _ T .
nj(x)znni,n’,h(x, f )_T’ Jj=L ..k
| On(x)
At At t pt pt t
L€ TPUTOHOMETPUYECKUE MHOTOYJICHEI Qm(x) =0, ,h(x; f ) u P (x) =P, (x; f ) HMEIOT CTEIICHU HE BbI-
; 2 1,
€ 771 ¥ 1; COOTBETCTBEHHO, 1, = 1 + m — m;, OyleM Ha3bIBaTh TPUTOHOMETPHYECKUMH aNIPOKCHMALUAMH
i > 7 i

_ o At
Opmuta — Skobu U1 MyIbTUHHIEKCA (n, m) u cucteMbl Gyukimii f', ecu panuonanbHbe QyHKIHH 7T g (x)
IIPEICTaBUMBbI CBOUMU psiiaMUd Dypbe U BBIIOIHSIOTCS yCIOBHUS

A

P 3 . -
ﬂ(x)—ﬁ: Z (&,Jcoslx+b/sinlx), j=1...,k (12)
m(x) I=n+m+1
MHOro4IeHbI QA;(x) u ﬁlt(x), s ﬁkt (x), ynosnersopsontue ycnopusm (12), OyaeM HaspBaTh TPUTOHO-

METPUYECKUMHU MHOTOWIEHaMU DpMuTa — Sxoou.
B omiimume ot TpuroHOMETpUYECKUX anmpokcuManuii Dpmuta — [lage TpuroHomeTprdeckue anmpokcuma-
1y Opmuta — SlkoOn MOTYT HE cyliecTBoBaTh. bosee Toro, B ciy4yae CBOEro CyIIECTBOBAHUS OHH MOTYT HE

11
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COBIIAJaTh C TPUTOHOMETPUIECKUMH anmpokcumMarusmu Jpmurta — [lage. B wactnoctn, npu k = 1 Tpurono-
METpUYECKHE allpoKcuManuy Ipmuta — SkoOu He cymecTByoT (cM. [7]) s HemudpepeHumupyemoii GyHK-
uuu Beliepurrpacca
f(x chos 2p+1)x peN, 0<g<l.
[ =

JHpyrue npumepsl PyHKIUH, 1JIs1 KOTOPBIX IPU kK = | TPUTOHOMETpHUYECKUE alMnpOKCUMalul IpMuTa — SkoOu
HE CYLIECTBYIOT, & TAK)KE MPUMEPHI (PYHKIHHA, JUTSI KOTOPBIX TPHTOHOMETPHUECKUE alMPOKCUMAITTH JPMHUTA —
SIKoOU CyIIECTBYIOT, HO HE COBIA/AIOT C TPUTOHOMETPUYECKUMHE anmnpokcumanusimu Ipmuta — [lage, MoxkHO
MOCTPOUTH, OMTUPASICH HA Pe3yNIbTaThl padot [8; 9].

IIpumepbl TPUTOHOMETPHYECKHX aNIIPOKCUMALMI JpmMuTa — SIko0u

BBenem B paccMoTpeHue opHONapamMeTpudeckoe cemeiictBo (yHkimii (nmapamerp A € R), mpencraBieH-
HBIX TPUTOHOMETPUUYECKUMHU PSAaAMHU

oo;\]

G(x; k)zemosx(cos(lsinx)) ZFCOSZX (13)
0
© ;\’l
H(x; )= ekcosx(sin(ksinx)) =y Fsinlx. (14)

1=0
Toxmectsa (13) u (14) 1eTKO MOTYYUTH, €CIIH B PAaBEHCTBE

i& I
=
IIOJIOXKUTD, UYTO Z = elx, a 3aTcM HpI/IpaBHSITB ,Z[CI/ICTBI/ITeJ'IBHLIC U MHHUMBIC 4aCTHUu BBIpa)KeHHﬁ, CTOAIIUX CJICBA

1 CIIpaBa OT 3HAaKa paBCHCTBA.
CHpaBCHHI/IBa cJeayrouas Teopema.

Teopema 2. Ilycms { A ; } . HAbOP Pa3nuUYHbIX He PAGHBIX HYITIO OelticmeumenbHuIX yucel. Toeoa 0ns mynemu-
=
. k+1 — .~
unoexca (n, m)eZ,", m#(0, ..., 0), yoosremsopsiowezo ycrosuio n> Max, . ; <, M;, U Cucmemvl QyHKyuil

k
G,= {G(x; A )}j:1 cywecmsyrom mpueoHomMempuyeckue annpoxkcumayuy Ipmuma — Hxobu { (x G )}J B
U npU cCOOMEemcmayIowell HOpMuposKe OJisl UX 3HAMEHAMENA U YUcaumenel cnpaseonussbl NpeocmagieHus

Qrtn(x; Gy ) = Qrtz i (x; Gy ) = Qm(eix; Ek) : Qm(eix; E, ) =
2
_ 1 J‘ T(t)e—t(cosx+isinx)dt ’

I:(n+m)!:|2
ﬁjt(x; Gk)zﬁnt]_’n,,;l (x; Gk)ZRC{Pnj/ (eix; Ek) . Qm (eix; Ek)}, j=1, " k,

20e mHozounenvt Q,, (z E ) (z E ) npeocmasisiomcs 8 suoe unmezpanos pmuma (4) u (35).
JdokazaTtenbcTBO. 13 TeOpeMLI 1 cnenyer, 4To U1t MHOTOYJIEHOB O, (z; E, ) u Pnj (z; E, ), npenacTa-
J
BUMBIX MHTErpasamMu IpMuta (4) u (5), B HEKOTOPOH OKPECTHOCTH HyIst cripaBe iinBbl paeHcTsa (10). [Tomo-

*uM, 9To B paBeHcTse (10) z = €, a 3areM IpUpaBHAEM NEHCTBUTENBHBIE YACTH BBIPAXKEHHH, CTOSIIMX CIIEBA
Y CTIpaBa OT 3HaKa paBeHCTBa. B pe3ynbTrare momydnm

pi ix;E . '
G(x; kj)—Re ﬁ :l:n;nﬂiz,’coslx. (15)

Ocraercst 10Ka3arh, 4TO IPH 7 > MAX, < ; < x/M;

m (x; Gk)=Re{“£,.,,h(e"x; Ek)}=Re AN (16)

12
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Jlst atoro npencrasum muorounenst O, (z; Ey ) u PnJ, (z; E, ) B BHZC

i zE:

p

P

i
J
P

0
[ockonbky b, n a]], — JeHCTBUTEIbHBIC YHCTIA, TO MPH Z = €™

s=0 =0 s=0/=0
Zj: a‘zj, elkx iblefilx_’_ Z]: apeflpx ibg isx _
p=0 =0 p=0 s=0
=2Z]:0]i)a£b,cos(p—l)x,
p=01=
MOATOMY S
| > albeos(p—1)x ()
Re{nﬁ/_ﬁ(em; Ek)}zpjno’jno = -1k (17)

D > bbcos(s—1)x On ()
s=07=0

s YCIIOBHS Ha My.IIBTI/II/IHJJ;eKC cienyet, 410 n; 2 m. Onupasice Ha opmyiny (17), serko mokasars, 4to
degQ <m, degP sm,j=1,...k CJ‘IC,Z[OB&TE:J‘ILHO, Tox1ecTBO (16) 1 Teopema 2 T0Ka3aHbI.
AHaNOru4YHBIM o6pa30M JIOKa3bIBACTCs CIIEAYIOIIasl TeopeMa.

k
Teopema 3. /lycmo {7\, . } L HAOOP PaIUUHbIX He PAGHLIX HYI0 OeticmeumenbHulx uucen. Toeda 0ns mymvmu-
=
unoexca (n, ﬁq) eZ, m# (0, . 0), Y0061€MEOpAIOWe20 YCI08UIo N> MAX, ¢ ; <, M;, U CUCEMbL PYHKYULL
H, = { H (x; A )} cywecmayiom mpucoHomempuyeckue annpoxcumayuu Ipmuma — Axobu { (x H )}
i =

j=1
unpu coomeemcmeyrow;eu HOpMUPOBKe O UX 3HAMEHAMENIA U Yucaumenen Cl’lpag@aﬂufi‘bl npedcmaeﬂeHuﬂ

QA,I,,(x; H, ) = QZ ﬁl(x; H, ) = Qm(eix; Ek) . Qm(eix; E, ) =
2
1 +00

_ J‘ T(t)eft(costrisinx)dt ,

[(n + m)!:I2 0

Pl(x;Hy)=B , .(xH)= Im{Pnj (€5 Ei) - 0u(e; Ek)} J=l..k
20e MHO20UIeHbl Qm( ) uP ( ) npedcmasnaiomes 6 guoe unmezpanos Spmuma (4) u (3).

k
Cﬂez{cmne 1. Ilycmo {k }

— HAbOP PA3IUYHBIX HEe PAGHBIX HYIO OCUCMEUMENbHBIX YUCel, 0I5l KOMOPO2o
j=
npu j e{l, cee k}
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A

*

l.= T (x)dx #0. (18)

J n+m‘

—_

0
— k+1 -
Toeoa Ons mynrbmuunoexca (n, m) el, , m# (0, cees O), V0081eMBOPsIOU €20 ycvzogwo N2Max, . ;< My,

cyuecmayom mpueoHomempuyeckue annpoxcumayuu Ipmuma — Hrxoou { (x G )} ons cucmem QyHK-

k
yuii Gy, a makoice mpueonomempuieckue annpokcumayuu Ipmuma — Hrxobu {nj (x; H, )} oA cucmem
y
s j
At
@yurxyuii Hy, no { (x G )} u {nj (x; H, )} He A8IAI0MC L MPULOHOMEMPULECKUMU ANNPOKCUMAYUAMU
-1 =1

Opmuma — Ilaoe ons cucmem ynkyuii G, u H, coomsemcmeenno.
HoxkazarenbcTBo. JlokakeM TOIBKO yTBEp)KACHUE Ui cucTeMbl QyHKIMHA G, (w1t cuctemsl QyHK-
it Hy nokasarensctBo aHasoruuHo). U3 dopmyan (15) u (17) cnenyer, uro

G(x A ) i (x; Gy ) = G(x; kj)—%:l_ i 1ci,jcoslx.

Bocnonp30BaBIch TPUrOHOMETPUIECKON (POPMYIIOH JUIsl YMHOXKEHUS IBYX KOCHHYCOB, U3 IOCIJICIHUX pa-
BeHCTB dopmyi (6) u (17) momydaem

an(x)G(x; kj*) —Ii’_f (x)=c,{:lcos(n +1)x+c,{*+zcos(n +2)x+...,

e ¢}, = 2bmbolj . # 0. OTcrofa ¥ U3 onpeeCHUs] TPUTOHOMETPHUECKUX anmpokcuMarmid Dpmurta — [laje

BBITEKAET yTBEPKJCHUE ClIeACTBUSA 1 i cucteMsl GyHKIMH Gy
3ameuanue 1. Yenosue (18) BoimonnseTcs npu j = 1, Hanpumep Koraa A=J,j=1,..., k arake B bonee
ob1mem ciayydae, korga 0 <A, <A, <... <A

JInHeliHbIe M HeJIMHEHHbIE aNNpoKcuManuu IpmMuTa — YeObimesa
ch ch ch o
ITycrs £ = ( h (x), . (x)) —cuctema (pyHKIHHA, KOTOpbIE IPEACTaBUMBI psiiaMu Pypbe 10 MHOrowIe-

nam UeGbiesa 7, (x) = cos(narccos x) Buna

] 0
fjfh __0 Z j=1,..., k, (19)

. 1 . k
C JICWCTBUTENBHBIMU K03 durmenTamMu. 3apukcupyem WHACKC 71 € Z, M MYJIIETUUHJICKC 771 = (ml, e ) el
U pacCMOTPHM CJIEAYIOLLYIO 3aady.

3anaua 3. [l naGopa psios (19) HaliTH TOXRIECTBEHHO He paBHbiif Hy:o MEOTrOUIeH Off (X) = Q,fh,;, (x; e ) =

= Z up p U TaKUE€ MHOTOYJICHBI pj ( ) })nChn m( : ) Z]: ), =n+m—m, YTOOBI JIJIsT
j=1, ..., k BEIIOJHSITUCH YCIOBUS i
0 .
0,/ (x)f"(x) =B (x)= X &/T(x).
I=n+m+1

o] h h
e G u kosdduuments: muorownenos O, (x) u P{"(x) MOTYT GBITH KOMITIEKCHBIMH HHCTIAMH.

h h h h h
Omnpenenenne 6. Eciu napa (Q,f, , P° ), e P = (Plc ) eens Pkc ), SIBJISIETCS PELLICHUEM 3a/1a4M 3 ¢ UHJICK-
1 - k h h h
COM 1 € Z, ¥ MyIbTUUHIEKCOM 711 = (ml, co Iy, ) €7, , TO MHOTOYJICHBI an (x) u Plc (x), oo P,f (x) U panuo-

HaJbHBIC TPOOH
ch __ch . fch _ PfCh(x) i=1
TC. (x)_nn nm(x )—%7]_ 5 .

s
OyzieM Ha3bIBaTh MHOTOWIEHaMU DpMuTa — YeObleBa v TMHEWHBIMH alpoKCUMaIMsIMK DpMuTa — YeObimena
jutst cucteMb! GyHKmii £ COOTBETCTBEHHO.

. k,

14
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Omnpenenenue 7. Panmonansabie QyHKIINN BHIA

~c ~c B(x)
n.;h (x) = n;f n, i (x; £ ) = QAj;—h(X’

1€ MHOT'OYJICHBI

lfh(X) :chvhn,r;,(XQ fCh)Z Zj \7I{Tp(x) (nj=n+m-m,)
MoJI00paHbl TaK, 4To pH j = 1, ..., k

S == 2 AT (),
Qm (X) I=n+m+1
OyzeM Ha3bIBaTh HEIMHEHHBIMHU anmpoKCUMausIMu DpmuTa — YeOblesa.

UzBectHO (cM., Hampumep, [9]), uTo B ciaydae k=1 cymecTBYIOT (YHKLHMH, pa3jlaraiolyecs B psa 1o
MHorouwileHaMm YeOblmeBa, Isi KOTOPbIX HENMHEHHbIE anmpokcuManuu Opmuta — YeOpimesa (mpu k£ = 1 ux
Ha3bIBAIOT HEJIMHEHHBIMU anmnpokcumanusimu [lage — YeOblmieBa; TEpMUHOIOTHS B 3TOM pa3zieie YacTHIHO
3aMMCTBOBaHa u3 paboTel [9]) HE CyHIECTBYIOT, U (QYHKLMH, JJIs1 KOTOPHIX HEJIMHEHHBIEC allPOKCUMALIUKN Dp-
MuTa — YeOblieBa CyniecTBYIOT, HO HE COBIAJAIOT C IMHEHHBIMH alllpOKCUManusmMu DpmuTa — UeOrbliiesa.

[IpuBenem npumep cucteMbl (GYHKIHMA, 1151 KOTOPOH CYLIECTBYIOT HEJIMHEHHbIE allNPOKCUMALUN DPMU-
Ta — YeOpIIeBa, HO OHM HE COBMAAAIOT C JIMHEHHBIMHU anpoKCUMaUIMu DpMuTa — YeOblesa.

C 3Toif LeNbIo ONPeAeTIM CEMEHCTBO (DYHKIHH, TPEICTABUMBIX Ha OTPE3KE [—1, 1] psAaaMu 1o MHOTOUJIe-
HaMm YeOblmeBa

w ol
F(x;))=e cos(l ) ZLT, ) (LeR),
=0

k

, TIe {k — HabOp pa3IMYHBIX HE PABHBIX HYIIO JeH-

J

1 paccMoTpuM cuctemy Qynkimii Fy = {F (x; A )} .

CTBUTENBHBIX yncesl. OueBuaHO, YTO (cos X; X) = (x; X), T. €. G(x; k) SIBIISICTCS] MHIYITUPOBAHHON (yHK-
nuen mia F (x; X), o3TOMY, 3aMeHsis B hopmyie (15) x Ha arccosx, moiyyaem

F(x; }\‘1) ) Pnj] (eiarccosx; Ek) ) .

> aT(x)
Otcrona u u3 ¢popmyJsl (17) BeITEKAET, 4TO

iarccos x -
Qm(e ;Ek) I=n+m+1

n:

~ch . —
T ‘(x’ Fk)_Re Qr;(eiarccosx; Ek)

Pj (eiarccosx; Ek )

TakuMm 00pa3omM, JJoKazaHa CIeayIoNias Teopema.
Teopema 4. [Iycmo {)\. : } T HAbOP pA3UYHBIX He PAGHBIX HY/IH0 OelicmeumenbHulx yucel. Toeda dus mynvmu-
j=

uHoexca (n m) € Zk o (0, cee O), Y0061€MBOPAIOW€20 YCIOBUIO N > MAX < ; < (M, U CUCTEMbL QYHKYULL
k k

F. = { F (x; A )} cywecmsyrom HenuHelnvle annpokcumayuu Spvuma — Yebviuesa { (x F )} _, unpu
j= _

coom@emcm@yiomeu HOpMUpoeKke OJIS1 UX 3HAMEHAMENS U YUCTUMENs] cnpaeeaﬂuebl npedcmaeﬂelmﬂ
Ach( . _ Ach . _ jarccos x , iarccos x , _
Qm (x’Fk)_Qn,rﬁ(x7Fk)_Qm(e ’Ek)'Qm(e 7Ek)_
> 2
1 o —t(x+i\ll—x )

=—[(n + m)!T 6[ T(t)e

15



ZKypnaa Besopycckoro rocyrapcrseHHOro ynusepcurera. Maremaruka. Mudgopmaruka. 2023;2:6-17
Journal of the Belarusian State University. Mathematics and Informatics. 2023;2:6-17

ii-Ch(X; Fk ) _ jijihn’ a (X; Fk ) =Re {Pn/] (eiarccosx; Ek) . Qm (eiarccosx; Ek )}’

20e MHO20UleHbL Qm(z; Ek) u Pnj, (z; Ek) npedcmasnsaomces 8 ude unmezpanos Ipmuma (4) u (5).

k -~
CaencrBue 2. Ilycms {kj}' LT HAOOp PAa3IUUHBIX He PAGHLIX HYII0 OeUCmEUMETbHbIX yucen, 07 KO-
=
J
. — k+1
mopoeo npu j € {1, . k} unmezpan J.T(x)dx He paesen nymo. Tocoa 0 myrbmuunoexca (n, m) e, ,
0
m# (0, - 0), Y0061€MBOPAIOWE20 YCAOGUIO N 2 MAX| < ; < (M, U cucmemvl gynkyuil By cywecmeyrom nenu-

k
. ~che .
Hetinvle annpoxcumayuu Ipmuma — Yebviuesa {TC - (X, F, )} |7 KOmopble npu 3mom He AGIAI0MCA TUHEUHbLMU
=

mpuzonomempuyeckumu annpoxcumayusmu Ipmuma — Yebvimesa ons cucmemvl gynxyuii F.

JloKa3aTenbCTBO CIIEACTBYS 2 aHAJIOTUYHO AOKA3aTelbCTBY CIEICTBUSA 1.

3ameuanue 2. YcnoBus ciaeAcTBUs 2 BBIIONHAIOTCS, Harpumep korga 0 <A, <A, <... <A,

B 3akmrouenue 3ametuM, 4to B padorte [10] mo cxeme, panee npemnokeHHon O. Koy, mocTpoeHs! nH-
TEPIOJIALMOHHBIC PALlMOHAIbHBIE OIIEPATOPHI C y3JIaMH HHTEPIIOALUY B HYJIIX Jpodei YeoObiesa — Map-
KOBA.
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I[I/ICD(DEPEHI_[I/IAJH)HBIE YPABHEHHAA
N OIITUMAJIbHOE YITPABJIEHUE

DIFFERENTIAL EQUATIONS
AND OPTIMAL CONTROL

VIK 517.95

HAYAABHO-KPAEBAS 3AAAYA _
C HEAOKAABHBIM I'PAHUYHbBIM YCAOBHUEM AASD HEAMHENUHOI'O
ITAPABOANYECKOI'O YPABHEHUW A C ITAMATBIO

A. JI. TTAIKOB"

I)Eeﬂopyccwﬁ eocyoapemeennblil yHusepcumem, np. Hezasucumocmu, 4, 220030, e. Munck, Berapyce
t

PaccmoTpeHo HenMHeifHOe mapaboii4eckoe ypaBHeHHE ¢ HaMATbIo u, = Au + au? qu(x, t)dt—bu" s (x,1)e
0

= Jk(x, Vv, t)ul(y, t)dy U Ha-
0Qx(0,+0) Q
YaJIbHBIMU JTaHHBIMHA u(x, 0) = uo(X), x € Q, tne a, b, q, m, | — NONOXUTENBHBIC TOCTOSHHBIC; p > 0; () — orpaHmYeH-
Hast o6nacTh B mpoctpanctBe R” ¢ mmagkoit rpanuieit 6€); v — eanHUIHAsS BHENTHAS HOpMaib K 0Q. HeorpurarensHast
HenpepbIBHast QYHKIUS k (x, v, t) orpezeseHa npu x € 0Q), y € Q, t> 0, HeoTpHIaTeIbHAS PYHKIUS Uy (x) eC' (Q), npu

6u(x, t)

e Q x (0, +00) C HENMHEHWHBIM HEJIO0KAIbHBIM T'paHUYHBIM YCJIOBUCM
A%

Ouy(x
9TOM OHa YJOBJECTBOPSET yCIOBUIO % = Ik(x, v, O)ué ( y)dy pu x € 0Q). PaccMOTpEHBI KITACCUYECKAE PEIICHHS.
v
Q

VYCTaHOBICHO CYIIECTBOBAHUE JOKAIBHOTO MAaKCHMAJIBHOIO PEIICHUS UCXOMHOW 3a/aud. BBeneHbl MOHATUS BEPXHETO
1 HWXKHEro pemieHuil. IlokazaHo, 4TO NpH BHINOJIHEHUH ONPEEICHHBIX YCIOBUI BEpXHEE PEIICHUE HE MEHbBIIIE HUXKHETO
pemenus. HaliieHbl ycaoBUsI MOJIOKUTENBHOCTH penieHni. Kak ciencTBue MojaoKUTENbHOCTH PEIIeHUH U IPUHIUIIA
CpaBHEHUS PELICHUH JOKa3aHa TeOpeMa eANHCTBEHHOCTH PEIICHUS.

Knrouesvie cnosa: nenuHeliHoe mapaboInveCcKoe YPaBHEHHE; HETOKAIBHOE IPAaHUYHOE YCIIOBHE; CYIIECTBOBAHUE Pe-

IOCHUS; NPUHIAIT CDABHCHUS.
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Juddepennnanbubie ypaBHeHHsI H ONITHMAJIbHOE YIPABIeHHE
Differential Equations and Optimal Control

INITIAL BOUNDARY VALUE PROBLEM
WITH NONLOCAL BOUNDARY CONDITION
FOR A NONLINEAR PARABOLIC EQUATION WITH MEMORY

A. L. GLADKOV*

*Belarusian State University, 4 Niezaliezhnasci Avenue, Minsk 220030, Belarus

t
We consider a nonlinear parabolic equation with memory u, = Au + aupjuq (x, T)d’t — bu™ for (x, t) e Qx (0, +00)
0

. .. Ou(x,1) } L
under nonlinear nonlocal boundary condition = Ik(x, ¥, t)u ( ¥, t)dy and initial data u(x, 0) =u, (x),
8Qx(0,4x) Q
xeQ, where a, b, g, m, [ are positive constants; p > 0; Q is a bounded domain in R"” with smooth boundary 6; v is unit
outward normal on 0Q. Nonnegative continuous function & (x, ¥, t) is defined for x € 0Q, y € Q, > 0, nonnegative func-

tion u,(x) e C' (S_!), while it satisfies the condition aug_(x) = Ik (x, v, 0)ug(»)dy forx € 0. In this paper we study clas-
v
o

sical solutions. We establish the existence of a local maximal solution of the original problem. We introduce definitions
of a supersolution and a subsolution. It is shown that under some conditions a supersolution is not less than a subsolution.
We find conditions for the positiveness of solutions. As a consequence of the positiveness of solutions and the comparison
principle of solutions, we prove the uniqueness theorem.

Keywords: nonlinear parabolic equation; nonlocal boundary condition; existence of a solution; comparison principle.

Introduction

In this paper we consider the initial boundary value problem for the nonlinear parabolic equation
t

utzAu+aup_[uq(x, t)dt—bum, xeQ, t>0, (1)
0
with nonlinear nonlocal boundary condition
ou(x,t
%:J‘k(x,y, t)ul(y, t)dy, xe 0Q, t>0, (2)
\Y
Q

and initial datum
u(x, 0)=u0(x), xeQ, (3)
where a, b, g, m, [ are positive constants; p > 0; Q is a bounded domain in R" (n > 1) with smooth boundary 0<;

v is unit outward normal on 0€2.
Throughout this paper we suppose that the functions & (x, y, 7) and u,(x) satisfy the following conditions:

k(x, ¥, t)eC(@Q x Q x [O, +oo)), k(x, y, t) >0,

uo(x)ecl((_l), uo(x)ZO in Q, 6u§—\(/x): Jk(x, v, O)M(I)(y)dy on 0Q.
Q

Initial boundary value problems with nonlocal terms in parabolic equations or in boundary conditions have
been considered in many papers (see, for example, [1-17] and the references therein). In particular, the initial

boundary value problem (1)—(3) with a = 0 was considered for 5=5(x, t)>0 and b=>5(x, £)<0 in publica-
tions [18; 19] and [20; 21] respectively. Problem (1)—(3) with p = 0 and nonlocal boundary condition

u(x, t)=jk(x, v, t)u[(y, t)dy, xeoQ, t>0, 4)
Q

was investigated in work [22].
The aim of this paper is to study problem (1)—(3) for any positive p, g, m and /. We prove existence of
a local solution of problem (1)—(3). Comparison principle and the uniqueness of a solution are established. We

show the nonuniqueness of solution of problem (1)—(3) with uo(x) =0 also.
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Local existence

In this section a local existence theorem for problem (1)—(3) will be proved. We begin with defini-
tions of a supersolution, a subsolution and a maximal solution of problem (1)—(3). Let Oy = Q x (0, T ),
Sp=0Qx(0,T), I =S, 0 Qx{0}, T>0.

Definition 1. We say that a nonnegative function u(x, t) € Cz’l(QT) nCh? (QT U FT) is a supersolution
of problem (1)—(3) in Q;if

t

u, > Au + aupjuq(x, ‘C)d‘t - bu”, (x, t) € O, (5)
0
auéx, t) > fk(x, v, t)ul(y, t)dy, (x, t) esS,, (6)
v o)
u(x, O) > uo(x), xeQ, (7

and a nonnegative function u(x, t) € Cz’l(QT) nCh° (QT U FT) is a subsolution of problem (1)—(3) in Q7
if >0 and it satisfies inequalities (5)—(7) in the reverse order. We say that u(x, t) is a solution of prob-
lem (1)—(3) in QO if u(x, t) is both a subsolution and a supersolution of problem (1)—(3) in O~

Definition 2. We say that u(x, t) is a maximal solution of problem (1)—(3) in Q; if for any other solution
w(x, t) of problem (1)—(3) in Q7 the inequality w(x, ) <u(x, 1) is satisfied for (x, 1) € Oy U T

Let {&,, | be decreasing to zero a sequence such that 0 <¢,, < 1 and ,, — O asm —> 0. Fore =¢,,,m=1,2, ...,
let u,, (x) be the functions with the following properties:

Uy, (x) e Cl(ﬁ), Uy () 2 &, up, (x) 2 uOSj(x) fore, >¢,,
Uy, (x) = up(x) as € —> 0 uniformly in Q, (8)
Ot ( x
% :g'[k(x, Vv, O)u(l)s(y)dy, x € 0Q.
Let us consider the following auxiliary problem:

t
u=Au + aupjuq(x, t)dt —bu" + be", (x, 1) € O,
0
Ou(x, t)
ov

u(x, 0) =u08(x), xe Q,

= jk(x, v, t)ul(y, t)dy, (x, l)e S7, )
Q

where ¢ = ¢,,. The notion of a solution u, for problem (9) can be defined in a similar way as in the definition 1.
Theorem 1. Problem (9) has a unique solution in Q for small values of T > 0.

Proof. Denote K = sup k (x, ¥, t) and introduce an auxiliary function y (x) with the following properties:
0Qx O

\V(x) € CZ(Q), irglzf\v(x) > max(sgpuos(x), lj, igg 5\gix) > Krnax(l, exp(l - 1))5[ \yl(y)dy.

We put

w(x, t) = exp(oct)\y(x),
where o will be defined below.
To prove the existence of a solution for problem (9) we introduce the set

B= {h(x, t) € C(QT) 1e< h(x, t)S w(x, t), h(x, O): uOS(x)}

and consider the problem

20



Juddepennnanbubie ypaBHeHHsI H ONITHMAJIbHOE YIPABIeHHE
Differential Equations and Optimal Control

t
u,=Au + aU”JU" (x, T)d‘t — bu" + be", (x, t) € Or,
0

J.k(x V, t t)dy, (x, t)eST, (10)

Q

u(x, O)=u08(x), xe Q,

where v € B. It is obvious, B is a nonempty convex subset of C (QT ) By classical theory [23] problem (10) has
asolution u e C*'(Q;) N C" O(QT ) for small values of 7. Let us call 4(v)=u, where v € B, and u is a solution
of problem (10). In order to show that 4 has a fixed point in B we verify that 4 is a continuous mapping from B
into itself such that 4B is relatively compact. Obviously, the function u (x, t) = ¢ is a subsolution of problem (10).

Let us show that w(x, t) is a supersolution of problem (10) for suitable choice of oo > 0 and 7> 0.
Indeed,

t t

—Aw — aupjuq(x, ‘C)d‘t +bw" —be" 2w, — Aw — awp.[wq(x, r)dt + bw™ — be" >
0 0

exp(qar) —1

Z b(exp(moct)\um(x) - 8'”)2 0
qo.

> exp(oct)[oc\y(x) - A\y(x)} — aexp( par)

for (x, 1) e Oy if

1 _ A\y(x) 1
o >max4—, aexp(1)supy?* 4! (x) + sup }, r<—
{pemntimprr e S re

On the boundary S, we have
6w(x, t)

PV jk(x, y, t)v!(y, t)dy > exp(ar) K max(1, exp(l—l))jwl(y)dy -

Q
—Kexp loct I\V dy>0

forT' < l The inequality
o
w(x, 0) - uog(x) 20
holds for x € Q. Then w(x, t) is a supersolution of problem (10) and thanks to a comparison principle for
problem (10) A maps B into itself.
Let G(x, Vi t— r) denote the Green’s function for a heat equation with homogeneous Neumann boundary
condition. The Green’s function has the following properties (see, for example, [24]):

G(x,y;t—r)ZO, x,yeQ, 0<t<t,
fG(x,y;t—r)dyzl,xe Q0<1t<t. D

It is well known that u(x, t) is a solution of problem (10) in QO if and only if for (x, t) €O,
u(x, t) = IG(x, Vs t)uog(y)dy +
Q

+J£IG(X,y;t—‘t)(aup(y,‘t)foq( )dc+b(s —u"(y, ))]dyd‘c-}-

0Q 0

+f [ G(x.& 1=7)[k(& y,0)0! (3, ¥)dvdS,dr. (12)
00Q Q

We claim that 4 is continuous. In fact let v, be a sequence in B converging tove B in C (QT ) Denote
u, = Av,. Then by (11) and (12) we see that
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T

“ (v yst-1 { (o”(y, 1) - (, T))qu(y, o)do +

0

lu —u | =

T

+ avf(y, r)f(oq(y, o) —vi(y G))dc—b(um(y, ©)—uy'(y, r))}dydr +

0

t

+j I G(x, & t—r)jk(é, v, T)(o’(y,r)—vi(y, ’E))ddeidT <

00Q

<aT sup‘up Up‘supw +aT sup‘oq Uq‘supwp
Or Or Or Or

+ 0T suplu — uy| +KT|Q|sup‘ol— Vs
Or Or

. 1 .
where 0 = mbmax(s’"l, sup wmfl(x, ;)]; T <min {1, %} Now we can conclude that u, converges to u in

_ Or
C(Or)ask— .

The equicontinuity of AB follows from equation (12) and the properties of the Green’s function (see, for
example, [25]). The Ascoli — Arzela theorem guarantees the relative compactness of 4B. Thus we are able to
apply the Schauder — Tychonoff fixed point theorem and conclude that 4 has a fixed point in B if 7T is small.

Now if u, is a fixed point of 4, u_ € c*! (QT) nC" O(QT) and it is a solution of problem (9) in Q. Uniqueness

of the solution follows from a comparison principle for problem (9) which can be proved in a similar way as
in the next section. Theorem 1 is proved.
Now, let &, > €. Then it is easy to see that u,_ (x, t) is a supersolution of problem (9) with € = €,. Applying to

problem (9) a comparison principle we have u, (x, ) <u, (x, t). Using the last inequality and the continuation

principle of solutions we deduce that the existence time of u, does not decrease as € — 0. Taking € — 0, we

get uy,(x, 1) = lin%)us(x, 1) 20 and u,,(x, t) exists in O for some 7> 0. We know that u,(x, ) is a solution of
€ —>

problem (9) in Q; if and only if for (x, t) Sy
ug(x, 1)= IG(x, i g, (y)dy +
0

T

+J£J.G(X,y;l—t)(auf(y,r)fug( )dc+b(8 —u'(y, ))dedu_

[ [ G(x & t=7)[ k(& y, 7)ul (3, T)dvdS,dr. (13)

000
Passing to the limit as € — 0 in equation (13), we obtain by dominated convergence theorem

uM(x, t)z IG(x, V5 t)uo(y)der

+ _“G(X, Vit — r)(au;ﬁ(y, T)_fuf@ (y, G)dG— buy, (y, T)dedTJr

00
+j.[ x Et—r j (E_\,y, I)ujlw(y, r)ddegdr
000
for (x, t) € Q. Therefore, uM(x, t) is a solution of problem (1)—(3). Let u(x, t) be any other solution of
problem (1)—(3). Then by comparison principle from the next section u,(x, #)>u(x, t). Taking € — 0, we

conclude u,,(x, t)>u(x, t). Now we proved the following local existence theorem.
Theorem 2. Problem (1)—(3) has a maximal solution in Q for small values of T.
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Comparison principle

Theorem 3. Let 17(x, t) and y(x, t) be a supersolution and a subsolution of problem (1)—(3) in QO respec-
tively. Suppose that g(x, t) >0 orﬁ(x, t) > 0in O U I ifeither min(q, l) <lorO<p<1. Then ﬁ(x, t) > g(x, t)
in Qp UI7.

Proof. Suppose that min(p, ¢, /)>1. Let T, € (0, T') and u,,(x) have the same properties as in (8) but
only uy,(x)—>u(x, 0) as € — 0 uniformly in Q. We can construct a solution u v (X, 1) of problem (1)—(3) with
uy(x)=u(x, 0) in the following way: u,,(x, t) = 11_1)110 uy(x, t), where u,(x, t) is a solution of problem (9). To es-
tablish the theorem we will show that

L_t(x, t)SuM(x, t)SL?(x, t), (x, t)GQTO. (14)
We prove the second inequality in relations (14) only since the proof of the first one is similar. Let (p(x, r) €
eC 2’1( QTO ) be a nonnegative function such that
o¢(x, t)
ov

for (x, t) €Sp. If we multiply the first equation in problem (9) by (p(x, t) and then integrate over Q, for
1€ (0, T, ), we obtain

=0

'“um o(x, T)dxdt=
0Q

T

1
”'L + au! (x, T)jug(x, G)dG + b(sm - u;”(x, r))}(p(x, r)dxdﬂ:.
0Q 0
Integrating by parts and using Green’s identity, we have

Ju(x t) (xtdx<j xO (x,O)dx+

t
+“. x, 1)@, (x, T)+u,(x, 1)A¢(x, r))dxdt+
00

T

+fj[au X, T Iu X, G d6+b(8 —u! (x, r))}p(x, ’E)dxd‘[+

0

+II X, T jk X, 0,1 ‘E)ddexdT. (15)
080

On the other hand,  satisfies (15) with reversed inequality and with & = 0. Set w(x, 1) =u,(x, t)—u(x, 1).
Then w(x, t) satisfies

0 —

w(x, t)(p(x t J. X, 0 (x O)dx+8 bJ{J.(p(x, r)dxd'ch

+J£_[w(x, r)((pr(x, 1) + Ag(x, T)—mbe{"*l(x, T))(p(x, t)dxdt +

au®(x, 7)o(x, T jqeq l x, o) w(x, G)dedxd’C-l—

|
( |

t
+II ap®y ! (x, 1) Iu X, © dc}dxdt+
00 0
t
+I I (p(x, r)jk(x, V, T)leg_l(y, r)w(y, ’C)ddexdT, (16)
060 Q
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where 6,(x, ), i = 1, 2, 3, 4, are some continuous functions between u,(x, #) and i (x, ). Note here that by
hypotheses for k(x, y, t), u,(x, t) and u (x, t), we have

0< ﬁ(x, t) <M, sSug(x, I)SM, (x, t)e QTO,

_ 17
0<k(x,y,1)<M, (x,y,t)e0QxQx[0, T], (17

where M is some positive constant. Then it is easy to see from (17) that 0" '(x, t), 8 '(x, 1), 65 ~'(x, 1)
and Ga_l(x, 1) are positive and bounded functions in QTO and, moreover, an_l(x, 1)< max{sm_l, M '”_1},
0 '(x, 1) <M, 00 (x, 1) <MP !, 0 (x, 1) <M' " Define a sequence {a,} in the following way:
a,(x, t)e Cm(QTO ), a,(x, t)20and a, (x, #) > mb0" "' (x, t) as n —> w0 in LI(QTO ) Now, we consider a back-
ward problem given by

¢, +Ap—a,p=0, (x, r)e 0,

o9(x, 1)
ov

o(x, 1)=y(x), xe Q,

where y(x) e Cy' () and 0<y/(x)<1. Denote a solution of problem (18) as @, (x, t). Then by the standard

=0, (x ’C)ES (18)

theory for linear parabolic equations (see, for example, [25]), we find that (pn(x, r) eC*! (Q, ), 0<o, (x, ’E) <1
in Q. Putting ¢ = ¢, in inequality (16) and passing to the limit as n — oo, we infer

jw(x, t)\y(x)dx < jw+(x, O)dx +¢"bT, |Q| +
Q Q

+{a(p+q)Mp+q—1T0+l|6Q|MI}J€Iw (x, 1)dxdr, (19)
00

where w, = max (w, 0); in R” " and Q in R” respectively. Since

inequality (19) holds for every \y(x), we can choose a sequence {\yn(x)} converging in LI(Q) to
() 1, if w(x, 1)>0,
Y= 0, if w(x, t)SO.

Passing to the limit as 7 — oo in inequality (19), we obtain

Iw+(x, t)dx < Iw+(x, 0)dx + &"bT,) | +
Q o)

t
+ {a(p + q)M’”q_lTo + l|8§2|Ml}J.J.w+ x, T)dxdr, t€ (0, T ].
0Q
Applying now Gronwall’s inequality, we have
fw+(x, 1)dx < (J.er(x, 0)dx + €"bT, |Q|}exp[{a(p +q)MPIT + l|aQ|Ml}t}
Q Q

forte (0, T, ] Passing to the limit as € — 0, the conclusion of the theorem follows for min( p,q, ! ) >1. For the
case p =0, min(q, /) >1 we prove the theorem in the same way. If min(qg, /) <1 or 0 < p < 1 we can consider

w(x, t)=u(x, t)—u(x, t) and prove the theorem in a similar way using the positiveness of a subsolution or

a supersolution. Theorem 3 is proved.
Remark. For similar problem (1), (3), (4) with p = 0 the authors of work [22] suppose in the comparison

principle that u(x, £)>0 or #(x, £)>0in Qp U I} if min(q, m, /) <1.
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Lemma 1. Let u(x, t) be a solution of problem (1)—(3) in Q. Let uo(x) Z0inQandm=>1. Then u(x, t) >0
in QTUST.lqu(x)>0in§_2andp<m< 1 then u(x, t)>0in Qp U Iy.
Proof. Let uy(x) = 0 in Q and m > 1. We denote

M =supu(x, t),
O

where M is some positive constant; 7, € (O, T). Now we put h(x, t) = u(x, t)exp(lt) with A >bM™ ! Then
in Or, we have

hy = A =exp () (Mt + u, = Au) > uexp(ht)(A - bu" ") 2 0.
Since h(x, O) =u0(x) >0, xeQ, and uo(x) = 0 in Q, by the strong maximum principle h(x, t) >0 in 0.

Hence, u(x, £)>0 in Q. Let h(x), ,)=0 in some point (x,, #,) € S;. Then according to theorem 3.6 of

.. ah(x07 to) . . .-
work [26] it yields —a < 0, which contradicts boundary condition (2).
%
Let uy(x)>0in Q and p <m < 1. Then there exist T € (0, T') and & > 0 such that

u(x, t)>ein 0.

q \m-p _
and, moreover, u (x, t) =g, =min| g, [%} is the subsolution of problem (1)—(3) in O\ Q; with initial

function u(x, r) for ¢ = 1 instead of initial datum (3). Putting g(x, t) =g and u (x, t) = u(x, t) and arguing as
in the proof of theorem 3, we get
u(x, 1)>g in QTO forany T € (0, T).

Lemma 1 is proved.

As a simple consequence of theorem 3 and lemma 1, we get the following uniqueness result for prob-
lem (1)—(3).

Theorem 4. Let problem (1)—(3) have a positive in QOp U Iy solution or a solution in Oy either with non-
negative initial data in Q for min( p,q, 1l ) 21 or with positive initial data in Q under the conditions m > 1 or

p <m < 1. Then a solution of problem (1)—(3) is unique in Qy.
Now we will prove the nonuniqueness of solution of problem (1)—(3) with uy(x)=0 for / < min(1, m) or

p+ g <min(1, m). We note that problem (1)—(3) with u,(x) =0 has solution u(x, 1) =0.
Theorem 5. Let uo(x) =0 and either [ < min(l, m) and

k(x, Yoo to) >0 for any x € 0Q and some y, € 0Q and t, € [0, T) (20)

orp+qg< min(l, m) Then a maximal solution of problem (1)—(3) uM(x, t) =0in Q.

Proof. As shown in theorem 2 a maximal solution u,,(x, #) = lim u,(x, ¢), where u,(x, 1) is some posi-
tive in QT supersolution of problem (1)—(3). To prove the theorem we construct a subsolution u (x, t) =0
of problem (1)—(3) with uo(x) =0. By theorem 3 we have ug(x, t) > g(x, t) and therefore maximal solution
u M(x, t) = 0.

At first let /< min(l, m) and inequality (20) hold. To construct a subsolution we use the change of va-
riables in a neighbourhood of Q) as in work [27]. Let x be a point on Q. We denote by ﬁ()_c ) the inner unit
normal to 6Q2 at the point x. Since 0Q is smooth it is well-known that there exists 8 > 0 such that the mapping
y:0Q x [0, 8] > R" given by y(X, s) =X + sn(x) defines new coordinates (X, s) in a neighbourhood of 6
in Q.

Under the assumptions of the theorem, there exists 7 such that k(x, V, t) >0 fort,<t<t,+t,xe0Qand
y€V(y,), where ¥(y, ) is some neighbourhood of y, in Q.

Leti<aﬁ
1- 1-m

that 4 > 0,0 <& < 1and 0<T; < rnin(T— fos 1, 62). For points in 8Q x [0, 8] x (#y, 1, + T | of coordinates
()_c, s, t) define

form < 1and 3 >2 form> 1. Assume

form<landa>%formzl,2<[3<
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_ a s
g(x, S, t) A(t to) o H +

and extend u as zero to the whole of Qt with © = £, + T;,. Arguing as in work [18] we prove that u is the subso-
lution of problem (1)—(3) with uo(x) =0in Q..

Now we suppose that p + ¢ < min(1, m). Then it is easy to check that u (x, ) =¢" is the subsolution of prob-
lem (1)—(3) with uo(x) =0 in Q, for small values of t if

1

1=(p+q) m=(p+q)

Y > max

Theorem 5 is proved.
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Introduction

Throughout this paper, all groups are finite and G always denotes a finite group: G is said to be an
M-group [1, p. 54] if the lattice L(G) of all subgroups of G is modular. If n is an integer, then the symbol 7t(n)
denotes the set of all primes dividing #; as usual, Tr(G) = TC(|G ), the set of all primes dividing the order of G.

A subgroup 4 of G is said to be quasinormal (O. Ore) or permutable (S. E. Stonehewer) in G if 4 permutes
with every subgroup H of G, that is, AH = HA; Sylow permutable or S-permutable [2; 3] if 4 permutes with all
Sylow subgroups of G.

Quasinormal and Sylow permutable subgroups have many useful properties. For instance, if 4 is quasinor-
mal in G, then A4 is subnormal in G [4], 4/4; is nilpotent [5], C;(H/K )=G for every chief factor H/K of G
between 4 ; and A% [6], and, in general, the section A/A ; 1s not necessarily abelian [7].

Quasinormal subgroups have also a close connection with the so-called modular subgroups.

Recall that a subgroup M of G is said to be modular in G if M is a modular element (in the sense of

Kurosh [1, p. 43]) of the lattice L(G), that is, (i) (X, M N Z)=(X, M) Z for all X < G, Z < G such that
X<Zand (i) (M, YN Z)=(M,Y)NZ forall Y< G, Z< G such that M < Z.

Every quasinormal subgroup is clearly modular in the group. Moreover, the following interesting fact is
well known.

Theorem 1 [1, theorem 5.1.1]). A subgroup A of G is quasinormal in G if and only if A is modular and
subnormal in G.

A group G is said to be a 7-group if normality is a transitive relation on G, that is, if / is a normal subgroup of K
and K is a normal subgroup of G, then H is a normal subgroup of G. In other words, the group G is a T-group
if every subnormal subgroup of G is normal in G.

The description of 7-groups was first obtained by W. Gaschiitz [8] for the soluble case and by D. J. S. Ro-
binson [9] for the general case.
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Works [8; 9] aroused great interest in the further study of 7-groups and groups in which some conditions of
generalised normality are transitive (P7-groups, i. €. groups in which quasinormality is transitive; PST-groups,
i. e. groups in which Sylow permutability is transitive, etc.) [2, chapter 2].

However, the following interesting problem still remains open.

Question 1. What is the structure of MT-groups, i. e. groups G in which modularity is a transitive relation on G,
that is, if H is a modular subgroup of K and K is a modular subgroup of G, then H is a modular subgroup of G?

Such a problem was first raised in paper [10], where the following theorem was proved, which gives a com-
plete answer to the problem for the soluble case.

Theorem 2 [10]. 4 soluble group is an MT-group if and only if G is a group with modular lattice of all

subgroups L(G).
New proof of theorem 1 was obtained in paper [11].

Our main goal here is to give an answer to question 1 for the insoluble case.
Before continuing, we give a few definition.

Definition 1. We say that (D, Z (D); u, ..., Uk) is a Robinson complex of G if the following conditions
hold: (i) D # 1 is a normal perfect subgroup of G, (ii) D/Z(D)=U,/Z(D) x ... x U,/Z(D), where U,/Z (D)
is a simple chief factor of G, and (iii) every chief factor of G below Z(D) is cyclic.

We say, following D. J. S. Robinson [9], that G satisfies:

(1) N, if whenever N is a soluble normal subgroup of G, p’-elements of G induce power automorphism in
0,(G/N);

(2) P, if whenever N is a soluble normal subgroup of G, every subgroup of OP(G/N ) is quasinormal in
Sylow p-subgroups of G/N.

A subgroup 4 of G is said to be submodular in G if there is a subgroup chain

A :A()SAI S e SA}'I: G
such that 4, , is a modular subgroup of 4, for all i =1, ..., n. Thus, a group G is an M7-group if and only if
every of its submodular subgroups is modular.

Remark 1. 1t is clear that every subnormal subgroup is submodular. On the other hand, in view of Ore’s
above-mentioned result, G is a PT-group if and only if every its subnormal subgroup is quasinormal. There-
fore, every MT-group is a PT-group.

In view of remark 1, the following well-known result partially describes the structure of insoluble MT-
groups.

Theorem 3 [9]. G is a PT-group if and only if G has a normal perfect subgroup D such that: (i) G/D is
a soluble PT-group, and (ii) if D # 1, G has a Robinson complex (D, Z(D); u, ..., Uk) and (iii) for any set
{iis oo i} {1, ..., k}, where 1 <r <k, G and G/U; - U] satisfy N, for all p e Tc(Z(D)) and P, for all
pE n(D).

Now, recall that G is a non-abelian P-group (see [1, p. 49]) if G = A x <t>, where A is an elementary abelian
p-group and an element ¢ of prime order g # p induces a non-trivial power automorphism on A. In this case we
say that G is a P-group of type (p, q).

Definition 2. We say that G satisfies M, (M,, , respectively) if whenever N is a soluble normal subgroup of

G and P/N is a normal non-abelian P-subgroup (a normal P-group of type ( J22 q) respectively) of G/N, every
non-subnormal subgroup of P/N is modular in G/N.

In this article we prove the following theorem, which answers question 1 in the general case.

Theorem 4. A group G is an MT-group if and only if G has a normal perfect subgroup D such that: (i) G/D

is an M-group, and (i) if D # 1, G has a Robinson complex (D, Z(D); u, ..., Uk) and (iii) for any set
{il, ey }g {1, e k}, where 1 <r<k, Gand G/Ui'1 Ui:_ satisfy N, for all p e TE(Z(D)), P, forall pe n(D)
and M,, , for all pairs {p, q} N n(D) =.

The following example shows that, in general, a PT-group may not be an M7-group.

Example 1. (i) Let o Z(SL(Z, 5)) - Z(SL(Z, 7)) be an isomorphism and let

D:=SL(2, 5)SL(2,7)=(SL(2, 5) x SL(2, 7))/V,

where V = {(a, (ao‘ )71 )‘a ceZ (SL(2, 5))}, is the direct product of the groups SL(2, 5) and SL(2, 7) with a joint
center (see [12, p. 49]). Let M =(C, x Cy )(Cy53 % C;) be the direct product of the groups C; x Cy and Cj3 x C;
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with a joint factor group Cj (see [12, p. 50]), where C; x C; is a non-abelian group of order 21, and C;;x C; is
a non-abelian group of order 39. Finally, let G = D x M. We show that G satisfies the conditions in theorem 3.

It is clear also that D = G° is a soluble residual of G and M = G/D is a soluble PT-group. In view of [12, Ka-
pitel I, Satz 9.10], D = U,U, and U, U, =Z(D) = d)(D), where U, is normal in D, UI/Z(D) is a simple
group of order 60, and U,/Z(D) is a simple group of order 168. Hence (D, Z(D); U,, Uz) is a Robinson
complex of G, and the subgroup Z (D) has order 2 and Z (D) <Z (G) Therefore, conditions (i) and (ii) hold
for G. It is not difficult to show that for every prime r dividing |G| and for Or(G/N ), where N is a normal so-

luble subgroup of G, we have |0, (G/N )| {1, r}, so condition (iii) also holds for G. Therefore, G is a PT-group
by theorem 3.

Now we show that G is not an M7-group. First, note that M has a subgroup T = C, x C; and |M : T| =13.
Then 7 is a maximal subgroup of M and M/T,, = C; x C;. Hence a subgroup L of T of order 3 is modular in 7'
and 7 is modular in M by [1, lemma 5.1.2], so L is submodular in G. Finally, L is not modular in M by lemma 2
below. Therefore, G is not an MT-group by theorem 4.

(i1) The group D x (C7 X C3) is an MT-group by theorem 4.

Premilaries

We use 2 to denote the class of all abelian groups of squarefree exponent. It is clear that 2 is a hereditary

formation, G* is the intersection of all normal subgroups N of G with G/N e’
Lemma 1. Let A, B and N be subgroups of G, where A is submodular in G, and N is normal in G.
(1) A N B is submodular in B.
(2) AN/N is submodular in G/N.
(3) If ]Y < K and K/N is submodular in G/N, then K is submodular in G.
(4) A* is subnormal in G.
(5)IfG=U, x ... x U, where U, is a simple non-abelian group, then 4 is normal in G.
Proof. Statements (1)—(4) are proved in work [11].
(5) Let E= U, A. Then A4 is submodular in £ by statement (1), so there is a subgroup chain

A=FE,<E<..<E _,<E=F
such that E; | is a maximal modular subgroup of E; foralli=1, ..., tand for M=E, |, we have M = A(M N U,)

and, by [1, lemma 5.1.2], either M = E, , is a maximal normal subgroup of E or M is a maximal subgroup of £
such that E/M}, is a non-abelian group of order gr for primes ¢ and r. In the former case we have M N U, =1,
so 4 = M is normal in E. The second case is impossible since £ has no a quotient of order gr. Therefore,

U; < Ng(A) for all i, so G < N(A). Hence we have statement (5).

The lemma is proved.
Lemma 2 [1, lemma 5.1.9]. Let M be a modular subgroup of G of prime power order. If M is not quasinor-

mal in G, then GIM ;= MM x KIM, where M°/M, is a non-abelian P-group of order prime to |K/Mg|.
Recall that a group G is said to be an SC-group if every chief factor of G is simple [9].
Lemma 3. Let G be a non-soluble SC-group and suppose that G has a Robinson complex

(D, Z(D); u,..U ) where D= G® = G". Let U be a submodular non-modular subgroup of G of minimal

order.
(1) If UU! /U] is modular in G/U] for alli=1, ..., k, then U is supersoluble.

(2) If U is supersoluble and UL/L is modular in G/L for all non-trivial nilpotent normal subgroups L of G,
then U is a cyclic p-group for some prime p.
Proof. Suppose that this lemma is false and let G be a counterexample of minimal order.

(1) Assume statement (1) is false. Suppose that Un D <Z (D) Then every chief factor of U below
unz (D) =Un D is cyclic and, also, UD/D =U/ (U N D) is supersoluble. Hence U is supersoluble, a contra-
diction. Therefore, U N D £ Z (D). Moreover, statements (1) and (2) of lemma 1 imply that (U N D) Z(D)/Z (D)
is submodular in D/Z(D) and so (U D)Z(D)/Z(D) is a non-trivial normal subgroup of D/Z (D) by state-
ment (5) of lemma 1.

Hence for some i we have U,/Z(D)<(UnD)Z(D)/Z(D), so U;<(UnD)Z(D). But then U<
<((UnD)z(D)) <UND.

By hypothesis, UU//U! =U/U] is modular in G/U/ and so U is modular in G by [1, p. 201, property (4)],
a contradiction. Therefore, statement (1) holds.
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(2) Assume statement (2) is false. Let N = U”" be the nilpotent residual of U. Then N < U since U superso-
luble, so N is modular in G. It is clear that every proper subgroup S of U with N < § is submodular in G, so the
minimality of U implies that S is modular in G. Therefore, if U has at least two distinct maximal subgroups S

and W such that N< S W, then U = <S, W> is modular in G by [1, p. 201, property (5)], contrary to our as-

sumption on U. Hence U/N is a cyclic p-group for some prime p and N # 1 since U is not cyclic.

Now we show that U is a PT-group. Let S be a proper subnormal subgroup of U. Then S is submodular in
G since U is submodular in G, so S is modular in G and hence S is quasinormal in U by theorem 1. Therefore,
U is a soluble PT-group, so N = U” = U’ is a Hall abelign subgroup of U and every subgroup of N is normal

in U by [2, theorem 2.1.11]. Then N <U™ and so U® = NV, where V is a maximal subgroup of a Sylow
p-subgroup P = U/N of U. Then NV is modular in G and NV is subnormal in G by statement (4) of lemma 1.
Therefore, NV is quasinormal in G by theorem 1. Assume that for some minimal normal subgroup R of G we
have R < (N V) - Then U/R is a modular in G/R by hypothesis, so U is modular in G, a contradiction. There-

fore, (NV'), =1, so NV is nilpotent by [2, corollary 1.5.6] and then ¥ is normal in U.

Some maximal subgroup W of N is normal in U with |N : W| =g¢. Then §' = WP is a maximal subgroup of U
such that U/S,, is a non-abelian group of order pg. Hence S is modular in U by [1, lemma 5.1.2], so S is modular
in G. It follows that U = NS is modular in G, a contradiction. Therefore, statement (2) holds.

The lemma is proved.

Lemma 4. [f G is an MT-group, then every quotient G/N of G is also an MT-group.

Proof. Let L/N be submodular subgroup of G/N. Then L is submodular subgroup in G by statement (3) of
lemma 1, so L is modular in G and then L/N is modular in G/N by [1, p. 201, property (3)]. Hence G/N is an
MT-group.

The lemma is proved.

Lemma S. [f G is an MT-group, then G/R satisfies M,, for every normal subgroup R of G.

Proof. In view of lemma 4, we can assume without loss of generality that R = 1. Let P/N be a normal
non-abelian P-subgroup of G/N and let L/N < P/N. Then L/N is modular in P/N by [1, lemma 2.4.1], so L/N is
submodular in G/N and hence L/N is modular in G/N. Therefore, L is modular in G by [1, p. 201, property (4)].
Hence G satisfies M,,.

Lemma 6 [2, remark 1.6.8]. Suppose that G has a Robinson complex (D, Z(D); u, ..., Uk) and let N be
a normal subgroup of G.

(D) If N=U/ and k+1, then Z(D/N)=U,/N =Z(D)N/N and

(DIN, Z(DIN); UNIN, ..., U,_\NIN, U; \N/N, ..., UNIN)

is a Robinson complex of G/N.
(2) If N is nilpotent, then Z(DN/N)=Z(D)N/N and

(DN/N, Z(DN/N); U\NIN, ..., U;N/N)

is a Robinson complex of G/N.

Proposition 1. Suppose that a group G is a soluble PT-group and let p be a prime. If every submodular
p-subgroup of G is modular in G, then every p-subgroup of G is modular in G. In particular, if every submo-
dular subgroup of a supersoluble group G is modular in G, then G is an M-group.

Proof. Assume that this proposition is false and let G be a counterexample of minimal order. Then, by
[2, theorem 2.1.11], the following conditions are satisfied: the nilpotent residual D of G is an Hall abelian sub-
group of odd order, G acts by conjugation on D as group power automorphisms, and every subgroup of G/D is
quasinormal in G/D. Let M be a complement to D in G.

Let U be a non-modular p-subgroup of G of minimal order. Then U is not submodular and every maxi-
mal subgroup of U is modular in G, so U is a cyclic group by [1, p. 201, property (5)]. Let V' be the ma-
ximal subgroup of U. Then V' # 1 since every subgroup of prime order of a supersoluble group is submodular
by [11, lemma 6].

We can assume without loss of generality that U < M since M is a Hall subgroup of G.

(1) If R is a normal p-subgroup of G, then every p-subgroup of G containing R is modular in G. In particu-
lar, Us=1and soUND=1.

Let L/R be a submodular p-subgroup of G/R. Then L is a submodular p-subgroup of G by [11, lemma 1 (iii)],
so L is modular in G by hypothesis. Hence L/R is modular in G/R by [1, p. 201, property (4)]. Thus, the hypo-
thesis holds for G/R. Therefore, every p-subgroup S/R of G/R is modular in G/R by the choice of G, so S is
modular in G by [1, p. 201, property (4)].

In view of claim (1) we can assume without loss of generality that U < M since M is a Hall subgroup of G.
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(2) If K is a proper submodular subgroup of G, then every p-subgroup L of K is modular in G, so every
proper subgroup of G containing U is not submodular in G.

The subgroup K is a PT-group by [2, corollary 2.11] and if S is a submodular subgroup of K, then S is sub-
modular in G and so S'is modular in G. Hence S is modular in K. Therefore, the hypothesis holds for K, so every
p-subgroup L of K is modular in K by the choice of G. Hence L is modular in G by hypothesis.

(3) DU= G (this follows from claim (2) and the fact that every subgroup of G containing D is subnormal in G).

(4) Vis not subnormal in G.

Assume that V' is subnormal in G. Then V' is quasinormal in G by theorem 1 since /' is modular in G. There-

fore, 1<V <R =0,(Z,(G)) by [2, corollary 1.5.6] since V; = 1 = Uy, by claim (1). But R < U by claim (3),
hence R = V=1 and so |U | = p, a contradiction. Hence we have claim (4).

(5) G=V x K, where V° is a non-abelian P-group of order prime to |K | (since V; = 1, this follows from
claim (4) and lemma 2).

From claim (5) it follows that U< V% so U is submodular in G by [1, theorem 2.4.4]). This final contradic-

tion completes the proof of the result.
The proposition is proved.

Outline of the proof of theorem 4

First assume that G is an MT-group. Then G is a PT-group and every quotient G/N is an MT-group by
lemma 4. Moreover, by theorem 3, G has a normal perfect subgroup D such that: G/D is a soluble PT-group,

and if D # 1, G has a Robinson complex (D, Z(D); U, ..., Uk) and for any set {i, ..., i,} = {1, ..., k}, where
1 <r<k, Gand G/U; ---U] satisfy N, forall p n(Z (D)) and P, for all p e n(D). In view of lemma 5, G and
G/U; ---U/ satisfy M, , for all pairs { p, ¢} " (D) # .

In view of [2, theorem 2.1.11], G/D is a supersoluble PT-group, and if U/D is a submodular subgroup of
G/D, the U is submodular in G by statement (3) of lemma 1, so U is modular in G by hypothesis and hence U/D
is modular in G/D by [1, p. 201, property (4)]. Therefore, G/D is an M-group by proposition 1.

Thus, the necessity of the condition of the theorem holds.

Now, assume, arguing by contradiction, that G is a non-M7-group of minimal order satisfying conditions (i),
(i1) and (iii).

Then D # 1 and G has a submodular subgroup U such that U is not modular in G but every submodular
subgroup U, of G with Uy < U is modular in G. Let Z = Z (D). Then Z < ®(U,; )< ®(D) since D/Z is perfect.

Using lemmas 1-5 and proposition 1, we can show that:

(i) G has a normal subgroup C, of order g for some ¢ € n(Z(D));

(i) £:=C,U=C, xU is not subnormal in G and, also, E; = C,.

Hence G/Eq=E°lEgx K/E;=C,U%C, xK/C,, where EY/EG =C,U°IC,=U%(C,nU) is a non-

abelian P-group of order prime to |K / CG| by lemma 2. Hence G is a m-decomposable group, where =
G G

=n(U%(c,nu)).

Then D/C, is n-decomposable. But C, < ®(D), so ¢ divides ‘D/Cq‘. Hence ¢ does not divide ‘ C, UG/Cq ‘

Ifc,n U%=1,then U% = C, UG/Cq isanon-abelian P-group, contrary, so C, < U°.Then C,isaSylow g-sub-
group of U’ Hence U = C,~ (R X U), where RxU = UG/Cq is a non-abelian P-group. Let C = CUG (Cq )
Then U< Candso, by [1, lemma2.2.2], RxU =UR"Y < C.Hence Cq < Z(UG). Therefore, U= Cq X (RMU),

where R x U is characteristic in U and so it is normal in G. Butthen U’ = RxU = C g X (R xU ), a contradiction.
The theorem is proved.
Note that another type of generalised 7-groups was considered in paper [13].
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k
y(x)=6+ Z(OZS cos sx + 0, sin sx),

s=1
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IJIe (¢ — MPOU3BOJIBHBIH yroi (¢ > 0) Takoii, 4To HHGOPMAIIMOHHAS MATPHIIA [TAHA YKCTICPUMEHTA SIBJISICTCS] HCBBIPOXKIICH-
HOI. JlaHHbIC MJIaHBI SKCIICPUMEHTOB CKOHCTPYHUPOBAHbI JIJIsl HEPABHOTOYHBIX HAONIOICHUH C AUCTICPCUSIMU
d(x) >o?, d(x?):Gz, c=20,i=1 n.

Jnst gacTHOTO Citydasi paccMaTpuBaeMoil perpeccnoHHoil ¢yHkumu (k = 1) mocTpoeHbl HACIIEHHBIC TUIAHBI KCIIEPH-
MEHTOB JUIsl HEPAaBHOTOYHBIX HAOIIOCHUH C TUCTICPCUSIMU, TIPHHUMAIONIMMH PA3IMYHbIC 3HAYCHHUS B TOUKAX CHEKTPOB
9THX TUIAHOB.

Knroueswvie cnosa: HenpepbiBHbIE D- U A-ONTUMaNbHbIC TIaHBI HKCIIEPUMEHTOB; TPUTOHOMETPHUUYECKAsT PETPEeCcCHus;
PaBHOTOYHBIE HAOIIOICHHST; HEPABHOTOUHbBIE HAOJIIO/ICHNSI.

D- AND A-OPTIMAL DESIGNS OF EXPERIMENTS
FOR TRIGONOMETRIC REGRESSION
WITH HETEROSCEDASTIC OBSERVATIONS

V. P. KIRLITSA"

*Belarusian State University, 4 Niezaliezhnasci Avenue, Minsk 220030, Belarus

Herein for the regression function

k
y(x)=6,+ Z(GZS oS sx + Ozﬁlsinsx)

s=1

representing a trigonometrical sum of an & order, we constructed continuous D- and 4-optimal designs of experiments

X5 ooes Xy
0
€ =11 1
n’""’n
with points of a spectrum
xO—M+ i=1,nn>2k+1
i = n (pa ] ) = )

where ¢ is an arbitrary angle (¢ > 0), for which the determinant of the information matrix of the experiment design is not
equal to zero. These designs of experiments are constructed for heteroscedastic observations with variances

d(x)= c’, d(x?)=02, c#0,i=1,n
For a special case of the considered regression function (k = 1), we constructed the saturated designs of experiments for
observations with unequal accuracy and dispersions accepting various values in the points of a spectrum of such plans.

Keywords: continuous D- and A4-optimal designs of experiments; trigonometric regression; homoscedastic observa-
tions; heteroscedastic observations.

Paccmotpum mMonenb HaOmONEHUH

k -
Y =0+ Y (0y,c08 53, + 0,y sinsy, )+ &(x, ), j=1,m n=2k+1, (1)

s=1
r71e y;— HabJIro/1aeMbIe [IEPEMEHHBIE; X; — KOHTPOJIMPYEMbIE [IEPEMEHHBIE, IPHHAUIEIKALLNE HHTEPBAILY [0, 2m);
0,, 0,,, 0,,, ;| — HEN3BECTHBIC NApaMETPBl, IOAJIEIKAIUE OLICHUBAHUIO; € xj) — HEKOPPEIUPOBaHHbIE OLIMOKN
HaOJIOICHUH CO CPeTHUM 3HAYCHUEM, PaBHBIM HYIIIO, I AUCTICPCUCH, 3aBUCAILICH OT TOYKH HAOIIONCHHUS:
D(s(x.))zd(xj)>0,j=1, n,n>2k+1. )

J

3nech GyHkus d (x) — HEKOTOpask MOJIOKUTEIbHAA (DYHKITHSL.

2

B monorpadusix [1; 2] amst Mogenn paBHOTOUYHBIX HaOMroAeHUH (d (x) =6%, 6 >0) J10Ka3aHO, YTO IUIAH

OKCIICPUMCHTOB
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g, = | 3)

ABJIACTCS HCIIPCPBIBHBIM D-ontumanbHbIM. Touku CIICKTpa IlJIaHa (3) HUMCIOT BU

0o 2n(i-1)
n

, i=1,n,n>2k+1. 4)
s wactHOTO citydast n = 2k + 2 onTUMabHBIN T1aH (3) BriepBbie ObLT MOCTpoeH B myOnmukarn [3]. B crarbe [4]
000CHOBaHO, 4ToO IU1aH (3) ocTaercst D-oNTUMAaJIBHBIM [T OTIPEIeNICHHOTO Kilacca HepaBHOTOYHBIX HAOMIOIEHUH.
Takue 11aHbl yIaa0Ch TOCTPOUTh, OIUPASCh Ha TeopeMy dKBHBajeHTHOCTH Kudepa — Bonbdosuiia. B padote [5]
TIpeJIararoTCs IPyTrue METObI MTOCTPOSHUS IJIaHOB AKCTIEPUMEHTOB C HEPAaBHOTOYHBIMH HAOTIOICHUSIMH.
B nanHo# nmyOnukaiy OyJeT moka3aHo, 4To IiaH (3) ¢ TouKaMH CIieKTpa
2n(i—1 —
x?=¥+(p,i=1,n,n22k+l, (5)
TJe (p — IPOU3BOJBHBINA yroi (¢ > 0) Tako#, 4To HHPOPMAIMOHHAS MATPHIIA TUIAHA YKCIIEPUMEHTA SBISICTCS
HEBBIPOKJAEHHOM, HE TOJIBKO D-ONTUMAaNIbHBIA, HO U A-ONTUMAJIBHBINA JIJIsl OTIPEIETIEHHOTO KJjlacca HEpaBHO-
TOYHBIX HaOMONeHuH. Takke OyyT MOCTPOSHBI TaK HAa3bIBAEMbIC HACBIIICHHBIC D-ONTUMAIBHBIC TJIAaHBI KC-
IIEPUMEHTOB ISl HEKOTOPBIX YAaCTHBIX CITy4aeB Mojienu HaOmroneHwui (1), (2).
Teopema 1. /{1 mooenu nabarodenuii (1), (2) nnawn (3) ¢ mouxamu cnexmpa (3) sensemcsi 00HO8PEMEHHO

HenpepvlHbiM D- u A-onmumanbHeiM 015 HEPABHOMOUHBIX HAOI0OeHUll ¢ oucnepcuimu d (x) Y00871em8opsio-
WUMU HEpABEHCMEY

a’(x)chz, c#0, (6)
6 KOMOPOM PABEHCMBO BbINONHAEMCA 8 MOYKAX cnekmpa () niaua (3).

JlokazaTenbcTBo. BHagane mokaxkeM D-oNTHMaIBHOCTE IaHa (3) ¢ Toukamu criekrpa (5). st atoro
HYKHO T0Ka3aTh, YTO OYyJyT BBHIIOJIHATHCS YCIOBHS TeOpeMbl dkBHBaieHTHOCTH Kudepa — Bonbdosuma [1]
JUTst D-OTITUMAITBHBIX TUIAHOB!

1

d(x)

) . y 0
e f(x)=(1, cosx, sinx, ..., coskx, sinkx) — Bexrop Gasucubx (ynkumit; M (sn) — nHpOPMALOHHAS MaT-

£/(x)M () £ (x) <2k +1, x [0, 2m), (7)

puna niana (3). B mepaBenctse (7) paBeHCTBO JOKHO BBITIOIHITHCA B TOUKax crekrpa (5) miana (3).
Jokaxem, uto nHpopMarMoHHast Marpulia miana (3), (4) ¢ HepaBHOTOYHBIMHU HAOMOEHUSAME (6) MMeeT
IVaroOHaJILHBIN BU:

1 00 ... 0
010 o0
2
M(e))=07| 0 0% 0| (8)
00 0 .. %

B monorpadmsx [1; 2] mpuBoAnTCS 10Ka3aTeIbCTBO yTBEPXKAEHHS (8) A71sI pABHOTOYHBIX HAOMIONCHNH C YIIIOM
¢ = 0. OnHako oHO (hparmeHTapHO U B padote [1, ¢. 123] npeacrapiieHo Jyis YeTHBIX 3HaYeHul n. [IpuBenem
MOJTHOE JI0KA3aTeIIbCTBO YTBEPKACHUS (&) TSt TFOOBIX 72 U (.

Cragaya qokaskeM BeITIONHEHUE YTBepxkacHs (8) mst yria ¢ = 0. byaem ucmons3oBars Gpopmyinsl Ditnepa

elx + e—zx . el.x _ e—lx
Cosx =——, sinx =
2 2
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u GopMyIry JUISI CyMMBI TeoMeTprudecKkoil nmporpeccun. IlycTs m u [ — HaTypanbHBIE YKCIIa, TPUHUMAIOIINE
3Ha4eHus ot 1 1o k, mpuuem m # [. llpumenss Gpopmynst Ditepa, BEIYUCIUM TUAroHajIbHBIE IEMEHTH HH-
(hopMaIMOHHON MaTPHIIB], HAYWHAS CO BTOPOTO:

. Amm(j—1) Amm(j—1)
u 2nm(j—1 1 & 4mtm 1 1 1 & i i
Zlcoszyz—z 1+cos M ==+ — e " +e " =
o n n 2}1]:1 n 2 4n
4Ttm A l,47rm
A - 14nm 1 _ e—z4nm) l1—e n
_1 . 1 l_ez4nm . 1_e—14nm _1 + ~
5 e Amm Admm | Py -
2 l—elT 1—3_7 2 2 - 2cos—4nm
2 —2cosdnm — 2cos4n—m + 2cos4nm(1 - 1]
1 n n 1
==+ ==, )
2 4n 2— 2cos—4nm 2
n
.22 -1 1 i 4am(j—1 1 1 & 4rm(j—1 !
= n ) = n 2 2nim n 2
HenuaronanbHbIe 2JIeMEHTHI paBHBI HYIHO. Vcmonb3yst popmyssl Diinepa, moydaem
_ ' L 2nm Lo 2nm
np o 2mm(j-1) 1= P | TR T Aees
ECOS p :2— 2 =+ S :2— 27'[m :0, (11)
j=1 n e l—e 7 n 2— 2cos—
. 2mm . 1
—— +2sin2 1-—
"y 2nm(] _1) Ll g o piamm | 2sin , +2sin nm( n)
ESIHT = 2_ 2mm - 2mm = 2_ 2mm = O’ (12)
j=1 n e " l_e " " 2 - ZCos—n

:L[Zn:sinzn(m +nl)(j—1) . Z":Sin2n(m—l)(j—l)j:0‘ (13)

®dopmyiiet (9)—(13) 000CHOBBIBAIOT, 4TO JJIst TOUEK criekTpa (4) manHa (3) Oymer uMeTh MecTo Gopmyia (8).

Teneps nokaxem, 4To U B 00IIeM ciiyuae Jjis Touek crekrpa (5) gpopmyist (9)—(13) ocranyTcs cipaBe-
suBbiMH. HO JT0Ka3arenbCcTBO ATUX (OPMYIT MPETEPIIUT HEKOTOPHIC NW3MEHEHUS. BBIMOJIHUM pacueThl TOJIBKO
st popmyiiel (9) (mokazarenbetBo hopmyi (10)—(13) MokeT ObITh MPOBEICHO 110 aHAJIOTHYHOHN cxeme). UToObI
JI0Ka3aTh BBITOJIHUMOCTE (hopMyJbl (9), HaM TTOHaIO0ATCs y:Ke o0ocHOBaHHbBIE Gopmyibl (9), (10) u (12).
Hrak, umeem

2
n i — " 2nm(j—1 2nm(j -1
lm(M@jZA(MWMWJ -
Jj=

1 2m(j -1 u
= cos? m@ %cos2 ¥ + sin’ mo z %sin

2nm(j—1)  sin2mo <1 . 4mm(j—1)
2 - - 5 ZﬁsmT:
_coszm(p+sin2m(P_l
2 22
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Takum 00pazom, AJis TUIaHa SKCIIEpUMEHTOB (3) ¢ Toukamu criekrpa (5) BeimonHsiercs: popmyna (8). Omu-
pasice Ha popmyiy (8), JTerKo MPOBEPUTH BBIMTOIIHUMOCTD KpUTepus D-ontumansHocTH (7):
1 “1{ 0 o’ 2 . 2 2 . 2
—f(x)M (g, x:—(1+2 Cos”x +sin” x +... + cos” kx + sin kx):

2
()

d(x)
B nepasenctse (14) paBeHCTBO AOCTUTAETCs B TOUKax criekTpa (5) muana (3). YcinoBus TeopeMbl SKBUBAJICHT-
Hoctu Kudepa — BonbhoBuia BeinonHeHbl. D-0NTUMAILHOCTD I1aHa (3) ¢ Toukamu criekTpa (5) jgoka3aHa.
MHuoxecTBO (DYHKIHIA, yIOBIETBOPAIONINX HEPABEHCTBY (6), o0mmpHO. EMy ymoBIE€TBOPAIOT paBHOTOY-
HbIC HAOMIOICHHUS C JUCTIEPCUSIMH d (x) = 6%, a TaKke, HanpuMmep, QyHKIwH (¢ = 0)

(2k+1)<2k+1. (14)

d(x)=0’+ Blsin2nx|, B>0,
d(x):02+[3(xmodA), B>0, A:%,
d(x)zcz ﬁ_(x—SA-i-é)z, XE[(S—I)A, sAiI, s=1, n,A:E‘
4 2 -

MOXHO PEATIOKUTE U PAJ APYTUX GYHKIHH.

[lepeiinem k 10Ka3aTeNBLCTBY TOTO, UTO IIaH (3) ¢ TOUKamu criekTpa (5) 1 HepaBHOTOYHBIMU HAOIIOACHHUS-
mu (6) OyzeT TaKke U A-ONTUMAIIBHBIM.

Hapsny c perpeccuonHoit GpyHKImei

k
y=91+Z(GZScossterHlsinsx) (15)
s=1
PaccMOTPUM PErpecCUOHHYIO (DYHKIHUIO
k
V= z (62S cossx + 62S+1sinsx). (16)
s=1
B teopeme 1 Ob110 H0Ka3aHO, YTO AJIsl perpeccHoHHON QyHKIMU (15) muaH sxcnepuMeHToB (3) ¢ TOYKaMHU
criekTpa (5) ¥ HepaBHOTOYHBIMU HaOJOIeHUsIMU (6) siBisieTcss D-onTuManbHbiM. MHDOpMamonHas Marpu-
1a 3TOro IiaHa omnpenesercs Gopmynoi (8). ToT ke MIaH SKCIEPUMEHTOB ¢ ToYKamu criekrpa (5) Oymer
D-onTuManbHBIM | TS perpeccuoHHON (QyHKIuu (16) B CHITy BBITOIHUMOCTH KpUTEpHs D-ONTHMaIbHOCTH
Kudepa — Bonsdosuna. [leiictButensHo, nHGpOpManrOHHAs MaTPHLA 3TOTO MJIaHa ISl PErPeCCUOHHON (QyHK-
uuu (16) umeer BUI

1 0 0
2
0 1 0
Ml(sg):cfz 2 . (17)
0 0 .. 1
2
Marpuua (17) umeer pazmepHoCTb 2k x 2k. JlucriepcnonHast MaTpuia B COOTBETCTBHH ¢ (popmyoii (17) paBHa
20 ... 0
02 ...0
nfe)=m'(e)=e 0 T 0 19
00 2
B cury hopmyisr (18) mmeem
1 ' -1{ .0
X € X
o’ c’
=—2(coszx+sin2x+ oo+ costkx + sinzkx)z 2k <2k. (19)
d(x) d(x)
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B nepasenctse (19) paBeHCTBO gocTUTaeTCs B Toukax crekTpa (5) miuana (3). YcioBus TeopeMbl SKBUBAJICHT-
Hoctu Kudepa — Bonbdosuia BeimonHenst. [Tnan (3) ¢ Toukamu cniekrpa (5) siBisieTcst D-0NTHMaNbHBIM JIIS
perpeccuonHoi QyHKIHHA (16).

Wrak, ans miana skciepruMeHToB (3) ¢ Toukamu criekTpa (5) perpeccuonnsie pynkunu (15) u (16) apisrores
9KBHMBAJICHTHBIMH. bojiee Toro, 3TOT mjiaH He TOJIBKO D-ONTUMAaJIeH, HO U A-ONTUMAaJeH AJIs PerpecCUOHHON
¢yukumu (16). YtoO6s1 000CHOBATH 3TO, 00paTUMCA K CIeIyIOIei TeopeMe.

Teopema 2 [2, c. 150, Teopema 2.11.1]. ITnan €° ssnsemesn oonoepementio D- u A-onmumanshvim, eciu

kD(aO)zDz(so), D(SO) =M71(80),
npu 5mom
SpD(aO ) = km,

20e k — HeKomopdas KoHcmarnma u m — 4YUcjilo Heu36eCnmnvlx napamempoe.
HCpBOG PaBCHCTBO B HALIEM CJIy4ac MPUHUMACT BUJ

2 0 ... 0 4 0 ... 0
/0 2 ... 0 40 4 ... 0

ko oo TS s (20)
0 0 ... 2 0O 0 ... 4

U3 dopmyisr (20) BerTekaer, uto k = 267 Tak kak m = 2k, nMeeM
SpD, (&) ) = hm =20° - 24 = 4kc”

Perpeccuonnsie dyrakimu (15) u (16) Takke SKBHBAICHTHBI B CMBICIIE HX A-ONITHUMAILHOCTH JUTS TTaHA JKC-
riepuMeHTOB (3) ¢ ToukaMu criekTpa (5), mpuaem

SpD(z—:g ) = Sle(SS) +0’=(4k +1)c”.

JelcTBUTENbHO, IyCTh € — MPOU3BOJIbHBIA HEBBIPOXKICHHBIN MJIaH 9KCIIEPUMEHTOB

Xps oo X,
€=41 1 ¢
e
I7I€ TOUKH CIIEKTPa Xy, ..., X, IPUHA/IEKaT UHTEPBAITY [O, 2n). HabGmonenns SBISIOTCS HEPABHOTOUHBIMA U UMEIOT

JIUCTICPCHH, YIOBICTBOPSIOIINE HEPABEHCTBY (6), B KOTOPOM PaBEHCTBO BBITIOJHSIETCS B TOYKAX CIIEKTpa IUa-
Ha £. O6o3naunM uepes Dy (g)=M; ' (&) aucnepcHonHyto MaTpuily sl perpeccHonHoi ¢ynkumu (16). Tora

TUCTIEPCUOHHAS MaTpHIia [T perpeccnoHHol GyHKIwu (15) 17 naHa SKCIIEpPUMEHTOB € HMEET CIISTyFOIIUN
OJIOYHBII BU:
1 b, , N T

b1,2k+1

Kpowme Toro, Sle(a)Z Sle(.s?7 ), TaK Kak 82 — A-onTUMaNbHBIN IJIAaH A7 perpeccuoHHoi ¢yHkmu (16).
OueBUIHO, YTO

SpD(e)=c"(1+SpD(e))= 02(1 + Sle(ag ))

0
W3 nocnenHero HepaBeHCTBa CIEAYET, YTO SpD(s) MPUHUMAET MUHUMAIbHOE 3HaueHHe TOT/a, KOorja € =€,
T. €. IUIaH 82 SABIISIETCS A-ONTUMANBHBIM IIJIAHOM IS perpeccruonHoi hynkmmn (15),

SpD(sg ) = Sle(sg) + 0o’ =(4k +1)c”.

Teopema 1 nokazana.
Jtst perpeccroHHOM (BYHKITHH
y=0,+0,cosx + 0;sinx (21)
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ObLIH IMPOBCACHBI KOMITBIOTCPHBLIC PACUCThI JJIs IJIaHOB SKCIICPUMEHTOB

s ya
1

33 3

UtoOsI m1ans! (22) OBUTA HEBBIPOKICHHBIMH, JOJDKHBI BEITIOTHATHCS HEPaBEHCTBA X < y < z. KommbloTepHBIC
pacyeTsl TIOATBEPAMIH PABUILHOCT YTBEPXKICHUN TEOpeMBbl 1.

CaencrBue Teopembl 1. /[na peepeccuonnou ¢ynxyuu (16) nian sxcnepumenmos (3) ¢ mouxamu cnex-
mpa (3) u nepasnomounvimu Hadmooenusmu (6) aeisemcs 00Ho8pemento D- u A-onmumanbHbiM.

Oco0eHHOCTD IMMOCTPOCHHBIX TTAHOB DKCIIEPUMEHTOB (3) C HEpaBHOTOUHBIMH HAOIOACHUSMA COCTOUT B TOM,
YTO B TOYKAX CHEKTPOB (5) ITHX IUIAHOB JUCHICPCHH HAOIIOACHUI MPUHUMAIOT OJTHU M T€ K€ 3HAYCHUS, PaB-
Hble 6°. OKa3bIBACTCS, YTO JUIS PErPeCCHOHHOM (yHKImH (21) ¥ ee 4acTHOTO Cirydasi, KOra CBOOOHBIN WieH
OTCYTCTBYET, MOYKHO ITOCTPOUTH HACKIIICHHBIC D-ONTUMAIILHBIE TUIAHBI, Y KOTOPBIX JUCIIEPCHH HAOTIOICHUIH
B TOYKaX CIIEKTPOB THX INIAHOB MOT'YT OBITh pa3niuHbIMH. HachIeHHbIE TUIAHBI DKCIIEPUMEHTOB — 9TO TUIAHBI,
y KOTOPBIX YHCJIO TOYEK CIEKTPa COBIAJIACT C YHCIOM HEH3BECTHBIX IMaPaAMETPOB.

Teopema 3. /{11 peepeccuonnoii ghynxyuu

[ — =

(22)

)
Il
[— ™

b 2

y=0,cosx+0,sinx (23)
NAaH IKCHEPUMEHMOB
Zro, 4o
o_J4 T4
g = 24
1 1 24)
2’ 2

aensiemcs D-onmumanvHeim 051 Oucnepcui Habaooenuti d (x) VO0871emBOPAIOUUX HEPABEHCIIBY
1 . .
d(x)= E((dz(l +8in2¢) + d, (1 - sin 2(p))coszx +

+ (d2(1 — sin2¢) + d, (1 + sin2¢))sin’ x + (d, - d, )cos2(psin2x), (25)

3
20e d, (x) = d(% + (pj; dz(x) = d(f + (pj; © — npoussoavhwill yeor (¢ = 0) maxoil, 0151 KOMOPO2o NIAH IKC-

nepumenmos (24) s16s1emcs HesblpoA’COeHHbIM.
HoxazarenbcTBo. UHpopManmonHas MaTpwuia miaHa (24) paBHa

S (o o) (0]

RS
h sin [E + (p)
4

cos| —+ @
+L 4 cos(3—n+ jsin(3—n+ )
a, .(375 ) 4 ¢ ) ¢
sin T'i‘([)

1| 1 (cosp—sin (p)2 cos2p 1 [ (cos@ + sin (p)2 —c0s2¢
= —_— —_— + [E— —
2| 4, cos2¢ (coscp + sin (p)2 d, —Cos 20 (COS(p — sin (p)2
1 1 1 1
—(1—sin2¢)+ —(1 + sin2¢ [———Jcoshp
2 LI cos2 L(1+sin2 )+L(1—sin2 )
ddy ) d Y ’
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Marpua, obpatHas xk Marputie (26), eclii MPOIMyCTUTh MPOMEKYTOUHBIC BRIYHCIICHUS, UMEET BUT
M‘l( 0) d,(1+sin2¢) + d, (1 - sin2¢) (d, — d,)cos2¢
e )= .
(dy—d,)cos2¢ d,(1+sin2¢) + d, (1 - sin2¢)

Jist D-onTrMalbHOTO TUIaHa SKCIEPUMEHTOB (24) TOJKHBI BBITOIHATHCS YCIOBHS TEOPEMbI 3KBHBaJICHTHO-
ctu Kugepa — Bonbdosuna:

(cosx, sin x)M_l(ao )[C?S xj = ﬁ((%(l +sin2¢) + d, (1 - sin2¢) )cos” x +
sin x x

+ (dy(1 - sin20) + d\ (1 + sin 2¢))sin’x + (d, - d, )cos 2¢sin 2x) < 2. 27)

1
d(x)

Paspemast HepaBeHCTBO (27) OTHOCHTENBHO (QyHKIMU d (x), noiay4aeM Tpedyemoe HepaBeHCTBO (25). He-

TPYIOHO MPOBEPUTH, UTO B TOUKAX CIIEKTpa Iu1aHa (24) HepaBeHCTBO (25) oOpariaercs B paBeHCTBO. Teopema 3
J0Ka3aHa.

3ameuanue. 1ns perpeccnonnoi GyHKuH (23) HEBBIPOKICHHBIN TUIaH SKCIIEPUMEHTOB

0 2n(i - 1) 1 .
g, = TJr(p,(pZO,pi:E,l:l,n,nZZ% (28)
C AUCTICPCHUSIMU HAOTIOACHUH d (x), VIOBJICTBOPSIFONUMH HEPABEHCTBY d (x) >c% o> 0, B KOTOpPOM paBEHCT-

BO BBITIOJHSIETCA B TOUKaxX CHEKTpa TuiaHa (28), ABiseTcs OAHOBPEMEHHO D- U A-ONTHMaIbHBIM B CHITY J0-
KazaHHOU Teopemsbl 1. Takum oOpaszom, Jutst perpeccoHHOoM (yHKIuH (23) CymECTBYOT JIBa pa3IMYHbIX THIIA
D-onTuManbHBIX TUTAHOB AKCIIEPUMEHTOB. DTO TUTaHkl (24) u (28).

Jua perpeccronHoi (pyHKIMH (21) MOXHO OCTPOUTH HACBIIICHHBIE D-ONTHMaJbHBIE TUIAHBI SKCIIEPH-

MCHTOB C UCIIEPCHSAMH HAOMONCHIH d (X ), IPHHUMAIOIIMMH PA3IHIHbIC SHAYCHHS B TOUKAX CIIEKTPOB STHX
2n 4
nnaHoB. Beenem crenyronme obosnavenus: d,=d (0)>0, d,=d (?j >0, d;= d(?j >0.

Teopema 4. /s pecpeccuonnoii pynxyuu (21) nacotuyennoiii D-onmumansbhviil niaH SKCNePUMEHno8 umeen GUo

0
€ = 29
T (29)
373 3
¢ oucnepcusmu Habmooenutl d (x) VO08AeMBOPAIOUWUMU HEPABEHCIBY
d(x)> é((4d1 +d, + dy)cos® x +3(dy + dy )sin® x +
+3(dy — dy )sin2x + 2(2d, - d, — dy )cos x + 243 (d, — dy )sinx + d, + d, + dy ), (30)

6 KOMOPOM PABEHCMBO GbINOIHAEMCA 8 TNOUKAX chekmpa naaua (29).

0
HoxkazarenbcTBo. s D-onTUManbHOrO IjIaHa €; 0 Teopeme dKBuBajieHTHOCTH Kudepa — Boibdosu-
1a [1] 10mKHO BBEIIOMHATHCS HEPABEHCTBO
1

(1, cosx, sinx)M_l(sg) cosx |<3, xe[0, 2n), (31)

sin x

1
d(x)
npudeM B HepaBeHCTBE (31) paBeHCTBO JOKHO AOCTHUIAThCs B TOUKAX crekTpa miana (29). [Iposepum crpa-

BEAJIMBOCTH 3TOTO YTBEPKACHHUSL.
Wndopmanuonnas marpuua 1iaHa paBHa

| — =
—_
|
N | —
N
+
S| =
|
N|§‘N|~
T -
|
N | —
|
N
Il
W | —

o o Q
Qo = O

N|&\l\)
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rIe

a=d'+d,' +d;', b= a"——d‘ 3 ;1, :£d‘—§d5, :—id‘ %d;,

3 3

(32)
k=d'+ —dgl + ldgl, m==d;" +=d;".
4 4 4 4

Marpuria, odbparHas K marpuiie M (8(3) ), HAMEET BUJL
km—e* ce—bm be— ke
M_l(sg)z 3 ce—bm am—c* bc—ae |. (33)

akm + 2bce — ¢’k — é*a — b*m 5
be—kc bc—ae ak-b>b

Hcnonp3ys hopmyiy (32), mpeodpazyeM dreMeHTh MaTpuils (33):

km — &% = 3(dy+dy+ d3), ce—bm= 3(2d, -~ d, - d3)’ be — ke = 3\/§(d2_ dz)’
4d,d,d, 4d,d,d, 4d,d,d,
3(d, +4d, + d 3J3(d,—d 9(d,+d
am —c* = ( 2 1 3), c—ae:—\/_( > 2), ak—bzz—( - 2), (34)
4d,d,d, 4d,d,d, 4d,d,d,
akm + 2bec — ¢’k — &*a — b*m = 27 .
4d,d,d,

Paspemast HepaBencTBo (31) oTHOCHTENBHO PyHKINHU d (x) 1 yuutsiBas cootHomeHus (33) u (34), nonyuaem

Tpedyemoe HepaBeHcTBO (30). Jlerko nmpoBeputh, 4To HepaBeHCTBO (30) oOpaiaeTcss B paBEHCTBO B TOYKAX
crnekrpa ruiana (29). YenoBus Teopemsl skBuBaieHTHOCTH Kudepa — Bonbdosuua Beimonanensl. Teopema 4
Jl0Ka3aHa.

Touku cniekrpa miuaHa (29) MOXKHO CIBUHYTb Ha YIoJl ¢p = E Torna

x1°=<p,xg=27n+<p,xg=47n+<p (35)

€CTh TOYKH CIIEKTPa TAKOTO [JIaHa SKCIICPUMEHTOB, TIPU 3TOM U3MEHUTCSI BUJT QYHKIUHA (x) B HepaBeHCTBe (30).
T 0 0
Pacuersl, mpoBeeHHBIE IS yITIa @ = o HOATBEPKAaloT 310. Ilycts d, =d (xl ), d,=d (x2 ), dy=d (x;) ) Cre-

Iyst Teopeme skBuBanieHTHOCTH Kudepa — Bosibdosuiia, noimydnm BeIpaXeHUE JJIsl TUCIIEPCU HAONIOACHUN
d (x), COOTBETCTBYIOIINX ONTHMAIFHOMY IJIaHY SKCTIEPIMEHTOB C TOYKaMHu criekTpa (35):

d(x)= 5(3(011 +d,)cos’x + (d, + dy + 4dy )sin® x + V3 (d, — d, )sin 2x +
+233(d, - dy)cosx + 2(dy + d, — 2dy )sinx + d, + d, + d ). (36)

B toukax cnektpa (35) maHa ¢ yniom ¢ = d HepaBeHCTBO (36) oOparaercsi B paBEHCTRBO.

MokHO OBLTO OBI TTONYYHTh M 0000IIeHHEe HepaBeHCTBa (360) I MPOM3BOIIBHBIX YIVIOB () TaK, KaK ATO OBLIO
crenaHo B TeopeMe 3. OHaKo pacyeThl B JAHHOM CIIy4ae CTaHOBSTCS HAMHOTO 00J1ee CIIOKHBIMU U TPOMO3IKUMU.

Wrak, nist perpeccuonnoii gynkunu (21) u ee yactHoro cirydast 6€3 cBOOOJHOI0 4ieHa CyIIECTBYIOT /1Ba
pa3IMYHBIX THIA D-ONTUMANBHBIX IJIAHOB. DTO TWiaHbl (24), (29) W 1u1aHbl, KOTOPHIE CTPOSTCS HA OCHOBE
TeopeMsl 1.

Bosznukaer Bonpoc: MOXKHO JIM JUIsl PerpecCHOHHOM yHKIMHK (21) ¢ yeTbIppMsi HaOMIOAEHUSIMU IIOCTPOUTH
ONTUMAJIbHBIN TUIaH

05%7 73775

0

g, = 37

T 7
4 4 4 4

C HEpaBHOTOYHBIMU HAOTIONEHUSIMH, JUISI KOTOPOTO IUCIIEPCHU HAONIOeHW B TOYKaxX criekTpa maHa (37)
OynyT pasnuanabiME? B myOnukanuu [4] mokasaHo, 9TO CIeTaTh ATO HEIb34.
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G-CETb KAK CTOXACTNYECKAS MOAEAD
CETHU ITEPEAAYUN AAHHBIX

T. B. PYCHJIKO"

DI poonencruii 2ocyoapemeennviii yrusepcumem um. Auxu Kynano,
yn. Oocewiro, 22, 230023, 2. I poono, benapyce

HCJ’ILIO CTaTbU ABIISICTCA MATEMATHYCCKOC MOACIUPOBAHUC CCTU NIEpeAainu NaHHBIX, COCTO?[H.[Cﬁ N3 OKOHCYHBIX
YCTpOﬁCTB, COCIMHCHHBIX YCTpOﬁCTBaMH MapaipyTu3aliui U KaHaJlaMU Mepeaadn JaHHbIX. B kagecTBe cTOoXacTHueckoit
MOZCIN MpeAjiaracTcs UCIoJb30BaATh 3daMKHYTYHO 3KCIIOHCHIINAJIBbHYHO G-ceTh MaccoBOro O6C.]'Iy)KI/IBaHI/IiI C O,I[HOHHHCﬁ-
HBIMHU Yy3JlIaMHU, B KOTOpOﬁ HUPKYIIUPYIOT NOJIOKUTCIIBHBIC 3aIBKA U CUT'HAJIBI. MOZ[CJ'IL HcCIeAyeTCs B aCUMIITOTUYCCKOM
cjry4dac 1npu OOJIBIIIOM YHCIIE 06pa6aTLIBaCMLIX 3asBOK. HpI/IMeHHeMHﬁ MaTeMaTH4deCKUA noaAXod MO3BOJIACT paCCYUTATh
OCHOBHBIC CTATUCTUYICCKUC XaPAKTCPUCTUKN MAPKOBCKOIO IMIPOIIECCa, ONMUCHIBAIOIICTO COCTOSIHUC MOACIIH, 4 TAKIKE aHAJIN-
THUYCCKU BOCCTAHOBUTL €0 HOPMAJIbHYIO q)yHKLII/IIO TIJIOTHOCTH pACIPEACICHUA BepOﬂTHOCTef/‘I Ha OCHOBC METOAA rayccoBa
HpI/I6JII/I)K6HI/I$[. PCSyJ'IBTaTBI Hucciea0BaHusaA MOIryT OBITh ITOJIE3HBI JUIA pacdeTa IoKa3arelei MIPOU3BOAUTCIBHOCTU CETU
nepeaain IaHHbIX KaK B IEPEXOAHOM, TaK U B CTAHUOHAPHOM PCIKUME, 4 TAKIKC AJI MPOCKTUPOBAHUA U ONTUMHU3AIIUN
cereit nepeaain 1aHHbIX.

Knrwouesvie cnosa: G-cetp; ceTh nepeiadn JaHHBIX; CETh MACCOBOTO OOCITY>KHBAHUS;, aCHMIITOTHIECKUI aHAIN3; rayc-
COBO MIPHUOTIKEHUE; MaTEMaTHIECKOE MOJICTTUPOBAHUE.

brazooapnocme. Pabota BhIOIHEHA B paMKaxX I'OCY/IapCTBEHHOM TPOrpaMMbl HayYHBIX UccienoBanuil « Konsepres-
1usa-2025» (moanporpamma «MarteMaTndeckie MOJIesTd U METOIb», 3aganue 1.6.01).

THE G-NETWORK
AS A STOCHASTIC DATA NETWORK MODEL

T. V. RUSILKO?
*Yanka Kupala State University of Grodno, 22 Azheshka Street, Grodna 230023, Belarus

The primary objective of this paper is the mathematical modelling of a data network consisting of terminal devices
connected by routing devices and data links. A closed exponential G-network of single-server queueing nodes with posi-
tive requests and signals is used as a stochastic model. The model is studied in the asymptotic case of a large number of
requests being processed. The mathematical approach used makes it possible to calculate the main statistical characteris-
tics of a Markov process describing the model state, as well as to reconstruct analytically its normal probability density
function based on the Gaussian approximation method. The results of the study allow us to analyse the data network
performance in both transient and steady state. The areas of implementation of the research results are the pre-design of
data networks and solving problems of their optimisation.

Keywords: G-network; data network; queueing network; asymptotic analysis; Gaussian approximation; mathematical
modelling.
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Introduction

To date, the development of technology has led to the widespread use of systems that provide parallel and
decentralised data processing. Examples of such systems are multiprocessor devices, distributed databases, grid
systems and data networks. A characteristic feature of these systems is the set of incoming tasks that are quite
simple to process. These tasks come to the system nodes, requesting resources for processing. The required
transformations are performed using resources, after which the task is considered completed and the resources
are released. Due to the peculiarities of such systems, it is necessary to create new and modify existing methods
for their analysis and for solving the problems of increasing their efficiency.

The transfer and processing of data is the field of activity of a large number of companies. Network systems
and data processing applications are ubiquitous, so the study of the functioning of these systems is relevant.
Various mathematical models can be used for research, including models belonging to the queueing theory.
Queueing networks are effective mathematical models for studying discrete probabilistic systems with a net-
work-like structure. A queueing network is a collection of interdependent queueing systems (nodes) that pro-
vides transfer and processing of requests. The object of investigation in this paper is a stochastic data network
model in the form of a G-network.

G-networks are generalised queueing networks of queueing nodes with several types of requests: positive
requests, negative requests and, in some cases, triggers. Negative requests and triggers are not serviced, so
they are identified as signals. When a negative request arrives at a node, one or a group of positive requests
is removed or «killed» in a non-empty queue, while the queued trigger displaces requests and moves positive
requests from one node to some other node. G-networks were first introduced by E. Gelenbe and have been
studied in a steady state since the 1990s [1-3]. Their field of application is modelling computing systems and
networks, evaluating their performance, modelling biophysical neural networks, pattern recognition tasks
and etc. [4—7]. More details on the practical use of G-networks with signals are described in work [8].

The purpose of this paper is the mathematical modelling and efficiency analysis of the data network using
a closed exponential G-network with signals. An asymptotic analysis of the model is carried out, which implies
an approximation method of the queueing network study under the assumption of a large but limited number
of requests [9—11]. The mathematical approach used in this article is based on a discrete model of a continuous
Markov process and the theory of diffusion approximation of a Markov process [12; 13].

Model description. Formulation of the problem

The focus of this paper is the data network consisting of terminal devices, connected by routing devices and
communication channels (data links). The function of terminal devices is the transfer and reception of data, as they
are communication endpoints. Each terminal or routing device has many inputs and outputs. Each of the commu-
nication channels has one input and one output, which are connected to the inputs and outputs of the devices:
they provide data transfer. Data are transmitted over the network in the form of discrete packets. The bandwidth
of data links is limited. Network devices and channels process data packets at a limited rate.

In general, a payload (information useful to the user), a malicious code (malware) and a service information
can be transmitted over data networks. By service information we mean commands that provide load balancing
between devices. The load balancing is the process of distributing a set of packets over a set of network units,
with the aim of making their overall processing more efficient and avoiding overloading some units.

The problem of mathematical modelling of such a data network can be solved using a G-network with
signals. As a model of a data network, we will use a closed exponential G-network, consisting of n queueing
nodes S, i =1, n, and a fictitious request source S,. The node S, plays the role of an external environment.
Requests in the G-network correspond to data packets transmitted over the data network, positive requests are
assigned to payload, signals are assigned to malware and service information. Assume that K homogeneous
requests circulate in the G-network. Exponential single-server nodes S;, i =1, n, correspond to the terminal and
routing devices, as well as network data links. The fictitious system S, has K servers.

Each data packet can be in one of the following states corresponding to G-network nodes with the same
number:

o S, — the data packet is in an external environment outside the data network;

o S, — the data packet is in one of the devices or data links, i =1, ».

The transition of a request from the node S, to the node S;, i =1, n, corresponds to the arrival of a packet in
the network. The arrival request flow is divided into a flow of positive requests and signals. Requests arrive
from the outside following a Poisson process with the rate Ak, A, is the parameter, &, is the number of requests

in the node S,,. The probability of payload packet arriving at the time interval [t, t+ At] is Aoko po; AL + o(At),
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the arrival probability of packet containing malicious code or service information is A ko po;At +0(At), i=1, n,

Z ( Doi + Do; ) =1. A payload packet transfers from S; to S; without modification with the probability p; , trans-
i=1
fers from §; to S, as a packet containing malicious code or service information with the probability p;;, or leaves

n _
. oy + - . .
the network with the probability p,, =1—- Z ( P + Dy ), i, j=1, n
- J=1
All queueing nodes S, i =1, n, are single-server, the waiting buffer is unlimited. The service time of posi-
tive requests is exponentially distributed with the service rate ,, i =1, n. Requests are served according to the
FIFO rule (first in first out). Signals arriving at a node are not served by the node servers. A signal arriving at
the node §; either instantly moves a positive request from the system S; to the system S; with the probability g,;,

note that in this case the signal is called a trigger, or destroys a positive request located at the same node S; with
n

the probability g,,=1- Z g; and immediately leaves the network.

. j=1 . .
The state of this G-network at the time ¢ is represented by a random process

k(1)=(k (1), ky(1), ... K, (1)),

where £; (t) is the number of requests (data packets) in the node S; at the time 7, 0 < k; (t) <K,i=1n,te [0, +oo).

It is obvious that the number of requests serving in the G-network at the time 7is »_k,(¢)= K — k,(t). The al-
i=1

location of data packets according to possible states at the time ¢ fully describes the state of the data network

at that time. Accordingly, the allocation of requests by queueing nodes completely determines the state of the

G-network used as the data network model. Taking into account the above-described, the process k& (t) is a con-
tinuous-time Markov process on the finite state space.
Using the technique described in works [9—16], it is possible to derive a set of differential equations for the

main statistical characteristics of a random process k(t) in the asymptotic case of a large number of requests.

Asymptotic analysis of the network model

The discrete (discontinuous-state) Markov process & (t) is used to determine the state of the G-network
under study. In this paper, the passage to the limit from a Markov chain & (t) to a continuous-state Markov pro-
cess E_,(t) is considered. In contrast to discontinuous processes, continuous processes in any small time interval

At — 0 have some small change in the state Ax — 0. The mathematical approach used in this paper is based on
a discrete model of a continuous Markov process described in many books on the theory of diffusion Markov
processes (see, for example, [13]).
Theorem. In the asymptotic case of a large number of requests K the probability density function p (x, t) of
k(l) = [k] (t), kz(t), . k"(t)J provides that it is differentiable with respect to t
K K K K

the random process é;(t) =

: . . . . 1 .
and twice continuously differentiable with respect to x,, i =1, n, satisfies up to 0(82 ) where € = I the multi-
dimensional Fokker — Planck — Kolmogorov equation

ap(xa t) u 6 & 4 62
0 = —;a—%(/li (x, t)p(x, t)) + Ei,jzgl—ax,-axj (Bij(x, t)p(x, t)) (1)
with drift coefficients

A z)=xo(1 i z]x,)(pa,- i)+ [1— zxi]poj.qji _
i= j=

i=1

— w;min(x;, S)Zn:pi} (1 - G(xj )) + i 1 min(xj) 8)(19;- —Dji Sji) +
i

=1

+ Zn: ujrnin(xj, 8)]?;}%;‘

Jys=1
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and diffusion coefficients

yonfi-$ i)+ S £ e

i=1

1. min xl,g g ( ( )) ij rmn( 8)(pj+i+P];+5ﬁ)+

+ Z W min(xj, 8)p];'qsi’

Jys=1

B,(x, t)=—w,min(x, &) p; — [ Zx ]Po; q; +
+ uimin(xi, s)p,;qjo + Himin(xi’ 8)191‘;2‘1./3 -
s=1

p,; min Z Py — Z o min(x,, €) pj gy, i # J,

where §; is the Kronecker delta, i, j = I,_n
Proof. First of all, we consider all possible ways of changing the state of the Markov random process k (t)

i

. . . f_/% . .
in a small time Az. Let us introduce a n-vector of the form 7, =0,0,...,0,1,0,0, ..., 0 | and the Heaviside

function
1, x>0,
6(x)=1""
0, x<0.

As mentioned above, the process k (t) is a continuous-time Markov process on the finite state space. The as-

sumptions made in the model description determine that in the short time Az the Markov process k(¢) = (k, 1)
can make one of the following transitions:

e from the state (k -1, t) to the state (k, t+ At) with the probability

xO(K ~S k() + 1} P+ o(A),
i=1

that corresponds to a payload packet arrival from the node S, to the node S,, . |;
o from the state (k +1,, t) to the state (k, t+ At) with the probability

(K Zk ]pOIqIOAtJr

+pymin (k(6) + 1,1)( o + j (1= 8(; (1))t + o(A0),

which is possible when a packet containing malicious code arrives from the external environment S,, when
a payload packet is routed from S, to the external environment S, or when a payload packet is transmitted

as a signal from §; to the empty node S, i, j =1, n;
o from the state (k +1, -1, t) to the state (k, 7 + Ar) with the probability

[uimin(ki(t) +1,1)p; + xO[K - Zn:ki(t)JpaiqijJAt +o(At),
i=1

which is possible when a payload packet is transferred from the system S; to the system §; without modification
or when a signal (trigger) arrives from the external environment S, to S; and this trigger moves the payload

packet from S; to Sj, i, j=1L m
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e from the state (k +1,+1, t) to the state (, ¢ + Ar) with the probability

uimin(ki(t) +1, l)pl.;qjoAt +0(Ar),
which corresponds to the transfer of a payload packet from the node S, to the node Sj, i, j= I,_n, as malware;
e from the state (k +1+ 1 -1, t) to the state (&, 7 + At) with the probability

pimin(ki(t) +1, 1)171']_' q;, At + o(At),
when a payload packet moves from the node S, to the node S; as a signal (trigger) that moves the packet from S;
toS,, i, j, s=1,n;
o from the state (, t) to the state (k, 7 + Ar) with the probability

_{XO[K—ZIC J+Zplmm( )[1—1— Zpy ( ( ))]JAH— O(At)
i=1 i=1
which corresponds to no packets transfer;
e from other states to the state (k, t+ At) with the probability O(At).
With regard to the transitions listed above in the short time A¢, using the law of total probability, the follo-
wing set of equations is valid for the probability P (k t) =P (k(l) = k):

P(k—1;,1)=P(k, 1))+

det ul

Zx [K Zk

it
+Zxop0, (k—1,,1)+ [Z ( Zl )]po,q,o
(k+1;, ) = P(k, 1)) +
D) (20 + 25 (1- e(kj(l))))J x

P(k+1,,1) Zu,mm( ) ) py (P(k+1 =1, 1) = P(k, 1)) +

i,j=1

Z; mln( )(P;o +py (1 G(kj(t))))](
[Zkopol%o + Z W, (mm(k (1) +1,1) = min(k;(1),

i,j=1

+ Z w;(min (k;(¢) +1,1) = min (k;(¢), 1)) py P(k +1, = I, t ) +

ij=1

+ Z Ao [K—Zn:k,-(t)Jpa,-qy-(P(kui -1, ;) - P(k, t))+

2 ( )pqujo( (k+1,.+1j,t)—P(k,t))+

i, 1

Z: u, (min (K, (1) +1,1) - min(ki(t),1))p,;.qj0P(k+1,.+1j,z)+

+ Z w,min (& (1), 1) py g, (P(k+ 1+ 1= 1, 1) = P(k, 1)) +

i, j,s=1

+ z w; (min (k;(¢) +1, 1) = min(k,(2), 1)) pj g, P(k + 1, + 1~ 1, 1) 2)

i, j,s=1
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Data networks typically handle a large number of data packets. In connection with this, we proceed to the limit

-0 (40 50, 50

from the Markov chain k(t) to the continuous-state Markov process (¢ , s e
K K K K

-2

when K tends to be very large number. The state space of the relative vector &(# 1S

X:{ :(xl, Xy, ...,xn):x,.ZO, i=1, n, Zn:xiﬁl}.
i=1

The increment of &,(¢) in the short time Ar — 0 is Ax, = €, where & = 1 Ask— o, the increment of &,()
decreases, and in any small time interval Az — 0 the process &; (t) has some small change in the state Ax; — 0.
We can assume that the limiting distribution of ii(t) is continuous. The vector é(t) will be continuous-time

continuous-state Markov processes with a probability density function p(x, t). The probability density func-
tion satisfies the asymptotic relation

K”P(k, t)=K”P(xK, t) K—_}@)p(x, t), xeX. 3)

. - . . 1 1 .
Realising the passage to limit (3) for equation (2), assuming, ¢ =— and e, = ;¢ = —, we obtain the follo-
wing partial differential equation: K K

apr KZK {1—21‘]1’0:( x=ept)=p(x 1))+

i=1

+ Y Mopgip(x—e, )+ K[Zlo(l— inJpOiin +
i=1 i=1

Z; mln X, l (pl.o+pl].(1—9(xj)))J(p(x+ei, l)—p(x, t))+

2 9min(x;, s)(

+ Z%opolq,o +

i,j=1 i

Dio + Py (1 - O(xj )))p(x + e, t) +

+K Zn: w;min (x;, 1) p; (p(x+ e —e, t) - p(x, t))+

ij=1

anl 6m1nlx S)pyp(X+e )+KZX [I—ZxJpolqy( (x+e J,t)—p(x,t))+

i,j=1

u omin(x;, €
+ H; 8)(6. )

i,j=1 i

pl.;qjop(x +e +e, t) +

+K Zn: uimin(xi,l)pl;qjs(p(x+ei +te —e, t)—p(x, t)) +

i,j=1
omin (x; 8)

+Zpl

i,j,s=1 i

p,»jqjsp(x+ei +ej—es, t), 4

If p(x, t) is a twice continuously differentiable function with respect to x, then we can use the second
degree Taylor series of functions p(x te, t), p(x +te e, t), p(x +e+e, t) and p(x tet+e —e, t) at
apointx [9; 11]. Substituting the above-mentioned Taylor series into equation (4), having grouped the terms in
the resulting equation, we conclude that compact mathematical expression (1) is valid. The theorem is proven.
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Equation (1) is known as the multidimensional Fokker — Planck — Kolmogorov equation. The drift coef-
ficients Ai(x, t) characterise the rate of change of random process é(t) The diffusion coefficients Bij(x, t)

characterise the rate of change in the variance of the considered process &(t). Note that the drift and diffusion
coefficients depend linearly on x.

The main statistical characteristics
of a Markov process describing the model state

The probability distribution of the vector é(t) given by the probability density function p(x, t) is a com-

plete and exhaustive characteristic of the G-network state at the time 7. However, such an exhaustive charac-
teristic cannot be found, since equation (1) is not explicitly solvable. Therefore, instead of the probability

density function p(x, ), we will use an incomplete approximate description of a random process &(#) using
its moments. The probability distribution of a random process is usually characterised by a small number of pa-
rameters, which also have a practical interpretation. It is often enough to know what «average value» of i(t) is,
how far from this average value the values of &(z‘) typically are, and how the statistical relationship between
its components &,(¢) and & (¢) is characterised.

The minimum set of parameters by which an n-dimensional random process can be characterised is as follows.

1. The expected values E€, ()= vgl)(t), EE,(1)= v (1), ..., EE, (1) = vg)(t). Expectations are non-random
functions of the time that characterise the mean trajectories of the process components around which they are

grouped.
2. The variances D, (t), D&, (1), ..., DE,(¢). Variances are non-random functions of the time that charac-

terise the spread or dispersion of process realisations relative to the expectations.
3. The correlation moments

Ky(1)=E((& (1) - E&: (1)) (5, (1) - 2, (1)) =
= E(&(1)&;(r) - £&; (1) ME, (1) = v (1) v (1) v ().

They characterise the pairwise correlation of the components included in the vector &(t). The notation

vg.jl’ 1)(t) = E(ii (t)&,j(t)) is the mixed raw moment of the second order, i, j =1, n.
It was found [16] that the set of ordinary differential equations for the first-order and second-order raw
moments of the state vector elements &, (7) is

dv\W(r) dM (& (1 1
dt( ) _ (d;( ) ~4 (W)

v(.l’l) t \7)G; (1
d Udt( ): dM(ézfﬁ)‘i/( )) :M(E_,,»(I)Aj(i(f))) n (5)

+ M (2, (0)4,(5(0) + 2B, (VO (1)) i, =T

. . . 1
It is proven that the moments are determined with an accuracy of 0(82), where €= e from the set of

ordinary differential equations (5). The solution of set (5) with a certain initial condition, firstly, makes it pos-
sible to predict the mean and the dispersion of the number of data packets at each model state with time, and,
secondly, draw a conclusion about the correlation of the number of packets at different data network units with
time. These results are useful in decision making and network load analysis. They are applicable with a speci-
fied accuracy in both transient and steady state, this is a fundamental advantage of the used asymptotic method.

In this paper, we restrict ourselves to considering only the set of differential equations for expected values

vgl)(t), i =1, n, of the defined form
M)

T:ko Ll—ZvSl)(t)](p&- —P&) + 27‘0[1_
i=1 J=1 !

n

Vgl)(t)Jpoj‘qj‘i -
1

_ uimin(vgl)(t), a) ilpij(l - e(vf(‘l)(t))) i
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+ zn: b min(vj(.l)(t), s)(p; —Dji — 5,-;) + Zn: W, min("j('l)(t)’ S)PJ; 9si-
i jis=1

In the asymptotic case of large K, the Gaussian approximation method [13; 17] can be used to analytically
reconstruct the normal probability density function

P, )= (2n) 3 (det K (1)) 2 exp[—%(x V() K1) - v(l)(t))}

from the found moments of the process é(t) and to analyse this process using the normal density properties,

K'(t) being the inverse covariance matrix [18].

Numerical example

Consider the data network with a router to which two terminal devices are connected via two data links.
The mathematical model of this network will be the above-described G-network of four nodes (n = 4). Nodes
S, and S, are data links, nodes S; and S, are terminal devices, the external environment S, is a router. The struc-

ture of the G-network is set by the following non-zero elements of the transition matrices: pg; = 0.6, py; = 0.2,
Por =0.19, py, =0.01, p3 = 0.65, p;; = 0.01, p,, = 0.34, p;, = 0.02, p5, = 0.7, p,, =0.28, p3; =0.99, p;, = 0.01,
P, =0.01, ppy =0.99, g, = 0.97, ¢,y = 0.03, g5, = 0.95, g5, = 0.05, g3y =1, g, = 1.

Let the number of data packets not exceed K =100 000, and the network operation be specified by the
following parameters: the arrival rate is A, = 0.001; the number of node servers are m; =1, m, =1, my =1,
m, = 1; the service rates are p, = 10, p, = 10, py = 100, p, = 100; the initial placement of packets is vgl)(t) =0,

vW(0)=0,i,j=1,4.

Let us solve set (5) by numerical methods under the above initial condition. The figure shows a graphical
solution of set (5) for vgl)(t) and vgl)(t) + /DE (), which allows us to observe the dynamics of the average
relative number of packets at the node S, ant its variation.

The figure demonstrates that the process does not reach the steady state in the considered time interval.
At time ¢ = 30 000, the average number of packets at the node S, is KVEI)(I) =100 000 - 0.457 5=45 750.
It can be concluded that the efficiency of the data network is limited by the data link capacity modelled by the
queueing system S,. It is recommended to expand this data link, which is the network bottleneck. Similarly, we
can get the results for the rest of the network nodes.

0.2

v (), v(2) = JDE (1)

0.1

1 1 1 1 1 P

O 1 1 1 -
10 000 20 000 30 000 40 000
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The second-order moments found from set (5) allow us to investigate the correlation between the number
of requests in different network nodes with time:

IORAONAD
Vi () =i () vy (¢
(1) =r(& (7). &() =~ <
\/Dat(’)\/ng(t)
Thus, the calculation results can be useful in analysing and making decisions regarding the operation of the

data network with different parameters. Data network performance indicators and some revenues can be found
using mathematical methods for calculating the nodal characteristics of queueing networks [19; 20].

i, j=1n

Conclusions

In this paper, the queueing G-network with signals was presented as a stochastic data network model. Obvious-
ly, both payload and malware, as well as service information, can be transmitted over a data network. Thus,
a closed Markov queueing G-network is an appropriate mathematical model for a data network. Requests in
the G-network correspond to data packets transmitted over the data network, positive requests are assigned to
payload, signals are assigned to malware and service information. The model was studied in the asymptotic
case of a large number of requests. As a result, the main statistical characteristics of the number of requests
at each network unit were found in both transient and steady state. In particular, it is possible to investigate
the correlation between the number of requests in different network nodes with time. The presented technique

allows us to reconstruct the normal probability density function of the state process &,(1) based on the Gaussian

approximation method. These results allow us to analyse the network efficiency and load balancing, i. e. dis-
tribute incoming traffic between several devices to improve the stability of their operation.

Bbubauorpaduyeckne ccblIKU

1. Gelenbe E. Product-form queueing networks with negative and positive customers. Journal of Applied Probability. 1991;28(3):
656—663. DOI: 10.2307/3214499.

2. Gelenbe E. G-networks by triggered customer movement. Journal of Applied Probability. 1993;30(3):742—748. DOI: 10.2307/
3214781.

3. Gelenbe E. G-networks with signals and batch removal. Probability in the Engineering and Informational Sciences. 1993;7(3):
335-342. DOI: 10.1017/S0269964800002953.

4. Caglayan MU. G-networks and their applications to machine learning, energy packet networks and routing: introduction to the
special issue. Probability in the Engineering and Informational Sciences. 2017;31(4):381-395. DOI: 10.1017/S0269964817000171.

5. Zhang Yunxiao. Optimal energy distribution with energy packet networks. Probability in the Engineering and Informational
Sciences. 2021;35(1):75-91. DOI: 10.1017/50269964818000566.

6. Gelenbe E. Steps toward self-aware networks. Communications of the ACM. 2009;52(7):66—75. DOI: 10.1145/1538788.1538809.

7. Matalytski M, Naumenko V. Investigation of G-network with signals at transient behavior. Journal of Applied Mathematics and
Computational Mechanics. 2014;13(1):75-86. DOI: 10.17512/jamem.2014.1.08.

8. Gelenbe E, Pujolle G. Introduction to queueing networks. 2" edition. Chichester: John Wiley & Sons; 1998. XIII, 244 p.

9. Rusilko TV. Network stochastic call centre model. In: Petrenko SA, Tarkhov DA, editors. Distance learning technologies — 2021
(DLT-2021). Selected papers of the VI International scientific and practical conference; 2021 September 20-22; Yalta, Crimea [In-
ternet]. [S. L]: [s. n.]; 2021 [cited 2022 March 21]. p. 91-101 (CEUR workshop proceedings; volume 3057). Available from: https://
ceur-ws.org/Vol-3057/paper9.pdf.

10. Rusilko T. Asymptotic analysis of a closed G-network of unreliable nodes. Journal of Applied Mathematics and Computational
Mechanics. 2022;21(2):91-102. DOI: 10.17512/jamem.2022.2.08.

11. Maransiikuit MA, Pomantok TB. Ipubnusicennvie memoowvt ananuza cemeil ¢ YyeHmpaibHOU CUCMEMOU OOCTYHCUBAHUSL U UX
npumenenus. I'pogno: I'pI'Y; 2003. 200 c.

12. Mengenes ['A. 3aMKHYTBIE CHCTEMBI MACCOBOTO OOCITY)KHBAaHUS U X onTuMH3anus. Mzeecmusn Axademuu nayk CCCP. Texnu-
yeckas kubepnemura. 1978;6:199-203.

13. TuxonoB B, Muponos MA. Mapkosckue npoueccsl. Mocksa: CoBerckoe paauo; 1977. 488 c.

14. lapaeB OU. Bgedenue 6 cmamucmuueckyio OuHamMuKy npoyeccos ynpasienusn u gursmpayuu. Mocksa: CoBeTcKoe paauo;
1976. 184 c. (bubnuorexa TEXHUYESCKOIl KHOCPHETHKN).

15. l'apauaep KB. Cmoxacmuueckue memoowt ¢ ecmecmeennvix Haykax. Jloopocnasckuit AC, Komomenckuii AA, Toncronsren-
ko AB, nepeBomgunku; Ctpatonosuu PJI, pemakrop. Mocksa: Mup; 1986. 526 c.

16. Pycuiiko TB. Meton onpeaesieHus MOMEHTOB MEPBBIX JIBYX MOPSIIKOB [JIsl BEKTOPA COCTOSIHUSI CETH MacCOBOTO 00CITYKUBAHUS
B ACHMIITOTHYECKOM citydae. Becnuix I poosenckaea 0ssapocaynaza ynieepcimama ims Anuxi Kynanvt. Cepoisi 2, Mamamamuixa. Disixa.
Ingpapmamuika, evinivanvnas maxuixa i kipagantne. 2021;11(2):152-161.

17. Pycunko TB. Meron rayccoBa nprOImKeHus UIsl ONpe/IeNICHus] INIOTHOCTH BEPOSTHOCTH BEKTOPA COCTOSIHUSI CETH MacCOBOIO
00CITy>KHBaHHSI B aCHMIITOTUYECKOM citydae. Becnuix I podsenckaea ossapoicaynaza ynisepcimoma ima Anki Kynanvi. Cepois 2, Mamo-
mamvika. Dizixa. [npapmamuixa, svinivanvras maxuixa i kipasanne. 2022;12(3):151-161.

18. Tu TT, Kharin AYu. Sequential probability ratio test for many simple hypotheses on parameters of time series with trend.
Journal of the Belarusian State University. Mathematics and Informatics. 2019;1:35-45. DOI: 10.33581/2520-6508-2019-1-35-45.

53



ZKypnaa Besopycckoro rocyiapcTBeHHOro yuusepcurera. Maremaruka. Madopmaruka. 2023;2:45-54
Journal of the Belarusian State University. Mathematics and Informatics. 2023;2:45-54

19. Rusilko TV. Application of queueing network models in insurance. Izvestiya of Saratov University. New series. Series: Mathe-
matics. Mechanics. Informatics. 2022;22(3):315-321. DOI: 10.18500/1816-9791-2022-22-3-315-321.

20. Matalytski MA. Forecasting anticipated incomes in the Markov networks with positive and negative customers. Automation
and Remote Control. 2017;78(5):815-825. DOI: 10.1134/S0005117917050046.

References

1. Gelenbe E. Product-form queueing networks with negative and positive customers. Journal of Applied Probability. 1991;28(3):
656—663. DOI: 10.2307/3214499.

2. Gelenbe E. G-networks by triggered customer movement. Journal of Applied Probability. 1993;30(3):742—748. DOI: 10.2307/
3214781.

3. Gelenbe E. G-networks with signals and batch removal. Probability in the Engineering and Informational Sciences. 1993;7(3):
335-342. DOI: 10.1017/S0269964800002953.

4. Caglayan MU. G-networks and their applications to machine learning, energy packet networks and routing: introduction to the
special issue. Probability in the Engineering and Informational Sciences. 2017;31(4):381-395. DOI: 10.1017/S0269964817000171.

5. Zhang Yunxiao. Optimal energy distribution with energy packet networks. Probability in the Engineering and Informational
Sciences. 2021;35(1):75-91. DOI: 10.1017/S0269964818000566.

6. Gelenbe E. Steps toward self-aware networks. Communications of the ACM. 2009;52(7):66—75. DOI: 10.1145/1538788.1538809.

7. Matalytski M, Naumenko V. Investigation of G-network with signals at transient behavior. Journal of Applied Mathematics and
Computational Mechanics. 2014;13(1):75-86. DOI: 10.17512/jamcm.2014.1.08.

8. Gelenbe E, Pujolle G. Introduction to queueing networks. 2™ edition. Chichester: John Wiley & Sons; 1998. XIII, 244 p.

9. Rusilko TV. Network stochastic call centre model. In: Petrenko SA, Tarkhov DA, editors. Distance learning technologies — 2021
(DLT-2021). Selected papers of the VI International scientific and practical conference; 2021 September 20—22; Yalta, Crimea [In-
ternet]. [S. L]: [s. n.]; 2021 [cited 2022 March 21]. p. 91-101 (CEUR workshop proceedings; volume 3057). Available from: https://
ceur-ws.org/Vol-3057/paper9.pdf.

10. Rusilko T. Asymptotic analysis of a closed G-network of unreliable nodes. Journal of Applied Mathematics and Computational
Mechanics. 2022;21(2):91-102. DOI: 10.17512/jamem.2022.2.08.

11. Matalytski MA, Romaniuk TV. Priblizhennye metody analiza setei s tsentral 'noi sistemoi obsluzhivaniya i ikh primeneniya
[Approximate methods for analysis of networks with a central queueing system and their applications]. Grodna: Yanka Kupala State
University of Grodno; 2003. 200 p. Russian.

12. Medvedev GA. [Closed queueing systems and their optimisation). /zvestiya Akademii nauk SSSR. Tekhnicheskaya kibernetika.
1978;6:199-203. Russian.

13. Tikhonov VI, Mironov MA. Markovskie protsessy [Markov processes]. Moscow: Sovetskoe radio; 1977. 488 p. Russian.

14. Paraev Yul. Vvedenie v statisticheskuyu dinamiku protsessov upravleniya i fil tratsii [Introduction to statistical dynamics of
management and filtering]. Moscow: Sovetskoe radio; 1976. 184 p. (Biblioteka tekhnicheskoi kibernetiki). Russian.

15. Gardiner CW. Handbook of stochastic methods for physics, chemistry and the natural sciences. 2" edition. Berlin: Springer-
Verlag; 1985. 442 p. (Springer series in synergetics; volume 13).

Russian edition: Gardiner CW. Stokhasticheskie metody v estestvennykh naukakh. Dobroslavskii AS, Kolomenskii AA, Tolsto-
pyatenko AV, translators; Stratonovich RL, editor. Moscow: Mir; 1986. 526 p.

16. Rusilko TV. The first two orders moments of determination method for the state vector of the queueing network in the asymp-
totic case. Vesnik of Yanka Kupala State University of Grodno. Series 2, Mathematics. Physics. Informatics, Computer Technology and
Control. 2021;11(2):152-161. Russian.

17. Rusilko TV. Gaussian approximation method for determining the probability density of the state vector of the queueing network
in the asymptotic case. Vesnik of Yanka Kupala State University of Grodno. Series 2, Mathematics. Physics. Informatics, Computer
Technology and Control. 2022;12(3):151-161. Russian.

18. Tu TT, Kharin AYu. Sequential probability ratio test for many simple hypotheses on parameters of time series with trend.
Journal of the Belarusian State University. Mathematics and Informatics. 2019;1:35-45. DOIL: 10.33581/2520-6508-2019-1-35-45.

19. Rusilko TV. Application of queueing network models in insurance. lzvestiya of Saratov University. New series. Series: Mathe-
matics. Mechanics. Informatics. 2022;22(3):315-321. DOI: 10.18500/1816-9791-2022-22-3-315-321.

20. Matalytski MA. Forecasting anticipated incomes in the Markov networks with positive and negative customers. Automation
and Remote Control. 2017;78(5):815-825. DOI: 10.1134/S0005117917050046.

Received 15.03.2023 / revised 22.06.2023 / accepted 22.06.2023.



BI)I‘H/ICJH/ITEHI)HAH MATEMATHUKA

COMPUTATIONAL MATHEMATICS

VIIK 519.642.7

K YUCAEHHOMY PEIIEHUIO CAABOCHUHIYAAPHOIO
NMHTETPAABHOI'O YPABHEHUSA BTOPOT'O POAA
METOAOM OPTOIOHAABHBIX MHOTOYAEHOB

I A. PACOJIBKO", C. M. IIELIIKO"

YBenopyccuii 2ocyoapcmeennwlil ynusepcumem, np. Hezasucumocmu, 4, 220030, e. Munck, berapyco

PaccMOTpeHO CHHTYIISIpHOE MHTETPAJIbHOE YPaBHEHHUE € JIOTapU(PMUIECKOH 0COOEHHOCTHIO, UCIIONB3YIONIEECs B Ma-
TEMaTHIECKON MOJIEJIN PACCESHUSI IEKTPOMArHUTHBIX BOIH. J{JIsl YUCIICHHOTO aHAJIN3a €T0 PELICHUH U3 Pa3HBIX (yHK-
[HOHAJBHBIX KJIACCOB MYCXEIHIIBHIN ITOCTPOCHBI TPY BEIYUCIUTEIBHBIE CXEMBI, OCHOBAaHHbIC Ha ITPEACTABICHUHN YaCTH
HCKOMOM (pyHKIIMM B BHJE JIMHEHHOI KoMOMHanmu MHOrouseHoB YeOblimesa nepsoro pona. [locie Hebombmmx npeood-
pa30BaHUI ¥ NIPUMEHEHUS U3BECTHBIX CHEKTPAIbHBIX COOTHOIEHUH Ul CUHTYISIPHOTO MHTErpaia Mojly4YeHbl IPOCThIe
AQHAJMTUYCCKUE BBIPAXKEHUSI ISl CHHTYIISIPHOW cocTaBistomiell ypaBHeHUs. KoaddumeHTs! pa3nokeHus pemeHus 1o
6a3ucy nosmHoMoB YeObllieBa HaiileHbl KaK pelICHHEe COOTBETCTBYIOLINX CUCTEM JIMHEHHBIX allre0pandeckux ypaBHe-
HU. Pe3ynbraThl YNCIEHHBIX SKCIIEPUMEHTOB TIOKa3bIBAIOT, YTO Ha ceTKe U3 15—20 y3JI0B MOrpeIHoCTh TPUOIHKEHHOTO
peIIeHHsI HEe MPEBBIIIAET BHIYUCIUTEIBHON MOTPEITHOCTH.
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ON THE NUMERICAL SOLUTION TO A WEAKLY SINGULAR
INTEGRAL EQUATION OF THE SECOND KIND BY THE METHOD
OF ORTHOGONAL POLYNOMIALS

G. A. RASOLKO", S. M. SHESHKO*

*Belarusian State University, 4 Niezaliezhnasci Avenue, Minsk 220030, Belarus
Corresponding author: S. M. Sheshko (sheshkasm@bsu.by)

It is considered a singular integral equation with a logarithmic singularity. Such equations are used in the mathema-
tical model of electromagnetic wave scattering. Three computational schemes are constructed for the numerical analy-
sis of'its solutions from different Muskhelishvili functional classes. They are based on the representation of a part of the
determined function as a linear combination of Chebyshev polynomials of the first kind. After minor transformations
and application of the known spectral relations for the singular integral, simple analytical expressions for the singular
component of the equation are obtained. The solution is expanded in the basis of Chebyshev polynomials. The expan-
sion coefficients are calculated as the solution of the corresponding systems of linear algebraic equations. The results of
numerical experiments show that on a grid of 15-20 nodes, the error of the approximation does not exceed the computa-
tional error.

Keywords: integro-differential equation; numerical solution; method of orthogonal polynomials.

BBenenue
B paborax [1; 2] paccmaTpuBaeTcsi TpUONMKEHHOE PEIICHUE CHHTYISIPHOTO MHTETPaIbHOTO ypaBHEHUS
BTOPOTO poJia C JOrapu(hMUUICCKUM SIIPOM B KJTaCCE OTPAHUYCHHBIX Ha KOHIIAX OTpe3Ka QyHKIUH
1 ¢ 1 ¢
o(x) + —[o()Infr = xldr + — [ @(1)K (x, 1)dt = f(x), -1 <x<1. (1)
-1 -1
3nech (p(x) — Heu3BecTHas QyHKIwms;, K (x, t) — u3BecTHas (DYHKIMS U3 Kiacca C[—l, 1] o 00OUM apryMeH-
tam; f'(x) e C[-1,1].
0O030p pe3yabTaTOB MCCIICIOBAHUH, TIOCBIIICHHBIX BOIPOCAM Pa3pelIMMOCTH ypaBHeHUH Buaa (1) u ux
YUCJICHHOTO PEIICHUs, MpuBeaeH B MoHorpaduu [1, c. 27, 59]. B mampHelimem OyaemM CUHMTaTh, YTO COOT-
BETCTBYIOIIIEe OJJHOPOAHOE YPaBHEHHE WMEET JIMIIb TPUBHANbHOE pemenue. Torna pemenne ypasaerus (1)
B KJIacCe HETMPEPBIBHBIX (pyHKIMHA enuHCTBEHHO [3; 4]. [lokazano, 4To mpHu HAJTHMYUH B SIAPE HHTETPATHHOTO
YpaBHEHHS BTOPOTO pojia, KpoMe JiorapupMudeckoit 0COOEHHOCTH, eIIe U PETYISPHON YaCTH PEIIEHUE MOKET
OBITh TIOTYYEHO JIMIITh YACICHHO. Pa3myHbIe MOIX0b! K MPSMOMY YHCICHHOMY PEIIEHHUIO JAHHOTO ypaBHE-
HUSA comepskar paboTsl [5; 6].
B HacTos1IIeH CTaThe IMpeaIaratoTes aITOPAUTMBI YUCIIEHHOTO perieHus ypaBHeHu (1) ¢ Hen3BecTHOH (pyHK-
e (p(x) B pa3HBIX Kjaccax (yHKIHUN M0 MyCXETUIIBHIIA METOIOM OPTOTOHAIBHBIX MHOTOYJICHOB, OCHOB-

HOM HJIeeil KOTOPOTO SIBJISICTCS MCIIOIb30BAHUE CIICKTPAIbHBIX MM KBA3UCIEKTPAIbHBIX COOTHOIICHUN ISt
BXOJISAIINX B YPAaBHCHHE UHTETPAJIOB.
W3BecTHBI ClieKTpaJIbHbIE COOTHOIICHUS JJIsl CIIA00CUHTYJIIPHOTO MHTErpaia [7]

1
lj%mp_th:akn(x), keNU {0, @
-1

nﬁ\/i

re o, =-In2; a, = —%, keN; Tk(x) = cos(k arccos x) — MHOTOWIeHbI UeOkIeBa mepBoro pona, x € [—1, 1].

Hanomuuwm kmaccer pysakmnwii mo Mycxenumsuiu [8, ¢. 31].

ToBopsrt, uto QyHKUIMS \V(x) S h(O), €CJIM Ha OTpe3Ke [—1 +g,1- 82], €, >0, g, > 0, oHa ygoBIETBOPSIET
ycnoBuio I'énpiepa, a B OKPECTHOCTH TOUEK X = +1 0TyCKaeT HHTErpupyeMyI0 0COOCHHOCTD.

OyHKUUS Y (x) eh (1), €CJIM Ha OTpe3Ke [—1, 1- 8], € > 0, oHa yIOBIETBOPSIET ycaoBuio I €nbaepa, a B OKpecT-
HOCTH TOYKH X = | IOMyCKaeT HHTErPUPYEMYIO OCOOCHHOCTb.

Oyukums y(x) € h(-1), ecim na orpeske [-1+ ¢, 1], £ > 0, ona ynosnersopsier yenosuio I'énbiepa, a B Ok-
PECTHOCTH TOUKH X = —] JOMYyCKaeT HHTErPUPYEMYIO OCOOEHHOCTb.

Knacc dynkumit 4 (—1, 1) MIPE/ICTaBISIET COOOM KiTacc OrpaHUYEHHBIX B OKPECTHOCTH TOYEK X = 1 (yHKUHIA.
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JlanHas cTarhs SBISETCS NMPOAOIDKEHHEM Ceprur paboT Mo MPUOTMKEHHOMY PEIICHUIO CHHTYSPHBIX HH-
Terpo-aTu(PepeHIHaIbHbIX YPABHEHUM, B TOM YHCIIE CO CJIa00H OCOOCHHOCThIO, METOJIOM OPTOTOHAIBHBIX
MHOTOUJICHOB (CM., Harmpumep, [9]).

HpeIlBapI/lTeJIbele CBEICHUSA

[Ipu mocTpoeHUH BBIYUCIUTENLHON CXEMBI UCIIONB3yeM UHTEPIOSIIMOHHBI MHOTOWIEH GYHKIUN [ (x)
o y3iam YeOniera nepsoro posaa [10, c. 104]:

S(x)= 1,(x)= 20 ' (), 3)
=0
e J
n 1 4 n 2 n -
Jo :n_,_lkz::of(xk)’ 5= n+1k:0f(xk)7;(xk)’ j=Ln,
2k +1 —
X, = COS L k=0, n
2n+2

ITpumenss paznoxkenus (3), HECIOKHO TIOCTPOUTH MHTEPIOIALUMOHHBIA MHOTOWIEH K, n(x, t) (hyHKIMN
1By nepeMeHHbIx K (x, 1):

ZT DRAGL

j=0
00, n 1,s=0
k. . =——2_NT K T. 5. =1 ’ 4
" (n+1)2 Z%) r(xz)qZ::() (xl,xq) j(xq), ’ {2,S¢0, ®)
xk:coszzki; ,k=0,n
n

IIpudanxkenHoe pemenue ypasHenus (1)
B KJIacCe HEOTPAHMYEHHBIX HA KOHLAX O0TPe3Ka (PyHKUMH
[IpubnmxeHHOE pereHne (pn(x) ypaBHeHUs (1) Oymem MCKaTh Kak pemieHne CASIyIONero ypaBHEHHS OT-
HOCHTEJILHO HOBOI HEH3BECTHOM (ByHKIHH v, (X ):

1 1
BJNIEN In |t_x|dt+rlc." (1) K, ,(x, t)di =F,(x)

gt et O A b R U

rae Kn,n(x, t) — MHTEPHOIALMOHHBIA MHOTOWICH (4) ¢pyHKmn K (x, t) CTETICHH 7 TI0 00CHUM IePEMEHHBIM;

2k+;n,k=0,_n. Pe-

<1, 5)

E (x) — Hekotopas (QyHKIHA U3 KIacca C[—l, 1] Takas, 4To F;,(xk)zf(xk ), X, = cos

" (%)

LICHUS @, U V, CBSI3aHBI PaBEHCTBOM @, (x) = ﬁ Ormernm, 4TO ypaBHeHue (5), Kak u ypasuenue (1),
I-x

paspeiimo B paccMarpusaemom kinacce h(0) [3; 4].
Pemenne ypaBuenwus (5) OyaeM UCKaTh B BUJIE

x) = zn: cme(x), (0)
N m=0

rae c,,, m =0, n, — HEN3BECTHBIC II0KA IOCTOSTHHBIE.
Paccmorpum nepBHI‘/’I WHTETpaJl B ypaBHeHHH (5) ¢ yueToM npeacTaBieHus (6) U paBeHCTB (2):

__[\/7 t)Inlr - x|dt—Zc J.\/i 1n|t—x|dt—ZT C, 0, (7)

1
IJIe COMIAcHO paBeHcTBaM (2) o, =—In2; o, = g m= 1, n.

Paccmotpum Bropoit nHTErpan B ypaBHeHuu (5). YuuTsiBas npeactabieHus (4) u (6) U CBOWCTBO OPTOTO-
HaJHHOCTH MHOTOWICHOB YeObIeBa epBoro poaa, uMeeM
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1

L (0K, (e )= 3 e, ST () Dk k[ 1, ()7 (1)t =

j=0 1 Al-t
1, m=0,

= i cmfﬂ(x)kr,mwm» wm={ (8)
m=0 r=0

0,5, m>0.
[oncrasnss npencrasnenus (6)—(8) B ypaBHeHue (5), morydaem
% zn: el (x)+ i T (x)a, + i Ch i T.(x) k, 0, = F,(x). )
1—x" m=0 m=0 m=0 r=0

B xauecTBe BHEMmHUX Y35I0B X B ypaBHeHHH (9) BbiOepeM y3ibl UeOblleBa mepBoro poaa, a MMEHHO

2k+1 — . Ny
n, k=0, n. I3 ypaBHeHus (9) noiay4nM cucteMy JUHEHHBIX anre0pandeckux ypaBHEHUH

X;, = COS

i A Con =f(xk), k=0,_n,
" ) (10)

Aeom = —2Tm(xk) + Tm(xk)o'm + Z Tr(xk)kr,mmm'
l—xk r=0

Pemms cuctemy (10) OTHOCUTENIBHO HEN3BECTHBIX C,,, M = 0, 1, HaiiieM NPUOIMKCHHOE PEIlIeHUE ypaBHe-
Hus (1) ¢ yuerom npezacrasnenus (6) mo Gopmyrne

1 n
= T . 11
(Pn(x) ﬁmzzlocm m(x) (11)

[IpennoxxenHass cxema MPOTECTHPOBAHA HA MPUMEpPE pelIeHUs] MOAETbHON 3aja4uu Uit ypaBHeHus (1)

2021 2x _2x+[16_28\/§] ]

npu k(x, t) = f (x) = 3 3z HecnoxxHo 1okasarh, 9T0 peneHneM

(x+2)(t+2) 1 2

2x
ypaBHeHus (1) B TaHHOM citydae siBisieTcsl (QyHKLUS (p(x) =

\ll—xz

BEJICHHBIE B CpeJie KOMITBIOTEPHOU MaTeMaTtuku Mathcad, yxe py CpaBHUTEIHbHO HEOOIBIITNX 3HAYCHUSX 71,

. Kak CBUACTCIILCTBYIOT PACYCThI, IIPO-

paBHBIX 5, 15 1 20, mOrpemHoOCTh NPUOIMKEHHOTO PEeILICHUS (pn(x), BbIUKCIIEHHOTrO 1o opmye (11), B cu-

creme Touek x =—0,99, -0,98, ..., 0,99 ne npeBocxoaut 1,0 - 10_5, 2,7 - 10 u 3,6 - 107"° coorBercTBEHHO
(cM. pUCYHOK).

x=-0,99,-0,98, ...,0,99; N=20

410 , : :
_3.10° L i
=
S
|
= 2.10"°|d ]
2
g _
1-10 7§ !
0 | | |
1,0 0,5 0 0,5 1,0

X

[MorpenHocTs NPHOIIIKEHHOTO PELICHHS
Error of the approximate solution
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IIpudnunxxenHoe pemenue ypasHeHus (1)
B KJIacce HeOTPAHUYEHHBIX Ha JIEBOM KOHIe (pyHKImii

Kak u B npeapiayIieM pasjelie, pacCMOTPUM CJICIYOIee YPaBHEHUE OTHOCUTEILHO HOBOM HEM3BECTHOU
dhyHKIINN vn(x):

1
Lo, ()L ;tvn(t)ln|t—x|dt+%_i|. L;ivn(t)Kn’n(x,t)dt:F(x), <1, (12)

l+x " "

e K, ,(x, 1) — narepronsiuuonssiii MHorownes pyukuun K (x, ¢) crenenn n o o6enm nepemeHHbM; F, (x) —
2k +1

HekoTopas pynkuus u3 kiaacca C [—1, 1] TaKasi, 4To F;,(xk)z f (xk), X; = €08 n, k =0, n. Pewenns 0,

U v, CBSI3aHbI PABEHCTBOM @, (X) = Xy (x)
" A+ x ’

n

OtmetnmM, uto ypaBHeHue (12), kak u ypaBHenue (1), B JanHOM citydae paspermmo [1].
JlokaxkeM cIeyrolee yTBep KIeHHe.

VYrBep:knenne 1. s |x| <1 uMeeT MecTo paBeHCTBO

—1n2T0(x) + Tl(x), m=0,

Lt e = 200 70+ S e )
L) 1) | ()

2m-1) M 2(m+l)

A=

m>2

Jloka3aTeabCcTBO. YMHOKIM YHCIUTEb U 3HAMEHATENb HOBIHTErPATbHOM (YHKIMK Ha /1 — ¢ 1 yu-
tem cootHomenue x7,,(x) =T, ,(x) + T, 1‘( x) [7, c. 23]. B pesyabrare nogpiHTerpanbHas pyHKIHs B PABCH-

ctBe (13) cBoauTes K By (2), OTKyaa cliefayeT HCTUHHOCTh JaHHOTO YTBEPKICHMSL.
ITycTs cHOBa MMeeT MecTO TpeacTaBiIcHHE (6).
PaccmoTrpum nepBLH?I nHTerpan B ypaBaennu (12). C yuerom nipencrapieHus (6) u paBercTsa (13) umeem

—j ln|t—x|dt j T Tn(0)In]r—x]dr = S 1,(x)c,. (14)
+1 m=0

PaccmoTpum BTOpOIt HHTErpal B ypaBHEHUN (12) ¥ B Ka4eCTBE MHTEPIOJISILIMOHHOTO MHOTOWIeHa K, , (x, t)

BbIOepeM MHOTOWIEH (4). YuurteiBas npencrasieHue (6) U CBOMCTBO OPTOTOHAIIBHOCTH MHOTOUJIEHOB YeOnI-
1I€Ba I1EPBOIO POJA, [10TYIaeM

1 1= SIS 4 1t 1-1¢
— [ = (K, (5 )dt=> ¢, Y T(x)Y k, .~ | —=T,(¢)T,(t)dt =
nJH,U o >’; SRk 5[ S nOn0

n

1 n-1 1

r=0
S o $nwe,. as
m=0 r=0
1 1
glnnzzzk}ﬂnab1_'5k%‘m ”Q”m |- k};n+ﬂDm+18m+la
1, m=0,n Lm:o’ (16)
5, = o, =
0, m>n, 0,5, m>0.

Cobwupas BMecTe mpencTaBieHne (6) ¥ pa3IoKeHNs KaXI0To U3 ITHX HHTErpajioB 1Mo ¢opmynam (14)—(16),
n3 ypaBHeHus (12) nmeem

Z T (x) + Zn: oLy (x) + Zn: C, Zn: T,(x)Q, , = F,(x). (17)
m=0 m=0 r=0
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B kxauectBe BHEmHHX y3710B X B ypaBHeHuH (17) BeiOepem y3ibl UeObieBa mepBoro poaa, a IMEHHO
k+1

7, k =0, n. Y3 ypaBHenus (17) mojayduM CUCTEMY JTMHEHHBIX aJireOpandecKux ypaBHEHUH

Zn: ak,mcm:f(xk)’ kZO,_I’Z,
m=0

1+ x,

X, = co8

(18)

ay

,m

T,(x) + L () + ri()z;(xk)g, .

PemmB cuctemy (18) OTHOCUTENBHO HEN3BECTHBIX C,,, m = 0, n, HalileM NPUOIMKEHHOE pELIEHHE ypaBHe-
Hus (1) mo popmyre

)12 S »

[IpennoxkeHHas cxema NPOTECTUPOBAHA HA MPHUMEPE PEIICHHs MOIEIbHON 3a1aun a1t ypaBHeHus (1) npu

k(x, t) = m, f(x) = (2x + 2x2) [:—i + %xS -x+ (56 - 32\/5) . Jlr 5 Pemennem ypasuenwus (1)

1-x
B JIAHHOM CIIydae sIBISCTCS (PyHKIUS (p(x) = (2x + 2x2) /1— Kak cBHICTEILCTBYIOT PacyeThl, IIPOBEICH-
+x

HBIE B CpeZie KOMITBIOTEPHOI anredpbl Mathcad, yxe Tipu cCpaBHUTEIHHO HEOOMBIINX 3HAYSHHSIX /1, PABHBIX S,
15 1 20, morpenHOCTh NPUOTMKEHHOTO PEIISHHS (pn(x), BBIYKCIIEHHOTO 110 opmyrte (19), B cucteme Touek

x=-0,99,-0,98, ..., 0,99 me npeBocxomut 6,1 - 1075, 1,8 - 10 u 1,4 - 10" coorBercTBEHHO.

IIpudnunxkenHoe pemenue ypasHenus (1)
B KJIacCe HEOTPAHMYCHHBIX HA IIPABOM KOHIE (PYHKIUH

ITo anajoruu ¢ MPEenpIAYIINM CiIydaeM IpHOIIKEHHOE penieHne ypaBHeHusI (1) Oyaem uckaTh Kak pere-
HHE CJIEIyIOIIEeTO YPaBHEHHS OTHOCUTENILHO HOBOH HEM3BECTHON (DYHKIUH V), (x):

I+x
: —j (£)Inft - x|dt + — j (t)Kn,,,(x, t)dt = F,(x)

<1, (20)

e K, , (x, t) — MHTEPIIOAUOHHBIA MHOTOWIECH QyHKIMH K (x, t) CTEIIEHU /1 110 00eUM IIEpEMEHHBIM; F, (x) -

+ —_—
Hekoropas (pyukuus u3 kiacca C[—1, 1] raxas, uro F,(x, ) = f(x,), x.= cos T, k=0, n. Pemenus @,
n+

I+x
¥l V, CBSI3aHBI PABCHCTBOM @, (x )= | v,(x).
V1-x

OtmetnmM, uto ypaBHeHue (20), kak u ypaBHeHue (1), pa3pemmmMo B 3a1aHHOM KJIacce.
JlokaxkeM cIeyrolee yTBep KIeHHe.

YrBep:kaenue 2. [{ns |x| <1 umeet MecTo paBeHCTBO

—anT(x) Tl(x), m=0,

j Y () infe - x|di = —ET(x) Tl(x)—%Tz(x),m L @1)

) L) Tl

Z(m—l) m 2(m+l)

JoxazaTrenbcTBO. YMHOKUM YHCIUTEIb M 3HAMEHATEIh TIOJBIHTErpajbHON (QYHKIIMU Ha /1 + ¢ ¥ y4-
Tem cootHomenne xT; (x) =T, , (x) + Ty (x) [7]. B pesynbrare noasiHTerpaibHas GyHKIs B paBeHcTBe (21)

CBOJUTCS K BUIY (2), OTKyAa CI€AyeT HICTUHHOCTD JJAHHOTO YTBEPKACHUS.
ITycTs cHOBa MMeeT MecTO TpeacTaBiIcHuE (6).
Paccmotpum nepseiii unterpan B ypasaenuu (20). C yuetom npencrasnenus (6) u pasenctsa (21) umeem
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ll 1+t

}’l 1+ n
LT ()l xlae = mnj — (t)ln|t—x|dt=m§0Dm(x)cm. (22)

-1 m=0

Paccmotpum Bropoit unTerpai B ypasHeHut (20) 1 B kauecTBe HHTEPIIOJIILIMOHHOIO MHOTow1eHa K, (x, t)
BbIOEepeM MHOTOWIEH (4). YuurteiBas npencrasieHue (6) U CBOMCTBO OPTOTOHAIIBHOCTH MHOTOUJIEHOB YeOnI-
1I€Ba [1EPBOIO POJA, [10TYIaeM

1¢ [1+1 no& 1 ¢ (1+17)

= |— K dt = T T =

T[Ll l_tvn(t) n,n(x’ t)t mgocmr;) r( - r,]n'!-\/i m

= Zn:cmzn:T;,(x (k o, t+ = k ‘mfl‘o‘)‘m lj y T; x)lkr,m+1(’0m+1:
m=0 r=0 m=0 r:O 2

‘Z ZT Q. (23)

1 1
Q m :kr,mwm + Ekr, ‘m—l‘(’o‘m—l‘ + Ekr,m+1(’0m+18m+1’
1,m=0,n I, m=0, -
5, = ®, =
0,m>n, 0355m>0‘

Cobwupast BMecTe npeacTapieHue (6) U pa3nokeHus KaKI0To U3 3THX HHTErpasioB 1o ¢popmynam (22)—(24),
u3 ypaBHenus (20) nmeem

I+ x z )+ Zn: Ly (x)+ Zn: c, Zn:Tr(x)Q:szq(x) (25)
m=0 m=0 r=0

B kxauecTBe BHENIHHMX y3JI0B X B ypaBHeHUU (25) BeiOepeM y3ibl UeObllieBa epBOro poja, a KMEHHO
k+1

7, k =0, n. VI3 ypaBHeHus (25) mojayduM CUCTEMY JTMHEHHBIX aire0pandecKux ypaBHEHUH

i ak,mcm :f(xk)’ kZO,_}’l,
m=0

X, = COS
2n +

(26)

= [T, () + D, () + 3T ()9
’ 1-x; r=0

Pemm cuctemy (26) OTHOCUTEIBHO HEU3BECTHBIX C,,, 1 = 0, n, HaliieM NPUOIMKEHHOE PEeIlIeHUE ypaBHE-
aust (1) mo popmyre

(pn 1+x Z m (27)

IIpennoxeHHas cxema NPOTECTUPOBAaHA HA MTPUMEPE pemeHI/m MOJIeTTbHOM 3amaun 1y ypaBHenus (1) mpu

f(x) = (2x - 2x2) /t_i + §x3 —-x+ (56 - 32\/3)5, k(x, t) = m Pemennem ypasaenust (1)
B JIAHHOM Cllydae siBisiercs QyHkims @(x)= (2x —2x° ) 1+_x Kak moka3pIBaloT pacdersl, MPOBEICHHbIC
-X

B Cpelie KOMIIbIOTepHOU anreOpsl Mathcad, yxe Ipu CpaBHUTEIBLHO HEOOJBIINX 3HAYCHUSX 71 JIOCTUTASTCS
JIOCTaTOYHO BBICOKASI TOUHOCTDH BBIUMCIICHUS TIPUOIMIKEHHOTO PEIICHHSI.
Pemas cuctemy (26) mipu n, paBubIX 5, 15 u 20, BUAUM, 9TO TOYHOE PEIICHHE (p(x) OTJINYAETCS OT MpHU-

ONMMKEHHOTO peIeHUs (pn(x), BBIYUCIIEHHOTO 110 (hopmyre (27), B cucteme touek x = —0,99, —0,98, ..., 0,99

He 0oJiee uem Ha 6,8 - 10’5, 1,8 - 10 u 1,3- 107* coorBercTBEHHO.

3akaroueHune

ITocTpoeHHbIE CXEMBI YUCICHHOTO PEIICHUSI CUHTYISIPHOTO MHTETPaIbHOIO YPaBHEHUSI BTOPOTO poja CO
cimaboii 0ocobeHHOCThIO Bua (1) B pa3HbIX Kilaccax (DYHKIIMA, B OTJIMYUE OT paHee W3BECTHBIX METOIUK [1],
MO3BOJISIFOT MOJYYUTh TPUOIMIKCHHOE PELICHHE 3aa4r, He puberas K KBaapatypHbiM Gopmyiam. biaromaps
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ATOMY, KaK TIOKa3bIBAIOT YUCIICHHBIC IIPUMEPHI, IPEATIOKEHHBIC AITOPUTMBI ITPU HEOOIBIIINX BRIYUCIUTETHHBIX
3arparax Ha JIOCTaTOYHO rpy0oil ceTke 00SCICUYMBAIOT BBICOKYHO TOUHOCTH MPUOIHMKEHHOTO PEIICHUs, Orpa-
HUYCHHYIO JIUITH BEIYUCINTEIHFHON MOTPEITHOCTHIO. J[0Ka3aTeIhCTBO CXOAMMOCTH MPUOIMKECHHBIX PEIICHUH
K TOYHBIM U OIICHKA ITOTPEIIHOCTEH PELICHHS SIBIISIOTCS 1EJIbI0 JIPYToi paOboThlI.
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TEOPETI/I‘IECKI/IE OCHOBbI

NHDOOPMATHUKHU

THEORETICAL FOUNDATIONS
OF COMPUTER SCIENCE

VIIK 539.3+004.02+004.942

MHOTI'OITIOTOYHOE ITPOTPAMMHWPOBAHUE
N KEHINPOBAHUE B PAMKAX MUKPOCEPBUCHOU APXUTEKTYPbI
AASL NCCAEAOBAHUSA OBOAOYEYHBIX KOHCTPYKIINUN

E. A. BYHBOJIOB, A. A. CEMEHOB"

DCanxm-Ilemepbypeckuii 20cydapemeennbiii apXumekmypHo-cmpoumensHbii yHueepcumen,
ya. 2-a Kpacnoapmetickas, 4, 190005, . Cankm-Ilemepoype, Poccus

Crarps mocBsIeHa BOIPOCY pa3pab0TKH BEICOKOIIPON3BOANTEIEHOTO MPOrPAaMMHOTO 00€CIIEUSHNS TS pacyeTa TOHKO-
CTEHHBIX 000JI0UYEUHBIX KOHCTPYKIHNH, Iipoliecc ne)OpMUPOBAHUS KOTOPBIX HOCUT CYIIECTBEHHO HEJIMHEHHBII XapakTep
1 TpeOyeT OONBINX BEIYMCINTEIBHBIX pecypcos. Mcmonp3oBana MareMaTinaeckast Mozienb Tuna Tumomenko (MuHHHA —
PeiicHepa), yunThIBaIOmas TeOMETPUUIECKYIO HETMHEHHOCT, OPTOTPOINUIO MaTepHaa, MONEPeyHbIe CABUTH U HATMUIHNE
pedep xecTkocT. Moienb 3anucana B Bujie (pyHKIIMOHAIA TOJHOM MOTSHIIHAIBLHON SHEPTUU Ae(POPMAIHH H MOKET ObITh
NpUMEHEHA JUTsl HCCIIeA0BaHMsl KOHCTPYKIMH Pa3INuHOM reoMmeTprieckor (popmbl. [J1st OCyIeCTBICHHUS pacuyeTa UCTIOb30-
BaHbl MeToz Putiia m Mmetor Herorona. [Tpu nporpamMMHO# peann3aliyn oka3aHo, KakiuM 00pa3oM OT CEpBUCHOM apXUTEKTYpBI
IO YHMIIOCH NIEPENUTH K 3P (HEeKTUBHONH MUKPOCEPBUCHON apXUTEKTYpe, 3aMCHUB OJIH U3 HEJI0CTATOYHO MPOM3BOANTEIBHBIX
Java-momymeit Ha Python-momyis. [IpoBenera onTiuMu3aIyst BEIYHCIUTEFHOTO aNTOPUTMA TSI peajii3alliil MHOTOTIOTOY-
HOTO pacydeTa BCeX CTaAWil BHIYMCICHHMS, BKJIIOYas MeTox HeioToHa. BhIonHeHs! 3aMepbl TPOM3BOJUTEIFHOCTH pacyeTa
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TIPY PA3JIMYHBIX [TOAX0AAX K PeaIn3allii MHOTOIIOTOYHOIO pacyeTa, a UMEHHO parallelStreamu ForkJoinPool.
3aTpoHYTO HCIIONB30BaHME KOHIENINHA MapReduce B paMkax QpeiimBopka Java Stream API. Taxum obpazom, pasz-
paborano 3¢ hekTHBHOE MUKPOCEPBHUCHOE TIPIUIOKEHNE, TTO3BOJISIONIEE MOACTHPOBATH porecc AeGpopMupoBanus 000-
JIOYEYHBIX KOHCTPYKIIMH, B TOM YHCIIE YCHIICHHBIX pedpaMu KecTKOCTH. [10TydeHHbIH B KITMEHTCKOH YaCTH TPHIIOKEHUS
rpadudecKknii pe3ysbTaTr 3aBUCHMOCTH IPOrnda OT Harpy3KH MO3BOJISIET CYANTh O KOPPEKTHOCTH YHCIICHHOTO PEIICHMS.
[Nokazana 3(p(heKTHBHOCTH MPEATIOKEHHOTO aITOPUTMA 110 CPABHEHHIO C ITOX0JI0M, PEATN30BAHHBIM B MaTEMaTHIECKOM
nakere Maple (Ha OCHOBE aHAJIN3a yCTOMYMBOCTH MOJIOTOI 000JIOUKHM JBOSIKOM KPHBU3HBI).

Knrouesvie cnosa: 0001049KH; YCTOWIMBOCTE; MUKPOCEPBUCHAS apXUTEKTypa; MHOTOIIOTOYHOE ITPOrpaMMHPOBAHHE;
Python; Vue.js; Maple.

MULTITHREADED PROGRAMMING AND CACHING
WITHIN THE FRAMEWORK OF MICROSERVICE ARCHITECTURE
FOR THE RESEARCH OF SHELL STRUCTURES

E.A. BUYVOLOV® A. A. SEMENOV*

Saint Petersburg State University of Architecture and Civil Engineering,
42m Krasnoarmeiskaya Street, Saint Petersburg 190005, Russia

Corresponding author: A. A. Semenov (sw.semenov@gmail.com)

This work is devoted to the development of high-performance software for the calculation of thin-walled shell structures.
The process of their deformation is essentially non-linear and requires large computing resources. The study is based on
a mathematical model of the Timoshenko (Mindlin — Reissner) type, which takes into account geometric non-linearity,
material orthotropy, transverse shears and the presence of stiffeners. The model is written in the form of a functional of
the total potential energy of deformation, and can be used to study the structures of various geometric shapes. To carry
out the calculation, we use the Ritz method and Newton’s method. In software implementation, it is shown how it is possible
to move from a service architecture to an efficient microservice architecture, replacing one of the insufficiently performing
Java modules with a Python module. Optimisation is carried out for the implementation of multithreaded calculation of all
stages of calculation, including Newton’s method. Measurements of the performance of the calculation are obtained for va-
rious approaches to the implementation of multithreaded calculation, namely, parallelStream and ForkJoinPool.
The use of the MapReduce concept within the framework of Java Stream API is considered. Thus, an effective micro-
service application has been developed that allows simulating the process of deformation of shell structures, including
those reinforced with stiffeners. The graphical result of the dependence of the deflection on the load obtained in the client
part of the application makes it possible to judge the correctness of the numerical solution. The efficiency of the proposed
algorithm is shown by comparing it with the implementation in the Maple mathematical package. The comparison is made
on the basis of an analysis of the buckling of a shallow shell of double curvature.

Keywords: shells; buckling; microservice architecture; multithreaded programming; Python; Vue.js; Maple.

BBenenue

ToHKOCTEHHBIE KOHCTPYKIIUN aKTHBHO MPUMEHSFOTCS BO MHOTHUX OTPACISX MPOMBINIIEHHOCTH, B YaCTHO-
CTH B aBUa-, CyJI0- U PAKETOCTPOCHUH, CTPOUTEIBCTBE U IPYTHX cdepax aesTenpHocta [ 1-4].

ToHKOCTEHHOCTH TaKUX KOHCprKHI/Iﬁ TMO3BOJIACT CYIIECTBEHHO CHU3UTH UX BEC U MATCPUATIOCMKOCTD, IIPU
ATOM OHH OOQJIa[Ial0T JOCTATOYHO BBICOKOH JKECTKOCTBIO, OCOOCHHO TIpH ycuieHuu pedpamu [5—7]. Omrako
rporiecc aehopMUPOBaHHS TOHKOCTEHHBIX 000JI0YeK HOCUT CYIIIECTBEHHO HETMHEHHBIN XapaKTep, 9TO MOXKET
MIPUBOJIUTH K MTOTEPE YCTOMYMBOCTH, KOT/A MPU MAJIOM U3MEHEHUHU HATPY3KH MPOUCXOIUT PE3KOe yBEIHIe-
Hue nporuda. B pesynbrare 00pa3yroTcs BMSATUHBI, KOHCTPYKIIHS ITPOBAJMBACTCS», MOXKET MTPOU30UTH pa3-
pyLICHHE MaTepHalIa.

Baxnoe 3navenune nys odecriedeHns 6e301macHoN padoThl KOHCTPYKIUK MUMEET KOMITBIOTEPHOE MOJIEITHPO-
BaHUeE TMpoiiecca ux 1eOpMUPOBAHHS B LIEISIX BRISIBICHHUS OMACHBIX PEXKUMOB paboThl. [Ipu ero mpoBeaeHnn
HCOGXOILI/IMO YUUTBIBATH TEOMETPUUCCKYIO HeJ'IHHCfIHOCTI:, HaJIn4ue pe6ep KECTKOCTH, BOBMOXXHOCTH IIOIIC-
PCUHBIX CJIBUTOB, a B PsijIe ClIydaeB — 0COOCHHOCTH Je(hopMUpOBaHUs MaTepraa (OPTOTPOIINIO, PU3UIECKYIO
HEJTMHEHHOCTh, IOJI3y4ecTh u Ap.) [8—11].
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AKTyanbHbIC UCCIICIOBAHUS, CBSI3aHHBIC C AHAIM30M YCTOWYHBOCTH 000JI0YEUHBIX KOHCTPYKIUH, Tpei-
CTaBIJICHBI, HATIpUMeEp, B myOmukanusx [12—14]. Ognako Takux padOT CPaBHUTEIHHO MaJio. bONBIIMHCTBO
WCCIICJIOBAHMN B TIOCTIE/IHEE JICCATHIICTHE TIOCBSAIICHBI pacyeTaM 3aMKHYTHIX IHIUHIPHYECKUX 000JI0UEK,
OCYIIECTBIISIEMBIM B KOHEYHO-JIEMEHTHBIX TIPOIPAMMHBIX KOMIIEKCaX 00IIEro Ha3HAueHHsI, TAKUX Kak Ansys,
Abaqus, Nastran u np. be3 coMHeHUs1, TH KOMITIEKCHI 3P QEeKTUBHBI [Tt OBICTPOTO PEIICHUS CIIOKHBIX HHIKE-

HEpPHBIX 3371a4, HO B MEHBIIIEH CTETIeHN TIPUTOIHBI [T JeTAbHBIX HAYYHBIX HCCIIEOBAaHUM.
[pu npoBeieHNN BBIYUCIUTENEHOTO SKCIIEPUMEHTA C yUETOM MHOXeCTBa (DaKTOpOB 1 cOOMIOIeHHEM Tpedye-

MO TOYHOCTH (POPMHUPYIOTCS HEJTMHEHHBIE CUCTEMbI YPaBHEHUH, PEIlIeHr e KOTOPBIX BBI3BIBAET CYIIECTBEHHBIE
TpyaHocTH. Mcmonb3oBanne COBpEeMEHHBIX TEXHOJIOTHH pa3padOTKH MPOrPaMMHOTO 00ECTICYeHUsT M TTOMCK

HOBBIX aJITOPUTMOB PEIICHUS JJAHHOH 3aJ1a4M SBJISIFOTCS aKTyallbHOM MPOOIEMOI.
B nacrosiimem uccneqoBaHuM U TAKHX PAcUETOB Pa3paboTaHO MUKPOCEPBHCHOE MPHIOKEHUE C MHOTO-

MOTOYHBIM MPOTPAMMHUPOBAHUEM U KEIIMPOBAHUEM, MTOKa3aHbI €ro peanu3aius u 3pGEeKTUBHOCTD 10 CpaBHE-
HUIO ¢ 00Jiee «KIIAaCCHYECKUM» BAPHAHTOM pacyera.

MHOTONOTOYHOE MTPOrPAMMHUPOBAHNE HAXOAUT MPUMEHEHHUE HE TOJIBKO B 3a/1a4ax alTOPUTMH3AINH, TTPH-
KJIQIHOM MareMaTUKH ¥ TIPOTPaAaMMHUPOBAHUs, HO ¥ TIPY aBTOMATHU3AIIUU MPOMBIIIUICHHOCTH [ 15], a Takxke B u-
3MUYECKUX MPUOOpax, HAIPUMEpP MPUOOpax perucTpaluy KocMUIeckux jyuei [16]. Maes pasaencHust 3a1a4u
OBL1a COBMEIIEHA C CETEBBIMU TEXHOIOTHSIMU: B TAHHBIA MOMEHT CYIIECTBYET OTPOMHOE KOJTMICCTBO OOIAUHBIX
PEIICHUH, UCIIOB3YIOIINUX BBIYUCIUTEIbHBIC Y3IIbl U 0AJTAHCUPOBKY HATrPy3KU MEXAy HUMH [17].

O PeKTUBHOCTH MHOTOTIOTOYHBIX MPHUJIOKECHUN U3yUueHA U MOJTBEPXKICHA B TEX CIIydasx, KOrja BpeMs Ha

pasnerneHue 3a1a4i 3HAaYNTEIFHO MEHBIIIE BPEMEHH BBIMOTHECHIS moa3anaqdu [18; 19].

MaTepHaJ'lbl U METOAbI UCCJICAOBAHUSA

MaremaTnyeckasi MojieJib. bynem paccMaTpuBaTh MaTeMaTH4eCKyl0 MOeNb 1e(hOpMUPOBaHHS 000II0-
YeYHOW KOHCTPYKIIMH, OCHOBAaHHYIO Ha rumnote3ax TuMornenko (Munuinna — Pelicuepa). Moaens y4uThIBaeT
reOMETPUIECKYIO HETMHEWHOCT, TIONIEPEYHbIE CIIBUTH, OPTOTPOIHIO MaTepHralia U Haliuue pedep )KeCTKOCTH.
OHa COCTONT U3 TeOMETPUIECKUX U (PU3MUECKUX COOTHOLICHUIA, a Takxke (DYHKIIMOHAA MOJIHON TOTEHIIMAIBLHOM

9HEPTUU JIePOpPMAIHH.
OOmwmii BU OHOTO U3 BAPHUAHTOB O0OIOUEUHBIX KOHCTPYKLHUH (IOOTasi 000JI0YKa JBOSKONH KPUBU3HBI,

KBaJpaTHasl B MJIaHE) PUBECH Ha puc. 1.

1
]
1]
/i
’
]
'
'
/
A ! \
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f -
I
]
i
]
i
v

Puc. 1. O6mwmii BUI OJIOTON 000I0YKH JBOSIKOW KPUBU3HBI, YCHIICHHON peOpaMu sKECTKOCTH
Fig. 1. General view of a shallow shell of double curvature, stiffened by ribs

I'eomempuueckue coomnowenus. Jlanuplii BU COOTHOIIEHUH CBA3BIBACT N€POPMALN €, €, V., U TIEPE-
mewenust U, V, W, 'Y\, 'Y, Jlns cpenHHON OBEPXHOCTU KOHCTPYKIUU HMEEM [20]
10V 1 OB 1
=——+——U—-k W+ —6%,
B oy ABoOx 2

e =
Y A4 0x ABOy
_lOVJrl@U 1 aAU—La—BV+6192,

LU Ly, . 1912, €
X 2 y

W= ox T Boy  ABdy  ABox

ksz, ky:i, 91:_(l8_W+ka), 0,=- la—W+k V.
R, R, A ox B oy g
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T'eomeTpust KOHCTPYKIIMHM 3a7aeTCsl Yepe3 napaMmerpsl Jlame v IaBHbIE paauyChl KpUBU3HBI, KOTOPBIE JUIs
TIOJIOTOM 000JI0YKH JTBOSAKON KPUBU3HBI, KBaJIPaTHOW B TUIaHE, PABHBI CIEAYIONUM BeTHYHHAM:!

A=1,B=1, R, =const, R, = const.
Jedopmammu ci10s, OTCTOSAIIETO OT CPEAMHHON TTOBEPXHOCTH HA PACCTOSHUE z, BBIPAXKAIOTCSI COOTHOIIIE-
HUSIMHU
z __ z __ z _
8)c - 8x + ZX]B 8y - Sy + ZXZ’ ny - yxy + 2ZX12’

rae GyHKUUY H3MEHEHUS! KPUBU3H |, ), U KPYUCHUS ¥, IpuHUMaroT Bux [20]

1 oY 1 04 1 0¥, 1 0B
I X + —

M= Tex T aBoy T B oy ABox

oY oW
1(10% 10% 1(0AT+aBle].

=75~ “—al A .
24 ox B ox AB\ oy 7 ox
Dusuueckue coomnoutenus. JLaHHbI BUJl COOTHOLICHHIT CBS3BIBACT HANPSDKCHUS O, G\, Ty Ty Ty, U JIC-
(opmarmu g, €,, v, U1 ynpyroro oprorporHoro Marepuaia 060mouku umeeM [20]
E, E,
%7 (Sx T 1y, + 2%+ Moo )), %=1 (Sy + Wog, + 2+ Mok )),
~ Hi2Myg ~ HiaHo)

Ty = G12(ny + 22%12)» 1. = Gikf (2) (¥, - 6;), Ty = G23kf(Z)(\Py -6, )

h h
Yeunua u momenmur. Inrerpupyst HanpsiKeHUs 10 Z B Ipeesiax oT = 1o > (T. €. B mpenenax oOMUBKH),

MI0JTy4aeM YCHIIMS, MOMEHTBI U NIEPEPE3bIBAIOLINE CUIIBI, IPUXOAIINECS Ha ANHULLY JUIMHBI CEUYEHUSI U MTPU-
BEZICHHBIE K KOOPJIMHATHOM roBepxHocTH [20]:

N J- Ot = 1- 1 (8x+ Hai8y )’ NJ’O: I Gydzzl_;(gy"' Huﬁx), Nx(;):N)gc:GIZhnya
hi2 HizKar ~h/2 Hi2Mag
h/2 3 o .
M= | ozdz=——— (3 + M= | o, zdz=—2——(y, + )
x _h7"2 x 1= oty 12 (Xl H21X2) y _h;l; v 1~ iy 12 (Xz H12X1)
h/2 x
M’?y - Myox - .[ Ty 2dz = Gy — 12
—h/2 6
hi2 W
0 0
OV = [ t.dz=Ghh(W,-0,), 0) = [ 1,.dz=Gykh(¥,-0,),
—h/2 i

0 A0 . A0 Af0 a0 240 .0 0
roe N, Ny — HOpMaJ'ILHL(I)e yc;/mpm, ny , Nyx — caBurossle yeust; M, , M b M3rU0AroIINe MOMEHTHI, Mxy .M x
KpyTsiue MOMEHTSI; O, O, — MePEPE3bIBAIOLINE CHIIBL.

1 monmydeHus ycuinii, MOMEHTOB | TIepepe3bIBAIONINX CHJI, JEWCTBYIOMNX B pedpax, HeOOXOIMMO TIPOH3-
h
BECTH aHAJIOTHYHOE HHTETPUPOBAHKE, HO yKe B Tpe/iesax OT 5 bi (6] 5 + H.

Oynkus H 3agaeT pacupeneneHne pedep mo 000I09Ke ¢ MOMOIIBI0 SIUHUIHBIX CTOOUATHIX (PYHKITHA.
PacueT %ecTKOCTHBIX XapaKTepUCTHK pedep moapoOHO paccMaTpuBaeTcs B padore [20] u 31mech B CHITY Tpo-
MO3AKOCTH HE TpUBOAUTCS. OTMETHM JIHIIE, YTO HAINYHE pedep KECTKOCTH Ha TMOPSIOK TMOBBIMIAET CIO0XK-
HOCTh BBIYMCIICHUH.

DyHKuUOHaAN NONHOU ROMEHUUATbHOU IHepeuu dehopmayuu. OyHKIIMOHAT TTOTHON TOTSHITUAILHOMN SHEp-
run aedopMari 000JI0UKH, IPESICTABIISFOIINN OO0 CyMMy pa0OT BHYTPSHHUX M BHEIITHUX CHJI, IMEET BU

E=E)+Ef—A, (1)
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El(’) - %quz[Nxogx"' Nyogy+ %(Nxoy +Ny(l )ny + My +M0X2 ( "‘MO )Xlz +
a10
+0U(¥,-0)+ 0y (¥, )}Adedy,
Ef= %ff[Nstx +Nfe, + %(N;; F NS g+ M+ M+ (M + M )y, +
a0

+Of (W, - 0,)+ OF (¥, )}Adedy,

A= ﬁ(guu;m qW ) ABdxdy,

a0

rae Eg — TOTEHIMAJIbHAsT HEPTUST OOIINBKH; Ef — MOTEHIMaNIbHAs 3Heprus pedep kecTkocTH; A — padora
BHEILIHUX CHJL

AaroputMm. [[ng uccrnenoBanusi 060JI09€UHBIX KOHCTPYKIIMIA TPEJIaraeTcsi UCIOIb30BaTh arOPUTM, OC-
HOBaHHBIM Ha MeToxe Purna u metone HeroroHa.

Memoo Pumuya. JlanHbIi METO IPUMEHSIETCS K (DYHKIIMOHAITY JIJIsl CBEICHHUS BAPUAIMOHHOM 3a/1a4M K CHC-
TeMe HeTMHEWHBIX anre0pandecknux ypaBHeHUH. [ 3Toro nckomble (PyHKINU MepeMenieHnH PeICTaBIsI0TCS
B BUJIE

e kyl W o kyl
U=U(xy)= 2 YUY V=V (5, )= > DV XS0, W=W(x.y =ZZWk,X3Y3,
k=1/=1 k=1/=1 =1/=1
2)
ky Kyl
¥, =", (x ») :ZZ You Xy ¥y, ¥, = \P ZZ\Py,leSYS’
iz =1=1
e Uy, Vi, Wigs Yy p YY), (g — HOU3BECTHBIC YHCIIOBbIC [TAPAMETPBI; Xlk -X ;‘ , Yll - Ysl — U3BECTHBIE AIIPOKCH-

MUpYIOIINE (pyHKuHH apryMeHTOB X "y, YIOBJIETBOPSIONIUE 38 JaHHBIM KPaeBbIM yCIOBUSM Ha KOHTYpEe 000-
70uky; N — KOJIMYeCTBO WieHOB pasiokenus. [Toncrasnss pynkumu (2) B pynkiuonai (1), Haxonum Ipou3Bo-
HBIC 10 HEU3BECTHBIM YnCI0BbIM napamerpam Uy, Vi, Wy, W, 4 'V, 4. Taxum oGpasom, nonyyaem cucremy
HEJIMHEWHBIX alre0pandecKux ypaBHeHUH. J{71s ee perieHus BOCIoab3yeMcss MHOTOMEpPHBIM MeToioM HbroToHa.

Memoo Hvromona. JlaHHBIN METOI CYUUTACTCS KIIACCHUECKIM METOIOM PEIICHHUS 331a9 ONTUMH3AIUK. B MHOTO-
MepHOM ciydae kodbbuumentst Uy, Vg, Wy, W,y W), g SBIAIOTCS KOPHAMH, KOTOPBIE ONPEEISIOTCS IPH
3aJJaHHON TOYHOCTH JI BHIOPAHHOTO 3HAYCHUS Harpy3KH PaccunTannbie Ha npenblIyed cTa Ul 3HaYeHHS
k03 (HULIMEHTOB OYIyT MCIIOJIB30BaHbI JIJIS CJICAYIOIIETO 3HAUCHUS HArPy3KHU.

TakuM 00pa3oM, BEKTOP HEM3BECTHBIX YMCIIOBBIX IMAPaMETPOB BBIUMCIISETCS HAa Ka)XJIOM Ilare Harpyxke-
Hust. Mcnons3yst Gpopmyiel (2) 1 HaliieHHbIE 3HAUYSHHST YUCIIOBBIX TIAPAMETPOB, MOXKHO MOJTYYHTh 3HAUCHHSI
NIEPEMEILICHUN B Ka)KJI0M TOUKE KOHCTPYKLHUU.

ANTOPUTM BBIYHCIICHUSI HCKOMOTO BEKTOpa B COOTBETCTBUH C MeTO0M HbIOTOHa MOXKET OBbITh 3ammcaH
B BHIE [21]

X=X, ~H (X )VE (X)) X = (Ups Vigs Wi ¥ s ¥, ) s ko 1=1 o VN,

i X,

rje X, — 3HaueHHe HCKOMOTO BEKTOpa Ha TeKyllel utepanuu; X; ; —3HaUCHUE UCKOMOI'O BEKTOpa Ha MIPeblaYy-
1ieil urepanuu; H'- obparnas matpuna ['ecce s E; VE, — BEKTOp YaCTHBIX IPOU3BOIHBIX (TpafueHT) E..

TexHonornu pa3padéoTk NporpaMMHoro obecrnevenus. Jlanee pacCMOTPUM TEXHOJIOTHH, KOTOpBIE Oy-
IYT MCIIOIb30BaHbI MPH Pean3aiyy MPOrpaMMHOTO 00ecieueHHS.

Muxpocepsucnan apxumexmypa. JlaHHbI BApUaHT CEPBUCHO OPUEHTUPOBAHHON apXUTEKTYPbI, IIOJIpa3yMe-
BACT OTKA3 OT SIMHOMN CTPYKTYpbI [22]. CepBUCHO OPUEHTUPOBAHHASI ApXUTEKTYPa COCTOUT B JOPMHUPOBAHUH MOJTY-
JIed IPUIIOYKEHHST JTS PEIieH s OM3Hec-3a/1a4, IPU 3TOM MOJIY/IH MaclITaOMpyeMbl U HE3aBUCUMBI JIPYT OT JIpyTa.

MukpocepBUCHAsI apXUTEKTypa 00ecTiedMBaeT MEHbBIIHE TIOTEPH TIPU HEMCITPABHOCTH OHOTO U3 MOJIYJIEH,
a TaKXke MpocToTy mMaciradupoBanus. C Ipyroil CTOpOHBI, BO3PACTAIOT CETEBbIE M3/IEPKKH U CI0KHOCTH Te-
cTupoBaHu. Vcnonb3oBaHue qOKepU3aluy 1 0aJaHCUPOBIUKA HATPY3KH MO3BOJISIET PACHIPEICIUTE HATPY3KY
MEX/Ty KOMITbIOT€pPaMH BBIUHCIUTEIHHOTO KJIacTepa.
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Kewuposanue. lpu perieHnn 3a1a4 anipoKCUMAIUK U MATEMATHY€CKOTO MOJICIIMPOBAHMS 4aCTO Oa3MCHBIC
(hyHKIINY MOKHO BBIOpaTh TaKUM 0Opa3oM, YTOOBI MPH YIPOIICHHH UTOTOBOTO (PYHKIIMOHAJA FIIA JPYTOTO
YpaBHEHUs, KOTOPOE BKITIOUAET B ce0sT PYHKIIMOHATBHBIE 3aBHCUMOCTH, COCTOSIIINE B TOM YHCJIE U3 alllIPOKCH-
MUPYIOMHX (PyHKIU, OONbIIas YacTh UTEPAIHii CBOAMIACH K UCTIOJIb30BAHUIO YK€ PACCUNTAHHBIX 3HAYCHUM.

OnHUM U3 IPUMEPOB KEIIUPOBAHUS SBIISCTCS UCIIOIB30BAHKUE XEII-TA0HII TUTIA KKITHOY — 3HAaYCHUE. B s13b1-
K€ IIpOorpaMMHUpOBaHusl Java moo0HbIe TaOMUIIBI PEean3yIOTCsl B TOM YUCIIE Yepe3 KJIAcC MOTOKOOe30MmacHon
KoJuiekuu ConcurrentHashMap.

Mmuozonomounoe npozpammuposanue. OqTHIM U3 CITIOCOOOB TOBHIIIEHUS CKOPOCTH pacdeTa SIBISETCS BbI-
TTOJTHEHHME BHIYMCIICHHH MTapajliellbHO Ha HECKOJIBKIX KOMITbIoTEpax. B paMkax 0fHOTO KOMIIbIOTEpA MOBEINIEHAE
CKOPOCTH pacyeTa JIOCTUTAETCS 3a CUET MapajlielIbHBIX BRIYUCIICHHN Ha Pa3HBIX sIpax mpoieccopa. CymecTByeT
HECKOJIbKO CTpATeTHil MapaulelIbHbIX BRIYHCICHHI. B paMkax JaHHOW CTaThU pacCMaTPUBAETCS TIOAXOA work
stealing. OH 3aKiroyaeTcsl B pa3iesIeHIH 3a7a4i Ha MUHAMAIIbHbIE 110331241, KOTOPBIE Pa30uBarOTCs MEKIY
BO3MOYKHBIM B paMKax IPOIECCOpa KOJIMYSCTBOM IMOTOKOB. [Ipr 0CBOOOKICHHH TIOTOK 3a0UPAET CIICIY Iy IO
mo3aaqy.

B s3pike mporpammupoBaHus Java JaHHBINA TOJIXOJ Pealn3yeTcs 3a CUYET MCIOb30BaHus (ppeiMBOpKa
Fork/Join. 3anmaua pa3zouBaercs (fork), moka ee cioxHOCTh (00BEM) HE OITyCTUTCS HIKE OTIPEICICHHOTO T10-
pora, IoCJIe YeTo MPOUCXOIUT BBITOJHEHHE 110132184 U 00bEIMHEHUE PE3YNIbTaToB (j01n). AJIbTepHATUBHBIM
croco6oM peanu3saiuu (B (YHKIIMOHAJILHOM CTHJIC) MHOTOIIOTOYHOTO pacueTa sBJISICTCS UCIIOJb30BAHUE Me-
Tofa parallelStream u3 untepdeiica Java Stream API, koTopbIli TakkKe 110 YMOJYAHUIO CO3/IAET MOTOKH
ForkJoinPool. [lng obecriedeHnss MaKCHMaIbHOTO OBICTPOACUCTBUS UMEET CMBICH Pa30WBaTh BXOIHBIC
JAaHHBIC TAKUM 00pa3oM, 4TOOBI U3ACPKKH Ha CO3aHNEe OOBEKTOB HE OBIIN CIIUIIKOM BBICOKHMH. B kpaiinem
CJly4ae MOXKHO pa3OWTh BXOJHBIC JJAHHBIE HA KOJMYECTBO SAEp MpoIeccopa, 00ecedrB TakKuM 00pa3oM MH-
HUMAJIbHBIC U3JICPXKKU Ha CO3/IaHNe OOBEKTOB U JalIbHEHITY 0 paboTy cOopiirka Mmycopa. OHaKO MoJ00HBIN
MOAXOJ MOJKET MPUBECTH K MPOCTOIO sIJIep MPOoLeccopa.

AJITOPUTMM3ALUS ¥ NPOrPaAMMHPOBaHUe

Peanuzauust MUKpocepBUCHOI apXuTeKTypbl. PazpaboranHoe npunoxkeHue (eMy IPUCBOCHO Ha3BaHUE
JPV-math) cocTOUT U3 TPEX MUKPOCEPBUCOB:

® KIIMEHTCKOTO MPHUJIOKEHUS, PeaIM30BAHHOTO ¢ UCIIOJIb30BaHUEM IporpamMmHoil miatdhopmbl Node.js
u ¢peiiMBopkoB Vue.js u Vuetify;

® cepBrCa POKCH, JIOTUKHU ¥ BBIYHCIICHUS] OCHOBHBIX MaTeMaTHUECKHUX 3a]1a4, PEalli30BAHHOTO C TOMOIIIBIO
¢peiiMBopka Java Spring Cloud;

® BCIIOMOT'aTeIbHOTO CEPBHUCA, OCYIIECTBISIIOIIETO PACKPBITHE CKOOOK U PEaT30BAHHOTO C TIOMOIIBIO (hpeiiM-
Bopka Python Flask.

Cepsuchl oOMeHnBaroTcs nanHbIMA yepe3 HTTP-3ampocer. Kaxkaerii cepBrc 3ammyckaercs Ha OTASITHBHOM
nopte. [IpunokeHne MoxkeT OBITH pa3BepHYTO ¢ uconb3oBarueM noaxona Cl/CD (continuous integration / con-
tinuous delivery) Ha pa3nuuHbIX ycTpoiicTBax. Padota ¢ Python-cepBucom u Java-cepBucom BezeTcs B paMKax
omHoro mpoekra B cpexe Intelli] IDEA. Kox npunosxkeHus pasmennes Ha Be6-cepauce GitHub'. Apxutextypa

MIPUJIOKEHU TIPeJICTaBlIeHa Ha puc. 2.
HTTP

rede .| S,
]
Spring Cloud Flask

A
Y

. HTTP
Vue.js

[Topt 8080 ITopt 9000 [Topt 5000

Puc. 2. Apxurexrypa npunoxenus JPV-math
Fig. 2. JPV-math application architecture

Java-cepsuc. Jlannbiii ceppuc ucnonniyet nonxon REST (representational state transfer). Takum 00paszom,
JUIS MOZICIIMPOBAHUSI TIpoliecca JIe()OPMUPOBAHHST 000JIOUEUHON KOHCTPYKIIMK HEOOXOMMO Tepe/iaTh JTaHHbIC
(BXOIHBIE TapaMeTPhl) U3 CJIOS IPEICTABIECHHS, KOTOPBII B 3TOM CIIydae 3aMEHET CEpPBUC BEO-KIMEHTa, Ha CIIOH
DTO, nanee no npenocrasieHHoMy API BbI3bIBa€TCsI METOA MOJICIIMPOBAHUS, 3a/ICHCTBYIOLIUI COOTBETCTBYIOILIUI
cepsuc. [Ipu pazpaboTke NpuIoKEeHUsI TIPUMEHSUIUCH OJI0YHOE TECTUPOBAHUE (unit testing) 1 METONIOJIOTHs test
driven development.

'JPV-math (backend) [Electronic resource]. URL: https://github.com/ereborDeveloper/math-modeling (date of access: 11.02.2023);
JPV-math (frontend) [Electronic resource]. URL: https://github.com/ereborDeveloper/math-modeling-gui (date of access: 11.02.2023).
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[Ipu B3sITMH TPOU3BOAHON M YMCIEHHOM MHTETPUPOBAHUU HCIIONB3yeTCcs OUOIMOTeKka CHMBOJILHON alre-
6pbI SymTa’. AJITOPUTM MOJCTHPOBAHKS TIPSICTABIICH HA PHC. 3.

B ocHoBe BBICOKOA((EKTUBHOTO pacueTa JICKHT MPEACTaBICHIE 3HAYCHUH (QYHKIHHA, pe3ylbTaToB HHTE-
rpupoBaHus u quddepeHIpoBaHus B BUIE Map «KIIOY — 3HAYCHHE». TakuM 00pa3oM, UCXOJHAs CTPOKa Ha
puc. 4, a, npuBoANUTCS K 00BEKTY Ha puc. 4, 6. OCHOBHBIM yCIIOBHEM MPAaBUIHLHOTO MTPE0OPA30BAHMS SBISIIOTCS
PacKphIThIe CKOOKH (apTyMEHTBI HUTHOPUPYIOTCS).

PeanuzoBanHBIN anropuT™ npeoOpa3oBaHus B BUJE IICEBIOKOA MIPEACTABICH HA PUC. 5. ANTOPUTM IOy~
YeHUs 00BEKTA CIIAaraeMBIX ¢ KOO GUIINEHTAMA UCTIONB3YET allTOPUTM Pa3OHEHUS CTPOKH C HTHOPHUPOBAHHUEM
3HAKOB CYMMHPOBAHHS U BBIUMTAHUS BHYTPU CKOOOK, KOTOPBIN TakXe peaji30BaH Ha OCHOBE IOCJEI0Ba-
TEJILHOTO TIepebopa CUMBOJIOB B cTpoke. TakuM 00pa3om, rmociie ONMCcaHHOToO MpeoOpa3oBaHusi B OOBEKTE HE
0CTaeTCsl MOBTOPEHUH 10 KITIOUY.

[Ipu npeoOpa3oBaHNK UCXOAHOTO (PYHKIHMOHATIA U3HAYAIBHO BBIIOJIHSAIMCH PACKPBITHE CKOOOK M KOMIIO-
HOBKa CJIaraeMbIX JJIs JaIbHEHIIIeH MoICTaHOBKH MareMaTnyueckux popmyn. OgHako Java-cepBuc He yaaloch
ONITHMHU3UPOBATh JOCTATOUYHBIM 00Pa30M, YTOOBI pacKpbITHE CKOOOK (PyHKIIMOHATIA TPOMCXOANIIO B IOITYCTUMOE
BpeMsi. beI1o mpuHATO perienue ucnoib3oBate Python-cepsuc ¢ oubnmorexoit SymEngine”, KOTopslid 00e-
crieumy1 Heo0XoMuMoe OBICTPOACHCTBHE.

VHuIHa n3aIust BROTHBIX
apamMeTpoB M HHTEPIPETaTopa
Symja

{

(Pacyet 21eMEHTOB MaTEMATHYECKOH
MOJIENIU U COCTABJIEHHE CTPOKOBOM
[IEPEMEHHOMN 1JI1 UTOTOBOTO
(yHKIMOHATA

i

MHOTrOnoTo4YHOE HHTETPUPOBaHHE
Y 0 JIBYyM TIepEMEHHBIM

)

PackpeiTue
cTeneHen
CTPOKH
- B Python
W TIAPCHHT
Jlor B XeII-TabnuIly
B Java

—

A

-

Pacuer nnst peGpuctoit
o6omouku?

Pebpo

napameTpoB JiJ1s pedpa

Y

MHoronoTouHoe HUHTErpupoOBaHUC
C HAKOIIJICHUEM B ITUKJIC

Y

Pacuer rpagucHTa

{

Pacuer marpuns I'ecca

{

| Peanmzamus MHOTOIOTOYHOTO
| metoaa HeloToHa 1 Bu3yanu3anus

Munnuanu3anus BXOTHBIX
Her

A

A

A

Puc. 3. AnTopuT™ MOAETHPOBAHHS
Fig. 3. Simulation algorithm

“Symja library — Java symbolic math system for Android NCalc calculator [Electronic resource]. URL: https:/ github.com/axkr/
symja_android_library (date of access: 11.02.2023).
3SymEngine [Electronic resource]. URL: https://github.com/symengine/symengine (date of access: 11.02.2023).
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ala o/b
-2.0*ull + 3.0%v11 - { “411”: 2.0
- 4.0%psiy1l + 3.0*ull*v12 - “v11"'l 3 6 '
_ *(0 7% o
ull*0.7*v12 + 0.5 “psiy11”: -4.0,
“Ul1*v12”: 2.3,

“number”: 0.5
}
Puc. 4. Crpoka 1o npeoOpazoBanus (a) 1 00BEKT HOciIe mpeodpazoBanus (6)
Fig. 4. String before conversion (a) and object after conversion (b)

Bo3zepagaeT O6nexT<Knuy, 3Hadenues metToplonyyenwnAaCnaraeMuxHaCTpoxku(cTpora)

{

Python-cepeuc. Jlanubiii cepBuc npeacrasisier coboir Hebompioe Flask-npunoxkenue, ucnonpiyroniee
oubnmuoreky SymEngine i packpbiTus ckoOok. [ToMmuMo Merosa packpbiTusi ckoOok, B Python-cepruce
TakKe ObUT pealn30BaH AJITOPUTM, IPE/ICTABICHHBIN Ha PUC. 5, HO CKOPOCTB €r0 BHITIOIHEHHS OKa3allach HUXKE,
4yeMm B Java-cepsuce. Onnako Python-cepBuc Ha mopsiiok ObicTpee Java-cepBuca npu pacKpbITHH CKOOOK, YTO
MOATBCPIKIAACT HGO6XOZ[I/IMOCTI) BI>I60pa HWHCTPYMCHTA IO 3a/la1y U NPCUMYIIECCTBa UCIIOJIB30BaHUS MUKPO-

BHBOM = HOBWA O6BEKT<KNOY, 3HAYEHWE:;
COMHOMMTENH = HOBWA CAWCOM<CTpOKas;
Gygep = "";
HavanoHuAknaese = 8;
HOHEUHNAHHOEHE = CTPOKA.[QAWHA;
cHMBOnKapeTkn = cTpoka(e);
f/ 06paGoTka KpIEBMX CAY4AEs
Anafuenore i = 1; 1 < CTpOKa.QnMHa; i++)
{
Ecnm{CHMBONKADETKM == CHMBON pazbuedun){
Gypep = cTpoxa.nogcTpoka(mavaneHuAugexe, 1);
COMHOMMTENW = pasgenuTeCTpoxyfNoCuxBonyMponycTMTeApryMenTu(Bydep, "*');
npousseneHve = Yacno(cuMBonKapeTHA . KOHKATEHAUAR("1.8"));
AnaKaxnoro(MHOKATENS B COMHOKMTENM)
i
ECNM{MHOMMTENE ABNABTCA YMCNOM)
{
NOOMIBENEHHE *= MHOKATENE;
}
¥
COMHOKWTENNW. yoaneTeBeeYncnal);
COMHOMHTENW. 0TCOPTHPOBATLMOANDABNTY () ;
KNMY = COMHOMMTENM. 3anucaTedepesCusaon('+');
Ecnuikney nycToR)
{
KRy = "number®;
}
Ecnu(Busoq.coqepmuTENoy (Knog) )

{

BHBOMA.NEPE3aNMCaTEIHAYEHHWE (KNUY, BWECQ.3HaYeHReNoKnyy (KNKY) * NpOM3BEREHHE);

}

HHaue

{

BHBOMA.A06ABHTE (KNOY, NpOW3BEOEHME);

}

¥
BRpHYTH BHBOJA;

Puc. 5. AnropuT™ napcuHra CTpoKH K 0ObEKTY THIIA «KITFOY — 3HAYCHUE
Fig. 5. Algorithm for parsing a string to a key — value object

CEPBUCHOTO MOAXOA.
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Peasimzanus kemupoBanus. [IpuMensis criocod XpaHeHHsS MaTeMaTHYECKUX CTPOK B BHJIE, MPEACTABIICH-
HOM Ha pHC. 4, 6, MO)KHO PEaM30BaTh KEIIMPOBAHUE PE3YJIETATOB MHTEIPHPOBAHUS TI0 TAKOMY K€ MPUHIIUITY:
COXPaHATH 3HAYCHHsI IOCYUTAHHBIX HHTETPAJIOB M TOBTOPHO UCIIOIB30BaTh UX BMECTO HOBOTO pacyera, Mojy-
Yasi 3HAYCHUE 10 KIF0UY. AJITOPUTM KEIIMPOBAHUS MPH B3STHH MHTETpalia 3aKI0UaeTcs B MPUMEHEHUH T0-
TOKOOE30MacHON HEOIIOKUPYEMOH KOJUICKIIMH Map «KJI0Y — 3HaYeHue». [10J00HBIN MOAX0M NPU CIIOKHOCTH
oOpareHust k 3Ha4eHHIo 1o kimody O(1) mo3BosiseT CyeCTBEHHO YCKOPUTh BBHIYHUCICHUS Jlaxke 0e3 HCIIoNb-
30BaHMsI BHEITHETO XPAHWIIHUIA 33 CYET MHTEIPHUPOBAHUSI TOIBKO COMHOKUTEIICH, 3aBUCAIINX OT TIEPEeMEHHON
UHTETPUPOBAHUSI.

Hanpumep, nipu BBIUMCIICHHN MHTETpaja s 00beKTa, MPUBEJICHHOTO Ha puc. 4, 0, 0 nepeMeHHoM ull
B nipezienax ot 0 10 2 mosryunM 0ObEeKT, PeACTaBICHHbII Ha puc. 6.

{
“v11”: 6.0,
“psiyll”: -8.0,
“v12": 4.6,
“number”: -3.0
}

Puc. 6. OOBEKT mocie HHTErPUPOBAHUS
Fig. 6. Object after integration

[Ipu peanbHOM pacyere B KauecTBe 0a3MCHBIX (YHKIHH B alpPOKCUMALUU IPUMEHSIOTCS CUHYCHI U KO-
CHHYCBI C TIONOOHBIMH apryMeHTaMu. CTOUT OTMETHTh, 4TO MU N = 2 BpeMsl BBIITOJHEHUS! HHTETPUPOBAHUSI
C MCIOJIb30BaHNEM KEeIMPOBaHMS cOCTaBmIIO | ¢, a 0e3 ucrnonabp3oBanus kemupoBanus — 30 ¢. XapakTepucTu-
K{ KOMIBIOTEPa, HA KOTOPOM MPOM3BOAMICS pacdet, OyayT mpeacTaBieHsl nanee. [Ipu yBenndenuu uncna N
MHTErpUpOBaHUE O€3 HCIONb30BaHUs KEITUPOBAHUS CTAHOBUTCS KpaiiHe Hed(PEKTHBHBIM.

Peanu3anusi MHOTONoTOYHOT0 pacyera. B ciiyyae nmpuMeHeHHs MHOTOMIOTOYHOTO pacdyeTa HeOOXOAMMO
TECTHPOBATh CKOPOCTH BBITIONHEHHS 3aa4. /s pasnuuHbIX cTpaTeruii B 3aBUCUMOCTH OT 3a7[a4yi U crocoda
ee penieHus Y3PPEKTUBHOCTh Oy/IeT Pa3InYHOM.

OcHOBHas BBIYUCIIUTENBHAS CIOXKHOCTh B MeTojie HpI0TOHA 3aKiIr0uaeTcsi B CAMBOJIBHOM MOJICTaHOBKE T0-
Jy4JaeMbIX Ha KaXJ10¥ uTepaly 3HaueHui BMECTO MMEPEMEHHBIX B IpaJeHT U MaTpuiy ['ecce i nonydenus
YHUCJIEHHBIX 3HaU€HU. B 11eJ5X MOBBIIEHNs] CKOPOCTH BBIYMCIEHUH HCTIONIBb3yeTCs apaliiesbHas OICTaHOB-
Ka 3HAYECHUM.

OnTuMu3zanys NpoBoIMIIaCh Moce0BaTenbHO. B MeToie HploToHa NepBhIM ONTHMHU3ALMOHHBIM pPELLIEHHEM
SIBIISIETCSL MHOTOITOTOYHAS TTOJICTAHOBKA 3HAYCHWH MHTErpajia B TOUKE: MOCIe0BaTeIbHO OepeTcs 3HaYeHue
IpaleHTa, 1 y’Ke 3TO 3HaYEHHE B HECKOJIBKO TOTOKOB CYMMMPYETCS 110 IEPEMEHHBIM U 3HAYEHUIO ITHUX TNIepe-
MEHHBIX B XeUI-Ta0NuIle 3HaYCHHsI TPaJueHTA.

belm paccMOTpeHB! ClIeAYIOINE BapHaHThI pacyeTa rpaJueHTa:

1) B iiuksie (0€3 MHOTOTIOTOYHOCTH);

2) c ucnonb3oBaHueM MeTosia parallelStream u3 unrepgeiica Java Stream API;

3) ¢ ucnosib30BaHUEM MoAxo/a ForkJoinPool;

4) c pa3OueHneM HCXOAHOTO O0BEKTa Ha KOIUYECTBO MOAOOBEKTOB, PABHOE KOJIMUECTBY siJiep MPOLEccopa.

[TapameTpsr 00010uKH PUKCUpOBAaHHBIE (TTOAPOOHEE CM. B paszese «Pe3ynbraTel 1 ux 00cyxaeHue»). Pacuer
BBINOJIHEH A1 N = 2. MakcumainbHoe uncio urepanuii B Merozie Herorona coctasnger 300, mar Harpy3ku —
0,1 MITa, Tourocts — 10, Pe3ynbraTsl 3aMepoB HpHUBEICHE! B Ta6I. 1.

Tabnuma 1
Bpemst BbinoJsiHeHus HuKjIa B Metoae HbloTona
Table 1

Cycle execution time in Newton’s method

Bapuant pacuera Bpewms BeinosnHenus, ¢
OOBIYHBIN UK 28
parallelStream 22
ForkJoinPool 36
Pazbuenue 18

Hcnons3oBanue merona parallelStream u KoOHCTpYKUUU forEach M03BOIWIO TONOJHUTENBHO yBeE-
JMYUTH CKOPOCTH Ilepedopa MpH BBIYMCICHUH TpaguenTa (15 ¢) mo cpaBHEHHIO C MOCIE0BaTEIbHBIM Mepe-
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0opom rpaaueHTta u pazouenuem (18 ¢). [IpuMeHeHne aHaIOrMYHOTO aJITOpUTMa MPH pacdyete Marpuilbl [ecce
TaKKe IMOKa3ajI0 CBOI APPEKTUBHOCTH (12 C MpH UCTIONIB30BAHUHU CXeMbl «parallelStream. forEach +
parallelStream. forEach + pa30ueHne» NpoTuB 15 ¢ Mpu UCTIONIE30BAHUN OOBIYHBIX ITUKIIOB).

[Tocne nanHBIX IpeoOpa3oBaHUil HAXOXKACHUE MTPOTHOA KOHCTPYKIMHU W yiKe He SIBISIeTCsl pecypco3arpar-
Ho¥t 3aadeii. Crioco0 pa3OueHUs 0 KOJIMUYECTBY siJep Mpolieccopa ObUT BRIOPAH U JIJIsl MHOTOTIOTOYHOTO MH-
TErpupoOBaHUs.

Pe3y.111,TaT1,1 H UX 06cy>lc11e}me

OPPeKTUBHOCTH TIPEIIOKESHHOTO TIOX0/Ia TIPOIEMOHCTPUPYEM Ha TIPUMEPE pacdeTa MOJIOTOH 000I0uKH
JIBOSIKOW KpPHUBH3HBI, KBAIPaTHOM B IUIAHE.

Pacuer HanpspKkeHHO-1€(POPMUPOBAHHOTO COCTOSHUS 000JI0YEYHBIX KOHCTPYKIIUH SBISETCS BEIYUCIUTENb-
HO CJIOKHOM 3a/1a4ell. B UTOTOBBIN (DyHKIIMOHAT /17151 peOPUCTOH MOIOT0H 000I0YKH ABOSKOW KPUBU3HEBI B 3a-
BHCHMOCTH OT TOYHOCTH amnmpokcuMmanuu (GyHKIui (2) Bxogut MuUHUMYM 51 crmaraemoe. [lpu yBennyenun
TOYHOCTH arpOKCUMAIIIH KOJHYECTBO CIaraeMbIX B (DyHKIIMOHAJIE BO3pACTAET IKCTIOHEHIINAIBHO, U TIPH Ha-
JITIUH 5 HEM3BECTHBIX (DYHKIIHIA, COCTOSIINX U3 25 ciaraeMbIX Kaxkaas (T. €. mpu N = 25), o011ee KOTHIecTBO
clTaraeMbIX B (pyHKIIMOHAJIE TTOCTIE YIIPOIIEHUS COCTaBIsIeT O6onee 1,5 MiTH.

Bynem paccmarpuBath cTajgbHbIE KOHCTPYKIIMH, HAXOAAIIMECS MO ISHCTBHEM BHEIITHEH paBHOMEPHO pactipe-
JICIICHHO MOTePEYHOM HAPY3KH ¢ (T. €. KOMIIOHCHTBI HarpyskeHust B, = P, = 0) 1 [apHIPHO-HETIOBIKHO 3aKpeTl-
JICHHBIE 110 KOHTYPY (rpaHuuHble ycnoBust U=V=W=M_ = ‘Py =0nmpux=0,x=anU=V=W=Y¥ = My =0
npu y =0, y = b). JIns naHHOrO BUA 3aKPEIVICHUS C YIETOM CUMMETPHUN KOHCTPYKIMHU B (hopMyrax (2) MOXKHO
B3SITh CJICIYOLINE allPOKCUMUpYIOIINE (QyHKINU:

N IN N IN
U= Z ZUk, sin(an%)sin((Ql —l)n%j, V= Z ZVk ((2/{ n )sm[ﬂn%j
k=1/=1

k=1/=1

N JN y
W= Wy, sm( 2k 1) g] m((Zl l)n—j
k=1/=1 b
JN N y
Y, = Yo cos((2k - 1)n§jsin((2[ — 1)n;j,
k=1/=1

JN N
=X DY, sin[(Zk —l)ngjcos((ﬂ — l)n%].
k=11

[Mpu Hamuuuu pedep KECTKOCTH UCIONB3YETCsl OPTOTOHANIbHASL CETKa pebep, pABHOMEPHO PacIpeeicH-
HBIX 110 KoHCTpyKIitnu. [upuna pedep 1/ = r' = 2k, Boicota pebdep i’/ = h' = 3h. Paccrosinue Mexay pebpamu
0003HaYUM Yepe3 X, ¥ OyIIeM MmoJiararh, 4To KpailHue pedpa HaXoAsTcst Ha paccTostHuu 0,5X, OT Kpast KOHCTPYK-
uK. BxoaHbie napamMeTpsl MpeaCcTaBiIeHbI B Ta0I. 2

Tabnuma 2
Bxoanbie napamerpsl
Table 2
Input parameters
[Mapamerpsr 3HaueHHe Pacimmdpposka
E, =E,, MIla 210000 Mopaynu ynpyrocta Marepuaia
M = Hy; 0,3 Koaddrmments: [Tyaccona
G, MIla 80 769,23 Monyns caBura Matepuana
a,m 5,4 JIuHelHbIN pa3Mep BIOJIb OCH X
b, m 5,4 JIuneinslil pasmep BIOJIb OCH Y
R, =R),,™m 20,25 Pannycel KpUBU3HEL
h,m 0,09 Tonmuna
N 1-25 KomanuecTBo ciaaraeMbeIx B MeToze Putia
Ag, MIla 0,01 [ar Harpy3ku
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OkoHuaHue Taba. 2
Ending table 2

ITapameTpbl 3HaueHue Pacumgposka
3,3 (6e3 pebep)
MIla ’ 3HayeHne HAIPY3KHU, 10 KOTOPOH BEITIOJIHSIETCS pacyeT
9max> 4.3 (c peGpamn) PYy3KH, I P p
50 MakcuManbHO€ KOJIMYECTBO UTEpalUi B LIMKIIE METOa

Steps Hrrorona

c 10°6 TOYHOCTB, IPU TOCTUKEHUU KOTOPOU B METOIE

HproToOHa MPOMCXOANUT NEPEXO K CIIEYIOIIEH TOUKE

YeToiiuMBOCTH M0JIOT0i 000/104KH ABOSAKOIT KPUBH3HBI. B KauecTBe KpUTEpHs MOTEPH YCTOWYMBOCTH
00oJ109eK OyZieM HCIIoIh30BaTh KpUTepHii JIsmyHoBa: Harpy3ka, Ipy KOTOPOi MaJloMy U3MEHEHHIO Harpy3KH CO-
OTBETCTBYET CYIIECTBEHHOE M3MEHEHHE MPOruda, CYNTACTCS KPUTHUECKONW Harpy3KOi.

B Tabn. 3 npeacTasieHb! 3HAUCHUS] KPUTHUECKUX HAIPY30K IOTEPU YCTONUUBOCTH ¢, AJIsl paccMaTpUBaeMoi
KOHCTpYKILMU 0€e3 pedep u ¢ ceTkoii pedep pazmepom 1 X 1, a Takxe 3HaUSHUs IPOruda KOHCTPYKLMU W, B LIeHT-
paJIbHOM TOUYKE (x = 2, y= b 1 3Ha4YeHUs Nporuda KOHCTPYKUUU W, B 4ETBEPTON 4acTH (x = z, y= éj

2 2 4 4
B MOMEHT JJOCTH)KEHHSI KPUTHUECKON HArPy3KH, MOyYeHHBIE C UCTIOIb30BaHUEM Pa3paboTaHHOTO MUKpPOCEp-
BUCHOTO Nipuiiokenust JPV-math n matemarndeckoro makera Maple.

s makera Maple 3na4enus npu JN >4 ne MIPUBOJATCS B CBSI3U CO CIIMIIKOM JIOJITMM BPEMEHEM BBITIOIN-
HEHUs pacyera.

Tabnuma 3

Pe3yabTaThl pacdera st 00010uKkH 0e3 pedep u ¢ ceTkoii pedep pazmepom 1 x 1

Table 3
Calculation results for a shell without ribs and with stiffeners grid 1 x 1
Maple JPV-math
N qe» MIla W.,m W, m q.>» MIla W.,m Wy, m
Pacuem ons obonouxu de3 pebep
1 3,31 0,106 0,054 3,30 0,104 0,052
2 3,10 0,079 0,040 3,10 0,078 0,039
3 3,10 0,076 0,040 3,10 0,075 0,039
4 - - - 3,10 0,073 0,040
5 - - - 3,10 0,072 0,040
Pacuem ons obonouxu c cemroii pebep pazmepom 1 1
1 _ _ _ _ _ _
2 4,80 0,1396 0,0932 4,79 0,1387 0,0905
3 4,47 0,1325 0,083 1 4,45 0,1317 0,0827
4 - - - 4,36 0,1252 0,0758
5 - - - 4,33 0,1264 0,0757

I'paduku 3aBucumoctu nporuda W, u W, oT Harpy3ku g npeacTaBiaeHsl Ha puc. 7 u 8. [l ynoberBa aHa-
TM3a JaHHBIX TAKXKe MOKa3aH YKPYMHEHHBIH (pparMeHT, COOTBETCTBYIOIINH MOTEPE YCTOHYNBOCTH.

Kak nokasbIBaoT pe3ylbTaThl pacieToB, YKe MpH JN=3uN=4sun KPHBBIX ¥ 3HAYCHUST KPUTHUECKUX
HArpy30K CTAHOBSITCS OJIU3KHU, YTO TOBOPUT O CXOMUMOCTH MeTona Purna. Tem He MeHee Jisl APYTHX BUJIOB
KOHCTPYKIIMHA MOXKET MTOHATOOUTRCS OOJIBIIEE, YeM 37eCh, KOJTUIECTBO HEU3BECTHRIX KOO (DHUITNEHTOB B (Hop-
Mynax (2), 9To TpeOyeT OTIeIHLHOTO NCCICIOBAHUS.

J71st pacCMOTPEHHBIX KOHCTPYKIINN HAOMI0MaeTCs 00IIast oTepst yCTOWIUBOCTH 6€3 00pa30BaHMs JTIOKATh-
HBIX BMATHH. Kpome Toro, 100aBJIeHHE JIBYX OPTOTOHAJIBHO PACIIONOKEHHBIX pedep KECTKOCTH YBEITMIHBACT
3HaYeHNEe KPUTHUYECKOW HArpy3ku Ha 39 %. B manHOM cirydae Takoi cymiecTBeHHBIH d(h(dekT oObsIcHIeTC S
JIOCTAaTOYHO BBICOKOM JKECTKOCTBIO OOIIMBKY ¥ MACCUBHOCTBIO TOIKPEIIISIFOIIUX dJIEMEHTOR.
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Puc. 7. I'paduk 3aBECUMOCTH IpOrHOa OT HATPy3KH ISl KOHCTPYKINHK Oe3 pedep

Fig. 7. Graph of deflection versus load for a structure without ribs
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Puc. 8. I'paduk 3aBHCUMOCTH IIPOrHOa OT HArPY3KH ISl KOHCTPYKIUH C peOpamMu
Fig. 8. Graph of deflection versus load for a structure with ribs
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CpaBHeHHE CKOPOCTH BbIYMCJIEHHI. B KauecTBe TECTOBOrO CTEH/Ia UCIIOJIb30BAJICS KOMIIBIOTEP, Xa-
PaKTEPUCTHKU U PE3yJbTaThl OCHUMapKa KOTOPOro (Ha ocHoBe caita UserBenchmark) npencTaBiieHbl
B Ta0I1. 4.

Tabnunma 4
XapaKTepUCTHKH H Pe3yJIbTaTbl eHYMAPKa TeCTOBOI0 CTEH1a
Table 4
Characteristics and results of the benchmark test bench
YerpoiictBo ToproBast Mapka 1 OCHOBHBIE XapaKTEPUCTUKHU Benumapk, %
CPU AMD Ryzen 5, mogens 2600 79,5
GPU AMD Radeon, momens RX550 13,9
Intel 660p, uarepdeiic NVMe PCle, popmdarrop M. 2,
132,4
00bem 51210
SSD
HP EX900, untepdeiic NVMe PCle, hopmpakrop M. 2,
123,1
o00wvem 500 I'0
HDD WD Blue, o6bem 1 TO 83,2
G.SKILL Ripjaws V, tun DDR4, gacrora 3200 [T,
RAM taitmuaT C16, 006eM 16 I'0 (2% 8 1'6) 1006

pumeuganue. CPU — npoueccop; GPU — rpaduueckuii mpoueccop; SSD — TBepmoTeib-
HbI Hakonutens; HDD — HakonuTens Ha )KECTKUX MAarHUTHBIX auckax; RAM — onepaTuBHas
[MaMsITh.

[lepBbIM BBIMHCIUTENEHBIM SKCIIEPIMEHTOM SIBISIETCS] CPABHEHNE PE3YIBTATOB U CKOPOCTH BBIYHCICHUH TIPH
HCTIOIB30BAHUN TpHIoskeHus JPV-math u maketa Maple. J{7st 5TOTO IPOBOIATCS 3aMEePhl BDEMEHH BBITIOTHEHUS
pacueTa I OHOH 1 TOH ke 000JI0UKH ¢ TEMH JKe TTapaMeTpaMH B rakete Maple n npunoxennu JPV-math. Jins
TTOBBIIIIEHHUS HHPOPMATHBHOCTH MTOTYYEHHBIX PE3YJIBTATOB NCIIONIB3YETCs [IBETOBAs KapTa (Tal. 5).

Tabnuna 5
3aMepbl NPON3BOANTEIHLHOCTH ITANIOB BHIYHCICHHS
B naxete Maple u npuio:xenuu JPV-math
Table 5
Performance measurements of calculation steps
in the Maple package and JPV-math application
Bpewms BemmonHenus, ¢
JN Pacuer 6e3 pebep Pacuer ¢ pebpamu L{BeToBas kapra

Maple JPV-math Maple JPV-math

2 34 18 36 25 Aol0ec
Jlo 100 ¢
Jlo 250 ¢
Jlo 500 ¢

PesynbrarThl 3aMepoB BpEMEHH BBITIOJIHEHUS PA3IMYHBIX JTAIlOB pAacueTa Ha OCHOBE BXOJIHBIX JAaHHBIX U3
Tabi. 2 mpeAcTaBlIeHBI B Ta0. 6.

Paspaborannas nporpamma ucronbzyetr 100 % mporieccopHOro BpeMEeHH, OIHAKO HAHOOJbIAsl IPOU3BO-
JUTEITLHOCTh MOXKET OBITh JOCTUTHYTA TIPU Pa3/Ie]ICHHH CEPBUCOB IO BBIYHCIUTEIBLHBIM MOIIHOCTSM. Tor/a
nporeccop He OyAeT pachpeaeicH MeXTy BBIYHCICHUSIME U BU3yanu3anueid. Pe3ynbrarel 3aMepoB BpeMeH!
BBIYUCIICHUHI 0€3 UCTIONB30BaHMsI BU3yaH3ally TakKe IPUBEACHBI B Ta0M. 6.
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Tabnuna 6
3amMepsl NPOU3BOAUTEILHOCTH ITANOB MOJAEIHPOBAHUS
B npuJioxxenuu JPV-math
Table 6
Performance measurements of simulation steps
in the JPV-math application
/v Bpewmst BeimonHenus, ¢
N
Et+ Rt It E Dt NWt At

Pacuem 6e3 pebep

24
- 131

Pacuem ¢ pebpamu

IIpumeuanus: 1. Et+ Rt—Bpems npeoOpa3oBaHus TaHHBIX B PAMKaX ONTUMU3ALMU 1 PACKPBITUS
BCEX CKOOOK I10/] 3HAKOM HHTETpaia, 3aMeHbI II0CYNTAHHbIX IIPOM3BOIHBIX 1 AIIIPOKCHMHPYIOMHX (PYHK-
Ui B cTpoke; It — BpeMms B3sTus QBOIHOTO MHTerpaia; E — BpeMs pacdera pedpa (packpbiTHe CKOOOK
u npeobpasoBanue); Dt — Bpems HaxoxJIeHUs rpaguenta U Marpuibl [ecce; NWt — Bpems BBITIONHEHUS
OINTHMHU3UPOBAHHOIO MeTosia HproToHa 1 BU3yan3army JaHHbIX; At — obmiee Bpemst Beraucienus. 2. Lse-
TOBYIO KapTy CM. B Ta0II. 5.

Python-monynb nst packpeIThsI CKOOOK MPHU JN =5 notrpeboBain okojo 12 I'G onepaTuBHOM mamsTH,
a Java-momyns — Bcero 2,56 1'6.

3akjaroueHmne

B xone nccnenosanust pa3paboTaHo MUKPOCEPBUCHOE MPHUIIOKEHHE, TIO3BOJISIONIEE MOACIUPOBATh Ae(op-
MHUPOBaHUE 000JI0YEUHBIX KOHCTPYKIMH. OHO 0OKa3a10Ch B HECKOJIBKO pa3 6osee 3(h(HeKTUBHBIM, YeM MOAXO,
peann3oBaHHbII B MaTeMaTHuecKkoM nakere Maple. PazpaboTaHHoe NPUIIOKEHHE 00ECTICUNBAET B3SITHE IBOM-
HOTO MHTErpasa 1o 3alaHHOMY YuCIly ciaraeMblx Ha npoueccope AMD Ryzen 5 (monens 2600) 6e3 ncnons-
30BaHus pexkuma Turbo Boost, BHemHuX ¢aiiiaoB uiau 6a3 JaHHBIX C yXKe ITOCUNTAaHHBIMU 3HaUeHHUsIMU 3a 18 c.

B3sB 32 OCHOBY H€I0 CEPBUCHO OPUEHTHPOBAHHOM apXUTEKTYphl U BIOXHOBHUBLIMCEH (hpeliMBOpKOM Java
Spring Cloud, aBropsl mokasaau, KaKUM 00pa3oM OT CEPBUCHON apXUTEKTYPbl MOJKHO MEpelTH K 3(h(HeKTHB-
HOU MHKPOCEPBHCHON apXUTEKType, 3aMEHUB OJUH M3 HEIOCTATOYHO MPOU3BOAMUTENbHBIX Java-Moaynen Ha
Python-momysnb.
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IIpoBenena onTumMu3alus BEIYUCIUTEIBHOTO alrOpUTMa JIJIsl peajiu3alliid MHOTOITIOTOYHOTO pacyeTa BCexX
CTaJIui BEIYMCIIEHUS, BKITtoUas MeTo/l HpioToHa. BeInoiHeHbl 3aMepbl NPOU3BOAUTEIIBHOCTH pacyeTa Ipu pas3-
JINYHBIX MTOIX0AAX K peaqn3ani MHOTOIIOTOYHOTO pacyeTa, a MUMEHHO parallelStreamu ForkJoinPool.
3aTpoHyTO HCIOIb30BaHKUE KOHIIETINH MapReduce B pamkax ¢peiimBopka Java Stream API.

[MonmyueHnsl rpaduvecKue pe3ybTaThl BEIYUCICHUS, & TAKXKE BBITIOJHECHBI 3aMEPhl BPEMEHU BBITTOJIHEHUS
BCEX ATAIOB pAacyeTa U CpaBHEHUE NMPEIIOKEHHOTO MPOTPAMMHOIO PEIICHUSI C MaTEMaTUYECKUM AaKETOM
Maple. IlpoekT nmpeacTaBisieT coO00# TOTOBOE K Pa3BePTHIBAHUIO MUKPOCEPBUCHOE MPIIIOKEHUE C KITUECHTCKOM
U CEepBEPHON HaCTAMM.

[Ipunoxxenre MOXKET OBITH KaK Pa3BEPHYTO B JIOKATHLHOM CETH, TaK U TOCTYIMHO U3BHE B 3aBUCUMOCTH OT
JeuctBuil DevOps.
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ABYXDTAITHBIN ITOAXOA K ITPOTHO3WPOBAHUIO
PACXOJKAEHUS IIIKAA BPEMEHU _
HA OCHOBE CKOPPEKTUPOBAHHOM AMHENHO MOAEAU

0. C. YEPHUKOBA", T. A. MAPAPECKY.JI?

YHosocubupckuii 2ocyoapemeentviti mexnuueckuii ynusepcumen,
np. Kapna Mapxca, 20, 630073, 2. Hosocubupck, Poccus
D Ungpopmayuonnsvie cnymuurosvie cucmemst um. akademura M. @. Peuwemnesa,
yn. Jlenuna, 52, 662972, 2. XKenesnozopck, Poccus

[IpuBoasATCS pe3ynbTaThl HCCIASIOBAHNS TOUHOCTH JABYX3TAITHOTO ITOJX0/1a K MPOTHO3UPOBAHHIO PACXOXKACHUS [ITKAI
BpemenH Kocmrdeckux ammapaToB [JIOHACC oTHOCHTEIHHO CHCTEMHON IIKAJTBl BpEMEHH Ha HHTEPBAJIBI IITUTEIHHOCTEIO
70 2 4. Ha mepBoM 3Tare 1o pe3ynsraraM U3MEPEHHH PAcXOXKIACHUs [IIKaJl BPEMEHH Ha BEIODAaHHOM MEPHOM MHTEpBase
C UCIIOJIb30BAHHUEM METO/Ja HAMMCHBIINX KBaJIPaTOB CTPOUTCHA JIMHEHHAs MOZCJIb U ONIPEACIACTCA CMEIICHNEC CTTaKCHHOMU
OLIEHKH PaCcXO’KAEHHsI IIIKaJI BpeMEHH B KOHIIE MEpPHOT0 MHTEepBajla OTHOCHTENBHO JIMHEHHOTO TPEeH A, HaliIeHHOTO Ha BCEM
MEpPHOM HHTEpBAJIE, ITOCIIE Yero MOCTOSHHBIN KO QUIMEHT JIMHEHHON MOIEN KOPPEKTUPYETCSI HA BEJTMYNHY TTOITy4YSHHOTO
cMenteHust. Ha BTopoM aTarie ornpeaensercs HeydTeHHas: OCTaTOYHasi COCTABIIIOIAS BPEMEHHOTO psijia 3HaYEeHHUI pac-
XOXKJICHUSI IIIKaJI BPEMEHH 1 CTPOUTCS OIICHIBAIONIAS €€ aBTOPETPECCHOHHAs MOzieb. [IpoBotuTCS CpaBHUTENbHAS OLICHKA
TOYHOCTH IPOTHO3a PACXOXK/IEHMS IIIKaJ BPEMEHN HA OCHOBE JIMHEHHOW MOJENH CO CKOPPEKTHPOBAHHBIM MTOCTOSTHHBIM
K09 HUIMEHTOM M €€ KOMOMHAIMH C aBTOPEIPECCHOHHON MOJIEIbI0. AHAIN3 YUCICHHBIX PE3YJIbTATOB, MTOJyUYCHHBIX Ha
TOJI0BOM MHTEpBajie HAOIOIEHNUS, TOKA3aJl, YTO JUISl BCEX KOCMHYECKHX allaparoB MPUMEHEHHE JIBYXATAITHOTO ITOX0/1a
MO3BOJSET YMEHBIIUTH CPEIHEKBAAPATHUYECKOE OTKJIOHEHHE MPOTHO3a PACXOXKICHHUS IIIKAJl BPEMEHH, a TAKXKe YBEJINIUTh
KOJIMYECTBO peasin3alnii MPOTrHO3a, Ul KOTOPBIX CPeJHEKBaApaTHIecKoe OTKIOHeHHe He npesbimaet 0,3—0,5 He.

Knrouesvle cnoea: PacxXoXKACHUEC KAl BpPEMCHU 60pTOBaH IIKaJia BpEMCHU; CHHXPOHHU3AIUA; UBMEPECHUEC BPEMCHHU,

METOJ HAMMECHBUINX KBaJAPATOB; YaCTOTHO-BPEMCHHBIC ITOIIPABKU; IIPOrHO3UPOBAHUC.

O0pa3en HUTHPOBAHUMA:

UYepuukoBa OC, Mapapeckyin TA. JIByxsTanHblil HO1X0A K IIPO-
THO3MPOBAHHIO PACXOXK/ICHUS IITKAJT BPEMEH! HA OCHOBE CKOP-
PEKTHPOBaHHOM MMHEWHOH Moxenu. JKypran benopycckozo 2ocy-
oapcmeennozo ynusepcumema. Mamemamuxa. Hngpopmamuxa.
2023;2:80-93.
https://doi.org/10.33581/2520-6508-2023-2-80-93
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ABTOpBI:

Oxcana Cepzeesna Yepnuxosa — KauIu1aT TEXHUUECKUX HAYK,
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This paper presents the results of a study of the accuracy of a two-stage approach to forecasting the divergence of
time scales of GLONASS spacecraft relative to the system time scale for intervals of up to 2 h. At the first stage a linear
model is constructed on the results of measurements of the divergence of time scales on the selected dimensional interval
based on the least squares method, the offset of the smoothed estimate of the divergence of time scales at the end of the
dimensional interval relative to the linear trend found over the entire dimensional interval is determined, the constant
coefficient of the linear model is corrected. At the second stage the unaccounted residual component of the time series of
the time scale divergence values is determined and an AR model describing it is constructed. A comparative analysis
of the accuracy of the forecast of the divergence of time scales according to a linear model with an adjusted constant coeffi-
cient and the forecast using its combination with an AR model is carried out. The analysis of the numerical results obtained
during the annual observation interval showed that for all spacecraft, the use of a two-stage approach makes it possible to
reduce the standard deviation of the forecast of time scale divergence, as well as to increase the number of forecast imple-
mentations for which the standard deviation does not exceed 0.3—0.5 ns.

Keywords: divergence of time scales; onboard time scale; synchronisation; time measurement; least squares method;
time-frequency corrections; forecasting.

BBenenune

3a/1aua CHHXPOHHM3ALMHU Pa3HECEHHBIX B IPOCTPAHCTBE CTAH/IaPTOB YacTOThI, yCTaHABINBAEMBIX Ha KOCMU-
YeCKHeE alllaparsl, SIBISIETCS] OAHOM U3 aKTyaJIbHbIX 3314 JUIs pa3BUTHS IFI00AJIbHBIX HAaBUTALIMOHHBIX CITy THH-
koBbIX cucteM ('HCC). B GonbmmHCTBE citydaeB OCTaTOYHO 00ECTIEUNTh BHICOKOTOUHYIO MaTeMaTHIeCKyTo
IIPUBSI3KY BPEMEHHBIX LIKaJl KOCMUYECKUX AIIapaToB K BEIOPaHHON OMOPHOII 1IKaie BpeMeHu 0e3 pusuye-
CKOT'O MIPUBEIEHHS UX B COCTOSIHME CHHXPOHHBIX. /151 3TOro HE00X0JMMO ONPEACIIATH BEJIMUNHY PACXOKICHHS
mikan Bpemenu (PLLB) kocMudeckux anmaparoB OTHOCUTENFHO OTIOPHOI HIKaJIbl BDEMEHH U TPOTHO3UPOBATH
ee noezieHue. B pamkax nanHoro uccienosanus nox PIIB OyneM noHMMaTh OTKJIOHEHHUE TOKa3aHUH OOPTOBBIX
4acoOB KOCMHUYECKHUX aNlaparoB OTHOCUTENbHO cucTeMHoM mkanbsl Bpemenu ' HCC. B cBsi3u ¢ aTM oHUM U3
aKTyaJIbHBIX BOIIPOCOB SIBIISICTCS] BRIOOp MaTeMaTndeckoit Mojenu, onuchiBaromiel PILIB u obecreunBaroreit
HEOOXOIUMYIO TOYHOCTH ITPOTHO3MPOBAHMSI Ha 3a/laHHbIM HHTEpBaJ BpeMeHnH [ 1; 2].

Ha cospemennom srane pazsutus HCC, B gactHOocTH [TIOHACC, 111 psima MpHIIOKEHHIA TPEACTaBIISET
WHTEpeC BO3MOKHOCTH porHozupoBanus PIIB Ha maTepBan ot 0,5 10 2 4 ¢ norpenrHocThio He 6omee 0,3—0,5 He
U JI0BepHUTENbHOM BeposiTHOCThIO 0,95. Kak ciencTBue, akTyaabHON 3a/1auei CTAaHOBUTCS TOCTPOSHUE MaTeMa-
THYECKOH MOJiesn, 00ecneunBarolell yKa3aHHbIE TOYHOCTHBIE XapAKTEPUCTHUKH.

B nacrosmee BpemMsa ans nporuozuposanus PILIB npuMeHsoTcs pa3ianyHbIe MOIXOAbI: KCTPANOIALUS
CTETICHHBIM NOJIMHOMOM [3—5], mocTpoeHne MoJeseld aBTOPErpeCCU U UHTEIPUPOBAHHOTO CKOJIb3AIIETO
cpennero (autoregressive integrated moving average, ARIMA) [6—9], moneneiit «ceporo nporuosa» (grey
prediction models, GMs) [10; 11], monenei#t ciekTpanpHOTO aHanu3a (spectrum analysis (SA) models) [12],
MIPOrHO3UpPOBaHNEe Ha ocHOBe (pruibTpa Kanmana u ero mogudukanuii [13; 14]. Kaxnas u3 yka3aHHBIX MO-
JIeBHBIX CTPYKTYp UMEET CBOM MPEUMYIECTBA U HEAOCTaTKU. Tak, HapuMep, MOJENIH, B OCHOBE KOTOPBIX
JIEKAT CTETIEHHBIE TOJIMHOMBI, OTJIMYAIOTCS IPOCTOM CTPYKTYPOH U SIBIIOTCS JETKO PEANTN3yEeMbIMH, OJJHAKO
C YBEJIMUCHUEM HHTEpBaja MPOTrHO3a CYLIECTBEHHO BO3PACTAIOT OIIMOKM MOJEIH, YTO IPUBOIUT K 3HAYH-
TEIFHOMY CHIDKEHHIO TOYHOCTH M CTAaOMJIBHOCTH MPOTHO3UpoBaHMs. TouHOCTs porHo3upoBanus PIIIB
Ha OCHOBE MOJIEJIE CIEKTPaIbHOTO aHAIN3a, MOJEJIEH aBTOPErPECCUN U MHTETPHUPOBAHHOTO CKOIB3AIIETO
CpEeJIHEro U MOJIEJIEN «Ceporo MPOrHo3a» HaMHOTO BBIIIE, HO CTAOMIBHOCTD PE3yIbTaTOB MPOTHO3ZUPOBAHUS
CYILIECTBEHHO 3aBUCUT OT ONITUMM3ALMU TApaMeTpoB Mozeiel. TOUHOCTh KpaTKOBpeMEHHOT0 nporuo3a PIIB
C IPUMEHEHHEM arnmapara KaJIMaHOBCKOW (UIIBTPALUK YBEITMUNBACTCS, HO B 3HAYUTEIBHON CTETICHU OTpe-
JeNSIeTCsl XapaKTePUCTUKAMU ABUKCHHSI ATOMHBIX 4acCOB.
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B pabore uccnemyercs AByXdTanHbIi moaxos K mporuosuposanuio PIIB kocmuueckux ammaparoB [JIOHACC
OTHOCHUTEJIBHO CUCTEMHOM IIKAJIbl BDEMEHHU, OCHOBAaHHBII HA COYETAHUM JIMHEHHON MOJIENIN CO CKOPPEKTUPO-
BaHHBIM MIOCTOSIHHBIM K03 duiineHToM [ 15] 1 aBTOpErpeCCHOHHOM MOJICIIH, & TAKKE MPUBOISATCS PE3YJIbTaThl
HCCIIEIOBAHUSI TOYHOCTH COOTBETCTBYIOIIETO MAaTEMAaTUYECKOro aJiroputMa nporHo3upoBanust PIIIB Ha uH-
TEPBaJIbI JUTUTEIEHOCTHIO IO 2 .

MaTepnanbl U METOAbI HCCJICAOBAHUSA

AmocTepHOpHBIC JaHHBIC O MOBEACHUHN OOpTOBOU mKaiasl BpeMeHH (BIIIB) xocMudeckux ammaparos
[TIOHACC 0oTHOCHTENHEHO CHCTEMHOM IITKAJIBI BpEMEHH ITPE0CTABIISIOTCS Pa3TMIHBIMA aHATUTHISCKUMH IICH-
TPaMH, B TOM YHCIIC CHCTEMOIT BBICOKOTOYHOTO OTIpeeNeHrst d(eMepr/ i BpeMeHHbIX nonpasok (CBOABIT)',
U MOTYT UCIIOJIb30BAThHCS JJIs1 UCCIICOBAHUM, CBA3aHHBIX C aHAIIM30M IIOBEJICHUS TPEHI0BOM U CIly4ailiHOMU CcO-
CTaBIIAIONIUX MPOIECCa, PEIICHHUS 3319 OTHOCUTEIHLHON KaTHOPOBKHA N3MEPHUTEIBHBIX CPeacTB [16].

[Tonpasku k BIIIB paccuuthiBaroTCs B BHiEe NPOrHo30B yxonaa BIIIB OTHOCHTENBHO 3TaJOHHON LIKAJIbI
[IEHTPAJIHLHOTO CHHXpOHM3aropa cucteMbl. [Ipuunnamu yxona BIIB sBisroTcs coOCTBeHHAs HECTAOUIHLHOCTh
KBaHTOBOTO TIEPEX0/Ia CTAaHIaPTa YACTOTHI U PETYJISPHBIE TPABUTAIIMOHHBIE BO3/ICHCTBUS HA YaCTOTY YaCOB CO-
BOKYITHOCTH (paKTOPOB, TAKUX KaK HEOAHOPOIHOCTh TPABUTALMOHHOTO OIS 3eMITN (TIPUBOUT K CMETIIEHUIO
KBl COOCTBEHHOTO BPEMEHH YacOB CITyTHUKA), TPUINBHBIE TOTeHIInab! JIyHsr 1 ConHIla (BBI3BIBAIOT CMe-
IIIEHNe TIKAJIbl COOCTBEHHOTO BPEMEHU Ha3eMHBIX M (M) OOPTOBBIX YacOB), HEPABHOMEPHOCTH BpAIICHUS
3emin (00yCIIOBITUBAET CMEIIEHNE BPEMEHH M YacTOTHI 33/Ial0IIETO TeHepaTopa Ha3eMHBIX YacoB).

ATniocTepropHbIe TaHHbBIE (CM., HanpuMep, puc. 1) mpencrapisroT co0oil BpeMeHHbIe psinibl 3HaueHnit PIIIB

KOCMHYECKOTO arrapara OTHOCUTECIBHO CHCTEMHOM IIKAaJIbI BpPCMCHHU Ha paBHOMepHOﬁ CCTKE y3JIOB BUA y(t 2 ),
k=0,1,....
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Puc. 1. Anocrepuopusie nanubie PIIB xocmuaeckoro ammapara RO1 (¢ 06:00 mo 14:00 31.01.2021 1)
Fig. 1. A posteriori data of time scale divergence for spacecraft RO1 (from 6 a. m. to 2 p. m. 2021 January 31)

[IpoBenem mpeaBapUTENbHBIA aHANN3 AaHHBIX AJIsT KOcMHYeckoro anmnapara RO1 Ha romoBom nHTEpBase
nabmoaenus (c 00:00 01.01.2021 r. mo 23:59 31.12.2021 r.), pa30uTOM Ha MEpHbIC UHTEPBAJIBI [UIMHOK 6 4
(U1 OCTaJIBHBIX KOCMHYECKHUX arMapaToB Pe3yJbTaThl SBISIOTCS aHAJIOTHYHBIMH).

J1i1st IpPOBEPKH CTAIIMOHAPHOCTH HUCCIIEyEMBIX BPEMEHHBIX PSIOB BOCIOIB3YEMCSl PACIIMPEHHBIM TECTOM
Huxu — Oymnepa (ADF-tectom) u Tecrom Kesrkosckoro — @umnunca — Hmunra — Huna (KPSS-tectom),
KOTOpBIE B KQUeCTBE HYJIEBOH TMIIOTE3bl paCCMAaTPUBAIOT MPUHAIICKHOCTD Psilia K ONPEJeICHHOMY THITY CTa-
UUOHApHBIX pAaoB (Tabn. 1 u 2). ADF-tect sBnsiercs 6onee 3pQEeKTUBHBIM B CPAaBHEHHU C TPAAULUOHHBIM
tectoM [uku — @ymnepa (DF-tecTom) pu HaIMYMK aBTOKOPPEISIIIMU B OCTaTKaX (KOJIMYECTBO BKIFOYAEMBIX
B MOJICIIb JIATOB ONPEIEISIOCH HA OCHOBE KOPPEIorpaMMbI OCTaTKOB). J{jist BEIYMCIIEHNSI MAKCUMAIIbHOTO M MU~
HUMAaJIbHOTO 3HAYEeHUH cTaTHCTHKK npH npoBeaeHun ADF-tecta u KPSS-tecta naTepBan HaOmoneHust ObL1
paszout Ha 1454 MepHBIX HHTepBaja 110 721 U3MEepEeHUIO B KaJKIOM.

'CrcremMa BBICOKOTOUHOTO Ompesenenus SeMepr, i BpeMEHHBIX MOMpaBoK [Anekrpounsii pecype]. URL: http://www.glonass-
svoevp.ru (gara oopamenus: 08.02.2022).
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Ta6auna 1
PesyabTatel ADF-TecTa
Table 1
ADF test results
Crenudukarus Tecra
ABTOpErpeccuoHHast
Tlokazareun ABTOperpeccuoHHast MOZEITb CO CBOBOIHBIM 3 Mopnens
MOICIIb CO CBO60HHLIM o CJIIy4auHOTO 6J'Iy)KIIaHI/I}I
YJICHOM U IMHCHHBIM o
YJICHOM 6e3 apeiida
TPEHAOM
MuHMMaIbHOE 3HAYEHNUE CTAaTUCTUKU
-8,21 —22,27 -3,33
Ha MEpHBIX HHTEpBaIax
MaxkcuManbHOE 3HAYeHUE CTaTUCTHKI
4,11 19,53 9,99
Ha MEpHBIX HHTEpBaax
3Ha4YeHUe CTAaTUCTUKHU Ha HHTEpBaJIe
P 2,37 1,78 43,94
HaOJIIOEHUS
Kputnueckue 3Ha4eHUS CTaTUCTUKU:
IIpH ypoBHE 3Hauumoct 1 % -3,44 -3,97 -2,57
TIPY YPOBHE 3HAYUMOCTH 5 %o -2,87 -3,42 —-1,94
npu ypoBHe 3HaunMocTH 10 % -2,57 -3,13 -1,62
ITpoueHT MEpPHBIX HHTEPBAJIIOB, 3HAUCHHUS
Ha KOTOPBIX SIBIISIOTCS CTAI[HOHAPHBIM
BPEMEHHBIM PSJIOM:
IpU YpOBHE 3HaYMMOCTH | % 0,14 1,72 0,34
NP yPOBHE 3HAUUMOCTH 5 % 1,11 8,05 1,03
npu ypoBHe 3HaunmoctH 10 % 2,20 14,18 1,17
TabGauma 2
PesyabTatel KPSS-Tecta
Table 2
KPSS test results
Crneuundukanus tecta
ABTODErDECCHOHHAS ABTOpCI‘peCCI/IOHHaFI
Toxasarenu perp MOJIENb CO CBOOOIHBIM
MOJIeJIb CO CBOOOIHBIM .,
YJICHOM U JIMHCUHBIM
YIICHOM
TPEHAOM
MuHnMaIbHOE 3HaY€HHE CTATUCTHKHI HAa MEPHBIX HHTEpBaIax 0,260 0,006
MaxcuManbHOE 3HAYEHHE CTATHCTHKH Ha MEPHBIX WHTEpPBAIaX 4,140 0,990
3Ha4YCHUE CTATUCTUKHU HA MHTEPBAJIC HAOIIOICHUS 8,690 8,390
Kputnueckue 3Ha4eHUS CTaTHCTUKU!
IpU ypoBHE 3HaYMMOCTH | % 0,740 0,220
NIpHU ypOBHE 3HAUUMOCTH 5 % 0,460 0,146
pu ypoBHe 3HauumoctH 10 % 0,350 0,119
[IponeHT MepHBIX HHTEPBAIOB, 3HAUCHUS HA KOTOPBIX SBISIOTCS
CTallMOHAPHBIM BPEMEHHBIM PSIOM:
IIpH ypoBHE 3HauuMocT 1 % 0,140 1,720
MIPY YPOBHE 3HAYUMOCTH 5 %o 1,110 8,050
npu ypoBHe 3HagnMocTH 10 % 2,200 14,180

Taxmm 00pa3om, MpoBeIeHHBIE TECTHI TOKA3bIBAIOT, YTO HA OONBINEH 9aCTH MEPHBIX MHTEPBAJIOB HCCIIETye-
MBI€ PSIBI SIBISIOTCS HECTAIIMOHAPHBIMHL.

Crnenyer ynomsiHyTh, 9T0 ADF-Tect 1 KPSS-Tect He mormyckaroT BO3MOXXHOCTH PE3KOTO N3MEHEHH S, BKITIOUast
M3MEHEHHE CPETHET0 3HAYSHNS FITH JIPYTHX XapaKTepHUCTHK psijta. OHako Kak HeCTaOMIFHOCTh KBAHTOBOTO TIepe-
XOJla CTaHapTa YaCTOTHI, TAK W BO3JCHCTBHS TPAaBUTAIIMN MOTYT IIPHBECTH K MOSBICHUIO CTPYKTYPHOTO CIIBUTA
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B aHAJIU3UPYEMBbIX JIaHHBIX. J[JIs1 TPOBEPKU BPEMEHHBIX PsIOB HA HAJMUKE YHJIOTCHHOTO CTPYKTYPHOIO C/BUTA
BOCITOJTB3yeMCsI TECTOM DHIproca — 3uBoTa. PaccMoTpum Mozmens A (JoImyckaeT pa3oBoe H3MEPEHHE YPOBHS),
Mofienb B (omyckaer pazoBoe M3MEHEeHHEe HaKIIOHa (YHKIUU TpeHnaa) u Moneib C (JommycKaeT pa3oBoe n3-
MEHEHHE KaK YPOBHs, TaK U HaKJIOHa (pyHKIMK TpeHaa). /s BBIYUCICHUS MAKCUMAIILHOTO U MUHHMAITLHOTO
3HAYCHUH CTATUCTUKHU WHTEPBAI HAOMIOACHMS ObLT pa3out Ha 1454 mMepHBIX uHTEpBaia mo 721 u3MepeHuo

B Kak1IoM. Pe3ynbraTs! ipencrapieHs! B Ta0m. 3.

Tabnuma 3
Pe3yabTaTel TecTa JHapIoca — 3MBOTa
Table 3
Andrews — Zivot test results
Crenudukanus Tecra
ITokazarenu
Mogens A Mopnens B Mogens C
MuHuManbHOE 3HaY€HUE CTaTUCTUKU 36,440 11,240 45,810
Ha MEPHBIX MHTEPBAJIAX
MakcruManbHO€E 3HaYEHUE CTaTUCTUKU 0,004 0,250 0,003
Ha MEpHBIX UHTEpBaJIax
3HaueHUe CTAaTUCTUKU Ha MHTEPBAJIC 4,950 5,110 5,190
HaOoeHns
Kpurnyeckue 3HaueHus1 CTAaTUCTUKHU:
pu ypoBHe 3HaunMocTH 1 % 5,280 5,030 5,580
IIPU YPOBHE 3HAYUMOCTH 5 %o -4,810 -4,410 -5,070
mpu ypoBHe 3HaunMocTH 10 % -4,570 —4,140 —4,830

B nacrosiiiee Bpemst CyIieCTByeT psifi METOIOB aHAIN3a BPEMEHHBIX PsI/I0B, KOTOpBIE HE TPeOyIOT MPOBEPKU
MIPEATIONOKEHHS O CTALIMOHAPHOCTH aHAJIM3UPYEMOTO PsiAia, B TOM YMCIIE METOA CHHTYJISIPHOTO CIEKTPabHO-
ro a"anusa (singular spectrum analysis, SSA), BeliBneT-ipeoOpazoBanue (wavelet transform, WT) n npeo0-
pasoBanue ['unsbepra — Xyanra (Hilbert — Huang transform, HHT). Meton cHHTYISIpHOTO CHIEKTPATbHOTO
aHaJIM3a TO3BOJISIET Pas3NIOKUTh BPEMEHHOM PsJl HA CyMMY KOMIIOHEHT M BBIJACIUTH OTIENbHBIEC alTATUBHBIE
COCTaBJISIFOLINE HCXOAHOTO Psiia, TAKME KaK TPEHJ, pa3sInuHble KoJeOaTelbHbIE U NMEPUOJUUCCKUE KOMIIO-
HEHTBHI, a TAaK)Ke LIyMOBasi KOMIOHeHTa. Ha puc. 2 mpencraBieHsl IepBbIe YeThbIpe KOMIIOHEHTHI Pa3JIOKEHUS
ucxonHoro psifa 3Hadenuit PLIIB, a na puc. 3 npuBeaeHs! torapudMbl COOCTBEHHBIX YHCET CUHTYJSIPHOTO
pa3ioKeHus! TPaeKTOPHON MaTPHIIBI.

W3 puc. 3 BUgHO, YTO cOAepIKaTeIbHbIN CMBICI HECYT B OCHOBHOM IEPBbIE INIABHBIC KOMIIOHEHTHI.

Jist onmMcaHusl TPEHI0OBOK COCTABISIOLICH MCIIONB3YIOT MOJIMHOMUAIbHBIC MIIN KBa3UIIOJIMHOMHUATIBHbBIC
MOJIEJIM, B TOM YHCIIE C HKCTIOHEHIIMAIbHBIMA MHOXKHUTEISIMH, APOOHO-pallMOHAILHBIMUA U JTMHEHHO-JIOTa-
pudMHUecKUMH (YHKIUSIMH, a Takke nX KomOuHaruu. [1o100HbIH MoaX0/ JaeT BO3MOXKHOCTh CO3/1aBaTh
MHOTOIIapaMETPUUECKHE MOJENH, KOTOPbIe ¢ TpeOyeMOll TOUHOCThIO 00ECIIEUNBAIOT ANIIPOKCUMALIUIO HC-
CJIEyEeMBIX BPEMEHHBIX PSI0B, OAHAKO PE3yIbTaThl MPOTHO3UPOBAHMS HA OCHOBE IaHHBIX MOJIEJICH JaJIeKo
HE BCET/1a OKa3bIBAIOTCS YAOBIECTBOPUTEIBHBIMH, MIOCKOJIBKY TOJ0OMpAeMble allpOKCUMHPYIONIe (pyHKIMH HE
BO BCEX CIy4asX OTpa)kaloT peajbHYI0 3aBHCHMOCTH HaONIOAA€MOMl BEJIMYMHBI OT BPEMEHM WMJIM MHBIX I1a-
paMeTpoB.

C conepxarenbHOl ((U3MUECKOil) TOUKH 3peHus B padoTax [1; 2] mokazaHo, YTO NMPU MPOTHO3UPOBAHUH
PIIB Ha qnuTenbHbIE MHTEPBAJIBI OCHOBHOW cocTaBisiomieil yxona BB 1y 1e3ueBbIX 4acoB SIBISETCA JIH-
HEHHBIX TPEH/, 00yCIOBIEHHBIH OTKIIOHEHHEM YacTOTHI TeHepaTropa OT HOMUHAJIBHOTO 3HAUEHUs, IS pyou-
JMEBbIX YaCOB — KBAJPAaTHUYHBIN TPEH, CBSI3aHHBIA C OTKJIOHEHHWEM 4YacTOThl T€HEPATOpa OT HOMUHAJIBHOTO
3HAUCHMS U IMHEHHBIM JIpeH(OM YacCTOTHI.

3anada mporHo3upoBanus PIIIB kocMuueckux anmapatoB Ha KOPOTKHE MHTepBaibl ¢ TouHOoCcThIO 0,3—0,5 He,
C OJTHOM CTOPOHBI, TpEOYeT paclIupeHus Kjiacca MPUMEHIEMbIX MaTeMaTHUYeCKUX MOJeNei, B TOM 4ucie
HCIOJIb30BAHNS MHOTOCTYIICHUATBIX AJITOPUTMOB, IO3BOJIIOIINX ONPEIEIATh KaK TPEHIOBYIO COCTABIISIO-
LIY10, TaK U HEACTCPMUHUPOBAHHYIO (OCTATOUYHYIO) COCTABIISIOIIYIO BpeMeHHOro psina 3Hauenuit PILB,
a ¢ Jpyroiil CTOPOHBI, AOJKHA OBITh peaqn3yeMoil B KOPOTKHE CPOKH C HAUMEHBIIUMH BBIUYMCIUTEIbHBIMH
3arpaTami.
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Fig. 3. Logarithms of the eigenvalues
of the singular expansion of the trajectory matrix
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B nacTosieit padote mpeiaracTcs ABYXATAIMHEIN MOIXO/ K TOCTPOSHUI0 MOIeNn TporHo3upoBanus PIIB.

Ha nepBom 3tare crpoutcst JIMHEWHAas MOZeb. B paMKax JaHHOTrO 3Tara BBIIOJIHSIOTCS CIEAYOIINE OIe-
pauuu:

e MeTo/IoM HauMeHbIHX kBajapaToB (MHK) HaxomsTcs kod3dhduIMEeHTsI TONMHOMA TIEpBOW CTETICHH, all-
MIPOKCUMUPYIOIINE BpeMeHHOM psijt 3HaueHuii PIIB Ha MepHOM MHTEpBasie BRIOPAHHOM JUTHHBL,

e hopmupyercs craxkenHas oteHka PIIIB mo HekoTopoMy MOIMHOXKECTBY 3HAYCHHUH B KOHIIE MEPHOTO
HMHTEpBAa;

® OIIpENIENAETCS] CMELIEHUE CIIIaKeHHOU oleHkH PIIIB OTHOCUTENBHO JIMHEHHOTO TPEeH1a, HAlJEHHOTO Ha
BCEM MEPHOM HHTEPBAJIE;

® KOPPEKTUPYETCS MOCTOSIHHBIN WICH JTMHEHHON MOJIETIN HA BEJINYMHY CMEILEHUSI.

Ha Bropom sTtarme ctpoutcst MOzIeNb MPOrHO3a MyTeM J00aBIeHUs K JTMHEHHON MOJIeNTH ayIMTUBHOTO WICHA,
ONMCBHIBAIOIETO MOJIEb OCTATKOB. B paMkax JaHHOrO 3Tamna BbINOIHSIIOTCS CIENYOLIUE ONepaluu:

® OIIPENIEIISAETCS] HEYUTEHHAsl OCTAaTOYHAsl COCTABIISIONIAs BPEMEHHOTO PsAJia ITyTEM MCKIIFOUEHUS U3 UCXO-
HOTO psiJia TPEHA, ONPEEIAEMOro JUHEUHOW MOJIEINbIO;

® CTPOUTCS aBTOPETPECCUOHHAS MOJIEJIb, OIIMCBIBAIOIIASI HEYYTEHHYIO OCTATOUYHYIO COCTABIISIOLLYIO;

e (hopMHpyeTCss MOJIENb TPOTHO3a ITyTeM CIIOKEHUs JTMHEHHON MOJENN W aBTOPErPEeCCHOHHON MOAEIH
OCTAaTKOB.

Taxum oOpa3om, TpeasiaraeMblii IByX3TaIllHBIA aJTOPUTM TOCTPOEHHUS MOJienu nporHo3uposanus PIIB
HMMeEET CIEeYOIUN BU.

Jrtan 1: mocTpoeHune 1 KOppeKys JIMHEHHONW Mojienu TpeHaa Ha ocHoBe MHK.

MomdTan 1.1: onpenenenne MoOIeTH HA MEPHOM HHTEPBAJIE.
Iar 1. 3agatb MepHbIil HHTEPBAN /., = [to, tN], rae N — KoJInuecTBO U3MEPEHNH Ha MEPHOM MHTEpBaJe.
Ilar 2. Beruucnute N0 U3MepUTENbHBIM JaHHBIM y(to), oo y(tN) MHK-ko3¢dpunnentst a, a, u 3anu-

catb MOjiellb, onuchiBatolyto PIIIB Ha mepHOM uHTEpBae, B BUJle

M

y (t)=a0+a1(t—t0), telonpeﬂ. D
HopsTan 1.2: onpenenenue cMmeueHus oueHku PIIIB Ha ocHOBe nu3MepeHuil mocieaHero ceaHca.
lar 3. 3apars naTepBaN U151 yrounenns kosppuuunenta a, monenu (1) /., = [tN Mo tN].

Hlar 4. [Ipencrasuts PIIIB Ha untepBane Iqu JINHEMHOW KOMOMHAIMEN TOJIUHOMOB B BUE

(1) =aoTy(1) + o0, (t) + ... + @, T, (¢), 1 €1, ()

yTOY?

n Haiitu MHK-ko3dduunents! o, B coornomenunu (2). Ormerum, uro MHK, npumensiemslii ipu noctpoeHnu
TTOJIMHOMHUATBHON MOJIe | (2) 110 HaOII0MaeMbIM 3HAUCHUSM, JJT JOCTIKEHHS HE0OOXOMUMON TOYHOCTH U TI0-
BBIIICHHUS MTOPSIKA MHOTOYJICHOB TIOTPEOyeT nepecueTa HalICHHBIX KOA(P(QHUIIMEHTOB MHOTOWIICHA MEHBIIICH
crenenu. J{ist MHOTOWwIeHOB YeOkiieBa cripaBe/yinBa peKyppeHTHas Gpopmyria
— — —n42 —
T(t)=1LT(t)=1, To(t)=2t"-1, ..., T, (t) = 2T, _,(t) - T,,_,(¢),

m

YTO TI03BOJISIET CYHIECTBEHHO YIPOCTUTH MPOLECC MOCTPOCHUS MPHONIMKAIOIIET0 MHOTOWICHA U, KaK CIe-
CTBHE, COKPATUTh BPEMs Ha MTOCTPOCHHE MTPOTHOZUPYIOIIECH MOJENH (3TO O4eHb BYKHO MPH pa3padOTKe COOT-
BETCTBYIOIIETO IPOTPAMMHOTO OOCCITCICHHSI ).

Hlar 5. CKoppeKTHpOBaTh IMOCTOSTHHBIN WICH JTHHSHHONW MOIETH 110 hopmMyIie

@ =7 - aty 1) N=N= 2 5=5(1y).

U 3alIACaTh YTOUHEHHYIO MOJeb 1 porHosuposanus PIIIB B Bune

—M —

yU(e)=a+ a(t—1y), t € Lyper- 3)
Jrtan 2: NOCTPOSHNE MOJIETH OCTATOUHOH COCTABIISIONIEH BPEMEHHOTO PSIIa.
I ar 6. Haiitu ocrarounyto cocrasustomyio (4, )= y(#, ) - y" (t,), k=0, 1, ..., N, nie y(#, ) — Bemuuunsl

PIIIB KOCMHYECKOTO arapara OTHOCHTEILHO CHCTEMHOI IIKAIbl BpeMeHn; y’! (tk) — 3HAYCHUS, BHIYMCIICH-
HBIE ¢ TTIOMOIIbI0 MojaenH (1).

Hlar 7. Beryucnuth no moxy4YeHHBIM Ha Imare 6 ocTtaTkam z(to), ey z(tN) MapaMeTpbl aBTOPErPECCUOH-
HOM MOJENH Oy, ..., o,
P
M _ M
M) =Y oy 2 (1) +&(t), (4)
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TJe p — MOPSA0K MOJEIH; s(tk) — MOCIIEZI0BATEIFHOCTh HE3aBUCHMBIX OIMHAKOBO PACIIPEIEIEHHBIX CITydai-
HBIX BEIMYHH C HYJIEBBIM MaTeMaTHYECKIM OXXKHIaHMEM M KOHEUHOW Jucriepcueit. J{ist onpeneneHus mapamer-
pOB Mozienu (4) MPUMEHSIIICS METOJ B3BEIIEHHBIX HAUMEHBIINX KBAJAPATOB, YUUTHIBAIOIINN HATWYIUE aJIH-
THUBHBIX omuOoK m3Mepenuii [17]. Ilopsamok Momenu ompenesuics Ha 0CHOBE WH(DOPMAIIMOHHOTO KPUTEPHS
AKanke, HCXOsI 13 BEIOpAaHHOW TOYHOCTH.

Hlar 8. ChopmMupoBars pe3yIsTUPYIONIYI0 MOIETH TIPOTHO3a CISAYIOIMNM 00pa3oM:

ynporHOS(tk):yM([k)-k ZM (tk)’ tkEInpor' (5)

ITocTpoenne Ha sTane 1 nuHeHON Moxenu, onuckiBatomiei PIIIB Ha MepHOM MHTEpBaie, MOXKET UCTIONb-
30BaThCs JUISI BOCCTAHOBJICHHSI TPOIYIIEHHBIX JaHHBIX, 4 €€ KOPPEKIHA Ha dTare 2 1MOo3BoysgeT 0e3 JT0mo-
HUTENBHBIX BBIUMCIHUTENBHBIX 3aTpar mocTpouTh nporuo3 PIIB. I'padudeckast mimrocTpaus ABYyX3TalTHOTO
noaxoza K nmporaosuposanuio PIIIB mpusenena Ha puc. 4.

7,4300

7,4298

7,4296

7,4294

10°¢

74292

KOPPEKLIUH|
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7,4290

7,4288
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I
I
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I
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I
I
I
I
I
I
I
I
I

MepHslit HHTEpBaNT Murepsan nporxnosa
— . )

1 1 1 SN T 1 1 L1 1 1
06:00 07:00 08:00 09:00 10:00 11:00 12:00 13:00 14:00

Bpewms

Puc. 4. I'padhmaeckast HIUTIOCTpAILKS IBYXITAITHOTO MOAX0/IA K MOCTPOSHHIO Moienu mporao3a PLIB
1o anoctepuopHbIM JaHHbIM PIIIB kocmuueckoro anmapara RO1 (cm. puc. 1)

Fig. 4. Graphic illustration of a two-stage approach to the construction of the forecast model
of time scale divergence by a posteriori data of time scale divergence for spacecraft RO1 (see fig. 1)

Pe3yJ'[I>TaTI>I U UX 06cymefme

J1st uncineHHoro uecneaoBanus 3pQEKTUBHOCTH ABYX3TAIIHOTO aJIrOPUTMa IMOCTPOEHUS] MOZENIN IPOTHO-
supoBanus PIIIB ucnons3oBanucs anoctepuopHsie qanusie PIIB, npenocrasnennsie CBO2BII ans kocmu-
geckux ammaparoB RO1 — R24 (3a uckmouennem kocmudeckux anmaparoB R06, R09, R10, R23) na romoBom
HHTEpBaJie HAOIIOACHUSI.

Beutn BEIOpaHbI cieayronye napaMeTpbl MOJIeIMpoBanusi: HHTepBai Hadmonenus — ¢ 00:00 01.01.2021 .
o 23:59 31.12.2021 r.; MepHBbIil uHTEpBaN — /, = 6 4; HHTepBal A1 yTO4YHEeHUs koddduiuenTa a, —

orpen
Lo = 0,25 4; UHTEpBAJ IPOTHO3a — =05u, /] =luul_ =24

1 npor npor npor

st moctpoenust imHelHoM Monenu (1) rogoBoii nHTepBasl HaOMIOACHUS pa30uBaJICs Ha k HEKOPPEIHPO-
BAaHHBIX MEPHBIX HHTEPBAIIOB /... B KauecTBe XapaKTepPUCTUK TOYHOCTH OCTPOCHHUS MOJIENH Ha HHTEpBAIe
HaOIIOACHUS UCIONb30BAINCH MAaKCUMAJIBHOE, CpelHee U MUHMMAJIbHOE 3HAUCHHS CPEIHEKBAAPaTHUECKOTO
orkiionenus (CKO) no ypoBHIO JIoBepuTeNbHON BeposiTHOCTH 0,95, omnpezeinsieMbie Ha BCEX kK MEPHBIX HMH-
TepBanax. Takxke ObUIO pacCUUTAHO MPOLEHTHOE OTHOLIEHUE KOJIMYECTBAa UHTEPBaIoB, i KoTopbix CKO He
npessimano 0,3 u 0,5 He, K 001EeMy KOTH4eCTBY HHTEPBAJIOB K.

B Ta6m1. 4 u 5 v Ha puc. 5—7 11 pa3TUYHBIX KOCMHYECKHX allapaToB MPUBEIEHBI BEIMYMHB MUHUMAJIBHO-
ro, cpeanero, MmakcumanbHoro CKO 1o ypoBHIO A0BepUTENbHOU BepossTHOCTH 0,95 A1 pa3HbIX UHTEPBAJIOB
MIPOrHO3a MPU UCIIOIB30BAHUN OJJTHOITAITHOM MPOIleTyphl MPOrHO3UPOBaHUs (Ha ocHOBe MozeinH (3)) U AByX-

STAIHOH MPOIEAYPHl IPOTHO3UPOBaHUS (Ha OCHOBE MoJenH (5)).
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Kak BuiHO U3 puc. 8, oMOKM MPOTHO3UPOBAHUS [TPH JBYXAITAITHOM MOCTPOSHHH MOJICIIH XOPOIIO OTHCHI-
BAIOTCSl HOPMAJIBHBIM 3aKOHOM pacrpezeneHus. IlapaMeTpsl HOpMaabHOIO 3aKOHA pacIpenelIeHus], XapaKTe-
pHU3yIOIIKe OTKIOHEHUS HaOJIF0aeMbIX 3HAUYE€HHH OT MPOTHO3HBIX, PUBEIECHBI B TA0. 6.

ézﬂpmwﬂ ______ et T

()’8 L H H H H H H H H H
0,7 -
0,6 -

Zost
04
0,3
0,2
0,1

0
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Puc. 8. ®yHKUUs pacupeiesieH s OIMOOK IPOTHO3UPOBAHHS
Fig. 8. Prediction error distribution function

TaGnuua 6
ITapameTpsI HOPMAJILHOTO 3aKOHA pacHpeieeHs
Table 6
Parameters of normal distribution
Unrepsan OpHOATanHbIN NOAXO0/ JIByXaTanHslil noaxozn

TPOrHO3a, 4 c, 107 u, 1070 c,107° w1077

1 0,916 0,028 0,908 0,026

2 1,465 0,035 1,453 0,027

I[MIpumeuanue. Mcrnoms3yemble 0003HAUESHHS: G — JUCTIEPCHS; L — MATEMAaTHIECKOE OJKHIAHHE.

Taxum o6pazom, st Bcex kocmudeckux ammapatoB [JIOHACC nByxaTamHblii OIX0A K TOCTPOCHUIO MOJICITH
nporuo3upoBanust PIIIB o0ecrieunBaet MeHbIlIee 3HAYSHUE TIOTPEITHOCTH IPOTHO3a, YEM OJHOITAITHBIH TOIXO/.

AHanu3 noydeHHsbIX pe3ynsraroB oneHkrn CKO npornosa PIIIB kocmuuecknx annaparos [JIOHACC mno-
3BOJISIET CAENATh CIEAYIOIINE BBIBOJIBI.

1. IIpu ucmonb30BaHUM JIByXATAITHOTO MOAXOAA YBEIUIMBACTCS KOJTUYCCTBO MHTEPBAJIOB MPOTHO3a, IS
kotopeix CKO ne npessimaer 0,3 u 0,5 He (A7151 HEKOTOPHIX KOCMUYECKUX allapaToB POCT JaHHOTO MOKa3aTels
cocrasisieT 10 2 % npu npornose Ha 0,5 4 1 1o 1 % npu npornose Ha 1 u 2 u).

2. Hammydmmast TOYHOCTB MPOTHO3a JOCTHTAETCs Ha mHTepBae 0,5 1, Hanxyamas — Ha HHTepBaie 2 9 (Kak
JUTST OMHODSTAITHOTO, TaK M JUISI IByXATAITHOTO MTOIX0/1a).

3. dus 76 % xocmuueckux anmapatoB cpennee 3HadeHue CKO mporuosa Ha 0,5 1 He mpeBsimaet 0,5 He,
JUTSL OCTAITBHBIX KOCMUYecKkux anmaparoB — 0,9 He.

4. KommaectBo peanmsanuii mporao3a PILB, mis kotopeix CKO He nipeBbimaet 0,5 HC, HAXOMUTCS B AUATIa30-
Hax oT 24 10 86 % mpu nporunoze Ha 0,5 4, ot 10 10 68 % mpu mporHose Ha 1 4, ot 3 10 45 % npu porHo3e Ha 2 4.

5. st 67 % kocMuueckux anmapaToB MakcuMaibHoe 3HadeHne CKO nporHosa Ha 0,5 4 He npeBbIlIaeT
1 HC, 1715 OCTaTBHBIX KOCMHUYECKUX aIllapaToB ATOT MMOKa3aTellb HaXOAUTCs B quana3one ot 1,0 mo 2,2 He.

6. MO>KHO BBIIENIHUTH TPYIITY KocMudeckux ammaparoB (R02, R13, R22), nns kotopsix CKO 3aMeTHO BHITIIE,
YeM ISl OCTATBHBIX KOCMUYECKUX alapaToB, KaK IIPH UCTIOIB30BAHUN MOJIETH (3), TaK U IPH UCTIOIB30BAHUN
monenu (5).

3akaroueHmne

[Ipennoxxen AByxdTamHbIi Moaxox K mporHo3upoBanuio PIIIB kocmuuecknx ammaparo [JIOHACC ot-
HOCHTENTFHO CUCTEMHOH LIKaJIbl BPEMEHH Ha OCHOBE KOMOWHAIIMN JTMHEHHON MOAEIH CO CKOPPEKTHPOBAHHBIM
MOCTOSTHHBIM KOA(PHULIMEHTOM, TOCTPOSHHOH ISl TPEHI0BOM cocTaistomiei psyaa PLLB, u aBroperpeccuon-
HOM MOJIEJIU, ONTMCHIBAIOIIEN OCTATOYHYIO cocTaBistolyo psaaa PIIB.
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B nesom npuMeHeHue AByX3TaIllHOTO MoAX0a K nporHo3uposanuto PIIIB no3BosiseT Ha Kaxa0M MEpHOM
nHTepBaje yMeHpnTh 3HaueHne CKO, uyTo npuBoanT K yBenuyeHuro Ha 1-2 % KonudyecTBa MHTEPBAJIOB MPO-
rHo3a, 111 kKoTopsix CKO e npesrimaer 0,3—0,5 He Ha rooBOM HHTEpBaie HabmoneHus. OgHAKO 3a7a4a 1M0-
CTpOEHHS MaTeMaTu4yecKoi Mojiesy mporHo3uposanus noseaenus PIIB kocmuueckux anmaparos [JIOHACC
OTHOCHTEJIFHO CUCTEMHOMH IIKaJbl BpEMEHH C TIOrpenrHocThio He 6osee 0,3—0,5 HC Mo ypOBHIO BEPOSITHOCTH
0,95 ocraercs akTyajIbHOMH.
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OCOBEHHOCTHU MANIMHHONU APUOMETUKU
BBICOKOITPONU3BOANTEABHBIX MOAYASPHBIX
BBIYVICAUTEABHBIX CTPYKTYP

A. ®. YEPHABCKHH", E. H. KO3J10BA",|A. A. KOJIATA")|

Y Unemumym npuknaouvix gusuveckux npoénem um. A. H. Ceguenxo BI'Y,
yi. Akaoemuxa Kypuamosa, 7, 220045, . Munck, Berapyco

PaccmoTpens! mponeaypsl (hOpMHPOBAHUS MOAYISPHOTO KOJA JAJSl PA3IUYHBIX BapHAHTOB MOAYJSPHBIX CHCTEM
cuucnenns. OnpeneneHsl 0COOEHHOCTH MAIIMHHOM apru(pMETHKH 02a30BBIX HHTETPAIBHBIX XapaKTEPHUCTHK MOAYIISIPHOTO
koza. [IpeuioxkeHo j0Ka3areabcTBO TEOPEMbl O MHHHUMAJIbHO M30BITOYHOM MOJIYJISIPHOM KOAMPOBaHHM Kak 3ddek-
THUBHOM CII0CO0€ CHI)KEHHSI BDEMEHH BBIYHCIICHUS! HHTETPAJIbHBIX XapaKTePUCTUK MOAYJsIpHOTO Kozia. [lokazaHo, uto
BBEJICHUE B MOJYJISIPHBIN KOJ] MUHUMaJIEHOW N30BITOYHOCTH CYIIIECTBEHHO YIPOIIAET pacyeT HHTEPBaIbHO-MH/IEKCHBIX
XapaKTEePUCTUK M CBI3AHHBIX C HUMH (OPM TIPEICTABICHUS LEIJIBIX YHCEN ITPH PEaTU3alny psijia HEMOIYJIBHBIX Ollepa-
1uit. OTMedeHo HEKOTOpOoe YMEHbIIeHNE (P (HEKTHBHOCTH MHHUMAIBHO H30BITOUHBIX MOAYJISIPHBIX CHCTEM CUHCICHNUS
10 MepPe yBEIHUEHHS B NCIONB3YEMbIX IPUIOKCHHUAX KOJTUUECTBA MHTETPAIBHBIX XaPAaKTEPHUCTUK MOAYISIPHOTO KOAA,
a TaKkXKe [IPU U3MEHEHUH 3HaKa Yuciia WM HU(p MOIMaJudeckoro Koga. ITo 00CTOATEIbCTBO HE CHIDKAET LeJIeco00-
pa3HOCTH NMPUMEHEHHST MHHUMAJIbHO M30BITOYHBIX MOAYJSIPHBIX CHCTEM CUMCIICHHUS B MIMPOKOH cepe mpuitokeHun
MUHHMaJIbHO M30BITOYHON MOIYISIPHOH apU(METHKHU, BKIIOYass CUCTEMbI HU(PPOBOH 00pabOTKH CHUTHAJIOB, 3AIIUTHI
nHpOpMaIK, HTHPOPMAIIMOHHBIE TEXHOJIOTHH U JIp.

Knrouegvie cnoea: MonynsipHasi apu)MeTHKa; MUHUMAIGHO H30BITOYHBIN MOIYJISIPHBIN KO/I; MHTETPAIbHBIC XapaKTe-
PUCTUKH MOAYJISIPHOTO KOAA.
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1 KOCMHUYECKHE TEXHOJIOTHH, 0€30MacHOCTh 001IecTBa 1 rocyaapcersa» (moanporpamma «Lludpossie TexHonoruu u koc-

Muueckas HH(popmaTHkay, 3aganue 5.1.6.3).
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FEATURES OF MACHINE ARITHMETICS
OF HIGH-PERFORMANCE MODULAR COMPUTING STRUCTURES
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The procedures for generating a modular code for various variants of modular number systems are herein considered.
The features of machine arithmetic of the basic integral characteristics of the modular code are noted. Proof of the theo-
rem on minimally redundant modular coding is proposed as an effective way to reduce the time of computing the integral
characteristics of a modular code. It is shown that the introduction of minimal redundancy into a modular code greatly
simplifies the calculation of interval-index characteristics and related forms of representing integers when implementing
a number of non-modular operations. We noted a certain decrease in the efficiency of minimally redundant modular num-
ber systems if the number of integral characteristics of the modular code, the sign of the number or digits of the polyadic
code increases in the used applications. This circumstance does not reduce the expediency of using minimally redundant
modular number systems in a wide range of applications of minimally redundant modular arithmetics, including digital
signal processing, information security, information technology, etc.

Keywords: modular arithmetics; minimally redundant modular code; integral characteristics of minimally redundant
modular code.
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BBenenune

Cymectsyromye (HopMbl apajuiebHONH 00paboTky HH(pOpMaLKU pean3yloTCs pa3InIHbBIMU YUCIOBBIMH
CHCTEMaMU C MapajuiesIbHON CTPYKTYypoid. B mociennue roasl HabnroaaeTcst pocT BHUMAHHS K MCCIIEIOBAHUSM
B 00JIACTH TEOPUU U NPUIIOKEHUH MOy TApHbIX crucTeM cuucieHus: (MCC), KOTopble XapaKTepu3yIOTCsl MaKCH-
MaJIbHBIM YPOBHEM BHYTPEHHETO napauiennu3Ma. C TOUKH 3pEHUs MPUHIMIIOB BEICOKOCKOPOCTHBIX BAPUAHTOB
MOCTPOCHMS MAIIMHHOM apruPMETHKH Hanboee cylecTBeHHbIMU focTonHcTBaMU MCC siBisitoTCs TaONMUaHast
CTPYKTYypa aJlrOpUTMOB, ITapaJlIeNn3M 0a30BbIX HEMOLYJIBHBIX HPOLENYP, UX MOAYILHOCTb M IPOCTOTA KOHBEHe-
pH3alrHU Ha YPOBHE ONIEPALlUil Hal MaJIOpa3psIHBIMH BBIYETAMH, BHICOKAS 3(PPEKTUBHOCTH KOPPEKTHPYIOLINX
KOZIOBBIX KOHCTPYKLHUH.

B pabore paccmarpuBatoTcst nmpouenypsl GopMUpOBaHUS MOIYIISIPHOTO KOJa Ul Pa3IMYHBIX BapUaHTOB
MCC [1-9]. OtmeuaroTcsi 0COOCHHOCTH MAIIMHHOW apuU(pMETHKH 0a30BBIX WHTETPAJIbHBIX XapaKTEPUCTHK
moayssipHoro kozxa (MXMK). Hamepenno peako ucnosb3yercs crennanbHas MaTeMaTudecKast TEpMUHOJIOT S,
XapaxTepHas i OOJbIIMHCTBA MyOIUKanuii BEIOpaHHOH TeMaTHKH. [1o MHEHUIO aBTOPOB, 3TO 00EeCTIeUnT Mo-
JIOKUTEIBbHYIO 3aMHTEPECOBAHHOCTD B IPOUYTEHUHU CTATHH IIMPOKUM KPYTOM CIICLMATINCTOB PaAHO(GHU3NIECKOTO
U MHXEHEPHO-TEXHUYIECKOTo MpoduIIs.

dopmMupoBaHHE MOTYJISIPHOTO KO/Ia

YerpolicTBa MOOYJISIPHOTO THIIA PEATU3YIOT BBIYMCIUTEIbHbBIC IPOLECCHl B BUAE MOCIIEI0BATEILHOCTEH
MOZYJBHBIX ONEPALUIl CIOKEHHS, BBIYUTAHUS 1 YMHOXKEHHsI LIEJIBIX yucesl Oe3 aHajiu3a Ha IEperoHeHHUE.
Apudmernueckue npoueaypsl Haja sneMeHTamu auanazona M B MCC npous3BoasTcsi HE3aBUCUMBIMU APYT
OT JIpyra onepauusiMHi 110 €€ OCHOBAaHUAM (KaXJIOMy W3 MOAYJEH), 4TO M ONpeneiseT napajien3M TaKux
cucreM. OOBIYHO 3TH MPOLECCHI CONMPOBOXKIAIOTCS OIIEPALMSIMU JICICHUS HA KOHCTaHTY (MacIliTabupoBaHus),
OZJMHOYHBIMHM HEMOJYIbHBIMHU OIIEPALlMAMH U AP.

DyHIaMeHTaNbHYI0 3HAYMMOCTh B MOAY/IAPHON apu(METHKE UMEET IpoLenypa GopMHUPOBAHUSI MOLYIISIPHO-

10 K0zia (X;, X,, ..., X; ), OTBEYAIOIIEIO MHOKECTBY LiE/IbIX Yrces X H YIOBICTBOPSIOLIEr0 CHCTEME CPABHEHHUIA
X = x,(modm,),

X = x,(modm,), M
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Ecnu HarypanbHble uucia m;, m,, ..., M, IOIAPHO IPOCThI (KaXblii MOAYJIb m; UMEET 110 KpaiiHel Mepe

ABa IIOJIOKUTCIIbHBIX ACJIUTEIA — m; 1 1), TO pCUHICHUEM 9TOM CHCTEMEI SIBIISICTCS KJIACC BBIYCTOB I10 MOIYJIIO
k

M, = Hmi, KOTOpBI 3a7jaeTCs CPABHEHUEM

i=1 k
ko _
X[ =) M,y o x; (mod M), ()
i=1
IJ1€ TVIABHBIE KOMIIOHEHTBI
M —
= M _ |1 _ .
M, = 71" Hi k= ‘Mi,k‘mi’ X = [X]mi, i=1,
[Tapamerp ‘M i }C‘ = X, SIBIISIFOIIMICS MYJIBTHIUIMKaTHBHOM WHBEPCHEH, T. €. 00paTHBIM AIIEMEHTOM I10 MO-

m:

nymo m; Benwaunsl M, | (i, )= X, onpenensiercs 110 cranaapTHOi Gopmyite:

X; = |X |m‘_,
rae
|X|m =1, mem, 3)
B Heus6biTounbix MCC Kak10My MOLYISPHOMY KORY (X, X,, ..., X; ) OTBEYAET LENOE YKCIIO, 4 HE KIACC

BBIUETOB, IIPH 3TOM B3aUMHAsI OJIHO3HAYHOCTH 0OecIieunBaeTcst BRIOopoM pabodero quarnazona D Ha ocHoBe pas-
JIMYHBIX MHOXKECTB BBIYETOB. DTy POJIb, KaK MPABHIIO, BHIOIHSIIOT MHOXKECTBA

Zy, ={0. 1,0, My}

WIH
-] My M, M,
w1 P +1,..., B -1
IIpr MOmyJsSIpHOM KOIMPOBAaHUM KaxaAoMy X € D CTaBUTCS B COOTBETCTBUE KOJ, IIPEACTABISAIOLIAN
coboii Habop (X, X, ..., X; ) OCTATKOB X; = |X |m or jmesnenus X Ha m,, tae i =1, k. Ucnone3yeTcs 3anuch

Xz(xl, Xys e xk).
Jexonupyroriee 0ToOpaKeHHe BBITOIHAETCS 10 NPaBHUIaM

k
X= ZMi’kui’kxi npu XeZy,,
i=1 M,

k
X= ZMi,kui,kxi npu X eZy, .
i=1 M

IIpumep 1. Pemenne cucremsl cpaBHeHU (1) Ha OCHOBaHUU KJIacca BBIYETOB 110 MOAYIIO M, .
[IpeacraBum nenoe yucao X = 18 MoayaspHBIM KOLOM NPOCTHIX uucen (m, =2, m, =3, my =11, m, = 13).
CoOTBeTCTBYIOILAS CUCTEMA CPAaBHEHUI UMEET BUJL

18=0 (modm, =2),
18 =0 (mod m, = 3),
18 =7 (modm, =11),
18 =5 (modm, =13).
Ha ocrnoBanmuu cpaBHEeHHS (2) IS TIIABHBIX KOMIIOHEHT CHCTEMBI CpaBHEHHH (4) TToTydIaeM
M, =858, M, ,=429, M, ,=286,M; ,=78, M, ,= 66,

x=0,x=0,x3=7,x,=35,

“4)

M3 =11y 4= 1.
I'maBHBIE KOMIIOHEHTSHI [, 4 U [, , HE HIMEIOT 3HaUEHUH.

4
Iposepka: X = » M, 4p; ,x; (mod858)=(78-7 + 66 - 5)(mod858) = 876(mod858) =18.

i=1
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Korma nenoe uncno X Z;lk MPEACTABIIAETCS MOAYIISIPHBIM KOJIOM 3JIEMEHTA |X | oy, AMANasoHa Z,, , COOT-
k
BETCTBHE MEKy HUMH OTIMCHIBAETCS BRIPAKEHHEM
X=X], —sn(X)M, (5
rae sn(X ) — 3HaK IaHHOTO YHCIA.

Hapsiny ¢ apyrumu BepcusiMA MOAYJSIpHOW apu(METHKH Ha MPAKTUKE YacTO NMPUMEHSIETCS BEPCHUsi, HC-
MOJIB3YTOIIAs TIOIHATNIECKYI0 (POPMY LIEIOT0 YUCIIa, KOTOPas UMEET BH/T

k
|X|Mk: ZMi—lxia XeZ, My=1,x;¢€ Z”’i'
i=1

C y4eToM BeIpaxeHU (5) ToTydaeM PaBeHCTBO

2[x
sn(X)= 200 || 2u |
M, ny

e X, — CTapiui K03(GGULUUEHT MOIUAANYECKOH (POPMBI LIETOT0 YucIa |X | M,

Anroputm pacuera UXMK (panra pk(X ) UHTEpPBAJIIBHOTO HHAEKCA [ k(X ) U MOJIUATUYECKOTO Kola
(xk, I xl) yrcia X)) MO3BOJSET TaK)Ke OMPEENATh 3HAK YKciia U3 CHMMETPUYHOIO IMana3oHa Z;lk.
MonynspHbIil KOJ (xl, Xy eus xk) B SIBHOM BHUJE HE COACPKUT WH(POPMAIMIO O BEJTMYMHE SJIEMEHTOB €T0

pabouero nuanazona D. [{yis BeinmonHeHUs onepanuii, KaKUM-I1100 00pa3oM 3aBUCSIINX OT MECTOIOJIOKECHUS
3JIEMEHTOB BO MHOXKECTBE MJIM 3a mpenesioM auanaszoHa D, B8 MCC ucnonb3yloTcst onpeaeiacHHbie (opMbl
U OIlepaly MPEACTaBICHHs LIEJIOro Yucia yepe3 qudpsl MoAy sipHOTro Koza. ba3oBeie opmbl meioro yucia
JUIs1 HEMOZYJIBHBIX OIEpaliil BKIIOYAIOT OIHY WK Heckosibko MXMK.

J17151 BBINOJTHEHMS CIIOKHBIX HEMOAYIIBHBIX Ollepaliiii (KOHTPOJIb IEPEIONHEHNS, CPAaBHEHHUE YUCE, Olpesiernie-
HIE 3HaKa YnCIia, OKpyriieHue, aenenne u p.) B MCC ucnonbsyrores 6a3oBbie UXMK — pasr, s1po, MUHUMAaIbHBIN
ciest, K03 GUIUeHThl nonuaandeckoro npeacrasiaenus ynucell. Beioop UXMK u MetonoB nx hopmMupoBaHust
OIIpENeIIsieT CIOKHOCTh COOTBETCTBYIOIUX AJITOPUTMOB PEaM3alui HEMOAYJIbHBIX Ipouenyp. Paznudnsie
NXMK 1no3BoJIsII0T B paMKax OIpeiesIeHHOTo 0a30BOr0 MPEACTaBICHUS YMCEIN BBIICIATH U3 MOAY/ISIPHOTO KoJa
YHCciIa HCKOMYIO HH(OPMALUIO O €r0 BEJIMYHHE.

ba3oBbie unTerpasbubie xapakrepuctuku MCC

PanroBas dopma 1enoro uncia |X | M, I-ro mopsinka B MCC ¢ OCHOBaHUSIMU M, M, ..., M; 1 AUATa30HOM
Zy, = {0, L..., M- 1} OTIMICHIBACTCS BHIPKCHUSIMH [2 ]
1 1
|X|M1 = Z;M‘M;}xz‘m _Mlpl(X)ZMi,lxi,l - Mpy(X), x; = ‘Mz_}xz‘m (6)
= ; i

i=1

Crnenyer OTMETUTB, 4TO JUIS KaXJIOTO YucIia |X | w, € Z), CYUICCTBYET €IMHCTBEHHOE 3HAYCHHE PAHIOBOTO
ancna p,(X)=p(x;, x,, ..., x;). TI0CKONBKY BBIMMCICHHS 110 BBIP@KCHUIO (6) JIETKO PacriapalieIiBaroTes,
OHO IINPOKO UCTIONB3YETCs JUIsl BHIIOIHEHNST HEMOAYJIBHBIX ONepaliuii MOy sIPHBIMA KOHBEHEPHBIMH CTPYK-
TypamH, IIPH 3TOM OCHOBHOH OTlepanueil IBIIeTCs ONpeeleHne PAHTOBOTO YHCTa p(x).

YuuThIBas LIMPOKOE pacipocTpaHeHne cucteMHoro gpopmuposanus 6a3oBeix UXMK Ha ocHOBe nmocieno-
BaTeIbHOCTEH 3HaYCHUH M }, paccMOTPUM IPOLEAYPY BBIUMUCIEHUS CTPYKTYPBI U AJIEMEHTOB OJIHOM U3 TAKUX

MOCJIENOBATEIbHOCTEN.
ol a1
Ipumep 2. DopmupoBaHUe MOCIEA0BATEILHOCTH CTPYKTYPHBIX 3HAYEHUH ‘ M; ‘m , SIBILIIOIIUXCS MYJIBTU-

i

IUIMKaTUBHON MHBEPCHEH 110 MOYJISIM 711, COOTBETCTBYIOIUX I€MEHTOB UCXOHOI OCIe10BaTEIbHOCTH MO-
nynei M, .
Jis MCC ¢ ocHoBanusmu m; = 11, m, =13, m, =15, m, = 16 nonydeHs! ciegyronue 3HaUCHU MOJIY-
et M; y:
M, M, M,

Ml,k:M1,4:7123120’ M2’4:m—2:26405 M3’4:m_3:2288’
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M, M _mymymy

= ——= :—3 —_—
M4,4—m4 2145, M, 4 m ™ 195,
M M
M2’3:m—23:165,M3,3:m—;:143,

mym mym
M ,=—2=13, M, ,=——2=11.
H ml H mz

, SIBJIIOLINXCS 00-

o -1
I/ICHOJ'IBByeM BBIPpAXXCHUC (3) JJI OIIPEeACICHUS TTOCICAOBATCIBHOCTH 3HAUYCHHUN ‘Mz /

PaTHBIMH DJIEMEHTAMH T10 MOJIYJIKO /1, 3Ha4eHui M, ;, i, [ =1, k, ©CXOMHOM MOC/IENIOBATENBHOCTH, B PE3YIIbTA-
TE NOJTy9aeM

M—l

2,2 ‘1,3

-1 _ -1 _ _
‘MML =8, MML =2 =6,

-1 _
M| =1,

-1
M \ ~1
44l 7

1,

‘Ml_;‘ 7, Ml_»lz‘l,lz 6.

-1 _ -1 _
MML =3 MML =2

1,1

X .
Benuuuna N, ( X ) = ﬁ SIBIISICTCS MHTEPBATLHBIM HOMEPOM IIEJIOTO Yrcia X OTHOCHUTEIBHO MOMYJeH
l

my, My, My, ..., M, [ 21,
B MCC ¢ ocHOBaHMAMU m,, My, N, ..., m;> [ —2, [ >1, 1 TMana3oHoM ZM, paur p,; (|X|M,) qHcia |X|M] =
= (xl, Xy eues xl), X € Z, npeacrasisieTcs B BULE
pi(X)=p(X) + 6, (X), (7)
e
<
PI(X): m ZRi,l(xi) )
i=1
R = 2 pph = |-m |0 =1,1-1 8
i,l(xi)_ o [ X =|=m; il=1%i|m| o 1=1 ) 3
i m; ny
X
Rl,l(xl,l): M . 9
-1,
i
B MCC ¢ ocHOBaHMAMU M1y, My, ..., M, U YACIIA |X|M = (xl, Xy ees x,), XeZ, !l >1, makcumMaapHOE 3Ha-
!

yenne panra p,(X) = p, (|X . ) YIOBJIETBOPSET YCIOBUIO
1
P (X) <P max = max{p,(A)‘A €Zy, } <I-1,1>1.

Bennunna @,(X ) spisiercss muauManbHoii MUXMK mias memoro umciaa X B MCC ¢ ocHOBaHUSIMH

my, My, ..., M, _q, m;=1—2,1>1, n npunumaer 3Hauenue 0 nm 1.
WnTepBanbhblil HHAEKC 1, (X ) MIPOU3BOJILHOTO 3IeMeHTa X = (xl, Xy en x,) nMara3zoHa Z M, MCC c ocHo-
BaHWSIMU My, My, ..., m;>1—2,1>1, onuceiBaercs Gopmynon

L(X)=1,(X)+m0,(X),

il(X) = ZRi,l(xi)
i=1 -
JUtst uaTepBanbHOro uuaexca I (X ) v ero 9BKIMIOBBIX COCTABIIOUIMX — KOMIBIOTEPHOIO HHTEPBAIBHO-
ro MHAEKCca 7 (X ) Y TJIaBHOTO MHTEPBAJIBHOTO UHIEKCA J (X ) MIPOU3BOJILHOTO ANeMeHTa X = (xl, Xy eus xk)
CUMMETPUYHOIO quamna3oHa Z,,;, MCC ¢ OCHOBaHUAMMU My, My, ..., M1, M, = 2m,, m;, 2 k— 2, — neficTBUTEIb-

HBI CIICAYIOIINE COOTHOIIEHHUS [5; 6; 9]:
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1(X)= —pi1(X), (10)

J(X)= -~ - 2(0,(X) +sn(X)),

R =1(,,), =| S R(x)

i=1
my

Beoruets! R, , paccunthiBatoTcs 1o Gopmynam (8) u (9).

Anroputm Berancienns MXMK c IIPUMEHEHUEM UHTEPBAIbHO-UHICKCHOIO METOAA YETHOIO MOAYJIS pac-
CMOTpEH B pabote [9].

Juna ymydienns apuMeTHUeCKUX U HHBIX CBOMCTB YHCIOBBIX CHCTEM YacTO MUCTIONIb3YeTC s KOJ0Bas H30bI-
TOYHOCTH. [IpuMeHeHrne N30BITOYHOCTH KOJUPOBAHHS JIEMEHTOB Pab0overo Auana3oHa B MOIYIAPHBIX CTPYK-
Typax CyIIECTBEHHO YIIPOIIAaeT BBHITOJHEHHE HEMOAYIbHBIX onepanuid. OJHaKo 3TO 006ecreunBaeTcsl TOIHKO
NIPY BBEJICHUU OTHOCHTEIILHO OOJBINON H30BITOYHOCTH |, KaK CJIECTBUE, TPEOyeT 3HAUNTEIbHBIX alnaparyp-
HBIX 3aTpar. OTMEUEHHBIH HEJIOCTATOK B 3HAYUTEIILHONW Mepe YCTpaHsIeTCs P UCIIONB30BAHNM CTieU(rye-
CKOTO CrIoc00a BBEICHUS N30BITOYHOCTH, MTOJIOKEHHOTO B OCHOBY MUHUMAILHO u30bITounoit MCC [1; 3; 4; 7].

B u36s1Tounoit MCC nnTepBansHO-MonyinbHas Gpopma (MM®) nienoro uncna X 3aaeTcs COOTHOLICHUEM

i-1 -1
X=3 M, |:Mi,}—1xi:|m_ My L (X)) =DM ogx o+ My (X)), n
i

i=1 i=1

1(X)=-2 m" [ M, _lxi]m_ + M, _|X.

Habop Benmumnn (xl, Io1> X2, — 25 -ees X1, ,_1) U UHTEPBAJIbHBIN HHJEKC [ (X ) (OpMHUPYIOT HHTEPBAIBHO-

MOAYJISIPHBIA KOI LIe0oro yucia X.
C moMOIITBIO PAaHTOBOM U HHTEPBATBHO-HHIEKCHON XapaKTEPHUCTHK, a TAKXKE CBI3aHHBIX C HUMH (hOPM IIEIIOTO
YHClla MOYKHO peaji30BaTh BCE HEMOIYIIBHEIE OTIEPAITIH.

MunumaiabHo u3obiTouHast MCC (MUMCC)

OcCHOBOW MUHUMAaJIBHO H30BITOYHON KOH(pHTrypanuu mnpornenypsl pacdera UXMK cayxar UM (11),
3BKJIUJOBbI COCTABJIAIOIINE — KOMIIbIOTEPHBIN HHTEPBAIIbHBIN HUHJEKC [ (X ) U IJIaBHBIA NHTEPBAJIbHBIN HH-

nexc J(X), a Taxke nHTepBaNbHBIA HOMep N (X )= LgJ, munnmMaibHas UXMK ©,(.X) u Bciomorarers-
HBIA MOZYJIb /1,

[Ipr MUHUMAaNBHO M30BITOYHOM MOJYJISIPHOM KOIUPOBAHWUH MPUMEHSETCs quana3zoH D, MOIIHOCTh KOTO-
pOTO MCHBIIIE MOIITHOCTH JUaa30Ha Z;@ Kknaccuueckor Hen30bITouHoit MCC ¢ 6a3ucoM {ml, My, ..., mk}.

B cooTBeTcTBUM C KUTalCKO# TeopeMoii 00 ocTarkax npu rodom [ > 1 3agaBaemoe UMD (11) oToOpaxe-
Hue [, (X ) qrcia X OfHO3HAYHO KaK HA MHOXECTBE Z, TaK U Ha IHAMa30He Z), .

Teopema (0 MHHUMaJIBHO M30BITOYHOM MOIYISIPHOM KOAMPOBAHWHU Kak 3(pdekTnBHOM crocobe cHIbke-

Hust BpeMeHu BeruuciaeHuss UXMK). Ymobwr 6 MCC ¢ nonapno npocmuimu 0CHOGAHUAMU My, My, ..., M) UH-

mepeansuviii undexc 1(X ) karcoozo onevenma X = (X1, Xg, ooy X ), X = |X|m i=1, k, ouanazonaD=272,,, =
i

= ( -M, -M+1, ..., M—l) M =myM, | =mym, --- my |, My — 6CHOMO2AMENbHYIIL MOOYIb) NOAHOCHbIO

onpeoensnica KOMnbIOMEPHbIM UHMEPBAIbHBIM UHOEKCOM — gbluemom 1, (X ) HeobXx00UMO 1 OOCAMOYHO Gbl-
noaHumo caedyrowee yciogue [9]:

m22m+p, my>p, p=pg

— 1, max’
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20€ P =Py | may — MAKCUMATIBHOE 3HAYEHUE PAH2060T XAPAKMEPUCTIUKU Py _ (X ) (npul=k—1 6 popmyne (7)).
[Ipoananu3upyem cieayolye pacueTHbIC 3HAYEHUS AJI1 HHTEPBAIbHOIO UHAECKCa [ (X ) 1esoro yucia X:
[(X) = fk(X) - mksn(m0 -1 —fk (X)) =fk(X), eciu fk(X)< my,
. N (12)
I(X)=1,(X)—my, ecmn [ (X )= m,.
Beruerst R; k(x) R, k(x) paccuuThiBatoTcs 1o dpopmynam (8) u (9).
Ha ocnoBanuu ¢opmynsl (10) nmomaydeHsl cienyromye 3KcTpeMalbHble 3HaYSHHsI HHTePBaIbHOTO HH/CK-
cal(X):
-M+ X

T iin = M, _pk—l(X)|XED = ﬁ _pk—l(_M_XO)z_mO_pOa
(13)
X -M-M,_
max = M, _pk—l(X)|XGD = lel _pk—l(_M_Mk—l):mO_l'

C yuetom Beipaxenuii (13) pacuetnsie 3HaueHus (12) 1 HHTEpBAIBLHOTO UHACKCA [ (X ) uesoro uucia X
MOXKHO TIPEJICTABUTD B BHJIC

](X):fk mksn(mo—l— ))sz(X),ecnI/I fk(X)SI

max?

~

[(X)=1,(X) = my. ecmn T, (X) > L. (14)

Teopema OTHOCTHIO JOKa3aHa.

CpaBuenne popmyi (7) u (14) moka3pIBaeT, 9TO MEPEX0l K MUHIMAIBHO N30BITOYHOMY KOITUPOBAHHIO TT0-
3BOJISICT TPH OLIEHKE HHTEPBATIBHOTO MHACKCA [ (X ) BMECTO TPYAOEMKOU npoueaypsl cyxkenus MM nenoro
yycia X IpUMEHATh OTHOCUTENIBHO IIPOCTOE BBIPAXKEHUE sn(m0 -1-1 k(X ) .

HcnonrzoBarne MUMCC ¢ k070BO# H30BITOYHOCTHIO 3HAYUTEIHFHO YMEHBIIAET BEIYACITHTEIBHYIO CIIOXK-
HOCTb ONPEJIETEHNS 3HaYE€HU I NHTEPBAJIbHOIO UHAEKCA [ (X ) 1eJI0T0 yncia X, KOMIbIOTEPHOIO HHTEPBAIbHO-

~ I(X

ro uHaekca / (X ) = |I (X )| Y IJIJaBHOT'O MHTEPBAIILHOIO MHIEKca J (X ) = % . Tax, BIYUCIIEHHE UHTEP-
WIO 0

BaJILHOTO uHIekca [ k(X ) 1eyoro uncia X, 3aJaHHOr0 HEM30BITOUHBIM MOMYJISPHBIM KOJIOM (xl, Xy eus xk),

TpeOyet 0,5(k2+ S5k —12) MOJYJbHBIX ONepanuii u O,Sk(k —1) TabnuI Ui XpaHeHus: BerueToB (8) u (9).

B MUMCC cootBercTBytommue 3arparsl o ¢popmynam (12) coctaBisioT & MOTYJIBHBIX onepauuii u k Tabmuig
JUTS. XpaHeHus BeraeToB [9]. B ciayyae MUHMMaIbHON M30BITOYHOCTH KO3 duimeHTs nH)OPMAITMOHHON (-
(DEeKTMBHOCTHU 3a CUET CHIDKCHHS BBIYMCIHMTENBHBIX 3aTpaT Ha OIpEAeiCHUE MHTETPAIbHBIX XapaKTEPUCTHK
OLIEHUBAIOTCS 3HAYEHUSMHU

K2+ 5k —12
Kvo =5
JUISL YMciia MOJYJIbHBIX ONEpaLui,
K, = k-1
2

JUISL KOJTMYECTBA HEOOXOJUMBIX TaOJHII.
Takum o6paszom, ¢ yBenndenueM uncia k ocHoBannii MUMCC koadduunenTs napopmannonHoi 3¢ hex-

THUBHOCTH KMO nu KT AJITOPUTMHUYCCKUX CTPYKTYP BO3PACTAIOT, ACUMIITOTUYCCKHA HpI/I6J'II/DKa$ICB K BCJIMYHUHE —.
2

HpaKTI/I‘lCCKyIO BaXXHOCTh MMeeT obecneunBaemas B MUMCC MMPOCTOTA BBIIIOJHCHHUA BBIYHUCIIUTCIIbHBIX
mnmpoucayp B CMMMETPUYHBIX AHUAlla30HaX. B otnnune ot Hen3osITouHbIXx MCC I/IZ[GHTI/I(bI/IKa]_[I/ISI OTpuLareiib-
HbBIX U HEOTPULATCIIbHBIX KOMIIOHCHT pa60qero JuariasoHa D= ZZ_ ¢ TPOU3BOAUTCA C IIOMOIIBIO MHTCPBAJIbHO-

X 1 1(X)
ro Homepa N (X ) = ivat (hopMupyeMOTO TI0 TIIABHOMY MHTEPBAIBHOMY HHIEKCY J (X ) =| | 1 MH-
0

HuManbHOM MXMK @(X ), KOTOpBle OTBevaroT uuciay X € Z,,, B MCC ¢ 6a3ucom {ml, My, ooy My _y, mo}
U 11ana3oHoM Z,,, 0e3 UCIOIb30BaHUs YETHOIO MO 11,
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3akjaueHmne

BBenenne B MOy ISIpHBINA KO MUHIMAJIHHON H30BITOYHOCTH CYIIIECTBEHHO YIIPOIIAET PacYeT HHTEPBAIBHO-
WHJCKCHBIX XapaKTEPUCTHK U CBS3aHHBIX C HUMU ()OPM TIPEACTABICHHS [IEJI0T0 YHCia TP PeaTn3auy psijia
HEMOIYJIBHBIX oreparwii. Anroput™ pacdeta UXMK MOXHO peKoMeHI0BaTh B kKadecTBe 3()(PEKTHBHON OCHOBBI
CHHTE3a HEMOIYJIBHBIX MPOLEAYp, BKIIIOYasl paclIipeHne Koaa, MaclITaOMpOBaHNe, IEJICHHE EIOT0 YUCIa
(oOmmii cirydait), mpeodpazoBaHe MOAYIIIPHOTO KOZIA B TIO3UIIMOHHYIO CUCTEMY CUHCIICHHUS, KOHTPOJIH OTITHO0K
u 1ap. OgHAKo ciaemyeT OTMETUTh yMeHbeHne d¢dhexrusHocTH MUMCC 110 Mepe YBEIUYCHHS B HCTIOIB3Ye-
MBIX TIPHIOKEeHISIX KommdaecTBa MXMK, a Takke Mmpu M3MEHEHHH 3HAKa YUCIIA WM MUQP MOTHATHICCKOTO
koma. OTMedeHHOE 00CTOATEILCTBO HE CHIDKACT mefiecooOpasznoctu npumeneHuss MUMCC B mmpokoii cepe
MIPUIOKEHUH MUHIMATEHO U30BITOYHON MOIYISIPHOHN aprPMETHKH, TAKUX KaK CHCTEMBI IIUPPOBOI 00pabOTKH
CUTHAJIOB, 3aIUTHI HH(OPMAINH, HH(OPMAIIMOHHBIE TEXHOIOTHHN H JIp.
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AHHOTAIINU AEITOHWUPOBAHHBIX B BI'Y PABOT
INDICATIVE ABSTRACTS OF THE PAPERS DEPOSITED IN BSU

VIK 316:517(075.8)
Mapmon M. B. OCHOBBI MaTeMaTH4€CKOI0 AHAJHM3Aa B COHHMAJIBLHO-IKOHOMHYECKOH cdepe [DIeKTpoH-
HBIN pecypc] : yueO.-metoa. nmocodue / M. B. Mapton, O. A. Benbko, H. A. Mouceesa ; BI'Y. DnektpoH.
TekcToBble aH. Munck : BI'Y, 2023. 79 c. : un. bubnuorp.: ¢. 78-79. Pexxum nocrtyna: https://elib.bsu.by/
handle/123456789/295970. 3arn. ¢ axpana. Jlen. B BI'Y 29.03.2023, Ne 002229032023.
VY4ebHo-MeTonuueckoe nocodue npegHa3HaueHo Uil CTyAeHTOB (akynbTeTa punocoduu n connuanbHbIX
Hayk BI'Y cnenmanbHOCTEH «COIUONIOTHS», «COIMAIbHBIC KOMMYHHKAITIY. Kaxaas TeMa CoIepKUT UCTOPHU-
YCCKHUEC CBCIACHUA, TeOpeTI/I‘IeCKI/Iﬁ Marepuall, IpuMEPbI pCUHICHUA, 3a1a4n JJIsI CAMOCTOATCIBHOTO PEIICHUA
1 BOIIPOCHI AJIs1 CAMOKOHTPOJISL. MHOTHE MaTeMaTHueCKUe MOHATUS MIUTIOCTPUPYIOTCS IPUMEpPaMH U3 COLIHO-
JIOTUU U SKOHOMHUKH.

VIK 316:512.64(075.8)
Benvko O. A. DneMeHTHI JUHEHHOW aiaredpbl U UX MPUMeHEHHE B COIMATBLHO-DKOHOMHYECKO# cdepe
[DnexTpoHHbIH pecypc] : yuebd.-meton. mocodue / O. A. Benbko, M. B. Mapron, H. A. Mouceesa ; BI'Y. Onek-
TPOH. TeKCTOBEIE JaH. MuHck : BI'Y, 2023. 74 c. : wi., Tabn. bubnuorp.: c. 73-74. Pexxum nocryma: https://elib.
bsu.by/handle/123456789/295977. 3arn. ¢ akpana. Jlemn. B BI'Y 29.03.2023, Ne 002329032023.
Y4eOHO0-MeToaruIecKoe Moco0ue MpeTHaA3HAuYEHO TS CTYNEeHTOB (pakyasTeTa GHIoco(Guu U COMMaIbHBIX HAyK
BI'Y cnienmanbHOCTEH «COIHOIOTHSI», «COLUAITLHBIC KOMMYHHUKAIMNY. Kaxaas TeMa CoepKHUT HCTOPHUCCKUE
CBEJICHUS, TEOPETUUCCKHI MaTepUall, IPUMEPbI PEILICHHSI, 3a/1a4H [T CAMOCTOSTEIILHOTO PEIICHHS i BOTIPOCHI
JUTS CAMOKOHTPOJIs. B Kaxk 1011 1i1aBe pUBEICHBI JTa00paTopHbIe PabOoThI ¢ HCIOIb30BaHueM MS Excel. MHorue
MaTeMaTHYeCKUE MOHATHUS HILTIOCTPUPYIOTCS IIPUMEPAMHU M3 COIIMOJIOTHU ¥ SKOHOMHKH.

VIIK 519.2(075.8)

Benvko O. A. dneMeHTBI TeOpPHH BePOSITHOCTEIH [ DIeKTpOHHBIN pecypc] : yued.-merox. mocodue / O. A. Benbko,
M. B. Mapton, H. A. Mouceesa ; BI'Y. DnekTpon. TekctoBbie qan. Munck : BI'Y, 2023. 104 c. : un., Ta6mn.
bubmmorp.: c¢. 99-101. Pexxum goctyma: https://elib.bsu.by/handle/123456789/295981. 3arn. ¢ skpana. [erm.
B bI'Y 29.03.2023, Ne 002429032023.

Y4eOHO-MEeTOMYECKOe TOCOOUe MPeTHA3HAUCHO ISl CTYICHTOB (hakyiabreTa (pumocouu U CoruaibHbIX
Hayk bI'Y cnenmanbHOCTEN «COLMONIOTUSY», «COLMANIbHbIE KOMMYHUKalMWy. Kaxk1as TeMa coiepKUT UCTOPHU-
YecKue CBEJIEHUS, TCOPETHUECKUI MaTepHall, MPUMePhl PeIIeHHs, 3a/1adi ISl CAMOCTOSATEILHOTO PEIIeHUS
Y BOTIPOCHI JIJISi CAMOKOHTPOJIS. MHOTHE MaTeMaTHYeCKUE OHATHS HILTFOCTPUPYIOTCS IPUMEPAMH M3 COITHO-
JIOTUU M SKOHOMUKH.,

VIK 316:51(075.8)
Mapmon M. B. Dj1eMeHTbI TeOPHHU BePOATHOCTEH B COLMOJOIMYECKHX HCCICTOBAHUAX: 3JIeMEHThI KOM-
OMHATOPHUKHU [DIEeKTPOHHBINA pecypc] : yued.-meton. nmocodue / M. B. Mapton, O. A. Bensko, H. A. Mou-
ceeBa ; bI'Y. Dnekrpon. TekcToBble qan. Munck : BI'Y, 2023. 46 c. : ui. bubnuorp.: c. 45—46. Pexxum goctyna:
https://elib.bsu.by/handle/123456789/295983. 3arun. ¢ akpana. [en. B BI'Y 29.03.2023, Ne 002529032023.
Y4eOHO-MEeTOANIeCKOe TIOCOOME MpeaHa3HaAuCHO IS CTYACHTOB (dakyinbTeTa (GHIOCOPUN U COMMATBEHBIX
Hayk BI'Y crienmanbHOCTEH «COLMONOTUSY, «COLMATIbHBIE KOMMYHHKaLUm». Kaxaas TeMa conepKuT HCTOpU-
YEeCKUE CBEJICHUs, TEOPETHUECKUI MaTepuall, IPUMEPBI pellleHus, 3a1aun JJI CaMOCTOATEIbHOIO peIIeHus
Y BOTIPOCHI JJIsi CAMOKOHTPOJIsl. MHOTHE MaTeMaTH4eCKUe MTOHATHS HIUTIOCTPUPYIOTCS TPUMEpPaMH U3 COITHO-
JIOTMX ¥ SKOHOMHKH.
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VAK 510.3(075.8)
Benvko O. A. JieMeHTbI TEOPHH MHOKeCTB [ DIEKTPOHHBIN pecypc] : yueb.-meroa. mocodue / O. A. Benbko,
M. B. Mapron, H. A. Mouceesa ; BI'Y. Dnekrpon. TekctoBble an. MuHck : BI'Y, 2023. 49 c. : wi. bubnuorp.:
c. 48-49. Pexxum nocrymna: https://elib.bsu.by/handle/123456789/295984. 3arn. ¢ sxpana. [lemn. B BI'Y 29.03.2023,
Ne 002629032023.

VY4eOHO-MeToInuecKoe Mocodue MnpeIHa3HaueHo JUTs CTyACHTOB (akynbrera GUIocoPpHU U COIMATbHBIX
Hayk BI'Y crniennanbHOCTEN «COLMOIIOTHS», «COLMAIIbHbIE KOMMYHUKAaLMWy. Kaxkas Tema conepKUT uCTopu-
YCCKHE CBCIACHUA, TeOpeTI/I‘IeCKHﬁ Marepurajl, NpuMEPblI pCUICHUA, 3a1a4n I CaMOCTOATCIIBHOTO PCHICHUA
1 BOIIPOCHI IJId CAMOKOHTPOJIA. MHorue MaTeMaTHdeCcKue TTOHSITHS WITIOCTPUPYIOTCA ITpUMEPaMu U3 COIUO-
JIOTHH 1 DKOHOMUKHU.

VIK 316:519.2(075.8)
Benvko O. A. OcHOBBI MATEMATHYECKOH CTATHCTUKH U UX MPUMEHEHHE B COIMOJOTMYECKUX HCCIe]0Ba-
HMSIX [ DJIEKTPOHHBIN pecypc] : yueb.-meTox. mocodue / O. A. Benbko, M. B. Mapron, H. A. Mouceesa ; BI'V.
DnekTpoH. TekcToBble AaH. MuHck : BI'Y, 2023. 110 c. : un., Tabn. bubnuorp.: c. 102—104. Pexum nocryna:
https://elib.bsu.by/handle/123456789/295986. 3arun. ¢ akpana. [en. B BI'Y 29.03.2023, Ne 002729032023.
VYuebHo-MeToanuecKoe nocodue mpeIHa3HaveHo st CTYACHTOB (hakynbreTa GHI0COMHN U COIMATBHBIX HAYK
BI'Y crenmanbHOCTEH «COIMOTIOTHS, «COITMATBHBIC KOMMYHUKAINWY. Kaxmas TeMa COIepKUT UCTOPHUICCKUE
CBCICHMUA, TCOpCTI/I‘IeCKI/Iﬁ Marepuall, MIpUMEpsI pCIICHU, 3a1a4 JJI1 CaMOCTOATCIIbHOTI'O PEIICHUA 1 BOIIPOCHI
JUTSI CAMOKOHTPOJIS. B Kayk 1011 1i1aBe pUBE/ICHBI JTabopaTropHbie paboThI ¢ McIob3oBanueM MS Excel. Muorue
MAaTEMAaTUYCCKUEC IMOHATUA UIIJIIOCTPUPYIOTCA MMPpUMEPAMU U3 COLIMOJIOTUH U DKOHOMUKH.

VIK 004.42(075.8)

Paconvko I A. MeToabl MpOorpaMMHUPOBAaHMsA [DIIEKTPOHHBIN pecypc] : 3JIEKTPOH. y4ed.-MeTOJl. KOMILIEKC
s crent. 1-31 03 01 «Maremaruka (1o HarpaBieHUsIM)», Hanpasinenue crerl. 1-31 03 01-02 «Maremaruka
(mayuHo-nenaroruueckas aesrenbHocts)» / I. A. Paconbko, E. B. Kpemens, FO. A. Kpemens ; BI'Y. DiexrpoH.
TeKCTOBBIC 1aH. MuHck : BI'Y, 2023. 226 c. : un., Tabn. bubmuorp.: c. 225. Pexum nocryna: https://elib.bsu.by/
handle/123456789/296006. 3aru. ¢ skpana. len. B BI'Y 03.04.2023, Ne 002803042023.

OnekTpoHHBIH ydyeOHO-MeToandeckuii kKoMmiuieke (DYMK) no yueOHol aucunmimie «MeToasl mporpam-
MHUPOBaHUS» MpeAHa3HAuCH sl CTyAeHToB cnenuanbHocth 1-31 03 01 «Maremaruka (1Mo HarpaBICHUSIM)»,
HanpasieHue cneruanbHoctd 1-31 03 01-02 «Matemaruka (HayqHO-TeJarorndeckas 1eATelnbHOCTh)». DY MK
COZICPKUT TEKCThI JICKINH, TIIAaHbI JTa00OPaTOPHBIX 3aHITUH, IEPEYCHb KOHTPOJILHBIX BOIPOCOB, TECTHI, CITUCKH
PEKOMEH/I0BaHHOH JINTEPATYPHI.

VIK 004.42(075.8)
Paconvko I A. TexHoJ1oruu NporpaMMupoBaHusi [ DJIEKTPOHHBIHN pecypc] : 31eKTpOoH. y4e0.-MeTo. KOMILIEKC
quist criett. 1-31 03 01 «Maremaruka (1o HarpaBlIeHUsIM )», Hanpasienue crenl. 1-31 03 01-02 «Maremaruka
(HayuHo-nenaroruueckas aearesnbHocts)» / 1. A. Paconbko, E. B. Kpemens, FO. A. Kpemens ; BI'Y. Daexrpon.
TekcToBbIe 1aH. MuHck : BI'Y, 2023. 352 c. : un., Tabn. bubmuorp.: ¢. 351-352. Pexum noctyna: https://elib.
bsu.by/handle/123456789/296007. 3ar. ¢ akpana. [len. B BI'Y 03.04.2023, Ne 002903042023.
OnexTpoHHbIH yueOHo-MeTonnueckuii kommieke (Y MK) o yueOHo# aucuumnnmne « TeXHOI0ruH Mporpam-
MHUPOBaHUS» MpeJHa3HaueH A CTyAeHTOB criennaibHocTh 1-31 03 01 «Marematnka (110 HampaBICHHIM)»,
Hanpasnenue cneunansHoct 1-31 03 01-02 «MaremaTrka (HayqHO-TIeIaroruuecKast 1esTeabHOCTb)». DYMK
COZICPKUT TEKCTHI JICKLNH, TIIAaHbI JTA00PATOPHBIX 3aHITUH, IEPEUCHb KOHTPOJILHBIX BOIPOCOB, TECTHI, CITUCKH
PEKOMEH/I0BaHHOH JINTEPATYPHI.

VAK 517(075.8)(076.5)
Kenuux H. B. BBeteHre B MaTeMaTH4eCKNH aHaJM3 [DJIEKTPOHHBINA pecypc] : IPakKTUKyM Ui CTy[AEHTOB
cuent. 1-26 02 02-06 «MenemxmenT (B cdepe mexxayHapoanoro typusma)» / H. B Kenuuk, C. H. bapanos-
ckas ; BI'Y. Dnekrpon. TekcroBele gaH. Munck : BI'Y, 2023. 68 c. : wi. bubnuorp.: c. 67. Pexxum nocryna:
https://elib.bsu.by/handle/123456789/296539. 3arn. ¢ skpana. en. B BI'Y 27.04.2023, Ne 003927042023.
[IpakTuKy™m npeaHa3HaueH A7 CTYACHTOB (PaKyabTeTa MEXIyHapoIHbIX OTHOIIEeHHH BI'Y cnennansHocTn
«MEHEIDKMEHT B cepe MexXIyHapOJHOTo TypusMa». Kaxxaplil pasaen coaepsKuT nepedyeHb OCHOBHBIX MOHS-
THH ¥ TEOpeM, IPUMEPHI PELICHUS THIIOBBIX 3a/1a4, 33124 U151 CAMOCTOSITEIILHOTO PEIICHHS Ha TPAKTHIECKUX
3aHATHSIX, @ TAKXKE 3a/1a4¥ JJ151 TOJTOTOBKU K KOHTPOJIBHBIM U CaMOCTOSITENIbHBIM paboTaM. B mocoduu B kax-
JIOM pasJienie TaKKe MPeACTaBICHBI 3a7a4, CBA3aHHBIE CO CIICIMAIN3alnuei CTYJeHTOB.
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VIK 004.432.045:004.738.5Java(075.8)
Kpasuyx A. C. OOII B s13bike Java. COOPHUK 321aHUI M TEMATHYECKUX PUMEPOB [ DIEeKTPOHHBIHN pecypc] :
y4eb. marepuaisl ast cTymeHnToB crerl. 1-31 03 08 «Maremarnka U HHQOpPMAITMOHHBIE TEXHOJIOTHH (10 Ha-
npasienusim)» / A. C. KpaBuyk, A. U. Kpasuyk, E. B. Kpemens ; BI'Y. DnexkrpoH. TekctoBblie naH. MUHCK :
BI'Y,2023. 150 c. : mn. bubmumorp.: ¢. 149—150. Pexxum noctyna: https://elib.bsu.by/handle/123456789/296927.
3ar. ¢ akpana. [em. 8 BI'Y 10.05.2023, Ne 004210052023.

COopHUK 3aJaH1l IPeAHA3HAYEH VIS IPOPaOOTKHU MPUEMOB OOBEKTHO OPHEHTHPOBAHHOTO IIPOrPAMMUPOBAHUS
B si3bIKe Java. M3nanue cofepuT 3a1a41 Ha 00padoTKy MacCHBOB, pealli3aliio HHTepQeicoB, HACIIeIOBaHKE, HC-
MOJIb30BaHKE KOJJIEKLIUH, JHKEHEPUKOB H JIIMOIa-BbIpakeHHH. B Kax 101 TeMe MPUBOSTCS IPUMEPHI PELICHUS
TUTIOBBIX 3a/1a4 ¥ BAPMAHTHI HHANBUIYAIBHBIX 3a/1aHni. V3/1aHe OpHEeHTHPOBAHO B IIEPBYIO O4Yepeib Ha TeX,
KTO HE UMEET ONbITa MPAKTHYECKOTO MPOrpaMMUPOBAHUS Ha sI3bIKE Java, U aJipecyercst CTYJCHTaM, a TaKkKe
BCEM, KTO XOTeJ Obl HAyYUThCS MPUEMaM MTPOrPaMMHUPOBAHS CTAaHAAPTHBIX 3a/1a4.

VAK 004.432.045C++(075.8)

Kpasuyx A. C. S13p1ik C++. UMnepaTuBHOe porpaMMupoBaHue [DIeKTpOHHBIN pecypc] : yueO. maTepua-
nbl uist cryaentos crerl. 1-31 03 08 «Maremaruka 1 nHQOPMaIMOHHBIE TEXHOJIOTUH (T10 HAITPABICHUSIM)» /
A. C. KpaBuyk, A. 1. KpaBuyk, E. B. Kpemens ; BI'Y. Onextpon. TekcroBsle naH. Munck : BI'Y, 2023. 389 c. :
nn. bubmworp.: ¢. 389. Pexxum mocryma: https://elib.bsu.by/handle/123456789/296928. 3arn. ¢ skpana. [lem.
B BI'Y 10.05.2023, Ne 004310052023.

W3nanue opueHTUPOBAHO HA PAa3BUTHE M 3aKPEIJICHUE Y CTYACHTOB MPO(eCCHOHATBHBIX HABBIKOB UCTIOJIb-
30BaHUS UMIIEPATUBHOTO TPOTPAMMHUPOBAHUS KaK OJHOTO U3 OCHOBHBIX HHCTPYMEHTOB PEIICHHS TPUKIIAJIHBIX
3a7a4. ITO OOBSICHAETCS TE€M, UTO CTYACHT 003aH XOPOIIO OCBOUTH METOIOIOTHIO UCIIONL30BaHus (PyHKUINH,
HPEIK/IE YeM OH Ha4HET [IOHUMATh, KaK UCIIOJIb3YIOTCSl METO/IbI IPH CO3JaHNH 0OBEKTOB KJIaCCOB U PadOTe C HUMHU.
B nocoOue BKITIOUEH TaKOH METOMMYECKUN MaTepral, Kak TaOIHUIIbl PYYHOTO cYeTa IMPOCTEHITNX alrOpUTMOB
U COTOCTaBIIeHNE KoJla TipocTeimux nporpamm Ha C++ u Pascal. 3nanue agpecyercs nmpexkie BCero CTyaeH-
TaMm, a TAK)Ke BCEM, KTO XOTeJ Obl HAyYUThCA IPHEMaM IPOrpaMMHUPOBAHHMS [TPH PEILICHUN CTaHJapTHBIX 3a7ad.

VIK 004(075.8)
Mouceesa H. A. UndopMannoHHbIe TEXHOJIOTHU [ DNEKTPOHHBIN pecypc] : BIEKTPOH. yue0.-MeTO. KOMILJIEKC
st criert. 1-25 01 03 «MupoBast skoHomuka» : B 2 4. Y. 1 / H. A. Mowuceesa, O. A. Benpko ; BI'Y. DnekTpom.
TekcToBble 1aH. MuHck : BI'Y, 2023. 131 c. : ui., Tabn. bubmuorp.: ¢. 130—131. Pexxum noctymna: https://elib.
bsu.by/handle/123456789/297259. 3arn. ¢ axpana. Jlemn. B BI'Y 17.05.2023, Ne 004417052023.
DNeKkTpoHHBIH yueOHO-MeTonnueckuil komruieke (YMK) o yueOnoit nuctmmummbe « THpopManoHHbIe
TexHosoruu. Yacts 1» mpeaHasHadueH Juisl cTyAeHToB crnennanbHocTu 1-25 01 03 «MupoBast SKOHOMHUKaY.
B DYMK conepskarcs JeKIIMOHHBIA MaTepHall, TUIaHbI TA00PAaTOPHBIX pa0doT, TPUMEPHBIE TECTOBBIC 3aaHus,
MPUMEpPHBIE TPOMEKYTOUHBIE KOHTPOJIbHBIE PaOOThI, BONPOCHI AJIsl HOATOTOBKH K 3a4€Ty, IPUMEpPHBIN TeMa-
TUYECKUH IJIaH, COepKaHue yueOHOTo MaTepuaa, CIUCOK JINTepaTyphl.

VK 004(075.8)
Mouceesa H. A. UndopMannoHHbIe TEXHOJIOTUH [ DIEKTPOHHBIN pecypc] : IeKTPOH. yueb.-MeTOT. KOMILIEKC
s crerl. 1-25 01 03 «Muposas sxkoHomuka» : B 2 4. Y. 2 / H. A. Mouceega, O. A. Benbko ; BI'Y. DnekrpoH.
TekcToBbIe 1aH. MuHck : BI'Y, 2023. 124 c. : un., Tabn. bubmmorp.: ¢. 122—124. Pexxum noctyna: https://elib.
bsu.by/handle/123456789/297260. 3arn. ¢ sxpana. Jemn. B BI'Y 17.05.2023, Ne 004517052023.
OneKkTpoHHbIH yueOHO-MeToanueckuii komiieke (OYMK) mo yueOHoi nuciuruinae « M HpopMannoHHbIe
TexHojoruu. Yacte 2» mpenHa3HayeH Ui CTyAeHTOB cnenuanbHocTH 1-25 01 03 «MupoBas 3KOHOMHKAY.
B DYMK coneprxarcst JIEKIMOHHBIH MaTepyal, TeMaTHKa U TUIaHbI JIA00PaTOPHBIX paboT, IpUMEpHbBIE TECTO-
BBIE 3aJ[aHHs, IIPUMEPHBIE MTPOMEXKYTOUYHbIE KOHTPOJIBHBIE PaOOTHI, BOPOCH! IS MOATOTOBKH K IK3aMEHY,
MPUMEPHBINA TEMaTHYECKUH IJIaH, COJlepKaHne YIeOHOTro MaTepuaia, CiuCcoK JINTeparyphl.

VAK 517.9(075.8)(076.3)

Juddepenuuaibubie ypaBHeHUs [ DIEKTPOHHBIN pecypc]| : TeCThI ISl CTYACHTOB YUPEKISHHUH BBICII. 00-
pa3oBaHMsI, 00yYarOIUXCs 1O CIIell. «paguo(pu3nKa 1 HHPOPMALMOHHBIE TEXHOIOTHIY, «IIPUKJIaaHas HHPOP-
MaTHKay, «QU3HKay, «IIPUKIagHasT PU3NKay, «KKHOepOe30IMacHOCThY, «yHIaMeHTalbHas (HU3HKaY, «SaepHas
(u3MKa M TEXHOIOTHUS, KMEAUIMHCKas (PU3UKa», «KoMmIbloTepHas ¢uzuka» / M. A. [nmeuesnu [u np.] ; BI'Y.
DnexTpoH. TekcToBble JaH. MuHck : BI'Y, 2023. 109 c. bubauorp.: c. 108. Pexxum moctymna: https://elib.bsu.by/
handle/123456789/298248. 3arun. ¢ skpana. [en. B BI'Y 07.06.2023, Ne 005607062023.
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B nannoe m3nanue BrimoueHo 6ornee 200 TeCTOBBIX BOIPOCOB PA3IMYHON CIIOKHOCTH, OXBATHIBAIOIINX BCE
TeMbl ucHUIInHb «{uddepennanbapie ypaBHEeHH», YATaeMON Ha Qu3rdeckoM (akyiasTeTe U (aKyibTe-
Te paanoU3NKNA ¥ KOMIBIOTEPHBIX TexHonorui bI'Y. B Bompocax moxeT ObITh KaK OAMH, TaK U HECKOJIBKO
MIPaBUIILHBIX BAPHAHTOB OTBETA. YPOBEHb CIOKHOCTH 3aJIaHUH 1 MX COfiep KaHNe TOJTHOCTHIO COOTBETCTBYIOT
TpeOOBaHMSM rOCYIapCTBEHHOTO 00pa30BaTEILHOTO CTaHIapTa 10 BBICIIEH MaTeMaTHKe JUIs PU3HYECKHX CIIe-
UATBHOCTEH yUpexkIeHUI BhIcIIero oopasoBanus PecryOnnku Benapyce.

VIIK 004.432.045C++(0.75.8)+004.428(075.8)

Kpasuyx A. C. S13p1k C++. O0beKTHO OpHEHTHPOBAHHOE MporpaMmMmupoBanue. buéanorexa STL [Onexrpon-
HBIN pecypc] : yue0. marepuasl it cTyneHToB creil. 6-05-0533-07 «Matemaruka U KOMIIBIOTEPHBIC HAYKU
(o mpommmzarmsim)» / A. C. Kpauyk, A. U. Kpasuyk, E. B. Kpemens ; BI'Y. DnekrpoH. TekcToBble qaH. MUHCK :
BI'Y, 2023. 291 c. : wn. bubnuorp.: ¢. 291. Pexxum nocrymna: https://elib.bsu.by/handle/123456789/299941. 3aru.
¢ akpana. [em. B BI'Y 28.06.2023, Ne 006528062023.

PaccmarpuBaroTcest Kiacchl, pa3iMuHbIe acleKThl padoThl ¢ HUMU. [1o1poOHO paccMaTpuBaeTCsi MEXaHU3M
HacJieJOBaHUsI, MCIIOJIb30BAHMS BUPTYILHBIX (DYHKIUH, a TaKKe a0CTPaKTHBIX KiaccoB. J{aloTcsi OCHOBBI 1O-
CTPOCHUS arpaMM KJIacCOB, MCIOIB30BaHMS JIIMOAA-QYHKIMH 1 00paOOTKH UCKIIOUUTEIBHBIX CUTYaIHUH.
OOmmMpHBIiA pa3esn NOCBAIIEeH OMTUCaHuIo 0CHOB paboThl ¢ STL: paccMOTpeHBI HEKOTOPbIE KOHTEHHEPHI U aJIT0-
PUTMBI, IpaBHiIa CO3aHUsI PYHKTOPOB M OCHOBBI pabOThI C HUMH. B Kax 101 TeMe MPUBOISTCS HEOOXOAUMBIT
TEOPEeTUYECKUIl MaTeprai U Koj MPorpaMM, 4TO CYIIECTBEHHO YCKOpsIeT ycBaMBaHME Marepuaa. VM3nanue
ajipecyeTcst IPEeX/Ie BCEro CTYIEHTaM, a TAKXKe BCEM, KTO XOTeJ Obl HAyYHThCS IPHeMaM 0OBbEKTHO OpPUEHTH-
POBAHHOTO MPOrPaMMHUPOBAHMUSL.
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