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PEINIEHUS 3AAAY C PA3PBIBHBIMU YCAOBUSIMUA
AASL BOAHOBOTO YPABHEHUA

B. H. KOP3IOK"'?, 4. B. PY/IbKO", B. B. KOJIAYKO?®

Y Uuemumym mamemamuxu HAH Benapycu, ya. Cypeanosa, 11, 220072, o. Munck, Benapyce
2)Eeﬂ0pyccxuﬁ eocyoapcemeennblil yHusepcumem, np. Hezasucumocmu, 4, 220030, e. Munck, Berapyco

PaccMoTpeHs! pa3IiyuHbIe MOIXO/b! K PEIIEHUI0 CMEIIaHHBIX 3a/1ad ¢ Pa3pBIBHBIMU YCIOBHSIMU JJIS1 BOJIHOBOTO ypaB-
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Juddepennnanbubie ypaBHeHHsI H ONITHMAJIbHOE YIPABIeHHE
Differential Equations and Optimal Control

MoJTyOECKOHEYHOTO YIIPYTOTO CTEPXKHS C pa3phIBHBIMU HaYaJIbHBIMU ¥ TPAHUYHBIMU YCIOBUSAMHU. MOJICIIBHBIM TPUMEPOM
CITy’)KUT 3aJ1a4a O KOJIeOaHUAX CTEPIKHS ITOCIIE TIPOIOIFHOTO yapa B TOPEIl (B YaCTHOCTH, ITOCIIC BBICTPEIIA IUTACTHIMHOBOM
yJieH, MPUIMTAIONIEH K KOHITY CTEePIKHS).

Knrouesvie cnosa: omHOMEPHOE BOIHOBOE YpaBHEHHE; HEOAHOPOJHOE YpaBHEHHE; CMEIIaHHAs 3a/1a4a; pa3phIBHBIC
HayaJIbHBIC YCIIOBHUS; Pa3phIBHBIC TPAaHIUYHBIC YCIOBHUS; TIPOJONBHEIN yIap; METO XapaKTepUCTHK; Tpeodpa3oBanue Jla-
maca.

bnrazooapnocme. Pabora BrinonHena npu (GUHAHCOBOH ToAepKke MUHHUCTEPCTBA HAYKH M BBICILIETO 00pa30BaHMs
Poccuiickoit denepanyu B paMKax peajr3aluyd MporpaMMbl MOCKOBCKOTO IEHTpa (YHAAMEHTAIFHONW W TPUKIIATHON
Maremaruku (cornamenue Ne 075-15-2022-284) u HarnonanbeHoit akagemun Hayk benmapycu (moroop Ne 2023-25-019).

SOLUTIONS OF PROBLEMS
WITH DISCONTINUOUS CONDITIONS
FOR THE WAVE EQUATION

V. I. KORZYUK™", J. V. RUDZKO?®, V. V. KOLYACHKO"

nstitute of Mathematics, National Academy of Sciences of Belarus,
11 Surganava Street, Minsk 220072, Belarus
Belarusian State University, 4 Niezaliezhnasci Avenue, Minsk 220030, Belarus

Corresponding author: J. V. Rudzko (janycz@yahoo.com)

In this paper, we consider various approaches to solving of mixed problems with discontinuous conditions based on
functional and classical methods. We show differences in solutions, which correspond to different techniques (the Laplace
transform and the method of characteristics) and definitions. We demonstrate the results on the case of one boundary-value
problem from the theory of mechanical impact about longitudinal oscillations of a semi-infinite elastic rod with disconti-
nuous initial and boundary conditions. A model example is the problem of vibrations of the rod after a longitudinal impact
on the end (e. g., shooting a plasticine bullet sticking to the end of a rod).

Keywords: one-dimensional wave equation; inhomogeneous equation; mixed problem; discontinuous initial condi-
tions; discontinuous boundary conditions; longitudinal impact; method of characteristics; Laplace transform.
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BBenenue

VYpaBHEHHS C YaCTHBIMH MTPOU3BOJHBIMU MPH HATMYWH Pa3phIBHBIX HAUYAIBHBIX U TPAHUYHBIX YCIIOBUH JI0-
BOJIBHO IIMPOKO BCTPEYAIOTCS B Pa3JIMUHBIX IPUIIOKECHUSIX, HATPUMED IIPU U3YUE€HHHU yIApHBIX BOJH B cpefe [1].
O06b19H0 TO100HBIE SBICHUS MOJCITUPYIOTCS C TOMOIIBIO 3aa4u Kot nimi cMenranHo#| 3a71a49u ¢ pa3pbIBHBIMU
YCIOBUSMH. DTO IPUBOAUT K TPYJHOCTSIM B ONIPEACTICHUSIX U HHTEpIpETalusIX pemeHuit [2].

Takwe 3a/1a41 9aCcTO PemaroTcst C TOMOIIBIO TipeoopazoBanus Dypre [3—5], mpeodpazosanus Jlamraca [6—9]
Y MHBIX WHTETPAIbHBIX U (yHKIIMOHATIBHBIX peoOpazoBanuii [10—19]. OqHako 3T METO/BI HE OXBATHIBAIOT
BCE BO3MOXKHBIE CITydau 3a1anus ycinoBuid Komm [20], mockonbKy 0OpaTHBIE HHTETpaIbHEIE TPe0Opa3oBaHMUs,
KaK TIPaBHIIO, CXOMITCS K TIOJTyCYMME JICBOCTOPOHHETO U TIPABOCTOPOHHETO Tpeneios [21].

B HacTosmei crarbe paccMOTPUM OAHY 3a/1auy M3 TEOPUH MEXaHHMUECKOTO yaapa 10 yIpyromy OIXHOPOJI-
HOMY CTepHI0. Pemmnm ee AByMs criocobaMu — ¢ TIOMOIIBIO ITpeoOpazoBanust Jlammaca 1 METOIOM XapakTe-
PUCTUK. DTHU MOAXOABI JayT OTIAMYAIOIIUECS PELICHHUS, HO HalWZeM CIIOCO0 UX COIIacoBaTh. TaKkke MOKaKeM,
YTO UMeeTCsl OECKOHEYHOE MHOKECTBO Pa3IMYHBIX BAPUAHTOB OIPEIEIICHUS KIIACCHYECKOTO PEIISHUS 3a/1a91
B CHJTy HEOJJHO3HAYHOCTH BbIOOpa YCIIOBUH COMPSIKEHNS Ha XapaKTEPUCTHKE, OJJHAKO B KaX/IOM M3 HUX pellle-
HUE CYIIECTBYET, U OHO €INHCTBEHHO.

IIpocreiimas 3agaya

IMocTanoBka 3axaun. PaccMoTpuM npocTenIyto 3a1a4y U3 TEOPUU MEXaHn4Ieckoro yrapa. [1ycTs B HauaabHBbIM
MOMEHT BpeMeHHU ¢ = () TOKOSIIIMICS CTEPKEHB MOIBEPICs MPOA0ILHOMY yaapy rpy30M Maccoit M 1o koHiry x =0,
KOTOPBIN UMEET yIPyToe 3aKpeIuicHue, MPUUeM B JAIbHEHIIIEM TPY3 0CTACTCS B COMPUKOCHOBEHUU CO CTEPXK-
HeM (T. e. ymap sBisiercs abcomoTHO HeynpyruM). Kpome Toro, momaraem, 4to Ha CTEpKeHb HE JIEHCTBYIOT



ZKypnaa Besopycckoro rocyiapcrseHHOro ynusepcurera. Maremaruka. Mudgopmaruka. 2023;3:6-18
Journal of the Belarusian State University. Mathematics and Informatics. 2023;3:6-18

BHEIITHUE 00beMHBIe cUIbl. Toraa, mpeHedperas BECOM CTEPIKHs KaK CUIION U €ro BO3MOKHBIMU BEPTHKAIbHBIMU
OTKJIOHEHHSAMH, JJIS ONIPEICIICHHUS CMEIICHNH ¢ HaliieM peleHue CMEITAaHHOH 3a/1a91 B 3aMbIKaHUHU () 00JIacTH

0 =(0, ) x (0, ) 1ByX He3aBHCHMBIX IEPEMEHHBIX (Z, X ) € 0 cR?
(8,2—a283)u(t, x)=0,0< <00, 0<x<o0,

’ ’ o ’ 0, x>0,

(03—b28x+cz)u(t, 0)=0,0<7<co.

B sanaue (1) o’ = %, b= %, A= ﬁ, rre £ > 0 — MOIyiIh yIpyrocTd CTepkHs; p > () — IMIIOTHOCTH MaTepua-
na crepxkHst; S > 0 — mwIomaab MonepevyHoro CeYeHus CTepxHs; k > 0 — K03 PUIMEHT )KECTKOCTU JTMHEWHOTO
YIPYToro 3JIeMEeHTa, K KOTOPOMY IPUKpeIUieH KoHel X = 0 CTepKHS; v — CKOPOCTh yaapsowiero rpysa. Kpo-
Me TOTO, [ojlaraeM, YTo MaTepHhall U NOoNepeuHble pa3Mephl Ipy3a U CTEPKHS PUMEPHO OJIMHAKOBBIC U yAap
HEHTPaNLHBIHN (IPYy3 HE MOXKET YAAPUTh 3HAYUTEIILHO BBIIIE HITH HUXKE IIEHTPA MOTIEPEYHOTO CEUCHUS, TAK KaK
VWHaYe HEOOXOUMO yUNUTHIBATh U3THO).

ClleyeT OTMETHTb, YTO MATEMATHYECKH He MMEeT 3HAYCHHMS, KAKOTO 3HaKa BeaHunHsl b° u ¢ Hecmotps
Ha TOT (haKT, 4TO, HCXO/s M3 PU3UIECKHUX MPEAIONOKeHHit, b> > 0 1 ¢* > 0, B 1anbHeiiIIeM 3a1a4i pacCMaTpH-
BAKOTCS B OOIIEM BHJIE HE3aBHCHMO OT 3HAKA BEIUUHH b H ¢,

Pemenue 3agauu ¢ moMourb0 npeodpazosanus Jlammaca. Crenys padore [22], npumernM GopMaibHO
K 3agade (1) mpeobpazoBanue Jlammaca mo mepeMeHHOM ¢

o0

¥(p. x)=L[u)(p. x)= (s, X)exp(~pt)at

Nmeem
Oou B B a_u _a_y
£ %) pox) =l )= 0., £] 2| 2) =2 (),
*u 2 Ou o’u %y
L 87 (p, x):p u(p, x) —pu(O, x) - E(O’ x), L 8x_2 (p, x):ax—z(p, x).

W3 BhIIEIPUBEICHHBIX BHIPAXKEHUH BUJIHO, YTO BHEMHTETPaJIbHBIE WICHBI B hopMynax npeobdpazoBanus Jla-
rIaca Juist TPOU3BOTHBIX OTOPACHIBAIOTCS M JAHHBIN METOJI SIBIISIETCS, 110 CYTH, IBPUCTUIECCKHIM.
B takom cityyae nony4um COeKTpasIbHYIO 3a/1ady

(PZ— azaf)y(p, x)=0, 0<x<om,
(P> =0, +*)y(p, 0)=v, y(p, ) =0,

pereHne KOTOPOH JIETKO 3alUChIBACTCS B BUIE
av

y(p, x)= exp(—%j, 0<x<oo.

ac* + b*p + ap®
[TpumenuB obpaTHOE peodpazoBanue Jlamnaca

G +im

) |
= = — 1
u(t, x)=L"[»](, x) 2m_‘l)linwc_i@y(p, x)exp( pt)dp,
TIOJTYYHM pelieHre uexoaHon 3anaun (1) B Bume
B 2av x bz(x —at) (ar —x) b* — 4a*c?
M(t, X) = m@(f - Ej exXp 2a2 sh 2a2 . (2)

rae 0 — gysknmst XeBucaiaa.

OtMmetnm, uto cornacHo Gopmyie (2) npH yaape B KaK/I0i TOUKe B HEKOTOPBIH MOMEHT BPEMEHH BO3HHKACT
CKAuOK CHJIBI, IBWKYIIUICS BIIOJIb CTEPIKHS U IPOXOASIIUI Yepe3 KKy TOYKY MTHOBEHHO. Du3nuecku 3to,
KOHEYHO, HEBO3MOXHO, TaK KaK yJap UMEET CBOK MPOJOJDKUTEIBLHOCTh, HO B paMKaX JaHHOM 3a/laud 3TUM
BpeMEHeM TpeHedperaeM.
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4 22 [
Ecmu b* — 4a’c” < 0, o npu mo6oM BHIGOPE 3HAUCHUS KOMILIEKCHOTO KopHs /b* — 4a’c? B dhopmyre (2)
IOJTy4aeTCsl OTHO M TO K€ BEIIECTBEHHOE peIlIeHNE.
Pemenne 3a1aun MeToqoM xapakrepucTuk. Pemast 3agaqy (1) Mmetogom xapaktepucTHk [23], momydaem

0, X — at 2 05
u(t, x) = av exp bz(x - at) < (at - x)\/m Y — at <0. 3)
\/b4 —4a*c? 24° 2a° ’

Bunno, 9To manHOe perieHre BABOE MEHbBINE, €M TO PElIeHHe, KOTOPOe MOIydaeTcsl C TIOMOIIBIO Tpe-
oOpazoBanus Jlammaca. Bosankaer Bomnpoc: «llouemy 3T0 mpon30mIiIo U Kakoe pelieHre CleayeT CUnTaTh
BepHBIM?» OHO3HAYHOTO OTBETA HAa YKa3aHHBINA BOTIPOC HE CymiecTByeT. Tak, Harpumep, B kaure b. JI. Pox-
nectenckoro n H. H. Sluenko otHocuTenbHO 3amaun Komm B kitacce pa3pbIBHBIX (DyHKITUH CKa3aHO, YTO
«pa3NUYHBIC TIPOIECCHI MOTYT OIMCHIBATHCA OJHUMHU M TeMH ke Tu(depeHIINaIbHBIMU YPaBHEHUSIMHU, HO
Pa3HBIMH WHTETPaIbHBIMH 3aKOHAMHU coXpaHeHwus. [103ToMy pasnuune 3THUX MPOIECCOB MPOSBISETCS JHUIIb
Ha pa3pbIBHBIX pemeHusx» [24, ¢. 507]. BBoas HEKOTOpoe ONpeaesieHue PEeIIeHNs, «Mbl OTHO3HAYHO (PUKCH-
pyeM HHTEerpaIbHbIE 3aKOHBI coxpaHeHus» 24, c. 507]. [IpumepHOo Taxoii e moaxo]] U3I0KEeH B MOHOT pauu
k. B. Yuzema [25, p. 139], roe Tarxoke moqIepKHyTa HEETMHCTBEHHOCTD OMIPECTICHISI PEIICHNS, HO TPABIIILHBIM
MIPEJUIOKEHO CUUTATh TO PEIIeHNEe, KOTOPOE COOTBETCTBYET NCXOAHBIM (PM3UUECKUM MPEIAIONIOKEHUIM. XOTS
TaM k€ OTMEUYEHO, YTO YHCTO MaTeMaTHYECKH JII000€ 13 MOTYYSHHBIX PEIICHUH SBISETCS KOPPEKTHO OTIpese-
JeHHBIM. HeKoTOphIe MPUYHHBI BOSHUKHOBEHISI HECTMHCTBEHHOCTH MTPOAHATM3UPOBAHBI B ITyOnmukanmn [26].
B crarse [27] moka3aHo, 4T0 00001IeHNE KJIACCHYECKUX PEIIEHHUH 1a)ke B TPOCTOM CITydae BTOPOH CMEIIaHHON
3aJ1auy JJ1s OMHOMEPHOTO BOJTHOBOTO YpaBHEHUS 0€3 MOTepr OOITHOCTH MOXKET OBITh CAETaHO OECKOHEYHBIM
YHUCIIOM Pa3IMYHBIX CIIOCO0O0B, HO B KQXKJIOM M3 TaKHUX CITydaeB perieHre 0000IeHHON 3aa49u eJUHCTBEHHO.
B paborte [28] chopmymmpoBaHb! Hiest CBOOOIBI BEIOOPA MMPOCTPAHCTB, B KOTOPBIX UITYTCS PEIICHUS HauaabHO-
KpaeBBIX 3a/1a4, ¥ TpaBuiIa nepedopMyIHpOBKH BCeX TPeOOBaHMH 3a/1a91 B COOTBETCTBHHU C 3TUM BHIOOPOM.

Crnemyet OTMETHUTB, YTO B pelieHny (3) HapyIaeTcs 3aKOH COXPaHEHUS UMITYJIbCa: YIapsIIoIni Tpy3 Mac-
coif M B MOMEHT CONIPUKOCHOBEHHS C KOHIIOM YIIPYTOTO CTEP)KHS MTHOBEHHO TEpSET MOJIOBHHY CKOPOCTH.
ITo cyTH, 3TO ¥ €CTh MIUTIOCTPAIHSA BBIIIEU3I0KEHHOTO, HECMOTPS HA MaTeMaTHIEeCKH KOPPEKTHOE MTOCTPOCHNE
perieHusl.

O0o01eHne pelieHns 32/1a41 MeTO0M XapaKTePUCTUK

Paccmotpum neranpHO ocTpoeHue pemienus 3aaadu (1) metonom xapakrepuctuk. B padore [23] nzyuen
Oonee oOmwmii ciryvaii 3aga4n (1), KOTOPEI IMeeT BUJ

(Bf—azﬁf)u(t, x)=f(t, x), 0<t<oo,0<x <00,

~ _Jwi, x=0,
u(0, x)=(x),0< x <0, 3,u(0, x)= s (x), x>0, @
2 42 2 _ e 7=0,
(07 - 0%, + ¢ )u(1. 0)= (1), 1> 0.

Pemenue 3a1a4u (4) METOIOM XapaKTEPUCTUK CTPOUTCS U3 PEIICHHUS BCIIOMOTaTeIbHOM allpOKCHMAIINOH-
HOH 3a7a4u

(Gf—azaf)u(t, x)zf(t, x), O0<t<oo,0<x<o0,

v, (x), x<x¥

u(O, x)=(p(x), 0<x<oo, 6tu(0, x)=
\Vz(x), x> x5,

)
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npuaem x* > 0, ;11(0) =U,, \IJI(O) =y, w2|[x*’ ) =V,, u2|{£’ w] = [i,. B cBOIO 0Yepenp, KIaccHyecKkoe peleHne

3a1a4 (5) onpenesieTcs Kak KJIacCHUeCcKoe PELICHUE 3aaull ¢ YCIOBHSAMU conpspkenus [23]: Tpedyercst HailTi
KJIACCUUECKOE PELICHUE YPABHEHHS, yIOBJIETBOPSIOIIEee yciIoBUsIM Koy, rpaHi4HOMY YCIIOBHIO, @ TaKKe ycJo-

BUSIM COTIPSDKCHUS
[(u)+ - (u)_J(t, x*+ at) = [(u)+ - (u)_}(t, x*— at) =0, (6)

()" = ()" |(1 a) = ()" = (B,) |1, ar) =0, (7)

[(u)+ - (u)_}(t, at—x" ) = [(@u)Jr - (6,14)@(1, at—x" ) =0. (8)

+

31ech UCTONb30BaHbl 0003HaYeHUs ()~, KOTOPbIE COOTBETCTBYIOT IPEAEIbHBIM 3HAYCHUAM (QYHKLHMU U U €€
k

HPOM3BOMHEIX O, OYu ¢ pa3HBIX CTOPOH Ha XapaKTEPUCTHKAX BUAA X = r(t), T. €.

(8Foru) (e r(1)= lim aforu(s, r(r)=Ar),

rae k>0, p >0 u 7 ectb QyHKUUS 1€HCTBUTEIHLHOTO IEPEMEHHOTO.

Bosnukaer Bonpoc: «I[louemy B3sTBI HIMEHHO 3TH YCIIOBHS corlacoBaHus?» VX BbIOOp 00yciioBnuBaeTcs
CJIEAYIOIUMH (PaKTOPaMHU.

1. YcnoBue (6) 3amaercs Tak, YTOOBI penieHrne ObUIO HEeMTPEePBIBHBIM. [Ipyroli BEIOOp YCIOBUMN COMPSIKEHUS
Ha XapakTepUCTUKaxX X = X" £ af He TI03BOJISIET YIOBIETBOPUTH ycioBus Komn.

2. Ycnoue (7) 6epercs 1o TeM ke TPUIHHAM.

3. IlepBoe u3 ycioBuii (8) BeIOMpaeTcs, HCX0s U3 TpeOOBaHMSI HENPEPHIBHOCTH PELICHUs, TOIAa Kak 000-
CHOBaHHWE BTOPOTO U3 ycinoBuii (8) orcyrerByeT. OHO MPOCTO B3STO, YTOOBI (PyHKITUS ObliIa HETIPEPHIBHO-IU(D-
(epeHIMpyeMOil ITpH Nepexoie Yepe3 XapakTepUCTUKY X — at = —x*. Ho cyliecTByIOT U Ipyrue BapuaHThI 3a-
AaHus 3Toro yciaosus. Hanpumep, MokHO HOTpeOOBaTh, 4TOOBI M3MEHEHHS CKOPOCTH O, 1 Ha XapaKTEPHCTHKAX
X = at £ x* ObUIN OJJMHAKOBBIMH, KaK 3TO cJienaHo B padore [29, c. 70-73], T. e.

[(@uf - (8tu)7J(t, at — x*) = [(atu)* - (8,u)7J(t, at + x*). 9)

Ho maremarndecku, He Tepsist OOIIHOCTH, JIyIle OBIIIO ObI BHIOPATH
(o) = (@) |(t ar-x)=C" (10)

1 .
e c HEKOTOpasi KOHCTaHTa, BEIYUCIIsieMast U3 PU3HYECKUX COOOPaKEHHI, KOTOPBIE MPEICTABICHBI B pa3-
JUYIHBIX paboTax Mo TEOPHH yaapa U MEXaHHWKe CIUTOMIHEBIX cpex [1; 30-32].
Pemenne Takoit 3amaun OyieT eAMHCTBEHHBIM. V3 HEro MOYKHO MTOTYYIHTh pEIIeHUE 3a1a9 (4) IpeaeIbHbIM

nepexogoM. OHO CYIIECTBYET TOJNBKO HPH BBIIOJIHEHUU paBeHCTBA f (O, O) — ;11(0) + cz(p(O) + aZDZ(p(O) —
- sz(p(O) =0 ¥ yIOBIETBOPSIET YCIOBUIM COITIACOBAHHUS
() = () ]t ar)=0, [ ()" = (3u) |(t ar) =+ W

1 _ \Vz(0+) -y
Ecnu BeiGpars C'/ = - TO 9TO PElleHre OYAET CONIACOBAHO C TEM PENIEHUEM, KOTOPOE OBLIO IMO-

Jy4eHO ¢ TIOMOIIbI0 TipeoOpa3oBanust Jlamaca B mpocTeiiineM ciydae.

OcHoBHOI pe3ybrat

Teneps cTporo 000CHYyeM pacCyKICHUS MPeIbIayIIero ad3ana.
Omnpenesienne 1. HenpepriBHYI0 (DYHKIIMIO # Ha30BEM KJIACCHUYCCKUM pelieHueM 3aaauu (5), ecnu GpyHK-

LS U SIBIISIETCS ABAYXK 1Bl HEMPEPBIBHO-AU (P hepeHnpyeMoi 1 yIOBIETBOPSIET YPaBHEHHIO (8,2 —a’o; )u (¢, x) =
=f (t, x) BCIOZTY, 32 UCKJTIOUEHUEM XapaKTepUCTHK X — af = 0, x —at = £x* 1 x + at = x*, nepBoMy Ha4aJIbHOMY

YCIIOBHIO u(O, x) = (p(x), x > 0, BTopomy ycnosuto Komm
W, (x), x<x*

ou(0, x)=
\le(x), x> X"

(11)

10
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Ha MHO>KECTBE [O, x*) U (x*, oo) Y TPAHUYHOMY YCJIOBHIO

(67— 5°0, + ¢ Ju(t, 0)=fi(r) = (12)

x* x*
Ha MHOXkecTBe | 0, 1Yl Kpome toro, ¢ynkums u Ha Xapaktepuctukax x — at = 0, x — at = £x*

U X + at = X" yIOBIETBOPSET yCinoBusM compsikerus (6), (7), (10).

Onpenenenne 2. HenpepriBHY0 GyHKIHIO 4 HA30BEM KJIACCHYECKUM PELIeHNEM 3a1a4u (4), eclii OHa U ee
YacTHBIE TPOU3BOAHBIC TIEPBOTO M BTOPOTO MOPSAKA (TaMm, I1e CYLIECTBYIOT) SIBISIOTCS TOTOUYSYHBIM Mpee-
JIOM KJIACCHYECKHX pEIeHUH 3a1auu (4) U X YaCTHBIX MPOU3BOAHBIX COOTBETCTBEHHO Npu X* — 0.

3ameuanue 1. Onpenenenue 1 naHHOM pabOTHI OTIIMYAETCS OT ONpeAeeHus |, mpuBeIeHHOTo B cTarbe [23],
MTOCKOJIBKY ycioBust conpsikenus (6), (7), (10) oTm4aroTes OT yCIOBHiA CONPSIKEHUS B yOmuKkanuu [23].

Teopema 1. Eciu swvinonnsromes yciogus enraokocmu [ € Cl(Q), Ppe Cz([O, oo)) y, € Cl([O, x*]),

y, € Cl([x*, oo)) 0, e C! [{0, %D [, e CIH%, ooJ] OJ1s1 3a0AHHBIX PYHKYULL, MO CYUWecmayen eOUHCm-

8eHHOE Kadccuueckoe peuterue 3aoauu (5) 6 cmvicie onpedenenus 1.

HoxazarenbcTBo. 1. CHauana 1oKakeM CyIeCTBOBaHUE JaHHOTO pereHus. Kak n3sectHo, obuiee pe-
IIEHUE HEOIHOPOIHOIO ypaBHEHMs IPEJCTaBIseT cOOOH CyMMy OOLIEro penieHHs OZHOPOIHOIO ypaBHEHUs
¥ YaCTHOTO pemieHus: HeomHopoaHoro ypaBHeHus [33]. [lycts w: QO — R — wacTHOe pelieHre HeOTHOPOIHOTO

ypaBHEHHSI, YIOBJIETBOPSIOIIEE OJJHOPOJHBIM yCiIoBHUsIM Kotn w(O, x) =0, W(O, x) =0ud; w(O, x) =f (0, x).
Taxoe pelienue w cymiectByeT [28; 33; 34], u oHO uMeet Buf [34]
t X+ a(t - ‘E)

w(t, x)zzl—ajdt I f(’l?,

0 x—a(t-1)

gl)de.

Ecmm fe CI(Q), TO WE CZ(Q).
Toraa obriee perienue ypaBaenust (1) 3anuceiBacTcs B BHJIE

u(t, x) = w(t, x) + g(l)(x - at) + g(z)(x + al), (13)
rae g(l) u g(z) — HEKOTOPBIE MOYTH BCIOY JBAX/Ibl HENPEPBIBHO-TU(p(epeHnpyembie QyHKIIUH.

VYnosnerBopsist yenosus Komu, momydaem GopMysibt

gV(x)= @ - 2—1axj*\pl(a)d§ +C, xe(0, x*),

1.
g(z)(x)z (p(2x) + Z_[wl(fg)df,— G, xe(O, x*),
) (14)
1 X
g(l)(x) = (p(2x) - Ziwz(ﬁ)dﬁ +C,, xe (x*, oo),
g(2)(x):(P(x) +L X\T, (&)d& C xe(x OO)
2 2437 z )

rae C, u C, — IpOU3BOJIBEHBIC TIOCTOSHHBIE N3 MHOJKECTBA JIeiicTBUTENBHBIX yncen R. M3 ycinoBus conpsoke-
Hus (6) caenyert, uro C, = C,.
Cornacno nipencrasienuto (13) u rpannaaomy ycinoBuio (12)

(07 =070, + ¢ Ju(t, 0) ==b* (8, (1, 0) + Dg"(=at) + Dg® (ar) ) + 7 w(, 0) +

+ CZ(W(t, 0)+ g(l)(—at) + g(2)(az)) +ad (ng(l)(_at) + ng(z)(az)) =i,(t), 1€ (O, %*J
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Otcroga nMeeM 0ObIKHOBEHHOE UG depeHINANbHOE YPaBHEHUE ISl OIPEACIeHUs PYHKIUH g(l) Ha OTpe3Ke
[ 0]

& (W(—g, oj +g0(z)+ g(z)(—z)j v (D% (z) + D () -
— b’ ( ﬁxw(—g, oj +Dg"(z)+ Dg(z)(—z)j =, (—5] - 8,2w(—§, 0), ze(-x70). (15)

YunreiBast ycioBue conpspkeHns (7), TOMHKHBI BHITOTHATHCS YCIOBHS

0 {
gV (0-)=¢ = gV (0+)=C + o0, 1 [wn(e)de,
2 2a; (16)

1 1 .
Dg"(0-) =y = D¢ (0+) =2 Dp(0) - - (0).

Ypasuenue (15) oTHOCHTETHHO (PYHKIINH g(l) BMecTe ¢ ycnosusiM (16) paccmarpuBaem Kak 3anady Ko
st i GepeHInanbHOr0 YpaBHEHHs BTOPOTo Topsiika. Pemas 9Ty 3a1ady, onydaem

0 b2z ©) z /b4_ 4a2c* 2a2\|1(0) _bz(P(o) z /b4_ 4a>c>
g (z)zexp — || ¢ ch > + sh > +
2a bt — 4a*c? 2a
z 20, e\ 14422
+I 2M(é) exp(b (Z g)]sh{(z %) b —da’c Jd&,ze(—x*, O), a7
0

2 2

2a 2a

- M(z)= ﬂ(—gj - afw(—g, oj + b (@w(—g, oj + Dg(z)(—z)j -
- [W(—g, oj + g(z)(—z)j ~a*D*g?(-z2), ze (-, 0).

1
B nensix momyueHns 0ObIKHOBEHHOTO AN (HepeHIMaIbHOTO YpaBHEHHS AJIs ONpeiesieH sl (DyHKIUH g( ) Ha
jy4de (—oo, —x*] BOCIOJIb3yeMCs TpaHUYHBIM yciaoBueM (12). B pesynbsrare nmMeem

& (W(_g, oj +g()+ g(z)(—z)j v a?(D2e0(2)+ D2 (=2) -

z ~ z z .
— b? [wa(—a, 0) + Dg(l)(z) + Dg(z)(—z)j =0, (—EJ - @zw[—z, OJ, ze (—oo, —X ) (18)
Yenosus Ko B 3ToM citydae HaiineM, ucxons u3 ycnosus coracoBanus (10). Ouu npumyT B

g(l)(—x* - 0) = (p(zo) = g(l)(—x* + O),

(1) (19)
(o) _C7 (O)(_

Dg ( X O)—\y2 =— + Dg ( X +0).
Benmmuunsr g(l) (—x* + 0) u Dg(l)(—x* + 0) BBEIIHCIIAIOTCS 110 hopmyte (17). Pemras 3amaay Komm (18), (19)

1
OTHOCHUTEIBHO (PYHKIIMU g( ), HoJTy4aeM

b*(z+x*
g(l)(z):exp # x
2a

(z +x* )\/b4 —4a°c? 202\11(20) _ b2(p(20) X (z + x*) b* — 4a°c?
24’ ’ Ny i 24

X (p(zo)ch

12
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. 2. 3 4 422
[ (S T
e \/b —4a°c 2a 2a

Takum ob6paszom, cortacHo Gopmynam (14), (17) u (20), mockonbKy GyHKIUS g(l) ObLIa omperesieHa s

BCEX JICWCTBUTEIBHBIX YUCEI, a QYHKIUSI g %) _ JU1s HONOKUTEIbHBIX YnCer, TO nocTpoeHa GyHKIHUS U, OTpe-
JiesieHHasi cooTHoreHrneM (13) Ha BceM mepBOM KBaJjpaHTe TUIOCKocTH. Ho Tipy mocTpoeHnu ObUIH BBEIEHBI
koHcTauTel C; u C,. Ilokaxem, uto dyHkuus u, 3agannas popmynamu (13), (14), (17) u (20), He 3aBUCUT OT
BbIOOpa KoHCTaHT nHTerpupoBanus C, u C, = C,. U3 npencrasnenwuii (13), (14), (17) u (20) cnenyer, 4to QyHK-
LS U SIBJISICTCSI HENPEPhIBHO-TUPPEepeHIUPYyEMO, €ClTi paccMaTpuBaTh €€ Kak (QyHKUHIO OT KoHCTaHT C,
u C,. Teneps, noacrasisist Beipaxenus (14), (17) u (20) u paBenctso C, = C, B cootHomenue (13), moaydaem

(vl )
oC,
Taxum oOpazom, pyHKIHs u, 3axanHas Gopmynamu (13), (14), (17) u (20), He 3aBUCUT OT BHIOOpa KOHC-

)

=0.

1 ~
ranter CU. 3mech OBUTO MCIIOBE30BAaHO 0003HAYCHHUE V =v| x—p ~ pHMEHEHNE (hyHKIIMH K 9acTH apryMcH-

TOB, KOTOpOE TpeodpasyeT GyHKIHIO v: X X ¥ S (x, y) —zeZ B Qynknuio v:Y 3y z e Z no hopmyne

7(y)=v(B. )

HenocpencreeHHo# npoBepkoii yoekaaeMcst, 4To GYHKIHS ¢ YIOBIETBOPsET ypaBHeHHO (1) 1 ycnoBusm (6),
(7), (10)—(12), 1. e. sABIIAETCSA pELIEHNEM UCXOAHOM 3a/1aur B CMBICIIE onpeneaeHns 1.

2. Tenepb JOKake€M €IUHCTBEHHOCTb pelleHus. IIpennonokum, 4To CyIecTBYIOT Ba PEILCHUS — U U U,.

) 2( A
Torga MOXXHO TOKa3aTh, YTO UX pazHocTh U = u; — u, sABuseTcs ¢pyHKuuen kiacca C (Q) U yAOBJIETBOPSIET
CMEIIaHHOM 3a7a4e

(67 a0} )U(t, x)=0,0<t <o, 0<x<er,
U(0,x)=0,U(0,x)=0,0<x<oo,
(67— b8, +c*)U(r,0)=0,0<t <o
t X > — Y V= .
B cBoto ouepenp, peenue U = 0 Takoii 3a1a4u enuHcTBEHHO [35; 36] B kiacce C 2(@) Ortcrona crenyer,
4TO U — U, = 0.
Jiist mocTpoeHusI pelIeHusI MOKHO OBLIO BOCTIOJIB30BaThCs TeM (DaKTOM, YTO OHO TPECTaBISAET COOOU
COBOKYITHOCTH petieHnid 3aad Komw, ['ypca u [Tukapa. [Ipu TakoM 1mogxojie eqUHCTBEHHOCTh BBITEKAET U3

ITOCTPOCHUS, TIOCKOJIBKY PEIICHHE TIOTYYCHHBIX 3aJ1ad OIPEe/eNsieTCs eMHCTBEHHBIM 00pa3oM (s 3a1a4u
Komu cm. [28; 33], nns 3amaun ['ypca em. [33; 37-39], a nns 3amauu [ukapa cm. [23; 35; 36; 40]).

Teopema 2. [lycmo 6vinoausiiomes: yciosus 2naokocmu f € Cl(Q), Y3 C2([O, oo)) Y, € CI([O, oo))
n,eC 1([0, oo)) o 3a0anubix Gynxyuil. Toeoa pewenue 3adauu (4) 6 cmvicie onpedenenus 2 cywecmayem
U A61A€eMCs €OUHCBEHHBIM M020a U MONLKO M0204a, K020a BbINOIHAEMC S YC08Ue CO2NAc08anUsA W, = | (0, O) +
+c*9(0) + a*D*¢(0) - 5> Do(0).

HJoxazarenscTBo. HeoOXxomnMo moBTOpUTE paccyxaeHus crareit [23; 41-43].

3ameuanue 2. Ecnu B 3amadax (4) u (5) ¢ =0, To B Teopemax 1 1 2 MOKHO TIOHHU3HUTH TPEOOBAHUS TI1aIKOCTH

TS C! {0, %} 0, € ! [%, oo] MU, € Cl([O, oo))no L,eC {0, %} ,,eC {%, oo] MU, € C([O, oo))
cooTBeTcTBeHHO. O0OCHOBaHME JAaHHOTO (pakTa (haKTHIECKH MPEICTaBICHO B padoTe [41].

O BbIOOpE KOHCTAHTHI B YCJIOBHH CONPAKEHUSA

B nHagane ynapHoro mporecca Ha 0OTpe3Kke [0, x*] chopmupoBaHa yaapHas BoiHa (puc. 1).

Puc. 1. DopMupoBaHue ylapHON BOJIHBI
Fig. 1. Formation of the shock wave
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W3 Touku x* ymapHas BOJTHA HAUMHAET PaCIPOCTPAHATHCS B CTOPOHY oo (TIpsiMasi BOJIHA) U B CTOPOHY TOY-
ku O (obpaTtHas BomHA) (puc. 2).

Puc. 2. PacnpocTpaHeHue ygapHOI BOIHbBI
Fig. 2. Propagation of the shock wave

*

X
IIpu ¢ = o obOpaTHas BoTHA JOCTHUTAeT TOUYKH O U CO3JAET BOJTHY B IPOTHBOIIOIOKHOM HAMPABJICHUH, T. €.

elIe OJIHY PSIMYIO BOJHY (puc. 3).

Puc. 3. ®opmupoBaHIe OTPaXKEHHOH yAapHOI BOIHBI

Fig. 3. Formation of the reflected shock wave

OtpakeHHasl BOJIHA B CHJTY (DU3MYECKUX CBOWCTB JOJDKHA PACTIPOCTPaHAThCS (PHC. 4) C TAKOU e CKOPOCTHEO
(c TakuM e pa3phIBOM CKOPOCTEH), YTO M UCXOJHAs BOJHA, MOPOXKIEHHAS YJapHBIM MPOIIECCOM, TaK KaKk
B YIPYTUX OJTHOPOJIHBIX CTEPIKHSIX yJIAPHBIC BOJHBI PACIIPOCTPAHSIFOTCS C OJAMHAKOBBIMY CKOpocTsimu [1; 32].
DTo BIiIeYET yCaoBHE conpsukeHus (9).

O x* N

T H T \

! ; ! \

| | | [ |
7

Puc. 4. PactipocTpanenue UCXOJHON U OTPaKEHHOM yapHbIX BOJIH
Fig. 4. Propagation of the original and reflected shock waves

B pabote [32] npuBeneHa siBHas GopMyia Ui pacueTa pa3pbiBa HANPSHKSHUS TIPH yape

(o) = (o) |=vpe @)

A€ G — HAIPSAXKCHUC B CCUCHHUU CTCPIKHA, V — CKOPOCTh YAApPUBUICTO I'py3a; P — IJIOTHOCTH MaTepuajia,
E
Cc= B — CTa”HJapTHAs CKOPOCThb PACHIPOCTPAHCHUSA HAIIPAKCHHOTO COCTOSAHHNA BAOJIb CTCPIKHA (HOCTOSIHHaSI

BEJIMUUHA B JaHHOM ciyuae). [Ipumensis 3akon 'yka B Buzie 6 = Eg, riae £ — moayns FOura, a € = 0,.u — nedop-
Malys CTepsKHs, 3aKchbiBaeM BhIipaxkeHue (21) B Buze

[(8xu)+ - (axu)_}z%zgzconst. (22)

Taxum 006pazoM, ¢ OTHOI CTOPOHBI, YHCTO (PU3UUESCKH BMECTO yCIIOBHUS CONPsDKeHUS (9) JIydie B3sTh yC-

- [(0.0)" = (@) |(1 ar =) =[ (0,0)" = (@.0) ][t ar+4°), 23)

OHO SABJISIETCSI KOPPEKTHO 33IaHHBIM, TIOCKOJIBKY M3 BOJIHOBOTO YPaBHEHUS, yCIOBUS conpsbkeHus (6) u op-
My (13) u (14) cireqyet paBeHCTBO

N - . \|~11(X*)—\T’2(X*)
[(@Cu) —(ﬁxu) J(t, at+x )= > .

C npyroi CTOpOHBI, UCXOS U3 OOIIETO PElIeHHs BOIHOBOTO ypaBHeHus (13), mpu XxoTa 061 HETIpephIBHO-AN(D-
(epeHIMpyeMOM 4aCTHOM PELICHUH W MOYKEM BBIYUCIUTD

atu(t, x) = 8tw(t, x) - aDg(l)(x - at) + aDg(z)(x + at),
(24)
o.u(t, x)=0,w(t, x)+ Dg(l)(x —at)+ Dg(z)(x +at).

OTcroma cleayroT paBeHCTBA

[(axu)+ - (axu)q(t, at + x*)z —a[(@tu)+ - (8,u)7}(t, at + x*).

14
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DTO0 MO3BOJISICT FTOBOPUTH O HEKOTOPOH (PU3MUECKON 3KBUBAJICHTHOCTH YCJIOBHH comnpspkeHus (23) u (9).
XoTst u1st BBIBOJIA YCIIOBUS (9) BOCIIONB30BANIKCH ycioBHeM (23), HENPEphIBHOCTHIO PYHKITUU f U OOIIUM pe-
[IIEHNEeM BOJTHOBOTO YPaBHEHUS.

B npenensaoM cityuae 3agaun (5), ucxons u3 popmyn (24) u (10), MoxKeM BBIYHCIHTH

[(0.0)" = (0.) (1, ar)= (% —cl- M}z_l. (25)

2

CpasuuBas ¢opmyinsl (25) u (23), IpUXOAUM K BBIBOAY, YTO BEINYHHA

0+
% —cW_ M paBHA CKOPOCTH

YIAPUBILETO TPy3a. ITO TOBOPHT O TOM, YTO €CJIH MbI XOTHM, YTOOBI BEJIMIMHA \|12(0+) — |, YHCIICHHO PaB-
n_ \Vz(0+) -y

HSUIACh CKOPOCTH YAAPHBILETO TPy3a, TO cieayeT Beiopars C 5

3akaroueHune

Paccmotpens! 1Ba pa3innyHBIX MMOAXo7a (Ha OCHOBE METOAA XapaKTePUCTHK U mpeoOpazoBanus Jlamaca)
K OTIPEICIICHUIO PEIICHHS CMEIIAHHOM 3a/1aut ¢ pa3pbIBHBIMU yCIOBUAMHU. [TokazaHo, 4TO METO XapaKTepuc-
THK TIO3BOJISIET TIOJMYYUTH OOJBIIE PEIIeHWH 3a CYeT BapbHUpPOBAHHS YCIOBHH cornmacoBaHus. Ho B xakmom
KOHKPETHOM Cilydae Oy/eT CyIIeCTBOBaTh €MHCTBEHHOE KJIACCHUYECKOE pelIieHue. Takke OTMETHM, 4TO MPH
peIIeHu  33/1a4 C Pa3phIBHBIMU yCIOBHUSIMA WHTETPABbHBIE NMPeo0pa3oBaHusl HE BCeTrJa MPUMEHUMBI, TOT/Ia
KaK METOJI XapaKTepUCTHK U30aBiIeH OT 3TUX MPOOIIeM.
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O MEPOMOP®HBIX PEHIEHUAX Y_PABHEHPIPI, _
CBA3AHHbBIX C HECTAIITUIOHAPHOU UEPAPXVEN
BTOPOI'O YPABHEHWSA IIEHAEBE

E. B. TPOMAK", B. H. TPOMAK"

1)Eejzopyccmu”t 2ocyoapcmaennulil ynugepcumem, np. Hezasucumocmu, 4, 220030, 2. Munck, benapyco

PaccmarpuBaeTcs HecTalOHApHAs HepapXusl BTOPOro ypaBHeHHUs [1eHieBe, koTopas mpeacTasiseT co0oil nocieno-
BATENbLHOCTD NOITMHOMHAIBLHBIX OOBIKHOBEHHBIX AU (epeHIanbHbIX ypaBHEHHI YeTHOTO TIOPAIKA, HMEIOIIUX EIUHYI0
auddepeHuanbHo-aNredpaudecKyto CTpyKTypy, olpeneisemMmyto oneparopoM L. [Tepsblii unen stoil nepapxuu npu N = 1
€CTb BTOpoe ypaBHeHHe [IenneBe, a mocneayromue ypaBHeHus nopsiaka 2N coaeprkar Mpou3BoIbHbIE MapameTpsl. Mx Taxke
Ha3bIBAIOT 0000IIEHHBIMY BEICIIMMH aHAJI0TaMy BToporo ypasHeHus [lennese nopsaka 2N. C nanHO# nepapxueil CBsI3aHbl
uepapxum nepBoro ypasHeHus [lennese u ypaBHeHus Py, U3 KIacCH()PUKAIIMOHHOTO CIHMCKAa KAHOHUYECKUX YPABHEHUH
[Tennere. Kpome Toro, paccMarpuBaeTcsi JIMHEIHOE ypaBHEHUE BTOPOTO MOPSI/IKA, KO3 (GHUIIEHTHI KOTOPOTO OMPEACIISIOTCS
pELICHUsIMY YPaBHEHUH HECTallMOHAPHOM uepapxuu BToporo ypaBHeHus [lennese u ypasHenus P, C ucnonb3oBaHuEM
Merona @pobeHnyca NoJrydeHbl JOCTaTOYHBIE YCIOBUS MEPOMOP(HOCTH 00IIEro pelieH s JMHEHHBIX ypaBHEHNI BTOPOTO
ropsizika ¢ Ko3(h(pUIHeHTaMu, OTpeeIsIEMbIMHI PEIICHUSIMH TTEPBEIX TPEX ypaBHEHWH HECTAI[MOHAPHOW MEpapXHU BTO-
poro ypaBHeHus [lennese n ypaBaenus P,. Taxke MoIydeHbI JOCTATOUHbIE YCIOBHS PAlMOHATBHOCTH OOIIETr0 PeIeHHs
JMHEHHBIX YpaBHEHHI BTOPOTO MopsiaKa ¢ KoddHULeHTaMHt, OIpeIeIseMbIMI PallHOHATbHBIMI PEILCHUSIMHI YPaBHEHUH
HECTALIMOHAPHON HEPApXUU BTOPOTO ypaBHeHUs [IeHneBe u ypaBHeHus Pyy,.

Knrouegoie cnosa: ypasnenus [lennese; nepapxust BToporo ypaBHeHus [1enieBe; MepoMopQHbIE peIIeHHsI.

ON MEROMORPHIC SOLUTIONS OF THE EQUATIONS
RELATED TO THE NON-STATIONARY HIERARCHY
OF THE SECOND PAINLEVE EQUATION

E. V. GROMAK', V. I. GROMAK"*

*Belarusian State University, 4 Niezaliezhnasci Avenue, Minsk 220030, Belarus

Corresponding author: E. V. Gromak (lenagromak@tut.by)

The non-stationary hierarchy of the second Painlevé equation is herein considered. It is a sequence of polynomial ordi-
nary differential equations of even order with a single differential-algebraic structure determined by the operator L,. The
first member of this hierarchy for N = 1 is the second Painlevé equation, and the subsequent equations of 2V order contain
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arbitrary parameters. They are also named generalised higher analogues of the second Painlevé equation of 2N order.
The hierarchies of the first Painlevé equation and the equation P, from the classification list of canonical Painlevé equa-
tions are also associated with this hierarchy. In this paper, we also consider a second order linear equation the coefficients
of which are determined by solutions of the hierarchy of the second Painlevé equation and the equation P,,. Using the
Frobenius method, we obtain sufficient conditions for the meromorphicity of the general solution of second-order linear
equations with the coefficients defined by the solutions of the first three equations of the non-stationary hierarchy of the
second Painlevé equation and the equation P;,. We also find sufficient conditions for the rationality of the general solution
of second-order linear equations with coefficients determined by rational solutions of the equations of the non-stationary
hierarchy of the second Painlevé equation and the equation P,,.

Keywords: Painlevé equations; the hierarchy of the second Painlevé equation; meromorphic solutions.

BBenenue

N3BecTHO, uTO KaHOHUYECKHUE ypaBHeHus [leHnese (P1 -F ), KOTOPBIC SIBJISIFOTCSI PElICHHEM KlacCU(pHKa-

LIUOHHOH MPOOJIEeMbl OTHOCHUTENILHO cBOMCTBa [lenneBe 1ist OOBIKHOBEHHBIX TU(PEepeHINANIBHBIX YPaBHCHU]
BTOPOTO MOPSAJKA, B OOLIEM CIydae ONPEAEISIFOT HOBbIE TPAHCLIEHCHTHbIE (DYHKIINH, UMEIOLIIE IPUIIOKEHUS
Kak B Pa3IMYHBIX MareMaTHUECKUX 3ajavax, TaKk U B BONpocax (pu3Mku U MaTeMarndyeckoi ¢pusuku [1-4].
B cBsI3u ¢ 3TUM CylIECTBYET HHTEPEC K U3YUEHUIO nepapxuil ypaBHeHui [1eHneBe, KOTopble IPEACTABIISAIOT CO-
0011 OeCKOHEUHbIE TOCIIeI0BATEIbHOCTH HETMHEHHBIX OOBIKHOBEHHBIX TU(depeHnnanbHbIX ypaBHEHUH, UMEIO-
mMX equHyIo0 JuddepeHanbsHo-anredpandecKyto CTpyKTypy, IPH 3TOM IEPBBIMH WICHAMH TaKUX HepapXuil
SIBIISTIOTCS ypaBHeHUs [lerieBe [5—9]. YpaBHeHHs nepapxuii, Kak 1 caMu ypaBHeHUs [IeHIeBe, Ipu Crieuaib-
HBIX 3HAYEHMAX NMapaMeTpPOB UMEIOT CHEIMANbHBIE KIACChl PELIEHHH, BhIpakatolIecs yepe3 KIacCuUecKue
TpaHCIEHJEHTHbIE (DYHKINH, a TaKKe anreOpandeckne Win AaKe paliioHaTbHbBIE PEIICHNS.

W3BecTHO, 4TO 00IIEe pelIeHne TUHEHHOrO ypaBHeHus u” + (Xq(z) + u)u =0 (ypaBuenue Jlame), rmue
A=-n (n + 1), neN, q (z) — IBOSIKOTIEPUOIMYECKast dJUTunTHIecKast QyHkims Beitepirpacca ¢ neprogamMu o, o'
U JIByKPAaTHBIMH TIOJIOCAMH B TOYKaX m® + m'®’, m', m € Z, a || — NpOU3BOJIbHAS IOCTOSHHASL, IPE/ICTABIISET
coboii Mmepomopduyto pyrkiwio [10, c. 150].

B nacTosimieli paboTe HaiiieM JOCTaTOYHBIE YCIIOBHS Ha MOCTOSHHBIE TTapameTpsl A, B, C, |\ THHEHHOTO
ypaBHEHUs

u”+(Aw2+Bw+ Cw' + pJu =0, (1)

rae w(z) — (PMKCUPOBaHHOE peIlICHNE HETMHEWHOTO YpaBHEHHSI HECTAIMOHAPHOW HepapXUU BTOPOTO YPaBHEHHS
[lennese, npy BHIIIOIHEHWH KOTOPBIX 0011Iee pelieHre ypaBaeHus (1) MepoMopQHO UIH Jaxe panrdoHaAIBHO.

Hepapxus Broporo ypaBHenus IlensieBe

HeCTaHI/IOHapHaH Huepapxus BTOPOTro YpaBHCHUS IlenneBe nmeer BU

PP (D +2w) Ly [w - w? | - zw—a =0, D() =di(-), N=1,2,..., )
yA
i€ oneparop L  OIPENENAeTCsl pEKYPPEHTHBIM COOTHOIIEHHEM [11]
DLy, [u]=(D’+ (4 + By ) D+ 2, ) Ly[u], L[u]=u, u=u(z), N=1,2, ..., 3)

31ech By — napamerp. Torna anst N = 1, 2, 3 nocieqoBaTeIbHO IOJIydaeM ME€PBbIE TPU YPABHEHUs HepapXuu

132[21\/]:

P iw'=2w + zw + a, 4)
}52[4] : w(4) =10w*w" + 10w(w’)2 — 6w — Bl(w" - 2w3) +zw+ a, (5)
i)z[é] (%) = 2w2(5slw" + 7w(4)) — 70w*w" + w(lOSl(W')2 + 42(w")2 + 56w'w(3)) -
- W(4)S1 - (S2 - 70(w’)2)w” + 2w3(s2 - 70(w’)2) — 6W’s; + 20w + zw + a, (6)
e s; = By + Py, 5, = By By
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z[2N . . .
Hepapxuro P2[ I Taoxe maseisator 0000IeHHOH (WM HecTalMOHApHOH) MepapXuel BTOPOro ypaBHEHUSI

INennese P, (cMm., Hanpumep, [7-9; 12; 13]), HockonbKy nepBoe ypaBHEHHE 3TOH HepapXUH, PaBHO KaK U IEPBOE
ypaBHEHHE HEPapXUn PZ[ZN], KOTOpasi BIIEpBBIE MpHBeieHa B padoTe [14] u MoXeT OBbITh MOTyUYeHa U3 HepapXUH
132[2N] npu = 0 (3nech u nanee B =(Bl, By, -oes anl)), ecTh Bropoe ypaBHeHue lleHneBe, a mociemyromme

[2V] 5[2N]
ypaBHEHHUs 0000IIAI0T COOTBETCTBYIONINE YPABHEHUs Mepapxuu P~ - 3aMeTuM, 4T0 ypaBHeHue P~ - umeer
nopsnok 2N, rae N ompezenser Homep oneparopa L, 1 HOMep ypaBHEHUs UepapXUU. AHAJIUTHYECKUE CBOICT-
Ba pelieHuil BToporo ypaBHeHus llennese, T. . cimydail N = 1, paccMoTpeHsl, HanpuMep, B pabotax [2; 15],
a CBOMCTBA BTOPOTO WiEHA HEPapXHH, T. €. cirydait N = 2, — B crarbsax [16—19].

C uepapxueii (2), (3), kotopas siBisiercst penykiueit nepapxuii KAV u mKdV [14], cBszansl npyrue uepap-
XUH OOBIKHOBEHHBIX J(depeHnanbHbIX ypaBHeHi. J{efcTBUTENBHO, BBEIEM (DYHKIIUH

a(z)=w(2) - w(z)', ¥ (q(2))=Lyla(2)] - 5. 7

N 1
Torma ypaBHeHHE (2) MOKHO 3aIUCaTh KaK (D + 2w)‘1’[ - > a Tak)Ke MPEJCTaBUTh B BUC SKBUBAJICHT-
HOM CHCTEMBI

W= q+w, (‘P[N] ) + 2w — s =0, (8)

rne Pl = V] (q(z)), c=0a- %, ()' = D() OyHKIUS q(z) IIPX 9TOM YIOBIIETBOPSIET YPAaBHEHUIO

3 $') -
P[ZN]:‘P”—(—+2 v+ o 9
34 p q p )

Vpasuenue (9) onpeznenser 06001meHHy0 Hepapxuio ypaBHeHus P, [20], Tak kak B cirydae N = 1 GyHKuns

‘P(q(z)) u3 popmyisl (7) umeet Bug P, (z) =q - g, a ypaBHeHHE (9) CBOAUTCS K YPaBHEHHIO

4’ — dzq* + 22q + q' - (q’)2 +o’- 1

” 4
_ , 10
q 2 (10)

z
KOTOPO€ KaJMOPOBOYHBIM IPE0Opa30BaHUuEM ¢ —> GG + 5 NPUBOIMUTCS K BUILY

(¢ 21
q"=~—"—-zq-20q"— —.
2q 2q
D10 ypaBHeHHE 00NagaeT cBoicTBOM IleHneBe m mMeeT mopsaok 34 u3 kKiaccu(pUKAIMOHHOTO crircka IleH-
nese [1, c. 456].
B ciyqae N =2 ¢pyskuus ‘P(q(Z)) umeer Bun W, (z)=q"+3¢"+ B,q - %, a YpaBHEHHE OTHOCHTEIBHO

q (Z) CBOAUTCA K YPaBHCHUIO

'\2
(4):(\P2) —20%¥. — 6 12_ ﬂ6 . 62 11
4=y, U (¢') —4"(6q+By) 2 (11)
B ciywae N = 3 ¢yHKIus ‘P(q(z)) HMEET BU/T
¥ (z)= q(4) +10g° + (3q2 + q")s1 + S(q’)2 +q(s, +10¢") - %,
a YpaBHEHHE OTHOCHUTEIHHO q(z) CBOJIUTCS K YPaBHECHUIO
(6) (\P3, )2 12 2 " n\2
q = v 2g'¥; - (60q + 6s1)(q ) - (30q + 6gs, + sz)q - 20(q ) -
3
2

3040 — (10 “_95 12
q'q” — (10g+s,)q 27 (12)

e s, = By + By, 5, = BB,
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B ypasuenuu (9) npeamnonaraem, 94To ‘P(q) # (0. B mpoTHBHOM ClTydac IMeeM ypaBHCHHUE

B v (g)=L[4(2)]- % -0, (13)

KOTOpOE OmpeielisieT 0000IIEHHY IO nepapXuto repBoro ypaBaeHus [lennese. B cuty cucremsi (8), ecim ¢ = ¢ (Z )

[2N-2] p2
, TO (DYHKIIUS w(z), omnpenensiemas U3 ypaBHeHusa Pukkaru w' —w” = ¢, sB-

]

€CTb pellleHue ypaBHeHUs F

2N 1
JISICTCSl PEIICHUEM YPaBHEHHSI P2[ npH oL = 5

z o
ITpu N = 1 B popmyse (13) ypaBuenune w' — w? = 5 OIpeieIIsIeT OJJHONIapaMETPUUYECKOe CEMENCTBO pellle-

Hu# BTOporo ypaBHenus [lennese (4) npu o = %, KOTOpBIE BBIpaXAroTcsi yepe3 QyHKIUN DUPH U UX MPOU3-
BOJTHBIE.
Ipu N = 2 ypasnenue (13) onpenenser nepsoe ypasuenue [ennese ¢" + 3¢” + B,q = =

XO0po1110 U3BECTHO, YTO PELIeHHs ypaBHEeHUN P, U P, sBIsIoTCsl MepoMopdHbIMU QyHKIusMu [21]. Hoka-

" . . s[2N-2]
3aTeNbCTBO aHAJIOTUYHOIO cBoMcTBa MepoMopdHoro npoxomkenus (CMII) ans ypaBHeHuit nepapxuit B

=[2N
u Pz[ ], T. €. T0Ka3aTeIbCTBO TOTO, YTO JH000E JIOKAIFHOE TOJIOMOP(HOE pelieHne MPOU3BOIHHOTO yPaBHEHUS
3TUX UEPAPXU JIOMYyCKAET aHAMTHICCKOE MPOJODKEHUE 10 (DYHKIMH, MEpOMOP(HOI Ha BCEH KOMILICKCHON
TUIOCKOCTH, TIpUBE/IeHO B paborax [22; 23]. 3aMeTHM TakXke, 4TO PEIICHHsT COOTBETCTBYIOIIUX yYpaBHEHUH

5[2N] [2N]
4

uepapxuilt P,” ' u Py, ' cBs3aHbl OupanuoHanbHbIMu cooTHommeHusmH (7) u (8). CiaenoBarenbHO, peLIeHus

w[N](z), q[N](z) ypaBHEHHUH 3TUX Uepapxuil MepoMOpHBI WIIH palOHaIbHBI OIHOBpeMEHHO (cM. [20, nem-

Ma 1]). D10 03HaYaeT, YTO ypaBHEHHUSI HEPapXUU 133[42N] takxe oonanator CMIL

IIpex/e Bcero paccMOTPUM HEKOTOPBIC CBOMCTBA YPABHEHUI HEepapXun }52[2N], KOTOPBIE HETIOCPEACTBEHHO
CIEIYIOT U3 ONpe/ieNIeHus oneparopa L.

ITopsinOK MOABMKHBIX IOJIFOCOB PEIIEHUI TAaKOM K€, KaK M JJIS PEIICHU ypaBHEHUs P
TIOPSIIOK), TIPUYEM

2N .
] (T. e. IepBEII

o0
¢ J
w(z)=——+ ) c(z—z 14
()5, + Zo(z-=), (14)
=2V
IIe c € {il, +2,..., N } B cuiy coBnaznenus JOMUHAHTHBIX WICHOB YpaBHeHUs P~ - U Pz[ ] HUMEIOT OJUHa-
KOBBIE PE30HAHCHBIC ITOJIMHOMBI, KOTOPbIE MOKHO BBIIIMCATh B IBHOM ()OopMe. DTH MOJIMHOMBI OIPEIEIISIOT HO-

2N]

~[ON
Mepa ko3 purmeHToB paznoxerus (14), IBASIONECcs MPOU3BOIbHBIME. TakiKe PEIICHUS yPaBHEHHUS Pz[ ], KaK
2N .
U PELICHNs YPaBHEHHS Pz[ ], 006I1a/1af0T CBOMCTBOM HEYETHOCTH OTHOCHUTENILHO ITapaMeTpa o, T. €. yPaBHEHHE
p[2V] o .
Py’ nHBapHaHTHO OTHOCHUTEIBHO AUCKPETHOU cuMMeTpun S : w(z, a, B) - —w(z, —a, B)

o 52N o
I[J'ISI PCHICHUHN YPABHCHUA f)z[ ] OCCKOHEYHO yAaJICHHAasA TOYKa MOXKCT OBITH TOYKOI I‘OJ'IOMOp(bHOCTI/I, npu
9TOM JJI pallMOHAJIBHBIX peH_IeHI/Iﬁ OCCKOHEYHO yYAaJICHHAasd TOYKa ABJIACTCA TOYKOH I‘OJ'IOMOp(I)HOCTI/I C pasJjio-

JKCHUEM
o 1
=——+0| = |
W(Z) z (sz ]

o . . 22N
Herpyzano npuBecTr npuMep 3Ha4eHHUH MapaMeTpoB U PEIICHNH ypaBHEHUH HepapXun Pz[ , JUISl KOTOPBIX
ypaBaeHue (1) kak nmeeT, Tak u He nmeeT CMIT.

B wactHOCTH, A1 TapameTpoB A = %, B =C =p=0u pemenus npou3BOJILHOTO ypaBHEHUS nepapxu (2)
1

w=_, 0= —1 (cm. [11, nemma 2]) ypaBuenue u” + 4—2u =0 ne obmamaer CMII, mockoipKy obIiee pemeHue
z
2
UMeeT BUJI U = \/;(Cl +C, Log(z)), Tora Kak B ciydae —4 = C=1, B= =0 ypapuenne u" - —u =0 ¢ 06-
z

M penrenneM u = C,z> + C,z ' obnagaer CMIL.
Hnst monmydenus: ycnosuit Hanmmuus CMIT gt ypaBaenus (1) qoctaro4Ho, 4ToObl OHO MMENO TOJIBKO pe-

TYJSIpHBIE 0COOBIE TOYKH B KOMIUIEKCHOH TIJIOCKOCTH (IUIsI PEeIIeHUH YpaBHEHUH HepapXuit }32[2N] 3TO BBINOJI-
HSETCA), & TTOKa3aTeNn, OTHOCAIINECS K TAHHBIM 0COOBIM TOYKaM, OBLTH IIEITBIMH, TIPHYEM Pa3IOKEHHS peIIeHIN
B OKPECTHOCTSIX 0COOBIX TOUEK HE JIOJKHBI CONIEPKATh JIOTapU(hMUIECKHX YJICHOB, T. €., TI0 CYTH, B OKPECTHOCTH
MIPOM3BOIEHOM PETYISIPHOM 0c000H TOUKH TOJKHA CYIIECTBOBATh MepoMophHas pyHAaMEeHTaIbHAS CUCTEMA
pemenwnii (OCP).
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Bropoe ypaBuenue IleniieBe (4) u muHeiiHoe ypaBHenue (1)

HpomBoanoe pelieHue ypaBHeHHs (4) B OKPECTHOCTH HOABHKHOTIO IOJIIOCA Z = Z, B 3aBUCUMOCTH OT BbI-
Gopa € (¢ = 1) IMeeT OfHO U3 JBYX Pa3IOKCHHIL:
e 1 a+e
w(z)z— — —&gzyl — £
t 6
rae z —z,=1t, a h — npou3BoibHas NocTosHHasd. Pasnoxkenue (15), mo cyru, onpezenseT J0KalbHOE oOlee
pelieHue ypaBHeHHs (4) B OKPECTHOCTH 0CO00M TOUKU z,,. [yt 0c000# TOUKH z, OIpeaeNstolee ypaBHEHHE
3aIMChIBACTCS B BUJIC

3o+
+ht +

“zt+0(r°), (15)

p(p—1)+A1=0, (16)

rme A=A —eC, u ipu
A=A—-eC=-m(m+1), meZ", (17)
MMEET 1IeJIble KOPHU P, = m + 1, p, = —m, IPU STOM m 3aBUCHUT OT BLIOOPA € U OT BBEIOOPa 0COOOIi TOUKH Z,.

B coorBetcTBHE ¢ MeTooM PpobeHnyca JuIs CTapIlero Mokasareis p; = + 1 iMeeM roIoMopHOe B OKPeCT-
HOCTH 0COOOH TOUKH Z, pelIeHHe

u(z)= m+1(1+alt+a2t +ayt + ayt +O( )), t=z -z, (18)

Bropoe pelieHne, NHHEIHO HE3aBUCHMOE C pelueHHeM u(z), MOXHO IOCTPOMTE IO (popMyle u,(z)=

z

=u(z )Iul‘ ?(z)dz. Pemenue u,(z) ne conepxur In(z -z, ), ecnu Boer R, (m ):— res “1 *(z) pasen mysmo.

3TO ycIoBUE BMECTE C YCIIOBHEM LIETIOCTHOCTH [OKa3aTeNe P, U P, SBISIETCS JI0CTATOMHBIM st MepoMop G-

HOCTH 00LIEro pemeHus ypaBHeHus (1) B OKPeCTHOCTH TOUKH z = z,. Eciii 1aHHBIE yCIOBHS BBIIOIHSIIOTCS
JUIs TIPOM3BOJIBHOTO KOHEUHOT'O M0JII0CA Z), TO o0liee pemenue ypaBHenus (1) mobaibsHo MepoMopdHo, T. €.
ypaBHenue (1) nomyckaer CMIL. 3amerum, uro u3 ¢popmyst (18) nmeem

R,(0)=—2a, R, (1)= —2(26113 -3aia, + a4 ),

Rm(Z) = —2(3a15 —10a’a, + 6ala; — 3a,a; + czl(6a22 - 3a4) + as),
(19)
R,(3)= —2(46117 —2laja, + 15a14a3 + 66122613 + 106113(3(122 - a4) -3aya, —

-3a,a; + 6af(a5 - 5a2a3) + 01(66132 ~10a3 + 12a,a, — 3a6) + a, )

PaccmoTpum paznuyHble BOBMOKHOCTH sl TapameTpoB A, B, C, w. g mocraBieHHO 3a1adu Heo0Xo-
JMMO paccMaTpHuBaTh HE3aBUCHMO JIBE BOSMOXHOCTH (€ = 1 1 € =—1), HOCKOJIBbKY (yHIaMEHTaJIbHAs CUCTEMA
JOJKHA ObITH MEPOMOP(HOH KaK B OKPECTHOCTH TIOJIFOCOB C BEIUETOM 1, TaK M B OKPECTHOCTH IIOJIFOCOB C BBI-
yeToMm —1.

1. Ilycts B popmyne (17) A=A4 —eC =0, T. e. m = 0 nnsg oboux 3HadeHnit €. Torma 310 ycaoBue BiedeT
A = C =0, a onpenenstomee ypapaenue (16) umeer kopuu p, = 1, p, = 0. st crapmero nokasarens p, =
ronydaeM pernrenue (18), rme m =0,

Be B*-2u Be

aQ=——, G =—————, Uy = — B>-2z,-8 s
o7 72 12 3 144( 0 “)

a,=——(B*+36B(c +a)+ 240° = 287 (7z, + 10n)), ...

2880

pu 3ToM R, (O) = Be. CnenoBarenbHo, ycioBue B = 0 BMmecte ¢ yenoBueM 4 = C = () sBJsieTcss HEOOXOAUMBIM
" J0CcTaTouHbIM i1 MepoMopdaOocTr DCP ypasuenus (1) B aToM ciydae.

2. Iyctb m # 0 st Hekotoporo Beibopa €. Torna 4 — eC = —m(m + 1), 1 JUIsl IoKasarens p; = m + 1 umeem
peurenue (18), rme

Be 3B + (14 m)(34z + mzo+ m’z, - 6
12(1+ m)(3 + 2m)

b

23



Kypnaa Besopycckoro rocyiapcTBeHHOro ynusepcurera. Maremaruka. Magopmarnka. 2023;3:19-31
Journal of the Belarusian State University. Mathematics and Informatics. 2023;3:19-31

. (=B~ B(a(4+ 3m) + (1 m)(m? =2) )z + 201+ m)(3+ 2m)(24 + ) (& + 1) + 2B(4+ 3m)u)

24(1+ m)(2+ m)(3+ 2m)

Torna u3 popmyast (19) cnenyer: eciiu m = 0, T0 Rm(O) =Be, ecmu ke m =1, T0

e( B>~ 4(1+ 4)(0 + &) = 2B(z + Azy — 21))
R,(1)= .
36
Myctb e=1u A—C=-m,—m;, meZ". Jlna € = —1 nonoxum, uto 4+ C =—m,—mj;, m,e Z*. Torna
KOPHH OIpEEISIIOIIEro ypaBHeHNs B 000X Cllydasx Leible. B mepBoM cirydae uMeeM KOpHH P, =m + 1,

JUnst € = 1, BBIUKCIIASA BBIYETHI U] (z) B OKpecTHOCTH TOUKH Z = Z, 1ipH m; = 0 1 m; =1, moTyYaeM JiBa Cirydast:

4-C=0,R, (0)=B, m=0,

B(B*+4y) (20)
A-C=-2R,(1)=———2, d=—1,m=1.
‘ 36
HJ’IH £ = —1 Takxe UMeeM ABa Ciiy4das:
4+C=0,R, (0)=B,m,=0,

~B(B+4y) @1
—  4=—1, m,=1.

36

Paccmarpusas coBmectHo cirydan (20) u (21) u cumrast, aro B = 0, 1y1sl TapamMeTpoB TOTydaeM CIICAYIOIIHE
BO3MOXKHOCTH:

A+C=-2,R, (1)=

A=B=C=0(m=m,=0),
A=-1, B=0, C=1(m =1, m,=0), (22)
A=-1, B=0, C=-1(m=0, m,=1).
Takum 00pa3om, clipaBefInBa HUKETIPUBEICHHAS JTEMMa.

Jemma 1. Ilycmo w(z) ecms Npou360IbHOE (DUKCUPOBAHHOE peuleHue ypasHeHus (4) u evinoaHsemcs

xomsi Obt 00HO u3 ycnosuil (22). Toeoa 6 okpecmuocmu npou3801bHOU 0COO0U MOYKU PeULeHUs. w(z) ons ypas-
nenust (1) cywecmeyem mepomopghnas @CP.
Joka3aTenbcTBO. B ciaydae BbIMOIHEHHMS TIEPBOTO U3 YCIOBHI (22) oO111ee pelieH e BBITICHIBACTCSI B SIB-

HOM (popme u sBIsteTCs iebiM. OcoOble TOUKH YpaBHEHUS (1) HCIEPITBIBAIOTCS 0COOBIME TOUKAMH PETIICHIIST w(z),

KOTOPBIE TIPH BBIITOJHEHUH BTOPOTO WIIM TPETHETO U3 YCIOBUi (22) MOTYT OBITh JIMIIL PETYIISIPHBIMA OCOOBIMHU
TOYKAMH C LETIBIMU TTOKa3aTeIsIMU KaK JUIsl IIOJIFOCOB € BHIUETOM 1, Tak M AJIs IOMIOCOB € BhIYeToM —1. Paznoske-

Hus perteHuit @CP B 0KpecTHOCTH IPOU3BOIBHOM 0CO00M TOUKY Z, HE UMEIOT ln(z -z, ) Jlemma 1 noxasana.
Hckimiodast TpuBHABHBIN CITydaii (epBoe U3 ycioBwid (22)), P BHITTOTHESHAHA BTOPOTO M TPETHETO U3 YCIIO-
Buii (22) u3 ypaBHeHwus (1) moixydaem

u"+(82w'—w2+u)u20, e =1. (23)

Lenpro nanpHERIIEro paccMOTpeHus ypaBHEeHUH (5) 1 (6) SBISAETCS JOKa3aTENbCTBO CIEAYIONMIETO YTBEPIK-
JIeHNUs1, KOTOPOE B CUITY JIEMMBI | cripaBejinBoO Ui ypaBHEHUs (4).

Teopema 1. /{1 ypasuenus (23), 20e w(z) ecmb nPou3soIbHOE (UKCUPOBAHHOE peuuerue ypaeHenull (4)—(6),
obuee pewieHue MepoMop@hHo.

YpaBuenue 132[4] U JIMHelHoe ypaBHeHue (23)

Penrenue ypaBHeHus (5) MOXKET IMETh JIUIIL IPOCThIC IONMIOCH (14) ¢ Beryetamu =1, +2. [locrasmsis BeIpaxe-

-1 r o
HUE w(z) = c(z - Zo) + y(z - ZO) Y CpaBHMBAsT KOA(PPUIIMEHTHI IIPH MIEPBOM CTEIICHH Y, HAXOAUM YPaBHECHHUE
juist pesonancos. Ecin ¢ = £1, 1o pesonancsl 7 € {2, 1, 2, 5}. Ecim ke ¢ =42, 10 pesonanchi r € {—4, -2, 5, 7},

HenocpencTBeHHOI M0ACTaHOBKOH MOJSIPHOTO pasiokerus (14) yoexxaaeMcsi, 4T0 B OKPECTHOCTH ITOIBUKHOTO
HOJMIOCA Z(, PEILIEHUE MOKET UIMETh OJHO U3 CIIEMYIOLIUX IPEeICTaBICHUNL:
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& 2 3 4 5N j
w(z):7+hlt+hzt o+ ettt + ) ot (24)
i=6

) —zy& — 6B, By + 50he

mme t =z — zy, € =1, h, hy,, hy — TIPOU3BONBHBIC TOCTOSHHBIE, A C3= , Cq=
20
—€— o —4B,h, + 60k h,e .

= 6 M BCE OCTAIbHBIC KOIYDULHMEHTHI C;, j = 6, ONHO3HAYHO ONMPENENSIOTCS Yepe3
hy, hy, hy ¥z

w(z)=§+ct+ct3+ct4+ht5+ct6+ht7+ icﬂ (25)

; U 4 1 6 2 e 5
=
ey 90zpe+13ep;  2e+a

tie t =z — zy, € = 1, hy, hy — IPOU3BOIBHBIE MOCTOSHHBIE, & C; =

B Bi(e +50)

C =
6 21600
[TokaxkeM, 9To /IS peieHun ypaBHeHUs (5) CIipaBeUInBa CIEAYIoas IeMMa.

Jlemma 2. Ilycms w(z) ecmb npoussonvbHoe huxcuposannoe peuterue ypasuenus (3). Toeoa 6 okpecm-

C3

b

N ,» Gy =
30 12 600 144
¥ BCE OCTaJIbHBIC KOI(Y(HULHUCHTEI ¢}, j 2 8, OIHO3HAYHO ONPEICISIOTCS Yepes Ay, hy 1 z,.

HOCMU NPOU3BOTLHOU 0CODOU MOUKU PeUleHUs] w(z) ons ypaenenus (23) cywecmeyem mepomoppuas PCP.

HoxazarenscTBo. 1. [lycts w(z) # (0 — pemeHne ypaBHeHus (5) ¢ paziokeHueM (24) B OKpeCTHOCTH
IIPOU3BOJIBHOIO MON0CA z = z,. Torga ans ypaBHeHus (1) B OKpECTHOCTH 0COOOU TOUKHU z, ONpPEAEIISIOIIee
ypaBHeHue npuHuMaet By (16) u npu BeinonHeHnu ycnoBus (17) uMeer Lenble KOpHU P, =m + 1, p, = —m.
Juis mokaszarens p, = m + 1 nonydaem pewenue (18), rae

Be B>=2(1+m)(eh (34 +m-+m’)+ )
21+m) 27 4(1+ m)(3+ 2m)

a =-

b

~B'&—8ehy(24+m+ m”)(3+ Sm + 2m” ) + 2Be(4 + 3m)u + 6Bh (<2 = 2m + m® + m’ + A(4+ 3m))
24(1+ m)(2 +m)(3 +2m) '

Cl3=

. Torna u3

m=my
38(32 + 4p)
36
[lycts, xak u B ypaBaenuu (23),4 =—1,C=¢,, B=0. Tornanpu g, =g¢umeeMA=-2, m=1,p,=2,p,=—1
u Rm(l) =0.Ecim xe g, =—¢, TOA=0,m=0, p, =1, p, =0, npu 3TOM Rm(O) =0.

OGO3HAYMM BBIYET MOJIIOCA Z = z, DyHKIIHH ] (z) IIPU 1M = M, 4€Pe3 Rm(m0 ) = TeS Uy 2(Z)

zZ=2Z

¢dopmyn (18) u (19) cnenyer: eciiu m = 0, TO Rm(O) =Bg,ecmu ke m = 1, 10 Rm(l) =

CrnenoBarenbHO, ypaBHEHHE (23) B OKPECTHOCTH TMOJIOCOB PEIICHUS w(z) ypaBHeHus (5) ¢ pa3noxeHu-
eM (24) umeet mepomoppuyro OCP.
2. PaccMOTpuM cityuail HOII0COB pelIeHNs w(z) ypaBHeHus (5) ¢ paznoxenueM (25). B atom ciydae onpe-

Jensioniee ypasHenue aist ypasHenus (1) npuaumaet Bug (16), roe A = 44 — 2eC, u nipu

A=44-2eC=-m(m+1), meZ", (26)
HMeeT LeJble KOpHU P, = m + 1, p, = —m. Torna ms nokasarens p, = m + 1 nonydaem pemenue (18), roe
Be 1208% - (1+ m)(leﬁ1 +(m+m?)By+ 60u)
a = - , Ay = )
1+m 120(1+ m)(3 + 2m)

B(44(4+ 3m)B, = 408 + (1+ m)(m” = 2)B, + 20(4 + 3m)u

120&(1+ m) (2 + m)(3 + 2m)
pyu 3TOM
)=

R, (0

Be (2032+(2sc 1)l31+20u)

Cl3:

b

2Be,

R (1)= 90 ’
C :3(()c )
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ITycts, kak u B ypasHeHuu (23),4 =-1,C=¢,, B=0. Tornanpu e, =g umeeM A=—6, m=2,p, =3, p, =2
4 Rm(2) =0.Ecmxe g, =—¢, TOA=-2,m=1,p, =2, p, =—1, npu 3ToM Rm(l) =0.

CrnenoBarenbHO, ypaBHeHHE (23) B OKPECTHOCTH TIOTIOCOB PEIICHUS w(z) ypaBHeHus (5) ¢ paziokeHueM (25)
nmeet Mmepomopduyto PCP, uto n 10Ka3bIBaeT CIPaBeJIMBOCTD JIEMMBI 2.

YpaBHenmne (6) u inHeliHOe ypaBHeHue (23)

HenocpenctBenHoli moacTaHoBKoi paznokeHus (14) B ypaBHeHue (6) yOexaaeMcs, 9YTO B OKPECTHOCTH
HOJIBU>KHOT'O HOJIIOCA Z = Z(, PEILICHUE ypaBHEHHUs (6) MOKET UMETh OTHO U3 CIIETYIOMINX IPEACTaBICHU:

0
8 .
w(z)= Tt ht* + bt + byt + st + ct® + ht" + Y ¢, (27)
j=8
te t=z—zy, & = 1, hy, hy, hy, hy, hs — IPOU3BOIIBHBIE TOCTOSHHEIE,

e —420/ +1128h; + 504eh hy — ez, + 50eh’s, — 20h,s, — 61,5,
: 336 ’
£(—1+ 560/, + 840M A, + 60 s, ) — 4(140h7h, + Ohys, + hys, ) —

960
¥ BCE OCTaJIbHBIC KOIY(HULMEHTSI ¢}, j = 8, OIHO3HAYHO ONPEIEIAIOTCS Yepes /iy — hs v zy;

C6=

2¢ - ;
w(z)= Tt o + ot + o5t + et + bt + Y it (28)
j=8

e t =z —zy, & = 1, hy, hy, hy — IPOU3BOJILHBIE OCTOSHHBIE,
_ 308,/ — &5, — 770eh]
140

G

b

56(s,5, + 29) = 6(25s + 325, ) Iy + 10 2605, A7 — 168 840/
5040

C5=

b

2e + o — 48, (3s, — 140¢eh, )
Cr =
6 2400

¥ BCE OCTaJIbHBIC KOIY(HUUHMEHTBI ¢}, j 2 8, OTHO3HAYHO ONPEJEISIOTCS Yepes /iy — hy U zy;

3¢ oA 3 5 3e+a 6 7 & ;
w(z)=—+ —t+ct" +ct’— '+ ht'+ > et 29
e e A R YOTT ZZSJ %)
e(19s57 = 70s,)  &(207s/ ~1085ss, - 6125z
2
tnet=z—zy,€ =1, h,, h,—pOU3BOIBbHBIE IOCTOSHHBIE, d C; = ,Cs = s
88 200 67 914 000
—s(e+ 7a)
Co = —_ Co = g ves e
® 7056000 7

1. IlycTh w(z) # 0 — pemeHue ypaBHeHUs (6) ¢ paziiokeHreM (27) B OKPECTHOCTH MPOU3BOIHHOTO MOJFOCA
z = z,. Torga nns ypaBHeHus (1) u 0co0oil Touku z, onpenesstoliee ypaBHeHUe IpuHuMaeT Buj (16) u npu
BbINOJMHEHUY ycinoBus (17) umeer ueinsle KopHu p; = m + 1, p, = —m. [y nokasarens p; = m + 1 noiaydaem
pemenue (18), Tme
Be B>~ 2(1+ m)(eh(34+m+m’)+u)

a1=— a2— N

2(1+m) 4(1+ m)(3 +2m)

—(B3s+4(1 4 1)(3+ 2m)( B+ 26hy (24 + m+ m” )|~ 2B (4+ 3m) (I (34 + -+ m? ) + u))
24(1+ m)(2+m)(3 +2m) '

a3:
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- -2
OGO3HaYNM BBIYET MOJTIOCA Z = Z, QYHKIIH 1] (z) IIPU M = M, 4EPE3 Rm(m0 ) = r€s u (z) . Torna u3

z=2 m:mo

dopmyx (18) u (19) cnenyer: ecnu m = 0, 10 R,,(0) = Be, ecu e m = 1, 10
Ble+8(C +Ae)hy+ 4B((1+ 24+ &C)hy + ep)
R,(1)= .
36
[lycts, xak u B ypaBaenuu (23),4 =—-1,C=¢,, B=0. Tornanpu g, =g¢umeeMA=-2, m=1,p,=2,p,=—1
uR,(1)=0.Ecmxed=-1,C=-¢,B=0,ToA=0,m=0,p, =1, p, =0, npu s1om R,,(0) =0.
CrnenoBaresnbHO, ypaBHEeHHE (23) B OKPECTHOCTH TOIOCOB PEIIEHHS w(z) ypaBHeHUs (6) ¢ pasnokeHuem (27)
umeet Mmepomophuyro OCP.
2. PaccmoTpuMm ciyyail mosiocoB petieHns w(z) ypaBHeHus (6) ¢ paznoxenuem (28). B atom cirywae om-
penenstomnee ypaBHeHue nmpuHUMaeT BUI (16), tme A = 44 — 2eC, ¥ Ipy BEITIOJTHEHUH YCIOBHS (26) mMeeT
LeJsble KOpHU p, = m + 1, p, = —m. Torna ans nokasarens p, = m + 1 nomyyaem pemtenue (18), rue

Be 4B+ 2(1+ m)u+ (1+m)(124 + m+m* )b
a~ =
l+m 2 4(1+ m)(3 +2m)

a=-

b

B(~4B% + 264+ 3m)u + 3(4A4(4+3m) + (14 m)(m” ~2) )
12(1+ m)(2+ m)(3 + 2m)

ay= ,
MPU 3TOM
Rm(O):2B8,
B(26(B*+ n)+3(26C - 1)
9
—6h,(e—-C

R(2), -2

[lycts, kak u B ypaBHeHnuu (23),4 =—-1,C=¢,, B=0. Tornanpu g, =g umeeM A=—6, m=2, p, =3, p, =2
uR,(2)=0.Ecinxe g, =—¢, T0A=-2,m=1, p, =2, p, =—1, npu srom R,, (1) =0.

2

R,(1)=

CrnenoBarenbHO, ypaBHEHHE (23) B OKPECTHOCTHU TOJKOCOB PEIICHUS w(z) ypaBHeHUS (6) C pa3IoKeHU-
eMm (28) umeer mepomoppuyro OCP.
3. PaccMoTpuM Citydaii IOFOCOB PEIICHUS w(z) ypaBHeHU (6) ¢ paznoxerneM (29). B atom cirydae omnpe-

JieIisronee ypaBHenue npuaumaet Buj (16), rne A = 94 — 3eC, u npu
A=94-3eC=-m(m+1), meZ",
HMeeT LieJble KOpHU P, = m + 1, p, = —m. Torna s nokasarens p, = m + 1 nomydaem pewenue (18), roe
3Be 94582—(1+m)((27A+ m+m2)sl+210u)
—’ a2 e
2(1+ m) 420(1+m)(3+ 2m)

a =-

b

Be(~315B” + 9A4(4+3m)s, + (1+ m)(m* = 2)s,+ 70(4 +3m)u
280(1+ m)(2+ m)(3+ 2m)

613:

9 seey

IIpyu 5TOM Rm(O) _ 338,

Be(945B + 25,(1 + 184 + 36C) + 420p
R (1)= 1260
R (2) g = R3]y =0

ITycTts, kak u B ypaBHenuu (23), 4 =-1, C=¢,, B=0. Tornanpu &, =g umeeM A =—12, m =3, p, =4,
p,=-3uR,(3)=0.Ecim ke &, =—¢, 1oL =—6,m=2, p, =3, p, =-2, upu 31om R,,(2)=0.

b
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CrenoBarenbHO, ypaBHEHHE (23) B OKPECTHOCTH TIOJIOCOB PEIICHUS w(z) ypaBHeHU# (5) u (6) ¢ BO3MOX-
HBEIMU paznokeHusmu (24), (25) u (27)—(29) coorBeTcTBeHHO IMeeT MepoMopdhuyo O@CP, uto u mokaspiBaeT
Teopemy | ms ypaBHeHui (5) u (6).

PaunonanbHble pemieHusi ypaBHeHus (2) U TuHeiiHoe ypaBHeHue (23)

B sToMm paznmene mokaxem, 9To o0IIee pemeHne ypaBHeHus (23) mis penieHuit ypaBHeHUH nepapxuu (2)
MOXeET OBITh PAIlHOHAIILHBIM.
W3BecTHO (CcM., HanpuMmep, [11]), 9aTo ycioBue o = n € Z SBIIETCS HEOOXOMUMBIM U TOCTATOUYHBIM yCIIOBHEM

CYILLIECTBOBAHHS PALIMOHATIBHBIX PEILICHUI w(z, (x) nq(z, o, [3) ypaBHeHui uepapxud (2) u (9) cOOTBETCTBEHHO.
PanmonanbHbIe pellieHns UMEIOT CTPYKTYPY

[V] 2
w[N](z, n)zi ann_—l(Z) , q[N](z, n+ %, Bj =2%IHQ,[,N](2), oa=mn, (30)
zZ

“0M()

N
rae Q,[Z ](z) — 00001IeHHbIE TOMHOMBI S100HCKOTO — BOpoObheBa, KoTopbIe st N-T0 YpaBHEHHUST HEPAPXUH
MOTYT OBITh TIOCTPOCHBI IO PEKYPPEHTHBIM COOTHOLICHHSIM

2 2 2
o'l (2) M (2)==(2M(2)) - 2(alM(=)) LN{zéanLN](z)}, n=1,2,3, ..,

N N
C HaYaJIbHBIMH ITOJIMHOMAMU Q([) I 1, Q][ I- z.

CrpyKTypa MoIMHOMOB QLN] (z) nonydeHa B padore [11]. B wactHocTH, cipaBenmiBo cooTHOIIeHHE ((hop-
myna (48) B cratee [11]; manee myist yrpoIeHus 3alucy OMyCKaeM BepXHUN MHICKC, T. €. Q,[ZN] ( z) =0,)

0y 10541 = 0y 10y =(20+1)0Q;. (31
U3 popmyssl (31) nomydaem jBa COOTHOILICHHUS:
2 ' 2 '
(2n+1)-2 - Or a1 —(2n+1)Z - Gt |, (32)
Qn—l anl n+1 Qn+l

IIpexne Bcero 3aMeTuM, uTo ypaBHeHue (23) npu p = 0 UMeeT pelIeHue u, (z) =exp| —¢, I w(z)dz , KOTO-

poe B cuiry Gopmynsl (30) A pauroHaIbHOTO PELICHUS w(z) 3aIUCHIBACTCS B BUJE

w2

1.

0,

Bropoe pemenne ypasHenus (23) npu | = 0, IMHEHHO HE3aBUCUMOE C PELLICHUEM U, (z), TTOCTPOUM TI0 (hopMyITe

s () = () [ (2) e = (Qén‘ ] f(%ﬂ‘ ng . (33)

U3 dpopmyansl (33) mpu €, = 1, cuntas, 94To BO BTOPOM U3 cooTHoLIeHui (32) n — n — 1, Haxogum

MZ(Z)Z 1 Qn JE(Qn—ZJ dz = 1 Qn—2

_2n_1Qn—1 Qn _2n_1Qn—1.
B sToMm cityuae oOmiee pemenue ypasaenus (23) npu | =0 u g, = 1 umeer Bug
ClQn + CZQn -2
u (z) = (34)
Qn -1
Qn -1 (Z)
Ecnu B ypaBHenun (23) u=0wu ¢, =—1, 10 1, (Z) = W Torna B cuity dopmyast (33) noaydaem
.z
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_Qn—ljz' Qn dz = 1 Qn—lf Qn+l dz = 1 Qn+l.
Qn—l 2n+1 Qn Qn—l 2n+1 Qn

Oomiee pemenue ypasHeHus (23) npu =0 u €, = —1 nmeer Bux
GO, + G0,
u(z)= .

(35)
0,
TakuMm 00pa3omM, cIIpaBeAINBa CIEAYIONIasi TEOpeMa.

Q;[q]\i]l(z)
Q[N](Z)

npua=neZ’, 20e Q,[,N] (z) — nonunomul HAbnoncrkozo — Bopobwvesa. Tozoa obuee pewenue ypasnenus (23) umeem

6uo (34) npu e, =1 u 6uo (35) npu g, =—1.
W3 GupanmoHaibHON 3aBUCMMOCTH MEXIY pEelICHUsMU ypaBHeHUl (2) u (9), onpenennseMoil COOTHOIIIe-
uusimu (7) u (8), a Takxke U3 TeopeM 1 u 2 clienyeT CrpaBeJInBOCTh HUKCIIPUBEICHHOTO YTBEPIKICHHSL.

Teopema 2. Ilycmob 6 ypasnenuu (23) n=0u w= d—ln ecmov payuoHaIbHoe pelleHue ypasHerust (2)
z

Teopema 3. ITycmo 6 ypasnenuu u" + (q(z) + p)u =0 Qyuryus q(z) 518/15eMCsl NPOUZBOTILHBIM PUKCUPO-
sannvim peureruem ypasnenuti (10)—(12). Toeda obwee pewenue smoeo ypasuenus mepomopgro. Ecu sce

pw=0u q(z) ecmb payuoHanibHoe peuenue ypasnerus (9), mo obuee peuienue payuoHaiIbHO.

3aMeTuM, 4TO pe3yiIbTaThl HAacTOsIIEeH paboThl st BToporo ypaBHeHus Ilennese (2) 4acTHYHO TOTYYEHBI
B crathe [24]. HexoTophbie pe3ynbraThl JaHHOTO UCCIICIOBAHMS aHOHCHUPOBAHBI B myOuKanuu [25]. AHamorny-
Has 3aj1a4a JJIs uepapXxuu rnepBoro ypaBHenus [lennese paccMorpena B padote [26].

Mpumep. s ypasaenust (6) (N = 3) nepBbie nonuHOoMbI S6n0HCKOTO — BOopoObeBa nMeroT BUL

O =1, 0P =z, 0= "+ 4s,,
O = 2%+ 20s,2° — 1445,z — 80s3,
13— 219 4 605,27 —1008s,2° + 14 400z° +
+ 20 160s,5,z* + 11 200552 — 48 3845 + 57 600s,.
Tor;[a npu o = 3 noJry4acM palfluOHaJIbHOC PCHICHUEC
3,2 6(° +10s,2” - 245,

[3]1 _
wW. = — .
P P4ds, 2%+ 20s,2° — 144s,z — 805>

o 3
Jluneiinoe ypaBuenue (23) mpu p=0, w= w3[ Tu €, =11 &, =—1 COOTBETCTBEHHO IPHUHUMAET BH]

6(8s,z — z*
ul/ + ( 2 2) u= 0’
(23 + 4s2)
12(2" + 4325,2° + 60053z* + 160053z + 345657 )
u" — u=0

2
(20 +205,2° — 1445,z - 8057 )

[3] (3] [3] [3]
_GO7 + GO _GO + GO,
B cuiy Teopemsl 2 3T ypaBHEHUS UMEIOT OOIIIee PELIeHHE U (z) ==y —Huu (z) sy
2 3
COOTBETCTBEHHO. 3aMETHM, YTO B IPUBEICHHBIX (hOpMyJIax s, s, — IPOU3BOJIbHBIC ITapaMeTpbl ypaBHeHus (0),
a C;, C, — IOCTOSTHHBIE MHTETPUPOBAHMSL.
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In 2020 F. Arzikulov and N. Umrzaqov introduced the concept of a (linear) local multiplier. They proved that every
local left (right) multiplier on the matrix ring over a division ring is a left (right, respectively) multiplier. This paper is
devoted to (linear) local weak left (right) multipliers on 5-dimensional naturally graded 2-filiform non-split associative
algebras. An algorithm for obtaining a common form of the matrices of the weak left (right) multipliers on the 5-dimen-
sional naturally graded 2-filiform non-split associative algebras A; and A3, constructed by I. Karimjanov and M. Ladra,
is developed. An algorithm for obtaining a general form of the matrices of the local weak left (right) multipliers on the
algebras A; and A; is also developed. It turns out that the associative algebras A, and A} have a local weak left (right)
multiplier that is not a weak left (right, respectively) multiplier.

Keywords: associative algebra; left (right) multiplier; derivation; local derivation; local left (right) multiplier.

Introduction

Associative algebras are classical algebras widely studied by specialists. Associative algebras turned out to be
related to other classical algebras, i. e. Lie algebras and Jordan algebras. The classification of finite-dimensional
associative algebras is one of the primary areas of modern algebra and, as is known, was first studied by B. Peirce.
The classification theorems for 4- and 5-dimensional associative algebras were proved by P. Gabriel [1] and
G. Mazzola [2]. The case of associative algebras of dimension <4 was discussed by O. Hazlett [3]. The most
classification problems for finite-dimensional associative algebras are studied to establish some properties of
associative algebras, while the complete classification of associative algebras is still an open problem.

The present article is devoted to weak left and right multipliers and their characterisation. Every derivation
is a sum of one weak left and one weak right multipliers. The results of the present paper allow us to study
derivation, in particular, to compute the dimension of the space of derivations of an associative algebra. The di-
mension of the space of derivations of an algebra is an important invariant in the geometric classification of
algebras and it has many applications in a number of scientific areas.

In this article, we also study local weak left and right multipliers of finite-dimensional associative algeb-
ras introduced in the work [4]. The notion of a weak left (right) multiplier is closely related to the notion of
a local derivation. The concept of local derivations goes back to the Gleason — Kahane — Zelazko theorem,
which is a fundamental contribution to the theory of Banach algebras. This theorem states that every unital
linear functional /" on a complex unital Banach algebra 4 such that F' (a) belongs to the spectrum G(a) of the
element a for every a € 4, is multiplicative (cf. [5; 6]). In view of the modern terminology, this is equivalent to
the following condition: any unital linear local homomorphism from an unital complex Banach algebra 4 to the
field C of complex numbers is multiplicative. Recall that a linear mapping 7 from a Banach algebra 4 to a Ba-
nach algebra B is called a local homomorphism, if for every a in A4 there exists a homomorphism ®,: 4 — B,
depending on a such that T (a) = d)a(a).

A similar notion was introduced and studied to characterise derivations on operator algebras. Namely, the

notion of local derivations was introduced by R. Kadison [7] and D. Larson, A. Sourour [8] independently of
each other in 1990. Recall that a linear mapping V of an algebra A4 into itself is a local derivation, if for each a
in A4, there exists a derivation D, on 4 such that D, (a)=V(a). R. Kadison proves that any continuous local
derivation of a von Neumann algebra into its dual Banach bimodule is a derivation. B. Johnson [9] generalises
the above result to prove that every local derivation of a C*-algebra into its Banach bimodule is a derivation.
Based on these achievements, many authors have studied the local derivations on operator algebras.

The work is structured as follows. In the introduction, we substantiate the problem discussed in this article,
present some previously obtained results and bring some basic notions necessary for explaining the results of
this paper. Further, in section «Materials and methods» we propose an algorithm for obtaining a common form
of the matrix of weak left multipliers on five-dimensional associative algebras lls and k; constructed in propo-
sition 4.3 of the work [10]. Then, in section «Results and discussion», we develop an algorithm for obtaining
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a common form of the matrix of local weak left multipliers on 5-dimensional associative algebras XS and XS
By the results, we conclude that the common form of the matrix of a weak left (right) multiplier on the asso-
ciative algebras l and k does not coincide with the common form of the matrlx of a local weak left (right,
respectively) rnultlpher on these algebras. Therefore, the associative algebras k and XS have a local weak
left (right) multiplier that is not a weak left (right, respectively) multiplier.

Materials and methods

Let 4 be an associative algebra. Let ¢: 4 — A be a linear mapping. If, for any x, y € 4, (p(xy) = (p(x) y
((»x) =yo(x)), then ¢ is called a weak left (right, respectively) multiplier. Let L: 4 — 4 be a mapping.
If there exists a € A such that L(x) = ax for any x € 4, then L is a weak left multiplier, i. e. every left multiplier
is a weak left multiplier. Such weak left multiplier we denote as L,,.

Theorem 1 [4]. Let A be a unital associative algebra, and let ¢: A — A be a weak left multiplier. Then ¢ is
a left multiplier.

Example 1. Let X (H ) be the C*-algebra of all compact operators on a separable infinite-dimensional Hil-
bert space H. For a€ B(H ), put L,(x)=ax(xe K(H)). Then L, is a weak left multiplier on K (H). But it is
not a left multiplier if @ does not belong to K (H )

Similar to a weak left multiplier we get the appropriate statements for a weak right multiplier. Let R: 4 — 4
be a mapping. If there exists a € 4 such that R(x)=xa for any x € 4, then R is a weak right multiplier, i. e.
every right multiplier is a weak right multiplier. Such weak right multiplier we denote as R,,.

It is clear that, every derivation D : A — A on an associative algebra A is a subtraction of the weak left multi-
plier D (x) y and the weak right multiplier yD (x) Similarly, every inner derivation D, : 4 — 4 on an associa-
tive algebra A is a subtraction of the left multiplier L, and the right multiplier R,. In this case L, (¢) = R, (e) for
the identity element e € 4. The following theorem is valid.

Recall that a linear map D : 4 — A is called an inner derivation, if there exists @ € A such that D(x) = ax — xa
for any element x € 4.

Theorem 2 [4]. Let A be a unital associative algebra, and let D: A— A be a derivation. Then D is an
inner derivation if and only if there exist a weak left multiplier ¢ and a weak right multiplication \y such that
D=0¢-y. p(e)=y(e).

In the present article, a pure algebraic approach to the investigation of multiplier operators and local multi-
pliers on associative algebras is developed. For this propose we use a notion of local left multiplier on an associa-
tive algebra as follows: given an associative algebra A4, a linear map A: 4 — A is called a local left multiplier, if
for every x € A there exists an element @ in 4 depending on x such that A(x) =ax.

Theorem 3 [4]. Let A be an associative division algebra, and let \y be a local left multiplier on Mn(A).
Then vy is a left multiplier.

A linear map V: A — A is called a local inner derivation, if for any element x € 4 there exists an element
a € A depending on x such that V (x) =ax — xa.

Theorem 4 [4]. Let A be a unital division associative algebra, and let A : M, (A) — M, (A) be a local inner
derivation on M, (A) Suppose that there exists a local left multiplier ¢ and a local right multiplier \y such that
A(x)=¢(x) — y(x), xe M, (A). Then A is an inner derivation on M, (A4).

Proposition 5 [10]. Let A4 be a 5-dimensional naturally graded 2-filiform non-split associative algebras
of type u(l, 2) over an algebraically closed field F of characteristic zero. Then A is isomorphic to one of the
following pairwise non-isomorphic algebras, where the omitted products vanish:

€6 =&,
€€ = 6,
A dee,=ee =6, A ae=aa= %
e = es,
e,e = e,
e,e, = ese; = e;.

Results and discussion

Description of weak left multipliers of the algebras kf , k;. Let’s consider the following theorem.

Theorem 6. 4 linear operator on the associative algebra 7\,15 is a weak left multiplier if and only if the matrix
of this linear operator has the following matrix form:
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a, 0 0 0 0
a, a0 ay 0
31 a1 Gy G3g Gy | (1
a, 0 0 a, O

asy ag; 0 asy ayy

Proof. Let a=o,e + a,e, + ... + ases be an element of A;. Then we write @ =

s
Let L:A] —A; be a weak left multiplier on Aj, i. e. L is linear and L(xy)=L(x)y for any x, y €], and

5
M= (%) be the matrix of L. Then
=

L (a) =Ma.
We compute the components of the matrix M. By the multiplication table for kf and the definition of a weak

left multiplier, we have:

1) from L(elel)z L(e1 )e1 = L(ez) it follows that a,,e, + a, e, + a3 ,e; + a,,e, + as yes = ay e, + ay e +
+ ay,es,and, hence, a;, =0, a; | =a,,, ay 1 = a3,, 4, =0, ay; = as,;

2) from L(ee,)=L(e )e, = L(ey) it follows that a, ;e, + a, 3¢, + as ze; + a, 3¢, + as ses = a; je;, and, hence,
a;=0, ay3= 0, dy3= 0, as3= 0, a1 =4dszz;

3) from L(eye;)=L(e,)e =L(ey) it follows that a ;e +a, e, +asze; + a, 3¢, + asse5 = a5, +a ,e5 +
+ay 65, and, hence, @, 3;=0, a3 =a,,, a33=ay,, a;3=0, a;, = a5 ;=0;

4) from L(eze2 ) = L(€2 )e2 =ay,¢; =0 it follows that a; , = 0;

5) from L(ese; ) = L(ey )¢ it follows that a, ze, + a, 35 + a,3es = 0, and, hence, @, 3 =0, a,; =0, a,5 = 0;

6) from L(ee;, )

7) from L(ese;)=L(e,)e = L(es) it follows that a, se; + a, se, + a5 se; + ay s, + as ses = ay 4€, + ay 43 +

=L(ey)e, = 0it follows that @, 5e; = 0, and, hence, g, ; = 0;

+ ay 465, and, hence, a5=0,a,,=a,5, a4 =035, a4 5=0, ay 4= as35;
8) from L(e,e,) = L(e, )e, it follows that a, 4e; = 0, and, hence, g, , = 0;
9) from L(ese; ) = L(es )¢, =0 it follows that g, se, + a, se; + a, ses =0, and, hence, a, =0, 4, 5=0, a,5 =0,
a1 4=Y;
10) from L(ese, ) = L(es )e, =0 it follows that a, se; = 0, and, hence, g, 5 = 0.
As the result we get the following matrix:

>

This matrix coincides with matrix (1).
Now we prove that the matrix M defines 2 weak left multiplier on A;. Let a=a,e + a,e, +... + oses,

b=B,e + B,e, + ... + Bses be an element of A;. Then
a, 0 0 O 0 0
G a; 0 ay 0 By

L(ab) = Mab = a3,1 a2,1 al,l a3,4 a2’4 (X,IBZ + (1,2[31
a, 0 0 a, O 0

s dy 0 sy Ayy a4B
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0
a4
=1 ayo04P; + al,](G'lBZ + azBl) + a, 40P,
0
ay 40P + a 04B,
At the same time,
a1

Oy 10 + @y 10y + 4 40y

L(a)=| 3,04 + @y 0, + a0 + a3 40 + d; 40
Ay 10 + Ay 40y

Qs 0+ Ay 0y + A5 4004 + Gy 4Os

0
a1,10‘1[31

L(a)b =| ay,04P; + al,l(a1[32 + a2[31) + ay 40P |.
0

ay 40Py + a, 048

From this it follows that L(ab) = L(a)b for any elements a and b in ;.. Therefore, this common form of a mat-
rix is sufficient to the linear operator on Xf , generated by the matrix M, be a weak left multiplier on Xf . This
ends the proof.

The following theorem is proven similar to the proof of theorem 6.

Theorem 7. A4 linear operator on the associative algebra X; is a weak left multiplier if and only if the matrix
of this linear operator has the following matrix form:

a 0 0 a4 0
@) 4, 0 a4 A4
a; a) a3 a3 4 as s . (2
a33— ap 0 0 33— Q14 0
0 33—y 0 35— Uyy 33— 0y

Description of local weak left multipliers of the algebras A, A}. In the present article, a pure algebraic
approach to the investigation of multiplier operators and local multipliers on associative algebras is developed.
For this propose we use a notion of a local weak left multiplier on an associative algebra as follows: given
an associative algebra A4, a linear map A: 4 — A is called a local weak left multiplier, if for every x € 4 there

exists a weak left multiplier L on 4, depending on x such that A(x) = L(x).

Theorem 8. A linear operator on the associative algebra ?\.15 is a local weak left multiplier if and only if the
matrix of this linear operator has the following matrix form:

bl’l 0 0 0 0
b, bz,z 0 by O
by, b3,2 b3,3 b

, 54 Dys . (3)
by O 0 by, O
bs; bsy 0 bsy bss

5
Proof. Let V be a local weak left multiplier on kf , let B= (b. ) - be the matrix, defining the linear
i, j=

l’ ]
operator V. By the definition, for any element x € kls there exists a weak left multiplier operator L, such that
\% (x) =L, (x) Then, for the appropriate matrix 4, of the operator L, we have
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L(x)=Bt =A% A,=(a,) 4)

B =t

By form (1) of the matrix of a weak left multiplier on A, using equalities V (e, ) = L, (¢)=Be,i=1,2,3,4,5,
we get

b1,1 = aﬁlp b2,1 = a?,p b3,1 = a;fla b4,1 = a?,l) b5,1 = a§fp
bl,z =0, bz,z = aizla b3,2 = aiﬁa b4,2 =0, bs,z = a:?l’
b1,3 =0, b2,3 =0, b3,3 = ale,31’ b4,3 =0, b5,3 =0,
b1,4 =0, b2,4 = a§f4, b3,4 = a§f4s b4,4 = ":‘,14’ b5,4 = a§f4,
bis=0,by5=0,bs5=a5y, bys=0, bss = aj,.
Thus, according to (4) we get the following system of linear equations:
xlal)fl = xlaill’
X\ )+ Xl + Xyl 4 = xay, + xzafj + x4a§f4,
X\ 1+ Xyl | + X31) + Xyl 4+ Xs@y 4 = X105+ X0 + Xz + X054 + Xs5a5y, (5)

X x € ey
XQy )+ Xgly 4 = XAy )+ X4044,

X X X X _ e e e, es
Xids )+ Xoly g+ XyQs 4 + XsQy 4 = X005 ) + XpQy) + X454 + Xsyy.
If for each element x € A} there exists a matrix 4, of form (1) such that

Bx = A.x,

then the linear operator, defined by the matrix B is a local weak left multiplier. In other words, if for each ele-
ment x € XIS system of linear equations (5) has a solution with respect to the variables

X X X pe X X X X X
A Q15 A 45 Q315 A3 45 Ay 15 Ay 45 Q515 sy,

then the linear operator, defined by the matrix B is a local weak left multiplier. Note that, if the left part of any
equation of system (5) is equal to zero, then the right part of this equation is also equal to zero. We show that
for each element x € Xf , system of linear equations (5) has a solution.

Now, suppose that x; # 0. Then, from (5) it follows that

X el
an = a
x X _ e e ey ¢
XAyt X405 4 = X051 + Xoa1 1 + X457, — X4y,
x x x X _ e e e ey es e
XAz + Xl + X434+ XsQy 4 = XAz + X0y + X301 + X057 + XsGy'y — X34,

x X _ 2 ey
XjQyq+ X0y 4 = XAy1 + X404 4,

X X X x 2 e ey es
XiQs )+ XoQyy + X4ds 4 + XsQy 4 = Xids ) + Xplg ) + Xglsy + X5y y.

It is not hard to see that the last system of linear equations has solution for each x, # 0 from the field F.
Now, suppose that x; = 0, x, # 0. Then we have

0=0,

X x e ey
Xody | T X405 4 = Xpa1 1+ XyQyy,

x X x x e e ey es
XoQy 1+ X311+ XG5 4 + XsOh 4 = Xy Gy + X301 + X4Q574 + XsAyy,

x ey
XgQy 4 = X404 4,

x x x e ey es
Xoy) T Xgls 4 + X5y 4 = XoQy ) + Xylsy + XsQy g

By virtue of distinct variables aj 4, a3 4, a; , and a5 , with the nonzero coefficient x, this system of linear
equations always has a solution. If x, = 0, x, = 0, then we have the following system of linear equations:
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0=0,

X 6'2
a1 = X1,

X X X _ e e es
Xolh 1+ X301+ Xs@y 4 = XpQy + X3ay ] + X505y,
0=0,

X x e es
Xoly )+ XsQy 4 = XpQy) + Xsyy.

It is clear that, if x, # 0, then the last system of linear equations always has a solution.
Now, suppose that x; = 0, x, = 0, x, = 0. Then

0=0,
0=0,

X x e es
X311+ X5y 4 = X307 + XsQy'y,
0=0,

x es
X5y 4 = XsAyy.

It is clear that, for any x, and x, the last system of linear equations has a solution. Thus, system of linear equa-
tions (5) always has a solution, i. e. the linear operator, generated by the matrix

al 0 0 0 0
e e, ey
Sy 4] 0 a4 0
=)

_ e e ey es
B= as) Ay Ay Gzy dyy

e €4
ahb 0 0 afy O

as ) aiﬁ 0 asef4 a§f4
is a local weak left multiplier. Since the local weak left multiplier was chosen arbitrarily we can the matrix B
rewrite in the following form:

by 0 0 0 0

byy by 0 by, 0

B=|by by, bz by, by |
bs; bsy 0 by, bss
This matrix coincides with matrix (3). The proof is completed.

Theorem 9. 4 linear operator on the associative algebra x; is a weak left multiplier if and only if the matrix
of this linear operator has the following matrix form:

b, 0 0 by O

byy by, 0 by by

by, by, by by, by (6)
by, O 0 by, O

bs; bs, 0 b5, bss

5
Proof. Let V be a local weak left multiplier on K;, let B= (by) X be the matrix, generating the linear
U =
operator V. By the definition, for any element x € x; there exists a weak left multiplier operator L, such that
\% (x) =L, (x) Then for the appropriate matrix 4, of the operator L, we have

L(x)=Bx=A% A.=(a} ;)

i j=1

(7

By form (2) of the matrix of a weak left multiplier on 13, using equalities V (e, ) = L, (¢)=Be,i=1,2,3,4,5,
we get
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b1,1 = ale,]p b2,1 = a?,l) b3,1 = C’;Il» b4,1 = a3ej3 - ale,]l’ bS,l =0,
bl,z =0, bz,z = afﬁa b3,2 = a;?l’ b =0, bs 2= al 1
b3=0,0;=0,by;= a3ef3a by3=0,b55=0,
b1,4 = a:?l’ b2,4 = a§f4, b3,4 = a3ef4a b4,4 = a3gf3 - ale,ib b5,4 = afs - a?}m
b1,5 =0, bz,s = aifla b3,5 = 036,55: b =0, bs 5= a3 3 a1E,54-
Thus, according to (7) we get the following system of linear equations:
X, + X405, = a0 + x,a0,
X\ + Xy + Xyl 4 + X5y 4 = xlaS"l + xzaf?1 + x4a§f4 + xsaﬁ,
X\ 1+ Xyl | + X3y 3 + X405 4 + X535 = Xy 05 + Xoa5) + X055 + X,a5Y + Xs5a5s, (8)
xl(a;S - al)fl) + x4(a§’3 - al)i4): xl(a§fs - ale,ll) + x4(a§j‘3 - ale,44)a

x o x x X x x|\ _ e o ey ey es __es
xz(a3,3 a1,1)+x4(a3,5 92,4)"')‘5(”3,3 a1,4)—x2(a3,3 a1,1)+x4(a3,5 92,4)+x5(a3,3 a1,4)-

If for each element x € A] there exists a matrix 4, of form (2) such that

Bx = A.Xx,
then the linear operator, defined by the matrix B is a local weak left multiplier. In other words, if for each ele-
ment x € 7»15 system of linear equations (8) has a solution with respect to the variables

al)fb ag,l? a§,4, a;,lﬂ a§’4, C’f,lv 02,47 agc,l’ a§,4, )
then the linear operator, defined by the matrix B is a local weak left multiplier Note that, if the left part of any
equation of system (8) is equal to zero, then the right part of this equation is also equal to zero. We show that
for each element x € k system of linear equations (8) has a solution.

Now, suppose that x, # 0. System of linear equations (8) is equivalent to the following system of linear
equations:

XA+ X4a 4 = X000+ XAy
X X X x 2 e ey es
X+ X011+ X4Qh 4+ X5 4 = X0y + Xp017 + X057y + XsApy,
x X x x X _ e e e ey es
X3y + Xplhy + X305 3 + X403 4 XsTy 5 = X103 + X057 + X303 + X4a3ly + X505, (10)

X _ e ey
(% +xy ) a3 = xa3'5 + xyass,

X X X X X X _ X X X X X X
xz(%,s - al,l) + x4(a3,5 - 92,4) +Xs (%,3 - 5’1,4)— xz(as,s - al,l) + x4(”3,5 - 92,4) + x5(a353 - a1,4)-
The order of computation of the values of variables (9) is the following:

x x _ e ey
X1a1 + X404 = X071 + XAy,

x x x x e ey ey es
Xy |+ Xo0y )+ X405 4 + XsOy 4 = X105 1 + X017 + X404 + X547y,

X _ e ey
(X +xy ) a33 = X055 + x,a5%,

x o x x X x ox \_ e e ey ey es  es
xz(az,a al,l) + x4(a3,5 a2,4) + xs(a3,3 01,4)—)52("3,3 al,l) + x4(a3,5 az,4) + xs(a3,3 5’1,4)’

x x X x X _ e e e ey es
X3+ Xply + X305 3 + X405 4 + XsQ3 5 = X303 | + X051 + X3a373 + XAy + XsA3s.

Note that the variables a;), a3, 33, a3, have a nonzero coefficient, if x, + x, # 0 and system of linear
equations (10) has a solution. If x, # 0 and x, + x, = 0, then x, = —x, and similar to the previous case system of
linear equations (10) has a solution. Thus, system of linear equations (8) has a solution for each x, # 0 from
the field F.

Now, suppose that x, = 0, x, # 0, then system of linear equations (8) is equivalent to the following system
of linear equations:
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x _ ey
Xqdy 4 = X4y 45

X X x _ e ey es
XoQy |+ X405 4 + XsOy 4 = X5017 + XG4 + X5a 3,

X X X x _ e e ey es
XoQy 1+ X33 3 + X405 4 + XsQ3 5 = Xy Ay + X3a373 + X057 + X557,

x €y
Xqd3 3 = Xyd3 3,

x X x X x o oox \_ e e ey ey es
xz(as,s al,l) + x4(a3,5 a2,4) + xs(a3,3 a1,4) = xz(a3,3 al,l) + x4(a3,5 a2,4) + xs(a3,3 ‘7‘1,4)'

In this case the variables a;' 4, a3 4, a3 4, a3 3, d3 s have a nonzero coefficient, and the order of computation of
the values of these variables is the following:

x ey
Xqdy 4 = X4y 45

x X X _ e ey es
XoQy 1+ X4 4+ XsOy 4 = Xp017 + Xg4Qy4 + X5A g,

x €y
X433 = Xyd3 3,

X X x X X _ox \_ ) ey ey e e
xz(a3,3 ”1,1) + x4(”3,5 a2,4) + xs(as,s a1,4) = xz(a3,3 al,l) + x4(a3,5 02,4) + xs(a3,3 a1,4)a

x X X X _ e e ey es
XoQh 1+ X303 3 + XG5 4 + XsQ3 5 = Xp0571 + X303 + XyQ37, + X50575.

As the result we have a solution of (10). Thus, system of linear equations (8) has a solution in the case of x, =0,
x,#0.

Now, suppose that x; = 0, x, = 0. Then system of linear equations (8) is equivalent to the following system
of linear equations:

0=0,

x X _ e es
Xoy |+ X5a) 4 = X017 + X5Q) 7y,

x x X _ e e es
Xody 1+ X3a3 3+ XsQ3 5 = Xy, + X3a373 + Xsas’s,
0=0,

x o x X x \_ e e es _es
xz(az,s al,l) + xs(as,s 31,4) —xz(a3,3 al,l) + xs(“3,3 a1,4)a

0=0,
x X _ e es
Xody |+ Xs@ 4 = X017 + Xs5Qy 7y,

x x x _ ey e es
Xo0h 1+ X3a3 3 + XsQ3 5 = Xy, + X3d373 + Xsds’s,

0=0,

X _ 62 65
(x2 + X5 )a3,3 = Xya3% + X503

Similar to the previous cases this system of linear equations also has a solution. Thus, system of linear equa-
tions (8) always has a solution, i. e. the linear operator, generated by the matrix

ai L 0 0 af’ 4 0
ag‘,1 016,21 0 a§f4 ale,54
B= a”j:l agfl ase,% a3ef4 a§f5 >
ashy - ay 0 0 a¥—a 0
0 a3e,23 - a1e,21 0 a§f5 - a§f4 a3e,53 - af:54

is a local weak left multiplier. Since the local weak left multiplier was chosen arbitrarily we can rewrite the
matrix B in the following form:
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by, 0 0 a4 0

b2,1 bz,z 0 b2,4 bz,s

B= b3,1 b3,2 b3,3 b3,4 3,5
b471 0 0 b4,4 0

0 bs,z 0 b5, bss

This matrix coincides with matrix (6). This completes the proof.

Conclusions

Note that the common form of the matrix of a local weak left (right) multiplier on an algebra includes the
common form of the matrix of a weak left (right, respectively) multiplier on this algebra. The coincidence of
these common forms denotes that every local weak left (right) multiplier of the considering algebra is a weak
left (right, respectively) multiplier. But the common form of the matrix of a weak left (right) multiplier on the
associative algebras Xf and k; does not coincide with the common form of the matrix of a local weak left (right,
respectively) multiplier on these algebras by theorems 6, 8 and 7, 9, respectively. Therefore, the associative
algebras Kf and x; have local weak left (right) multipliers that are not weak left (right, respectively) multipliers.

We note that local weak left (right) multipliers of an arbitrary low-dimension algebra can be similarly
described using a common form of the matrix of weak left (right, respectively) multipliers on this algebra.
A technique for constructing a local weak left (right) multiplier, which is not a weak left (right, respectively)
multiplier, developed by us, can be applied to an arbitrary low-dimension algebra, weak left (right) multipliers
of which have a matrix of a generalised form.
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The formulation of the boundary value problem of deformation of a circular three-layer plate in its plane under the
action of an axisymmetric load and heat flow is herein given. The deformation of materials of thin bearing layers obeys
the hypotheses of the theory of small elastic-plastic deformations. The relatively thick filler is assumed to be non-linear-
ly elastic. A system of non-linear differential equilibrium equations is obtained. To derive it, the Lagrange’s variational
principle was used. The corresponding iterative solution is obtained by direct integration. Numerical approbation of the
analytical solution is carried out.
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BBenenune

B nacrosmee BpemMst KOMIIO3UTHI IIMPOKO UCTIONB3YIOTCS B TEXHUKE U CTPOUTENBCTBE. DTO 00YCIOBHIIO CIIPOC
Ha pacYeTHBIE MOJIENN CIIOMCTHIX, B YaCTHOCTH TPEXCIIOWHBIX, IIEMEHTOB KOHCTPYKITHiA. PazpaboTka o0mieit Teo-
puH 1e(hOPMHUPOBAHHUS TPEXCIOWHBIX 3TIEMEHTOB KOHCTPYKIMH, B TOM YHCJIE TIACTHH, €IlIe HE 3aBeplieHa U WH-
TEHCUBHO MPoJoJbKaeTcs. JJaHHOHM TemMe NOCBSIIEH psi padoT, BKiItovas MoHorpaduu [1-3], B KOTOpBIX pUBe-
JICHBI TIOXOBI K pa3paboTKe JIMHEHHBIX W HEMMHEWHBIX MaTeMaTHYECKUX MOJIEIEeH HEOTHOPOAHBIX CTEPIKHEH,
IDTACTHH U OMIMHAPHYECKUX 000I0UYeK MPH KBa3UCTATHUECKUX U TUHAMUIECKHX Harpy3Kax.

HedopmupoBanne TPeXCIOWHBIX IUIACTUH M 000JIOUEK O[] ACHCTBUEM AMHAMUYECKHX Harpy30K Hccie-
JOBAaHO B cTaTbsiX [4—7]. Marepuanbl BI3KOYNPYrOMIaCTUYECKUX MIIUHIPUICCKHX 000I0UeK MOAYHHSIOTCS
HACJIE/ICTBEHHBIM COOTHOLIEHUSAM JAe(OpPMAIMOHHONW TEOPWH IUIACTUYHOCTH. PemieHus BBIMHCAHBI C TIO-
MOIIBIO Pa3JIOXKEHHS B PsJl IO COOCTBEHHBIM (YHKIMSM. Pe30HaHCHBIE KOJIeOaHHsI pacCMOTPEHBI y KPY-
TOBBIX TPEXCIONHBIX IJIACTUH, CBSI3aHHBIX C YIPYTUM OcHOBaHHUEM [7]. OlleHKa TUHAMHYECKHX XapaKTe-
PUCTUK TOHKHUX IWJIMHIPUUYECKUX COHABUY-IIAHENIEH ¢ MarHUTOPEOJIOTMUECKUM 3alloIHUTENIeM MpoBeAeHa
B cTtarbe [8]. CBOOOAHBIE U Pe30HAHCHBIE KONEOAaHUs YIIPYTHUX CIOUCTHIX OaNOK, MIACTUH W IMIIMHIpUYIE-
CKHX 000JI09eK paccMOTpeHbI B paboTtax [9—11]. PacnpocTpanenue ynpyrux BOJIH B TPEXCIOWHON TLTACTH-
HE C BBICOKOKOHTPACTHBIMU MEXAHWYECKHMH U T€OMETPUYECKHMH CBOMCTBAMU CJIOEB MPOAHAIU3UPOBAHO
B myOnukanusx [12; 13].

Cratbu [14; 15] mocBsiiieHbI MATEMAaTHUECKOMY MOJICTUPOBAHUIO THAPOYNPYTHX KOJeOAHUI KPyIIIOii miac-
THHBI, OTHparomieiicss Ha ocHoBaHMs BuHkitepa u [Tacrepraka. HectarmmonapHbIil KOHTAKT C(HePUICCKUX U IIH-
JTUHIPUYECKUX 000JI0YeK UcCiieoBaH B myonmukanusx [ 16—18]. B padorax [19-21] paccMoTpeHO cTaTHyeckoe
Y MOHOTapMOHHUYECKOE aKyCTUUYECKOE BO3/IEHCTBUE HA MHOTOCIOWHYIO INIACTUHY, UCCIIEA0BAH JUHAMUUECKUI
PE30HAHCHBIH OTKJIMK MJIaCTUHBI, ApMHPOBAHHOHN YIIIEPOAHBIM BOJIOKHOM, TIPH PE30HAHCHBIX KOJIEOAHHSIX C yue-
TOM BHYTPEHHETO TPEHHS B MaTepHalie U BHEITHETO adpOJMHAMUYECKOTO AeMIpupoBaHusi. OTKIMK MHOTOCJIOH-
HBIX KOMITO3UTHBIX TUTHT HA KOCOH yiap onucaH B myOnukanuu [22]. Ctarbs [23] mocBsIeHa CBEpPX3BYKOBOMY
(iaTTepy MHOTOCIIOMHBIX KOMITO3UTHBIX TUTACTHH.

JedopmupoBaHue ypyrormiacTHYeCKIX TPEXCIOWHBIX CTEPIKHEH U IITACTHH € HETMHEHHO-YIPYTHM 3aI10J-
HUTEIIEM PACCMOTPEHO B paboTax [24—26]. AHanu3 nedhopMUPOBAHHS U YCTOMYNBOCTH MHOTOCTIOWHBIX 0aJIOK
MpoBeJieH B cTaThsxX [27—-29]. Hecymas ciocoOOHOCTh KPYIJIBIX MHOTOCIOMHBIX IUTUT NPH OOJIBIIOM Hporude
ucciiefoBana B myonukaiuu [30]. AHanu3 u3ruda Kpyrioi MHOTOCIIOWHOM IJIACTUHBI U CPAaBHEHHE U3THMOHBIX
CBOMCTB COHABUY-TIAHETICH C SUCHCTHIM 3alIOJTHUTEIIEM BBITIONHEHBI B padoTtax [31-33].

HedbopmupoBanue ynpyroil KpyroBoi TPEXCIOWHOM IIIACTHHBI B CBOEH TIOCKOCTH TOJ| ACWCTBUEM KOCH-
HYCOMJAJILHOW Harpy3KH MCCIEA0BaHO B crarbe [34]. M3oTepmuueckoe nedopMupoBaHue Kpyrion Ghusnye-
CKU HEJIMHCHHON TPEXCIIOMHON IJIaCTUHBI IPU HEOCECUMMETPHUYHOW Harpy3ke paccMOTpeHo B pabdote [35].
3nech neopMHupOBaHUE YIIPYTOIIACTHYECKON TPEXCIOWHON TUTACTUHEI IPU OCECUMMETPUIHOM HaTPYKECHUH
B CBOEH MJIOCKOCTH PACCMOTPEHO € YUYETOM BO3JEUCTBUS TEMIIEPATYPHOIO MOJIS.
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ITocTanoBKka KpaeBo# 3a1aun

[TycTs HECHMMETPHYHAS 110 TOJIIMHE KPYTOBask TPEXCIIONHAS IIIACTHHA Pa Iy COM 7;, COCTOHT U3 JIBYX TOHKHX
[IPOYHBIX HECYLIUX CIIOEB (/1 # h,) U KECTKOTO HECKMMAEMOTO 110 TOJIIIMHE 3anonHuTess (4y = 2¢). s no-
CTaHOBKH 3aJIa4H HCIIONB3YETCs IMIMHIPUIECKas CUCTEMa KOOP/MHAT, CBSI3aHHAsI CO CPEIMHHOMN TIOCKOCTBIO
3aronHuUTeNs (puc. 1). Pesynbrupyromas BHEUIHSSI pacipe/ielieHHast Harpy3Ka NPHIIOKEeHa B CPEIMHHON II0CKOCTH

3anoiHuTeNns. Ee npoeknuy Ha ocH KOOpIUHAT — p, (r, (p), Po (r, (p).

ala o/b

u(r, ¢) CpenuHHas
TIOCKOCTh
3aNONHUTENS

Puc. 1. PacueTHas cxema TpeXCIOHHOH MIaCTUHBI IPU HArPY>KEHUU B CBOEH INIOCKOCTH

Fig. 1. Calculation scheme of a three-layer plate when loaded in its plane

Hwxnsist moBepXHOCTD z = —¢ — 1, ¥ KOHTYp MJIACTUHBI TEIUIOU30JIMPOBaHbL. B 3TOM citydae HeogHOpOaHOE
TeMIIepaTypHOE I10JIE 6(2, t), OTCUUTBIBAEMOE OT HEKOTOPOM HauajabHOU TeMIieparypsl 7, MOXKHO BBIYUCIIATh
C JI0CTaTOYHON TOYHOCTHIO TI0 hopmyie [1]

2 n
& _1 2 2
o) 1 cth —l—iz( )cos | 5+ ST e T,
A 2 H 6 H

2 2
m ,=1 N

3 3
rme T = a—tz; s = i; a= &; A= Z }Lkhk; C= z %; H — cymmapHas TOJIIMHA IACTUHBL Ay, C, ¥ p, —
H H C o H i H
k03(PHUIIMEHTHI TEIIIOMPOBOHOCTH, TEINIOEMKOCTH U IIOTHOCTh Matepuaia k-ro ciost (k= 1, 2, 3); t — BpemsL.
Bo3HuKawommM B HECUMMETPUYHOM MO TOJNIIUHE TPEXCIOWHON MIACTHHE W3THOHBIM Je(OPMUPOBAHUEM
npeHeOperaeM B CUJIy €ro MaJIOCTH TIPU OTCYTCTBHUH HONIEPEYHOMN HArpy3Ku. PaccmarpuBaeM TOJIBKO TIOCKYHO
9acTh 3aa49u. VICKOMBIC panuaabHbIC U TAHTCHIIMATBHEIC IEPEMEIICHIS 0003HAYNM depes ur(r, (p), u(P(r, (p).
Ha rpanumnax cioes ckieiiku nepeMenieHnst HelpephIBHBL. J{JIs mpeaoTBpaiieHus OTHOCUTEIFHOTO CABUTA
CJIOEB Ha TOPIIE IIACTHHEI MPEIITOIaraeTcsl HaIMIKe KeCcTKo nuadparMel. [ledopmarim Masl.
MarepuaJbl HeCyIIUX CIOEB YIPYTOIIaCTHYECKUE, 3aIIOTHUTEh HETMHEHHO-yIpyTHid. JJ1s ortMcanus cBA3n
HaNPsDKSHUH 1 1eQOpMaliii MPUMEHSIOTCS COOTHOIIEHUS TEOPUH MAJTBIX YIPYTOILIACTHYECKUX JAeopMannii
Wnbrommuna [36]

SSE) = 2Gk(Tk )(1 - @k(gg,k), T, )) 355[3),
ol = 3Kk(Tk)(s(k) - (xgk)e) (o, B=7, Q).
(k) (k)

. L (K
3nech u panee k=1, 2, 3 — HOMep CII0s; Sqq, op — ACBUATOPBI TCH30POB HANPSKEHUH U AeopMaLmii; o' ),

M

(k) — mapoBbIe 4acTH 3THX TEH30POB; Gk(T % ), K k(T k) — TEPMO3aBUCHMbIE MOJIYJIU CBHIa U OOBEMHOM Jie-
(bopmanuu; sgk) — MHTEHCHBHOCTD Jle(opMaluii; ocgk) — KO3()(PHIMEHT JIMHEHHOTO TEMIIEPATYPHOIO PaCIIy-
peHus; (ok(sgk), 1, k) — (yHKIMHU IUTACTUYHOCTH MaTepHasioB HECYLIHMX CJIOEB, IPUYEM (Dk(sgk), 1, k): 0, ecnn
sak) < s(yk)(T k); m3(s£3), Tk) — yHuBepcanbHas (QyHKIUSA (pU3ndecKkoil HeMMHEHHOCTH MaTepuaia 3aroIHUTE,

IIPUYEM (4 (sff), T, ) =0, eciu 8£k) < s(sk)(Tk ); s(yk) — nehOopMalOHHBIH Mpezes TEKy4eCTH MaTepuaIoB Hecy-

k o o
X CJIOCB, Sg ) — npeaecia (1)I/ISI/I‘-IGCKOI/I HCJIMHCMHOCTH MaTcpuaja 3ariOJIHUTEIIA.
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(k)

C IMOMOIIIBKO KOMITIOHCHTOB TCH30pa HaHpﬂ)i(eHI/If/’I GO(B

THHE
3
EZ ch )dz—ZGaﬁhk (o, B=7, 0). (2)
= k= 1hk
W3 BapuanmonHoro npuHnuna Jlarpamxka cienayer cucrema auddepeHanbHbIX ypaBHEHUH paBHOBECHS
B 0000IICHHBIX yCHTHSIX [34]

BBOJATCA O606H.[6HHLI€ BHYTPCHHHC CUJIbI B IJIAC-

T, +1(T,+T ~Top)=—P

rr'r ro @
)

1
Loy + 7(T<p<p’<p + 2Tr<|>) =Py

IJIe MITPUX B HIDKHEM WHJICKCE O3HAuaeT orepanuto nudGepeHInpoBaHus Mo CIeAYIONIe 3a HUM KOOPIHHATE.
KoMIioHeHThI HaNpsHKEHUH MPEJCTaBUM B BUJIC JIMHEHHON (MHIIEKC €), HeTMHEHHOH (MHIEKC ®) U TeMIIe-
parypHO# (MHICKC {) COCTABJISFOIIUX:

(k) _ k) _ 5() (k) k) _ 5(*)

k
Ooa = Oace ~ Cacw ™ Or 5 Oup = Ogpe ~ Gsxﬁ)w (o, B=r,9). (4)

()

371ech caaraeMble HapsHKEHUH BhIpaKaroTCs dyepes aeGopManuu €4 1o GopMysam

o), = st + o) =26, (1) o) — &) + 3K, (7,)eW) = K7 (1, )olh) + K7 (T, )

o =26, (T oy (el 7 (el - <),

o(k)=s$$)=2Gk(Tk)8(k) old) () =2G(T) k(g( T k) (k)

repe re r(po) }"(p’

o\ =3K, (1) alT, (0, B=r, ¢; 0. % B),

4 _ 2

rne K (7, ) = K (T,) + gGk(Tk)’ K (T,) =K (T,) - EG,{(T,().

BuyTtpennune YCI/IJ'II/IH (2) c nomopro HanpspKeHUH (4) U (5) Takke MPEICTaBUM B BUZIE TPEX COCTABILIIOILMX !

k k
) = IGdedZ [0z = 8, [ oMz =) ~ Tl — TM5 g (0. B =1 ), (6)
T f

rae 8,5 — CUMBOJIBI KpOHeKepa.

O06001eHHbIC yCHUITHS HOJ’Iqu/IM, npocyMMMpOBaB BHyTpeHHI/Ie yecmnus (6) Mo crosaMm:

T(xB = Z Toggz Z OLBOJ aB Z T(k ocBe (ch) 8

3
= Z j o) dz — Z [ oz~ 35, Z o) [ K, (T, ) AT, k. 7
k=

k= lhk k=1 Iy

o o . r
IToncraBuB ycunus (7) B ypaBHeHm{ (3) u mepeliast kK 6e3pa3MepHOl paauaIbHON KOOPAHHATE X = s 110-
0
JYYHM CIEYOIIYI0 CHCTEMY U PepeHINANIBHBIX YPaBHEHUH ISl pacCMaTpUBAEMOM TUIACTHHBI, OCECUMMe-

TPUYHO J1e(hOPMUPYEMOI B CBOCH MIIOCKOCTH:

Trrx+ I(T;,Qf(p"'T T ) ( pr+prm)r0’
1 )
Tyt (Tcpm’m + 27, ) (_p<l>+ pq,o,)l”o,

TJIe HWOKHAW HHJIEKC e B JallbHEHIIIeM OnyIeH i y100CTBa; HelTMHEHHbIe T00aBKY (MH/IEKC (), BBIHECEHHBIC
BITPABO, OMPEIEIAIOTCS (hOpMyITaMu

1 1 1 !
Pro= a[z—;rw'x += (T;”(Pm'lp + Trrm - T(p(pm )J’ Poo= E(Trcpm’x t3 ( o' + ZT;”‘PL‘) )j
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B ¢ukcrpoBaHHBIIt MOMEHT BpEMEHU ¢ TMHEHHbBIE COCTABIISIFOIINE BHYTPEHHUX 0000IIEHHBIX YCHUIIUN BbI-
paskaroTcs 4epes NepeMeIleHus U, (r), u(p(r) nocJye MoACTaHOBKY B ycuius (7) HanpspkeHui (5):

T, =au,,+ a72u 32 oc(k) I K AT, dz, T, =5 (ru = u(p),

T g ¢
k=1 hk

©)
T, azu,,+—u —3Za jK AT, d.
k=1 hk
3nech

=

rae 7 — temmneparypa, OCpeHEeHHas 10 TOJIIIHE TIaCTHHBL.

[Tocne momcranoBKH BhIpakeHUH (9) B cucteMy (8) moiayuynM HemuHEHHbIe AuddepeHITHaTbHbIC YpaBHE-
HUS B YaCTHBIX MPOU3BOIHBIX, CIyKaIHMe IS OMPEeNICHUs MepeMeIeHI TPH 0CECHMMETPHYHOM TepMO-
CHUJIOBOM Harpy>XeHUH yHpyrorjacTUueCKOW TPEXCIOMHOM MJIACTUHBI B CBOEH MIIOCKOCTH:

(2% u ¥
r'x r _ "0
Upee T = _F_a_l(_p’erm)’
E (10)
[ u
P x ¢
Uy + ————( Pot P )
@'xx X 2 9" Foo

3ameruM, uto ypaBHeHus (10) He comepikar TemmepaTrypy B SBHOM BHJI€, YUUTBHIBAETCS JIMIIb €€ BIUSIHUE
Ha BEJINYMHY MOAYJIEH YIIPyroCTH MaTepHaiOB CIIOEB, /IS OMMCAHNs KOTOPOTO IpUMEHseTCs TuHeiHas dop-
myna bemna [1].

Kpaesas 3aaua o 1eopMUpOBaHUN KPYTOBOM TPEXCIOMHOM MITACTUHBI ¢ (PU3NYCCKU HEJTMHEHHBIMHU CJIOSI-
MU HEOCECUMMETPHYHON HArpy3Ko# 3aMbIKaeTcs [00aBlIeHHEM K ypaBHEHHsIM paBHOBecHs (10) TpaHUYHBIX
yCIIOBUI Ha KOHTYpe (x = 1) 1 orpaHMYeHHI Ha BEJIMYNHY TepEMEIeHUI B IEHTpe TUIacTUHBI (x = 0).

AHajuTHYECKOE peuiecHue KpaeBOﬁ 3aJgaun

Cucrema nuddepenuuaibabix ypaBueHui (10) cylmiecTBEHHO HEJIMHEHAS, TO3TOMY JIJISl €€ PEIICHUS He-
00X0TMMO MPUMEHATH MPUOIMKEHHBIE WK YHCIIEHHBIE METO/Ibl. B paccMarprBaeMoM ciiyyae HCIOIb3yeM MO-
TrduKanrio MeTosia yIpyrux pemenuii Mprommna [36], cXoAnMOCTh KOTOPOTO JI0Ka3aHa B IMUPOKUX Mpejiesiax.
VYpasuenus (10) nepenuceiBaeM B UTEPALIMOHHOM BHUJIE:

(n) (n) 2
(n) Uy _ u, _ 70 _ (n-1)
ur'xx + X xz - a, ( P, +pr0) )’
(11)
RO
n Uy u K n-1
”<(p’x)x+ ()pc - ;sz :;3 (—p(p+p((p0, ))’

e 7 — HOMEp NpUOIMKECHUS. 1 1
JIONOTHUTETIbHbIE «BHELLTHUE) HAIPY3KH p(" - ), p(" ) ha [IEPBOM LIare UTEPALMX IPUHUMAIOTCS PAaBHBIMU

HYJIIO, @ B JIAJIHEHIIIEM BBIYUCIIFOTCS [0 pe3yJ;:TaTaM¢1c;peubmymero NPHOJIMKEHHS 10 POPMyJIaM, BBEIECHHBIM
B cucteMe (8):
n-— 1 n n-— n-— n-— 1 n—
Jo l)zr_(T;f(rwx) (Tr(m V-1, 1))} V= F_(Tr((p@x) + Tr(tpw 1)) (12)
0 0
rae 5
gl ZT;QD S-S ol g 32% 5 r)ame-
—1 k=1,
3
= ZI (sﬁ,k)("_l), T)a(k)"_1 32% IK )ATdz (o=r, @),
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1" = ZTV((Q) = Z [l Vaz = 22 [Gi(r ( (5)n-1) T)gglfp)(n—l)dz

k=1 k=1p, k=1p,

B pesynbrare Ha KaXI0M LIare UTEpaluy HETMHEHHAs 3a/1a4a CBOAUTCS K JIMHEHHOM 3a/1aue ¢ JOMOIHHU-
TENbHBIMH «BHEIIHUMU» Harpy3kamu (12).
Pemenne cucremsr (11) moay4yeHo METOIOM MPSIMOTO MHTETPUPOBAHHUS:

2 X X
uS”) C( )x + - Ix (p, pm 1))dxdx,
oAy
(13)
ul = "y 4 —C‘(ln) - iijf( B (n_l))dxdx
¢ T3 r a3xoop‘p Poo ’
rae Cy, ..., C, — KOHCTaHTBI HHTEIPHUPOBAHUS, ONIPE/ICIIIeMbIE 3 TPAHUYHBIX YCIOBHH.

Beanuuna HepeMCHICHI/Iﬁ B HCHTPC IMJIACTUHBI JOJIKHA 6I>ITI) KOHG‘IHOIZ, MMO3TOMY HCO6XOILI/IMO IIOJIOXKUTD,
uyro C, = C, = 0. Ha 3akperuieHHOM KOHType IIacTuHbI (x = 1) nepemereHus OynyT paBHbI HYJIIO, OTCIOA
MOJTYYHM KOHCTAHTBI HHTETPUPOBAHUS

( . 1 1 ) ( }"2 1 1 )
n_N n)_To
G —a—IJ-x (pr pm )dxdx G —a—3J.xJ.(p(p qu) )dxdx. (14)
0 0 0 0

B ClIydac CBO60,[[HOFO OIMUpaHus Ha KOHTYPEC AOJIKHO BBIIIOJIHATHCA YCIOBUC

ay,, +—u 3Za 'K, 0h, =0. (15)

|r*r

PaccmoTpum edopmMupoBaHne IIACTHHBI OT PaJHalbHON HATPY3KH p, IPU OTCYTCTBHH OKPYKHOU Harpys3-
ki (p, = 0). I'parnanoe ycnosue (15) npuHnmMaer B

Tr(rn) =q Cl(n)_ 2 (p Pﬁgil))ro +
r=n 3a1
s Gl e, - 1 (p =) —3Z3:a(")1< ATh, =0, (16)
% 1o 3611 r ro 0 = 0 k k

OTCIO,Z[a HUMCEEM KOHCTAHTY MHTCTPUPOBAHUSL

c=

1 2a1+a2( _(n-1

o w| aa (r )r0+32a0 K ATh, |. (17)

k=1

Jedopmammu B CI0SX CIEAYIOT U3 TOMyUeHHBIX niepemernennit (13) u coorHomenuit Komm B mosspHoi
cucteme koopauHar [1]. BBuay cuMmMerpuu Harpy3ku uMmeeM

ey Lo l(u( ) luw) (18)

rr rr? [010] r 140] 2 q)r 7

CrnenoBaresibHO, B TEMIIEPATYPHOM I10JIE OCECUMMETPUYHOE 1e(HOPMUPOBAHUE KPYTOBOM (hU3NYCCKU He-
JMHEHHOHN TPEeXCIOWHOMN TUIACTHHBI B CBOCH MIIOCKOCTH MPH 3aKPETUICHHOM MM CBOOOHO OMEPTOM KOHTYpE
onnckiBaercs hopmymamu (13)—(18).

YucineHHbie pe3yabTaThl

YucnieHHO UCClieI0BaHO J1e(hOPMUPOBAHKUE KPYTOBOH YyIIPYTOIIACTUUYCCKON TPEXCIIOWHOM TIACTUHBI €11 -
HUYHOTO pajauyca (fy = 1 M) Ipu 0CECUMMETPUYHOM HArpyK€HUM B CPEIUHHON INIOCKOCTHU 3aIlOJHUTEIS
Harpyskoi p,, = 300 MIla, p, = 0. BHelnue HecyIue CI0U BBIIOIHEHBI U3 JropantoMunns Mapku J[16-T,
3aMoJIHUTENb U3TOTOBIEH U3 PToporiacta-4. Ha koHType npunsaTo cBobonnoe onupanue. OcpeaHeHHOE
TeMIIepaTypHoe noje — 7' = const, TOJIIMHA BHEUIHUX HECYIIUX CI0€B — /1, = h, = 0,02 M, ToNIIMHA 3a1101-
HUTENs — hy = 0,4 M.
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@OyHKINSA TUIACTUYHOCTH B COOTHOMIEHMSIX (1) MpH TepMOCHIIOBOM HArpy»XeHHUH JJIsi HECYIIHUX CJIOEeB MpPH-
HUMAaJack B ciemyromem Buzie [1]:

k o
m"(gg’ \ T) - el k (k) o (k)
_ Y
A gy | o s (1)
e, +&,—¢, (T)
o k
VIS Ak’ O, — KOHCTAHTbI HEJIMHEUHOCTH MaTCpHajIOB HECYIIUX CJIOCB, I0J1y4a€MbI€ OKCIICPUMEHTAJIbHO, Sﬁ/()) -

(k)

v (T ) — nehopMaMOHHBIH Mpejen yi-

nepopMalMOHHBIH Ipesen TeKydectu npu temneparype 7, =293 K; €
pyroctu npu temneparype 7.
OyHKIMS HETMHEHHOCTH B cooTHOIIEeHUsX (1) i 3anoinauTtess (proporuiact-4) IpuHUMAach B CISIYHO-

mem Buze [1]:

()= o3
osle) )= (3)
3( ) A5 1 - 853) , 85,3) > s£3),
€

u

rae A, o, 8&3) — KOHCTaHTbI HETMHEHHOCTH MaTepualla 3aroJIHUTENs.

Ha puc. 2 npencrasieHa cXxonuMoCTh UTepannonHoro nporecca (7 = 293 K). Homep kpuBoii coBmagaet
¢ marom urepanuu. Bropoe npubinxkeHue oTandaeTcs ot nepsoro npumepHo Ha 10 %. [TpunsaToe 3a nckomoe
peleHue msaToe npuobImKeHne oTTndaeTcs ot yerseproro Ha 0,14 %. B pesynprare ¢puzndeckas HETUHEHHOCTD
MaTepraoB CJI0EB J00ABISIET K YIIPYTUM MepeMeleHusIM okoJio 14,5 %. CnemyeT OTMETHTh, YTO YKa3aHHbIC
YHUCIJIEHHBIE 3HAYE€HUsl MPAKTHUECKH COBMAJAIOT C AHAJOTUYHBIMHU pEe3yJabTaTaMU NIl YIPYTroIuIacTHYECKON
IJTACTUHBI € )KECTKO 33/IeJJaHHBIM KOHTYPOM.

35

3.0

2,51

2,0+

u, - 102, M

1,5¢

1,0

05 2

0 I I I I
0,2 0,4 0,6 0,8 1,0

X
Puc. 2. CxonqumocTs MeToza ynpyrux pemenuit (7= 293 K):
1,2, 3,4, 5 — nomep urepauuu

Fig. 2. Convergence of the elastic solution method (7 = 293 K):
1,2, 3,4, 5 — iteration number

Ha puc. 3 orpaskeHO BIMSIHHE TEMIIEPATyphl HA pajualibHbIC IIepeMeIeHHs u,. [lepeMerieHus npu KoM-
HarHoi Temneparype (7 = 293 K) makcumanbsbl B cedyennu x = 0,82, ¢ pocToM TeMmeparypbl MAaKCUMYMBbI
casuratotrcs k cedenusMm x = 0,86 (7'=373 K) u x = 0,89 (7T =473 K). Harpeanue npuBoJuT K YBETHUEHUIO
MakcUMaNbHEIX ntepemerniennii Ha 21,8 % (7'=373 K) u 43,8 % (I'= 473 K).

Pacnpenenenue obnacTeld IacTUYHOCTH U (PU3NYECKON HETMHEHHOCTH 110 IONEPEYHOMY CEUCHHMIO ILIac-
THHBI C POCTOM TeMIIEPaTypbl H300pakeHo Ha puc. 4. Hecyiiue clion MOTHOCTBIO MEPEXOAAT B YIIPYTOIIACTH-
4yeckoe cocTosiHue. HarpeBaHue 1iacTHHBI IPUBOAMT K CYIIECTBEHHOMY YBEIHUCHHIO o0nacTeld Gu3nueckoi
HEJIMHEHHOCTH B 3aIlIOJTHUTENIE BCIEICTBUE POCTA MHTEHCUBHOCTH JIe(hopMariuii.
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Puc. 3. PaguanbHble IepeMeNIeHns i, B TPEXCIOHHOM MIaCTHHE IPU Pa3INYHbIX TEMIIEpaTypax:
1 — ynpyras miactuna npu 7'= 293 K; 2, 3, 4 — ynpyrormactiudeckast INIaCTHHA
mpu T=293 K, T=373 K, T=473 K coOTBEeTCTBEHHO
Fig. 3. Radial movements of u, in a three-layer plate at different temperatures:
1 — elastic plate at 7=293 K; 2, 3, 4 — elastic-plastic plate
at T=293 K, T=373 K, T =473 K respectively
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Puc. 4. Pactipenenenne obnacteil MIaCTUYHOCTH U (PU3NYECKON HENMMHEHHOCTH (cepast 3aIMBKa)
npu T=293 K (a), T=373 K (6)u T=473 K(s)

Fig. 4. Distribution of areas of plasticity and physical non-linearity (gray fill)
at T=293K (a), T=373K (b) and T=473 K (¢)
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3aKjaoueHune

VYdet ¢puznueckoil HETMHEHHOCTH MaTEPUAJIOB CIOEB U BO3JICHCTBHUS TEMIIEPATYPhI TIO3BOJISIET CYIIECTBEH-
HO YTOYHHTH HAIPSHKEHHO-AS(POPMHUPOBAHHOE COCTOSIHUE KPYTOBOH TPEXCIOWHOM TUTACTHHBI IIPH AePOpPMH-
POBAaHUU B CBOEH MIOCKOCTH. YNCIEHHBIE Pe3ybTaThl MOATBEPIMIA CXOAUMOCTh METO/Ia YIPYTUX PeIIeHHH,
a TaK)Ke 3HAYMTEIbHOE BIUSHIE (PU3NICCKON HETMHEHHOCTH MaTepHaloB CIIOCB M TEMIIepaTyphl Ha IepeMe-
IeHNns B TUIacTHHE. [IpuBeieHHbIe peleHns U YUCIeHHbIE pe3yabTaThl MOTYT HalWTH MPUMEHEHHUE IS pac-
YETOB CIIOMCTBIX JIEMEHTOB KOHCTPYKIIHI.
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VIIK 519.63

NTEPAIIMOHHAS PEAAN3ALINA CITEKTPAABHOTO
METOAA YEBBIIIIEBA AAD ABYMEPHBIX
IAAUIITUYECKUX YPABHEHNUU
C INIEPEMEHHBIMU KOOOPUILIMEHTAMUA

B. M. BOJIKOBY, E. H. KAYAJIOBCKAA?

YBenopycexuii 2ocyoapemeennviii ynusepcumem, np. Hesasucuvocmu, 4, 220030, 2. Munck, Berapyce
)Epecmcmtﬁ eocyoapcmeennvii ynusepcumem um. A. C. ITywkuna,
oyn. Kocmonaemos, 21, 224016, 2. bpecm, benapycs

HOCTpOGHI)I 1 UCCJICIOBAHbI JIBa BApUaHTa UTCPALTMOHHBIX aJITOPUTMOB pE€aJin3allui CIIEKTPAJIbLHOI'0 METO1a ‘{e6mme3a
JUISL IByMEPHBIX SITMIITHYECKUX YPABHEHNH ¢ IepeMEHHBIMU KoadduipienTamMu. PaccMoTpeHHbIC aJITOPUTMBI OCHOBAHBI
Ha UCIIOJIb30BaHUN CTAOMIN3MPOBAHHON BEPCUU UTEPALIMOHHOTO METOJA OMCOMPSKEHHBIX IPAIUEHTOB ¢ KOMOWHHUPO-
BaHHBIM I1epeo0yCIIOBIMUBATENIEM B BH/IE INArOHAILHOW MaTpHIbl KO3(Q(GHUINEHTOB ypaBHEHUs M TUCKPETHOTO aHaIora
oreparopa Jlamaca, mpecTaBIeHHOTO KOHEYHO-Pa3HOCTHON HITH CTIEKTPaNIbHOM anmpokcumanueit. (s o6paboTku auc-
KpeTHOro aHajora oneparopa Jlamaaca B nepBoM cilydae peajln30BaH UTEPALUOHHbIM METO IEPEMEHHbIX HalpaBICHUH
C ONTHMAJIBHBIM HA0OPOM MTEPAIIMOHHBIX TAPaMETPOB, a BO BTOPOM citydae — anroput™ baprensca — Crioapra. Ha ocnoe
YHCJICHHBIX OKCIEPUMEHTOB ITOKa3aHa BbICOKasA 3(1)(1)CKTI/IBHOCTI) npeajiaracMbpiX aJirOPUTMOB. B O6OI/IX clrydasaX KOJIM4€CTBO
UTEepaLUil IPAKTUYECKU HE 3aBUCUT OT Pa3MEPHOCTU CETKU M YMEPEHHO BO3pPAcTaeT NPU YBEIHMUEHUH CTEIIEHU HEOIHO-

ponHoCTH KO3 GHUINEHTOB 33/1aui. BeraucinTenbHas CI0KHOCTh aJITOPUTMOB XapaKTepU3yeTcsl BETMUNHOM O(N NN ),

rae N — KOJIMYecTBO Y3JI0B ceTKU. HecMOTpst Ha CyIleCTBEHHYIO CyOONTUMATLHOCTD BEIYUCIIUTEIBHOM CIIOKHOCTH, MTPH
pasmepHocTU ceTKH N = n x n, n < 300, BpeMeHHbIE 3aTPaThl Ha PeaaU3aliio aITOPUTMOB JEMOHCTPUPYIOT 3HAYEHUS HE
Xy’Ke, YeEM y aJIFOPUTMOB ONTUMAJIbHONW BBIYUCIUTENIBHOMN CI0KHOCTH O(N )

Knrwueswie cnosa: CIICKTPAJIbHBIC METObL qe6BIIHGBa; METOO 6I/ICOHp$DK€HHI)IX rpagucHTOB; METOA NEPEMECHHBIX Ha-
MpaBJICHUA; AJITOPUTM BapTCJ'IBCﬁ - CTIO&pTa; SJUIUIITUYCCKUC YPABHCHUA.
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AN ITERATIVE CHEBYSHEV SPECTRAL SOLVER
FOR TWO-DIMENSIONAL ELLIPTIC EQUATIONS
WITH VARIABLE COEFFICIENTS
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In this paper, we constructed and investigated two variants of iterative algorithms implemented the Chebyshev spectral
method solving two-dimensional elliptic equations with variable coefficients. The considered algorithms are based on the use
of the stabilised version of the bi-conjugate gradient iterative method with a combined preconditioner in the form of a dia-
gonal matrix of equation coefficients and the discrete analogue of the Laplace operator represented by the finite difference or
spectral approximations. To process the discrete analogue of the Laplace operator, we implemented the alternative direction
implicit method with an optimal set of iterative parameters and the Bartels — Stewart algorithm in the first and the second
cases respectively. Based on numerical experiments, we showed the high efficiency of the proposed algorithms. In both cases,
the number of iterations is practically independent of the mesh size and increases moderately with an increasing degree

of heterogeneity of the problem coefficients. The computational complexity of the algorithms is estimated as O(N JN ),

where N is the number of grid points. Despite of the significant suboptimality of the computational complexity, in the case
of a moderate grid size N = n x n, n < 300, the computation time demonstrates values no worse than those of algorithms of

optimal computational complexity O(N).

Keywords: Chebyshev spectral methods; bi-conjugate gradient method; alternative direction implicit method; Bar-
tels — Stewart algorithm; elliptic equations.

BBenenue

Pazpabotka 3 PeKTHBHBIX YHCICHHBIX AITOPUTMOB PEILICHUS] MHOTOMEPHBIX JUTHITUYESCKUX 3a/1a4 C UCTIONb-
30BaHUEM CIIEKTPAITLHBIX METOJIOB HA OCHOBE MOTMHOMOB UeOriiena [ 1-3] mmeeT psi ocobeHHOCTEH, HEe CBOM-
CTBEHHBIX METO/IaM KOHEUHBIX JIEMEHTOB U KOHEUHBIX pa3HOCTEl. B miepByro ouepeb 9To kacaercs pa3padoTKu
AITOPUTMOB ONITUMAITBHOW BBIYUCIUTENFHON CIIOKHOCTH, KOJTMYECTBO apU(PMETHIECKUX OIEpaIiuii KOTOPBIX
BO3pacTaeT MPOMOPIIMOHATIBHO KOJIMUYECTBY y310B ceTkH [4]. Kpome Toro, cama ¢popMyIMpoBKa TUCKPETHOM 3a-
JIa9H JUTSL CTIEKTPATBHBIX METOJIOB HMEET CBOIO CHENU(UKY, CBI3AHHYIO C TEM, YTO OIEPATOPBI CIIEKTPATEHOTO
nuddepeHIMpoBaHus BBIPAKAIOTCS MaTPUIIAMH TOJIHON CTPYKTYpbl. OTMEYEHHBIE OCOOCHHOCTH MOPOXKAAIOT
CYIIECTBEHHBIC TPYAHOCTH MPH UCIIOIH30BAHUH CIIEKTPAIBLHBIX METOJIOB JUIS PEIICHNS] MHOTOMEPHBIX 3a,1a4.

K HacrosimemMy BpeMeHU 3aj1a4a mocTpoeHust 3pGEeKTHBHBIX YUCICHHBIX AJITOPUTMOB JUIS peIlIeHHsI MHOTO-
MEpPHBIX AUUITHYECKNX YPABHEHNH Ha OCHOBE CIIEKTPAIBHOTO MeTo/a UeObIeBa BCECTOPOHHE M3yUYeHa Ha
npuMepe IByMepHoro ypaBHeHus [lyaccona. Cpenn pe3ylnbTaToB B 3TOH 00JaCTH MOXHO BBIJICIIUTH PA3BUTHE
JIBYX TIEPCIICKTUBHBIX MOJIXOJIOB K PeasN3allii CIIEKTPAIbHBIX MOJICIICH, IPE/ICTABICHHBIX B BHJIC MAaTPUYHON
cucTeMbl anreOpandeckux ypaBHeHui JlsmyHoBa — CuiibBecTpa, TaKMX Kak MCIOJIb30BAaHHE HUTEPALIIOHHOTO
METo/Ia IepPEMEHHBIX HaIlpaBJICHUH [5] ¥ UCTIONB30BaHUE UTEPALIMOHHBIX METOJIOB B TIpocTpaHcTBax KpbutoBa
¢ mepeoOyciioBnuBareneM [6]. B kagecTe epeoOycIoBIUBATES TPAAUITMOHHO BRICTYTIA€T KOHEUHO-PA3HOCTHBIN
(KOHEYHO-2JIEMEHTHBIN ) aHAJIOT oIteparopa Jlamiaca B BUIe MSTHAHATOHATILHON pa3pekeHHON MaTpuIls [3; 7],
JUTst 0OpareHus: KOTOpoil BRICOKYIO A((PEKTHBHOCTB TTOKA3aJl METOJI IEPEMEHHBIX HaIpaBIeHHIA [6].

Bropoii u3 0TMEYeHHBIX TOIXOA0B MpeAcTaBisieTcst 0oee IPPEKTUBHBIM. DTO CBSI3aHO C TEM, YTO METO[
MepeMEHHbBIX HalpaBlIeHUH JOMycKaeT OJM3KYIO K ONTHMAaJbHON BBIYMCIUTEIBHYIO CIOKHOCTh JHUILIb MPU
CYIIECTBEHHBIX OTPaHMYCHHUSIX HA CBOMCTBA OTHOMEPHBIX KOMIIOHEHT OTIepaTopa CIeKTpaibHOro AudGepeHiu-
poBanus. B wacTHoCTH, TpeOOBaHKE TIEPECTAHOBOYHOCTH MTPOU3BENICHHS KOMITOHEHT TUCKPETHOTO Olleparopa
JIUIIIAET TIePCIeKTHBBI HETIOCPEICTBEHHOTO HCIIOF30BAHMS TAHHOTO TI0/IX0/1a B O0IIeM ciTydae 3ajiad C mepe-
MEHHBIMU KO3 durreHTamMu. B To ke BpeMs, Kak OyJeT OKa3aHO HUXKE, METOJ] IEPEMEHHBIX HalpaBICHUN
ocraeTcs 3PPEKTUBHBIM 1T 00padOTKH 1epeo0yCIIOBIMBATENS.

B nHacrosieii craTbe npecTaBieHbl pe3yibTaThl YACIEHHOTO HCCeI0BaHuUs () PEKTHBHOCTHU CIIEKTPaIbHOIO METO-
na UeObIieBa Mpy pelieHNH! IUTUNTHYSCKUX 33124 ¢ IIepeMEHHBIME Koo durmenTamu. J{jist peanizaium crieKTpaib-
HOW MOJIETIF MCTIONTE30BaH METOJ] OMCOTIPSHKEHHBIX TPAJUEHTOB [8] ¢ KOMOMHUPOBAHHBIM TIEPEOOYCIIOBINBATEIIEM
B BH/IE KOMITO3UIMHN THAarOHATEHON MaTpHIlbl KO (HUIIMEHTOB ypaBHEHHSI, PUMEHAEMOM 10 Hadalia BEIYMCICHUN
K JIMCKPETHOM MOJIEITH, ¥ MATPHIIBI IMCKPETHOTO aHajiora oreparopa Jlarumaca. O6paboTka BTOpoi COCTaBIISIOIEeH
TIepeoOyCIIOBIMBATENSI HA KaXKJIOW UTEpAITU METO/a OMCOIIPSKEHHBIX TPAJIMSHTOB PEATN30BaHa IIOCPE/ICTBOM HTeE-
PaLMOHHOIO METO/Ia TIEPEMEHHBIX HalpaBJieHui noo0 aropurMma baprensca — Ctroapra [9].
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Ha mpumMepe MonenbHOI 3a1a4u MoKa3aHo, 4YTO0 PACCMOTPEHHBIE aITOPUTMBI IEMOHCTPUPYIOT OJIM3KHUE K OTI-
TUMaJIbHBIM XapaKTEPUCTUKU d3P(PEKTUBHOCTH, KOTOPBIE 0OBEKTHBHO IOJTBEPKAAIOTCS c1a00i 3aBUCHMOCTBIO
KOJIMYECTBA UTEPAIMHA OT pa3MEPHOCTH CETKHU M NPEICIIOB H3MEHEHUST KOOQPHUIIMEHTOB 3a/IauH.

IMocranoBka (U@ PpepeHUNAIBLHON 32124
U CIIeKTPAaJIbHbII MeTox YeObleBa

Paccmotpum 3amady Jupuxie uis AByMEPHOTO AIITHUITHYECKOTO YPaBHEHHS B MPSIMOYTOJILHOM obmacTu
C TIEpEMEHHBIMH KO3 PHUITHEHTAMU:

0 ou 0 ou ) L
ac(x,y)a + 50()(, y)a——q(x,y), (x,y)eQ—(—l, 1) X ( 1; 1), (1)
u(xzil,y)zu(x,yzil)zo. (2)

Be3 cymecTBeHHOTO HapylIeHUs] OOIIHOCTH OTPAaHUYMMCSl PACCMOTPEHUEM ciydasi, Koraa ko3¢ QuuneHTs
ypaBHeHus (1) umeror BuA

cs(x,y)=exp(—0,51n(oc)(x2+y2 )), 3)
max (cs(x, y))
IJIe TIOCTOSIHHAS O = (. y? e OTpE/ICIIAET AMATIA30H H3MEHeH s KOS (UITHenTa 3aaum o' < G(x, y) <l1.
( rn;ng(cs(x, y))
x,y)e

OyHKIUA q(x, y) 3aJaBajiach TaKUM 00pa3oM, 4ToObl TOUHOE perieHue 3aga4yn (1)—(3) BeIpaXkanoch aHau-
THUYECKU:

u(x,y) :sinz(pxnx)sinz(pyny). 4)

OueBuHO, 4T0 PyHKIHS (4) YIOBICTBOPSIET KPACBBIM yCIIOBHSM (2) JUIs IPOU3BOJIBHBIX LIEIIBIX 3HAYCHHI P, D,
J1J1st MOCTPOCHUS CIIEKTPAIbHOM MOJIETTH BO BHYTPEHHUX y3JIaX CETKH

km
b
n-—1
anmpoxcuMupyeM muddepeHIranbHble orepaTopsl ypaBHeHHS (1) ¢ TOMOIIIBI0 COOTBETCTBYIOIINX OMIEPATOPOB

cnexrpansHoro auddepenuuposanus [1; 2], B pe3yabrare 4yero NpuxoiuM K CUCTEME JIMHEHHBIX anreOpau-
YECKUX YpaBHECHHUH BHIA

@), =3 (Xps Vi )» X = i = COS k=0,n-1,m=0,n-1 (5)

Au=f, AeR"*" f ueR", N=(n—2)2. (6)
CrpykTypa MaTpHIIbl CHCTEMBI YpaBHEHUH (6) aHAIOTHYHA CTPYKTYpE MaTpHUIIbI
A=(E®D)S(E®D)+(D®E)S(D®E),

e E e RU=Dx(n=2) eIMHMYHAs MaTpuna; D € R x(n=2) MaTpuIla CrieKTpaibHoro auddepeHpona-
nus Yebbimera [2], B KOTOPOit yaajieHbl IepBbIe U MOCEHAE cTPokHu 1 cTonbusy S € RY Y — nnaronansaas
Marpuia k03 puireHToB Bo BHYTPEHHHX y37ax ceTkH (5). OtmeTnm, uto 4 # A, ITOCKOJIBKY A ne YUMTBIBAET
KOPPEKTHO KpaeBbIe YCIoBHs. KpoMe Toro, CTpyKTypa MaTpHiihl A, a CeI0BATENBHO, i MATPHIE A (Hampu-
Mep, NPH HAJIMYMU B yPaBHEHUHM CMEIIAHHBIX NPOU3BOIHBIX) HE ABJSIETCS pa3pexeHHoH. B cumy storo He-
MOCPEICTBEHHOE YMHOKCHUE TAKOH MAaTPHIIBI Ha BEKTOP MMEET BBIYHCIUTEIBHYIO CIOKHOCTD O(N 2) (aee
obparieHue — O(N 3 )), YTO Ha TOPSIOK U O0JIee MPEBOCXOIUT ONITUMAITLHEIC 3aTPATHI.

Jiist uTepallMOHHBIX METO0B HEOTHEMJIEMOH COCTABISIONICH aJITOPUTMa SIBJISIETCS] BBIYMCIICHUE MPOU3-

BEJICHUS MaTPUIIbl CUCTEMBI ypaBHEHHH (6) Ha BEKTOp MpUOIMKEHHOTO penieHus. B paccMorpeHHOM ciryuae
JIAHHOE ITPOU3BEAECHHE MOXKET OBITh BEIYHUCIICHO CIEAYIOIIIM 00pa3oM:

Au=N{D - (s*(D-U))+(s%(v-D"))- D"} (7)

3neck U e R" ™" — nByMepHbIil MAacCUB (KBaIpaTHAs MATPUIIA) 3HAYEHH I IPUOJIMIKEHHOTO PEIICHHS B y3J1aX CET-
ku (5), Bitovast rpannyneie; D € R" ™" — marpuiia ciekrpasibsHoro auddepentmposanust YeObiuesa; S e R" ™" —
MaTpHLa 3HAYEHUH KOAQPHUIUEHTOB B y3J1aX CETKH; CUMBOII * 0003HAYaeT MO3JIEMEHTHOE YMHOKEHUE MacCH-
BOB (MaTpHII), a MaTpHYHast Orieparys N {X } — yIaJjieHue U3 AByMepHOro MaccuBa X € R" ™" rpaHUYHBIX TOUEK
C TIOCTIeTYIOIINM TIpeoOpa30BaHNeM ero B BEKTOP-CTOJOEII.
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B ciygae mocratouHo# r1agkocTH KO3(DPUIIMEHTOB CYIIECTBYET AIBTEPHATHBHBIN CIIOCO0 BBIYUCICHUS
MIPOU3BE/ICHHS IEPEOOYCIIOBICHHOW MaTPUIILI IUCKPETHOM 3a/1a41 Ha BEKTOP MPUOIMIKEHHOTO PEIICHUs, OC-
HOBAHHBIN Ha HETMBEPTEHTHOM IPECTaBICHUH MU (HEepPEeHIINATBHOTO onlepaTopa:

§au=D,-U+0-D}+5,#(D-0)+5,+(0-D"). 7)
3necs D,, D, U, Ex, §y € R(”fz)x(”fz); D, u D — MaTpHIIbl CEKTPAIbHOrO (B hepeHIPOBaHNsS BTOPOTO

¥ [IEPBOTO MOPSIKOB; S, U ), — MaTPHIBI YaCTHBIX IPOU3BOAHBIX KOI()(UIUCHTOB YPABHEHHUS 110 X U ) COOT-
BETCTBEHHO, HOPMUPOBAHHBIC Ha 3HAYCHHE caMoro koddduumenta 6 =o(x, y).
Haubonee Tpynoemkoii onepanueii B BerauciaeHusx o popmynam (7) u (7") siBisieTcst yMHOKEHHE TOIHBIX
MaTpul pasmepa n x n B Gopmyne (7) u pazmepa (n - 2) X (n - 2) B (opmyie (7'), uTo TpebyeT mopsiaka
3
O(n3 ) =0| N? | apupMeTHIECKHIX OTePALHd.

OTMeTHM, 9TO TIOCKOJIBKY pedb UeT 00 YMHOKEHUH MATPHUIlB! CIIEKTpasibHOTO MuddepeHnnpoBanus Ye-
ObIlIeBa, MMEIONIEH NUKINYECKYIO CTPYKTYpY, TO CYIIECTBYET CIIOCO0 BBIYUCIEHUS JTAHHOTO MPOU3BEICHUS
C MCIIOJIb30BAaHUEM AJITOPUTMa OBICTPOTO AUCKPETHOTO npeodpazoBanust Pyphe [2], MO3BOJISIONIETO CHU3UTD

BBIUMCIIHTENbHBIE 3aTpaThl 10 ypoBHA O|NIn(N)). OnHako cienyer y4uThIBaTh, YTO aCUMITOTHYCCKUE
y yer'y >

OLICHKH BBIYMCIIUTENbHON CJIOKHOCTH ITOPUTMA HE BCerla OOBEKTHBHO OTPaXKaloT ero peanbHyro 3G dexTus-
HOCTb MPH KOHEYHBIX 3HAYCHUSX Pa3MEPHOCTH CETKH, 00ECIEUNBAIONINX TPHEMIIEMYIO TOUHOCTh Pe3yJbTa-
TOB. UHCIIEHHbIE SKCTIEPUMEHTHI ITOKA3bIBAIOT, YTO d()(PEKTUBHOCTH HEMOCPEICTBEHHOTO YMHOKEHHS MaTpH-
II6I Ha BeKTOp comtacHo (Gopmymnam (7) u (7") cmocoOHa KOHKYpHPOBATh C aJTOPUTMOM Ha OCHOBE OBICTPOTO
JIMCKPETHOTO mpeobpasoanms Dypbe MPH PA3MEPHOCTH CETKH BILIOTH 10 n = 10° u Goree, uto mpeacTas-
JISIeTCsl AOCTATOUYHBIM JIS1 ITUPOKOTO Kpyra NpuiioykeHni. OLeHKa BEIYUCIUTENbHBIX 3aTpaT MPH YMHOKCHUT
CUCTEMHOM MaTpHIIbI Ha BEKTOP MPUOIMKEHHOTO pereHus 1o ¢popmynaM (7) u (7") mo3BossieT OTMETUTh He-
3HAUUTEIbHOE NPEUMYIIECTBO (B mpenenax S5 % COmIacHO pe3ysbTaTaM YMCICHHBIX 3KCIEPUMEHTOB) BBIUHC-
nenuit mo popmyme (7).

[Ipexne yeM nepelTH K HeOCPEICTBEHHOMY HCCIIEA0BAHUIO 3PPEKTUBHOCTH UTEPALIMOHHBIX aJITOPUTMOB
peam3anyy CIeKTPaIbHON MOJIEIH, IPUBEIEM PE3yIIbTaThl YUCICHHBIX SKCIIEPUMEHTOB, TOKA3bIBAIOIIMX BO3-
MOYKHOCTH JOCTIDKEHHUST HEOOXOMUMOM TOYHOCTH Ha TIpuMepe MoneapHoM 3aaaqn (1)—(4). Ha puc. 1 mpencras-
JICHBI BH]| pEeIlICHHS 3a]1a4i U rpaduKu 3aBUCUMOCTH OTHOCHTEIBHOM MOTPEIIHOCTH PEIICHHsI OT KOJIUYeCcTBa
Y3JIOB CETKH MPH PA3IUIHON CTENIEHH HEOIHOPOAHOCTH KO3 PUITEHTOB.

ala o/b
1,0 100 E T T T T T T 3
0,8
107 -
0,6
0.4 N
10" g
0.2
Y0 5 10°F ;
-0,2
10" E §
-0,4 F 3
-0,6 _ ; ;
10 10 ;‘ —;
08
71’0 10712 E 1 1 1 1 1 1 E
71,0 0,5 0 0,5 1,0 15 20 25 30 35 40 45 50

Puc. 1. Pemenne 3anauu (1)—(4) npu p, = p, = 3 (a) ¥ 3aBUCUIMOCTb OTHOCHUTEJILHOMN MOTPEIIHOCTH (J)
CIIEKTPAIbHOTO METO/Ia OT KOJMUYECTBA Y3JIOB (72) CETKH IPH Pa3IMYHBIX JHAana30Hax
usmenenns kodduumenta o(x, y) sanauu (1)—(4) (6)

Fig. I. The solution of the problem (1)—(4) with p, = p, =3 (a) and dependence of relative error (5)
of the spectral method on the number of grid nodes (n) for different ranges
of variation of the coefficient o(x, y) of the problem (1)—(4) (b)

56



BreruncanTensHasi MaTeMaTHKA
Computational Mathematics

Penrenuie 3aa4n mony4eHo ¢ MOMOIIBIO CIIEKTPaIbHOTO MeToja UeObieBa, pealin3yeMoro ¢ HCIoib30-
BaHHEM HTEPAIIIOHHOTO METOJa OUCOIPSIKEHHBIX I'PaJINeHTOB. MTepannu mpekpamaiich Mpu JTOCTHKESHUH
3HAYEHHUS OTHOCHTEIbHOI HOpMBI Hepsi3kn € < 107'%. Kak BuaHO U3 puc. 1, CKOPOCTh CXOAMMOCTH MOTPEIIHOCTH
METO/Ia HOCHUT KCIIOHCHIIMANIBHBIN XapakTep. [IpenenbHast TOUHOCTh pelieHHs, OTpaHMUYCHHAS! BEIMINHON €,
JIOCTUTAETCS HA CETKE C KOJIMYECTBOM y3JI0B 1 > 40, T. e. Hanmuuue 6—7 TOYCK Ha OJUH Mepuoj perieHus (4)
OKa3bIBACTCS IOCTATOUHBIM IS TOCTHIKCHUS TIPEICIbHON TOYHOCTH, TIPH 9TOM YMEHBIIIEHHE OTHOCUTEIHHOM
norpemsocTy ¢ & = 107! 10 8 = 107" mpoMCXOAUT NpH yBETHUEHUH KOMTHYECTBA Y3I0B CETKH BCErO JIHIIb
B 2 paza (¢ n =20 mo n = 40). [locneanee oOCTOATENHCTBO yKa3bIBA€T HA OIPAaHMUYEHHOCTh BO3MOXKHOCTEH
UCIIOJIb30BaHUSI MHOTOCETOYHBIX HTEPAIIOHHBIX TEXHHUK C TOH ke 3()(HEKTHBHOCTHIO, YTO U TIPU pean3allum
JMCKPETHBIX MOJIeJICi Ha OCHOBE METO/IOB KOHEUHBIX AJIEMEHTOB M KOHEUHBIX Pa3HOCTEH, MEIOIIUX TIOJIMHO-
MHAJIBbHYIO CKOPOCTh CXOAUMOCTH.

HNrepaumnoHHblii MeTO peajM3aluy CIEKTPAIbHON MOIeHN

Jis perienns cucTeMbl aliredpandeckux ypaBHeHuH (6), XapakTepHO# IS CHEKTPaIbHOTO METO/Ia PEeIIeHNS
3amaun (1), (2), KaK y»ke 0OTMEUaIoCh BbIIIE, UCTIONIb30BaHa CTA0MIM3UPOBAHHAS BEPCHS METOa OMCOTIPSIKCH-
HBIX TPAJUEHTOB [7] ¢ KOMOMHUPOBAHHBIM IIepe0o0yCIOBINBATENIEM B BUIE ANArOHAIbHONM MaTpuLbl Kodddu-
[IUEHTOB S, IPUMEHSIEMOU HEMOCPEACTBEHHO K cucTeMe (6) 10 Havyasla OCHOBHON UTEPAIlMOHHON MTPOLICAYPHI:

S'Au=8"f
— ¥ IMCKPETHOTO aHasiora oneparopa Jlamnaca
A=(E®P)+(P®E).

B _ pT (n=2)x(n-2)
KaueCTBC MaTpHlbI P=P eR MOXET 6I>ITI) HCIIOJIb30BaHa CUMMECTPpUYHAs TpeXaAuaroHajlbHasi
MaTpulla BTOPOH pa3HOCTHOM Mpou3BoAHOM (P = FPp)) B Kilacce CETOUHBIX (DYHKIUH, YOBIETBOPSIONINX HY-
JIEBBIM KPaeBBbIM YCIOBHSIM Ha ceTke (5), a Takke MaTpula crieKTpanbHoro auddepeHmpoBanus YeoOolesa
BTOpOro nopsaaxa (P = Pgp), B KOTOPOH yalleHbl HEPBbIE U MOCIETHUE CTPOKH U CTOJIOLBI COMNIACHO OAHOPOI-
HBIM KpaeBbIM yCIOBUSM (2).

3a OCHOBY OBLJI B3SIT UTEPALIMOHHBIN alTOPUTM, peaIn30BaHHbIN B QYHKIMH bicgstab MareMaTHuecKoro
naketa Matlab, B KoTopoii moTpeboBagoch MOAU(PULIUPOBATH NPOLEAYPY YMHOKEHHS CUCTEMHOW MaTPHUIIBI HA
BEKTOp NpUOIMKEeHHOTO peteHus 1o Gopmysie (7') u nporenypy oopaboTku nepeoOyciosnuBarelis. B yact-
HOCTH, JUIsl 00paboTKK nepeolycaoBauBaTes (PEIICHNs CHCTEMbI aJITeOpanyeCKUX ypaBHEHUM ¢ MaTpullei
KOHEYHO-pa3HOCTHOTO oreparopa Jlammaca Ha cetke (5)) yA0OHO NMpeACTaBUTh COOTBETCTBYIOUIYIO CUCTEMY
B BUJIE MaTPUYHOW cUCTEMBI JIAnyHOBa

Au=f< PU+UP'=F, (8)
-2 -2 o “
e U , Fe R(n )X (n ) — ABYMEPHBIC MaCCUBbI 3HAYCHUUN l'IpI/I6J'II/I)K6HHOFO peuICHUA U TPpaBON 4aCTU CUCTCMBI,

MOy YeHHBIE TIyTeM MpeoOpasoBaHms pasMepHocTH R —> RU-2x(=2) [ pemienns cucteMsl (8) B ciiyvae,
xorga P = Py, UCTIONIb30BaH UTEPAMOHHBII METO/ IIEPEMEHHBIX HAPaBICHUI ¢ ONTUMAaIbHBIM HAOOpOM UTe-
paLMOHHBIX apamMeTpos [§], a B ciyuae, korna P = P, — npsiMoil anropurm baprensca — Crroapra [9].

IIpuHuMas BO BHUMaHue, 4to P = P, WTEPAIMOHHBIN METOJ] TEPEMEHHBIX HaIpaBICHUH ISl CHCTEMBI (8)
MOKET OBITh TIPENICTABIICH B BUAC [§]

(flrr=P)U  =U, (@) 1+ P")+F,

m+1 m+1

Umﬂ(oo(z) I—PT):(oaz)HIJrP)U 4 F, )

m+1 m
m+—
2

m=0,1,2,..., M, Uy=0.

B paccMoTpeHHOM ciTydae onTUMaTBHBIA HA00p UTEPAMOHHBIX TTapaMETPOB BEIYHCIIIETCS 1O hopMmyiam [§]

(1)_ (2)_ 2Zm 1 ’ ' 6 i 2
o’ =0 =A . =dn| ———K nye,nipELnN=—mn= 1—I| . 10

e dn(u, n) — smmunTndeckas GyHkiys SlkoGu apryMenTa u u Moxyis 1; K (n) — TMOJIHBINA U THYECKUN

MHTErpaJl EPBOTO poAa; O U A — HAaUMEHbIIee U HanOOoJIbIIee 0 MOAYJI0 COOCTBEHHBIE 3HAYCHUS ONEpaTo-
pa P cootBercTBeHHO. KonmdecTBo nrepanunii MeToa nepeMeHHbIX HanpasiaeHui (9), (10) ans noctukeHus
3a/IaHHON TOYHOCTHU € OIICHUBACTCS BRIPAXKCHUEM [§]

M>M,=n" 1n(4n—1)1n(4g-1 ) (11)
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Cormacto popmyie (11) KOTHUECTBO HTEpALHil [T TOCTIKEHHS TOYHOCTH € = 107" [PH KONMYECTBE Y3I0B
cetku 50 < n < 300 usmensiercs B nuanaszone 31 < M, < 49. Tem He MeHee, Kak IIokazaHO B padote [10] Ha
MpUMepe YHCICHHOTO PelIeHHsI 000OIICHHBIX MATPUYHBIX CHCTEM YpaBHEHHI JIsmyHOBa, KOMTMYECTBO BHYT-
PEHHHX UTEpalliii METO/1a IEPEMEHHBIX HaIllPaBICHUH MOXKET OBITh MHOTOKPAaTHO YMEHBIIIEHO 6e3 yiepoa s
CXOAMMOCTH BHEIITHETO UTEPAIMOHHOTO MpOoIecca.

Ha puc. 2 npencrapieHsl pe3ynbTaThl YUCISHHOTO IKCIIEPIMEHTA, TOKa3bIBAIOIINE 3aBUCHMOCTH KOJTMYECTBA
BHEIIHUX UTEPAIM U yACIbHBIX BEIYUCIUTEIBHBIX 3aTpaT METO/1a OHCONPSIKEHHBIX TPaJIMEHTOB OT KOJINYeCT-
Ba BHYTPEHHUX UTEpal1il METo/a IEpEMEHHbIX HallpasieHull ¢ nepeodyciosnusareneM P = Py, npu o = 10.
Kak BunHO U3 prc. 2, MUHIMM3AIHS YASIbHBIX BEIUUCIUTENBHBIX 3aTPaT M0 BPEMEHH HaOI01aeTcs B IMIUPO-
koM auanazone 3HadeHuit 7 (100 < n < 300) npu komudecTBe BHYTPEHHUX UTepannii M = 5, 4T0 MHOTOKPaTHO
Huxke oreHkH (11). PuKkcHpoBaHHOE KOJIMYECTBO BHYTPEHHHUX UTEpaIil METo/1a TePEeMEHHBIX HalpaBICHUN

o0ecrieurBaeT ero ONTUMAJIBHYIO BBIYHUCIIUTEJIbHYIO CJIO)KHOCTDH ITOPAAKa O(N )

ala -6 o/b
28 T T T 4,0X10 T T T
—te—n =100
26 3,8
24 =
g 3,6
E 22 >
<
g T 34
2 z
= 20 2
[} 8 32
Q
35 18 =
=
2 g 30
=)
N4 3]
12 S2,6
10 2,4
8 1 1 1 22 1 1 1
3 4 5 6 7 3 4 5 6 7
3nayenue M 3uauenne M

Puc. 2. 3aBHCUMOCTH KOJIMYECTBA BHELIHUX UTEPALMI
MeTona OuconpspkeHHBIX rpaaneHTos (biCG-urepanmii) (a)
Y YICITBHBIX BBIYUCIUTEIBHBIX 3aTPaT aaroputma (6)
OT KOJINYECTBA BHYTPEHHUX UTeparmii (M) MeTo/1a epeMEeHHBIX HallPaBICHUI

Fig. 2. Dependence of the number of external iterations
of the bi-conjugate gradient (biCG) method (@) and the specific computation
time of the algorithm (b) on the number of internal iterations (M)
of the alternative direction implicit (ADI) method

Jlaree mepexonum K UCCIeN0BaHMIO Y3PPEKTHBHOCTH UTEPAITMOHHOTO anroput™Ma. Ha puc. 3 mpencraBneHs
PE3yIBTaThI, XapaKTepu3yIolIre 3aBUCUMOCTh KonndecTBa biCG-nurepanuii v yenbHBIX BEIYUCIUTEBHBIX 3a-
Tpar aNropuT™Ma OT Pa3MEPHOCTH CETKHU U CTETIEHH HEOTHOPOIHOCTH KO (DUIIMEHTOB ITPH YUCICHHOM PEIICHUH
3amgaqn (1)—(4). Mcronp30BaHO MSATh BHYTPEHHUX UTEPAIII METOIA TEPEMEHHBIX HAIPaBISCHHUH C Iepeo0yCIIoB-
nuBareneM P = Py, 4TO COIIACHO MIPEICTABICHHBIM BbIIIE Pe3yJabTaTaM COOTBETCTBYET YCIOBUIO MUHUMHU3ALUU
CYMMAapHBIX BBIYUCIUTENBHBIX 3aTpaT.

Kak BugHO U3 puc. 3, @, KOMMYECTBO UTEpAllMil OYEHb MEJICHHO PACTeT C YBEITMYEHHEM Pa3MEpPHOCTH
ceTku. Takoe MmoBeneHUe yKa3bIBaeT Ha OMM30CTh APPEKTHBHOCTH HCIIOIB30BAaHHOTO MTEPE00yCIOBIUBATENS
K CHEKTPaJIbHO ONTHUMAIBHBIM XapakTepucTtukaMm [4]. KpoMe Toro, cKopocTh CXOAMMOCTH HTeparuii ciabo
pearupyeT Ha TOBBIIIEHHE CTEIIEHH HEOTHOPOIHOCTH KOA(PDHUIIMEHTOB 3a/1a49H.

3aBUCHMOCTH Y/IEIbHBIX BRIYUCIUTENBHBIX 3aTPaT OT Pa3MEPHOCTH CETKU TpedyeT Ooee MoapOOHBIX KOM-
MeHTapueB. [Ipexae Bcero oTMETHM, YTO €CITH YeNbHbIe BRIYUCIUTEIbHBIE 3aTPaThl HE 3aBUCST OT /1, TO ATO
CBHUJIETETHCTBYET 00 ONTHUMATBHON BRIYUCIUTENHFHOMN CII0KHOCTH alropuT™Ma (0OIIHe BEIYUCITUTEIbHEIE 3aTPaThI
pacTyT MpOMOPIMOHAIFHO YMCITy HEN3BECTHBIX 3a/1auu (N = n%)). ACHMIITOTHYECKHE OLICHKH KOINIECTBA apud-
METHYECKHX OTepaIfil NCIIOIb30BAHHOTO aJTOPUTMa, KaK OTMEUAJIOCh BBIIIE, XapaKTEPHU3YIOTCS BETMIYUHON

3

0(;13 ) =0| N? |, 4TO CBsI3aHO C HEOOXOAUMOCTHIO YMHOKEHHS Ha KAXKI0UW HTEPAIIUHA CHCTEMHOM MaTPHIIBI Ha
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BEKTOp MpuOIMKeHHoro pemeHus no Gopmynam (7) u (7'). CoriacHO 3TUM OLIEHKaM MPU OTCYTCTBHH CyIIle-
CTBEHHOT'O POCTa KOJTMUECTBA UTEPAIMH C YBETHMUCHHUEM /1 YETbHbIE BBIYUCINTENbHBIE 3aTPAThI ITPH JOCTATOUHO
OOJIBIINX 3HAYCHUSIX 71 JIOJDKHBI TPUOOPETATh JINHEHHYIO 3aBUCUMOCTh OT 71, T. €. CyOONTUMAIIbHOCTh BBIYHC-

JUTEIBHON CIIOXKHOCTH AJITOPUTMA XapaKTePU3yeTCs BEINIMHON O(N VN ) Opnaxo nipu n = 300, 0 TaHHBIM

npodaiinuara (puc. 4, crpoku Ne 220 u 304), 6onee 70 % 0OMMX BBIYUCIUTEIBHBIX 3aTPaT UTEPATHOHHOTO
MeTO/1a TIPUXOANUTCS Ha 00paboTKy mepeoOyCIIoBINBaTeNs U JIUIIH 0KoJIo 22 % — Ha HanboIee 3aTpaTHyIo 1o
BBIYMCIIUTEIBHON CJIOKHOCTH OTIEPAIINIO, & MIMEHHO YMHOXXCHUE CHCTEMHOM MaTPHUIIbl TUCKPETHOM MOJIEITN Ha
BEKTOp MPHUOIIKEHHOTO pertenus (cM. puc. 4, ctpoku Ne 237 u 321).

ala 6 o/b
22 T T T T T T 6,0 ><I10 T T T T T
—s—oa=1 —st—oa=1
20 —e— a =100 |+ 5.5 —e—a =100 |7
—3e— o= 1000 —3— o = 1000
18} . 5 01
}§ ;"
=l s 4,5+
8 16+ - ot
& =
= 2 4,0 -
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B g" 35 _
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5 8 3,0 ]
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5 3 25¢ i
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Puc. 3. 3aBucumocts kommdectBa biCG-utepannii (a)
U YIeNbHBIX BBIYUCIUTENBHbIX 3aTPaT aJroputMa (6) OT pa3MEepHOCTH CETKH (71)
NP PA3IMYHBIX AUara30HaX U3MEHEHHs KoY pHIeHTa c(x, y)

Fig. 3. Dependence of the number of external iterations of the biCG method (@)
and the specific computation time of the algorithm (b) on the grid size (1)
for different ranges of variation of the coefficient c(x, y)

4\ profiler = [m] X
PROFILER
T = I
o <A Back - —— = |- lf ar
Find.. | v di_b i iteration_lld X
Print  Profile _— - Highlight || 20219 tner fteration fid . Run and
Summary = Time
FILE NAVIGATE SEARCH VIEW PROFILE -
eropr g9 90"~ . o
bicgstab_adi_m

Generated 10-age.-2023 08:46:16 using performance time
Function in file D:\work\bicgstab_adi_m.m
Copy_to new window for comparing_ multiple runs

* Parents (calling functions)

~ Lines that take the most time

Line Number Code Calls Total Time % Time Time Plot
O]

N
N
S}

ph = iterapp_adi m('ml de',mlfun,mitype,m. | 132 0.977 36.9% ==

304 sh = iterapp adi m('mldivide',mlfun,mltype,m. |123 091 34.4% =l
231 v = iterapp_adi m('mtimes',afun, atype,afcnst.. | 132 0.305 11.5% [ |
321 t = iterapp adi m('mtimes',afun,atype,afcnst.. | 123 0.276 10.4% n
173 r =b - iterapp adi m('mtimes',afun,atype,af.. |9 0.023 0.9%

All other lines 0.157 5.9% 1
Totals 2.650 100%

Puc. 4. lannsie npodaiinunra i Hanbolee 3aTpaTHbIX CTPOK MOAUMUIIMPOBAHHOM QYHKIMH bicgstab
Fig. 4. Profiling data for the most expensive lines of the modified bicgstab function
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Takum oOpa3om, B paccMoTpeHHOM auana3zone 3HadeHuil n (50 < n < 300) B anroputMe CyIIeCTBEHHO
peo0sa1aeT A0S BHIYUCACHUN ¢ ONTUMAIbHON BBIYUCIIUTEIBHOMN CIIOKHOCTBIO, YTO OOBSCHSET OTCYTCTBUE
3aMETHOTO POCTa yACNBHBIX 3aTpaT B npeaenax 150 < n < 300. OTpuniaTebHBIN TPEH I B 3aBUCUMOCTH yACITb-
HBIX BBIYUCIUTENBHBIX 3aTpar Mpu pazmepHocTH ceTku 50 < 7 < 150, mo-BuauMoMy, MOXKHO OOBSICHUTD OoJiee
3(1)(1)6KTI/IBHLIM BBITTOJIHCHUEM MaTPUYHBIX OHepaHI/Iﬁ BEKTOPHU30BAHHOI'O aJilrOpUuTMa Ipu YBECIIMUYCHUUN Pa3-
MCPHOCTH JAaHHBIX, YTO IMOATBCPKAACTCA COOTBETCTBYIOIIMM IOBBIIICHUEM CTCIICHU 3arpys3Ku Imponeccopa
C BO3PACTaHHEM A.

OtmMeTHM, 4TO HCIIOIb30BaHUE NepeolyciionuBareis P = Py, BMecTo nepeolyciosiusarensi P = Py, 11o-
3BOJISIET CHU3UTH KonmaecTBO biCG-uTepanuii, 01HaKO CyMMAapHbIe BHIYUCIUTENBHBIE 3aTPAThI ITPH 3TOM BO3pac-

TAKOT M3-3a YBEIMYCHHs BBIYHCITUTEIBHOM CII0KHOCTH aITOPHTMA METOJa IIEPEMEHHBIX HanpaslieHuii ¢ O( N )
bi (o) O(N VN ) B cBs31 ¢ 3TUM OTMETHM eI11e OJTHY BO3MOXKHOCTh NTEPAIMOHHON peann3annuy CeKTpaaIbHOro

MeToaa YeOnliiesa it paccMOTpeHHOH 3a1a4u (1), (2), a MIMEHHO HCIIONB30BaHKE JIsi 00paboTKH mepeodyc-
nosnuBarens P = P, npamoro anropurMa baprensca — Ctroapra [9], HMEIOIIEro Takyo sK€ BBIYUCIUTEIbHYIO

CIIOKHOCTD O(N VN ) W peajn30BaHHOTO B (DYHKIMH 1yap MaTeMaTu4eckoro nakera Matlab.
Ha puc. 5 npencraBieHsl pe3ynbTaThl, XapakTepu3ytommue dpQeKTHBHOCTh TAHHON MO (UKAIINH alNrOprTMa.
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Puc. 5. 3aBucumocts konmndectBa biCG-utepanuii (a)
Y YICTBHBIX BBIYUCIUTEIBHBIX 3aTPaT adroputMa (6) OT pa3MEpHOCTH CETKH (72)
TpH PA3IMYHBIX AMANIA30HAX N3MEHCHMs Kooduimenta o(x, y) B CIydac HCIONb30BAHMS
nepeolycnosnusarens P = Py, BMecTo nepeodycnosnuparens P = Py,
u anropurMa baprenbca — CTioapra BMECTO METO/Ia IEPEMEHHbBIX HAlPaBICHUH

Fig. 5. Dependence of the number of external iterations of the biCG method (@) and the specific computation time
of the algorithm (b) on the grid size (n) for different ranges of variation of the coefficient G(x, y)
in the case of using P = P, preconditioner instead of P = Py, preconditioner
and the Bartels — Stewart algorithm instead of the ADI method

CpaBHEHHE Pe3ylIbTaToB, NMPEACTABICHHBIX HA PUC. 3 U 5, MO3BOJSIET 3aMETUTh, YTO UCIIOIb30BAHUE aJl-
roputma baprenbca — CTroapTa BMECTO MeTo/ia IIepeMEHHbBIX HamnpaBieHuH (MCKITI0Uas Ciiydail OTHOPOIHBIX
K02(GHUIHEHTOB O = 1) B 1I€JIOM YBEJIMYMBACT BpEMEHHBIE 3aTparhl, ofHako B npeaenax 50 < n < 300 ero
XapaKTCPUCTUKHA 6J'H/I3KI/I K TaKOBBIM aJITOPUTMOB ONTUMAJILHON BBIYMCIIUTEILHON CJIOKHOCTH, HECMOTPS Ha
TO 4YTO aCUMIITOTHYCCKHEC OLICHKHU B O6OI/IX ClIy4dasaXx IMOKa3bIBaroT CY6OHTI/IMaHI>HyIO BBIYHCJIIUTCIIBHYIO CJIOXK-

HOCTb O(N\/N).
3akJroueHune

HpOaHaJ’II/BI/IpOBaHBI ABa BapuaHTa HTepaHHOHHOﬁ pcam3anuun CICKTPajJIbHOTO MECTOAA YeObImena JJIs1 1By -
MCPHBIX SJUTUIITUYCCKUX 3a/1a4 C HCOAHOPOAHBIMU K03(1)(1)I/I]_II/IQHT3MI/I. PaCCMOTpeHHBIe AJITOPUTMbI OCHOBAHBbI
Ha MCIIOJIb30BaAHUH CTa6I/IJ'II/ISI/Ip0BaHHOl"0 METOda 6I/ICOHp$DK6HHBIX rpaavCHTOB C KOM6HHI/IpOBaHHBIM rnepe-
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00yCTIOBITUBATEIIEM B BUJIE IMAarOHaIbHOW MaTpHUIIbl KO3()(OUIIMEHTOB ypaBHEHHUS ¥ IMCKPETHOTO aHAIIOTa OTepa-
Topa Jlariaca criekTpajbHOrO MM KOHEUHO-Pa3HOCTHOro Tuna. [jist 00paboTku BTOpOro rnepeoOyciioBiInBaTess
ypaBHEHHE MTPUBOIUTCSA K BUY ypaBHeHHMs JIsmyHoBa — CuiibBECTpa C MOCIEIYIONNM UCTIONb30BaHUEM METO/A
[IEPEeMEHHBIX HAIPaBJICHUH, KOTOPBII MOKa3al Jyquryro 3(h(eKTUBHOCTD IJIs1 KOHEUHO-PA3HOCTHOTO Mepeodyc-
JIOBIMBATENs, WK anroputMa baprensca — CtioapTa, Oonee IpeArnoYTUTENFHOTO ISl CIIEKTPAIBbHOTO Mepe-
oOycnosnmBarenst. B 060uxX cirydasx BEIMUCIUTENbHAS CIOKHOCTH AITOPUTMA B LIEJIOM HMEET aCHMITTOTHIECKYIO

OTICHKY O(N NN ) O (HeKTUBHOCTH AITOPUTMOB MPEJICTABIICHA B TEPMHUHAX Y/ICIbHOW BBIYUCIIUTEILHON CIIOXK-

HOCTH, KOTOpasi OTpe/IessieTCsl OTHOLIEHNEM BPEMEHH cueTa K KOJIMYECTBY y3JI0B ceTKu N. [lanHas xapakre-
PUCTHKA TTO3BOJISIET HAIVISTHO COMOCTABUTH 3(P(EKTUBHOCTH UCCIEAYEMOT0 anropuTMa ¢ 3(h(HeKTUBHOCTHIO
AITOPUTMOB ONTHMATBbHON BBIYMCIUTEILHON CIIOKHOCTH, JUISI KOTOPBIX YeIbHBIC BEIUUCIUTEIbHbIC 3aTPaThI
HMHBapUAHTHBI OTHOCUTEJIBHO KOJINYECTBA y3JI0B CeTKH. HecMOTpst Ha OTMEUEHHYO BbIlIE CyOOITHUMAJIBHOCTh
BBIYUCIUTEIBHOMN CIOKHOCTH MPEACTABICHHBIX AJITOPUTMOB, UX (haKTHYECKHE MOKazaTedn 3(PPEeKTUBHOCTH
BO MHOTOM COIIOCTaBUMBI C TAKOBBIMHU aJITOPUTMOB ONTHMAJIbHON BBIYUCIIUTEIBHON CI0KHOCTH B TUAIa30He
pasmepa cetku 2500 < N <90 000. Kpome Toro, npenjiaraeMble alrOpuTMBI 110 YIE€IbHBIM BPEMEHHBIM 3aTpa-
TaM He yCTYMaloT pa3HOCTHBIM aHajoraMm [11], MHOTOKpaTHO MPEBOCXOAS UX B TOUHOCTH MPHU JOCTATOUHON
IVIaJKOCTH BXOJHBIX JaHHBIX 3a1aud. YTOObI 00€CIeYnTh BO3MOKHOCTD CPaBHEHNUS MOJIyYEHHBIX PE3YJIbTaTOB
C pe3yJbTaraMy HCCIIeIOBaHUN APYTHX aBTOPOB, OTMETHUM, YTO BCE PACUETHI BHIIIOJIHEHBI C UCTIOJIb30BAHUEM
nporpammHoro obecnieuenuss Matlab R2020a na muiatopmMe MOOMIBHOM BBIYNCIUTEIHHON CHCTEMBI C OTIe-
pammonHoii cucremoit Windows 10 Pro, mpomeccopom Intel® Core™ i5-10210U (wgactora 1,60-2,11 I'T'm),
ornepatuBHOM namsTeio DDR3 o6bemom 8 I'6, SSD-nakonurenem oobemom 250 I'6. Bpemst, HeoOxoaumoe Ha
yMHO)KeHHe MaTpuil pazmepa 5000 x 5000 B uCmonbp30BaHHON CHCTEME, COCTaBIsIeT MPUOIM3UTENBHO 1,6 C.
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RESTORATION OF THE ANALYTICAL TASK
OF THE THRESHOLD k-VALUED FUNCTION IN THE INFORMATION
PROTECTION NODE WITH INCOMPLETE DATA

A. V. BURDELIOV*

*Belarusian State University, 4 Niezaliezhnasci Avenue, Minsk 220030, Belarus

This article considers the problem of restoring the threshold function in the information protection node from a input
and output in the case when not all values are known. To solve this problem, it is proposed to use a geometric algorithm
for characterising a partially known threshold £-valued function. The article proves the convergence of the algorithm at
the final step; it is also shown that as a result of the algorithm, a certain threshold function will be constructed, which will
coincide with this function at all known points.

Keywords: algorithm of learning of threshold functions; proof of convergence; threshold function; expansion coeffi-
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BBenenue

PaccMoTprM 3a1a4y BOCCTAHOBIICHHUSI aHATUTUYECKOTO 3a1aHUsI QYHKLUH YCIOKHEHUS [ (xl, v X, ) B y3Ie

3alUThl HH(OPMAIIMH 10 U3BECTHBIM BXOJY U BBIXOJY. B cllyuae mpuMeHeHUs TOPOroBOH k-3HaYHOUM (YHKIIUU
B poJi ()YHKIIMH YCIIOKHEHUS 3a]1aua HaXOXKICHHSI €€ aHATUTHYECKOTO 3aJ[aHUsI MOXKET OBITh YCIICIIIHO PEIIeHa
10 BXOJIy U BBIXO/IY C TIOMOII[BI0 TEOMETPHUECKOTO AJITOPUTMA XapaKTEePHU3aIMU TTOPOTOBbIX k-3HAYHBIX (PYHK-
LUK, BBEIEHHOTO B padoTax [1; 2].

IToporoBbie (PyHKIHMH M UX XapaKTEePHU3aALUA

Onpenenenne 1 [3]. OyHkuys k-3Ha4HOM JTOTUKH [ (xl, R ), JUTSL KOTOPOM CYILECTBYIOT JHHEHHas (op-
Ma L(xl, e X, ) =a,x, + ax, + ... + a,x,, X; € Zy, ¢ 1eiCTBUTENbHBIMU KO3QPULNEHTaMHU 1 HA0OP ACHCTBU-

n-n’
TEJBHBIX IIOPOTOB b, < b, < ... < b, Takue, uto 714 Beex i € 0, k — 1 BbImonHAETCS yCI0BHE
f(xl, oo xn)=i<:>bi SL(xl, e xn)<b.+1,

1

Ha3bIBaeTCs MMOPOTOBOM k-3HauHON QyHKIMeH. He orpannuuBast 0OMIHOCTH ONpeaeNieHHs, MOKEM TOJIOKHTH,
4TO 371€Ch U janee b, = —oo u b, = +oo. [Ioporosyto k-3HauHyI0 QyHKLUIO OyAeM MUCATh B CIEAYIOIEM COKpa-
IIEHHOM BHJE: [ = [al, ay, ..., a,; b, by, ..., bk_l].

[Tox anropuTMOM XapakTepu3aliK MOPOTOBOH k-3HauHON (QYHKIIMH MOHUMAETCS TIPOLIEAYpa HAXOKACHUS
Kakoro-1u0o ceMeiicTBa mapaieNbHBIX THIIEPIUIOCKOCTEH, Pa3IeIONINX MHOKECTBA Pa3IMYHbIX 3HAYCHUH
JaHHOW (pyHKUHMH, T. €. IPOLIelypa HAXOKACHUS KO3GOHULINEHTOB a,, dy, ..., d, TUMHEHHOH (HOPMBI L(xl, . xn)
U MHOJKECTBA OPOTOB b, b,, ..., b, . OTMeTHM, 4TO 3aJa4a XapaKTepU3aLUuH IOPOroBoil (yHKIIUU UMEET He
€IIMHCTBEHHOE pelleHne (HanpuMep, Bce Kod(QUIHMEHTH! TMHEHHON (OpMBI 1 TOPOTH MOTYT OBITH JOMHOMKE-
HBI Ha HeHyJ1eBol koa¢pdunmeHt). Kpome toro, kax 10 HoporoBoit GyHKUUH f MOKHO IIOCTaBUTH B COOTBET-
cTBHE Kiace £, BEKTOPOB KOOPPHUIMEHTOB JIMHEHHOH (OPMBI M [IOPOTOB, PEAIU3YIOLIMX AaHHYIO IOPOTOBYO
(byHKIHIO:

Sf:{(al, s wvor s by By oo ) S =@ s o @ By By bk_l]}.

B uenom psaae pa3znenoB AUCKPETHOW MaTeMaTWKW BO3HMKAET 3aj/lada paclo3HaBaHUs MPUHAJICKHOCTH
(YHKIIMH HEKOTOPOMY KJlacCy M BOCCTAHOBIJICHUSI (XapaKTepH3alni) HeM3BECTHON AUCKPETHOW (YHKIIMU U3
3aJJaHHOTO KJlacca ¢ MOMOILBIO MOCIeI0BAaTeIbHBIX BOIPOCOB O €¢ 3HAYCHUSIX B Toukax. Haxoxkaenue mapa-
METPOB MOPOTOBOH Oyi1eBOi PyHKINH SBIISIETCSI 0OBEKTUBHO OOJIee CII0KHON MaTeMaTn4eckol 3ajadyeid, uemMm
oIpe/ieNieHne MPUHAIISKHOCTH (PYHKIMH KIJIacCy OPOTOBBIX (DYHKILIUH, U CBOANUTCS K HTEPATUBHOM MPOLIEAYPE.

PaccmoTpenue 3agaun HaXOKACHUS TapaMeTPOB MOPOroBOi (YHKUUH B k-3HAUHOM JIOTUKE CTaBUT Mep-
BBl B&>KHBIH BOIIPOC O BOBMOKHBIX BApPHAHTaX TPAKTOBKH OJM30CTH WM OTIMYHSI ABYX Ak-3HAYHBIX (yHKIINH,
a B Cllydae pelleHMs 3aa4ll HaXOXKJIEHHUsI aHAIMTHUECKOTO MPECTaBICHUs k-3HAYHBIX (YHKIHHA — BOMPOC
0 BapHaHTaxX TPAKTOBKH MX OIM30CTU K (QYHKIMAM X, MoXKeT ObITb IPEUIOKEHO HECKOIBKO Mep OIH30CTH
IBYX k-3HauHBIX (DYHKLHH.

Omnpenenenne 2 [1; 2; 4]. Insg byHKIIUN k-3HATHOU JTOTUKA [ (xl, s X, ) KO3 PHUITIESHTOM POCTa TI0 TIepe-
MEHHOH X; Ha3bIBAaCTCS BETHMIMHA
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A= z (f(xl,...,xi_l,k—l, xl.+1,...,xn)—f(xl,...,xi_l, 0, xi+1,...,xn)).
(xl,...,x,-,l, x,-H,.A.,x,,)eZZ*l
Omnpenenenue 3 [1; 2; 4]. [lng byHKIUN k-3HATHOU JIOTHKA [ (xl, . xn) KO GHUITHEHTOM BO3paCTAHUS
110 IEPEMEHHOM X; Ha3bIBAETCsI BEJIMYMHA
k=2 k-1
A = > > (f(xl,...,xi_l, s,le,...,xn)—f(xl,...,xi_l, l,le,...,xn)).
(xl,..‘,x,._l, X1 ..,,xn)eZZ’l I=0e=1+1

I'eomeTpuyeckuii aaropuTm
XapaKTepu3alMu MOPOroBbIX A-3HAYHBIX (PYHKIIHI

B paborax [1; 2] BBOmUTCS TEOMETPUUECCKUN alTOPUTM XapaKTEPHU3AIIHH TTOPOTOBBIX k-3HAYHBIX (DYHKITHH,
IIPH 3TOM B CTaThe [2] JOKA3bIBACTCS €r0 CXOJANMOCTh Ha KOHEYHOM IIare.

VYeaosue 1. B cuiy HEOMHO3HAYHOCTH 3aJlaHKsI TOPOTOBOH (DYHKIMU Oy/ieM IMoJjiaraTth BO3MOXHBIM HC-
I10JIb30BAaHKE ITOPOTOB, YIOBJICTBOPSIOIINX HECTPOrOMY HEpaBeHCTBY b, < b, < ... < b,. B ciryuae paBeHcTBa

noporoB b, = b; | anst Hekotoporo i € 0, k — 1 oueBUIHO, YTO PyHKIUS [ (xl, v X, ) HE IIPUHUMAET 3HAYEHUs i.

Taxoke nanee Oyaem moiarath ClipaBeIMBBIM CTPOTOE IByCTOPOHHEE HEPABEHCTBO B OTIPEIECIICHUN ITOPOTOBOM

k-3Ha4HON (QYHKIIMHU:
by f(x, e x,)=ieb <L(x,...,x,)<b .

Toro BCE€raa MOXKHO I[06I/ITBC$I HEOOJIBIINM U3MEHEHUEM COOTBETCTBYIOUICTO IMOpOTa Uik BECOB.

Onpenenenne 4 [1; 2]. Bynem rooputs, uto nuHeitnas gopma L(x, ..., X, )= ax, + a,X, + ... + a,X,

JTAeT YMCTOE pa3ielieHre 00IacTel 3HaYeHH ITOPOTOBON Ak-3HAUHOW (PyHKINHU [ (xl, v X, ), pUHUMAIOLIEH
BCE 3HAUCHUS U3 MHOXKECTBA Z;, €clu Ul 11000ro o, =0, k — 2 BBINOIHAETCSA CTPOroe HEPaBEHCTBO

max  {ag +..+a.e,}< mn  {ag+..+a.z,}
f(sl"__,g”):[)_ f(gl,...,sn)=0.+1
Ecnu oHO BBIONHSIETCS, TO IOPOTH by, b, ..., b, MOXKHO ONPEAEIUTH, HAIPUMED, CIACAYIOLIIM CII0COO0M:

b, = min {ag, +...+a,e,}, a=0,k—1,
Sf(er-ng,)=a+1

by= max  {ag +...+azE,}+1
F(ers-omgy)=k—-1
B ciyuae, xorna pynkuus f (xl, ey xn) HE MPUHUMAET HEKOTOPBIX 3HaUeHUH 13 MHOXkecTBa 0, k — 1, He0O-
XOIAMMO yOpaTh U3 PaCCMOTPEHUS COOTBETCTBYIOIINE 00IACTH 3HAYCHUH CIIETYIOITIM 00pa3oM: MyCTh (PyHK-

wnst f(x, ..., X, ) IpUHEMaeT TONbKO 3HaueHnst 0 < oy < o < ... <o, <k, 0 <t <k. Torna wis Beex i =0, 1 —1
TpeOyeTCst IPOBEPHUTH BBHIIOIHEHHE CTPOTOr0 HEPAaBEHCTBA

max  {ag +...+ae,}< min  {ag+...+a.E,}
fler.ne,) =0y S(Ers oo 8y) =g
[pH €ro BHINONHEHUH TIOPOTH MOKHO OTPE/IETHTh, HATPUMED, 10 TIPABUITY: JUTS BCEX 3HAYEHHI ), . .., @, IPH-

CBOMTB 3HadeHHs b, = min  {ag +... + a,€, }; ecnn QYHKIWS NPUHUMAET 3HAYCHHE Kk — 1, IOJIOXKHTS,
' Sernty) =0y

qro b, = max {ag, + ... + a,€,} +1, B IPOTHBHOM Cllydae TONOXKUTb, YTO by = +00; JUIsl OCTABLIMXCS
Sl .ne,)=k—1

3HaYeHUH je€Z k\{ao, oo at} (KOTOpBIC HE SIBISIOTCS 3HAYCHUAMU (DYyHKIUH [ (xl, v X, )) MIPUCBOUTH COOT-
BETCTBYIOLIEMY T1OPOT'Y, HAYMHAsl CO CTapLIero, 3HaYeHue b; = b, , ;.

Hanee ms Bcex i =0, k — 1 BBezieM 0003HAYCHHS
F, :{(xl, i X, )€ ZZ‘f(xl, e xn)zi},

()=, s {4005
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xmaX(Fl-)z{(xl, oo X,)€ZY|L(x,, ..., x,) =max (F )},

min(E)z min {L(xl,...,xn)},

(%1 o0 X, ) € F;
" .
xmin(E)z {(xl, s xn)e Zk‘L(xl, s xn)z mln( ; )}
Ecnu F; = ¢, nonoxum, 4to max(E ) =+00, min(E ) =—o0, xmaX(Fi ) = (—1, ey —1) u xmin(Fi ) = (—1, ey —1).
[IpuBeneM reoMeTpHUECKUil aJrOPUTM XapaKTepH3aIuy MOPOTOBBIX k-3HAYHBIX (YHKITHH.
Bxoo anzopumma: BexTop 3Ha4eHNH QyHKIUU | (xl, oo X, )
[Tyctp moporosast GpyHkuus f (xl, ey xn) IPUHUMAET TOJIBKO 3HaueHus1 0 < oy <oy < ... <o, <k, 0<t<k.

Mar 1: yannuanusanys. [IponHUIManM3upoBaTh HAYaTIbHBIA BEKTOP KO3 (OUIIMEHTOB THHEWHOW (POPMBI
ko3¢ punmenTamu pocra Moo ko3(ppuneHTaMHI BO3pacTaHus:

(ap .o a,)=(A, Ay, A Y mubo (ay, .y a, )= (A, Ay, ooy By)
Hlar 2: BeraucieHne IpoBepodHoi Tadmuibl. [t Bcex i =0, ¢ BRIYUCINUTH min(Fa, ), max(Fa' )
Hlar 3: mpoBepka ynucTOTO pa3meneHus odmactei 3HaueHni GpyHKnn. Jms kaxmoro i =0, 1 — 1 MpoBEpUTH
BBITIOJTHEHNE HEPABEHCTRA

max(Fai ) < mln(Fa,.+1 )
IIpH BBILIOJIHEHHH HEPABEHCTBA JUlsl HeKOTOporo i € {0, ..., f —1} mepeiitn K 010Ky KOPPEKLHUHU C mapaMe-
Tpamu (ai, a; . ) B npoTtuBHOM citydae nepeiTu K 010Ky BBIYMCIEHHS TOPOTOB.
bnox koppexyuu. BxomHbIM napaMeTpoM OJI0Ka sBIISIETCS Napa (ai, a; . )

Iar 1: BeiGop Touek. ITpoM3BOIBHEIM 00Pa3oM BBIOPATH TOUKH (X, ..., X, ) € xmax(Fu,) i (yy, ..oy, €
1
€ xmin(FaM )

Iar 2: koppekuus JuHeHHOi popmsl. [l Beex j € 1, n NPUCBOUTD @; = a; — X; + V).
Iar 3: Bo3Bpar B OCHOBHOM IIMKJI. BepHyThcs K m1ary 2 0CHOBHOTO IHKJIA aJITOPUTMA.

Bnox eviuucnenus nopozos. Jljid Bcex 3HaYECHUN 4y, ..., 4, TPUCBOUTH 3HAYCHUS
b,, =  min {ag, +...+ ae,}.
f(ep,ng,)=0;

Ecimm (l)yHKI_[I/Iﬂ MNPUHUMACT 3HAYCHHUC k— 1, TO IIOJIO)KHUTH, YTO

b, = max {ag, + ...+ a,,} +1,
S(erngy)=k—-1
B IIPOTUBHOM CIIy4ae TOJIOKHTh, YTO b, = +00; JUIsl OCTABIIMXCS 3HAYEHUH [ € Z k\{ao, oo a,} (KoTOpHBIC HE SIB-
JISIFOTCS 3HAUCHUSAMU (PyHKIUU [ (xl, v X, )) MIPUCBOUTH COOTBETCTBYIOIIEMY TIOPOT'Y, HAYMHASL CO CTapILEro,
3HayeHue b, =b; ;.
Boixoo ancopumma: BEKTOPHI (al, e 4, ), (bo, . by )

BoccranoB/ieHHe aHAIMTHYECKOT0 32JaHUS IOPOrOBOii k-3HAYHOI PyHKIIUM
B y3J1e 3allUThl MH(OPMAIUU NIPH HEMOJHbIX TaHHBIX

Kak npaBujio, mpu pelieHuy 3a/iaud BOCCTAHOBJICHMS aHAJUTHUECKOTO 3aJaHusl (DYHKIMHM YCIOKHEHUS
f (xl, ey x,,) B y3JI€ 3aIIUTH HHPOPMAIIUX TI0 U3BECTHBIM BXOJIY M BBIXOJY B PACTIOPSKEHUH UMEIOTCS 3Ha4e-
Hust pyHKIMn f (xl, s xn) HE BO BCEX TOYKaX. B 3TOM ciyyae Ha 3ajja4y XapakTepu3alluu OPOroBoil (hyHK-
MY HAKJIAJBIBAIOTCS TOMOJHUTEIHHBIC OTPAHUICHUS — HETIOJHBIC JaHHBIC.

Onpenenenne 5. OyHknuo f (xl, e xn):M —>Zy, tne M c ZZ, JUIsl KOTOPOH CYLIECTBYIOT JIMHEHHAS
¢dopma L (xl, v X, ) =ai x|+ ayx, + ... + a,x,, X; € Z;, ¢ IeWCTBUTEILHBIMH K03(dUIIIeHTaMU 1 HabOp JeicT-

BUTEJILHBIX TIOPOTOB b < b, < ... < b, Takue, uto A4 Beex i € 0, k —1 BbInonHsAeTcs ycnoBue

f(xl, oo xn)zic>bi SL(xl, oo xn)<bl-

+1»
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OyzeM Ha3bIBaTh YaCTMYHO M3BECTHOW TIOPOTOBOM k-3HauHOM (pyHKIMEH. He orpanndmBast oOIIHOCTH ompese-
JICHUS1, MOXKEM IIOJIOKUTb, YTO 3€Ch U Janee b, =—o u b, = +o.

ITox anropuTMOM XapakTepu3aluy YaCTHYHO U3BECTHOM MMOPOroBOH A-3Ha4HOM (PyHKLINU TOHUMAETCS ITPO-
Leypa HaXOXKICHUsI Kakoro-Im0o ceMeicTBa MmapasulesIbHbIX THIEPIIIOCKOCTEH, pa3aesioINX MHOXKECTBA
pa3IMYHbIX 3HAY€HUN JaHHOH (QyHKIMY, T. €. IPoLeaypa HAX0XKJEHUS KOIDDULUEHTOB 4, a,, ..., d, TAHEHHOI
(hopmbl L(xl, ooy xn) U MHOXECTBA IOPOToB by, by, ..., b, .

PaccmoTpum nprMeHeHHe reoMeTpUYEecKOro alropuTMa Ul XapakTepu3allMd YaCTMYHO M3BECTHOM MO-
pOTroBO¥i k-3HauHOW (QyHKIMU. J[JI 3TOrO CIENyeT ONMpPEaS/IUThCS, KaK JIeHCTBOBATh TEOMETPUUICCKOMY aJIro-
pUTMY, KOTZla OH o0paraercs K Touke, B KOTOPO 3Haue€HUe MCKOMOH (PYHKIIMM HEM3BECTHO, T. €. B TEPMUHAX
ompesiesieHns 5 oOpamraeTcs K ToUKe U3 MHOXKecTBa Z \ M.

I'eomeTprueckuii aropuT™ 00paIaeTcst K 3HaUCHUAM (YHKLMH B CICIYIOINX CIydasX:

1) npu nozacuere kKo3PPULINEHTOB pocTa I1O0 KOIDHUIMEHTOB BO3pacTaHUS JJIsl HEPBUYHON aIllpOKCHU-
Mal1 JIMHEHHOW (OPMBI,

2) IpHW BBIYUCICHUN MAaKCHMyMOB U MUHUMYMOB 3HA4€HHH JIMHEHHOW (OPMBI B 00NACTIX 3HAUCHHUN HC-
KOMOM (pyHKITHH.

HauOonee npocThIM 1 JTOTMYHBIM AEHCTBUEM IIPU OTCYTCTBUU MH(OPMALIUK O 3HAYCHNUHU (DYHKLIUU B TOUKE
BUIWTCSI ITHOPUPOBAHHUE JAHHOW TOUKH, KOTOPOE B 000OMX CIIydasx JOJDKHO OBITH peali30BaHO CIEAYIOMINM

oOpazom:
1) npu mozcuere K0d3GPUIHEHTOB pocTa
A, = > (f(xl,...,xi_l,k—l,xiﬂ,...,xn)—f(xl,...,x,-_l, O,x,-+1,...,xn))

n-1
(Xl’ s X1 Xig s ~--,xn)€Zk

100 KOA(PPHUIMEHTOB BO3paCTaHUS

k=2 k-1
A= Z z z (f(xl,...,xi_l, 8,xi+1,...,xn)—f(xl,...,xi_l, l,le,...,xn))
-17_ =
(xl,...,xi,l,xiﬂ,...,xn)eZﬁ I=0e=/+1

B COOTBETCTBYIOLIMX UM CyMMaxX UTHOPUPYIOTCS claracMble, sl BRIYUCICHHSI KOTOPBIX OCYIIECTBIIsIETCs 00-
pallieHre K HeM3BECTHOMY 3HAYCHUIO HCKOMOW (DYHKIHH;

2) npH BBIYMCICHUH MaKCUMyMa (max(Fal_ )) Y1 MUHMMYMa (mln(Fai )) 3HAUCHUH JTMHEHHOH (HOpMBI B 00-

JACTSIX 3HAYCHUH UCKOMOM (PYHKINH CIIeAyeT HTHOPHPOBATH 3HAUCHUE JIMHEHHOH (hOPMBI B TAHHON TOYKE.

Omnpenesienne 6. ['eoMeTpruecKuii alTOPUTM XapaKTEPHU3AIUX TIOPOTOBON k-3HauHOW (yHKINH, 0Opada-
THIBAIOILMI TOYKU U3 MHOXKECTBA Z,\ M yKa3aHHBIM BbILIE CIOCOOOM, Oy/ieM Ha3bIBaTh F€OMETPUYECKUM all-
TOPUTMOM XapaKTEepPHU3alUul YaCTUIHO U3BECTHOM MOPOTOBOM k-3HAYHON (PyHKINH.

AKTyaJTbHBIM BOTIPOCOM SIBJISIETCS] CXOIMMOCTb JJAHHOTO ainropuTtMa. Jliis noka3zaTenbcTBa CXOJUMOCTH He-
00X0JIMMO PaccMOTPETh BOMPOC MPUHAUICKHOCTH K OJJHOMY OPTaHTY BEKTOpa KOA(PHUIIMEHTOB POCTA, BEK-
Topa K03 PHUIHEHTOB BO3pacTaHus U BEKTOpa KOA((OHUIIMEHTOB THHEHHON (DOPMBI YaCTUIHO U3BECTHOU TI0-
POTOBOM k-3HAUHOM (HYHKITHH.

Teopema 1. [lycmob yacmuuno useecmuasn nopocosas k-3naunas Gyukyus f (xl, ooy xn) 3a0aemcs aunel-
HOU popmoti

L(xl, . xn)zatlx1 +ayx, +...+a,x,.
Bsedem gexmop koagpghuyuenmos auneinou gopmol L(al, a, ..., a, ) Tocoa eexmop Kodppuyuenmos poc-
ma (Al, A,, .., An) u sekmop Kkoappuyuenmos sozpacmanus (kl, Aoy ey kn) aexcam 6 0OHOM OpMmaHme

¢ eekmopom L 1ubo Hekomopule ux KoopouHamvl pagusl HYI0. Jpyeumu cro8amu, 3HAKU COOMEEMCMBEYIOUUX
KOOPOUHAM ) 6CeX Mpex 8eKMOPOo8 COBNAOAIOM € MOYHOCHbIO 00 PABEHCMBA HYIIIO.
HoxkazarensctBo. ComacHo pabote [4] moporoBasi k-3HauHasi (PyHKIUS SBISETCS TIOJTHOCTHIO MOHO-

TOHHOH, T. €. AJsl Jr000ro s < 1, TF000T0 MOIMHOKECTBA MEPEMEHHBIX Xio oo X; M Tr0O0BIX BYX (huKcanui
HEPEMEHHBIX (xl.], oo X ) = (-0 &), (xil s X ) =(8,, ..., 8;) COOTBETCTBYIOILIHE STHM (HUKCALMAM MOJ-
(hyHKIIHN

f.= (xl, s xn|(xil, s xis)z (-, ss)),
fsz(xl, e xn|(xi] s xis)z(Sl, e 65))

YIOBJIETBOPSIOT OHOMY M3 CIIEYIOIINX YCIOBHIA: MO0 f, < f5, 1nbo f, > f5. Vickntouenne u3 paccMOTpeHUs
HEKOTOPBIX 3HAYCHUIN MOPOTOBOU k-3HAYHOUN (DYHKIMHM HE HApyIIAeT ¢ MOJHYI) MOHOTOHHOCTh. Takum 00-
pa3oM, YaCTHYHO U3BECTHAS MOPOroBas k-3HauHast QYHKIHS SBISIETCS MOJTHOCTHI0 MOHOTOHHOA.
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PaccmorpuM ukcannn nepeMeHHOM X; 3HAYCHUSAMH X; = p U x; = p + 1 s Hekotoporo p =0, k— 2. Jlns
ntoboro 3Hadenust p =0, k—2 cooTHOLICHNE MEKIY QUKCALUMAMH f, U f, , | ONPEACIISETCS TONBKO COOTBET-
CTBYIOLUM 3HAKOM KOS uireHTa TuHenHo! Gopmsl ¢;: ecnu a; > 0,10 f, < f, s ecima; =0, 710 f, = f,
ecna; <0,10 f, 2 f, .

Torna cnaraemsle U3 onpeneneHus 2

&KREf(xl,..., k- 1x1+1,...,xn)—f(x1,..., x;_15 0, x]+1,...,xn)

1 cJiara€MbI€ U3 ONPEACTICHUA 3

k=2 k-1

Exr=D, D, (f(xl, s X5 & xj+1,...,xn)—f(x1, o X xjH,...,xn))

I=0e=1+1

MMCIOT OJIMHAKOBBIN 3HAK € KOO (DUIHMECHTOM JHHCHHOI (OpPMBI ¢; MO0 paBHBI Hyir0. CyMMBI 3HAYCHUH Exp
u &gy, COOTBETCTBYIOIINE 3HAYCHUSIM KodduunenTa pocta A, u ko3dduimenta Bo3pactanus A;, UMEIOT OfU-
HAKOBBIi1 3HAK (JIMOO PaBHBI HYIII0), M STOT 3HAK COBIAJACT CO 3HAKOM KO3 uImenTa IMHEHHOH (OpMEI a;.
B ciyuae, korna a; = 0, cyMMbl 3Ha4CHUIT Exp U Sy TaKOKE OyAyT paBHBI Hyimo. Teopema 1 nokasaHa.

Teopema 2. Eciu f (xl, e xn) — YACMUYHO U38ECMHAsL NOPO208ast k-3naunas Qynkyus, mo ceomempuye-

CKULL ANI20PUMM XAPAKMePpU3ayull YacmuyHo u36eCmHoU nopocosoll k-3uaunotl GyHKyuu cxooumcsi 3a KOHe-
HOE YUCTIO Wa208 U Oaem ee peanu3ayuio.
HoxaszarenbcTBo. [lycts moporosas k-3naunast pyHkus f (xl, e X, ) 3aJlaeTCsl JTMHEUHOU (hopMoii

L(x, ..., x,)=ax, + a,X, + ... + a,x,. Beenem Bextop ko3 dpuunentos mueiinoi popmet L(a,, ay, ..., a,, ).

Boxpyr BekTopa L Bceria MOXHO MTOCTPOUTH KOHYC JOMYCTUMBIX peIeHnid ) TaKkoH, 4To 000 BEKTOD, JIe-
Kaluii B JTaHHOM KOHYce, OyeT 1aBaTh YHCTOE pas3lelieHne oonacteil 3HaueHnit pyHkuun f (xl, cees xn) [5].
HanomHuum, 4TO 17151 KOHYCa BBINOJIHAIOTCA JBa CBOMCTBA:

o0 € 0= ka eQ nng Beex k> 0;

cGeQ feQ=(i+f)e0.

Konycom nomycTuMbIx pemieHnii ) Ha30BeM Takol KOHYC, B KOTOPOM Ui Jit00oro o € Q nuHeiHas ¢op-
Ma, TIOCTPOCHHAs 10 Kod3(h(HUIMEHTaM BEKTOpa O, JAaeT YUCTOe pasfelieHne oOnactedl 3HaueHHH (QyHKIUU

f(xl, e xn).

VYron pactBopa KoHyca 0003HauMM yepe3 © (O > 0).

JlokaxkeM, 4TO 32 KOHEYHOE YMCIIO [IIaroB AJITOPHUTMA BEKTOP KO3(D(PUIIMEHTOB THHEHHON (POPMBI OKaKETCS
BHYTPH KOHYCA TOIMYCTUMBIX PEIICHHUH.

ITo Teopeme 1 BekTOp KOIPPHUIIMEHTOB pOCTa U BEKTOP KOIPPHUIIMEHTOB BO3PACTAHHS JIEXKAT B OJHOM Op-

TaHTE C BeKTOpOM L. Takum 06pa30M, AJITOPUTM HAYUHACT pa60Ty C BCKTOpa AO’ JICKAIICTO B OTHOM OPTAHTE

C BEKTOPOM L.
Paccmorpum onepanuro koppekuuu B anropurme. Ilycts A — TEKYIIHi BEKTOP JIMHCHHOM (hopmBI, KOTO-
PBIi IOCTyNaeT Ha BXoA O0ka Koppekunu. [locie koppekuyn oH NepexoanuT B BEKTOP Al. "

AJITOPUTM OCYIIECTBIISET KOPPEKIHIO € IIOMOIIBIO JIBYX TOYEK — U; € xmax(Eli ) UV, € Xy (F;,j+l ) — TorJa
U TOJIBKO TOT/1, KOT'Z1a OAHOBPEMEHHO BBINOJIHSIIOTCS ABa HEPAaBECHCTBA!
® A;v, < A;u; (Tak KaK 3a71eliCTBOBaH OJI0K KOPPEKIMU aATOPUTMA);
e Lv, > Lu; (B cuiy onpenenenus 1).
OTH HEpaBEHCTBA PAaBHOCWIBHBI CHCTEME
L (vl. - ui) >0,
&)
A; (v —u;)<0.
Bekrop koppekuuu (vi - u, ) = C; npubaBygeTcs K TEKyIEMY BEKTOPY A, M NOIy4aeTcst HOBBIA BEKTOP A, |
Ai+1 = Ai + Ci‘
PaCCMOTpI/IM IIOCKOCTh, HA KOTOPOH JIEKAT BEKTOpHI L A (puc. 1). O6o3HaunM vepe3 C 14, IPOCKIIUIO
BEKTOpa C HA IIOCKOCTh, 00Pa30BaHHYIO BEKTOPAMH L U A [lepenecem Hawano 3TOM MPOEKLHMU B KOHELl
BEKTOPA Ai.
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B cunmy nepBoro HepaBeHCTBa CHCTEMBI (12 KkoHell Bekropa C, ; TOIKSH OBITh HIDKE IIPAMOIA ¢, B CHILY BTOPO-
ro HepaBeHcTBa cucteMsl (1) koHerl Bekropa C; , JIOIKEH OBbITh BBIIIIE TIPSIMOH p, T. €. JISKaTh B 32l TPUXOBAHHON

obnacty Ha puc. 1. Takum ob6pasom, Bextop C, 4, HATIIPABIICH K BEKTOPY L.

Paccmorpum konyc K;, 00pa3oBaHHbII BpallleHHEM BEKTOPa A ; BOKPYT BEKTOpa L. O4eBH/IHO, 4TO BEKTOP C’i,
NPUIOKEHHBIH K OKOHYAHHIO BEKTOPA ;11-, 3aXOJUT BHYTPb KOHYca K. JIIsl KaXKJJOro I1ara aropuT™Ma BO3MOXKHBI
ABa cliy4das: BCKTOP éi LCJIMKOM JIC)KUT BHYTPHU KOHYCa K[ WJIA BEKTOP Ci BBIXOJIUT 3a NPCACIIbI KOHYCa Ki’ T. €.
«TPOKAITbIBaET» KOHYC, KaK Ha pHcC. 2.

kL

Puc. 1. TIpoexnust BEKTOpa KOPPEKIIUH Puc. 2. «IIpokon» xonyca
Fig. 1. Projection of the correction vector Fig. 2. «Puncture» of the cone

Janee nokaxem, 4TO «IIPOKOI» KOHYCa MOKET POU30MTH KOHEUHOE YHUCIIO0 pa3. Tak Kak 1o ycnoBuio 1 s
TOOBIX U;, V; € 7} BBITIOJHAETCS HEPABEHCTBO

L(vi—ui)>0,

TO cymiecTByeT d > 0 Takoe, 4To IS JIOOBIX u,, v, € Z}

L (vl- —u, ) >r.
DTo 03HAYaeT, 4TO 4acTh 3aIUTPHXOBAHHOH oOnacTu Ha puc. 1, 3aBesomMo cozepikamias koHel Bekropa C, ,,

r
JIEKUT Ha m BBIIIE (II0 HOPMAJIM K IIJIOCKOCTH p), YeM OKOHYaHHWe BeKTopa A4,. PaccMorpum puc. 3, saBisio-
muiics Mopudukanuen puc. 1 ¢ ydeToM BBIILIEN3/I0KEHHOr0. PaccTosiHue oT KoHIa npoekuuu Bekropa C; Ha
IUIOCKOCTb OCHOBaHUs KOHyca K; 10 KacaTeJIbHOH K OKPYXHOCTH KOHyca K, B TOUKE OKOHUYaHMs BeKTopa A;
OyzeT He MEHee YeM d.

Puc. 3. TIpoexuust BEKTOpa KOPPEKIIUH MOCIIE MOAN(DHUKAIN
Fig. 3. Projection of the correction vector after modification
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HuxHIOI0 IrpaHMIly 171 pacCTOSHUS d ONpeieNseT TOT (akT, YTo yroia MeXIy BeKTopamu A; u L cocTaBnser

T
He MeHee yeM © (MHave aJropuT™M OCTaHaBIUBACT paboTy) U MEHEE YeM 5 0. Takum 006pa3oM,

d> L tg®>0.
||

Jmuna Bextopa C; orpaHudeHa CBEpXy BEITHYHHOM (k - 1)\/; .

Ha puc. 4 n300paskeHsl 1B€ OKPYKHOCTH — OKPY’KHOCTh OCHOBaHHMS KOHYca K, BOKPYT BEeKTOpa L 1 OKpYX-
HocTh paguycom (k — 1)\/; BOKpYT' OKOHuYaHus BekTopa A,. K okpyxHOCTH 0CHOBaHus KoHYyca K; mpoBesieHa
KacaTeJbHasi B TOUKEe OKOHUaHUS BekTopa A4;. Ha paccTosiHuu d oT KacaTesnbHOI IPpOBeAeHa JINHHUS.

CoritacHo BBINICU3JIOKCHHOMY OKOHYAHUE IPOCKIMU BEKTOpPaA Ci Ha IIJIOCKOCTH OCHOBaHHsA KOHYCa Ki

JIOJDKHO JIeXKaTh Ha PACCTOSIHUM HE MEHeEe UeM d OT KacaTelbHOH, Ha pacCTOSHUM He Ooliee yeM (k - 1)\/2 oT
OKOHYAHUS BEKTOpa ;11. ¥1 110 OJ[HY CTOPOHY C BEKTOPOM L OTHOCHTEJIBHO KacaTenbHOit. Takum 06pa3oM, OKOH-
YaHHe MPOEKIINN BEKTOpa C’[ JISKUT B 3aIITPUXOBAHHON 00MacTH (CM. puc. 4).

Jlerko 3aMeTHTh, YTO 3aIUTPUXOBAHHASA OOJACTH HE LICIUKOM JIEKUT BHYTPH OKPYKHOCTH OCHOBAHMS KO-
Hyca K;. Korna oxkoHyanue npoekiuu Bekropa C; nmonajgaeT B 3alITPUXOBAHHYIO 00IACTh BHE OKPYKHOCTH
OCHOBAHUS KOHYyca K, IPOUCXOAUT «IIPOKOJ» KOHYCA. .

IToxaxxeM, 4TO ¢ POCTOM YMCIIa MTEPAIMA | «IIPOKOIM» KOHyca mpekparturcs. Tak xak Bextop C; BCerna

COZIECPKUT BEPTHKAJIBbHYIO COCTABIIAIOLIYIO HE MEHEE |Tr’ TO BbICOTA KOHYyca K; pacTeT ¢ KaxJI0i urepanuei
anroput™a. Yron Mex 1y Bektopamu L u A ; 6oipie O (B IPOTUBHOM ClIy4yae aJrOPUTM OCTAHABIUBAETCS, MO-
CKOJIBKY pellleHue HaiineHo). Takum oOpa3om, paauyc OCHOBaHUs KOHyca K; yBeIMUHUBAECTCSl HEOTPAHUUEHHO.
C yBesnnueHHeM pasilyca OCHOBaHMsI KOHyca K; BCs 3alITPUXOBaHHAsl 0OJIACTh II0IAJIaeT BHYTPb OKPYK-
HOCTHU OCHOBaHMsI KOHYyca K, KaK [I0Ka3aHO Ha pHC. 5, U «IIPOKOJI» KOHYCa IPEKpalaeTcs.
Taxum 00pa3oM, «IIPOKOI» KOHYCa MOXKET TPOM30UTH KOHEYHOE YHCIIO Pa3, MOCIE Yero BEeKTOp KOppek-

W
S

Le P 4,
Puc. 4. IIpoexnust Ha IOCKOCTh Puc. 5. IIpoekuys Ha MIOCKOCTh OCHOBAHUS
OCHOBaHUA KOHyca K KOHyca K; IpH yBEJIMYEHUH Pajuyca
Fig. 4. Projection onto the plane Fig. 5. Projection onto the plane
of the base of the cone K; of the base of the cone with increasing radius

muu C; nenukoM OyIeT jexarb BHYTPU KoHyca K, a OKOHYaHHE BEKTOpa KOPPEKIUHK Bcerna Oyaer nonajaarb

BHYTPb KpyTa (PUKCHpOBaHHOTO paauyca. C pocTOM 4uciia UTepaluii BbicoTa KoHyca K, Oy[eT yBeIU4uBaThCs

r o o .
HEOTPaHWYCHHO, MUHIMYM Ha I ¢ Kax10i urepanueii (cM. puc. 3). Bmecre ¢ BicoToil KoHyca K, Oyner pac-

IZ| ) r ) )
TH paJilyCc OCHOBaHMsI KOHYCa JIOIYCTUMBIX pelieHuil (), MUHUMYM Ha — tg® ¢ KaxJ10i nrepanueil.

1Z] .
Wrak, Ha4yMHasi ¢ HEKOTOPOTO KOHEYHOT'0 YHCJIa IIaroB alrOPUTMa, BCE BEKTOPHI A; OyIyT Jiexarh B Bep-
THUKAJIbHOM LWJIMH/IPE, PACTIOJIOKEHHOM BHYTPH KOHYCA JOIYCTHMBIX PEIICHUH, NMEIOIETO CBOCH OCBIO BEK-
TOp L. Teopema 2 noka3aHa.
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Kak ciieyer u3 1okazaTenbCcTBa, alrOPUTM CXOIMTCS TIPH UCTIONIL30BAHUH U KOO (UITMEHTOB pOCTa, U KO-
3G PUIMEHTOB BO3paCTaHMUs JIJIsl IEPBUYHON alMPOKCUMAIIUH KOI(DPUIIMEHTOB THHEHHON (OPMBI.

3akaueHmne

Takum 00pa3oM, 3a/1a4a BOCCTAHOBIICHHUS aHATIMTHYECKOTO 3aJJaHusI TIOPOTOBOM ()YHKIIUH YCIOKHEHUS TIPH
HETIOJTHBIX JIAHHBIX MOXKET OBITh YCIEIIHO PElIeHa ¢ MOMOIIBI0 TEOMETPUIECKOTO arOpUTMa XapaKTepU3anum
YACTUYHO M3BECTHOHM MOPOroBoOi k-3HauHoW (yHKIMH. B pesynasrare OyneT MmocTpoeHa HEKOTOpas MOpOropas
(yHKIMS, COBMAIAIONIAS ¢ YACTHYHO M3BECTHOW OPOTOBOH k-3Ha4HOU (DYHKIIMEH BO BCEX TOUKaxX MHOXKeCTBa M.
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[psiMoyroJibHbIE, HENPEPHIBHBIC TAPKOBOYHBIE MECTA JIOBOJILHO CJIOKHO HICHTU(HIIUPOBATH HA JTIOOBIX H300paKeHUSIX
TOPOJICKON TEPPUTOPUU MPH Pa3IUUYHBIX MOTOJHBIX YCIOBUSAX, HU3KOH OCBEIIEHHOCTH U HU3KOH CTOMMOCTH CHCTEMBI,
obecrieurBast IIPU ITOM BBICOKYIO TOYHOCTb OOHapy»keHwus. [yt pemeHust 3Tol npoOeMbl IIpe/yIaraeTcsi UCIoJb30BaTh
MoauUIpoBaHHYT0 Bepcrio Mozien Y OLOVS, 10moTHeHHYI0 TOYKOHTPOIUPYEMbIM 00ydeHHEM (IT0TyaBTOMATHIECKIM
00y4eHHEeM WJIM YaCTHYHBIM 00y4YeHHEM), KOTOpasi T03BOJISIET OOHAPYKMBAaTh ITAPKOBKH B JIFOOOH CIIOXKHOMN CIICHE HE3a-
BHCHMO OT JINHUH MApKOBOYHBIX MECT M YCIIOBHI ITApKOBKHU. biiaromaps codeTaHuio Xxapakrepa MOIyKOHTPOIHUPYEMOTO
00yueHHs U BBICOKOI TOYHOCTH MoJiesiel 00y4ueHus ¢ yuuTeneM MoauduimpoBantas Bepcust mozean Y OLOvVS nossosisier
UCIIOJIB30BATh OYEHb MAJIO Pa3MEUECHHBIX JJaHHBIX U OOJIBIION 00bEM Hepa3MEUESHHBIX JaHHBIX. DTO 3HAYUTENILHO COKPAIIAET
BpeMsi 00yUeHHs1, COXPaHsIst [IPH TOM TOYHOCTh pacro3HaBaHus. [1o cpaBHEHHUIO ¢ APYTUME MOJEIISIMHA HEHPOHHBIX ceTel
MoaupunmpoBanHast Bepcust Mogenn YOLOVS obnafaeT TakuMu XapakTepUCTHKAMH, KaK BEICOKAsi CKOPOCTh 00ydeHHs,
HeOOIBIION pa3Mep MOJICNH 1 IaHHBIX, @ TAKXKE BHICOKast TOYHOCTH [TapaMETPOB PACIIO3HABAHMSL.

Knrouesvie cnosa: obHapyxeHre MapkoBOK; MOITYKOHTPOIHpyeMoe oOyueHue; HeiiporHast cets Y OLOVS.

CAR PARKING DETECTION IN IMAGES
BY USING A SEMI-SUPERVISED MODIFIED YOLOv5S MODEL
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The problem of car parking detection in images attracts the attention of many researchers. In this task, it is quite dif-
ficult to identify rectangular, continuous parking spaces in all kinds of city images under different weather conditions,
combining the low-light environment and the system’s low cost with high detection accuracy. In this paper, we propose
a modified version of the YOLOv5 model joined with semi-supervised learning that allows us to detect parking lots in
any complex scene, independent of parking space lines and parking environments. Due to the combination of the nature
of semi-supervised learning and the high accuracy of supervised learning models, the modified version of YOLOvS5 model
permits to use very little labeled data and a large amount of unlabeled data. It can significantly reduce training time while
maintaining recognition accuracy. Compared with other neural network models, the modified version of YOLOvV5 model has
the characteristics of fast training speed, persistent operation, small model size, and high model precision and recall values.

Keywords: car parking detection; semi-supervised learning; YOLOvVS neural network.

Introduction

With the increase of the number of cars in cities, the task to make effective use of parking lots, reduce the
time people spend in the parking process has become more and more important in smart cities. Over the last
decade numerous intelligent systems have been developed for parking space detection with different lighting
conditions and restrictions [1].

In this task, it is quite difficult to identify rectangular, continuous parking spaces with high accuracy using
the detection of parking monitoring images, and it is not possible to effectively identify irregularly shaped
parking lots and irregularly arranged parking lot vehicles. However, there is a need to realise a low-cost par-
king vehicle detection system which can be applied in all kinds of complex parking spaces, different weather
conditions, combining the low-light environment and the low cost with high detection accuracy [2].

In terms of vehicle detection, there are two common approaches: the conventional computer vision approach
and image analysis based on convolutional neural networks. The conventional image analysis approach is a ve-
hicle detection method based on image feature analysis and parking space localisation [3]. The core question
is what kind of features are extracted to detect a vehicle and what kind of classification tools are applied [4].
Parking spaces localisation allows us to locate a parking space on a video frame (segmentation) and record these
positions. Input image perspective transformation is used to facilitate the possibility of describing the parking
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space as being rectangle and of easier detecting the separating parking lines. The parking spaces classification
subsystem solves the following problems: co-ordinates of the parking space extraction on the video frame based
on a given location for further processing the extracted images area (regions of interest), which corresponds to
the parking spaces; calculation of the features of the parking space, generation of the features vector describing
this state, and use of the features classification to separate the vacant and the occupied parking spaces for every
region of interest; visual demonstration of the occupied parking spaces [5].

In parking space vehicle detection, object detection methods based on neural network models have recently
started to be used. The most important part of this solution is a neural network model used to detect vehicles.
The existing methods of identifying parking spaces through neural networks often use multi-layer neural net-
works. After a specific parking space is segmented, neural networks are used to detect whether there are vehic-
les in the parking space, such as Fast R-CNN, Faster R-CNN, Mask R-CNN. This is more difficult to use in
an irregularly laid out parking lot, especially if the parking space markings are not clear. Another approach is
to use the single-layer neural network and use the first-level target detector neural network model to directly
return the target across the target candidate area without the need to segment the target. In this case, the detec-
tion speed is fast, and it has become the mainstream model category for vehicle identification in parking lots,
such as SSD, YOLO series [6]. However, the accuracy of identifying object positions in this approach is not
sufficient, and the recall rate is quite low.

Having this short analysis, one can see that typically neural network models focus on accuracy, detection
speed, and model architecture complexity. However, the cost incurred by the large datasets required to train
the model is also significant. How to train a neural network model suitable for various parking lots with less
datasets? It has become an important problem.

In this paper, we propose a modified version of the YOLOVS (you only look once version 5) model joined
with semi-supervised learning that allows us to detect parking lots in any complex scene, independent of parking
space lines and parking environments. Due to the combination of the nature of semi-supervised learning and
the high accuracy of supervised learning models, the model allows us to use very little labeled data and a large
amount of unlabeled data. It can significantly reduce training time while maintaining recognition accuracy.

Overview of neural network approaches for car parking detection

Let us consider some recent approaches for car detection in parking lots based on neural networks. D. Acha-
rya, et al., used a deep CNN and a binary support vector machine classifier to detect spaces in outdoor parking
lot occupancy images, and determined parking space occupancy from the images obtained from surveillance [7].
J. Nyambal, et al., used the Caffe and Nvidia DiGITS frameworks for predictive detection of vacant and occu-
pied parking spaces [8].

A. Naufal, et al., proposed a preprocessed region-based convolutional neural network (Mask R-CNN) to mark
the parking position on the input image of a full parking lot [9]. At the first stage, preprocessing is performed
that combines contrast enhancement using the exposure fusion framework. At the second stage, each parking
position is examined whether the position is vacant or not, using mAlexNet. A series of trials on images with
varying light conditions indicate that the preprocessed Mask R-CNN can improve marking the parking positions
with an accuracy of intersection over union reaching 85.80 %. The result of marking the parking position is
then used in the trial of the availability of the parking space on video data using mAlexNet, and an accuracy
attains 73.73 %.

The use of the Mask R-CNN method for the detection of the parking space has been proposed by J. Ah-
mad, et al. [10]. The bounding box from the detection is compared with the manually annotated bounding box
to determine the classification of the parking space status. This research scenario is still limited because it is
necessary to initialise manual annotations for each parking space. This research can detect parking spots cor-
rectly, with an accuracy of about 90 %. Missclassification occurs because of camera angles.

T. Agrawal and S. Urolagin used Mask R-CNN to solve the multi-angle parking problem [11]. This research
proves that the Mask R-CNN model can run well in low angle closed circuit television areas with the highest
accuracy value of 86 %. The model has tended to adapt to various parking scenarios. However, a problem
found in this research still has issues related to lighting, and car detection failure occurs if there are other ob-
jects in front of it (such as trees or light poles, or even other cars).

Recently YOLO CNN started to be widely used for this task. Yucheng Guo and Hongtao Shi proposed the
improved convolution neural network algorithm and image recognition technology to identify and locate par-
king spaces [12]. Then, the vehicle license plate information is identified using the improved YOLO model,
the parking system model is established, and the parking selection algorithm is used.

Y. Miao, et al., proposed an effective nighttime vehicle detection approach [13]. First of all, the original
nighttime images were enhanced by an optimal multi-scale retinex algorithm. Then, a pretrained YOLOvV3
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network was used and fine-tuned by the enhanced images. Finally, the detection network was used to detect
vehicles from the nighttime images and outperformed two widely used object detection methods, namely
the Faster R-CNN and SSD, on the precision and detection efficiency. The average precision of the proposed
method reaches 93.66 %, which is 6.14 and 3.21 % higher than that of the Faster R-CNN and SSD, respec-
tively.

Based on YOLOvV3, Wang Hai, et al., combined visual images and lidar to improve detection accuracy and
real-time performance [14]. Firstly, the obstacles are detected by the grid projection method using the lidar
point cloud information. Then, the obstacles are mapped to the image to get several separated regions of inte-
rest (ROIs). After that, the ROIs are expanded based on the dynamic threshold and merged to generate the final
ROIL. Finally, a network YOLO is applied on the ROI to detect vehicles. The experimental results on the KITTI
dataset demonstrate that the proposed algorithm has high detection accuracy and good real-time performance.
Compared with the detection method based only on the YOLO, the mean average precision (mAP) is increased
by 17 %.

D. Carrasco, et al., used YOLOvVS and a multi-scale mechanism to learn deep discriminative feature rep-
resentations of different scales and automatically determined the scale most suitable for detecting objects in the
scene, reducing the number of trainable parameters [15].

H. Bura, et al., proposed an edge based smart parking solution using camera networks and deep learning [16].
The object detection and tracking were performed using the YOLO model. On the contrary, the parking lot oc-
cupancy detection was carried out using the custom AlexNet: 1 input layer, 1 convolution layer, 1 ReLu, 1 max
poolong, and 3 fully connected layers. The dataset was trained and evaluated using 150 000 images and could
achieve 99.51 % better than the model called mini AlexNet-10 and outperformed as well in terms of inference
time in order to perform in real time with the result of 7.11 ms.

M. Uzar, et al., analysed YOLO architectures in terms of performance assessments of vehicle detection in
parking lots [17]. The labeling process was performed for three classes (car, bus, and minibus) using the Visual
Object Tagging Tool. The labeled dataset was trained via transfer learning in YOLOv4-CSP, YOLOv4-tiny,
YOLOvV4-P5, YOLOvV4-P6, YOLOvSn, YOLOVSs, YOLOvSm, YOLOVS], YOLOvSx architectures. The weights
of YOLO versions were implemented to the parking lots and the results were compared. To assess the perfor-
mance of YOLO-based vehicle detection, mAP and F-score values were computed.

According to the results, when analysing the dataset with a limited graphics processing unit support, it is seen
that large-scale models could not be trained properly. Thus, to determine the real performances of YOLOv4-P5,
YOLOV4-P6, YOLOvSI1 and YOLOv5x models, it is recommended to train models with an unlimited graphics
processing unit support and more training epochs. Moreover, the number and diversity of the dataset should be
increased with the use of high-capacity processors.

Based on this analysis, we have chosen the YOLOvS model that is the most popular detection model: it is
fast enough to train, easy to deploy and expand, and has a small project code.

Materials and methods

YOLOV5 and supervised learning. Our model is based on YOLOVS, combined with the semi-supervised
learning concept, to reduce the model size and the training time while ensuring the model’s detection accuracy.

YOLOVS is a highly popular single-layer neural network model in computer vision. YOLOVS is known
for its exceptional speed, top-tier performance, and user-friendly interface. These features make it ideal for
real-time object detection tasks, such as autonomous driving, surveillance, and robotics. While YOLOv5 main-
tains the YOLO model’s core architecture, it introduces a groundbreaking PyTorch-based training and deploy-
ment framework. This integration simplifies the model development and customisation, making it accessible to
researchers and developers. YOLOVS is a dynamic advancement in object detection technology. The network
structure of the model is shown in fig. 1.

In the network structure diagram of YOLOVS, it can be seen that it is divided into four parts: input, back-
bone, neck, and prediction [18].

Semi-supervised learning is a machine learning algorithm used in the training data mixed with labeled data
plus unlabeled data [19]. It combines a small amount of labeled data with a large amount of unlabeled data during
training. Semi-supervised learning algorithms can be divided into groups: self-training, graph-based semi-super-
vised learning, semi-supervised support vector machine.

The self-training classifier is the most common self-training tool in semi-supervised learning [20]. The sim-
ple self-training process is to train a classifier with labeled data, and then use this classifier to classify unlabeled
data, which will produce a pseudo-label [21] or soft label. The selected unlabeled samples are used to train the
classifier. Self-supervised learning only needs a small number of low-cost characteristics of labeled datasets.
It can achieve a highly scalable, highly robust vehicle identification model.
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Fig. 1. The YOLOVS network structure.
Source: [18]

Model design. The current mainstream approach using semi-supervised learning is to use the concept of
semi-supervised learning models to train supervised learning models. Our idea is to combine the self-training
idea, YOLOVS5I model features, and parking lot usage scenarios to design a self-training learning method that
adds a supervised learning model and a semi-supervised learning model using pseudo-labels.

We insert a full YOLOVS training epoch in each loop of the self-trained model. In each YOLOVS training
cycle, we use the labeled data to train the YOLOVS pre-trained model or the object detection model generated
in the previous cycle. Then, we detect unlabeled data and generate pseudo-labels and use the generated pseudo-
label loss data. The loss data modify the detection model produced by YOLOVS training. Looping in turn, the
system generates more pseudo-label and loss data, reduces unlabeled data, and generates object detection model
files with higher accuracy. Figure 2 describes the basic process, which is as follows:

e use a small amount of labeled data to train a detection model;

e use the detection model to identify unlabeled data and obtain results;

e select high-quality detection results as pseudo-labels;

e use pseudo-labels and labeled data.

A new detection model is trained, recursively in turn, until it is manually stopped or the unlabeled data all
become labeled data (see fig. 2).

Labeled
data
e
. Retrain on combined data -
Initial model to, Combined »| Final model
lepsel, data
%.),
be /S
Unlabeled
data

Fig. 2. The supervised learning model plus semi-supervised learning using pseudo-labels

Pseudo-labeling is the SSL method that helps with untagged data [22]. First, we can annotate a small batch
of data and train a model with it, and then use this model to detect objects on unlabeled data. The labels an-
notated by the model are called pseudo-labels. We can then combine the labeled and pseudo-labeled data and
train the model again. The basic workflow is:
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1) train the original model M with a small amount of the labeled dataset D;

2) identify unlabeled datasets using the M model;

3) filter out the detection results of precision >90 % and recall >90 %, and construct a new pseudo-label
dataset D';

4) train a new M model with new labeled data and keep iterating.

Since in the parking environment, monitoring images can be continuously acquired as unlabeled data, the
continuous operation of the neural network model can be realised until human intervention stops or the model
data is infinitely close to 1. Because it is too time-consuming to complete the training in actual training, espe-
cially after the unlabeled dataset is gradually converted into a labeled dataset, a large number of training data-
sets will be generated, which will gradually increase the single training time and reduce the training efficiency.

Modifying the new pseudo-label dataset D’ directly modifies the loss function of the model, that is, the loss
value of the existing model is superimposed on the loss value of the prediction dataset D': loss = loss(labeled
data) + alpha*loss(unlabeled data) [23]. The specific flow chart and analysis are shown in fig. 3, which in-
cludes the following stages:

1) train the supervised model M using labeled data;

2) the supervised model M is used to predict unlabeled data, resulting in the predicted probabilities P and
pseudo-labels;

3) update the loss calculation method of the model: use loss(labeled data) + alpha*loss(unlabeled data) as
the loss value of the model;

4) train a new model M’ using the labeled data and the pseudo-labeled data filtered according to the predic-
ted probability P (the pseudo-label filtering method is step 3 in the self-training plus YOLOvVS model design);

5) replace M’ with M and repeat the above steps until the model effect does not improve.

Training Predicting Change the model New loss
Labeled data [—— "}y "~ Model M — 2 Unlabeled data | — jo55 function  ~ | function
©)
Replace model M
(T
Training Model M’ Training
“4) “4)

Fig. 3. The improved model of the training process

Due to the characteristics used in the production environment of a parking lot, the keyframes can be extrac-
ted regularly in the parking lot surveillance video. The unlabeled data can be added as a picture, and the results
will be returned to the system after the detection is completed. The model continues to learn.

The advantages of the proposed model are:

e the possibility to use a small amount of labeled data to achieve similar training results for the same YOLOVS5
model. It allows us to reduce the cost of the model dataset construction;

e thanks to the learning method of sustainable words, it can be persistently operated on the object detection
settings in the parking lot;

e there is no need to consider that the dataset of vehicles is too small and difficult to train.

Datasets and training process

The database based on the CNRPark' open source parking lot dataset, which uses more than 200 photos of
Italy’s parking lots, consisting of 9 cameras, taken every 30 min, since 16 November 2015. All-weather par-
king information for the period 9 December 2015, including images of parking lots in different climates such
as daytime, night, sunny, cloudy, rainy, etc., with a variety of environmental elements such as parking spaces,
roads, sidewalks, trees, and green spaces to train vehicle identification in the parking lot. Using the filtered
datasets «vehicles open imagesy», we filter out top views, test maps, and have common vehicle types such as
motorcycles and trucks to train multiple vehicle type identification. Ultimately, the dataset for this project con-
tains 276 training data, 32 verification data, parking lot plus photos taken by drones.

'CNRPark + EXT is a dataset for visual occupancy detection of parking lots / G. Amato [et al.] / CNR Parking Dataset : website.
July 2015. URL: http://cnrpark.it/ (date of access: 14.04.2022).
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In our study, we employed a dedicated validation dataset to evaluate the performance and accuracy of the
model. This validation dataset is created by randomly sampling data from our dataset, making sure it does not
overlap with the training data. The validation dataset accounts for 1 % of the total dataset. The validation process
involves evaluating whether the model can correctly detect objects in the validation dataset. This approach is taken
to ensure that the performance of the model is evaluated on the unseen data, thereby preventing over-reliance
on the training dataset.

The training process follows the training cycle of semi-supervised learning, and the training method of
YOLOVS is used in each training cycle.

Each training cycle follows the training, generates a pre-training model, identifies unlabeled data, generates
pseudo-labels, and uses pseudo-labeled data to modify model parameters. It is divided into two steps in a single
training cycle [24]:

1) pre-training. We use ImageNet data to train the first 20 convolutional layers of the YOLOVS network
plus 1 average pooling layer plus 1 fully connected layer. We train the image resolution resize to 224 x 224;

2) initialisation. The network parameters of the first 20 convolutional layers of the YOLOv5 model are
initialised with the first 20 convolutional layers of the VOC model, and then the VOC-20 class annotation data
is used for YOLOVS model training. To improve the image accuracy, when training the detection model, resize
the input image resolution to 448 x 448.

Such a training mode has the characteristics of a quick, low background false detection rate, strong versa-
tility.

Experimental results

In our experiments, we used the database CNRPark. We analysed images taken from stationary cameras
and from drones. Images were taken in day time, evening and night time, and in different weather conditions:
sunny and rainy.

We set three classification categories: car, motorbike, traffic cone. The definition of precision >0.7 and re-
call >0.8 is considered a hit target. Precision, recall, mAP are mainly used as indicators of detection accuracy,
detection hit rate, and detection ability.

Training model is represented as follows: YOLOVS plus self-training model.

Dataset includes 18 images, selected from the standard dataset as labeled datasets, and the remaining images,
used as unlabeled datasets.

Number of training is limited to 400 times.

The experiment results for car detection are shown in table 1. Semi-supervised learning is affected by data-
set changes and the model is affected by pseudo-labels generated by the previous detection. In order to ensure
the stability of the experimental result data, the experimental results are obtained by taking the average after
three experiments. The precision — recall (PR) curve and F| curve of the training process are shown in fig. 4.

Table 1
Experimental results for car detection

Experiment | Precision Recall mAP ) I;;ZZ:S Train time cost
1 0.999 0.941 0.601 0.969 18 20 min 29 s
2 0.998 0.941 0.595 0.970 18 20min 20 s
3 0.999 0.941 0.607 0.971 18 20 min 39 s

Figure 5 shows the car parking detection results: the image from a drone on a sunny day (see fig. 5, @) and
from a stationary camera in different conditions: evening (see fig. 5, b), night (see fig. 5, ¢), and rain (see fig. 5, d).
Due to the influence of scene and environment on the image brightness and contrast, the detection results are
different in different environments. However, the obtained results show that the proposed models can effectively
identify parking lot vehicles.

From the obtained results, it can be seen that with 18 labeled data and training time of 20 min, a better pre-
cision and recall can be obtained. Although the mAP is lower than YOLOVS, the results are still satisfactory.

It can be seen from the number of training sessions used, labeled data, and training use: only 18 labeled data
are used, indicating that the model can be trained with a very small amount of data labels, and because there is
less labeled data, the training speed is extremely fast. It can be seen from table 1 that the values of precision,
recall, and F] are extremely high, particularly the precision is close to 1. Figure 4 shows that the overall curve
of the model is stable, and fig. 5 shows that the model can effectively identify vehicles in the parking lot.
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From the above experiments, it can be concluded that for the model using YOLOVS plus semi-supervised
learning, the training speed can be improved by adding cache, and it is also verified that the longer the training
time, the better the training accuracy and accuracy of the model. For the multi-scale parameter, since the modified
model precision has tended to be close to 1 there is no need to use this parameter to promote precision and recall.

Comparison and discussion

In order to compare the characteristics of our approach with the existing ones, we tested the Fast R-CNN,
YOLOv4, YOLOvSI and modified YOLOvS models to detect cars at parking lots. We tested the models to
define the speed of 93 parking spaces in 16 pictures on a low-performance device (take Raspberry Pi 4B as an
example).

The results show that the training results are very accurate. We use test data (test data from the CNRPark
dataset, independent of training and validation data). The test results show that it can be used with high accu-
racy and run on low-performance devices. The comparison results of different models are shown in table 2.

Table 2
Comparison results of different models
Model Precision Recall Detec_:tion Training time, min
model size, Mb
Fast R-CNN 0.977 0.893 341 173
YOLOv4 0.988 0.916 254 134
YOLOvV51 0.983 0.927 92 118
Proposed model 0.998 0.941 31 20

The detection accuracy of the Fast R-CNN model is affected by the arrangement of parking spaces, and it is
best detected only in consecutively arranged parking lots. The YOLO model is not affected by the arrangement
of parking spaces, and it is more suitable for parking lots with irregular arrangements.

The precision and recall of different models are similar, and the trained precision and recall are both close
to 1, indicating that they can complete the task of object detection well.

The size of the target detection files of different model training results varies greatly. The proposed model
has only 18 labeled data, only 5 % of the datasets available to other models, and is modified based on the
YOLOVS model, so the target detection file size is extremely small and the inference speed is faster. It is also
more suitable for continuous training with low performance equipment and high training efficiency. The detec-
tion results show that it can be well applied in low-light environments.

Conclusions

In this paper, a new modified YOLOVS model is proposed by adding semi-supervised learning ideas to the
standard YOLOvVS5 model. Through experimental comparison, the model can use a small amount of labeled data
and a large amount of unlabeled data to train a good neural network model. Compared with other neural net-
work models, the model has the characteristics of fast training speed, persistent operation, small model size, and
high model precision and recall values. Through the deployment in the production environment, the feasibility
and effectiveness of the model are fully verified.

The experimental results show that the modified YOLOvS5 model is fully capable of vehicle detection in
a parking lot environment, and has the ability to operate in an industrial environment. Its extremely fast training
speed is also very suitable for training on low-performance equipment.

In the future, we will achieve a better target detection application technology from the six directions of light-
weight object detection, object detection in combination with AutoML, domain adaptive object detection, weak
supervision target detection, small object detection, and information fusion object detection. With the application
of the concept of adaptive learning in the field of neural networks, attempts will be made to realise multi-machine
collaborative identification, increase vehicle entry and exit behaviour detection, and improve detection accuracy.
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MHOTI'OYPOBHEBBIE AATOPUTMbI
AASA 3AAAY TTPUHATHUA PEINEHWU ITPEHHEAEHTHOI'O TUIIA

B. B. KPACHOITPOILIHH", B. A. OBPA31]OB"

1)Eeﬂopyccmn? 2ocyoapcmeennblil yHusepcumem, np. Hezasucumocmu, 4, 220030, e. Munck, Berapyce

PaccmarpuBaeTcs CielMaIbHBINA KIAcC 3a/1a4 IPUHATHSI PEIICHU PELEIEHTHOTO TUIIA, KOTOPBIE YaCcTO BO3HUKAIOT
B c;1ab0 (hopMann30BaHHBIX MPEIMETHBIX 001acTsIX. JIJIst peleHns TAKuX 3a/1a4, Kak PaBuIlo, IPUMEHSIIOTCS IBPHCTUYECKHE
AITOPUTMBI, KOTOPBIE HE MOTYT OBITH cTporo o6ocHoBaHbI. [loka3zaHo, 4TO JaHHBII Ki1acc 3a1a4 CBOAUTCS K CTaHJapTHON
3ajiaue pacro3HaBaHKs 00pa3oB ¢ 00yueHHEM. DTO MO3BOJISIET BMECTO 3BPHCTHYECKHUX aJITOPUTMOB HCIIOIB30BAaTh MHOTO-
YPOBHEBBIC MOJICITH, KOTOPBIE JaI0T BO3MOXKHOCTh HOBBICHTH TOYHOCTH PEIICHNUS, @ B HEKOTOPBIX CITydasix 000CHOBATh €T0
MpaBUILHOCTD. [IpuBeneH aHanu3 pa3IUYHBIX BAPHAHTOB MOCTPOCHUSI MHOTOYPOBHEBBIX Moaeinei. [Ipenioxken MHOTO-
YPOBHEBBIH aJITOPUTM ISl 331a491 PUHATHS PEIICHUIH, OCHOBAHHBINH HAa CTPYKTYPUPOBAaHUH HH(OPMAIIHH.

Knrueevie cnoea: MHOTOYpPOBHEBBIN aITOPUTM; 3a7a4a MPUHATHS PELICHUH; MPENeICHTHRIA THII, PaCIIO3HABAaHHE
00pazoB ¢ 00y4eHNEM; MOJIEIT KOPPEKTUPOBKH; MOJICIIM HAa OCHOBE CTPYKTYPHPOBAHUS HHPOPMAIIUH.

bnazooapnocme. Pabora BhinosiHeHa Npu nojiepkke benopycckoro pecrnyomnukanckoro ¢ponaa (hyHaaMeHTalIbHbIX
uccienoBarnii (rpant Ne ®21APM-005).

MULTILEVEL ALGORITHMS
FOR PRECEDENT-TYPE DECISION-MAKING PROBLEMS

V. V. KRASNOPROSHIN®, V. A. OBRAZTSOV*

Belarusian State University, 4 Niezaliezhnasci Avenue, Minsk 220030, Belarus
Corresponding author: V. A. Obraztsov (obraztsov@bsu.by)

In this paper, we considers a special class of precedent-type decision-making problems, which often arise in weakly
formalised subject areas. To solve such problems, as a rule, heuristic algorithms are used, which cannot be strictly jus-
tified. It is shown that this class of problems can be reduced to a standard problem of pattern recognition with learning.
Instead of heuristic algorithms, this allows to use multilevel models that make it possible to improve the accuracy of the
solution, and in some cases to justify its correctness. An analysis of different variants for constructing multilevel models
is given. A multilevel algorithm for the decision-making problem based on the structuring of information is proposed.

Keywords: multilevel algorithms; decision-making problem; precedent-type; pattern recognition with learning; cor-
rection models; models based on information structuring.
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AHanu3 npodsieMbl M MOCTAHOBKA 321241

[Ipobrema mpUHSTHS pelIeHN UTpaeT BAXKHYIO POJIb B KU3HM 4YelloBeka. B pesynsrare pasButus Ghopmaib-
HBIX METOIOB €€ PEIICHHUS CIIOXKIIACH OT/ICIbHAS NUCIUIUINHA — Teopust npursaTus pemenwid (TIIP) [1]. Cra-
HoeieHue TIIP onpenensioch, ¢ ONHONH CTOPOHBI, PA3BUTUEM BBIUMCIUTEIILHON TEXHUKH W MaTeMaTH4eCKUX
METOJIOB, a C IPYTOil — BOSHUKHOBEHHEM HOBBIX 33/1a4 B c(hepe KU3HEAEATEIHOCTH denoBeka. [lossienne 3amaq
B TIOPO#i 11200 (POPMATTN30BAHHBIX MIPEIMETHBIX 00JIACTIX TPeOyeT Moau(HUKAIINT YrKe CYIIECTBYIONTUX U pa3pa-
OOTKH HOBBIX ITOJXO/IOB. B moceHee Bpemsi 3To 4acTo CBA3aHO C TPOOIIeMaMu M3MEPIMOCTH U CTPYKTYPH3aIuH
nH()OPMAITIH, UCTIOIH30BAHUS YKCTICPTHBIX 3HAHUH M MHOTHMH ApyruMH actiektamu TIIP. Pemrenmne momoOHbIX
po6IeM HEBO3MOXKHO 0€3 TIPUBIICUYEHHSI COBPEMEHHBIX HAYYHBIX TEOPHH, TAKUX KaK TEOpHs MCKYyCCTBEHHOTO
HWHTEIIICKTa, Teopus pacmo3HaBanmst 00pa3oB (TPO) u ip. Cumomos TIIP u TPO kak pa3 u mpencTaisieT coooi
OJTHO M3 BO3MOKHBIX HAIPABJICHNUH B Pa3BUTHUH HOBBIX MOJIEIEH M METOIOB IPUHSTHS PEIICHHH.

YHuBepcaabHOU MOCTaHOBKHU JIJIS 3a/1a4 PUHSATHUS PELIeHUI He cylecTByeT. [locTpoenue pelieHuii ocyiecT-
BJISIETCS] CTAHJIAPTHBIM TSt MaTeMaTuku 00pa3oM. Ecim 0603Ha9nTh Yyepe3 X MHOKECTBO BO3MOYKHBIX PEIICHHH,
TO MPOLECC MOCTPOEHUS PEILICHUI peann3yeTcsi B MHOKECTBE X 2, It OpraHu3allyy IMpoliecca B MHOKECTBE X 2
HEOOXOAMMO OTPEAEITUTH THIT OTHOIIIEHHS Ha ’TOM MHOXKECTBE: JIMO0 YaCTUIHBIN MOPSI0K, THOO SKBUBAJICHT-
HOCTh. MHOXECTBa MOTYT OBITh 33J1aHbl JTH00 aHATUTHYECKH (C UCTIOIH30BAHNEM MIPHUHIIUTIA CBEPTKH), JINOO
I10 TIPEIEICHTHOCTH (MJIH TI0 TIPIMEPaM).

TaknM 06pa30M, KOHKPETH3HPYS THIT OTHOIICHHS Ha MHOKECTBE X %, a TAKKe CIIOCOObI 3a1aHus HHPOPMALAN
Y IPUHATHUS PEIICHUH, MOYKHO TIOTY9IHUTh 6om,moe pasHooOpa3zue 33734 MPUHATHS PEIICHHA.

OrpaHuynmcs ciaydaeM, KOIrja Ha MHOXKECTBE X? 3a/1aHO OTHOLIICHHE YKBHBANCHTHOCTH. CIISACTBHEM 3TOTO 2]
SBIISIETCS pa30MeHne MHOXKECTBa PelIeH il X Ha HeTlepeceKalorecs IMOIMHOXKECTBA, BKITFOYAOIIUE CXOTHBIC
Mex 1ty co0oi pemeHust. CylecTBEHHYIO pOJIh IPU STOM UTPAET CIToco0 3aAaHns HH(HOPMAIINK O MHOKECTBE X.
[IpakTryueckn BaKHBIM SBISIETCS CITydai, Korja Takas nH(opMaIlys 3ajaHa HeTIOTHOCThIO (4acTUYHO). B aToi
CUTYAIIHH TOBOPSAT O 33J]aHIH WH(GOPMAIIHA IO TIPENeeHTHOCTH (WK TIo ipuMepam). [Ipuxomum k BapuaHTy
3a/1a49¥, KOTOPBIH MOKHO Ha3BaTh 3a1adeil BEIOOpa Wik B (POPMaAITBHOM CMBICTIE 3a1a9cii BEIYUCIICHHUS CBOHCTB
00beKTOB x € X. CaM ke crmoco0 MPUHATHS PEelIeHNH B TaKOH MMOCIIE0BaTeIbHOCTH TIPOCTO aCCOIMUPYETCS
C BBIYUCJIEHHBIM CBOMCTBOM [3].

B manHO# cuTyanmu 3aav4a IPUHATHS PEIICHUH CBOAUTCA K BHIYHCICHHIO (OIPEIEIEHNI0) CBOMCTB aHa-
mu3upyeMoi nHpopMarm 1 Ha (popMaTbHOM YPOBHE MOJKET OBITH CBEJIEHA K OTHOM MOCTAaHOBKE. DTO 3a/1a4n
HWCUYHMCIIEHUSI BbICKa3bIBAHUM, IPEAUKATOB [4 ], 3a/1a4H JIOTMYECKOM TUarHOCTUKH [S] U, HAKOHEIL, TPOCTO IJI0XO
hopmanmuzoBanHble 3agauu TPO [6].

Bo Bcex mepedncneHHbIX 3a/1auaX UMEIOTCS MHOXKECTBA, pa30WThIe Ha ITOJMHOMKECTBA, KOTOPHIE 3a/IaHbI
puMepamMi 0ObEKTOB — HOCUTEIISIMHU OTIPENIEIICHHOTO CBOMCTBA. TakuM 00pa3oM, MPUXOIUM K KIIACCHIECKO-
My BapHaHTy 3aJja4¥l paclio3HaBaHusI 00pa3oB ¢ 00ydYeHHEM: MHOKECTBO OOBEKTOB X MPON3BOIBHOMN MTPUPOIHI
pa3buTO Ha HEKOTOPOE, BO3MOXKHO M OSCKOHEYHOE, YHCIIO TOZMHOKECTB (xmaccoB) Xl, ..., X;. Undopmarus
0 MOOMHOXECTBaxX X, ..., X; 3a/laHa C IOMOLIbIO KOHC‘IHOI/I BeIGOpKH X, comepkarmeit 06’LCKTLI 13 KaXKJ[0TO
kiacca JX;. TpeOyercs, HOJB3ysiCh TOIBKO BBIOOPKOIL X°, ykasars anropurm A (MOXeT OBITh, HAWITYUIIIHN B HEKO-
TOPOM CMche), OTIpe/IeNIeHHBII Ha BCEM MHOYKECTBE X, pe3ynsTaT paboThl KOTOPOTO /ISl KaXKIOTO X € X MOXKHO
HHTEPIPETHPOBATh B TEPMUHAX NIPUHAAJTIEKHOCTH KjlaccaM X..

3anaga pacrio3HaBaHUs B TPUBEACHHON IOCTAHOBKE SBISETCS MHIYKTUBHOH O IIOCTPOCHUIO, F BCE aJITOPHUT-
MBI, NCTIOJIb3yeMBIE ISl €€ peleH s, OyayT 3BpHCTUIECKUME. BMecTe ¢ TeM B 3aa4ax NIpUHSITHS PEIIeHNH Taxe

B YCIIOBHUSIX MHIYKTHBHOCTH HEOOXOIHWMO, YTOOBI ala 6/h
pe3ynbTar ObLT B MAKCUMAIIBHOW CTETICHH CTPOTHM.

3agagya 3amaga
st aToro B TPO paspaboTrana METOMONIOTHS, XapaK-

TepHasi UMEHHO JUTS MHIYKTUBHBIX 3a1a4. Ee cyTh
3aKITIOYAETCS B CIEMYIOMEM: BHAYAJIEC C TTIOMOIIBIO
IBPUCTHYECCKUX AITOPUTMOB TTOIYYAETCS BOBMOKHOE
pelieHre, KOTOPOE 3aTeM YIyqIIaeTcs IOMyCTUMbI-
MM MaT€MaTHYECKMMH CPEACTBAMH. JTO MO3BOJIAET | |A.(x)|
KaK MUHUMYM CYIIECTBEHHO YIPOCTUTh TPEOOBAHUST ~ ----------f--------- !
K allTOPUTMaM, a Kak MAKCUMYM TOBBICHTh Ka4€CTBO
(hMHATTEHOTO peIIeHUS.

Ha puc. 1 mpuBenena o6mias cxema mocTpoe-
HUSI MHOTOYPOBHEBBIX MOJIeNiei pacrio3HaBaHUs

Puc. 1. Obmiast cxema mocTpoeHHs
JIBYXypOBHEBBIX Mojieneii pacrio3naBanus (MuG — nabOpMAaIys):

JUIsL CITydasi, KOIjia Yicio YPOBHEH PaBHO JBYM. a — BapuanT 1; 6 — BapHaHT 2
O6061menne 1yist GOIBLIETO YHCIa YPOBHEH OUe- Fig. 1. General scheme for constructing two-level recognition models:
BHJHO. a — variant 1; b — variant 2
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[puHIUITEI TOCTPOSHNMS MOZENEH B PeICTaBIEHHBIX /IBYX BapruaHTax pasnndaiorcs. B Bapuante 1 (cm. puc. 1, a)
CTPOUTCS CYILEPIIO3ULMs aJTOPUTMOB A, ..., A, U HEKOTOPBIX OTOOpa)K€HUH, Pe3yJbTaTOM Uero sIBISeTCs
anroputm A4,. Bee anropurmsl paboTaoT ¢ OIHUM BXOAHBIM 00BeKTOM X. B Bapnanre 2 (cm. puc. 1, 6) uadop-
Mallys O 3azaue CTpyKTypupyercs (nexomnosupyercs). Kaxnaplii anroputm 4; paboTaer co CBOUM BXOIHBIM
00BEKTOM X;, @ AITOPUTM A, IPUMEHSIETCS JUII CHHTE3a pe3yIbTaTa Ha BXOAHOM OOBEKTE X, KOTOPBIH SIBIISETCS
CylepIo3ULel 0ObEKTOB X, ..., X,,.

[Ipenmonaraercs paccMOTPETh BapUaHTHI MOCTPOEHUSI MHOTOYPOBHEBBIX (JIByXypOBHEBBIX) aJTOPUTMOB

pacrio3HaBaHWs B KOHTCKCTC 3aJa4u IPUHATHA pemeHI/H‘/i.

MHOF0ypOBHeBLIe MOJI€JIX KOPPEKTUPOBKHU

AKTHBHOE UcTionb30Banue BapuanTa 1 (cMm. puc. 1, @) B TPO 6puto uanmmuposano 0. U. XKypasnessim [7].
CMBbICT eT0 TIpeUIoKEH s ObUT 04€Hb ITPOCTHIM. [10CKOIBKY IBPHCTHUYECKHE AITOPUTMBI SIBISTFOTCS TIOXO YIIPaB-
JISIEMBIMH, TO, TIOJYYMB C UX TIOMOIIBIO Ha IIEPBOM IIare XOTh KAKOe-TO PelIeHHE, Ha CIIEAYIOIIEM I1are MOKHO
CKOPPEKTHPOBATh €ro TaK, YTOOBI HTOTOBOE PEIICHUE OBLIO JIyUllle JIF0OOTO U3 MCXOAHBIX PEIICHHH, TOITy-
YCHHBIX DBPUCTHUECKUMH AITOPUTMaMHU. TeM caMbIM yIpaBlieHHE pElIeHUEeM TIepelaBalioch Ha BTOPOH MO0
MOCTeTYOIIHe Iard, a TPeOOBaHMSI K 3BPUCTUUYECKUM aJITOPUTMaM CYIIECTBEHHO TTOHIKAINCH. Takke ObUIO
3aMEe4EeHO, YTO JIF0OO0H alrOpUTM PacIIO3HaBaHUS MOXKHO pacCMaTpUBATh KaK CYNEPIIO3UINI0 PACIO3HAIOLIETO
oIeparopa M pelIarolero npasuia. BeaeacTBue 3Toro uecieioBaHus TAKUX CXeM CTaIM Pa3BUBATHCA B IBYX
HalpasJIeHUsIX. B paMkax nepBoro HanpasieHuUs IPeIIoIaraloch, 4T0 HAOOPOM aJITOPUTMOB 4, ..., 4, 1oCcTaB-

nsieTCst PUHANBHBIIA Pe3ysIbTaT, KOTOpbii hopMupyercs Ha 6ase npocrpanctsa B, = {0, 1} 6o B, = {0, 1, 2}.

JlaHHOE HallpaBJIEHUE CTAJI0 HAa3bIBATHCS JIOTMYECKOM KOPPEKTUPOBKOM, TaK KaK JJIsl IOCTPOEHUS alropurma 4,
UCIIOJb30BajIack anrebpa Jioruku [8]. B pamkax BToporo HanpasieHHs B Ka4€CTBE allTOPUTMOB A, ..., A, IpU-
MEHSJIMCH PACIIO3HAIOLIHE OTIEPATOPBI, KOTOPBIE B 00ILEM ciiydae (POPMHUPYIOT PE3yNbTaT Ha 0a3e MpoCTpaHCTBa
aeiictBuTeNbHBIX uncen R. brarogaps sToMmy U1 HOCTpOeHUs anroputMa 4, Ha ypoBHE paclo3HAIONHX OIepa-
TOPOB MOJKHO HCIIOJIb30BaTh OOBIYHbIC alreOpanyecKue Onepaluy, a Jajiee 0CTaeTcsi A0CTPOUTD CYTIEPIIO3ULIUI0
C pelaroIuM MpaBuioM. Takoe HanpaBIeHUE HAa3bIBACTCS ANreOpandeckoi KOPPEKTUPOBKOI.

YTOYHUM MMOCTAHOBKY 3a/1a4M PACIIO3HABAHMS, & TAK)KE BBEIEM HEKOTOPBIC JOIOIHUTEIBHbBIE 0003HAYCHHS.
YTo4YHEHHE TOCTaHOBKH CBS3aHO CO CBOWCTBOM allTOPUTMa «MOXKET OBITh, HAMITYYILIHH B HEKOTOPOM CMBICTICY.
Jle0 B TOM, 4TO B 33/[a4e HMEETCS TONBKO KOHeuHas BhIOOpKa 00bektoB X’ X. IIpH yCIOBHH, 4TO MHOXe-

cTBO X paséuto Ha noaMHokectsa X), ..., X, undopmanns P(x)=(PB(x), ..., P(x)) cunraercs sanannoi mus
Beex x € X°. 3necs P (x) € {0, 1} A (E (x) =loxelk,; ) — OOBIYHBIN MPEANKAT, XapaKTepU3YIOUIUN TPUHA-
nexHoCTb Kiaccam X;. Tak kak cucreMa npeankaros P(x) onpezeneHa TONbKO 471 00bEKTOB X € X *, T0 1 Hau-
Jy4qHIni B 1I000M CMBICIIE alITOPUTM MOXHO OIPEEIIUT JINIIb Ha 3THX 00beKTaX. B urore BbIOOpKa 00BbEKTOB
X§|=m, Vie{l, .., I}, X, n X{ D)

U KOHTPOJbHYIO (X g c X, ‘X g‘ =q,Vie {1, . l}, X, NnX, g # (J). OTU BBHIOOPKH YHOBICTBOPSIOT YCIOBUIO

X°c X 06bI4HO pas6uBaeTcs Ha 1Be BHIOOPKH — 00yUarontyo (X 3 c X,

X g NX2=0,X 3 uX2=x° Tenepb CBONCTBO «MOKET OBITh, HAMITYUIITUN B HEKOTOPOM CMEICIIE» TOApPa3y-
MEBAET, YTO aJTOPUTM A OIDKEH JIOCTABIATH PE3yJIbTar, HAMIYUIINi st BRIOOPKH X 2. C y4eTom 3Toro yTod-
HUM [TOCTAHOBKY 3aJ[a4¥ PACIIO3HABAHMSI CIICIYFOIIUM 00pa3oM: TpeOyeTcCs, MOIb3ysCh TOJILKO BEIOOPKOH X J,

yKazaTh alTOPUTM A, SBISIONIUICS HAWIYYIIUM JUISI KOHTPOJIBHON BBIOOpPKH X, g U OIPEZCIICHHbII Ha BCEM
MHOXeCTBe X, pe3yabTar paboThl KOTOPOTO ISl KaXKI0T0 X € X MO)KHO MHTEPIIPETHPOBATh B TEPMHUHAX MPU-
HaJJICKHOCTH KiaccaM X;.

3azady, KOTOpas peliaeTcs B TaKOM IOCTaHOBKE, 0003HaUMM uepes3 Z = (X ;’ , X 2 ) HetpynHo 3aMeTHTB, UTO KakK-
01 BBIOOPKE Xg = {xl, s xq} MOKHO IIOCTaBUTh B COOTBETCTBUC MATPULLy I(Xg) = [P(x1 ), . P(xq )] € Bg’.
HazoBem ee mHbOpMaIMOHHOW MaTpuIleld Mg 3amadqn Z. Temeph aqroOpuTM pacrlo3HaBaHUS MOXHO OTIpe-
JIeTuTh Kak otoGpaxkenue Buma Vxe X, A:xx Xo — (PIA(x), s PlA(x)), e P(x)eB,v B,. Ho nesa-
BHCHMO OT BBIGOPA MPOCTPAHCTBA PE3yJIBTATOB B TIOCIEIHEM Cilydae BHIGOpKE X CONOCTABHM MATPHILY
IA(Xg) = [P"l(x1 )y oo PA(xq )} e BY v BY 3necn uepes P*(x)= (PlA(x), e P,A(x)) 0603HaYeHa CHCTEMA

TIPEIMKATOB, OTYYEHHAs C OMOILBIO anroput™a A. B cBoto ouepess, Marpuma [ (X g ) MOKET OBITh Ha3BaHA

AIrOpUTMUYECKON MaTpuuell s 3anaun Z. [lepeiinemM HEMOCPEACTBEHHO K PACCMOTPEHUIO PE3YJIbTaToOB Pas-
JIUYHBIX BUIOB KOPPEKTUPOBKH.
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Jlornyeckasi KOppeKTHPOBKa. 3aQuKcupyeM 3a1ady Z 1 HaOOp IBPUCTUYECKUX AITOPUTMOB A, ..., 4,

(n € N). Pesynbrarom pemienus 3a1aun Z anroput™Mom A, Oyaer marpura / 4 (X g) € IB%gl v IB%gl, KOTOpasi B CUITY
9BPUCTUYHOCTH AJIITOPUTMA 4; MOXKET HE COBIAATh ¢ MaTpulieit / (X 2 ) [Ipeanonoxum, 4To M0dast ONTUMHU3A-
IS AITOPUTMA A;, KOTOpasi IpuBesa Obl K yMEHBIICHHIO YKa3aHHOTO HECOBIIAICHHUS, JINO0 HEBO3MOXKHA, JIN0O
M30BITOYHO TPyO3aTpaTHa. B TakuX yCIIOBHAX yMECTHO BBECTH HEKOTOPYIO QYHKIHIO f : (IB%gl )n — BY. Ecrn

IPH 3TOM 0TpeOOoBaTh, YTOOB! f ObUIA MHBAPHMAHTHA OTHOCUTEIBHO PAa3MEPHOCTH 3a/1auM (BEJIMYMH ¢, [, uncna
ITOPUTMOB 71), @ TAKXKE CTPOMIIACH TOJIBKO C MOMOIIBIO JIOTHYECKUX ONepauuii (AN3bIOHKLIUN (V), KOHBIOHK-
1 (A), OTpULAHMS (—)), TO BIIOJHE YMECTHO TOBOPUTb, YTO C IOMOILBIO f MOYKHO KOPPEKTUPOBATh PE3YIITAThI

0 0 o
Al(X c ), oo An(X c)- CooTBETCTBYOLIMI aNTOPUTM A, Ha3BIBACTCS JIOTHYECKUM KOPPEKTOPOM (Ha puc. 1 oH

00o3Ha4eH uepes 4,). 3aMeTUM TakxkKe, YTO aHAJIOTHYHYIO (DYHKIHIO f MOXKHO BBECTH M AJIsl IPOCTPAHCTBA Bgl .
Bo Beex ciydasx IPUXOIMM K CICAYFOLICH 3a/1a4e: HCOOXOAMMO IOCTPOHTB JIOTHYECKH KOPPEKTOP A/, KOTOPBIN
YAYIaeT pe3ynbTaThl padoThl IBPUCTHYECKUX alITOPUTMOB, U ITPH 3TOM CHU3UTH CIIOKHOCTB €T0 peaTu3allyy.
Pe3ynbraTe! pemeHns Takol 3a1aud B TIOJTHOM 00beMe MOJKHO HaTh B padote [9]. Hmke m3naraercs Tomb-
KO WX CyTh U JA€TCS KPATKUI aHAIIN3.
IlepBeIit pe3ynbraT KacaeTcsi IIOCTPOSHHUS ONTHMAIBHOTO MO Ka9eCTBY JIOTHIECKOT0 Koppekropa. s aToro

u3 Marpui A, (X g ), A, (X g) CTpoOUTCs crienuanbHas Marpuna 7, ctonber] i KOTOPO COOTBETCTBYET MOCIIE-
JI0BaTeIbHOCTH HAOOPOB CTPOK MAaTPHIbI A; (X 0 ) JIis OUEHKM KayecTBa alrOpUT™Ma BBOIUTCS (DYHKIMOHAI Ka-
yectsa ¢ : BY x B — R, koTOpBIit BHIYMCISETCS TOKOMIOHEHTHO ciieytoumm obpasom: (0, 0)=o(1, 1)=0,

(p(O, 1) = Q> (p(l, 0) =0» (p(2, 0) = Py» (p(2, 1) = (,,. Koppektupyromryro QyHKIMIO f Ipeaaraercsi CTpouTh
Kak Habop cTpok MaTpulisl 7. JlokazaHO, 4TO B 3TOM Ha0Ope C IOMOLIbIO IPOCTHIX 3aMEH MOKHO OCYILECT-

Ay .
BUTh KOHCTPYKTHBHOE IIOCTPOEHHE f , Il KOTOPOTO (p([ 4 (X g ), 1 (X g )j — min. Takxe oka3aHo, 4To CJIOXK-

HOCTB IIOCTPOCHUS airoput™Ma A [+ HE IPEBOCXOTHUT O(qzl 2 )

Bropoii pesynsrar kacaetcs peanuzanuu GyHKIUN f Ha 6aze GopMys Tpex3HaYHOH JOrukH. st 3Toro
BHavase onpeAesstoTcs QyHKINHU, aHATOTHYHbIEC TU3bIOHKTUBHBIM HOpMasIbHBIM (hopmaM (JJHD) nBy3Ha4Hoi
noruku. s moctpoenus f ucnonp3yercst marpuia 7. B 3ToM ciydae f MOXKHO paccMaTpuBaTh Kak HE BCIOLY
oIpe/iesieHHY0 (DYHKIMIO TPEX3HAYHOH JIOTHKH Ha pemetke £ 2 . B utore 3agaqy mocTpoeHust KOppekropa MOKHO
CBECTH K NPOJIOJDKCHHUIO f Ha E,f [locnennroro 3amady npeasiaraeTcsi paccCMaTpuBaTh B Kjacce HOPMaJIbHBIX
kaHoHuueckux ¢popm [10]. [TocTpoeHre nckoMoii GyHKIHH f OCYIIECTBISIETCS B HECKOIBKO ATanoB. BHavane
¢ momoribio Matpuiel 7' crpoarcsa JJH®, cooTBeTCTByIOMME pa3TUYHBIM 001aCcTIM UCTUHHOCTH. 3aTeM s
MPOJIOJIKEHUS Ha pelIeTKe Ef, OCYILIECTBIISIETCA CelMaibHas onepalusi ckieuBanus nocrpoeHubix JJH®. U na-
KOHETI, JJIS TIOTYYEeHHOW (YHKITUH CTPOUTCS COKpareHHas (TymukoBas) JJH®D, 94To mo3BoIsSET CYMIeCTBEHHO
CHHU3HUTb CII0)KHOCTh UTOTOBOIO ITOpUT™MA A,

Heo6xo1mMo OTMETHTS €lIie IBa 00CTOATENbCTBA. BOo-TepBhIX, 1000€ TEOPETHIECKOE HCCIIEI0BAHNE B Ta-
Koit o6macTH, kak TPO, Ob110 OBI HETTOTHOIIEHHBIM 0€3 TIOAKPETUICHHS TTPAKTHIECKUMH pe3yiibTaTaMu. B aTom
CMBICIIE HUCCIIETOBAaHUE JOTHYECKONH KOPPEKTHPOBKH MOKHO CUMTATh BIIOJIHE MONHOIEHHBIM. OnrcaHHbIe
BBILLIE AITOPUTMBI A, HCTIONB30BAIUCH NIPH PEILICHAN NPAKTHICCKUX 3a/1ad. [ToyueHHbIe pu 5TOM pesyiibTa-
THI TIOATBEP/IMIM BO3MOKHOCTh IPHMEHEHHUS TAKUX AJITOPUTMOB Ha MpakTuke. boiee moapo6Ho ¢ TaHHBIMU
BBIBOJIAMH MOKHO O3HAKOMHTHCS B pabote [11]. Bo-BTOpEIX (M 3TO, MOKET OBITH, CaMO€ TJIAaBHOE), aareOpsl

B, = <IB%§’], A, VY, —|> u ‘B, = <IBS§I, A, VY, —|> HE ABJISIIOTCSI KOHEYHO MPEICTABUMBIMU U, KaK CJIEICTBUE, HE CO-

nepxkat 06asuc. 1o 31Ol mpuyMHE TOrHUecKrue KOPPEKTOPhI He 001a1at0T BCeMU HEOOXOIMMBIMHU CBOWCTBAMU,
00ecCIeunBaIOIMMHU CYILIECTBOBAHHE AITOPUTMOB, TOUHBIX JUIs 3a71a4u Z. B jryuinem ciydae ynaercst HOCTPOUTb
ONTUMAJILHBIM aITOPUTM, YTO HE MMO3BOJISIET HUYETO CKa3aTh O pa3pelIMMOCTH 3a/1a4H B [I00aJIbHOM CMBICIIE.

AJiredbpanyeckasi KOppeKTHPOBKA. CMBICH alre0pandeckoil KOPPEKTUPOBKH TAaKKe OYEHb IPOCTOM. AJl-

roput™ A4 :x x X 3 - (PIA (x), cen P,A (x)), KOTOPBIN TUTOXO TIOATACTCSI KOPPEKTUPOBKE JIOTHISCKUMH (PYHKITHS-
MU f, 3aMEHsIETCsl Ha HOBBIN. [{yist 3TOro BBOIUTCS OOJiee «0oraToe» Mo CpaBHEHHIO C IB%é (]B%lz) MIPOCTPAHCTBO YV

! !
(xak paBuito, Y =R"), HO ¢ OHUM OrpaHMYEHHEM: JOJLKHO CYHIECTBOBATH OTOOpaxeHue c:Y — B; (IB%IZ) (Ha-
3bIBAEMOE OOBIYHO PEIIAIOIINM MPABUIOM), KOTOPOE SBJISETCS] HEMPOTHBOPEUUBBIM U JIOMYCKAET CYIIECTBO-

BaHNE KOPPEKTHBIX aJTOPUTMOB TaKHX, 4TO [ 4 (X g ) =7 (X g ) OTtobpaxenne B:x x X g — Y, sBusmoeecs
YacTbI0 UCXOAHOTO ANrOpUTMa A, Ha3bIBaeTCsl OOBIMHO PACIO3HAIOIIMM oreparopoM. B pabore [7] mokasaHo,
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YTO BCAKUI alNTrOpPUTM A OIMyCKaeT MpeICTaBlIeHNE B BUE CYNEPIIO3UIIIH PACIO3HAIOIIET0 orepaTopa B 1 Kop-
PEKTHOTO PENIaroIero npaBuia ¢ (Ui 3TOro OTOOpaXeHHeE ¢ TIOIHKHO OBITh MTPOCTO CIOPHEKTUBHBIM).
Beenem B npocTpaHcTBe Y onepaTropHbIe KOPPEKTOphI g : Y — Y, nmoaxozasias Cynepro3ulus KOTOPhIX
¢ HabOpaMH PacIlO3HAOIINX OTIEPATOPOB U 00pa3yeT HCKOMBIE aireOphl. B padorax [7; 8] 6b110 mOKa3aHo, 9TO
JUTS OOJBITMHCTBA U3BECTHBIX IBPUCTUYECKUX MOJIENIEH MOCTPOSHHE KOPPEKTHBIX aITOPUTMOB MOXKET OBITH
OCYIIECTBJICHO B paMKax JMHEWHO anreOpsl. [IpaBna, K TaKuM MOJIEISIM TIPEABABIISIINCE TOCTATOYHO CePhes-
HbIe TPeOOBAaHMUS: CYLIIECTBOBaHNE HAOOpa ONepaTopoB B, KOTOpbIe Ha KOHTPOJIHLHON BRIOOPKE pa3MEPHOCTH ¢

q def 1

00pa3yroT 0a3uc MPOCTPAHCTBA MATPHUIL (Y) = RY. Takum 00pa3om, B paMKax JaHHOTO HAIIPABICHUS MOKHO
c(hopMyTHpOBATH CIEAYIONIYIO 33aady: HEOOXOANMO YKa3aTh OTIMYHBIE OT JTMHEWHBIX METOMbI TOCTPOSHUS
OTIepPaTOPHBIX KOPPEKTOPOB g, 00ECIIEUNBAIOIINX CYIIIECTBOBAHHUE (@ €IIe JIydIlle TTOCTPOCHHE B SBHOM BHUJIE)
KOPPEKTHBIX AITOPUTMOB B MOZEIIH A, @ TAKIKE ONPEACITHUTH, KaK 3TO CAesIaTh HauboIee MPOCTHIM C BHIYHCIIH-
TEJTHHON TOUKH 3PEHHSI CITOCOOOM U, ITIaBHOE, UTO JTO JAET /IS pa3pelInMOCTH 3a/1adu Z.

Bonee mompoOHOE omMcaHNe COOTBETCTBYIONTUX PE3YIIBTaTOB MOXKHO HaiTH B padote [11]. Hmwke mpuso-
TUTCSI UX KpaTkuid 0030p. Vtak, HaYHEM C TOTO, YTO HEOOXOAMMO PEIIUTh 3a/1ady Z, IPUYeM yKazaTh B MO-

fienu A, KOPPEKTHBIi alrOPUTM TaKOi, 4T0 [ 4 (X g ) =7 (X g ) 3adukcupyem peraroriee NpaBuiIo ¢ B IPOCT-
pauctee R u mocrpoum obmacts R.(Z) Taxyio, uro Vb e BY, IreR, (Z):¢(r)=>. Hocnennee ycnosue

rapaHTHPYETCS CIOPBEKTUBHOCTHIO C, @ TO, YTO OHO IPUBOIUTCS TOIBKO IS IB%ZI, HE OTpaHUYMBaET OONTHOCTH
M3JIOKEHHBIX HMKE Pe3yIbTaToB. Teneps MOKHO C(OPMYITHPOBATH MIEPBEII pe3yibTar: Uil KOPPEKTHOCTH MOJIe-

nu A, Ha Z HeoOXOAMMO U I0CTATOUHO, YTO0bI A, ( X g) NR, (Z ) # (J. DTOT IPOCTOU KPUTEPHI KOPPEKTHOCTH

JlaeT BO3MOXKHOCTb CBECTH HMCXOAHYIO 3aJady K HCCIEeJOBAaHHIO 00IacTH RC(Z ) Hannas obnacts oOpa3yeT
BBIITYKIIOE [TOAMHOKECTBO B IpocTpancTBe RY, 4To B K1acce TMHEHHBIX TOPOrOBBIX PEMIAIONINX TIPABUI C
MO3BOJISIET PacCMaTpUBaTh €€ Kak pelIeHne CUCTEMBI HECTPOTHX JTMHEHHBIX HepaBeHCTB. MHOXECTBO TaKUX
peLIeHUH MOKeT ObITh OXapaKTepU30BaHO B TEPMHUHAX OTAEIMMOCTH CIIEHHAIbHBIM 00pa3oM MOCTPOCHHBIX
MOANpOCTpaHCTB. [t X onucanus norpedyercs cienyromiee ooo3HadyeHrne. Pazo0beM MHOKECTBO HHICKCOB

I={1,...,q}x{1,..., I} na nBa (t {0, 1}) monmuoxkecTBa: M,= {(i, j)|(i, j)el, P(x)= t}. Takast BO3MOX-

HOCTb CYHICCTBYCT B CUJIy BBCACHHBIX BBILIC OI‘paHH‘lCHI/II‘/’I. Tenepb KpI/ITCpI/Iﬁ KOPPEKTHOCTHU MOXKXHO CACIAaTh
0omee KOHCTPYKTHUBHBIM: JJII KOPPEKTHOCTU MOIACIIN A g Ha Z HCO6X0)II/IMO 1 JOCTAaTO4YHO, YTOOBI

IBeg(B,. ... B,): (i’I})liean{<B(Xg), E]>} > ¢ z(i’%%o{@(xg), EJ>} ,

iy (§ g(Bl, . Bm) — CyTNepro3uIHs 0TOOpakeHui g 1 Habopa pacro3HaIOLIMX oneparopos By, ..., B,, (m € N);

y

E;; — xaHOHHYeCKHIi 6a3UC B IPOCTPAHCTBE RY; <B(X 2 ), E > — CKaJIIPHOE IIPOU3BEACHUE MAaTpPUL] B IIPOCT-
panctee RY; ¢, — MapaMeTp JUHEHHOrO MOPOrOBOrO PELIAIOIIET0 IPaBHIIa C.

Beenem nBa Buna anreop: 2, = <]qu , +s o> (nmeet THT <2, 1>; CHUMBOJ © 0003HaYaeT YHAPHYIO OTIePAITHIO

YMHOXKEHHUS MaTPUILIbI Ha CKaJsIp) U 2, = <]qu , X%, o> (umeet T <2, 2, 1>). O06e anreOpsI SBIASIOTCS KOMMYTa-

TUBHBIMH OTHOCHUTCIIbHO BBCIACHHBIX onepaum‘/i, T. €. oII€pallii BBITIOJIHAKOTCA ITOKOMITIOHCHTHO. ,Z[GHO B TOM,
YTO B OOIIEM CiIydae g # /, U TO3TOMY OIpEeIeIUTh HHaYe KOMMYTaTUBHbIE anre0pbl HeBO3MOKHO. HeTpyaHo
3aMeTUTh, 4To anredpsl A, u 2, nmpeacTaBiasoT co00i MoAeNIN A MOCTPOSHUS MCKOMOH CyNepHo3UINN.
Juist anreOpsl 2, TMHEHHOM 110 OCTPOeHUt0, 03 TpyZa MOKHO ONPENEIUTh YCIOBUS IIONHOTHI (TaK Kak OHa
SIBIISIETCS] KOHEYHO MPEICTaBUMOM U COJIEPKUT 0a3UC) M KOPPEKTHOCTH. DaKTUUECKU 3TH YCIOBHUS TIOBTOPSIIOT
HOJTy4eHHBIE B pabote [8] pesynbrarsl. UTo Kacaercs anreOpsl 2Ly, To 3T0 yke MOIMHOMHAIbHAs Mozienb. s Hee
MOTYT OBITH MOy4YCHBI OOJIee MHTEpECHBIe pe3yabTarsl. [lonHoTa 11t anreOps! 2, Takke cBA3aHa ¢ CyIIeCT-
BOBaHHEM PACIIO3HAIONINX OIEPaTOpoB B, 00ECHEUNBAIONINX BO3MOXKHOCThH alreOpamyecKoro HecoBIajie-
HUS JJIs1 K&XKJI0TO 3JIEMEHTa M3 MHOXKeCTBa /, @ BOT KOPPEKTHOCTh OTPENENSCTCS YCIOBUEM, TTO3BOJISIOIINM
OTJINYaTh B ajareOpandyeckoM CMBbICIE JIeMEHThl U3 MHoxecTBa M. Kpome Toro, mokasaHo, 4ro B aiaredpe

A= <qu , +, 07l o> (nmeet TuN ( 2,1, 1> ; CHMBOJI o~! 0603HaYaeT OMepariio KOMMYTaTHBHOTO OOPAIIICHHS MaT-

PHII) YCIOBHS KOPPEKTHOCTH MOTYT OBITh TOJYYEHBI B TMHEHHOM 3aMbIkaHuu [11].

E1me onuH BHJ oniepaTopHBIX KOPPEKTOPOB MOXKHO IMTOCTPOUTH, OCHOBBIBASICH HA H30MOP(H3ME pOCTpaH-
crBa R? u tensoproro mpomssenerns RY ® R’. Jliist 5T0ro MOXHO HCIIOIB30BaTh OUIHHEIHOE OTOOPAKCHHE
h:RIxR — R (OMnMHEWHBIM OHO Ha3BaHO, TaK KaK SBISETCS JMHEHHBIM 10 KaKIOW M3 JIByX TepeMeH-
HBIX — KJlaccaM M OOBEKTaM KOHTPOJBHOM BBIOOPKH). JleTann mocTpoeHHs TaKuX KOPPEKTOPOB M3JIOKEHBI
B pabotax [9; 12]. IlonyueHnyto B utore OMInHEeHHy0 Moaenb 0003HaunM uepe3 2, (B TaHHOM cilyyae He
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COBCEM YMECTHO HCIOJIb30BaTh alreOpanyecKyto HOTAIMIO, TaK KaK 37IeCh CKOpee MOYHO BECTH PeYb O Cy-
neprosuuun anredp). s Hee OCHOBHOI pe3ynbTaT chopMyIupyeM cleayoImuM o0pa3oM: B 2, KOPPEKTHBIH
aNropuT™ A MOYKHO TIOCTPOUTH, €CIIH CYIIECTBYET PACIIO3HAIONINI OnepaTop B Takoil, 4TO CTPOKH MaTPHIIBI

B (X 2‘ ) HC COBIIaJAaroT JJIs1 BCEX 00BeKTOB U3 X g, MpUHAJICKAUX PA3JINYIHBIM KJIaCCaM. I[II}I MOACIN QL4 TaKKE

OTIPENIEIICHO YCIOBHE TIOTHOTHI ¥ MIPEJIOKEH SIBHBIA BU KOPPEKTHOTO aNropuTMa A.

[Tomyuennsie st anreOpamdeckoll KOPPEKTHPOBKU PE3YIBTATHI MO3BOJIWINA PACIIMPHUTD TPEICTABICHNE
0 Pa3penIMMOCTH 3aJa4i Paclio3HaBaHUs B 1eJoM. PaHee mpu paccMOTpeHHH 3aa9H ONITUMH3AINH IS JIO-
THYECKOW KOPPEKTHPOBKHU BBOIMIIMCH CIIEMAIbHBIE (PYHKIIMOHAIBI KadecTBa @. Terepsh clenaeM HeOOobIoe

YTOYHCHUEC I JaHHBIX (byHK]_[I/IOHa.HOB B TCpPMHHAX IMPECIUKATOB P(x) u PA (X) ﬂﬂﬂ 9TOT'O0 33(1)I/IKCI/IpyCM HEC-

KOTOPBIM adropuT™ A U NPEANoNokKUM, YTO EMY MOKHO COITOCTABUTH MOAMHOXKECTBA X I.A = {x eX: P,.A (x) = 1}.

/ i
IToutn oyeBunHO, uTO X; ;tX,.A JUISI BCeX I € {1, ey l}, HO TeM He MeHee X 7 = UX,.A = UXZ = X. Torna mro-
i=1 i=1

6ast MoHOTOHHas yHKLMS @, : X x X — [0, 1], ynosneTsopsiowmas yciosusm @, (X X ) =1, ecrm X = X,
o, (X , X ) =0, ecn X N X" = @, npencrasnsier coboii (yHKIMOHAT KauecTBa anmroputya 4. OUeBHIHO, U9TO

3a/1a4a Z MOXKET OBbITh Ha3BaHa Pa3peIlMOil, €CIIM CYIIECTBYET TaKOH aIrOpuT™ A, 171 KOTOPOTro ¢, (X , x4 ) =1.

B 3amaue pacniozHaBaHMs BCE MHOXECTBO X SIBJISIETCSI HEIOCTYITHBIM, UMEETCS TOJIBKO KOHEUHast BBIOOpKa 00bEK-
ToB X" X. Bolee Toro, KauecTBo anroputMa 4 MOXKHO OLIEHHBATh TOJIBKO Ha KOHTPOJILHON BHIOOpKE X g. HUc-

A
X044 U3 3TOT0, €CJIM TOBOPUTH O pa3pCiiMMOCTH 3aJa4n Z, TO HHTCPCC NMPCACTABIIICT CBA3b MCIKAY P4 (X, X )

u (pA(Xg, XgA ) Takas cBA3b TakxkKe II0YTH OueBUIHA: VA ((pA(X, XA) <le EIXg, (pA(Xg, XgA ) < 1). Hemno-

CPEIICTBEHHBIM CJICICTBUEM JAHHOH SKBUBAJICHTHOCTH OYyJET TAKOE YTBEP)KACHHE: KOPPEKTHOCTh aJlrOpUTMa A
SIBIISIETCS. HEOOXOJUMBIM YCIIOBHEM Pa3pelIMMOCTH 3aga4d. C HCHOIb30BaHUEM 3TOH 3aBUCHUMOCTH MOYKHO
MOJTYYUTh LETBIH PsIl JOCTATOYHBIX YCIOBUH Pa3peIIMMOCTH, a TAKXKE YCIOBHUS Ha CTPYKTYPY KOHTPOJBHOM
BBIOOPKH X g, METOJI KOPPEKTUPOBKH Il HOCTPOSHHS POCTpaHcTBa X.

Cdopmynupyem Tenepb HEKOTOPBIE BHIBOABI M3 IPUBEACHHOTO OMHCAHUS CIIOCOO0B PELICHUS 3aJa4H pac-
no3HaBanus. [1epBblif BBIBOA: AT TOTHYECKON 1 anreOpandeckoil KOpPEeKTUPOBOK JTOCTaTOYHO IBYXYpPOBHE-
BOM cxeMbl. [lJis mornueckoil KOpPEeKTUPOBKU A3TO 00YCIOBINBACTCS TEM, YTO COOTBETCTBYIOILME alreOpsl He
SIBIISIFOTCS. KOHEUHO MPEACTAaBUMBIMU U, KaK CJICACTBHUE, HEe cozepxar 06aszuc. s anreOpandeckoil KOPPEeKTH-
POBKH /1€710 0OCTOUT HECKOJIBKO HHaye. B maHHOM ciiydae MOKeT ObITh C(OPMYIMPOBAH B HEKOTOPOM CMBICIIE
MIPEJENBHBIA PE3YyNbTaT, KOTOPBIA CTaj CIEACTBUEM Pa3BUTHA Takoro noaxoaa. CyTh 3TOro pe3ysbTara OueHb
IpOCTa: €CIIM 0OOBEKTH KOHTPOJIBHON BEIOOPKH HE COBIA/AIOT, @ 3BPUCTUYECKUI aJITOPUTM HE SIBISCTCS HEBbI-
POXIICHHBIM, TO B OMIMHEHHOM 3aMBIKAHUM €AMHCTBEHHOI'O PACIIO3HAIOIIETO ONEPaTOpa BCETNa MOXKET OBITh
KOHCTPYKTHUBHO TIOCTPOCH KOPPEKTHBIN (TOYHBIN 115 331aHHOH BBIOOPKHN) anroput™. OTCroa Moty O4eBHI-
HO TaKoe YTBEPIKACHHE: €CIIM KOPPEKTHBII aJITOPUTM HEBO3MOXKHO IIOCTPOUTD B ABYXYyPOBHEBOH MOJEIIH, TO €TI0
HEBO3MOYKHO ITIOCTPOUTH B MPUHLIUIIE AJIsl pacCMaTpUBaeMoii 3aga4un. BTopoii BeIBO KacaeTcs MOCTaHOBOYHOM
cyTH 3amadu. B mpornecce pemienus t000i# 3a1aun NPUXOIUTCS OTPAaHUYMBATBHCS PACCMOTPEHUEM TOJIBKO KOP-
PEKTHBIX aITOPUTMOB, YTO 00ECIECYMBACT JIUIIb HEOOXOAUMBIC YCIOBHUS PAa3pPEIIMMOCTH 3a/1a4l Pacro3HaBa-
HUSI HA BCEM MHOMKECTBE JOIMYCTHMBIX 00BEKTOB. JIF0OBIE Apyrue NpennonoKeHns OTHOCUTEIBHO CTPYKTYPBI
UH(OpPMAIMH, CBOMCTB aJIrOPUTMOB U MPOYHMX MApaMETPOB HOCAT HUCKIIOUUTEIBHO TEOPETHUECKUH XapaKkTep
U HE OKa3bIBAIOT BIMSHMS HAa MHAYKTUBHOCTH 3a/1aui. M HaKoHel, TPeTHi BBIBOA UMEET B OONbLICH CTEIEHH
NpaKTHYECKUI XapakTep. 3a npeienaMu KOHTPOJIbHON BBIOOPKH X, g anreOpandeckuii Koppekrop A, Bea ceds
HE COBCEM aJieKkBaTHO. Koraa peus muia o HeJIMHEHHBIX 3aMbIKaHUSIX (CTEIICHHbBIC KOPPEKTOPHI, OMIMHEHHbIC
orepatopsl [11]), TO COOTBETCTBYIOIINE AJITOPUTMBI OTKA3bIBAJIMCH OT PACMIO3HABAHMS Jaske MPH HEOOJIBIINX
OTKJIOHEHHUSX OT 00BbEKTOB KOHTPOJIBHOH BBIOOPKH. MOXHO NPEIION0KUT, YTO MIPU UCTIONb30BAHUH JTMHEH-
HBIX KOPPEKTOPOB [7] anropuT™sl ObUIH OBI JTydIle, HO AJISl HUX, K COXKAJICHUIO, HET SIBHOTO BU/Ia aJITOPUTMOB.
[TocnenHee 00CTOSTENBCTBO 3aTPYAHICT NPAKTHUECKYIO POBEPKY JIMHEHHBIX KOPPEKTOPOB.

MHoroypoBHeBbI€ MO/I€EJIH,
OCHOBAHHBbIE HA CTPYKTYPUPOBAHNH HH(OPMALHHU

[lepeiinem Tereps K 0OCYXICHHIO BapHaHTa 2, MPEICTaBIEHHOro Ha puc. 1, 6. B aToM BapmanTe mompa-
3yMEBAaEeTCA, YTO PELICHHUE 3aJa41 OCYILECTBIISICTCS Yepe3 CTPYKTYpHUpoBaHue nHpopMauun. V3noxeHHbIe HUKE
PE3YIBTATHI MOYKHO Pa3JE/UTh HA 1BA HAPABICHHS. B [IepBOM 3 HEX CTPYKTYpHpYETCS BHIOOPKa 00BEKTOB X,
a BO BTOPOM — IIPU3HAKOBOE MIPOCTPAHCTBO, B KOTOPOM OIPENIENIEHO MHOXKECTBO X. Cpa3y OTMETHM, 4TO B IEPBOM
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cllydae pelieHHue MOJHOCThIO COOTBETCTBYET CXeMe, IIPUBEICHHOM Ha puc. 1, 6. Bo BTopoMm ciydae TpeOyeTcst
HE3HAYUTEIHHOE YTOYHEHUE CXEMBI, KOTOPOE TpeacTaBiIeHo Ha puc. 2. CTOUT YIIOMSIHYTh, 4TO camo 1o cebe
CTPYKTypHUpOBaHHE WH(OOPMAIIMHA UTPAET HECYIIECTBEHHYIO POJIh, OOBIYHO OHO OCYIIECTBISICTCS ISl TOCTH-
JKEHHUsI OIHOW U3 cleayromux menen. [leppas 1enb — 3T0 yMEHbIIIEHUE CII0KHOCTH PELIeHUs] UCXOHOM 3a/1aun
gepe3 ee pazOueHne Ha mom3amadu. Takoe paz0oueHne oOBITHO HA3bIBACTCS NEKOMIIO3HUINEH. Bropas mens,
KOTOpast 31eCh TAK)KE JOCTIKAMA, — 3TO CHHTE3 aITOpUTMa KaK Pe3yIbTaT KOMOMHUPOBAHUS aJITOPUTMOB, pe-
MIAIONTUX OTAEIBHBIE TI0[33/1a91 B PAMKaX TIOCTPOSCHHOW CTPYKTYPBI. DTH MO3a/1a49H TBOWCTBEHHBI U MOTYT
paccMaTpuBaThHCS B paMKax €AMHON MeToAoIorny. Hike MpUBOANUTCS HHTEPIIPETAIAS PE3YIBTaTOB B KOHTEKCTE
JOCTH>KEHHUSL BTOPOH 1IEJIH.

CuHTe3 aJIrOPUTMOB HA OCHOBE CTPYKTYPUPOBaHMs BLIOOPOK. [lomHOE onricanne pe3ylbTaToB, Mpe-
CTaBJICHHBIX Jlajiee, MOKHO HalTH B padoTte [13]. OTMETHM TOJIBKO, YTO TaM PACCMOTPEHUE BEJIETCS HCXOMS U3
JIOCTYKCHHUS TIEPBOM TIEJIH, T. €. peUb UIIET O ICKOMIIO3UITNH 3a4a49H pacro3HaBanus. [lycTs 3amana HeKoTopas

3ana4a Z = (X 2, X, g ) [Mpeanonoxum, 4To BEIOOPKU X g uX, g MOXHO pa30uTh Ha KOHeYHOoe ncio ¢ € N nmoa-

MHOXeECTB: X = {Xg’ 1, oo Xg"} u Xg = {Xo’l, er Xg”}. JlomycTuM, 9TO MEXKIy STUMH BEIOOPKAMHU MOYKHO
YCTAHOBUTH COOTBETCTBUE, KOTOPOE MPEACTABUM B BUJIEC MATPULIbI

Xg’l Xg,t
(9 x2) (a0 x2)]xe

(Xg,t’ Xg,l) (X;),t, Xg’t) Xg,t

Kaxp1if ameMeHT JaHHOW MaTPHIIEI, COOTBETCTBYIOIIHA HEKOTOPHIM CTOIOMY X, g’ Y u ctpoke X, ;’ *! MOKHO
paccMarpuBaTh Kak mojsajgady Z; = (X g L X g’f ) [TonHoe ommcaHue BCEro MHOXKECTBA TAKUX 3a7ay IOJY-
gaeTcsl B TOM ClTydae, eCJIM UMeeTcsT Habop mom3anad Z,;, i € {1, cen l}. [To HeMy ke BOocCTaHaBIIMBAETCS UC-

1

xonHas 3afa4a Z. Takum o0pa3oM, MpH OIMMCAaHUH CBOMCTB, KOTOPBIMH JIOJDKHO 00MafaTh pa3oreHue, MOKHO
OTPaHUYUTHCS CBOWCTBaMH Habopa u3 ¢ moa3aaay. [lokazaHo, 4To Mpu BHITIOIHEHUH YCIOBHN X ;”" NX 59 =,
X, g” NX g’ I =@Vi# Jj IUlsl OOJNBIIMHCTBA U3BECTHBIX MOJIeJIE paclio3HaBaHuUs pelleHus [oA3anad Z; cooT-
BETCTBYIOIMMH aJITOPUTMAMH A; COBNIAJYT C PEIEHUEM 3a/1auu Z anroputMoM A=A, @ ... @ 4, (cumBon @
0003HauaeT Oreparyo IPsSMOro CYMMHUPOBAHUS), IPU 3TOM CYIIECTBYET YCIOBHE, KOTOPOMY KasKIBIH ayro-
PHUTM A; TOJDKEH YOBJICTBOPSATH Ha 1M0A3a1a4ax Z,; IPH U # i, U OHO SBIISETCS HEOOXOANMBIM U JOCTATOYHBIM.

VYcnoBusi, 0 KOTOPBIX WJIET Pedb BHIIIE, XOTSI U POCTHI, HO HE 0YCHb KOHCTPYKTUBHBI, TaK KaK B OOIbIIEH
CTETIEHH HOCSIT CYIIeCTBOBATENbHBIN XapakTep. [1o 3ToW mpuYnMHE MPOBEPUTH MX BBIMOJHEHUE HA MPAKTH-
Ke HenpocTo. UToObl n30exkaTh MOJAOOHBIX 3aTPYJIHEHH, OTIPENICNICHBI elle JIBa IOCTaTOUHBIX YCIOBUS, TIPU
BBITIOJIHEHUHU KOTOPBIX Ha HAOOpe 3aJlad MCKOMBIN aJIrOPUTM MOXKET OBITh MOJIyYeH TaKXKe MPSMbIM CyM-

MHPOBaHUEM AJITOPUTMOB A,. J{11s HOpMYINPOBKH IIEPBOTO YCIOBUS BBEJEM IOHATHE TMHEHHOH 000I0UKH
/ (X g’i U X, g’i) B mpocTpancTBe X. OKa3pIBaeTCs, €ClIM MOoA3afaun Z,;, i € {1, . Z}, YIIOBJICTBOPSIIOT yC-
nosuio Vi, je{l, ..., 1}, Z(Xg’i U Xg’i) N Z(Xg’j U Xg’j):Q IpY i # j, TO pe3yabTar OyJeT aHalorHYeH
Cq)OpMyJ'IPIpOBaHHOMy BBIIIC B TCX K€ CaMbIX MOACJIAX U C TEMH K€ NOCICACTBUAMMU JJIsI CUHTE3a aJITOPUTMOB.

I[JIS[ OIIpeACJICHHUA BTOPOT0 JOCTATOYHOI'O YCJIOBUA BBCACM IMOHATUC XAPAKTCPUCTUUCCKOTO BEKTOpPA. HyCTB

. n —
R cR(i={l,...,n}), Rx...xR, c R". OroGpaxkeHue (g, ... Rn)(x) = (yR] (x), s an(xn )), OIPENENIEHHOE
JUIS BCEX X = (xl, c X, ) € R” Ha ocHOBaHMM IIpaBUIIA (yR_ (x) =l xe Ri) A (yR_ (x) =0,x¢R, ), HA30BEM Xa-
pakTepucTUYeCcKuM BekTtopoM. ITo aHanornu ¢ nuHeHHON 000IOYKOH MOKHO ONPENETNTh XapaKTePUCTUYE-

. 0,i 0,i
CKYIO 00OJIOUKY: V(... Rn)(X < U Xc ) B atom cityuae jierko foka3arh, YTO €CJIM JUIsl BCEX M0/13a]1a4 Bbl-

MOJHAETCA yCnoBue Vi, j e {1, . t}, y(lejRn)(Xg’i UXg’i) N ’Y(Rl,‘..,Rn)(XASQ,j U Xg’j)=® Ipu I # j, TO

PE3YybTaT CHOBA 6yZ[CT aHAJIOTUYCH C(I)OpMy.]'II/IpOBaHHOMy BBIIIIC.
Takum O6p330M, JJId peain3aliu aJITOPUTMOB T10 BAPUAHTY 2 HOTpe6yeTC}I MOCTPOUTH COBOKYITHOCTbD IO~

3a0a4 Z;, i € { L.,/ }, MIPOBEPUTH BBITIOJHEHNE OHOTO M3 TPEX YCIOBHH (YKa3aHHBIX BBIIIE), @ 3aTEM CHHTE3H-

poBath anroputm B Busie A= A4, @ ... @ 4,. IIpu BbINOIHEHUHN BCEX YCIOBUI pelIeHHe (1 1aKe KOPPEKTHOCTB)
coxpansiercs. Ho Bo Bcex citydasix alropuTMBbl OCTAIOTCSA IBPUCTUYECKUMH.
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CuHTe3 aJITOPUTMOB HA OCHOBE CTPYKTYPUPOBAHUS MPU3HAKOBOr0 mpocTpancTtea. Heo6xonmmocTh
B MMOIOOHBIX AJITOPUTMAX YACTO BOHHUKACT MPHU PEIICHUU 3a/1a9 METUIIMHCKON nuarHocTuky [14]. s Takux
3aJ1a4 4acTh HH(POPMAIIUHU O TUATHO3E, KaK MPABUIIO0, OCPETCS U3 JINTEPATYPHI B BUJIC JIOTMUYSCKUX TOCTPOCHUN
(paBumIT), a YaCTh UHPOPMALIUK — U3 JIMYHOTO OIbITa Bpaua. B mocnenneM ciaydyae HHPpOpMAIUs OOBIYHO HE
(hopMann3oBaHa U MOXET OBITh MPEJICTABICHA B BHJIC TIPUMEPOB
(npeuenenToB). Takum 0Opa3oM, UMeeM JeiIo ¢ BapuanToM 2. J{is

YCTaHOBJICHUS AMArHo3a, Korjga WHQOpMaIus NpeaAcTaBiIeHa 1o
IpaBUJIaM, UCIIOJIB3YETCs AITOPUTM A,. TpaluIIMOHHO B KauecTBe
TaKOT0 aJITOPUTMA ITPUMEHSIETCS METOT (aITOPUTM) pe3omtoiuii Po-
OMHCOHA, KOTOPBII pean3yeT JIOTHUSCKU BbIBOA. B cBOO Ouepesp,

{ Hopmasmzanust

3

JUIsL TUarHOCTHUKH IO TIPUMEpaM LieJIecoo0pa3Ho UCIONIb30BaTh MO/- x, ) T T\
XOIIIUH aJlrOpuTM pacno3HasaHus A,. Ho 31ech MOryT Bo3HUK- )k\/c 2 g
HYTb Npo06seMsl. [l OHOTO U TOrO K€ MalMeHTa ajaroputM A, |A1(x1)| | Uud | |A2(x2)|
10 YaCTH ONMCAHHSI, COOTBETCTBYIOIIEH JIOTHUYECKOW HHPOpMAIINH, T B Rt
MOJKET HPEUI0KUTH OHO PELEHNE, a AJITOPUTM A, 110 APYToi YacTH Y
OIHMCAHUSI MOKET MPEUIOKUTH HHOE perieHre. Bo3HMKaeT BOmpoc, Ay (x)
HEJIb3s1 JI1 00beMHATH pereHust A;(x) u A, (x), 4ro6bl HOTy4nTH
. Puc. 2. Cxema [iis 3a1a4u

HHTCTPUPOBAHHBIN PE3YIBTAT 4, (x ) CO CTPYKTypH3alueil MPU3HAKOBOTO MPOCTPAHCTBA

[pennaraemblii TOAXOM K PELIEHUIO yKa3aHHOM MPOOIeMBbl OC- Fig. 2. Scheme for a problem
HOBaH Ha MoAM(UKAIUK JBYXypOBHEBOH MOJICNTU B BapHaHTE 2. with structuring feature space

CxeMaTu4HO 9TO pellieHHe IPEICTaBICHO Ha puc. 2.

Bo3moxkHOCTB Takoro 00beAMHEHHST HH(POPMAIIMY BO3HUKAET 110 IPUYMHE TOTO, YTO B MPEIMETHON 00J1acTH
YacTO MOYKHO BBITIOJTHUTH OMHEapu3alnio MPU3HAKOBOTO MPOCTpAHCTBA. B JaHHOM ciyyae mpaBuia mpej-
CTaBIISIIOTCS B BHJIE (POPMYIT anreOpsbl JIOTUKH, a TPeleAeHTHAS HHPOPMAIHS pacCMAaTPUBACTCS KaK BEKTOPEI
B npoctparcte B, (n € N). ITo 3T0il nprunHe npeaiaractcs BHaYale MOCTPOUTH CIICHHATBHBIN aITOPUTM
pacro3HaBaHusl, OPHEHTUPOBAHHBIN Ha pabOTy B TAKOM MPOCTpaHCTBE. I €0 MOCTPOCHUS MOYKHO HCTIONB30-

BaTh Mepy NpeLeeHTHOCTH 1 : B) x B — [—1, 1] kak dyHKII0, YIOBIETBOPSIONULYIO CIEAYIOINM YCIOBHSM:
u(x], x2)=1c>x] =X,
Vi, x € BY du(x, xp)=p(x, x),
r(x, ) +p(x, %) =0,

_ def def
IJIe X, — JIOTHYECKOE OTPULIAHNE 00BEKTa Xx,. BBenem oGosnauerns I = {1, ..., n}, L = {1, ..., [} u HekoTOpYIO

MaTpUILY Haifu eR™ Bynem monaratb, 4TO 3JIE€MEHTHI JAHHON MATpPULBI YAOBIETBOPSIOT CIACAYIOIIUM YCJIO-
BUSIM: Vi, ], a; 2 0; Vi, Zaij > 0. U HakoHer, Tak KaK pe4b WAET O 3ajade paclio3HaBaHUs, OyJleM CUHTaTh,

J 0 0 0 .
YTO 3aJ1aHbl BCE €€ KOMIIOHEHTHI B BHJE BBIOOpOK X, X¢, X». B pesynbrare MpoBEACHHBIX pacCyICHUM

anroput™ 4, MOKHO paccMarpuBaTh Kak oroOpaxkenue Vx e X, 4:x x X ;’ - (PlA (x), e P,A (x)) M OIIHCATh
B BHJIE MTOCJIEIOBATEILHOCTHU CIETYIONIUX LIATr0B.

Ilar 1. ®ukcupyem HEKOTOPBIN OOBEKT X € X.

Ilar 2. [lyis xkaxxnoro i € L u o Beex x, € X g ; BEIUHCTISAEM

-1
n n u
w(ex)=| Sy | x| B0 <ay |
j=1 j=1
e
1, ecou X} # Xy

u=
2, eciu UHaye.

0
Ilar 3. Eciu Bce x, € X5 ; nCuepnaHbl, TO BHIYUCTIAEM
A
P (x)= max {H(X, x, )}
X, eXgl-

Ecnu HOMepa kitaccoB i € L He ncuepranbl, To BEIOUpaeM ouepeHoi kinacce i € L u Bo3Bpalaemcs K mary 2.
B npotuBHOM ciiydae aJlirOpuTM 3aKaHUYMBAaeT PadoTy.
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, BBIOOp W CTI0-

HerpynHo 3aMeTuTh, 4TO ONMUCAHHBIN AJITOPUTM 4 OZHO3HAYHO CBsI3aH C apaMeTpaMu Haij
€00 moJicueTa KOTOPBIX ONPENENIIeTCs] B OCHOBHOM BHEAITOPUTMHYECKUMH COOOPasKeHUSIMU: BBIOOPOM MTPOCT-
paHCcTBa ONMKMCaHUs 0OBEKTOB U3 MHOKECTBA X, JKeNIaHWeM NMPUaTh Ynuciam g, € R u sennunnam F;A(x) He-
KOTOPYIO COZlepKaTeNIbHY0 HHTEPIPETALNI0, CIOCOO0M (hopMaIu3aluy MOHITUS NPELEIEHTHOCTH 0OBEKTOB
U T. . [ smydiiero moHWMaHus 3a/1a4dl U aHaIM3a UCXOAHON MHPOPMaMK BETHYUHBI R.A(x) JKeJaTeIbHO

HMHTEPIPETUPOBATh B TEPMHUHAX MIPEAMETHOI 00JacTH, I03TOMY BBIOOp M CIIOCO0 MOACYeTa MapaMeTpoB H%H

HUMEIOT CYLIECTBEHHOE 3HaUeHHE. XOTSl CTOUT 3aMETUTb, YTO PadOTa alrOpUT™Ma 4 OT ITOTO 3aBUCUT HECHIIBHO.
K npumepy, ux 3Ha4eHHs MOKHO MOJIOKHUTH PAaBHBIMH €IUHUIIE, YTO JUIS 3a7a4y pacro3HaBaHUs HETPUHIIN-
MUaIbHO.

OnwuieM ofHy U3 BO3MOXKHBIX CXEM OIpeeSICHHs TapaMeTpOB “al.j “

Ilar 1. ®ukcupyem HoMep Kiacca i € L.

Iar 2. /1514 Bcex MpU3HAKOB j € {1, oo n} BBIYUCIISIEM
b — -1
j=(m;) Z M |
X, € X_sg,i

IJIe X,; — 3HAYCHHUE NIPU3HAKA j B BEKTOPE X, € X, 2 i

Il ar 3. Beimonusem mwaru 1 u 2 10 Tex nop, oka Bce HOMepa KJIacCcoB M BCE MIPU3HAKU B KaXIOM KJlacce
He OyayT ucuepnaHbl. 3aTeM MepexXoanuM K mary 4.

Iar 4. /1514 Bcex MpU3HAKOB j € ] 1 KIaccoB i € L BEIYUCISIEM

/
-1
by=(1)" 2By |» =y~ by}
i=1

OTmeTHM, 4TO BBEEHUE TAKOT0 alIropuT™Ma A, MO3BOJIMIIO MOJYUYUTh JIMIIb YacTh peuieHus. [ nomyuye-
HUSI pelIeHus Ha BceM o0beMe nH(popMauy npeyiaraetess HHPOpMaLuio U3 MpaBuil IpeodpazoBarh K 0OBEKT-
HOMY IpejcTaBieHH0. HeTpyaHo moka3are, 4TO B 3TOM cly4yae NMPUMEHHUMBIM SIBIISIETCSl alTOPUTM A,, TIpU
9TOM PEe3yJbTaThl €r0 UCIOJIb30BAaHUS COBIAAIOT C PE3YJIbTaTaMU IPUMEHEHUS aJITOPUTMa PE30IIONUN K HC-
XOJIHOMY MHOXeCTBY IpaBuJl. [Ipearaercs Takxe NpoBecTH NPoLEAYPY HOpMaIU3alkHy, B X0Ji€ KOTOPOH Io-
JTy4eHHOE MHOKECTBO 0OBEKTOB 00beMHsETCS ¢ BHIGOPKOit X (X, g ). st oObenMHEeHHOM BEIOOPKH JOKa3aHo,
YTO HOPMaJIN3aLMs HE MEHSIET Pe3ylbTaToB, KOTOPbIC MOIJIM OBITh MOJyYEHBI B CIy4ae 00paTHOTO mepexona
K MCXOAHOU MH(pOPMALUY alropuT™MaMu A, (x) u Az(x).

B naHHOM ciydae CHHTE3 3aKJIIOHAeTCsl B JOOIPEAEICHUY allrOpuT™Ma A, Ha MHOXKECTBO 00BEKTOB, IOy~
YEeHHBIX B X071¢ HopManu3auy. C UCTIONb30BaHUEM ITOCTPOCHHOM CXeMBbI OBITH ITPOBEIEHBI TECTHI [T TAHHBIX,
COZIEpIKAIUXCS B PA3JIMYHBIX PEIO3UTAPUIX MAITMHHOTO 00yueHus. Kpome Toro, ycremHo penieHsl MpakTu-
4yecKHe 3a7a4u U3 001aCTH OPTOIEIUH U CIIOPTUBHON TPaBMATOJIOTUH.

3aKjaoueHune

B pabote paccMoTpeH crienMaibHbIA KiIacce 3a/ad MPHHSATHS PEIICHUH MPELeeHTHOTO THIIA, JUIs pelie-
HUS KOTOPBIX, KaK MPAaBHUJIO0, TIPUMEHSIOTCS 9BPHCTHUECKUE alrOpuTMbl. [loka3aHo, 4To NaHHBIA Kilacc 3a1a4d
CBOJIUTCS K CTAHJAPTHOM 3ajjadye pacrio3HaBaHus 00pa3oB ¢ 00ydeHHueM. DTO TO3BOJSIET BMECTO IBPHUCTHYE-
CKHUX aJITOPUTMOB HCIIOJIb30BaTh MHOTOYPOBHEBBIE MOZICIIH, KOTOPBIE Jal0T BO3MOKHOCTB ITOBBICHUTH TOYHOCTb
pelIeHHs, @ B HEKOTOPBIX CiIydasix 000CHOBATH €r0 MPaBWIILHOCTE. [IpUBeeH aHAIN3 Pa3IUuHbIX BAPHAHTOB
MOCTPOEHHSI MHOTOYPOBHEBBIX MOJICIICH.
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OLIEHK! KPUTUYECKNX BEPOATHOCTEN IMMEPKOASIINN
HA KOHEUHbBIX KBAAPATHBIX PEIITETKAX

M. M. BACbKOBCKHH?", A. 0. 34/I0POXHIOK", A. JI. JOCOBA®
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HUccnenyeres 3ama4a 0 HAXOXKIICHUN KPUTUICCKUX BEPOSTHOCTEH MEPKOJSIMN HA rpadax KOHCUHBIX KBAJPATHBIX pe-
% 2 o o
metok. Ha ocHoBe Teopembl Xappuca — KecteHa o kpuTuueckoil BEpOSITHOCTH P, (Z ) B OCCKOHEYHOM KBaJpaTHOM pereT-

2 o
K€ TOKa3bIBACTCsA, YTO TOYHASA I'paHHUIIa BEPOATHOCTU pg(Z ), IpU KOTOPOU UMECT MECTO SKCIIOHCHIIUAJIBHOC YraCaHue

Ha OECKOHEYHOW KBaJpaTHOW pemeTke, paBHseTcsl —. C MOMONIbI0 HAWAEHHOTO TOYHOTO 3HAYEHMS BETMIHHBI pg(Zz)
2

YCTAHABJIIMBACTCS, UYTO KPUTUYCCKHUE BEPOATHOCTHU HepKOJIHHI/IfI Ha KOHCYHBIX KBAAPATHBIX PEHICTKAaX CKOJIb YTOJIHO oJn3-

1
KN K — JJId JOCTAaTO4YHO OOJIBIINX pasMEpoOB PCLICTKU.
2
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OF PERCOLATION ON FINITE SQUARE GRIDS
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In this paper, we investigate the problem of determining the critical probabilities of percolation for finite square grids.
Basing on the Harris — Kesten theorem on critical probability p, (Zz) in the infinite square grid, we prove that the exact

threshold of exponential decay in the infinite square grid is equal to % With the help of the evaluated value of p, (Z2 ) we

show that the critical probabilities of percolation on finite square grids are arbitrarily close to 1 when the size of a grid
is large enough. 2

Keywords: percolation; critical probability; grid.

BBenenue

MaremaTtrueckast TEOpHs TEPKOJSIIANA TTPECTABIAET cO00H MOUTHBIN M 3()()EeKTUBHBIM WHCTPYMEHT IS
peLIeHNUs 3a/1a4, CBA3aHHBIX C IPOTCKAHUEM JKUIKOCTEH B CIIOKHBIX CTOXaCTHYECKHUX CUCTEMax, paclpocTpa-
HEHHMEM SIUIEMUH, nepeaadeit nHpopMaruu 1 np. B nocnennue necsatuieTus ObLIM IOJIyUSHBI BBIIAIOIINECS
pe3yNbTaThl B TEOPUH TIEPKOJISIHIA Ha perieTkax, oTMedeHHbie Menanbio Ounaca (C. K. Cvupaos (2010)).

3agagya 0 HepKoJIALUM 1151 OECKOHEUHBIX PEILIETOK, I1e KaKI0e pedpo (MM Kaxkaas BEPLIMHA) CUUTACTCS
HEe3aBHCHMBIM, BriepBbie Obla moctasneHa C. P. bpoxgbentom u Jx. M. Xammepcnu B 1957 1. [1]. Torna xe
BBEICHO IOHTHE MOPOTa MEPKOJSIIMU (KPUTHUECKON BEPOSITHOCTH), TIPH NMPEBBILICHUH KOTOPOTO B CUCTEME
OyZeT cylLecTBOBaTh OECKOHEUHBIH MEPKOSIIUOHHbIN KiaacTtep. C MareMaTHuecKol TOUYKH 3PEHHUs TEPKOJIs-
LIMOHHBIHN KiacTep (CBA3HBIN CilyyaiHbli rpad)) MOXHO HHTEPIIPETUPOBATh KAK CBA3HOE IMOJMHOXKECTBO BCEX
IIPOBOIAIIMX pedep (WM BepiinH) pemeTky. HaxoxieHne To4HOro 3HaueHnsl KpUTHUECKOH BEPOSITHOCTH T1ep-
KOJISIITUH TIPEJICTABIISIET cO00H oueHb cnoxHyto 3aaa4ay. M. @. Caiike u [Ix. Y. Dccam B 1964 1. Hanumi moporu
MEPKOJISIIMY 1711 HEKOTOPBIX IUIOCKUX peweTok [2]. J{ns OeCKOHEUHbIX KBaJpaTHBIX PELIETOK Ha MJIOCKOCTH

1
T. D. Xappucom u X. KecteHOM OBUTO JOKa3aHO, YTO KPUTHIECKAS BEPOATHOCTh paBHA 5 [3; 4]. dns koneu-

HBIX TpadoB HaTMUNEe OECKOHEYHOH CBS3HOM KOMITOHEHTHI B IOCTAHOBKE 3aa9 MEHSETCS Ha HAITMYHE CBA3-
HOW KOMIIOHEHTBI, MOIITHOCTh KOTOPOU TIPOTIOPIIMOHAIBHA MOIITHOCTH caMOTo Tpada ¢ HEKOTOPhIM K03 du-
uueHToM ¥ [5]. B crarbe [5] aTa 3a7a4a UCCIeayeTcsl B TOM YUCIE U 17151 KOHEUHBIX NPSIMOYTOJIbHBIX PELIETOK
pasmepa m x n. ABTOpbI paboTHI [5] AOKa3bIBAIOT, YTO TMPH OTPECIICHHBIX COOTHOIIEHHUSIX MEXIY pa3Mepamu
peIeTKy (B YaCTHOCTH, TIPU M = 1) KPUTUIECKHE BEPOSATHOCTH TEPKOJISIIMU OT/AEIECHBI CBEPXY OT €IWHUIIBL.
B Hacrosmeit craTbe /st KOHEUHBIX KBaJIPATHBIX PEIIETOK YCHITUBAKOTCS PE3YAbTaThl paboThI [S]: JOKa3bIBaeTCS,

1
YTO KPUTUYCCKHUC BEPOIATHOCTU CKOJIb YTOAHO OJTM3KH K — I 10CTATOYHO OOINBIIMX Pa3MEpOB PCHICTKU.
2

IIpeaBapure/ibHbIE CBEIEHUS

PaccMoTpuM CBSI3HBI HEOPUEHTHPOBAHHBIN rpad G = (V, E ), E | # (. 11 npou3BOJIBHOIO p € [0, 1] p-nep-
KOJIAIIMEH OyZieM Ha3bIBaTh MPOIIEIYPY, IPH KOTOPOU Kakmoe u3 pedep e € E ymaiseTcsi ¢ BEepOsTHOCTRIO 1 —p

HE3aBHUCUMO OT JPYTHX pedep. Pe3yasratoM p-miepKomsuy siBisieTcs Cltyd9alHbli rpad G'= (V, E '), e E'C E.
Omnpenennm Moziesn p-TIEPKOJISILMN TSl KOHEUHBIX U O€CKOHEYHBIX TpadoB.
Mooenv p-nepronsiyuu 0iisl KOHEUHBIX 2pagos. 3agaguM BEPOSTHOCTHOE MPOCTPAHCTBO (QG, Fg, 5., ),

cootBeTeTBytolee p-nepromsuun [6]: Qg = [ {0, 1}, Fy = 2%, Py ,(4)=> p‘El(m)‘(l - p)‘E‘ 1O g e Fy,.
eckE wed
IIycTe W((;l,)p — YHUCJIO BEPIIMH HanOObIIeH (10 YUCITy BEPIINH) KOMIIOHEHTHI CBA3HOCTH B CIIy4alilHOM Tpa-

e G', mony4eHHOM B pe3yibTare p-IepKOJSIInH. JIisl MOCTOSHHBIX p, O, ¥ € [O, 1] o0o3Hauum uepes I ( D, 0, y)

1
MHOXECTBO BCEX CBSI3HBIX HCOPHCHTHPOBAHHBIX IpaoB G Takux, uro Fy; (y|G| < W((; )p) > o 3aMeTUM, 4TO
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CBsI3HASI KOMIIOHEHTA TpeOyeMol MOIITHOCTH is ¥ = () CyIIeCTBYET BCErla He3aBUCUMO OT OCTaJbHBIX IMapa-
METPOB. DTOT CITy4ail He TIPECTaBIIET HHTEpPECca, IOITOMY B JallbHEHIIeM OyaeM cauTarhb, 9To vy > 0. Kputn-

4eCKOi BEpOATHOCTEIO p, (G, ., ¥) OyAeM Ha3bIBATh BEIMUMHY
pC(G, a,y)zinf{pe [O, 1] : GeF(p, a, y)}

Mooenv p-nepronsyuu 01 beckoHeunvix epagos. 3amaauM BepOSITHOCTHOE TPOCTPAHCTBO (QG, Fo, Fs., ),

COOTBETCTBYIOILEE p-TIEPKOIAIMU: Q) ; = H {0, 1}, F; — c-anredpa nogMHOXKeCTB (Q;, HOPOXKAECHHAsS KOHEYHO-
ecE

MEPHBIMH LIWJIMHIPAMU {(xl, Xyy ooy Xps ) e Q, |xl. € {O, 1}, i=1lk ke N}. Ha umnnHapruyeckux MHOXKECT-
Bax U3 F; Mepa F; |, ONpe/IesisieTesl Tak ke, Kak B MOJIENIN p-TIEPKOJISILMHU JUTsl KOHEYHbIX rpado. CoriacHo Teo-

peme Kapareomopwu, 3a/1aB Takyto Mepy Ha IHUIMHAPHIECKIX MHOXKECTBAX, MOXXHO €IMHCTBEHHBIM 00pa3oM
IPOAOJDKUTH €€ Ha BCIO G-alredpy ;.

Paccmorpum MHOKecTBO rpados I ( p), JUIs1 KOTOPBIX 110CTIE p-IIEPKOJIALUU CYILECTBYET OECKOHEUHAs CBA3HAs

KOMITOHEHTA C MOJIOKUTEIbHOM BeposITHOCTBIO [3; 4]. COOTBETCTBEHHO, KPUTHUECKASI BEPOSITHOCTH CTAHOBUTCSI
¢dyukupeit b ot G:

p.(G)=inf{pe[0,1]:Gel(p)}.

1
W3BecTHO, uTO MyTsl Tpacdha OeCKOHETHOMH KBaIpaTHON PEIIeTKH pc(Z2 ) = 5 [3; 4].

Iycrts x =(x;, x,) € Z*, n € N. Onpenennm Muoxectso B(x, n) ciefyromum o6pasom:
B(x, n)={y=(yl, yz)eZ2 : |y1 —xl| <n, |y2 - x2| < n}.

Yepes 0B (x, n) Oynem 0003HaYaTh MHO)KECTBO TPAHUYHBIX BEPIIMH PEIICTKH B(x, n). [Hanee BMecTo B(O, n)
OyzaeM mucarb B(n).
Onpenenum BETNYUHY

Py = sup{p 13, 2 0[¥n1: B, (04>0B(n)) < e—cpn}’

rae OB (n) 0003HaYaeT rpaHUYHbIe BEPIINHBI PEIIETKN B(n), ale 8B(n) — CYILIECTBOBAHUE ITyTH MEXK]Y
8B(n) 1 Ha4yaJIOM KOOPJUHAT TOCIE p-TIePKOISIIHH.
[IpuBeseM HECKOIBKO YTBEPKACHUH, HEOOXOAMMBIX Ul JOKA3aTeIbCTBA OCHOBHOIO PE3yJbTaTa.

w0

Bn), 3 +¢
[B(n)] 7o (2)
HOCTH IIPU 11 —> 0.

1
YrBep:kaenue 2 [6, p. 132]. [Iycte 0 < p < 5 Torma cymiecTByeT Takoe ?\,(p) >0, uto P, » (0 © 6B(n)) <

1
YrBepaxnenue 1 [7]. s aroboro € € (0, 5} CYILIECTBYET TaKOE yo(g), qTO0 —1 1o BeposT-

-
<e™MP) TSt IF06oro 71> 1.

IIycTh A — IPOU3BONBHOE HEMyCTOE MOAMHOXKECTBO pemeTkn Z-. ONpenenM uaMeTp MoIMHOKeCTBa A
CIIETYIOIITIM 00pa3oM:

diam(4) = max sup 5, =, sup |x, = »l ¢
(%1, %2)> (71, 12) €4 (x> %2)> (71, 12) €4

Jlemma 1. Ilycmo 0 < p < p,. To2oa naiidemcs makoe ¢ > 0, umo 0ns n00blx Hamypanehwlx n u | 6eposim-

HOCMb cyujecmeosanusi ¢ B (n) nocie p-neproiAyuU Nymu Ouamempom He meree | He npesocxooum erutuHbl
2 _cl
(2n + 1) e ‘.

JokazaTenbcTBoO. 3aQUKCUpyeM MPOU3BOJIbHbIC 71 U /. [l KaXKI0l BepIIMHbI X € B (n) paccMoTpuM
IyTH, COCAMHSIONIHE 9Ty BepiuuHy ¢ B (x, ) nocrie p-rieprorsiiy. CyMMapHasi BEpOSTHOCTh CYIIIECTBOBAHUS
TAKUX IIyTEeH 10 BCEM X € B(n) HE IPEBOCXOANT BEJIUYHUHBI |B(n)| sup PB(n)’ » (x o 6B(x, l) N B(n)). [pen-

e B(n

TOJIOXKHM, YTO TPOU30ILIO COOBITHE «CYIIECTBYET IIyTh TUAMETPOM HE MeHee [ B B (n) TIOCJIE P-TICPKOJISAIIAN .
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To ecTh B TaHHOM ITyTH HAWAYTCS JBE BEPIUINHBI, YbM KOOPIAWHATHI B OJTHOM W3 U3MEPECHHUH OTINYAIOTCS
X0Tst Obl Ha /. OIHY M3 3TUX BEPIIMH 0003HAYUM YePE3 X U ONPEICIUM BEpIIUHY V € OB (x, [ ) TaKuM 00pa3oM,
YTO MyTh X <> ) BICPBBIC MIEPECEKACT IPAHUILY PEUICTKU B(x, / ) B Touke y. CieoBaTensHo,

Poiy (3 nyre auamerpom >/ B B(n)) < |B | sup Py, p(x(—) 0B(x,1) " B(n)).
xeB(n) ’

TIOCKONBKY p < Pg, TO IO ONPEENEHHIO P, BEPHO HEPABEHCTBO Py, p(x < 0B(x,1)N B(n)) <e ' Ta-

2 _¢
KHM 00pa3oM, PB(n) p(EI MyTh AXaMETPOM >/ B B(n)) < (2n + 1) e~ U151 HeKOTOpOTO ¢ > 0, HE 3aBHCSILIETO OT
nul. Jlemma 1 nokasaHa.

OcHOBHBIC pe3y/IbTAThI
Teopema 1. /lna mobbix €€ (0, %} ae(0,1) cywecmsyom makue y,(€)>0, ny(a,€), umo
pC(B(n), a, y) € {% -, % + 8:| 0715 1I00bIX Y € (0, Yo ) n 2 ny.
JlokazarenbCTBO TeOpeMbl | BHITEKAET U3 CIAEAYIOIUX ABYX MPEII0KEHUH.
Mpenaoxenne 1. /s n106bix € € (0, %} oe (0, 1) HaUOymes makue vy, (8) >0, no(oc, 8), ymo 01 1H0ObIX
v€ (0, v,). n=ny(o, €) 6binonnsemes nepasencmeo pC(B(n), a, y) S% + €.

JoxkazartenscTBo. [lonoxum, 9ro p = 5 + € Bocnonb3yemcs yreepxkaenueM 1. s mo0bIx g, €, > 0

HAWIETCsI TAKOC 1y, YTO Vn > n, CIPABEIMBO HEPABEHCTBO

(1)
Wy
(n). p
PB(n)’p |B(n) Ve 8) -1>g, [<g
Ortcrofa noiayyaem
(1)
Wy
(n). p
PB(n),p gy < |B(n) Ve 8) —-1<g, |2l-¢
Bospmem e, =1—-a, gp=1- 1(( ) Torna umeem
Yol
a<P n)p(|B (m)|(1 =20 )vo(e) <R, <[B(n)|( 1+80)y0(8))<P (|B (n)y W;E))p)

1

TocienHee HEPABEHCTBO MOKA3bIBACT, 4TO sl 1H06bIX o € (0,1), e€| 0, 3 CyILLECTBYIOT Takue ¥, (&),
ny(., €), 9To HepaBeHCTBO pc(B(n), a, y) < 5 € BblnoMNseTCS Uis mo0bIX ¥ <Y, (€), n=ny(a, €). Hpen-
JokeHue 1 JoKkazaHo.

1 .
Ipennoxenue 2. /s 1106bix € € (0, 5} a e (0,1), ye (0, 1] naioemes maxoe ny(a, €, v), umo onsa -
1

6oix 1> ny(, €, ) 6binoaHACMCA HEPAGEHCMEO pc(B(n), a, y) > S¢

JlokasarenbcTBo. CHayana JOKakeM, 4To p, < pC(Z2 ) Jlonyctum o0patHoe: 1ycTh p, >pc(Z2 )

Bosemem p’ Takoe, 4to p, (22) <p'< D, Iockombky p'> pC(Z2), TO MpU p'-TIEPKOIISAIIMN PEIIETKH 77 cy-

IIECTBYET OECKOHEUHAs! CBSI3HAsI KOMIIOHEHTA ¢ BeposITHOCTHIO o > 0. CyIecTBoBaHHe OSCKOHEUHOI CBI3HOI
KOMITIOHEHTBI paBHOCUJIBHO CYHIECTBOBAHUIO IIYTHU MEKAY Ha4aJIOM KOOpAWHAT U 'PAHUYHBIMU BEpIIMHAMHU

pewerku 0B (n) ms mo60ro n. [lponssesieHne BEPOSTHOCTEH CyLIeCTBOBAHKS Iy TeH HPZZ, p,(O <> B(n))

n
JIOJDKHO OBITH OoibIIe 0. DTO O3HAYaeT, 4to F ) p,(O > 6B(n)) > o pu Kakaom #. C Ipyroil CTOpOHBI, Tak

KaK p'< p,, umeem Py, p,(O <> 0B(n))<e " o onpentenenio p,. Tawxke Ve, >0 Iny(e, p'), Vn=ny(e,, p')
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—C,n
BBIITOJIHSIETCSI HEPABEHCTBO ‘e ’ ‘381. Takum o0Opa3zoM, BbeIOupas €, < o, IOIy4aeM IPOTUBOPEUHE:

PZZ, p,(O > GB(n)) < g, < o. CaenoBarensHo, Dg <p, (Z2 )

Teneps noxasxem, 4to p, > pc(Z2 ) Hcnons3ys yTBepkIeHUE 2, TIOTydaeM, YTO JJs JTI00bIX p < pC(Z2 ),

n 2 1 cymectByer Takoe ¢, > 0, 4ro £, » (O <~ OB (n)) <e " W3 onpenenenns Dg CIENYET, YTO p, > pc(Z2 )
1

Taxnm 06pa3om, T0Ka3aHO, YTO BEINYNHA p, PABHA KDHTHYECCKON BEPOSTHOCTH PC(Z2 ) =7

1 .
BozbpmeMm p = — — g. Mcnionbzyem sieMMy | asist manbHEHIIETO T0Ka3aTeabCTBa IpeaiokeHus 2. Yucmo Bep-

LIMH noArpada peuerku B(n), B KOTOPOM HE CYILECTBYET IIyTH AMAMETPOM HE MeHee /, He IPEBOCXOAUT .
Toraa BEpOATHOCTB OTCYTCTBUS B B (n) Mocyie p-TMePKOJSIIMU Ty TH TUaMeTpOM He MeHee / OyaeT He MeHbIIIe,

YEM BEPOSTHOCTb OTCYTCTBUS B B(n) KOMITOHCHTHI CBA3HOCTH pa3mepa He 6oee 2. Bossmem [ = \H (2n + 1).
ITonydaem cooTHOIIEHUS

Pyiny. p (Wéa >7|B(n) |) - P(n)p(W(n)p<V|B |)

<1-Py,. ,(1e 3 myrs muamerpom >f 2n+ 1)) B(n), p (3 myTs MameTpoM >f 2n + 1))

Bennuuna PB(n)’ » (EI MyTh AUAMETPOM Zﬁ(2n + 1)) HE TIPEBOCXO/UT (2n + 1)2 e*Czj(ﬁ(zn + 1)). Tak kak Ve, > 0

(Vr(2n+1))

2 —c
(2n+1)e ” <g, TO 11 MOGOro

3 no(al, )2 y), Vnz no(sl, J2 y) BBITIOIHAETCS HEPaBEHCTBO

(04 (1 o
nzn (E, D, yj CIIPaBEIMBO HEPABEHCTBO P, B(n). p( B(n). > y|B |) < 5 Takum oOpazom, pc(B(n), a, y) >

1 a
> — — g 1714 00010 1 2 1,y 5, p, v |- CrienoBatenbHO, IpEIUIOKeHUE 2, a BMECTE C HUM M TeopeMa | JoKa3aHsbl.

(\

3ameuanue 1. Tpadpl, nodydeHHBIC U3 UCXOAHOTO Tpada B pe3ylbraTe MPUMEHEHHUS MPOLEAYPhI p-Tiep-
KOJISIITH, MOYKHO PacCMaTpuBaTh Kak ciiydaifHbie rpadbl. B qacTHOCTH, Takue rpadbl MUPOKO UCTIONB3YIOTCS
JUISL MOZIEIMPOBaHUsl HH(QOPMAIIMOHHBIX CETeH U aHaIN3a UX MPOU3BOJUTEIBHOCTH [§].

3ameuanue 2. Mojeib p-TIEPKOJISILIMKA MOYKHO paCCMaTPHBAaTh KaK BEPOSITHOCTHBIN aHAJIOT MOJICITH SJICKTPHYC-
CKOW TICTTH, B KOTOPOH KaXKI0€ PeOpPO COOTBETCTBYET PE3UCTOPY € BEPOSITHOCTHIO p (TIpU conpoTuBiieHnd 1 Om)
u 1 —p (mpu GeCKOHEUHO OOMBIIIOM CONPOTHUBICHNUH ). CBOMCTBA PE3UCTUBHBIX PACCTOSTHUHN JUIS AIEKTPUICCKIX
LIeTel Ha peleTKax UCCleA0BaIuch B padbote [9].
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VIIK 517.98
O C’-AATEBPAX, ITIOPOXAEHHBIX MAEMIIOTEHTAMMA

M. B. l[YKHH"

1 . . .
)Ee/zopyccmu HAYUOHAIbHBII MEXHUYECKUL YHUGEepCUmen,
np. Hezasucumocmu, 65, 220013, 2. Munck, Berapyco

BanaxoBbI anreOpsl, TOPOXKICHHBIE HASMIIOTEHTAMH, Ha4aJll HHTEPECOBATh CIEIHAINCTOB MaBHO. B 1968—1969 rT.
I1. P. Xanmom u I. K. TTenepcen usyuanu ctpykrypy C -anre6p, IOposKIEHHBIX AByMs CAMOCONPSKEHHBIMHU IIPOEKTOpa-
Mu. baraxoBsI anreOphl, MOPOKICHHBIE IBYMS HAeMIIoTeHTamu, Obuth orucanbl C. Poxom u b. 3uns6epmanom B 1988 1.
Takne anreOpsI MOTYT HMETh HETTPUBOANMBIC TIPEICTABICHHS IIEPBOTO HIIM BTOPOTO MOpsiaKa. Teopus 6aHaXOBBIX anreop,
MTOPO’KACHHBIX TPEMSI HIEMITIOTEHTAMH, ITOJTHOCTHIO He pazpadoTana. Takue anreOpbl MOTYT HMETh HEIPHBOIMMBIE ITPEA-
crapieHus o6oro nopsaka. B 1974 r. @. Kpayce u T. JIoycoH onucainu cTpykTypy n-onHopoasbix C -anre6p Haj cdepamu
S 2, s3 .S * C mcnonb30BaHuEM STHX PE3yNBTaTOB B HACTOSIIEH padoTe TOKa3bIBACTCA, UTO /1-OMHOpoaHas (n > 2) C *_anre6-
pa ¢ IPOCTPAHCTBOM TIPHMHTHBHEIX H1eanoB Prim 4 = S* MoxeT GbITh MOPOKIEHA KOHEIHEIM HAGOPOM HIEMIIOTEHTOB.

Knrouesvie cnosa: C*-anrebpa; uaeMIIOTEHT; KOHEYHO-TIOPOKICHHAS alreOpa; 9MCII0 MOPOKAAIOIIMX dIEMEHTOB;
NPUMUTHBHBIN Hjean; 6a3a paccioeHus; anreOpandeckoe paccioeHue; onepaTopHas anredpa; HeMPUBOAUMBIC TIPE/I-
CTaBJICHUSL.

ON C"-ALGEBRAS GENERATED BY IDEMPOTENTS

M. V. SHCHUKIN*

*Belarusian National Technical University, 65 Niezaliezhnasci Avenue, Minsk 220013, Belarus

Banach algebras generated by two idempotents appear in many places. In 1968—1969 P. R. Halmos and G. K. Pedersen
studied C"-algebras generated by two self-adjoint projections. The Banach algebras generated by two idempotents were
described by S. Roch and B. Silbermann in 1988. Such algebras can have irreducible representations of first or second order.
The theory of Banach algebras generated by three idempotents has not yet been constructed. Such algebras can have
irreducible representations of any order. In 1974 F. Krauss and T. Lawson described the n-homogeneous C*-algebras
over spheres S%, S°, S*. By using these results we prove that n-homogeneous (n > 2) C*-algebra such that Prim4 = §*
can be generated by finite number of idempotents.
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Introduction

An element g from an algebra 4 is idempotent if ¢* = a. Moreover, if the Banach algebra 4 has the operation
of involution * and the idempotent a is self-adjoint (a* = a) then the element « is called a projection.

Algebras generated by two idempotents appear in many places. In 1960s P. R. Halmos [1] and G. K. Peder-
sen [2] studied an C"-algebra 4 generated by two projections (p and g) such that the spectrum cs( prp) equals
to the segment [0, 1]. Furthermore, P. R. Halmos supposed that any two sets from Ker(p), Im(p), Ker(g),
Im(q) have the intersection equals to zero.

The Banach algebras generated by two idempotents were studied by S. Roch and B. Silbermann [3]. The ap-
proach of the paper uses the PI-algebras that were studied by N. Krupnik. As a result, the next theorem appeared.
Theorem 1 (two projections theorem) [3]. Let A be a Banach algebra with identity e, and let p and r be
idempotents in A. The smallest closed subalgebra of A, which contains p, r and e, will be denoted by B. Then:

i) foreach xec,(e—p—r+pr+r , 1}, the mappin te, p,r—> iven
' h s(e—p pr+mp)\{0,1}, the mapping F,: e, p C**? given by

r@-(y ThE(y o) m0)- - )

2
where /x(l - x) denotes any number with ( x(l - x)) = x(l - x), extends to a continuous algebra homomor-
phism from B onto C**%, which we denote also by F;

(ii) for each m € GB(p + 2r) N {O, 1, 2, 3}, the mapping G,, :{e, Ds r} — C given by Go(e) =1, Go(p) =

= Go(r) =0, Gl(e) = Gl(p) =1, Gl(r) =0, Gz(e) = Gz(r) =1, Gz(p) =0, G3(e) = G3(p) = G3(r) =1 extends to
a continuous algebra homomorphism from B onto C;

(iii) an element a € B is invertible in B if and only if the matrices Fx(a) are invertible for all x e
€ GB(e —-p—r+pr+ rp)\{O, 1} and if the numbers Gm(a) are non-zero for all m € GB(p + 2r) N {0, 1, 2, 3}.

The theory of Banach algebras generated by three idempotents is still not constructed. There are some results
showing that Banach algebras generated by three idempotents can have a complicated structure. The next theo-
rem appeared in 1955.

Theorem 2 [4]. The ring B of all bounded operators on separable Hilbert space can be generated by three
idempotents in weak topology.

In this theorem the therm «generate» means that the smallest weakly-closed self-adjoint algebra A that con-
tains the idempotents p, ¢,  and constants coincides with B. On the other hand, the next question is interesting:
which Banach algebras can be generated by three and more idempotents in uniform topology?

Theorem 3 [5]. The algebra Mn(c) (n > 3) can be generated by three idempotents. The algebra cannot be
generated by two idempotents.

In fact, the Banach algebra 4 generated by three idempotents can have irreducible representations of any
dimension. On the other hand, several algebras that have the same space of irreducible representations can
be non-isomorphic. Suppose 4 is a n-homogeneous C*-algebra. It means that all irreducible representations

for the algebra 4 are of the order n. If the algebra 4 is isomorphic to the algebra Mn(B) then the algeb-
ra 4 is called trivial. Here M, (B) denotes the algebra of all continuous matrix-functions from the set B
to the algebra of matrices C""". There are also non-trivial n-homogeneous C*-algebras. It was shown by
J. M. G. Fell [6], J. Tomiyama and M. Takesaki [7] in 1961 that every n-homogeneous C*-algebra is isomor-
phic to the algebra I'( E) of all continuous sections for the appropriate algebraic bundle (£, B, p). Here the
base space B for the bundle is homeomorphic to the space Prim 4 of primitive ideals for the n-homogeneous
C*-algebra 4.
Let us remind that a triple (E, B, p) is called bundle if the following conditions hold.

(I) E and B are topological spaces.
(I) p: E — B is a continuous surjection.
The space E is called a bundle space; the space B is said to be the base space. The surjection p is called

a projection. The set F' = p‘l(x) is the fiber over a point x € B. For example, consider the product-bundle
E =B x F, where B and F are topological spaces. By p denote the projection B X F'— B to the first multiplier.
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The bundle & is said to be the trivial bundle if it is isomorphic to a product-bundle. On the other hand, consi-
der the Mobius tape M. Note that the Mobius tape M is a non-trivial bundle. The circle S is the bundle space.
The interval [ is the fiber. However M is not isomorphic to the product-bundle S' x 1. At the same time M is
locally trivial. Such bundles cab be called twisted bundles.

A G-bundle &= (E , B, p) is called as the algebraic bundle if the following conditions hold.
(I) The fiber F, is the algebra Mat(n)=C"*" of square matrices of the order n.

(II) The group G is the group Aut(n) of all automorphisms for the algebra Mat ().
Bundles &, = (E,, B, p;) and &, = (E,, B,, p,) are said to be isomorphic if there exists a homeomorphism
y:E, — E,suchthaty(F,)= Fy-Hereo: B, — B, is a homeomorphism of the bases, the set Fa(x) =p; (oc(x))

is the fiber over the point a. (x) € B,. The author considered the n-homogeneous C*-algebras over the sphere s2,

Theorem 4 [8]. Let A be a n-homogeneous (n >2) C*-algebra. Suppose the space Prim A is homeomorphic to
the sphere S*. In this case, there are three idempotents p, q, r € A such that the minimal Banach algebra contai-
ning these elements coincides with the algebra A.

The next theorem extends the result to a n-homogeneous C*-algebra 4 such that Prim4 = Pk Here P, de-
notes an two-dimensional oriented manifold. The manifold P, can be realised as the sphere S* with & handles
attached.

Theorem 5 [9]. Let A be a n-homogeneous (n >2) C*-algebra. We suppose that the space Prim A is homeo-
morphic to the two-dimensional oriented connected manifold P,. In this case, the algebra A can be generated
by three idempotents. The algebra A can not be generated by two idempotents.

In fact, these results allow to find the minimal number of idempotent generators for several algebras. The next
result describes the class of n-homogeneous C*-algebras that can be generated by finite number of idempotents.

Proposition 1 [10]. Let A be a finitely generated n-homogeneous (n > 2) C*-algebra. We suppose that the
algebra A contains at least one idempotent a (a #0, a # 1). In this case, there exist idempotents p,, ..., p,€ A
such that the algebra A can be generated by these elements p,, ..., p;.

Moreover, the class of algebras that can be generated by three idempotents is extremely large. Let us remind
that a topological space is separable if it possesses a countable dense subset.

Theorem 6 [11]. Every separable Banach algebra is isomorphic to a subalgebra of a Banach algebra ge-
nerated by three idempotents.

On the other hand, if the Banach algebra A4 can be generated by N idempotents with some concrete relations
between generators then the structure of the algebra 4 can be described. Let A be a Banach algebra with the
identity element e, and let py, p,, ..., py be a partition of the identity into non-zero idempotents: p; p; = 3, p; for
all i, j=1,..., 2N. Here §; is the Kronecker delta, and p, + p, + ... + p,y = e. Further, let P be an idempotent

element of 4, set Q = e — P and p,, . , = p;. We suppose that the conditions

P(pZi—l)P:(p%fl "’Pzi)P €]
and
Q(Pzi +p2i+1)Q:(p2i +p2i+1)Q (2)

hold forall i, j=1, ..., N.
Let us define p, = p,, where / €1, 2N whenever k — [ is divisible by 2N. We suppose that the algebra B is the

smallest Banach algebra that contains p, ..., p,y as well as P. Further, set
N
XZZ(pZi—]PPZi—] +p2iPp2i) 3)
and =
N 2N
Y= Z(le 1P+ py0 )"‘Z(Zi—l)Pi- “4)
i=1 i=1

Theorem 7 (N projections theorem) [11]. Let A be a Banach algebra with the identity e, and suppose
DPis ---» Doy and P are non-zero elements of A satisfying (1)—(4). Further, let B stand for the smallest closed
subalgebra of A containing the elements P and p,, ..., p,y. Then the following assertions hold.

DIf xeocp(X)\{0,1Y, then the mapping F.:P, p,..., — C*VN given by F.(p)=
B ipping I, 4 Py 8 Vo I\ Pi
= diag(O, ...,0,1,0,..., 0) with one standing at the i place and
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x x-1 x-1 x-1 - x-1 x-1
x x-1 x-1 x-1 -+ x-1 x-1
X x—-1 - x-1 x-1
F;c(pl):dlag(la_lala _13~'~515 _1) X x—-1 -+ x-1 x-1
X X x - x  x-1
X X X x - x  x-1
extends to a continuous algebra homomorphism from B onto C*V**".

(1) If m e GB(Y) N {l, cees 4N}, then the mapping G,, : P, p,, ..., p,y = C defined by

1, =2k,
Galr)={y 1 GulP)=0.

1, i=2k,

4k71(p1) {0,i¢2k, 4k—]( )
Li=2k-1,
G )= G P ZO,
aw—2() {O,i;tZk—l, 4e-2(P)
Li=2k-1,
G )= G P :O,
w-3(11) {O,i;tZk—l, a-3(P)
where k=1, ..., N, extends to a continuous algebra homomorphism from B onto C.

(I1]) An element b € B is invertible in B if and only if the matrices Fx(b) are invertible for all x € G (X )\{0, 1}
and if the numbers G,,(b) are non-zero for all me cz(Y) N {1, ..., 4N}.

(1V) An element b € B is invertible in A if and only if the matrices Fx(b) are invertible for all x € o, (X )\{0, 1}
and if the numbers G,,(b) are non-zero for all me c,(Y) N {1, ..., 4N}.

The main results

Let ]I denote the coproduct of two spaces. Syppose ef and e be the upper and lower half-sphere for the
sphere S*.

Proposition 2 [12]. Let n > 2 denote the degree of homogeneity for the algebra A, let p be any integer, and
let Prim 4 = S*. The algebra A is C*-isomorphic to one of the C*-algebras 4, ,= gp(eiHef, Mn(C)) given
as follows: iff € 4, , and (z, w) €S> then

z —w 0 zZ W 0

w oz 0 -w oz
fi(zw)=g, (= w)- £ (2 w)= £-(zw)

0 0 1 0 0 1

Theorem 8. Suppose A is the n-homogeneous (n > 2) C*-algebra such that PrimA = S*. In this case, the
algebra A can be generated by finite number of idempotents.
Proof. We will construct an idempotent p € 4 using proposition 2. Let E,, ,, be a n x n matrix of the form

0 0 ... 0
0o 0 ... 0
0 0 ... 1

The matrix E, ,, contains one one and n*—1 zeros. The number 1 is on the intersection of n™ line and 7™ row.
Let the element p equal £, ,, on the lower half of S*. One can see that the element E, ,, does not change under
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the transformation described in proposition 2. Therefore, p can be easily extended to the upper half-sphere.
We can define the element p easily to be £, for all points x on the upper half-sphere. Therefore, the algebra 4
contains at least one non-trivial idempotent p (p # 0, p # 1). Using proposition 1, we can construct the idempo-
tents p,, ..., p; such that the minimal Banach algebra containing p,, ..., p, coincides with A. The proof is finished.

Conclusions

Finally, the theory of Banach algebras generated by two idempotents is well known now. The theory of
Banach algebras generated by three idempotents is still not formulated. One can see that complicated Banach
algebras can be generated by three and more idempotents.

It is still an open question: can 2-homogeneous C*-algebra (Prim4 = S*) be generated by finite number of
idempotents?

Several authors considered other questions regarding operators and idempotents. For example, the next
proposition exists.

Proposition 3 [13]. Let H be a separable Hilbert space (finite- or countable-dimensional), let L(H ) be the

space of bounded operators on H, and let I be the identity operator on H. In this case, for any A € C and for
any operator B € L(H ) there are idempotents B, P,, P,, P,, P, € L(H ) such that B+ P, + P, + P, + P, = Al

Also, in work [14] the numbers A € C such that B + P, =Al, B+ P+ B=Al, K+ P, + P, + P, =\l were
described.
Works [15; 16] contain results for the two projections theory.
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AHHOTAIINU AEITOHVUPOBAHHBIX B BI'Y PABOT
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VK 004(075.8)
Benvko O. A. CoBpeMeHHble HH(OPMALMOHHBIE TEXHOJOTUH [DJIEKTPOHHBIN pecypc] : AIeKTpPoH. y4eO.-
MeTo. koMmruieke s cretl. 6-05-0314-01 «Coumonorus» / O. A. Benbko, H. A. Mouceesa ; BI'Y. DnekrpoH.
TekcToBble 1aH. MuHck : BI'Y, 2023. 177 c. : uin., Tabn. bubmmorp.: ¢. 175-177. Pexxum moctymna: https://elib.
bsu.by/handle/123456789/303125. 3aru. ¢ skpana. emn. B BI'Y 10.10.2023, Ne 008410102023.
DNeKTpOHHBIN yueOHO-MeToquueckuit komruieke (QYMK) mo yueoHo# muctuminHe «CoBpeMeHHbBIE WH-
(hopManmMOHHBIC TEXHOJIOTHNY TPEeIHA3HAYCH IS CTYASHTOB criennanbHOCTH 6-05-0314-01 «Cormuonorus.
B DYMK cozneprkarcs TeKINOHHBIA MaTepHall, IUIaHbl JIAOOPAaTOPHBIX PadOT, MPUMEPHBIC TECTOBEIE 3aIaHus,
MIpUMEpHBIE MTPOMEKYTOUHBIE KOHTPOJIEHBIE paOOTHI, BOMPOCHI JUIsI TOATOTOBKH K 3a4€Ty, IPUMEPHBIN Tema-
TUYECKUH MJ1aH, CoJepKaHne yueOHOro MaTepuaa, ClICOK JIUTEePaTyphl.

VIAK 51(075.8)+519.2(075.8)
Benvko O. A. OcHOBBI BbICHIEH MATEMATHKU U TEOPUH BEPOSATHOCTEH [DIIEKTPOHHBIN pecypc] : 3IeKTPOH.
yue0.-MeTo1. KoMmruieke s cretl. 6-05-0321-03 «ConmnansHbie kommyHuKamm / O. A. Benbko, H. A. Mouceesa ;
BI'Y. Dnexrpon. TekcToBbie 1aH. MuHCK : BI'Y, 2023. 244 c. : wi., Tabn. bubmmorp.: c. 241-244. Pexxum nocTyma:
https://elib.bsu.by/handle/123456789/303126. 3arn. ¢ skpana. Jlen. B bBI'Y 10.10.2023, Ne 008510102023.
DNeKTpoHHKIH yueOHO-MeTonndeckuil komruieke (3YMK) mo yuebnoit quctinmumae «OCHOBBI BBICIIIEH Ma-
TEMaTUKHU U TEOPHUHU BEPOSITHOCTEN MpeIHa3Ha4YeH IS CTYJeHTOB crieruanbHocTH 6-05-0321-03 «ConmanbHble
kommyHukauny. B 9YMK conepskarcst 1eKUMOHHBIA MaTepHuall, 3a1aHus AJIsl IPAKTUYCCKUX 3aHITUH, Npu-
MEpHBIC 3aJaHUs IS YIIPABIIEMO CaAMOCTOATEITHLHON pabOTHI CTYACHTOB, TECTOBBIC 3aaHuUsI, KOHTPOJIbHBIC
paboThl, 3a/1aHUS] SBPUCTHYECKOTO THUIIA, BOIPOCHI ISl MIOATOTOBKH K DK3aMEHY, IPUMEPHBIA TeMaTHUCCKHA
TJIaH, CoAep KaHne yueOHOTO MaTepHaa, CIICOK JINTepaTyphl.

VIK 004.925.8(075.8)
Hlonmanwx C. B. MaTemaTnyeckue MeTOAbl KOMIbIOTePHOIi rpaduky [ DIeKTPOHHBINA pecypc] : SJIEKTPOH.
yueb.-meToa. koMruieke s crer. 6-05-0533-11 «IIpuknaanas nHpopMarukay, npopumsanus «Mupopma-
[IUOHHBIE aHAJIMTUYECKUE CUCTeMBD» : B 3 4. Y. 1. Maremarnueckre 0CHOBBI KoMIbioTepHO# Tpaduku / C. B. [on-
TaHioK ; BI'Y. Dnextpon. TekcroBbie maH. Munck : BI'Y, 2023. 240 c. : un. bubnuorp.: c. 237-240. Pexxum no-
cryma: https://elib.bsu.by/handle/123456789/303481. 3arn. ¢ skpana. Jlen. B bI'Y 16.10.2023, Ne 008816102023.
DNeKTpOHHBIH yaeOHO-MeToamueckuii komruieke (OYMK) npenHasHaueH IS CTyICHTOB CIEITHATBHOCTH
«mpuknaanas nadopmaruka». Cogepkanue Y MK npeamnonaraeT u3y4eHue TAKUX BOIIPOCOB, KAK MOJICIIUPO-
BaHME U BU3yaJIM3aLHs IPOCTEHIINX FeOMETPUIECKIX 00BbEKTOB (IIPSMBIX, INTIOCKOCTEH, OTPE3KOB, IIOJIMTOHOB
Y TIONUAAPOB), adh(UHHBIC U IPOCKTUBHBIE TPe00pa30BaHMsl, & TAKKE HEKOTOPBIX APYTHUX BOIPOCOB, CBI3aHHBIX
C KOMIIBIOTEPHOU IpadMKOM M HEMOCPEICTBEHHO OMMpAaoNIMXcs Ha MareMatuky. B Hactosimem DYMK non-
POOHO HM3IIOKEH TEOPETUYECCKHI MaTepuall, IPUBEACHBI TIPUMEPHI PEIICHHS THITOBBIX 33724 ¢ MOJPOOHBIMU
MOSICHEHUSIMH, TTPEJIOKEHBI 3aJa4H JUISI CAMOCTOSTENILHOTO PEIIEHHSI C OTBETAMH JUISI CAMOIIPOBEPKH, a TAKIKE
MIPUMEPHI 3a1a4 TSI KOHTPOIBHOHN paboTsl. KpoMe Toro, mprBeeH BCIIOMOTaTeIbHBIN MaTepral, Conep Kallni,
B YaCTHOCTH, CCBIIKH HA HEKOTOPbIE HHTEPAKTUBHBIE PECYPCHI, KOTOPBIE MOTYT MCIIOIBb30BATHCS MPH PA3ITNYHBIX
BBIYUCIICHUSX B KOMIIBIOTEPHOU Tpaduke.

VIIK 51(075.8)+519.2(075.8)

Benvko O. A. OcHOBBI BbICLIEl MATEeMAaTHKH M TEOPUH BEPOSITHOCTeI [ DNIEKTPOHHBII pecypc] : 31eKTpoH. yue0.-
MeTo. komiuieke s crerl. 6-05-0314-01 «Coumonorus» / O. A. Benbko, H. A. Mouceesa ; BI'Y. DnekrpoH.
TeKcToBbIe JIaH. MuHck : BI'Y, 2023. 245 c. : un. bubnuorp.: c. 242-245. Pexxum noctyna: https://elib.bsu.by/
handle/123456789/303891. 3ar. ¢ axpana. [lemn. B BI'Y 30.10.2023, Ne 009230102023.

OJNeKTpOHHBIN yueOHO-MeToanueckuii koMiieke (DYMK) no ydeOHol aucuuminHe « OCHOBBI BhICIIEH
MaTeMaTHKU U TEOPUH BEPOSITHOCTEN» MpenHa3HaueH AJisl CTYAeHTOB cnenuainbHocTh 6-05-0314-01 «Couuo-
norus». B DYMK coneprkarcs NeKIIMOHHBIN MaTepual, 3alaHus JJIs MPaKTUYECKUX 3aHATHH, TpUMepHbIe
3aJIaHus JUIs YIPaBISIEMOW CaMOCTOSITEIbHOW pa0OThI CTY/ICHTOB, TECTOBBIC 3aJIaHUsI, KOHTPOJIbHBIE pa0o-
TBI, 3aJ]aHUS DBPUCTHYECKOTO THIIA, BOIPOCHI ISl IOATOTOBKH K 9K3aMEHY, PUMEPHBIA TEMaTHIECKUI TIJIaH,
cojiepKaHHUe y4eOHOTO MaTepuaia, CIIMCOK JINTEPATYPHI.
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VIK 517.95(075.8)
Kosnoscras Y. C. IuddpepennuanbHbie ypaBHEHHS B YACTHBIX MPOU3BOTHBIX M UX MPUJIOKEHHS [ DIEKTPOH-
HBIN pecypc] : AIEeKTPOH. yued.-MeTo. Komiuteke s cretl. 1-31 03 04 «udopmarukay / U. C. Kosnosckas ;
BI'Y. Dnekrpon. TekcroBbie AaH. Munck : BI'Y, 2023. 149 c. : wi. bubauorp.: ¢. 148-149. Pexxum nocryna:
https://elib.bsu.by/handle/123456789/304443. 3aru. ¢ akpana. [len. B BI'Y 10.11.2023, Ne 009710112023.
OnekTpoHHbIH yueOHo-MeToanyeckuii komruieke (QYMK) no yuebnoii qucnumae «JIuddepenimanbable
YpaBHEHHUS B YaCTHBIX NMPOU3BOAHBIX W MX MPUIIOKEHUs» pa3paboTaH B COOTBETCTBHU C 00pa30BaTeIbHBIM
CTaHJIapPTOM IIEPBOH CTYIICHH BBICIIEro 00pa3oBaHus s crerranbHoctu 1-31 03 04 «Mudopmarukay. IYMK
npeHa3Ha4YeH U HH)OPMAIIMOHHO-METOAMYECKOT0 00eceYeH sl ITperoaBanust AUCUILTHHBL «{nddepen-
[IAaJHHBIC YPABHEHUS B YaCTHBIX MPOW3BOMHBIX U MX MPWIOKCHUS ISl CTYICHTOB JAHHOW CIIeUATLHOCTH.
B DYMK coxeprxarcsi KOHCIEKT JISKIIMH, IepeueHb JIA00PaTOPHBIX 3aHATHI ¢ MaTepraliaMu il paboThI, 3a-
JTAHWS 110 YIPABIISIEMON CaMOCTOATEIBHOM paboTe.

VAK 004(075.8)
Mouceesa H. A. UndopManmoHHbIe TEXHOJOTHH [DIIEKTPOHHBINA pecypc] : 2IeKTPOH. y4e0.-MeTO/I. KOMII-
nekc i crei. 6-05-0311-03 «Muposas s3xoHoMuka» : B 2 4. Y. 1/ H. A. Mouceesa, O. A. Benbko ; BI'Y.
OnekTpoH. TekctoBble JaH. MuHck : BI'Y, 2023. 138 c. : wi. bubmumorp.: c¢. 137-138. Pexxum nocryna: https:/
elib.bsu.by/handle/123456789/304534. 3arn. ¢ akpana. Jemn. B BI'Y 14.11.2023, Ne 010014112023.
OneKTpoHHBIH yueOHO-MeTonnueckuii komruieke (QYMK) mo yueOHoi#t auctmminne « MTHpOpMaoHHbIe
TEXHOJIOTUU» (JacTh 1) mpenHazHaueH AJs CTyAeHTOB crieuaibHOCTH 6-05-0311-03 «Mupoasi 5JKOHOMHUKaY.
B DYMK conepskarcst TeKIMOHHBIA MaTepHall, IUTaHbI JJA0OPATOPHBIX PadoT, MPUMEPHBIC TECTOBEIEC 3aJaHus,
pUMEpHBIE IPOMEKYTOUHBIE KOHTPOJIbHBIE pabOThI, BOIPOCHI JJIsl TIOATOTOBKH K 3a4€Ty, IPUMEPHBII TeMa-
TUYECKUH IJIaH, collepKaHnue y4eOHOTo MaTepraa, CIUCOK JINTepaTyphl.

VIK 004(075.8)
Mouceesa H. A. UndopmannoHHbIe TEXHOJOTHH [DIIEKTPOHHBINA pecypc] : 2IeKTPOH. y4e0.-MeTO/. KOMII-
nekc i crei. 6-05-0311-03 «Muposas sxkoHoMuKka» : B 2 4. Y. 2 / H. A. Mouceesa, O. A. Benbko ; BI'Y.
DneKTpoH. TekcToBbie JaH. MuHck : BI'Y, 2023. 122 c. : wi. bubnuorp.: c. 121-122. Pexum nocryna: https://
elib.bsu.by/handle/123456789/304537. 3aru. ¢ akpana. [en. B BI'Y 14.11.2023, Ne 010114112023.
DNeKTpoHHBIN yueOHO-MeToanueckuii komiuieke (DYMK) no yuebHol aucuurinae « HpopMaiinoHHbie
TEXHOJIOTUUY (YacTh 2) MpeaHa3HaueH JJisl CTyACHTOB crienuaibHocT 6-05-0311-03 « MupoBasi 5KOHOMHUKAY.
B DYMK conepkarcst IeKIIMOHHBIA MaTepyall, TEMaTHKa U TUIAHbI JIAOOPaTOPHBIX PadOT, TPUMEPHBIE TECTOBBIE
3aJaHusl, IPUMEPHBIE TPOMEKYTOYHBIE KOHTPOJIbHBIE PA0OTHI, BOPOCHI AJISl IOATOTOBKH K 9K3aMEHY, TPUMEp-
HBIH TEMaTUYECKUH MJIaH, CollepKaHue yueOHOro Marepuaa, CIUCOK JINTeparyphl.

VIK 517.9(075.8)

Ieyesuu M. A. Iuddepenunanbabie ypaBHeHHUs [ DICKTPOHHBIN pecypc] : SJIEKTPOH. yuel.-MeTo/. KOMILIEKC
qus crenl.: 1-31 04 02 «Papnodpusukar, 1-31 04 03 «Duzndeckas anekTponukay, 1-31 04 04 «AspokocMuyeckre
panno3NeKTPOHHbIE U HH(POPMALMOHHBIE CUCTEMBI M TexHonorum», 1-31 03 07 «lIpuxnagnas nHpopMaruka
(mo HampaBieHusM)», Hanpasienue cred. 1-31 03 07-02 «[Ipuknaanas nadopmarruka (MHGOPMALIMOHHbIE
TEXHOJIOTUHU TEIEKOMMYHHKAMOHHBIX cucTeM)», 1-98 01 01 «KomnbrorepHas 6e30macHOCTh (110 HaIpaBie-
HUSM)», Hanpasienue crel. 1-98 01 01-02 «KomnbrorepHast 6e30macHOCTb (paguopu3nuecKue METOAbI U IIPO-
rpaMMHO-TexHuueckue cpenctBa)» / M. A. I'meuesny, H. K. ®wmunmosa, A. [1. Ilunun ; BI'Y. Dxexrpown.
TekcToBble aH. MuHck : BI'Y, 2023. 176 c. : un. bubnuorp.: ¢. 171-173. Pexxum noctyna: https://elib.bsu.by/
handle/123456789/304615. 3arun. ¢ akpana. [len. B BI'Y 15.11.2023, Ne 010315112023.

B snexrponnom yuebHo-MeToanueckoM komiuiekce (Y MK) no yuebnoit aucuumiune «Juddepennunansabie
YpaBHEHUSD NPUBOAUTCS KPATKUI TEOPETHUECKUH MaTepral, HEOOXOAMMBIN Il MHTETPUPOBAHUS U aHAJIU-
32 OCHOBHBIX THIOB Au(depeHaIbHbIX YPaBHEHNUH; JaHbl OCHOBBI TEOPUH YCTOWYMBOCTH, HHTETPAIBbHBIX
ypaBHEHUH 1 BAPHALIMOHHOTO HCYHCIICHUS; pa300paHo pereHre O0IBIIOro KOJTMYEeCTBa TUIIOBBIX 3a/1a4; Ipe/i-
JIOKEHBI 3aJ]a4yl [yl camocToaTenbHoro pemeHus. OYMK npennazHaueH Uit CTYIEHTOB U pernojaBaresnei
YUpEkKICHHUH BBICHIET0 0Opa30BaHHUA.



COJEPKAHUE

JNODOEPEHIIUMAJBHBIE YPABHEHUSA
N OIITUMAJIBHOE YITPABJIEHUE

Kopswxk B. U., Pyovko A. B., Konauxo B. B. Pemenus 3aga4 ¢ pa3pbIBHBIMU YCIIOBHSIMH IS
BOJTHOBOTO YPABHEHHUSL «....veuverveeneentenreetrententtnstentensesteeseensensesueessensesseessensessesssensensesseessensenseessensensesssenses

I'pomax E. B., ['pomax B. 1. O MepoMOp(HBIX PEHICHUSIX YPaBHEHUH, CBSI3aHHBIX C HECTAIHO-
HapHOU nepapxXueil BTOPOro YPABHEHUS [ICHIICBE. .......ueivuiiiriiiiiieiiie ettt

MATEMATHYECKAS JIOTUKA,
AJITEBPA U TEOPUSA YUCEJ
Apsuxynoe @., Camcaxog O. Onucanue J0KaJbHBIX OIIEPaToOpOB YMHOKEHUS Ha KOHEUHOMEPHBIX
ACCOITUATUBHBIX QIITEOPAX ... vevvervrerrrersresssessressresseesssesssesssesssesssesssesssesseesssesssesssesseessesssaesseesssesseesseessens
TEOPETHUYECKASA U TIPUKJIAJHASA MEXAHUKA
Cmaposoumos 2. U., JKypaskos M. A., Hecmeposuu A. B. TepmocuinoBoe HarpykeHue yrnpyro-
MJIACTUYECKOU TPEXCIIOMHOM TITTACTHHDBI .eevuvvieeenirieeeniireeesaueteessateeeeaseeessnnseeeasnseeessnseesssnseeessnseeessnsees
BbIYUCJIIUTEJBbHASA MATEMATUKA

Bonxos B. M., Kauanosckas E. M. ITepaninoHHast peanu3anus CIeKTpaabHOro Metona YeOwl-
1IeBa Jijisl TBYMEPHBIX JUTUNTHYCCKUX YPaBHEHUH C IEPEMEHHBIMU KO3 QUIIMEHTAMH ..................

JAUCKPETHAS MATEMATUKA

N MATEMATHUYECKASI KUBEPHETUKA
bypoenés A. B. BoccraHOBJIeHHE aHATTUTHIECKOTO 3aJJaHUsSI TIOPOTOBON A-3HAUHOHN (QyHKIIHH
B y3JI€ 3aIUThl HHPOPMALIMH HPU HETIOTHBIX TAHHDBIX ...cuvevtertetiteeitententeestesentesseessensenseessensensesseenses
TEOPETHYECKHUE OCHOBbI UH®OPMATUKHU

Yorcan Lyaii, I'yaneou Ma, An Betiuen, @an Ky, Abnameiixo C. B. OGHapyx’eHHe aBTOMOOMIIBHBIX
MapKOBOYHBIX MECT Ha N300paXEHUSIX ¢ UCTONb30BaHNEeM MoauduimpoBanHoi Moaenu Y OLOvVS
C TTOJTYKOHTPOIHUPYEMBIM OOYUCHHEM .....cuveuvreutentiteeutententesttententesteestensessesseensensesseessensessesseensensesseensens

Kpacnonpowun B. B., Obpa3zyos B. A. MHOTOYpOBHEBBIE aITOPUTMBI JJIs 38184 IPUHATHS Pe-
HIEHUH IPELEIEHTHOTO THIIA ....veouvenrinrenrentiteeerententeeseessensesseessensesseessensessesssessessessesssensenseeseensensessennes

KPATKHE COOBLIEHUA

Bacwkosckuii M. M., 3adopoorcuiok A. O., Jlocosa A. /. OnieHKH KPUTHICCKUX BEPOSTHOCTEH
MIEPKOJISALIUN Ha KOHCUHBIX KBAJPATHBIX PEILIETKAX ..vevverrversressrersesssessesssesssesssesssessessessesssesssesssensns

Hyxun M. B. O C*-anre6pax, OPOKAEHHBIX HAEMIOTEHTAMH ............oervrverrerersrsesesssssaesesessens

AHHOTaNWU AETTOHUPOBAHHBIX B BITY PAOOT ...ocviiiiiiiiiieii e

106

19

32

42

53

63

72

82



CONTENTS

DIFFERENTIAL EQUATIONS
AND OPTIMAL CONTROL

Korzyuk V. I., Rudzko J. V., Kolyachko V. V. Solutions of problems with discontinuous conditions
fOr the WAVE EQUATION . ......eiiiiiiiiitieitieetieeie ettt et e st e st e e e steesteesteesreesteesbeesseesseesseesseesseesseesseesseesseessens
Gromak E. V., Gromak V. I. On meromorphic solutions of the equations related to the non-sta-
tionary hierarchy of the second Painleveé equation ............cccccovviiiiiiiiiciieieceee e

MATHEMATICAL LOGIC,
ALGEBRA AND NUMBER THEORY

Arzikulov F., Samsaqov O. Description of local multipliers on finite-dimensional associative
Y (S 01 ¢ TP

THEORETICAL AND PRACTICAL MECHANICS

Starovoitov E. 1., Zhuravkov M. A., Nesterovich A. V. Thermo force loading of an elastic-plastic
A TNIEE-AYET PLALE.....uviitiiiiie ettt b e st e s tb e stae s taestt e tbesabesaaeeraesaaenteeneaenees

COMPUTATIONAL MATHEMATICS

Volkov V. M., Kachalouskaya E. I. An iterative Chebyshev spectral solver for two-dimensional
elliptic equations with variable COCTHICIENTS .......cuiviiiiiiiiiieieceeee et

DISCRETE MATHEMATICS
AND MATHEMATICAL CYBERNETICS

Burdeliov A. V. Restoration of the analytical task of the threshold 4-valued function in the infor-
mation protection node with iINCOMPIEte data..........cceviiiiiiiiiiiiiiiee e

THEORETICAL FOUNDATIONS
OF COMPUTER SCIENCE

Zhang Shuai, Guangdi Ma, Yang Weichen, Fang Zuo, Ablameyko S. V. Car parking detection in
images by using a semi-supervised modified YOLOVS model........c.ccccoovviviiiiiinciinciinieie e,
Krasnoproshin V. V., Obraztsov V. A. Multilevel algorithms for precedent-type decision-making
J000] 0] (<311 TSRS U PR USURPRR

SHORT COMMUNICATIONS

Vaskouski M. M., Zadorozhnyuk A. O., Dosova A. D. Estimates of critical probabilities of perco-
lation on fiNIte SQUATE GIIAS....ccuuiiiiieieiie ettt sttt st s bt et e bt e b e e e sneesaeees
Shchukin M. V. On C*-algebras generated by idempotents ...............cocvovveereeerrercrreerceenenenn.

Indicative abstracts of the papers deposited in BSU.........cccooiiiiiiiiiiiiiiiicceeceeen

19

32

42

53

63

72

82

107



JKypnan exmouen Boicuwien ammecmayuonnou komuccueil Pecnybnuxu Benapyco 6 Ilepeuens nayunvix
u30aruil 01 ONYOIUKOBAHUS PE3VILIMATNOE OUCCEPMAYUOHHBIX UCCTE008AHULL NO PUSUKO-MAMEMATNULECKUM
Haykam (6 obnacmu Mamemamuxy u UHGOPMAMuKY), MeXHUYECKUM HayKam (8 obnacmu ungopmamuxu).

JKypuan exniouen 6 naykomempuueckue 6azvl dannwvix Scopus, Mathematical Reviews, Ulrichsweb,
Google Scholar, zbMath, Russian Science Citation Index, PUHL], China National Knowledge Infrastructure.

Kypnaa Beaopycckoro
TOCYIapCTBEHHOT0 YHHBEPCHTETA.
Maremartuka. Undopmaruka.

Ne 3.2023

Yupeaurens:
Benopycckuii rocynapcTBeHHbII yHUBEPCUTET

IOpuanueckuit agpec: np. HesaBucumocty, 4,
220030, . Munck, Pecriy6nuka berapych.
IlouroBsrit agpec: mp. HesaBucumocrn, 4,
220030, r. MuHck, Pecriy6nuxka benapycs.

Ten. (017) 259-70-74, (017) 259-70-75.
E-mail: jmathinf@bsu.by
URL: https://journals.bsu.by/index.php/mathematics

«Kypnan benopycckoro rocynapcTBeHHOTO
yHuBepcutera. Maremaruka. Muadopmarnka»
n3gaetcs ¢ stHBaps 1969 .

Jlo 2017 r. BeIxoaui noja Ha3BanueM «BectHuk BI'Y.
Cepus 1, dusuka. Maremarnka. Unpopmarukar
(ISSN 1561-834X).

Penakropst O. A. Cemeney, M. A. Iloozoruna
Texuuueckuil pegaxrop B. B. [Tuwkosa
Koppexrop JI. A. Mepxynb

TTonnucano B neyars 30.11.2023.
Tupax 55 sx3. 3akaz 1216.

PecmybnnkancKoe yHUTapHOE MPEINIPHATHE
«CrpoitMenuallpoekTy.

JIIT Ne 02330/71 ot 23.01.2014.

V. B. Xopyxeit, 13/61, 220123,

. Munck, Pecniyonuka benapych.

© BI'Y, 2023

Journal

of the Belarusian State University.
Mathematics and Informatics.
No. 3. 2023

Founder:
Belarusian State University

Registered address: 4 Niezaliezhnasci Ave.,

Minsk 220030, Republic of Belarus.
Correspondence address: 4 Niezaliezhnasci Ave.,
Minsk 220030, Republic of Belarus.

Tel. (017) 259-70-74, (017) 259-70-75.

E-mail: jmathinf@bsu.by

URL: https://journals.bsu.by/index.php/mathematics

«Journal of the Belarusian State University.
Mathematics and Informatics»

published since January, 1969.

Until 2017 named «Vestnik BGU.

Seriya 1, Fizika. Matematika. Informatika»
(ISSN 1561-834X).

Editors O. A. Semenets, M. A. Podgolina
Technical editor V. V. Pishkova
Proofreader L. A. Merkul’

Signed print 30.11.2023.
Edition 55 copies. Order number 1216.

Republic Unitary Enterprise

«StroiMediaProekt».

License for publishing No. 02330/71, 23 January, 2014.
13/61 V. Haruzhaj Str.,

Minsk 220123, Republic of Belarus.

© BSU, 2023



