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PATIMOHAABHBIE AIITIPOKCUMAILINN CTEIIEHHBIX,
TPUTOHOMETPUYECKUX PAAOB
N PAAOB ITO MHOI'OYAEHAM YEBBIITEBA
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DTomenscxuii 2ocyoapemeennviii ynusepcumem um. Opanyucka Cropunt,
yn. Cosemckas, 104, 246028, e. [omenwv, benapyco

Annomayus. JI1s TPUTOHOMETPHYECKUX PSIJIOB M PSIIOB 110 MHOTOWIeHaM YeObIleBa orpe/ieIeHbl TPUTOHOMETPUYECKUE
anmnpokcumanuu Dpmuta — [Tage u Dpmura — SIxoOu, TMHEHHBIE ¥ HEMTMHEHHbIE anMpoKcuManui DpMuTa — YeOblmesa.
YcTaHOBIIEH KPUTEPHH CYIIECTBOBAHMS M €IMHCTBEHHOCTH TPUTOHOMETPHUYECKIX MHOTOWIEHOB DpmuTa — [lane, acconnmpo-
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BemmecTBeHHBII, KOMIUIEKCHBIH M GYHKIMOHAJILHBII aHAJIN3
Real, Complex and Functional Analysis

AHanoTHYHbIE Pe3yIbTaThl MOTYUYCHBI JJIS JIMHEHHBIX anmpokcuMarumii Opmuta — Yeosimena. I[TocTpoeHs! mpuMepsl
cucTeM (YyHKLHUH, JJIsl KOTOPBIX CYILECTBYIOT TPUTOHOMETPHUYECKHE alllPOKCUMAIM DpMuTa — SIkoOu 1 HelnnHelHble
anmpoxkcumanuu Jpmura — YeOrbliesa.

Knrouesvie cnosa: anmpoxcumanuu Jpmuta — [ane; anmpokcumarmu [1age — YeOpIeBa; TPUTOHOMETPUIECKHE PSIIIBL;
psinbl Mo MHOTOWIeHaM YeOblesa.

bnazooapruocms. PaboTa BBINOTHEHA B paMKaX rOCyIapCTBEHHON MPOrpaMMbI HayYHBIX HCcieaoBanmii « KoHBepreH-
ust-2025».

RATIONAL APPROXIMATIONS OF POWER SERIES,
TRIGONOMETRIC SERIES AND SERIES OF CHEBYSHEV POLYNOMIALS

A. P. STAROVOITOV? I. V. KRUGLIKOV®, T. M. OSNACH*

*Francisk Skorina Gomel State University, 104 Savieckaja Street, Gomiel 246028, Belarus
Corresponding author: A. P. Starovoitov (svoitov@gsu.by)

Abstract. In this paper, we defined trigonometric Hermite — Pade and Hermite — Jacobi approximations as well as
linear and nonlinear Hermite — Chebyshev approximations for trigonometric and Chebyshev series. We established the
criterion of the existence and uniqueness of trigonometric Hermite — Pade polynomials, associated with an arbitrary set
of k trigonometric series, and we found the explicit form of these polynomials. Similar results were obtained for linear
Hermite — Chebyshev approximations. We made examples of systems of functions for which trigonometrical Hermite —
Jacobi approximations existed which were not the same as trigonometric Hermite — Pade approximations. Similar examples
were represented for linear and nonlinear Hermite — Chebyshev approximations.

Keywords: Hermite — Pade approximations; Pade — Chebyshev approximations; trigonometric series; series of Che-
byshev polynomials.
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Beenenue

Teopus annpoxcumanuii [lage siBiseTcs OAHUM U3 UHTEHCHUBHO Pa3BHUBAIOLINXCS Pa3ZesIOB KOMIIJIEKCHOTO
aHanu3a. KoHCTpyKIus MOCTPOEHMs TaKUX alNpOKCUMAalMi B HEKOTOPOM CMBICIIE YHHUBEpCAJIbHA: UX aHa-
JIOTH MOKHO MTOCTPOUTH, B YACTHOCTH, AJIS TPUTOHOMETPUYECKUX PSIIOB, PSIIOB [0 MHOTOWwIeHaM YeOblieBa
u mHorowsienam @abdepa. B mocnennue rogsl Takoro poaa 0000ILEHHS HAIIUI MHOTOYHCIICHHBIE TPUMEHEHUS
B Pas3iMYHBIX 33aJa4ax aHaliu3a, IPUKIaJHOH MaTeMaTHKH, TEOPETHUECKON (PU3UKH, MEXaHUKH, Te0()U3NKH
(cwm., Harpumep, [1-6]). Annpokcumaruu [lage — YeObleBa Hapsay ¢ KIACCUYECKUMH alIPOKCHMAIUSIMU
[ane dakTruecku cramu [7] HEOThEMIIEMO YacThIO HAyYHBIX U TEXHUUECKUX PACUETOB, OTPAKECHUEM 3TOTO
SIBIISIETCS CO3/1aHKE CIIEIMAIbHBIX TPOrpaMM JUIs UX HaXOXKAEHUS B U3BECTHBIX KOMITBIOTEPHBIX cucTeMax [3; 8].

[osiBieHMIO IBYX pa3iWYHBIX MOIXOAOB NpH onpeaeneHun annpokcumanuii [lage mbl 06s3ans! [ dpobde-
uuycy [9] u K. SIxo6u [10]. OTi nBa noaxona, NpUBOASIIME K Pa3HBIM alllIPOKCUMAIIHSAM, COXPAHSIIOTCS ¥ IPU
MIOCTPOEHUH MX aHAJIOTOB JJISl TPUTOHOMETPHUECKUX PSAIOB M PAJOB 10 MHOrowieHam YeObiuesa. [Ipudem
€CJIM JUIS CTETIEHHBIX PSAJI0B Pa3IMYKs B BOIPOCAX CYLIECTBOBAHUS M €AMHCTBEHHOCTH MEX/Y ABYMs BUJIAMU
TaKUX anmpoKCHUMaIMi XOpoIo u3y4eHs! [11], To ans ux o000meHni i B 3TOM HalpaBJICHUH CIIEJIaHbl JIUIIb
nepBble maru [7; 11; 12].

Konctpyknus, ananornunas koncrpykuuu K. SIxoou [10], Ho mpeanazHaueHHast 17151 OAHOBPEMEHHOM HHTEP-
MOJISIMU HECKONBKUX (YHKIMIA, Obl1a pazpadortana L. Opmurom [13] u jera B 0CHOBY ero J0Ka3aTeinbCcTBa
TPaHCLEHJCHTHOCTH uncia e. B pabore [13] BuepBbie NOSBIINCH pallHOHAIBHBIE IPOOU, KOTOPBIE B HACTOS-
1iee BpeMs MPUHATO Ha3bIBaTh anmnpokcumanusaMu Opmura — [lage. Cienyer cka3arh, 4TO alpOKCUMALUN
Opmuta — [lage ans cuctemMbl GyHKIOHMHA Takke MOTYT OBITh IBYX BHIOB. Jlajee OyaeM MX Ha3bIBaTh aIllpoK-
cumanusivu Opmuta — [lane u annpokcumanusivu Opmuta — Skoou. M3nauansno L. Dpmur paccmarpuan
OZIHOBPEMEHHYIO HHTEPIIOJISIINIO HECKOJIBKUX SKCIIOHEHIMAIBHBIX (GYHKIHMN. B 3TOM cityuae 00e KOHCTPYKLUH
palMoHATIbHBIX ApoOei coBnanarotr. (st mpou3BOIBHOM cUcTeMBbl GYHKIHIA 3TO He Tak. OTMETHM TaKkKe, YTo
B HacTosllee BpeMs anmnpokcumanuu Dpmuta — [lage nocrarouno xopomio usyuensl [11;14; 15] n Hammu
MHOTOUYHUCIICHHBIE IPUIJIOKEHHSI B PA3IMUHBIX 001acTsIX anreOpbl, aHanu3a u coBpeMeHHon ¢usuku [16-26].
Bmecte ¢ TeM OCHOBHBIE CBOWCTBA X 0000IIEHNH, HAPUMED, ISl TPUTOHOMETPUUYECKUX PSIIOB U PSIOB 110
MHorouwieHaMm YeOblieBa, HACKOJIBKO HaM M3BECTHO, OCTAIOTCS TIOKA HE UCCIIEJOBAHHBIMH.
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HacTosimas pabota rnmocssieHa nocTpoeHHI0 aHAIOToB anpokcumanuii Dpmura — [age n Dpmura — SAxodun
JUISl TPUTOHOMETPHYECKHX PSJIOB | PsiIoB 10 MHOTouweHaM YeObiesa. C popMatbHOM TOYKH 3pEHUSI OTIpe/ie-
JICHWE HOBBIX KOHCTPYKIIUH pariMOHaIbHBIX APOOEH ISl TAKKX PAJIOB OCOOBIX TPYAHOCTEH HE MPECTAaBISICT.
Bwmecrte ¢ TeM ¢ monyueHreM KaKHX-JIN00 COepKaTeIbHbBIX PE3yIbTaToB O CYIIeCTBOBAHUN U €JMHCTBEHHOCTH
HOBBIX aMMpPOKCUMAITUH 1eTI0 0OCTOUT HE TaK IMPOCTO, KaK B CIy4Yae cO CTEIICHHBIMU psinamu [6; 7; 11; 27-29].

Annpoxcumanuu Ipmuta — [age

[IpuBeseM HEKOTOpBIE XOPOIIO MU3BECTHBIC (aKThl TEOPUH armpokcuManmii dpmura — [lage. s npous-
BOJIbHOH (pyHKLIIMH [ (z), MIPEICTaBIEHHON CTEIIEHHBIM PSIOM

£(2)=3 £ (1)
1=0

M KaKI0ii 11apbl (71, m) LEIbIX HEOTPHLATEIBHBIX YHCEN CYIIECTBYIOT anrebpandeckue Muorownensl O, (z),
degQ, < m, P,(z), deg P, < n, 1st KOTOPBIX

0,(2)/(z) - B (z)=0(=""""") b

31eck U janee noj O(ZP ) TIOHUMAeM CTerieHHoit psit Bua ¢;z” + ¢,z” 7' + ... . Muorounenst 0,(z)u P,(z)

F(2)

yCioBHeM (2) ONPEICISIOTCS He SIMHCTBCHHBIM 00pa3oM, OXHAKO Apodu t,, ,(z) =, (25 /)= ompe-

AEJSI0T OJIHY M Ty 7K€ PallMOHAJIBbHYIO (DyHKIIUIO HE3aBHCUMO OT TOr0, Kakue Obl MHOTOWIEHH! 0, (z), P,(z),

ynoBieTsopsonye (2), Ml He B34H [ 15, mi. 2]. Panponansnsie 1podu «t, ,, (z) MIPUHATO Ha3bIBATh AIIIPOKCH-
marusami [Mage nin @pobennyca —Ilaze (B kauecTBe onpeneneHus ©, , (z; f ) COOTHOILEHHS (2) BIiepBbIE ObLIN

npemioxkeHsl . dpodernycom [9], aBtopcTtBo A. Ilame ocHoBbIBaeTcs Ha ero amccepranuu [30] 1892 1.).
Eme panbmre (B 1846 1) moxoxkas 3amada m3yqanack K. Axo6u [10], kotopsrit 0600mmn pesymnsrar O. Komm
0 palMOHANEHOW MHTEPIOJSANNY (PYHKIUH, 3aJJaHHON B 7 + m + 1 paznmuaHbix Toukax. K. SIkobu paccmorpen

(n +m+ 1)-KpaTHy}0 PaLMOHAIBHY0 UHTEPIIOJBILUIO B OHOU TOUKe. Ero KOHCTpYKLUS PUBOIUT K CIIELYIO-

LIEMY ONPEIEIICHUIO. P ( )
~ ~ Z (V3
Onpenenenne 1. Pauonansayio 1pods T, , (z) =T, (z; f ) = Q”—(), B KOTOPO anredpandecKue MHOTO-
z
m

~

yjeHsl 0, (z), P, (z) MMEIOT CTEIICHU COOTBETCTBEHHO HE BBIIIIE /71 U 11, Oy/IeM Ha3bIBaTh anmpokcuMariueii [Tage —

SIxoOu y1st mapel (n, m) u QyHKuuu f (z), eciu

£ (2) n+m+l
z)———=-=0|z .
16 - =)
Anmpoxcumanmu [lage — Sxobn fcn,m(z; f ) MoryT He cymectBoBath [11, m1. 1, § 1.4]. [lepBolii 3HaUNMBII
PE3YJIBTAT B UCCIIEIOBAHUH YCIIOBHH, IPU KOTOPBIX T, . (z; f ) cymectByer, Obu1 mosryueH K. Skoou [10]. Bee-
JIeM B paCCMOTPEHHUE OIpeAeIuTeNn Aamapa

]{nfm+l ﬁ,,erz J[n
Hn,m: ﬁqu+2 f}:l*m+3 ]:1+1 , (3)
fn fn+1 fn+m—1

3IIEMEHTaMU KOTOPbIX SABIIOTCS Ko duiuenTsl paga (1). IIpu / < 0 B (3) cuutaem, uro f; =0.

Teopema 1 [10]. Eciu onpederumens H, , #0, mo annpoxcumayuu Ilade — Sxobu ﬁn,m(z; f ) cyujecm-
syomu®, ,.(z f)=mn, .(z 1)

[onHoe uccenoBaHUe yCIOBH, P KOTOPBIX 7, (z; f ) cyuiectyert, nposen Jx. beiikep [11, 1. 1, § 1.4].
B aroii cBs3m 7T, , (z; f ) Ha3bIBAIOT TakxKe anmnpokcuManusimu [1ane B cmbiciie belikepa.

Paccmotpum cucremy ¢ynknuii f= ( Jio oo S ), MPeACTaBICHHBIX CTEIICHHBIMH PAJaMU
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fj(z)z Zf,jzl, j=1 ... k.
1=0

MHOKeCTBO k-MEPHBIX MYJIBTUMHJIEKCOB, SBJIAIOLINXCS YIOPAA04EHHBIM HAOOPOM A IENBIX HEOTPHUIATEIbHBIX
ancen, 0603HaunM depes Z . TIopsiok My TsTHHH/CKCA /71 = (my, ..., m; ) e 75 —ot0 cymmanm=m + ... + m.

3aduKcupyeM HHACKC K € ZL 1 MYJIBTUUH/IEKC 11 = (ml, . mk) U paCCMOTPHUM 3aJ1a4y, B YaCTHOM CiIy4ae I0-

CTaBJICHHYIO U penreHnyo L1, OpmuroM, a B oKoOHUATEIEHOM BHjIE chopmynrpoBanayto K. Manepom [14] (mox-
pobuee cM. [15, r. 4, § 1, 3amaga A]).
3apaua A. Haiiti ToXX/1€CTBEHHO HE paBHBIN HYIIO MHOTOUIEH Qm(z) =0, ,;l(z; f ), degQ,, < m, u MHOTO-

J —_ pJ . J — _
YJIEHBI Iqu (Z) = Pn’,;,(z, f), deg};j <n;,nj=n+m-—m, YTOOBI

j " Cpifa)_ nemal\ .
R} +(2)=0,(2) £;(2) - B/ () =0z ) i=1 .k 4)
Onpenenenne 2. Muorounensl Q,,(z), Pnll (2), .. Ei (z), ynonerBopsiromye ycinoBuo (4) (pemeHue 3a-
Jadu A Bcerna cyniectByer [15]), u panroHalibHbIC Jpoou
,. P ()
. ’f = — ,f ZJ—, .=1,...,k,
TE.] (Z ) nnj,n,m (Z ) Qm(Z) J

Ha3bIBAIOT COOTBETCTBEHHO MHOTOWIeHaMu Dpmuta — [lage n annpoxcumarusimu Ipmuta — [lane nmist MmynsTu-
HWHJIEKCA (n, rTq) U cuctemsl f. .
Oco0bIil MHTEpEC MPEICTABISIFOT CUCTEMBI f, 1T KOTOPBIX IpoOu {n j (z; f )} | OIHO3HATHO ONPENIENSIOTCs
j=

yCIoBHIMH (4) TSI TI000TO MYIBTHHHICKCA (n, 771) BaskHBIM IPUMEpPOM TaKUX CHCTEM SIBJISTIOTCST COBEPIICH-

k
% A
Hele cucteMsl [15]. CosepuieHHol sBiseTcsa cucrema E, = {e g Z} , TI€ A; — PasMYHbIC HE PABHBIC HYIIO
=1
k
KOMILIeKcHbIe uncia [15]. [IpuMepbl cucteM, OTIIMYHBIX OT COBEPIICHHBIX, JUISI KOTOPBIX APOOH {nj(z; f )} ]
=
OTIPENICIISIFOTCS OIHO3HAUHO, MpuBe/icHbI B [31; 32]. B aTHX paborax Haii/icHbl HEOOXOAUMBIC U JIOCTATOYHBIC
YCIIOBHSI, ITPH KOTOPBIX 3a7a4a A UMeeT eINHCTBEHHOE PElIeHHE.

AnnpoxkcumManuu IpmMuta — SAxodu

Beenem B paccMoTpenue kpatHbie ananoru apooeii K. SAxoou [10].
Onpenenenne 3. PanronanbHele QyHKINT BUIA

~

) (2)

fcj(z; f):ﬁ'{;_ nﬁ(z; f):A—, j=L ...k,

” n(2)

rac anre6panqecxne MHOI'OYJICHBI Qm(Z) = Qn n (Z; f), }Snj (Z) = ﬁnj n (Z; f) HUMCIOT CTCIICHN COOTBECTCTBECHHO
> ! >

g

HE BBILLE M W N}, n;= N + m — m;, Oy/leM Ha3bIBaTh ANNPOKCUMALMAMU DpmuTa — SIKOOH JUIst MyJIbTHHH/IEKCA
(n, ﬁ’z) u cucteMsl pynkuui f, ecnn

Bl (2)
fi(z) -—=——==0(z"""""). )
MHoroujieHbI Qm (Z), ﬁ:}l (Z) g eens éﬁ (Z), YAOBJICTBOPAIOIINE YCIOBUAM (5) (I/IX 6y2[eM Ha3bIBaThb MHOI'OYJIC-

Hamu Dpmuta — SIkoOm), Kak U arnrpokcumaruu JDpmuta — SIkoOu, MOTyT He CylecTBoBaTh. [IpuBenemM coot-
BETCTBYIOLIUH TpUMEp.

Mpumep 1. Ilyctb k=2, n=1,m =m,=1, fi(z)=2+ 24222+ 2+ 20+ 2+, f(z)=1+z +22% +
+327+ 420+ 527+ .
Torga m =2, ny = n, = 2, a MHOTOWIEHBI, YIIOBJIETBOPSIOLINE yCIOBUAM (5), IPH MOIXOASIIEM BBIOOPE HOP-
MUPYIOLIEr0 MHOXKHUTENSA TOJKHBI UMETh BUJL Qz(z) =z- 222, 1321(2) =2z — 322, }322(2) =z-z% Mexay Tem
JJIA TAaKUX MHOI'OYJICHOB

£(2)-E22 2 0(), o) - 225 0(+)

z—2z° z—2z
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3ameuanue 1. VI3 onpeneneHuil CIGAyET, 9TO SCITH IS (n, ﬁq) 1 f CyIIecTBYIOT armIpoKCUMAITH JPMHATA —

SIxo0m, TO OHM SBJISIOTCS M anmpokcuManusaMu Ipmuta — [age. [Ipumep 1 mokaspIBaet, 9To 00paTHOE YTBEPIK-
JICHUE HE BEPHO.

O0o0menne Teopemsl SAxodu

Beenem HOBbIe 0003HaueHus. J{s uHJEKCA N € Zl+ U HEHYJIECBOTO MYJIBTUUHICKCA 7 = (ml, ey ) pac-
CMOTPHM OTPEACTUTEIH
1 1 1
f;;—ml-#l fn—ml+2 f;‘q
1 .
H fl fl fl
2 n n+1 cee n+m-—1
H, ;. =det = ,
k k k
Hk fnfmk+l ﬂfkarZ fnk
k k k
fn fn +1 cee f;l +m—1

npu m; # 0 cocrosimii u3 6nokos H’, pacnionosxkenubix Apyr Haa apyrom. [pu / < 0 spech nonaraem f/ =0.
IMo onpenenenuto cunraem, uto npu m; =0 H, ; He conepxut ook H’.

Hmeer MecTo creaylomunii KpaTHbIA aHaJIor TeopeMbl SIKoOH.

Teopema 2 [33]. Ilycmob O mynomuunoexca (n, ﬁq) € Zﬁ”, m# (O, oo O), u cucmemol pynxyuii f onpe-
oenumensy H, .. #0. Toeoa ors (n, 177) u f annpoxcumayuu Spmuma — Hxobu cyuecmeyiom, onpeoensitomcs
EOUHCMBEHHBIM 00PA3OM U CRPABEOUBLL PUBCHCIEA

ch(z; f)=nj(z; f),j=1,...,k. (6)

Omnpenesienne 4. Cucremy f Ha30BeM BIOJHE COBEPILICHHOM, €CITH IS JIIOOOr0 MYyJIBTHHHIIEKCA (n, ﬁ1) € Zlfr”

nuis j=1,..., k degQ,, =m, degP,f =n;, HOJ (Qm, Pnf)zl
J J

B [32] nmoka3aHo, 4TO €CJIi CHCTEMa BIIOJIHE COBEPIIICHHA, TO JUIS TF00Or0 MYJIBTUUHIICKCA (n, ﬁa) ompee-

marens H, 5 # 0. CienoBareibHO, CIpaBeInBO CIEAYIOIICe YTBEPKICHHE.

Caeacrue 1. Eciu cucmema f 6nonne cogepuienna, mo 0is 1106020 My1omuuHoexca (n, nﬁ) cyujecmsyiom

annpoxcumayuu Ipmuma — Hxkobu u cnpasedusvl pasencmaa (6).
k

o o iz
BriosiHe coBepIIeHHOM CHCTEMOMH SBIISIETCS, HAIPHIMED, YITOMSHYTas BBIIIE CHCTEMA SKCIIOHEHT E, = {e ! } 1
=
PaccmotpuM sipyroii npuMep cucTeMbl (QyHKIUH, YAOBICTBOpsiolIel ycnosmsiM teopemst 2. ITycrs Ey , =

k
- {Ey (K jZ)}.  Tae E,(z) npesicTaBuMa CTENIEHHBIM PAIOM

E,(2)= 20 (i; . ()

B onpenenennn E, , u Beipakennu (7) npeanonaraercst, 4ro napamerp y e R\Z _, Z_= {0, -1, -2, }, (y)O =1,

(y)p = y(y + 1) (y +p- 1) — cumBod [loxrammepa, a {k ; };:] — pa3MYHbIE HE paBHbIE HYJIO JEHCTBUTENb-

HbIe yucia. OYHKITIH Ey(z) BBeneHbl M. Murrar-Jleddmepom [34] B kauecTBe 00001IeHNST TTOKA3aTEIIBHOMN

(yHKINY, B 4aCTHOCTH £, (z) = exp z. PaBHOMEpHasI CXOXMMOCTb arpokcumanuii Ipmura — aze 7; (z; E, y)

K pyHKUINHN Ey(ljz) Ha xkommnakTax B C npu k =1 nokazana M. ne bproenom [36], a npu £ > 1 — A. 1. Anre-
KapeBbIM [35]. ACHMITOTHKA 9TON CXOAMMOCTH UccineoBanack B [37]. B [35] nokasano, 4ro npu n2m; —1
uj=1...,k%k

n+m+ +0o0
z Y

05 B ) =t |

U, (x)e dx, (®)

10
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) ex,ZZn+m+1 X ~
Rr{,ﬁ,(z' E ,y) W{!UY(X)e dx, (9)
n+m

yi (s F(x) — ramma-pysKIms Dittepa, a
k
Uy(x)zx"””H(x—?Lp) ", (10)
p=1

n+vy

Packpsisas B (10) cko6ku, monyanm U, (x)= X"l 4 bx" 7T b £ 0. Tak kak

+00

0 z '

F(n+y) m

TO Qm(Z, Ek,y)zl-i‘ Lot bw+—w

— MHOTOYJIEH cTeneHu mu 0, (0; | D ) =1.Orcronanpun=m; —1
cenyer [35], uro H,  # 0. Torna cormacHo Teopeme 2 st (n, ﬁ'q) npu 12 m; —1 B HEKOTOPOil OKPECTHOCTH
HYJIS

P/(# Ey,) 0

E,(2;2) - W= >l j=1. Lk (11)
z I=n+m+1

Baxno, 4To 1pu 10cTaTOuHO OOJBIINX 71 B KAY€CTBE TAKOW OKPECTHOCTH MOYKHO B3ATh OTKPBITHIN KPYT C IIEHT-
POM B HYyJI€, PaANyC KOTOPOTO O0JIbIIe 3HaueHHs 1. DTO yTBEpKACHHUE SIBISETCS CIEICTBUEM OCHOBHOM JIEMMBI

paborei [35]: cornmacHo nemme Hynu O, (z E, ) MIPH JOCTATOYHO OOJIBINUX 72 JIEKAT 3a MpeJielaMy YKa3aH-

HOTO Kpyra. 13 dhopmymsr (9) momydaem

=
L x,_l( IU
n+m 0

Tpuronomerpuyeckue annpokcumanun Jpmura — [lage

ycts f'= ( £y fk’) — Ha0Op TPUTOHOMETPHUUYECKUX PSAI0B
. al &y -
];.(x):7°+Z(a/coslx+b/s1nlx),jzl,...,k, (12)
=1

¢ neiictBuTeabHBIMU KO3 duimentamu. CuuraeM, uro psisl (12) cxomsarcst morouewHo npu Beex x € R. 3a-
uxcnpyem nuzexc 1 € Z\, 1 MyIETUHHIEKC 772 = (my, ..., M, ) H PACCMOTPUM CIEYIOLLYIO 3a/1a4y.

3amaua A'. JIns HaGopa TPUTOHOMETPHUECKHX PsI0B (12) HAlTH TOXIECTBEHHO HE PABHbI HYIIIO TPHIO-

HoMeTpuueckuii MHorouwner O, (x)=0, ,;l(x; f t), deg Q! <m, n Takve TPUTOHOMETPUIECKHE MHOTOUIEHBI

Pj’(x) :Pn’/_,n’,h (x; ft), deng’ Sn, n=n+m-—m, YTOOBI

R;(x) = an(x)];.’(x) —f}’(x) = Z (&/coslx + l;/sinlx), j=1L..., k. (13)

I=n+m+1
OueBUAHO, YTO MHOTIOYJICHBI Q,’n(x), I;’(x) ONPEIEIISIIOTCS. HEOAHO3HAYHO: €CIM Iapa (Q,’n, P ), e
P = (Pl’, o ), ynosiersopset (13), To aj1s 1060ro OTIIMYHOTO OT HyJIA YMcla A HOBas mapa (kQ,’n, AP ),
rae AP = (XP’, ey AP ), TAKKE YIOBJIETBOPSET (13) HeemmHCTBEHHOCTD MOXKET OBITh 1 00JI€€ CYIIECTBEHHOM.
Hpumep 2. [lycte k=1, n=2,m=1,a f Zal cos/x, tme
I=1

11
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2,ecmn [ =1, 2, 4,

a, =14, ecin [ =3,

, ecmm [ > 4.

Toraa moGoe pernenue 3a1aun A UMeeT BH (kQ{ , AP ), A eC, A0, rne muorounensi O (x), B (x) B xomi-
JIEKCHOH (hOpMe 3aliCH ONPEENIIOTCS PABEHCTBAMH

Ol (x)=ae™ - axo ; b + be™,

P’() a+3b o2 b—ae_»

a-b .. 3a+b
“ra+b+ e’ + e

2

B KOTOPBIX a U b— MMPOU3BOJIBHBIC HeﬁCTBHTeJ’ILHLIe qucia, HC paBHbBIC HYJIFO OITHOBPEMCHHO.
Onpez[e.ne}me 5. By/:[eM TOBOPUTH, YTO 3aaa4a At HUMECT CAMHCTBCHHOC PCIICHUC, €CIIN IJIA TIIOOBIX ee pe-

1IeHui (Q,’n, 13’) u (éfn, 1%;) Hal{IeTcs YnEIo A Takoe, uTo (Q’n, 13’)= (kéfn, AP )

2

Omnpenenenne 6. Ilycts napa (an, P ), e P'= (PI’, ey Pk’ ), SIBJISIETCS PELLIEHUEM 3a]1auu A". Toraa mHO-
rounenst Q) (x), B'(x), ..., B (x) u paunonansHeie Apodu
[ﬂ(x)
f')=n' ) =22, j=1,...,k
o)1)=

OyZieM Ha3bIBaTh COOTBETCTBCHHO TPUTOHOMETPHYCCKIMH MHOTOWICHaMH DpMuTa — [lasie u anmpoxkcuMarmsMu
Opmuta — [lage ams MmyasTUMHIEKCA (n, %) u cuctemsi f. .

Ecin 3amaua A' IMeeT eUHCTBEHHOE pelieHue, To armpoOKCUMAIIAN {n’. (x; £ )} » OTIPE/ICTISIIOTCS OJTHO-
3ra4Ho. [Ipu k =1 gocTaTodHOE yCIIOBUE €IMHCTBEHHOCTH PEIICHHUS 3a/1auu Al nonyquO B [38]: nnsa enuHCT-

BEHHOCTH JI0CTATOUHO, 4To0bI onpenierutens A'(n, m)# 0 (cu. nanee onpenenenne A'(n, m)). B [38] Haitnensr
SIBHBIC JICTEPMHUHAHTHBIC (POPMYJIIBI 111 MHOTOUJICHOB Q,’n(x), Pl’(x), aHAJIOTHYHBIE (hopMysaM s anredpan-
yecknx muorounenos Haxe 0,,(z), P,(z) [11]. Ipn k=1 apobu | , (x; f t):: T, ,,(X) HaspIBaKOT TaKKe
TPUrOHOMETPHYECKUMH armpokenmarismu [age. OTMeTnM oHO BakHoe oTmidue T, ,(x) ot 7, ,,(z). s
moQoii Mapel HHAEKCOB (71, m) anmmpokcumaumn T, ,,(z) onpenenstorcs oxHo3HauHO. TPHIrOHOMETPHYCCKHE

anmpokcumarmu [lane ), (x) 3THUM CBOICTBOM He 00nanatoT. Takoe 3aKiItoueHre MOXKHO CAEIATh, ONUPAsCh
Ha npumep 2.
Banuutem psizbl (12) u Muorounens: Q) ( ) P’( ) B KOMILJIEKCHOMH (hopMme:

+00

F()=  ele j=1k 14
[l =-0
an(x)z i upeipx,jzl,...,k, I;’(x)z Z vlfe’px, (15)
p=-m p==n
j j_ G g_ai—ibl o L
rue up,vpe(C,c —7, c; —T, cy=¢/,j=1..,kl1=1,2,.... Torna
+00

Ri(x)=" > (¢e"+&e™) j=1,..k (16)

I=n+m+1

Kaxnomy / € Z noctaBuM B COOTBETCTBHE MATPUIIBI-CTPOKH, COCTOSIINE U3 KOADDUITUSHTOB psfoB (14):

J J VAN J J P—
(Cl_(cl+m Com-1 - S G G o Copg cl—m)’J_l""’k’

12
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» ilm—1 (m—1 _
a YHCITy X — MaTPHUIy-CTPOKY E,’n(x)z(e e p7im=lr IR e’mx). Jlnst 3a1aH-
HOTO j € {1, ooy k}, (DMKCHPOBAHHBIX MH/IEKCA 71 € 7., 1 HEHYNEBOro MyJIbTHHHJIEKCA 771 = (mv ey T ) B TIpe/I-
TIOJIOKCHUH, YTO m; # 0, ONPeIeINM MaTPULIBI OPSIAKA M, X (Zm + 1)

J J J
an+m+mj cn +m+m; -1 cn —m+m;
J J J
F/ Cn/-+m+m/—1 cn‘/-+m+m/-—2 cn/-—m+m/—l
+ s
J J J
an+m+1 cn +m an—m+1
J J J
cfn-+mfl c—nj+m—2 cfnjfmfl
J J J
Fj = cfnj+m72 cfnj+m73 Cfnjfm—2
J J J
cfnj+m7ml- cfanrmfmjfl cfnjfmfmj
PaccmoTrpum onpenenutens mopsaka 2m + 1
~ T
F+
1
F+
t
D(n,m x) det Em(x)
1
F
k
F’

B ciy4ae ecim m; =0, cauraem, 9TO ONPEACITHTEIb D(n, m; x) He conepxut Omok-marpun F/. O6o3Ha-

yuM uepe3 H ,’Z ;» MaTPHILy MopsaKa 2m X (2m + 1), MIOJIYYEHHYIO U3 3JIEMEHTOB onpezxenmem D(n, m; x) noc-
JIe yIalleHus B HEM (m + 1)-171 crpoku E! ( ) Ecnu B onpenenurene D( ) crpoky E! ( ) 3aMEHUTDL Ha
ctpoky C{, omyunm HOBBIi onpeemutens d; (n, ii). OGo3naunm yepes A* (n, 1) OTIPEICIUTENb ITOPsKa 2,
TOJly4CHHBIN B pe3ylbTate BerdepkuBanus B onpenenutrene D(n, m; x) (m + 1)-it crpokn u (m + 1)-ro cronGua.

Oupenenenne 7. Mymstunnzexe (n, m) e Z4+, ii# (0, ..., 0), Gynem HasbBaTh craGoHOpManbHBIM s £

€ClIn H m JABIICTCA ManI/ILIeI/I MOJIHOTO paHra, T. €. rank Hn _=2m.

Orlpezlenelme 8. Cucremy f' HasoBeMm ciaGocoBeplLeHHOl, ecu Bee MynsTHUHAEKCH (1, i) € ZX ™, it #
# (O, oo O), SIBIISIFOTCSL CJIA0OHOpMaIbHbIMHU Jist !

Teopema 3. /{11 moeo umobvl 015 hukcupo8anino2o mynomuunoexca (n, 171) m# (0, oo 0), u cucmemi f*
3adaua A' umena eduncmeennoe peuienue, HeoGX0OUMO U OOCMAMOUHO, YMOObL MYTbIMUUHOEKC (n ﬁ1) ObL1
cnabornopmanvnoin ona £, m. e. rank H' . =2m. Ecnu rank H! . =2m, mo npu evibope coomeemcmeyioujezo
HOpMUPYIOWe20 MHOMCUmens Ons peuienui 3a0auu Al cnpa@edﬂuebl npeocmasnenus (j=1,..., k)

0,,(x)=D(n, m; x), (17)

Z d/(n, m)e™, (18)

R;.(x) = Z (d’(n im)e” + d’ (n, rﬁ)e*"”x). (19)
p=n+m+l

JlokaszaTenscTso. [TycTs nckombrii Muorodnen Q' (x) nmeet Bu (15). [Tocne nmpeoOpa3oBanmii momyvaem
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an(x)];t(x): i Z Czjfp u, Z G

rae
= Z cljfpup,leZ. (20)
p=-m

Beibepem kOdQQUILNCHTBI U ,, p = —m, m, MHOTOYICHA Q,’n(x) TaK, 9TOOBI

¢l =0, lzi(nj +1), e i(nj + mj), j=L ...k,
n,
11 - ~J _ipx 11 ¢
U JI0IyCTUM, 4TO P, (x) = Z clf,ep . O4eBuIHO, 4TO BEIOPAHHBIE TAKUM 00pa30M MHOrouseHsl O, (x), P. (x)
p=-n
yA0BIeTBOPSIEOT yciaoBusM (13) u (16). OcTtaercs uccaenoBarh COBMECTHOCTh CUCTEMbI IMHEHHBIX YPaBHEHUN

Z c,fp u,=0,1= +(n +1) (n +m) j=1..., k. (21)

Cucremy (21) MOXHO 3anmcath B MarpuaHoil hopme H,, su'=0" e wu= (u_y, U Uy U . Uy )

MaTpHLA-CTPOKA HEU3BECTHBIX KO3((HUINEHTOB, a 6 — MaTpua-cTpoka nopsiaka 1 x (2m + 1), BCE 3JIEMEHTBI
KoTOpoit HyneBsle. [lockonbky cuctema (21) siBIseTCS ONHOPOIHON W B HEHM YMCIIO HEM3BECTHBIX 2m + 1
Ha eJIMHUIlY OOJIbIIE YuCia ypaBHEHUH 2m, To U3 TeopeMbl KpoHnekepa — Kanemnu cieayer, 4ro y cucre-
MbI (21) nMeeTcs HeHyJeBoe peleHue. boiee Toro, MHOKECTBO BCeX JIMHEHHO HE3aBUCHMBIX PEIICHUH CH-
cteMbl (21) cocTouT U3 0MHOTO (QYHAaMEHTaIbHOTO PEIISHHs TOTIA U TOJIBKO TOTna, Korna rank H. ,’1 o =2m.
B nmanHOM cityuae ocTanbHbIE HEHYJIEBBIC PEIICHHS MOJTYYalOTCsl TOMHOKEHUEM JTOTO (pyHIaMEHTaIbHOTO
pewmenus Ha yucio A # 0. [lepBas gacTh TeopeMbl 3 qoKazaHa.

Hokaxem Teneps paBeHcTsa (17)—(19). Tak xak no mpeanoiaokeHUI0 paHT MaTpuLbl H ,’1 » DaBeH 2m, TO

MIPU HEKOTOPOM § € { L...,2m+ 1} OTIPEIENUTENh, TIOTYY€EHHbIH U3 HIEMEHTOB MaTpuIlbl H - B pe3ysTare Bbl-

YCPKUBAHMS B HEM §5-TO CTOJ'I6]_I3,, ABJIACTCA OTJIMYHBIM OT HYJIA. I[JIFI OIIPEACICHHOCTH IPEAIIOI0XKHM, UTO S = 11 + 1.
Tor;[a, 33,(1)I/IKCI/Ip0BaB HCHU3BCCTHOC U, IIOJIYIHUM KBaJAPATHYI0 HCOAHOPOAHYIO CUCTCMY

_Zl c/; +Zc,7p u,= c,uo,l +(n +1) ..,i(nj+mj),j=1,...,k, (22)
p=-m

[JIaBHBIM ONPEJEIUTEID K0T0p0171 ecTb A (n, ﬁa) # 0. 3amerum, uTo U, # 0. B mpoTHBHOM ciydae cucrema (22),
a 3HA4YUT, U cucreMa (21) nMenu OBl TOMBKO HyJeBbIe pemenns. Crucrema (22) nMeeT eTUHCTBEHHOE HEHYIEBOS
pereHue, U HallTH ero MOXKHO 1o popmyinam Kpamepa:

AF (n m) 0.
u,=—2"" p=—m m, p=
’ Ak(n m)
rae AY(n, i) — onpenemntens, nomyueHnsii w3 onpexematens A(n, /i) samenoii B Hem p-ro cronéua Ha

cronGert cBoGOHbIX WwieHos. Ecin fomyctuts, uto Ay (n, ) =uyA* (n, i), T

k —
m . m oA (n,m) .
= > u,e” =) Me’f’x, (23)
r Ak(n 771)
p=-m p=-m ’
Pasznaras onpenenurens D(n, m; x) I10 JIEMEHTaM (m + 1)—ﬁ CTPOKH ¥ cpaBHUBas ¢ (23), neixaeM BBIBOA, YTO
D(n m; x)
t > b
O (x) =y ———=. (24)
A (n, m)
Comocrasus (20) u (23), 3amedaem, 9TO TSI OTHICKAHUS 61{ cnenyer B (23) " 3ameHuTH Ha c,j_ - Y UHTHIBAsI
» a’;(n, 3 x) ) 5
0003HaYCHMSI, TIOTydaeM, 4TO clf =1, W CrenoBarenbHO, MHOTOWICH P (x) M OCTaTOYHBINA YJICH
n, m

R?(x) MOJKHO IIPpEeACTaBUTh B BUJC
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@f@):ﬁ _z’.d;(n, i)er, (25)
R(¥) = S (d)(m )™ + ) (n, 1)) (26)

A (n, 7
(+, nony4guMm (17)—(19).
0

~~—

YMHOXast paBeHCTBa (24)—(26) Ha

Ecnu nipu BeruepkuBanuu B H ,’”h CTOJIOIIa C HOMEPOM S # 7 + | TIOJTy4YrM HEHYJIEBOU ONpeenuTeb, TO,
paccyxkaast ananorudno, npuxoauM K (17)—(19). Iockonbky rank H ,’1 7 = 2m, TO OIIpeleIUTENb D(n, m; x)
HE MOXET OBITh TOXKJAECTBEHHO PaBHBIM HYI0. Teopema 3 gokasaHa.

3ameuanue 2. VI3 npepcrasienust (17) ciaenyer, 4To KOMIIOHEHTA /1; MYJIBTHHHICKCA 77 ONPEACISET YUCIIO

k03 pureHTOB psima ];.’ (x), KOTOPBIE yUHTHIBAIOTCS TIPH IOCTPOEHUH MHOTOUIIEHa O (x) B uvactHoCTH, eciu
m; = 0, TO OLpe/EUTENb D(n, m; x) HE COZlepXKUT OIIoKU F; |, CIIeZI0BATEIBHO, IPH IIOCTPOCHUH MHOTOWICHA
Q,’n (x) pan fj’(x) He paccMarpuBaetcs. Hanpumep, ecinu m = (ml, o,..., O), TO M =m,, U, Kak U B ciydae c k=1,
MIPY HAXOXKJICHUH Q,’n(x) YYUTBIBAIOTCS TOJBKO KOA(DMUIIMEHTHI psizia flt(x). Torna dopmyna (17) B TouHOCTH
coBrazaet ¢ HOPMyIOH i 3HAMCHATENIS T, , (x; f ), nostyueHHoii B [38].

Sameuanue 3. Ecoiu m = (0, ey 0), TO pENICHHE 3a]1aun A" OYEBHJIHO: C TOYHOCTBIO /10 YHCIIOBOTO MHOXKHUTEIISI

t _ t o o o t

o, (x) =1,a PJ (x) COBIAAAET C n-i YaCTHOU CyMMOM psiaa ]; (x)

3ameuanue 4. Ilpn moxazareabCTBE TEOPEMBI 3 HE YIUTHIBAIOCH HAIIIE TPEATIONOKEHHE O CXOTUMOCTH -
1oB (12). [ToaToMy BCce yTBEPKICHUS TEOPEMBI OCTAIOTCS B CHIIE, eCli Psiabl (12) ABIsIOTCS GopMaTbHBIMA.

IIpumep 2 OKa3bIBALT, UTO TSI MYTBTUHHICKCA (n, ﬁa), KOTOPBIH HE SBJISIETCS CIIA00HOPMANIbHBIM, K03 hu-
MEHTHI MHOTOWIEHOB O, (x), 13.’ (x) MOTYT OBITh KOMIUIEKCHBIMH YHCIaMH. [[71sT clIaGOHOpMAaTbHOTO MYJIETHIH-
JIEKca ITO HE TaK.

CaenctBue 2. [Iycmov mynromuuroexc (n, 171) sensemes crabonopmansibim ons cucmemst £'. Toeoa mnozo-
unenvt Q) (x), P (x), v B (x) — pewenus 3a0auu Al — A61710MCs OelicmeumenbHbIMU MPUSOHOMEMPULECKL-

MU MHO2OYTEHAMU.
HoxazarenbcTBo. [lo npeanonokennto ko3pGHuImeHTs TpuronoMeTpuaeckux psiaoB (12) sBusrorcst

JEUCTBUTENBHBIMA YHCIIaMH. [103TOMY CIIpaBeUIMBBEI PABEHCTBA C’ » =Epf , j=L ..,k p=1,2,.... Torna

D(n, m; x) = D(n, m; x), dlﬁ (n, 7’7’1) = dfp(n, ﬁz) UrtoObl yOEIUTHCS B 3TOM, JIOCTATOYHO MOMEHSITh MECTaMHU
PABHOOTCTOSIIIIUE OT KPAacB CTPOKU M CTOJIOIBI COOTBETCTBYIONIUX Omnpeaenuteneii. M3 atux paBeHcTB u dop-
My (17), (18) BeITEKaeT yTBEPIKICHUE CIEICTBUS 2.

CaeacrBue 3. /[ mozo umobwi 3a0aua A umena eouncmeennoe peuterue 0 1100020 (n, 171) IS Z’f 1, Heoo-
x00uMO 1 docmamouno, umobvl cucmema ' Gvina crabocosepuientoil.

Tpuronomerpuyeckue annpokcumManuu Ipmurta — AAxoon

Benem B paccMOTpeHHE TPUTOHOMETPUYESCKUE alIIPOKCUMAITK DpMUTa — SIKOOH.
Omnpenesienne 9. PanronanbHble QyHKITNH BUIA

(1) =7 (e 1) =2 ) iy

Ol (x)

At _ At w ; pt _ pt . gt
rae Qm(x) =0, (x, f ), F (x) = Pn/_’ i (x, f ) — TPUTOHOMETPUYECKUE MHOTOUJICHBI, CTEIICHN KOTOPBIX CO-

OTBCTCTBCHHO HEC BBIIIC 171 U nj, }’Zj =n+m— mj, 6yz[eM Ha3bIBATb TPUTOHOMETPUUCCKHUMU allIIPOKCUMAIIUIMU

Opmura — SKo0u st MyJIbTUHUHIEKCA (n, 171) u cuctembl QyHKIHA f ' eci KaxIast JIpoOb ﬁ; (x; f t) npeICTaB-
JIIETCST TPUTOHOMETPUIECKUAM PSIOM M CTIPaBETMBEI PaBEHCTBA

P(x) © A .
fl(x)-—Lt—== a/ coslx + b/ sinlx). (27)
j( ) Q,tn(x) l:n§n+1( : : )
Mrorounenst O, (x), B (x), ..., B (x), ynonersopsitomue ycnosusm (27), GysieM Ha3bIBaTh TPUTOHOMET-

PUYECKUMH MHOTOWIEHAMHU DpMuTa — SIkoOu 1yt (n, ﬁ1) uf'.
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Tpuronomerpudeckue anmpokcumanuyu IpmMura — SIkodbu MoryT He cymectBoBath [38]. B padore [39] uc-
cienoBaH 3¢ dexr ['mbOca s anmpokcumanwii [ane GpyHkmm 3HaKa sgn x u, B 4aCTHOCTH, ITpH k = | Haiine-
HBI SIBHBIE BBIPKEHHS JUTsI Ipobeit n;’ m(x; S) = ni’ nom (x; S), fc; (x5 8)= fci o (x; 5), e s(x) = sgn(cos x),
W3 KOTOPBIX CJEIYET, 4TO 3TH ApoOu pasnuyHbl npu Becex m > 1. Ilpu k=1 npumeps! pyHKUMH, A7 KOTO-
PBIX TPUTOHOMETPHUYECKHE alllPOKCHMAIMU DpMHTa — SIKOOM HE CYIIECTBYIOT, & TaKKe MPUMEPHI (yHKIIUH,
JUIS KOTOPBIX TPUTOHOMETPUYECKHE allpPOKCUMALUN JpMuTa — SIKOOM CyIIEeCTBYIOT, HO HE COBIIAJAIOT C TPH-
TOHOMETPHYECKHUMH alMpoKCUMaIusiMu Dpmuta — [1ae, MOKHO MOCTPOUTH, OCHOBBIBASICH Ha pe3yibTarax pa-
6ot [7;18; 40]. B [41] npu npou3BONBHBIX £ > 1 MOCTPOCHBI IPUMEPHI CHCTEM (DYHKITHH, JUTSI KOTOPBIX TPHIO-
HOMETPHUYECKHE alMpoKcUMannu DpMHUTa — SIKOOM CYIIECTBYIOT, HO HE COBIMAJAIOT C TPUTOHOMETPUIECKUMU
anmpoxcumManusimMu Dpmuta — [lane. Pesynbrars: padotsl [41] MOXKHO JOTIOTHUTD, €CITH BMECTO SKCITOHEHT B3SITh

o0 !

¢ynxunu Mutrar-Jleddrnepa. PaccMoTpuM cemelicTBa TPUTOHOMETPUYECKUX PSIIOB Gy(x; l) = z (}by—)coslx,
=0 ]

3aBuCSAIMUX OT mapameTpoB A € R u ye R\Z_. HerpyaHo 3ameTuTts, 9TO Gy(x; X) SIBIISICTCS] TEHCTBUTEIHHON

. k
yacTeio QpyHkumuy E, (ke’x ) Cunras, uto {l } . —Ppa3nuuHbIC HE PaBHBIE HYIIO 1EHCTBUTENBHBIC YHCIIA, OTIPE-
j=
JIeM HOBYIO cucteMy QpyHkumii Gy, = {G (x A )}

: o

N 1 -
Teopema 4. [Ipu écex n, HauuHas ¢ HEKOMOPO2O Ny, O MYTILMUUHOEKCA (n, m) € Zlfr+ , m# (O, ey 0), Y008-
nemeopsiiowe2o ycnosuio nzm;, j =1, ..., k, cywecmeyiom mpueonomempuieckue annpokcumayuu Ipmuma —

k
AHrobu { (x G, )} , U NpU COOMBEMCMBYIowell HOPMUPOBKe UX 3HAMEHAMENb NPEOCTHABUM 8 UOe
o1
2

[ +o0 _
Qrtn(X; Gk,y):Qm(eix; Ek,y)Qm (eix, Ek,y) Fz(n +1m 8 Y) J‘ Uy(t)e—t(cosx+ismx)dt

k
Ecnu 0 <Ay <...< Ay, mo cpeou {ﬁ; (x; Gy, )} Havdemca annpokcumayus Ipmuma — Axobu ﬁ; (x; Gy, )

Komopas He signsemcs annpoxkcumayuei Ipmuma — [lade n;. (x; Gy, )
Jloka3zatenbcTso. MHorounen Q,, (z; E,, ) npenctaBuM hopmyiioit (8), u B Kpyre |z| <1 cipaBenTUBEI

pasenctia (11). Jomyctum, uto B (11) z =¢€", a 3areM npupaBHseM JA€HCTBUTEILHBIE YACTH OT BBIPAYKEHHH,
CTOSIIIIMX CIICBA U CIIPaBa OT HOBOTO 3HaKa paBeHcTBa. Toraa

G,(x 1) - Re ZE—E”; :l:n%+la/coszx. (28)

Ocraercs moKasaTk, 4TO MPHU 1 > max{m 1< j<k

/(™ E
% (x G, ,)=Re il . ) (29)
Qm (6 5 Ek y)
st aTOrO MpEecTaBUM MHOTOUJIEHBI Qm(z; Ek7Y ), Ijl]/ (z; Ek,y) B BUJIC
L F(n + y) —— oo
Q ( ) gb zP =1 ...+bmz ’Blj(Z’Ek,Y):p_oalj’Zp'
[Tockonbky bp Hu a; — NCUCTBUTENbHBIC YUCIIA, TO IPU Z = e
P/ (z P/ (z
Ref] (e By )| 4] ) D
200,(2)  0,(2)
zj lpx i b] efllx + Z] alj)' e*ipx i bseisx
z b eisx Z bpe—lpx
0 p=0
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3amMeTHuM, 4TO

i b,e™* i he ™ = i i byb, cos(s —1)x,
s=0 =0

s=0/=0

Zj Igtpxzbeﬂlx Zj ;j; lpxzb 2zji jbCOS Z)X
= p=0I/=

1= p=0 s =
CrnenoBarenbHo, u3 Gpopmynst (30) pu j=1,..., k HOJ‘Iy‘II/IM
a’b cos(p—1/ ~
: pzo IZ‘ l » F(x)
Re{r) , 5 (" v, )} = SRALIA 31)
jo > m m
D > bbcos(s—1)x n(x)
5=01=0
U3 yenosust n2m; (j =1, ..., k) mnst Mynsranszexca (n, ﬁa) cieftyet, uto n; > m. [Ipunnmas Bo BHuManue (31),
noiy4aem, uto deg Q,’n <m, deg 131.’ <n;, j=1,..., k. 3na4nt, ToxKACCTBO (29) U 1IEepBast YaCTh TEOPEMBI 4 10~
Ka3aHBbl.

Jloxaxem BTOpyIO 9acTh TeopeMsl. 13 (28) u (31) cinemyert, 9To
P 0
G,(x2,) - & (% Gy, )= G, (x:2,) - = () S Geosis
Qm(x) I=n+m+1

Bocnonb30BaBIIUCh TPUTOHOMETPHUECKON (HOPMYIIOHN JIJIsl TIPOU3BEACHUS JIByX KOCHHYCOB, U3 TOCICTHETO
paBerctBa u u3 (9) u (31) momyyaem

Q,’n(x)Gy(x; kj)—f}( )=al,cos(n+1)x+al, ,cos(n+2)x+..., (32)
e o), =2b,byé’ ., .. Hamomuuwm, ato
%,
l—‘ J
by =1, bm:bﬂ, &, = H fU
F(n+m+y) lj Hm o

Ecmm 0 <A, <... <A, TO HETPY/HO MOKa3aTh, YTO, HATIPUMED, a ,#0, uTorna B (32) o), , # 0. V3 omnpe-

n+m+

JCNICHUH CIIeIyeT, 9To T (x; Gy, ) =T (x; Gy, ) Teopema 4 nokasaHna.

JIuHeiiHbIe annmpokcuManuu Jpmurta — Yedblmena
B 5ToM pasiere TepMUHOIOTHS YaCTHYHO 3aMMCTBOBaHa 13 paboTsi [7]. Ilycts Habop £ = ( £ f,fh)

cocTouT u3 (yHKIMIA, npeacTasneHHbx psinamu Oypbe 1o Muorowsenam Yebbimesa 7, (x) = cos(narccos x)
BUjIA
f ——+Za/T j=L ..,k (33)
1=1
C JeUCTBUTEIBHBIMU KO3 duenTamu. 3aQUKCUpyeM HHACKC A € Zl+ U MYJBTHMHICKC 171 = (ml, ey M, ) U pac-
CMOTPUM cneay}omon 3ajauy.
3amaua A™ )IJU[ cuctemsl pyrkimit f" HAfTH TOXKIECTBEHHO He PABHBI HYIIO MHOTOWICH o, ( )=
n

=0 m( fd') Z u ) ¥ Takke MHOTOUIICHbI PCh( )= Pnc/hn,h (x; fch)z Z v]ﬂ;}(x), n=n+m-m,
p=0
YTOOBI JIsT j—l, oo k
Oy ()" (x) =B (x)= X @T(x) (34)
I=n+m+1
Onpenenenne 10. Eciu mapa (QCh P ), e P = (PCh , P ), YIIOBIETBOPSIET YCIIOBHUsIM (34), TO MHO-
rounenst Q5 (x), B (x), ..., P"(x) v paunonanshbie 1podu
Pch(x)
ch .. gch)__ _ch .gch)__ 7, >
TE]' (xa fe )_nnj,n m( X; fe )_Q/;h—(x)’ ]_1: EEEE) ka
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Oy/ieM Ha3bIBaTh COOTBETCTBEHHO MHOTOUJICHAMH DpMUTa — YeObIeBa 1 TIMHEWHBIMU aIllIPOKCHMAITHSIMA Dp-
muta — YeGbliesa it MyIsTHHHICKCA (71, 717) U cHCTeMbl f <
Pemrenue 3a1aun A™ MOXHO IOTY4HTh, OHHpAsCh Ha TeopeMy 3. Jlist 31oro B (33) 3amMenuM x Ha cos X. [To-

Jarasi, 4To f?’(x) = ﬁCh(cosx), nonydum cucremy f' = (fl’, o S ), e
J ©
Jit(x)za?() + Za/coslx, j=1,..., k.
=1
Jlnst cuctemsl f* 3a71a4a A' HMeeT eTMHCTBEHHOE PENIEHNE TONBKO B TOM CITydae, KoTia My TbTHHREKC (71, i71) €
e Z*X*! apnsercs cnaGonopmanbubiM s f'. [l c1aGoHOPMATEHOTO HHIEKCA TPHIOHOMETPHUYECKHE MHOTO-
uniens! Dpmuta — [1azie pu COOTBETCTBYIONIEM BBHIOOPE HOPMHUPYIOIIETO MHOKHUTEIS HMEIOT BUT

o, (x; f"):D(n, ; x), (35)
P(x )= Z dl(n, i)™ (36)

" IJ1s1 HUX P
0, (x; ft)fj’(X) - }j-’(x; f! ) = pﬁm“(d,{(n, m)e? +d’ (n, in)e " ) (37)

brok-marpuribr Fij JUISL DTOM CUCTEMBI UMEFOT BT

h’ h’ N %
np+m+m; n;+m+m;—1 np—m+m;
J J J
Fj: hnj+m+mj—1 hnj+m+mj—2 hnj—m+mj—1
+ 2
J J J
hnj+m+l hnj+m hn/.—m+1
J J J
h—n]-+m—1 h—nj+m—2 h—nj—m—l
W' W' W
Jj_ -n;+m-—2 —n; +m-3 —-n; —m—2
F7 — J J J R
h h’ o
—n;+m-—m; —n;+m-—m;—1 —n;—m-—m;

al
yi (S h}{7 = Tp, j=1 ..., k; peZ. Teneps HETpyaHO YOETUTHCS, 4TO B paBeHCTBaX (35)—(37) xoaddumeHTs

npu crenensx e’ u e coBmamaoT:
J >\ _ JJ - _ .o . _ _
dp(n, m)—d_p(n, m), p=L2,..;j=L .. ku=u,l=1..m

CrnenoBarenbHO, paBeHCTBa (35)—(37) MOXKHO TIEpenHcaTh B BHIIE

o, (x; ft):uo + i 2u,, cos px, Ii’(x; ft):d({(n, m) + Zj: 2d1{(n, 1) oS px,
p=1 p=1

Q,’n(x; ft)ff’(x) —F_}’(x; ft)z i 2dl{(n, 117) COS pX.

p=n+m+l1

Ecnu 34€Ch X 3aMCHUTH Ha arcCcos x, TO IMOJIy4YUuM

Q,;h(x; fch)z Q,’n(arccosx; ft)zuo + Zm: 2u,T,(x), (38)
p=1
l}Ch(x; fch)zlz.’(arccosx; ft): dj + Zj: 2a’l{(n, ﬁz)Tp(x), (39)
p=1

18



BemmecTBeHHBII, KOMIUIEKCHBIH M GYHKIMOHAJILHBII aHAJIN3
Real, Complex and Functional Analysis

O3 1) 7 (1) B 1%)= Y 2 (m )T () (@0
p=n+m+1

3aMeTnM, 9TO €CITH MYJIBTHHHICKC (n, ﬁq) € Zﬁ” He ABIISETCS C1a00HOPMATBHBIM U cHCTeMsl f ', To perie-

nre 3aqaun A' urs f' He eQHHCTBEHHO, H MOATOMY PELICHHE COOTBETCTBYIOMEH 3anaun AT TakKe He eIHHCT-
BeHHO. TakuM 00pa3oM, JoKa3aHa CIeAyrolas Teopema.
Teopema 5. /{151 moeo umobwvl st PUKCUPOBAHHO20 MYTbMUUHOECKCA (n, nﬁ) m# (O, ooy 0), u cucmemol

- cch h
Pynxyuii £, onpedensemvix pasencmeamu (33), 3a0aua A umena eduncmeennoe pewenue, Heobxooumo u 0o-
— P h

CMamouHo, Ymoodbl MyIbMUUHOEKC (n, m) vl cnabonopmanviuim Onsa cucmemst £, Eciu pewenue 3adauu A°

e0uHCmaEenHo, mo 05 ee peuieHutl cnpasedaussvt npeocmasiernus (38)—(40).
IIpuBenemM HECKOIBKO OUEBUIHBIX CIIEICTBUI U3 TEOPEMBI S.

— et
Caencrue 4. [[ycms mynomuunoexc (n, m) asnsiemces crabonopmanvhvim 014 . Toeoa kosghpuyuenmot
h h h h h h .
MHo2ounenos Q,, (x; fe ) P (x; fe ), s B (x; fe ) — Oelicmeumenbhbie Yucia.

h —
Cuencrue 5. /{11 mozo umobwl 3a0aua A™ umena eduncmeennoe pewenue 0 106020 (n, m) HeobxXo00UMOo
e g
u docmamouno, umobwi cucmema f° ovina cnabocoseputeHHoU.
- o ot o
CaencrBue 6. Eciu mynomuunoexc (n, m) crnabonopmanvhwiii 0 £, mo nunetinvle annpoxkcumayuu Ipmuma —

}}ch (x; feh

h h
Yebvluesa nj. (x; e )= onpeoensiomcst 0OHO3HAYHO.

Henuneiinble annpoxcumanuu Jpmurta — Yedbimesa

OmpenenuM Tenepb IPYTYIO KOHCTPYKIIHIO IS COBMECTHOTO MPUOIMKCHIUS psIoB (33).

achf . gch\ _ ~ch . gch) _ }?'Ch(x)
Omnpenenenne 11. Parmonansapie GpyHKINT BHIA T ; (x, f ) =Ty i (x, f ) = QT(x)’ T7Ie MHOT'OYJICHBI
m
m n;
Q;h(x) = Z i,T,(x), 13J.Ch(x) = Z 9I{Tp (x) (n;=n+ m — m;) nonoGpansl Tax, 4To0bI
p=0 p=0
ﬁch (x)

o0
h ~j .
];.C (x)——fch = Z a/T}(x)(]zl,...,k),
Qm ()C) I=n+m+1
OyJeM Ha3bIBaTh HEJIMHENHBIMH ANNPOKCUMALUAMU DpMuTa — YeOblmeBa s MyJIbTHHHIEKCA (n, 171) U cH-
crembr

[Ipu k=1 cymecTByroT QyHKIHUH, 151 KOTOPBIX HETMHEHHBIE allIpOKCHUMauu DpMuTa — YeObleBa He
CYIIECTBYIOT, U (DYHKIMH, I KOTOPBIX HEIWHEHHBIE alpoKCUMa JpMuTa — YeObleBa CyecTBYIOT, HO
HE COBIAAIOT ¢ JInHeHHbIMU [7;11;12;18; 40; 41]. PaccMoTpuM HOBYIO CHUCTeMY (YHKIHH, 00JaTafOIILyI0
aHaJIOTHYHBIM CBOMCTBOM. ,

0
, TIIe Fy(x; k) = Z LT, (x), areR,yeR\Z_, {lj }k — pa3NUYHBIC HE PaB-
! =(v) /=
HBIE HYJIO IEHCTBUTENIbHBIC YHCIa. AHAIOTUYHO TeopeMe 4 TOKa3bIBaeTCs CIEAYIOIIasi Teopema.

k

Ilycts Fk’y = {Fy(x; kj )}] _

— k+1 —
Teopema 6. IIpu écex n, nauunas ¢ HeKOMoOpPo20 N, OiA MYTbMUUHOEKCA (n, m) e, m# (0, oo 0),
yooenemeopsowe2o yciosuio nzm;, j=1, ..., k, cywecmeyiom nenuneiinvie annpoxcumayuu Ipmuma — Ye-

6le€6(l TCc~h X, ¢ ucn aee()ﬂuebl aeeHcmea
k
j N2y

~

ch . _ iarccosx, jarccos x,
Qm (x’ Fk,y)_Qm(e ’Ek,y)Qm(e ’Ek,y

1 iy —tx+im
et

):F2(n+m+y) ° v

k
Ipu 0< A, <...<A, cpedu {ch.h(x; Fk,y)}_ Hatidemcs nenunelnas annpoxcumayus pmuma — Yebvlutesa

~ch
m;

h
(x; F, Y), He pasnas annpokcumayuu Ipmuma — Yebviuesa nj. (x; F, Y).
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Z[I/ICDCDEPEHI_[I/IAJH)HBIE YPABHEHUWA
N OIITUMAJIBHOE YITPABJEHUWE

DIFFERENTIAL EQUATIONS

AND OPTIMAL CONTROL

VIIK 519.9

CUCTEMBI YPABHEHU B AUGDEPEHIIMAAAX .
C OBOBILIEHHBIMU ITPON3BOAHBIMU HEIIPEPBIBHBIX ®YHKIIVU

A. H. JKYKY, E. H. 3AIIYK"

1)Epecmcmﬂ? 20Cy0apCmeeHnbIll MeXHUYEeCKUll yHugepcumen,
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Annomayus. Vccrnenyorces cHCTEMBbl HEaBTOHOMHBIX JH((GepeHINaTbHBIX YPaBHEHHH ¢ HEPEPbIBHBIMU 0000MIICH-
HBIMH K03 (durpenTamMu B anredpe HOBBIX 00001IeHHBIX (pyHKIHH. CrcTeMa HeaBTOHOMHBIX TN (G epeHIINATBHBIX ypaBHE-
HUIA ¢ 00001eHHBIME KO DHUIIMEHTAMU PACCMATPUBAETCsl KaK CUCTEMa ypaBHeHHH B nddepeHiinanax B aredpe HOBbIX
00001eHHBIX (yHKIMH. PemenneM Takux cucteM siBisieTcst HoBasi o0oOmenHas (pyHkims. [lokazaHo, 4To pa3inndHbe
MHTEPIPETALUH PEIICHUH JAHHBIX CUCTEM MOTYT OBITh ONMCAHBI ITPU HOMOIIH €JHHCTBEHHOTO MO/IX0/a, UCIIOIb3YIOIIETO
HOBBIE 0000IIeHHbIE (YHKLUH. B HacTosIel cTaThe B OTIIMYHE OT IPEILISCTBYOMIUX PAOOT OIMCAHBI ACCOLMUPOBAHHbBIC
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SYSTEMS OF EQUATIONS IN DIFFERENTIALS
WITH GENERALISED DERIVATIVES OF CONTINUOUS FUNCTIONS

A.I. ZHUK® H. N. ZASHCHUK*

*Brest State Technical University, 267 Maskowskaja Street, Brest 224023, Belarus
Corresponding author: A. I. Zhuk (aizhuk85@mail.ru)

Abstract. Herein, we investigate systems of nonautonomous differential equations with generalised coefficients using
the algebra of new generalised functions. We consider a system of nonautonomous differential equations with generalised
coefficients as a system of equations in differentials in the algebra of new generalised functions. The solution of such
a system is a new generalised function. It is shown that the different interpretations of the solutions of the given systems
can be described by a unique approach of the algebra of new generalised functions. In this paper, for the first time in the
literature, we describe associated solutions of the system of nonautonomous differential equations with continuous gene-
ralised coefficients in the space L(T).

Keywords: algebra of new generalised functions; differential equations with generalised coefficients; functions of finite
variation.

Introduction

In this paper, we will consider the following system of equations with generalised coefficients on 7 € [0, a] cR:
. q .. . . —
()= £t x(1) (1), i=1, p, (1)
j=1

x(0)=x0, ()

where f% i=1, p, j=1, g, are some functions; x(1)= [xl(t), (), ..., x”(t)] and I/ (1), j = 1, ¢, are a conti-
nuous function of finite variation on 7. L/(¢) are derivatives in the distributional sense or we can say that L/ (¢)
are derivatives in the Schwartz space. In general, since L/ (t) is the distribution and f U(t, x(t)) not smooth
functions, the products /¥ (t, x(t))Lj (t) are not well defined and the solution of system (1) essentially depends

on the interpretation. System (1) can describe the model of the rocket flight process or the model of the control
problems with impulse actions. Let us recall some approaches to the interpretation of system (1).

The first approach is concerned with considering the system of equations in the framework of the distri-
bution theory. According to this approach, once the product of distributions from some classes is defined, then
one tries to find the solution of the system of equations (1) in these classes of distributions. For example,
in papers [1; 2] the product of some distributions and discontinuous functions was defined. See also mono-
graph [3] for another definition. Notice that the solutions of system (1) obtained using the products from [1-3]
are different.

The second approach is to interpret system (1) as the following system of integral equations:

q 12
x'(t)=xq + Z J.f” (s, x(s))Lj (s)i=1 p,
j=10
where the integrals are understood in the Lebesgue — Stieltjes, Perron — Stieltjes sense, etc. [4; 5]. But in this
approach the solution of the system of integral equations depends on the interpretation of the integral and the
definition of the functions x'(#) in the discontinuity points of Z/(¢).

The third approach is based on the idea of the approximation of the solution of system (1) by the solutions
of the system of ordinary differential equations, which are constructed using the smooth approximation of the
functions 1/ (t) In monograph [3], it is shown that in this case the limit of the solutions of the smoothed equa-
tions exists.

In this paper, we will consider system of equations (1) using the algebra of new generalised functions from [6].
Thus we will interpret system of equations (1) as a system of equations in the differentials in the algebra of new
generalised functions. Such interpretation says that the solution of system (1) is a new generalised function.

We investigate the system of nonlinear differential equations, the coefficients of which are generalised de-

rivatives of the continuous function of finite variation L/ (t) In previous papers [7-11] the general view of sys-
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tem (1) was considered. The coefficients in such systems are generalised derivatives of arbitrary functions of

finite variation L/ (t) Using the given sequence of numbers 4, — 0 we construct a sequence of approximating
equations, and the generalised solution is defined as the limit of a sequence of the solutions of approximating equa-
tions. It is found that generalised solution exists only under some additional conditions for the behaviour of
the sequence /, in the case of discontinuous functions Z/(#) and different generalised solutions exist for different
sequences £,

The main purpose of this article is to prove that the generalised solution exists for all sequences 4, — 0, it
is the solution of system of integral equations (1) and it is independent of the choice of 4, in the case of con-

tinuous functions I/ (t)

The algebra of new generalised functions
In this section, we recall the definition of the algebra of new generalised functions from [6]. First, we define an
)., X, €R,Vn eN} be
a set of real sequences. We call two sequences {x, } € R and {y, } € R equivalent if there is a natural number N

such that x, =y, for all n > N. The set R of equivalence classes is called the extended real line, and any of the
classes is named as a generalised real number.

It follows that R < R as one may associate a class containing a stationary sequence with x, = x with any
ordinary number x € R. The product Xy of two generalised real numbers is defined as the class of sequences

equivalent to the sequence {xn Y, }, where {xn} and { Y, } are the arbitrary representatives of the classes X and 7,

extended real line R using a construction typical for nonstandard analysis. Let R = {(x

n

respectively. It is evident that R is an algebra. For any segment 7' = [O, a] C R one can construct an extended
segment 7 in a similar way.
Consider the set of sequences of infinity differentiable functions { ];(x)} on R. We name two sequences

{£,(x)} and {g,(x)} equivalent if for each compact set K < R there is a natural number N such that f,(x)=
= gn(x) for all » > N and x € K. The set of classes of equivalent functions is denoted by S(R) and its elements
are called new generalised functions. Similarly, one can define the space S(T ) for any interval 7 = [0, a]. Ifwe
endow all these spaces with the natural operations of addition and multiplication they become algebras.

For each distribution / we can construct a sequence { f; } of smooth functions such that f, converges to /

(i. e., one can consider the convolution of f with some d-sequence). This sequence defines the new generalised
function that corresponds to the distribution f. Thus the space of distribution is a subset of the algebra of new
generalised functions. However, in this settings, the infinite set of new generalised functions corresponds to
one distribution (for example, by taking a different 5-sequence). We will say that the new generalised function

f = [{ £ }] is associated with a function f from some topological space if f, converges to f in this space.

Let f= [{ f }] and g= [{ g, }] be new generalised functions. Then there is a composition defined by f o & =
= [{ A gn(x))}J € 3(R). In the same way, one can define the value of the new generalised function f at the

generalised real point ¥ = [{xn}] eRas f(¥)= [{ﬁ,(xn )}]
Let H denote the subset of % of nonnegative «infinitely small numbers»:

H:{heﬂ%:h:[{hn}], iy >0,¥neN, lim h,=0;.

For each E:[{hn}] e H and ]7:[{];}] e 3(R) we define a differential d;jeS(R) by d};f:[{fn(x +
+ hn) -1, (x)}] The construction of the differential was proposed by N. V. Lazakovich [6].

Main results

In this section, we will formulate the main results of this paper. The proof of the theorem will be given in
the next section.

Using the introduced algebras we can now give an interpretation of system of equations (1). We replace
ordinary functions in system (1) by the corresponding new generalised functions and then write the system of

equations in differentials in the algebra S(R). So we have

4,7 ()= X 777, #(7))d, (7). i=1, p, 3)
j=1
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with the initial value f‘[éaﬁ):f%, where h=[{h,}|e H,7=[{t,}]eT, 2=[{x,}]. F=[{£i}] % =[{x}]

and [ = [{Ln}} are elements of S(R) Moreover f and L are associated with / and L, respectively. If ¥ is as-

sociated with some (generalised) function x then we say that x is a solution of system (1).

It was shown in [12] that under some minor restrictions on the initial conditions there exists a unique
solution of (3). The purpose of the present article is to investigate when the solution X (3) converges to some
ordinary function and to describe all possible limits.

Let I/ (t), j= 1,_q, tel= [0, a], be a continuous function of finite variation. We will assume that 1/ (t) =
= L(a) if t>a and Lj( )— L( ) if £ < 0. Denote the total variation of the function L = [Ll, I’ ..., Lq} on the

interval T by Var L Z Var LJ A continuous function f'is said to be Lipschitz continuous function with

respect to its second Varlable x € R if there exists a constant M/ > 0 and for all x, x,e Rand ¢t T:

|f t,x)—f(1 x2)|SM|x1—x2|. 4)

In this paper, we consider specific types of representatives of the new generalised functions. We take the
following convolutions with 8-sequence as representatives of L from system (3):

1

L) =(1 #p, )(1)= [ /(1 ), (5)ebs,

1
where p, e C*(R), p, >0, supp, Q[O, %}, fpn(s)ds:l and f,=f*p,, p=0, f)n(xo, Xpy oee xp):n””() X
0

x(nxo, nxl,...,nxp),ﬁecw(RpH), J. ﬁ(xo,...,xp)dxo...dxpzlandSUpﬁg[O, %:|p+1'

p+1
{:O, l:|
n

By using representatives we can rewrite system (3) as follows:

X (14 hy) - Zf”(t x () L+ h,) =L ()] i=1, p, (5)

t)‘[o, h,,)ZXOn(t)' (6)

The solution of (5) is constructed inductively starting from the interval [0, hn) where the initial condi-
tions are given. Let ¢ be an arbitrary point of 7. There exist m, € N and t, € [O, hn) such that # =1, + m,h,. Set
t,=1,+kh, for k=0, 1, ..., m, Then the solution of system (5) can be written as

WI,—

%, (£)=x0, (7 i:: Z:: (tk’ )[qu (tk+l) - L (4 )], i=1, p. (7)

Thus, we will understand the associated solution of (3) as a solution of the system of nonautonomous dif-
ferential equations (1), (2). Therefore, we have to investigate a limiting behaviour of (5), (6).
In order to describe the limits of the sequence x,, we consider the following system of integral equations:

t

+Z_:j s))dL/(s), i=1, p. (8)

Here and below all integrals are understood in the Lebesgue — Stieltjes sense. As it was shown in [13] there
exists a unique solution of (8) if f is Lipschitz continuous function.
The following theorem from [12] gives necessary and sufficient conditions for the existence and uniqueness
of the solutions of system (3). o .
Theorem 1. If the following equality holds for some representatives {];” } e f" {L{,} el {x;} ex,
{xén} e X, for all sufficiently large n € N and for all [ = 0,1, ...:
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W (dz (5= 50)] - Z G ) 100 - Lﬁ(f’m:“

t—>0" dt

then a solution of system (3) exists and it is unique.
Lemma 1. Let for alln=0, 1, 2, ... the following inequality holds:

Z,  SA+ Y A+ BZ, )
k=1 k=1

where A, A;, B, are some nonnegative constants and Z, >0, k=1,2, ..., n. Then

ZnHS(AJan:Ak}eXp(inJ. (10)

k=1 k=1

Proof. Let us successively apply inequality (9):

n-1
Zn+1_A+ZAk+ZBka+BZ
k=1 k=1

n n—1 n-1 n—1
sA+ZAk+Bn[A+ D A+ ZBka}JrZBkZ =
k=1 k=1 k=1 k=1
—A+2Ak+B{A+2AkJ (B, +1 ZBka_

k=1 k=1

k=1 k-1

. +Bl(1+Bz(1+ (1+B,H(1+Bn))))AS [A+ Zn:Akjll[(lJan).

Let Z, , , =0 then inequality (10) holds, if 4 + z A, = 0. In other cases we take the logarithm left and right
k=1

Inz,, < [[ Z }H1+Bn)]=
=11’1{A+iAkJ-i-iln(lﬁ-Bn)Sln(A-f-iAkj-i-iBn.

k=1 k=1 k=1 k=1

parts of the chain of inequalities

Z B,
Then we obtain Z, , | < (A + Z Ak]ek ' . The proof is completed.
k=1

Lemma 2. Let the function [ be Lipschitz continuous with constant M satisfying (4). Then for the solu-
tions x and x,, of (8) and (5), respectively, the following inequalities hold for all t,t, € T, t > t, and [, n € N.

1. |x(t)|SC(1+ |x0|), xn(t)|SC( X0(T )) andueve(lzrb L(u).
2. |x(l)— x(1 )|SMu;/ﬁlr’t]L(u).

3. |xn(t+lhn) —xn(t)|SM var L(u).
ue[r,tﬁhn +%}

Proof. Let us prove the first inequality. For this purpose we will consider

|x <|x0|+”f s, x(s))d var L(u )<|x0|+M var L(s)<C(1+]x))-

ue[O s] [O t]
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If we rewrite the solution of system (5) in the vector form, we will get

G R AR W) PRI EVATAI E

Xno (Tt )| +

(tk’ x,(#, )[Ln(tk+l)_[’n(tk)]

where we used the equality var L, (u)= var L(u), derived from the definition L,.
ueT

uel

N+M var L(s)= C(

se[O t]

an(Tt)

),

In the same way, we will get the second inequality

|x(t)—x(tl)|=xo+jf(s, x(s ))dL - —If s, x( dL( )=

<M var L(u)

uelt, 1]

|7t ey

It follows the third inequality from the second one

x,(t+1h,)—x,(¢ SM var L (u)<M var L(u),
(i) xS, g LS M G

where we used the inequality var L ( ) var _L (u), derived from the definition L,. The proof is completed.

ool " L]

Then we will define the module of the x :[xl x% .., xF } as |x| Z‘ ‘ and module of ( p X q)-mat-

rix as | f | Z Z‘ £ ‘ We denote variation of the vector-function L = [Ll . Lq] on A by Vag1 L( ):
i=1j= ue

q
ZvarLJ ), var L(u)= lim var L(u).

~ 4 uela,b) 6—0" uca,b—e]

Theorem 2. Let [V i=1, p pJj= Lg q, be Lipschitz conlmuous functions satisfying (4) and LJ( ) j=1,_q, be
continuous functions of finite variation. Suppose that hL _[ |x 0 xo|dt —>0asn—>o, h,—>0 forallteT
then the solution xn(t) of (5), (6) converges to the solu;’oon x(t) from (8) in the Lebesgue space LI(T).

Proof of the main theorem

In this section we will prove theorem 2.
Proof. Let fix ¢ € T, then using (7) we obtain

-2 s r(e)ar ) 2 J s (s )+
<38 )2l - i)
+ zl ko P9 (10 3 (1) - Eis) —':Z(:f”(tk, x(t)) L t) =2 () | +
+ ,i ':'_01 Pt () E (1) - 2 (1)) - I SV (s, x(s))al (s) =
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q
=L(1)+ D] (I{ ()+ 1 () +H(t)+ 1] (t))
j=1
We denote the constant C which depends only on M, |T | It does not depend on n, 4, and ¢ € T and its

value can change from one formula to another. Since f” are Lipschitz continuous functions, satisfying (4)
and bounded for i =1, p, j=1, g, functions r (t), j=1, g, are continuous functions of finite variation, then
I/(1)<C var I/(t).
{()<C yar L'(1)
Using the view of j;*/ and inequality (4), we obtain

I3(1)=

m,—1

Z (ﬁqu (tk’ X, (tk )) - fY (tkﬂ x(tk )))|:L{q(tk +1 ) - L{z(tk )]

< Ctiol(|xn(fk) =) + %)

To estimate term 7§ (t), Jj= L_p, we will divide the sum into two parts. Then we will make replacement of
indexes of summation in the first part. We will use (4), the view of x(t) and lemma 2:

<

Li(tk+1) _Li(tk)"

ORI AN IS RIS A IS1 B
S e 1) 2 )] S ) 20 -2
|3l ) 0)] - A ) 20 -2 0] -

_ z( P w6t ) = (e s 20)  26)] (1 (0 1)) ¢

<

<[ = (1))~ 17 e ) 20(5) - ()]

scmil var D(0)(|Je(r )= x(e)| + )+ € var D()+C var D(1)<
k=1te tk,tk+%} te r,,r,+ﬂ te[zm,,tmtJrﬂ

<C max var Lj(t)+Chn.

hhel, te[n, b

1
lh-n]<-

Denote §(s)=1,, s € [tk, 4o ), and using the properties of Stieltjes integral we have

1(1)=

r:z:‘;flj(tk’ x(tk))[U(tkH)_Lj(tk)] _ jflj(s’ x(s))dLj(S)

/4

7 (36 <(30) = £ (s, x(5)) |t/ (5)

L€ T g LE| 1 T i

sc':::[[ var x(t)+hnj var Lf(t)}s

<C max var Lj(t)varx(t)+ChnSC max var L' (t)+ Ch,.
htyeT, ten,b)] teT hheT, tet,b]

\zl—tz\s%Hz,, \tl—tz\S%Jrhn
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Then
q m—1 ) qg m—1 1
(1) =5 (1) [who(r,) = x|+ €D Y var K(1)+CY [xn(tk) x(t )|+ j
Jovizelom) J=1k=0
q
J J
(’k+1) Ln(tk)‘+CJZ_1 max, te\[?,rtz]L (¢)+ Ch,.
‘tl—t2‘3%+hn
We obtain similar inequality for others x|, i = l,_
. g m—1 ) q m—1 1
(1) =¥ (1) <[rio(v) = x|+ € D var D()+CY (x,,(tk)-x(tk)|+_]x
Jotko1 el0h) j=1k=0

x‘L,’;(tkH)—L,’;(tk)hCZ max  var L/(t)+Ch,.

htyeT, ten, ]

o —t2‘£%+hn

%, (1) x(1)| < z

h,hel, te[n,n)]

q
r;(tk+1) —Lf;(tk )‘ + CZ max var Lj(t)+ Ch,.
_l\t] —tz\s%w,,,

Lemma 1 implies the following estimation for the last equation:

x, (1) = x(r) <]

x0|+CZ var [/(t +CZ max  var L/(t)+Ch,.

ze()h - nhel, te[h,n]
\—Qs%+m
Then
jxn(t) —x(t)|dt£f X0(7,) x0|dt+ CI Vglrh L(t)dt+
te
T T
+C max var L( dt+CIh dt
htyeT, te[n, b))
\zl—tz\s%Hzn
and

J

a

X0(T,) — x0|dt +C var L(1)+C max var L(t)+ Ch,.

1e[0, h,) htyeT, te[n, b))

x, (1) = x(t)|de < |
! [ETAEE )
n n

Let n — o, h, = 0. Since r (t), j= I,_q, are continuous on the 7 and therefore are uniform continuous on

it we have hL I X0(T,)— x0|dt — 0. The proof'is completed.
n 0
Similar results for the system of autonomous differential equations in other space were obtained in [9; 14].

Theorem 3. Under the condition of theorem 1, let f" i= I,_p j=1, q, be Lipschitz continuous functions

h
. RS 1 4
satisfying (4) and L’ (t) are continuous functions of finite variation (j=1, q ). Suppose that h_'[ xno(rt) -

n 0

- x0|a’t — 0 than the associated solution of (3) is the solution of (8) as n — o, h, — 0.

Proof. This is immediate consequence of the definition of the associated solution of (3) and theorem 1.

Thus, the class of the integral equation to which the associated solutions of systems of the nonautonomous
differential equations satisfy, containing the generalised derivatives of continuous functions, is described by
system (8).
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It should also be noted that from the proof of the theorems in the case of discontinuous functions 1/ (l) the

proof of the main theorem of this article doesn’t follow, because the associated solutions of (3) are obtained in
a different topological space.

It was shown in [6; 8; 11] that the solution of system (1) in the sense of the integral and approximate approa-
ches can be obtained from the solution of the system in differentials in the algebra of new generalised functions.
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rEOMETPI/I}I N TOITOJIOT'UA

GEOMETRY AND TOPOLOGY

VK 515.12

_ O HEKOTOPBIX CBOMICTBAX
OAHOH TOIIOAOTMH OYAHOBCKOI'O TUIIA

A. C. BEJPHIIKHH"

1)b"e/zopycmm? 2ocyoapcmeennwlil yuusepcumem, np. Hezasucumocmu, 4, 220030, . Munck, Berapyco

Annomayus. Viccnenyercs CBsI3b OAHOM TOMOIOTMHM OYaHOBCKOTO THUIIA C APYTHMMHU TOMOJIOTHAMU THIIEPIPOCTPAHCTBA,
B YaCTHOCTH C JIOKAJIbHO KOHEYHOH TOIOJIOTHEH, Torosorueii deia i TOmoIoruel, MOpoXkKAeHHOH MeTprKoi Xaycaopda.

Bo BrOpOIf WacTu crartey penraeTcs 3a/1a4a HelpepbIBHOTO POIOIDKEHHST UCXOIHOTO OTOOpakeHnsT X —/ Y na THIep-
MIPOCTPAHCTBA, CHAOKEHHBIC YKA3aHHOM BBIIIE OYaHOBCKOM Tommooruei. Jloka3zaHo, 4To 3aMKHYTHIE OTOOPasKEHHS U TOIBKO
OHU JIOMYCKAIOT TAKOE IPOIOJKEHHUE.

Knrouegwie cnoga: Tononorust 04aHOBCKOTO THUIIA; JTOKAIbHO KOHEUHAas TONOJIOTUs; Tononorus desuia; MeTpuka Xayc-
nopda; 3aMKHyTOE OTOOpaKEHHE.

ON SOME PROPERTIES
OF ONE OCAN TYPE TOPOLOGY

A. S. BIADRYTSKI?

*Belarusian State University, 4 Niezaliezhnasci Avenue, Minsk 220030, Belarus

Abstract. The relation between one Ocan type topology and other hyperspace topologies, such as locally-finite topo-
logy, Fell topology, Hausdorff metric topology are studied. In the second part of the article we solve the problem of conti-

nuous extension of a map X —/ 5Y on hyperspaces endowed with the O¢an topology mentioned above. As a result, it’s
proved that closed maps and only them have such extension.

Keywords: Ocan type topology; locally finite topology; Fell topology; Hausdorff metric topology; closed map.
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BBenenue

Krnaccnvecknmu 1 HanboIee pacipocTpaHEHHBIME METOIaMH TOTIOJIOTH3AINY SKCTIOHEHTHI €Xp X TOITOJIOTH-
YECKOTO MPOCTPAHCTBA X ABJIAIOTCS 3aJlaHe Ha Hel Tormoornu Beetopuca [1; 2; 3, ¢. 192] u 3ananue METpUKH
Xaycaopda [2; 3, c. 441] B ciydae MEeTpU3yeMOCTH TIpOCTpaHcTBa X. B mporecce pa3BUTHS TEOPUH SKCITOHCH-
[UAITBHBIX ITPOCTPAHCTB BO3HUKIIN H JIPyTUe TOTIOJIOTHH, CXOXKHE TI0 TPOIEype CBOETO 3aaHus C TOTIONOTHEN
Bretoprica (11X MOJKHO Ha3BaTh TOTIOJIOTHSIMU BHETOPHUCOBCKOTO THTIA), TaKKE Kak Torojiorus demia [4], mokaib-
HO KOHEYHAas TOToJIOTHs [ 5], a Takske Tommosorun «hit and miss» [6; 7], sBisroIzecs: 0000IIeHHEM TOTIONOTHIH
Breropuca u ®emia.

Heckompko WHO# MOAX0 K BBEICHUIO TOMIOJIOTHH Ha dKCIToHeHTe 06T mpemnoxker FO. C. Oganom B pabo-
Tax [8; 9] (Takue TOMOJIOTHH BIIOCIIEICTBUN Ha3BaHbI 0OUaHOBCKUMH). TOTIOJIOTHH OYaHOBCKOTO THTIA B UX TIPH-
nokenus nanee paccmarpuanu P. [1. Kamry6a [10], B. B. ITomos [11; 12], JI. 5. Durenscon [13] u I I1parwmc-
kac [ 14]. OTMeTnM TaKxe, 9T0 TOMOJIOTHEH 09aHOBCKOTO THIIA BJIsIeTCs Tononorus [Inkemm — Post [15, p. 51; 16],
WCTIOJIb3yeMast TIPH U3YyUeHUH YKCTIOHEHTH KOHEUHBIX MHO)KECTB.

B Hacrosmiei paboTe rccemyeTcs oHa U3 TOMOJIOTHI O9aHOBCKOTO THIIA, OTIpeeieHHas B [ 17] m 0603HaueH-
Hasl 311eCh uepes3 T B nepBoii 4acTu cTaTby BBIACHSIETCS CBSA3b ATON TOIIOJIOIUH C APYTUMH TOIIOJIOTMSIMH Ha DKC-
MOHEHTE, B YaCTHOCTHU € TonoJioruen desuia v JIOKallbHO KOHEYHOU TOTIOJIOTUEN, @ BO BTOPOM YaCTH CTAaThU pellia-
€TCs 3aJ1ada HeIPEPLIBHOTO MPOIOIDKSHHS OTOOpaKeHMS X —L 5 Y no orobpaxenus exp X —E— expY, e
exp X nexpY cHaGxeHbl yka3aHHOM BBIIIE TOIOIOTUEN T(, YTO «CONMKAET» CTAThIO ¢ IMyOnukanusamu [18;19],
B KOTOPBIX 3Ta 3aa4a paccMaTpUBaIaCh JUIs SKCIIOHEHTHI € TOTIoJNIoTHel Bretopuca.

OTmeTHnM, 4TO yKa3aHHas 3ajada OTHOCUTCS K AOCTAaTOYHO OOIIMPHON OOIACTH HCCIeOBaHUS (DYyHKTO-
pHANBHBIX CBOMCTB TOMOJIOTHYECKUX KOHCTPYKIMH. KpoMe SKCIIOHEHTHI ¢ TOM WM MHOM TOTOJOTHeH (Kak
B YITOMSHYTHIX BbIIIE paboTax [18; 19]) 1 koMIaKTHBIX pacIIMPEHHH (KJIIACCHIECKHIE TIPUMEPBI — CTOYH-YEX0B-
ckas BX [3, c. 267] u BoimMmaHOBCKas X [3, c. 272; 20] koMmakTH(UKAIMH TPOCTpaHCTBa X ), TAKUMH KOHCT-
PYKUHSIMI MOTYT OBITh U paciMpeHus 6oiee oOwwei mprpoasl (Q-Hacsienns s X [21; 22]), pyHKinoHanbHbIe

npoctpancTsa Buna C (X , Y) (ucxomHbIe OOBEKTHI — YIOPSIOUCHHBIC TTaPhI (X , Y ) TOIIOJIOTHYECKUX IIPOCT-
paHctB [23-25]) u ap.

OnwuireM OCHOBHBbIE TIOHATHS M 0003HAUEHUs, BCTpeyaromuecs B Tekcre. [peamnonaraem, aro nanee Bce
TOTOJIOTHYECKUE MTPOCTPAHCTBA YAOBIETBOPSIOT akcHoMe oTaenuMoctu 7. st 4 < X depes [A] L H |A| Oy-

JEM 0003HaYaTh 3aMBIKAHHC MHOKECTBA A B IIPOCTPAHCTBC X ¥ MOIIHOCTh MHOXKECTBa A COOTBETCTBEHHO.
HO,I[ SKCIIOHEHTOM (I/IJII/I FHHCpHpOCTpaHCTBOM) CXpX TOIOJIOT'MYCCKOTO MPOCTpAaHCTBA X moHMMaeM MHOXKe-
CTBO BCCX HCIIYCTBIX 3aMKHYTBIX MOJAMHOXCCTB IIPOCTPAHCTBA X. Beenem CJICAyromue 0003HAUYECHUSI: (JJr =

={FeexpX|FcU}, U ={FeexpX|[FNU=@}, me UcX; O(4, B)={FeexpX|AdcF < B}, me
A, BcC X; X= {{x} eexpX |x eX } Hanomunm, uro npenba3y tomonoruu Beetopuca ty, Ha exp X oOpa-

syror MHOkecTBa Buna U u U™, tne U — oTkpbITOe B X MHOXKECTBO, a 6a3a T,y COCTOUT M3 MHOXECTB BH/IA

n
(U, ...U,)={FeexpX|F | JU, u FNU,#@ mna Beex i, 1<i<ny, mie U, — OTKpbIThIC B X MHOXe-
i=1
+ _
crBa. [Ipenba3a tononoruu demna v, 00pa3oBaHa MHOKECTBAMU (X \K ) u U, tne K — 3aMKHYTO€ KOM-

MaKTHOE MHOXKECTBO, a U — OTKpBITOE B X MHOKECTBO. ba3y T; COCTaBIAIOT MHOKECTBA BUIA (Ul, .U, > =

n
=< Fe epr|Fc UUI u FNU#< nns Beex i, 1<i<np, rne U, — OTKpbIThIC B X MHOXECTBA, a JIOMOJI-

i=1

n

HEHHE [0 MHOXKECTBa UUi KommnakTHO. Tomonorust T, [17] nopoxnaena 6a30if, cocTosIe U3 MHOXECTB
i=1

BHUA O(A, U ), rne A — mbo mycroe, 100 KOHEYHOE MHOXKECTBO B X, COCTOAIIEe HE MEHEe YeM U3 JBYX

ToueK, a U — OTKpBITOE B X MHOXKECTBO. DKCIIOHEHTY € TONOJIOTHEN T, Zjaiee OyneM 0003Ha4aTh yepes expg X.

baza, 00pa3oBaHHasl MHOKECTBAMH BHJIa <A> =i FeexpX |F c U U,n FNU, # < nna Beex o€ A, re

aeA

A= { Ua|OL (S A} — JIOKaJIbHO KOHEYHOE CEMEHCTBO OTKPBITBIX B XMHO)KGCTB, MOPOKAACT HA SKCIIOHCHTE JIO-

KaJbHO KOHEUHYIO TOIOJIOTHUIO T 7 [5].
Jlist MeTpu3yeMoro TOIOJIOTHYECKOro IpocTpaHcTBa X 0603HauuM uepe3 (2, MHOXKECTBO BCEX JOILyCTHU-
MBIX (T. €. COIJIACOBAaHHBIX € ToMoJorueil) merpuk Ha X. st MeTpuku p € (Q , IpUMeEM CJIelyoL1e 0003HAUCHUS:
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Bp(x, 8) = {y € X|p(x, y) < 8} €-OKPECTHOCTb TOYKH x € X (MM OTKpBITHIIT 11ap); B, A 8 U B x 8
xed
g-pasnyTue MHOKeCTBa 4 € X OTHOCHUTEIBHO METPHUKH P; P — COOTBETCTBYIOIIAsi MeTpuka Xaycaopha Ha

eXpX(ﬁ(F, P)=inf{8>0|Bp(F, S)DP, Bp(P, S)DF} max supp(x P) supp(y, ) ); T, — Tononorus

Ha exp X, 3aJjaHHasi METPUKOH P (37ech A0omycKaeM ﬁ(F , P) =00 JUIs HeKOTOpLIX F, Peexp X, 4T0 He BiuseT
Ha OTPE/IENIEHNAE TOMONOTHHU T ).

st muoxectsa M = {rﬁ|p eQ X} B TOJTHOW pemreTke J° BCeX TOIMOJOTHH Ha exp X orpeneneHbl nH)H-

MYM Tjpp X CYTIPEMYM T (Tjpp = O {rﬁ|p eQy }, a TOIOJIOTHS Ty, 3aJ1aHa npeadason U {tA |p eQy }). Kax oka-

3aJ10Ch, Tg,, = Tpp [5]. U1t HHQUMANBHON TONOJIOTHH Tjr CIIPABE/UIMBO COOTHOIICHHE T < Tipp (T. €. Tp C Tipnp),
inf> Tinf = Tv ¥ Tjnp = Ty p PABHOCHUJIEHO KOMITAKTHOCTH IIPOCTPAHCTBA X,

Ka)KJ10€ U3 COOTHOLIEHUH Tj ¢ = T, Ty < T,
a COOTHOILIEHHE T, ¢ < Ty, PABHOCWIBHO HaJIMUUIO B X cueTHOM 0a3bl [26; 27].

inf =
CooTHOLIEHHE TONOJIOTHH T,
C IPYTHMH JKCINIOHEHIHAJIbHBIMH TONOJIOTHIMH

ITpuBeneM HeKOTOpbIE CBOICTBA TONOJIOIUH T(,, yCTaHOBIEHHBIE B [17]. OTMeTUM CHauala, 4To 0ToOpasKe-
HHe X 3 x — {x} € X sBIseTcs ToMeoOMOP(GHU3MOM MPOCTPAHCTBA X U MOANPOCTPaHCTBA X C eXpy X (dKCHo-

HEHIMAJIbHBIC TOMOJIOTHH C YKa3aHHBIM CBOHCTBOM HAa3bIBAIOT JOITYCTUMBIMH [2]). 3aMeTHM, 4TO HE BCSKas
TOIIOJIOTHSI OYaHOBCKOTO THIIa 00JIaZaeT 3TUM CBOMCTBOM: HANPUMEP, OUaHOBCKHE TOIOJOTHH, PACCMOTPEH-
HEIE B padortax [11-14], uaaynupyroT Ha X, Kak IPaBUIIO, TUCKPETHYIO TOTIOJIOTHIO.

OmnpenenM nanee B €Xpy X MOAIPOCTPAaHCTBA €Xp,, X {F eexpoX | |F | < n} nelN, exp, X = U exp, X

exp, X = {F eexpo X | |F | SNO} u chopmynupyeM yTBEpIKICHUE, OTIMCHIBAIONICE CTPYKTYPY npOCTpaHCTBa

expy X.
Hpenaoxenne 1 [17]. [Toonpocmpancmeo exp, X npu arodbom n € N zamxnymo 6 expy X, noonpocmpan-

cmeo exp,, X 6cto0y niomno 6 expy, X, u npu aooom n € N nobas mouxa F € exp,, . X \exp, X usonuposana

6 €xp, . X.

Kpowme Toro, nMeeT MecTo ciemyroliee npeaioKeHne.

Hpenpnoxenne 2 [17]. Ecau F — samxnymoe noomuodcecmeo muodicecmea X, mo expg F' — samxnymoe noo-
npoCmMpancmeo 6 eXpy X

ITpuBenem nanee yrBepkaeHUe 00 OTAECTUMOCTH IPOCTPAHCTBA €XP, X.

Hpenaoxenne 3 [17]. IIpocmpancmeo expy X ecmov T,-npocmpancmeo. IIpocmparncmeo expy X xaycoop-
G060 (pecynapro, enoane pe2yiapHo) mo2oda u moabko moaod, ko2oa npocmpauncmeo X xaycoopgposo (coom-
8EMCMBEHHO, Pe2YIAPHO, BNONIHE Pe2YIIAPHO).

ITpu xaycnopdoBocTu npoctpancTBa X cirydail KOMIAKTHOCTH €XP, X ONHUCBIBAET CIEAYIOLIEE IPEUIOKEHHUE.

Mpenaoxenne 4 [17]. /s xaycoopgosa npocmpancmea X 3K6USATEHMHbL YCI0GUSL!

1) expo X Komnaxmmuo;

2) expo X cuemHo KoMnaKmuo,

3) X koneuno.

XapakTepoM MHOXeCTBa A B X Ha3bIBalOT MUHUMAIIbHYIO MOIITHOCTH OKPECTHOCTHOW 0a3bl MHOXecTBa A
(T. €. ceMelcTBa 0L OKPECTHOCTEH MHOXeCTBa 4 TaKOTO, UTO JUIs JIF000H OKpecTHOCTH U MHOXKECTBa A HalaeTCs
MHOXeCTBO V € a, coneprkarueecsi B U).

Hpenaoxenne S [17]. [lycmb npocmpancmeo X pecynapno. [lpocmpancmeo expy X yoosenemeopsem nep-
801l aKcuoMe CYemHOCMU Mo20d U MOIbKO mo2oa, ko2oa X ne bonee uem cuemuo, a MHoxcecmeo D ecex npe-
0enbHbIX MoueK npocmpancmea X KOMnaKkmHo u umeem He Oojiee yem cuemuviil xapakmep 8 X.

Hpenaoxenne 6 [17]. IIpocmpancmeo expy, X mempuzyemo moz0a u monvko mozoa, koeoa X — ne bonee
yem CuemHblll Mempusyemblii KOMNAKm.

Crnenytormias Teopema chopmyiupoBaHa B [17] 6e3 goka3zaTesbCTBa, OJJHAKO BBUIY €€ BAXKHOCTH IS J1allb-
HEHIIEero U3JI0KESHUS! CYUTAEM YMECTHBIM MPUBECTH HUKE €€ MOITHOE JJOKa3aTeIbCTBO.

Teopema 1 [17]. Cnpaseonuso coomnowenue v < tq. Ilpu smom mononozuu Tt u T CO6NAOAIOM Mo2oa
U MoabKO Mmo2od, Ko2oa npocmpancmeo X OuCKpemHo.

JlokaszarenbcTBo. MuoxkecTBa Buaa U™ € Ty, tie U OTKPBITO B X, 0YEBHIHBIM 00Pa30M IIPHHAIJIEKAT

TOTIOJIOTUH Ty, TTOCKOJIBKY U ' = 0(@, U ) € 1. PaccMoTpum Teneps aneMeHT npeidasbl TOMONOTHH Ty, BUja V-
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Y IPOU3BOJIbHOE MHOXKECTBO e V™. Eciu F = {x}, T0 Fe O(@, V) cV .Ecmm |F | > 2, TO BO3bMEM, Halpumep,

MHOKECTBO O({x, y}, X), mexeFnNV,aye F\{x}. B Takom ciyuae Fe O({x, y}, X) c V. Tem cambIM TIO-

Ty4aeM, 4to V'~ € 1. Tak Kak Bce 37eMeHThI IPea0a3bl TONOIOTUH Ty IPUHAJIEKAT TOMONOTHH Tg, TO Ty < Tq.
[Tycts Teneps Ty = Ty U, B YACTHOCTH, T, < Ty. BpiOepeM Mpou3BoIbHEIM 00pa30M JBE Pa3IHMYHbIE TOUKU

X, y € X (ciyyail OJHOTOUEYHOTO IPOCTPAHCTBA X TPUBHAJICH) U 00pa3yeM MHOXECTBO 0({x, y}, X ) Ucxona
W3 YCIIOBHS, OHO TIPHUHAIEKUT TOTIONIOTHHN BreTopuca, 3HaUUT, IS MHOXKECTBA { X, y} € 0({x, y}, X ) HaiineTcs
3IeMEHT 0a3bl TOIOJIOTUH Ty, BHA <U1, . Un> TaKoM, 4TO {x, y} € <U1, . Un> c O({x, y}, X). [Tycts V' —nie-
pecedyeHre MHOXKECTB M3 CeMencTBa {Ul, .U, }, coliepKallux TOYKYy X, a W — nepeceyeHrne MHOXECTB U3
cemeiicTea {Ul, cees Un}, cozepkaiux Touky y. Torna Oyner cripaBesIMBBIM BKIIIOUCHHE <V\{ y}, W\{x}> c
(U, ..., U,). Ipeanonoxum, 4to xo1s 661 0gHo 13 Muoxkects V' \{ y}, W\{x} conepsxut Gonee onoii ToukH.
[IycTe, Hanpumep, z € V\{y} U z # x. B TakoM cllyuae MHOXXECTBO {Z, y} JICKUT B <V\{y}, W\{x}>, a BMecTe
CTEM U B O({x, y}, X ) CnenoBartesbHO, {x, y} c {z, y}, OTKY/a BBITEKAET PaBeHCTBO z = X. [lomyuwmin npoTtu-

BOpeure. 3HaYMT, OTKPBIThIe MHOKeCTBA V' \{y}, W\{x} 01HOTOUYCUHBI, a U3 IPOM3BONBLHOCTH BBIOOPA TOUCK X
U ) BBITEKAET, YTO MPOCTPAHCTBO X IUCKPETHO.
JlokaskeM obpatHoe yTBepkaenue. [TycTh mpocTpancTBo X ucKpeTHO. JI0CTaTOuHO MOKa3aTh, UTo T, < Ty.

PaccmoTpuM pou3BOIIBHBIN 1IEMEHT 6a3bl TONOIOTUH T, BUAA O(A, U ) Ecmu A =, o 0(@, U ) =U"e Ty.
Ecim A= {al, oo an} (a,# a; upu i # j, n 2 2), TO ICKOMOE COOTHOLICHUE IOy I1M, IIPEACTABHB MHOKECTBO

O(A, U) B BHJIE O(A, U)= {a1 }_ e {an}7 NU", e {ai}7 € Ty unst 1100010 7, 1 <i < n, BBUIY JUCKPET-
HocTH npoctpancTBa X. Teopema qokazana.

CuencrBue 1. Cnpaseonuso coomnouenue Ty < 1o IlIpu smom mononocuu tp u Ty cO8NAOAIOM MO20A
U MONbLKO Mo20a, K020a nNPocmpancmeo X KOHEeuHo.

JoxkazaTenbcTBo. JJokazarensCTBO MEPBOIi YaCTH YTBEPIKACHHS OUEBHTHBIM 00Pa30M BBITEKACT U3 TEO-
pembl | 1 COOTHOIIEHUS Tf < Ty.

[TycTs Teneps Ty = 1. 13 3T0T0 paBeHCcTBa M COOTHOIIEHUH T < Ty U Ty < T, (CM. Teopemy 1) cienyer coBna-
JIEHUE TOIIOJIOTHH T = Ty = Ty. ComIacHo TeopeMe 1 paBeHCTBO T, = Ty BI€YET JUCKPETHOCTh IPOCTPAHCTBA X.
[TockoIbKY COOTHOILLICHUE Ty = Ty PABHOCHIIBHO KOMIIAKTHOCTH IPOCTpaHcTBa X (CM., Hanpumep, [28, p. 144]),
TO TOJTy4aeM, YTO IPOCTPAHCTBO X SIBIISETCS KOHEUHBIM.

HoxaxeM oOpaTHoe yTBep:kaeHHe. [TycTs mpocTpancTBo X KoHeuHO. Clie10BaTeNnbHO, Ty = Ty. [lockonbky X
TaKXKe SIBJICTCS JIUCKPETHBIM IIPOCTPAHCTBOM, TO U3 T€OPEMbI 1 10ydaeM COBIAJEHUE TONOIOTUH Ty = Tp.
CrencrBue 10Ka3aHO.

Teopema 2. Coomnowenue . < Ty umMeem mecmo moz20a u moabko mozod, ko2oa npocmpancmeo X ouc-
KpemHo.

HokaszartenbcTso. Ilycts X nuckperno. Torna B cuity Teopemslt 1 1y, = 1. Hanee nonyuyaem tpedyemoe
U3 U3BECTHOIO COOTHOLICHUS Ty < T pn

I[Tycts Teneps T < 1, . Be1OepeM mpou3BosIbHEIM 00pa30M JIBE pa3IHUHbIE TOUKU X, y € X 1 00pa3syeM MHO-

JKECTBO O({x, y} , X ) € Tg. Mcxons u3 ycnosus, Ui MHOXKECTBA {x, y} HailieTcst OKpecTHOCTh U3 6a3bl TOIOJIO-

riu Ty Buga (A) Takas, uro {x, y} e (A)c O({x, v X ), e A — J0KalIbHO KOHEYHOE CeMEHCTBO OTKPHITHIX
B X MHOXeCTB. HeTpyaHO mokasark, 4To B TAKOM CITy4dae ceMencTBo A OymeT KoHeuHbIM, T. €. A = {Ul, .U, },
H, CIICIOBATEIBHO, <A> = <U1 Y eens Un> € ty. Jlanmee paccyxeHns Te Xke, 9T0 ¥ IIPH JJ0Ka3aTeIbCTBE BTOPOH Jac-

T TeopeMsl! 1 (ciaydail T, < 1y). Teopema qoka3aHa.

Teopema 3. Coomnowenue T, < T umeem mecno mo20a u Monvko mo2oa, ko2oa 6 npocmparncmee X n1oooe
JIOKANIbHO KOHEYHOe CeMeLUCMB0 OMKPLIMbIX MHONCECE KOHEUHO.

HoxazartenbcTBo. Eciu B X moboe J0KanbHO KOHEYHOE CEMEHCTBO OTKPBITHIX MHOXKECTB KOHEUHO, TO
T p = Ty [3]. anee nomy4nmM HCKOMOE COOTHOIIEHHE Ty < T, IPUMEHUB TeopeMy 1.

HoxkaxxeM obparHoe yTBepxieHue. Ilycts 1, < 1. Ilpennonoxum, 4ro B X cymiecTByeT OECKOHEUHOE JIO-
KaJIbHO KOHEYHOE CEeMEHCTBO OTKPBITHIX MHOXKECTB .A. B TakoM citydae MoskeM 00pa3oBaTh 3aMKHYTOE MHOMKe-
CTBO P, BEIOpaB B Ka)KJIOM MHOMKECTBE U3 A 1Mo oHo# Touke. ScHo, uto P e <.A> Hcxons u3 ycioBusi, MOXKHO
1o7006paTh KOHEYHOE MHOXKECTBO A C P, coieprkaliiee 1o KpailHell Mepe JABe TOUKH, U OTKPHITOE B X MHOXKECT-
Bo U Takum obpazom, uto P e O(A, U ) c <.A> OTO0 3HAYUT, UyTO A € <A> Ho Torna Bonpeku npeanonoxeHuto
MOJy4YHM, 9TO ceMeicTBO A KoHeuHo. TeopeMa oKa3aHa.
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W3 Teopem 2 u 3 BBITEKAET CIENCTBHE 2.

CaenctBue 2. Tononozuu Ty U T COENAOAIOM MO204 U MOILKO M020a, K020ad NPOCMPAHCcmeo X KOHEeUHO.

ITyctp manee nmpocTpaHcTBO X MeTpusyeMo, p € Q. (T. €. p — HEKOTOpast JOMyCTUMast MeTprKa Ha X ) U P —
COOTBETCTBYIOIIAs MeTprKa Xaycaopda Ha exp X.

Teopema 4. Coomnoutenue T <1y UMeem mecmo mo20a u monabko mo2od, Ko20a Mempuyeckoe npocm-

pancmeo (X , p) 8NOHE 02PAHUYEHO.

HoxazartenscTBo. IlycTh Tﬁ < 1,. A1 npousBonabHOro € > 0 paccMOTPUM OTKPBITBIA ILIAD Bﬁ(X R 8)
B METPUYECKOM IIPOCTPAHCTBE (exp X, [3). Hcexons u3 ycnoBHs, 9T0 MHOXKECTBO IIPUHAMIIEKHNT Tn. Torma mmis
MHOKecTBa X (Kak 3JIeMEHTa SKCIIOHEHTHI) HAIeTCsS OKPECTHOCTE BHIA O(A, U ) Takas, yto X € O(A, U ) c
c Bﬁ (X , 8) (pu 3ToM U, oueBuHO, coBranaet ¢ X ). [ koHeuHoro MHOkecTBa A C X CYILECTBYIOT JIBE BO3-
moxHoOCTH: A = & 1 | 4| > 2. PacemoTpum nepsiii ciydait. Torna O (D, X ) = exp X, u, 3Haun, B}3 (X, e)=expX.

BriGepeM HEKOTOPYIO TOUKY X, € X. Torna ﬁ({xo}, X ) = sup p(x, x,) <&, u, crenoBaTeNBHO, P(X, X)) <& WIs

00010 X € X. 3HAYUT, MHOKECTBO {xo} — KOHEYHas e-ceTh AJis mpocTpanctBa X. IlepeiineM ko BTopomy ciy-
a0, xorna |4|>2. Us exmouenns O(4, X)c Bﬁ(X, ¢) cienyer, uto p(4, X)=supp(x, 4)<e, orkyna
xeX

p(x, A) <& must roboro x € X. TakuM 00pa3oM, MHOKECTBO 4 C X SBIIAETCS KOHEYHOH €-CETHIO IS TIPOCT-

paHcTBa X, 4TO U TPeOOBAIOCH JJOKA3aTh.
JlokaxxeMm Terieps oOparHoe yTBepxkaeHue. [1ycTh X BriosiHe orpanuueHo. PaccMOTpuM Mpou3BOIBHOE 3aMK-

HYTO€ MHOXECTBO F €eXp X W €ro OKpeCTHOCTH (B DKCIIOHEHTE) Bﬁ(F \ 8), €> (0. Bo3moxHBI 1Ba Cirydas:
F= {a} (T. . MHOXXECTBO F OTHOTOYEUHOE) U |F | > 2. B nepBom ciydae nonoxum, uro U = Bp(a, 8), U pac-
cMorpum MHOXkectBo O(D, U). Ouesuano, uto Fe O(, U), a wis moboro Pe O(, U) BIIONHSIOTCS
Brmoueknst P < B, (F, ) u F < B,(P, ¢), otkyna p(F, P)<e, u, cieoBarensto, P e Bﬁ(F, g). CooTHoLIe-
nnst Fe O(Q,U) < Bﬁ(F , €) IoKa3aHbL. Bo BTOpOM ciyuae BOCIIOIB3yEeMCsl TEM, UTO JIH000E MHOKECTBO B X
TOXE BIIOJIHE OTpaHWYEHO (CM., Harpumep, [3, ¢. 396]), u BeIOepeM KOHEYHOE MHOXKECTBO A C F' Tak, 4TOOBI
Fc U B, (a, €). Tlpu 5TOM MOKeM CUHTaTh, 4T0 A HEOTHOTOUEUHO, A = {4, ..., 4, }, n > 2. PaccMoTpim MHO-
acA n
xectBo O(A4,U), tue U= U B(a;, €). SlcHo, uto FeO(A4,U), a wist moGoro P e O(A4, U) BBIIONHAIOTCS
i=1

cooTHotienus: P c BP(A, s) C Bp(F, 8) uFc BP(A, 8) c BP(P, g), OTKy/la f)(F, P) < g, U, CIIeJIOBATEIIHHO,
Pe Bﬁ(F , 8). [Tonyuaem Bkitouenus F'e O(A, U ) C Bﬁ(F , 8). Hrak, B 000uX ciydasx UMeeM COOTHOIIICHHE
T, <14. Teopema nokazana.

Teopema 5. Coomnowenue tq < T, umeen mecmo moeoa u monvko moaoa, koeoa cyujecmayem € > 0 ma-
Koe, ymo p(x, y) > & 0151 IF0OBIX PAIUYHBIX MOYeK X, Y € X (Mempuxy ¢ maKum c80UCMEOM MONCHO HA36AMb
PABHOMEPHO OUCKPEMHOTL).

HoxaszatenbcTBo. Heooxooumocms. Ilyctsb T4 < T IIpeanonoxum, uto B X CylIeCTBYET IIpeeIbHAas
TaKas, 4To X, # X, IpU n #k, x,# & n p(x,, )<%

st Beex 11 € N. OOpa3yem MHOkecTBa A = {&} U {xn|n € N} ud,= {xk |k < n} B takom ciydae ﬁ(An, A) < %,

v o0
TOuKa &, TOT/Ia HalifIeTCs mocyeoBarenbHoCTh (X, ) |

2
MOCKOJIBKY Bp A4,, 21> A nnst moboro n €N, T. e. 4, cxoouTcs K A OTHOCUTEJIBHO TOIOJIOTUH s a 3HAYMHT,

1 OTHOCHUTEIIBHO TOIOJIOTUH T. HO 151 OKpecTHOCTH O({ﬁ, X }, X ) € T MHOXecTBa 4 (Kak d1eMeHTa exp X)

MMEET MECTO COOTHOIIEHUE A, & O({&, X} X ) npu Beex n € N. Tlonyunnu nporusopeune. Takum o6pazom,
IPOCTPAHCTBO X JMCKPETHO.

o0

n

0
TIpemonokum Tereps, 4to B X CymECTBYIOT mocieoBarenbHocTu (x, ) u (y,) _, TaKkue, 4T0 X, # ),

1
ans moGoro ne N u p(x,, y,) —>0. Moxem cuntats, 410 p(X,, 3, ) <~ A1 Besxoro n e N. 3amerum, 4to

o 0 9
HH OJ[HA U3 MTOCIE/IOBATEbHOCTEH (x,,) |, (¥,), _, HE CONEPXKHT CTAIMOHAPHOI MOATIOCIEIOBATENBHOCTH.

0
n=1
o0

JelcTBUTENBHO, TOIyCTUM, YTO (xn_ )
).

i=

| — CTallMOHapHask MOAIIOCICAOBATCIIBHOCTD U X, = Z JUISL BCEX ieN.
1
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Torna y, — z u y, # z npu M00OM i € N, 4TO IPOTHBOPEYUT AUCKPETHOCTH MPOCTpaHCTBa X. B Takom ciydae
MOXHO BbIOPaTh MOCIEIOBATEIbHOCTh HOMEPOB 11, < M1, < ... TaK, YTOObI {xn‘ |z' eN } N { Vo |i € N} =. Onu-
LIeM MPOLIEAYPY BBIOOpa TAKHX IOAIIOCIEIOBATEIBHOCTEH. B kadecTse x, 1 y, BO3bMeM x; U y;. Ilycts Ho-
Mmepa n; <n, < ...<n; BbIOpaHbl TAKMM 00pas3oM, 4To X, # y, NpH i # j. [lockombKy mocienoBaTenbHOCTH
4 J
9] ['e) o

(xn )n:1 u ( Vu )n:1 HE MMEIOT CTallMOHAPHBIX MOAIOCIEI0BATEIbHOCTEH, TO MOKHO BBIOpaTh HOMEp m > 7,
TaKo|, YTO MHOXKECTBA {xnl_ |1 <i< k} v {ynl_ |1 <i< k} u {xp | p2 m} v/ {yp |p > m} JTU3bIOHKTHBI. Toraa mona-
raem, uTo 7, , ; = m. [loaToMmy 03 orpaHuyYeHust OOIHOCTU MOXKHO CUMTATh, UTO X, # X, IpU 1 # k, y,# ¥, TIpH
ne N} =.

nikn{xn|neN}m{yn
Hanee mycts D = {xn |n € N}, D,=Dv { Vi |k 2 n} Torga u3 nepaBencTsa p(xn, Yy ) < % BBITEKAET OLICHKA

N 1 .
p(D, Dn)z supp( Vs D) < 7> & € HEH BBITEKAET U CXOMMMOCTD D, x D OTHOCUTEIBHO TOIOJIOTHH T (kak
k=n
CIIEJICTBUE COOTHOLIEHUS Ty < ‘Cﬁ) OTHOCHTEJIBHO TONONOrHH T. Ho st okpectrocT O (D, D) € Ty MHOXe-
crBa D umeem D, ¢ 0(@, D) npu io6om 7 € N. [Monyunnu nporuBopeune. HeoOxonumocTs noka3aHa.
Hocmamounocms. Vicxoms u3 ycnosusi, BoibepeM Takoe & > 0, uto p(x, y) > g JUIs JI00BIX Pa3NUYHbIX TO-

4eK X, y € X, U s IPOU3BOJIBHOTO MHOXKECTBAa [ € exp X paccMOTPUM OKPECTHOCTh B‘3 (F , 8). Ilycte Pe
eBﬁ(F, 8), T. €. f)(F, P)<8. Torma umeem: 1) p(x, P)<8 Juist moboro x € F; 2) p(y, F)<s JUISL JTF000TO
y € P. Beuny BeiOopa € > 0 u3 1) nonydaem, uro F ' P, a u3 2) cienyer Bkirodenne P < F. Takum oOpazom,

Bﬁ(F , 8) = {F }, OTKyZJa BBITEKAET AUCKPETHOCTH IIPOCTPAHCTBA (exp X, ﬁ), YTO B CBOIO OUEpE]b BJIEUET UC-
KOMO€E COOTHOILICHHE T < T Teopema nokasana.

CnencrBue 3. Tononozuu T, u T €o8naoaiom 6 moM 1 MmoabKo 8 MoM ciyyae, Koeoa npocmpancmeo X Ko-
HEUHO.

Hccnenyem nanee B3aMMOCBA3b TOIOIOTHH Ty U T, IIpHBeeM HEKOTOPBIE CBOKUCTBA T;,;, KOTOPBIE IIOHA-
TOOSTCS B TTOCCIYIONIEM U3TI0KCHUH.

HamomHnM, 910 mpocTpaHcTBO X Ha3bIBae€TCS CEKBEHIIMAIBHBIM, €CIH YIS JTIOOOTO HE 3aMKHYTOTO B X

MHOXKeCTBa 4 HallayTCs Touka x € X \A 1 OCIeI0BaTeIbHOCTh (an )::1 c A, cxonsamascs K Xx.
inf F (F;7
HOCHUTEJBHO TOIOJIOTUH T, (MeTpuKHU Xaycaopda p COOTBETCTBEHHO).

Ipennoxenne 7 [27]. Ilpocmpancmeo exp X ¢ mononozueii T, CeK6EHYUANLHO.

Crnenyromee nNpeanokKeHne OMUCHIBAET CBA3b MEXKTY CXOAUMOCTBIO B T, M CXOAMMOCTBIO IO METpHKE Xayc-
nopda.

MMpennoxkenue 8 [27]. Eciu (Fn );O:l cexpX, FeexpX u F,———F, mo Hatioymes mempuxa p € €2y

0

U NOONOCNEO06AMENILHOCNb (E1 ) v o5 komopuvix F, ——F.
i )i = i P

o0
> F'), eclii MOCIIeI0BaTeIbHOCTD (F;, )

bynem nucars F, hel

cexpX cxonures K F oT1-

~

Crenyromue NpeUIoKeHUs OUCHIBAIOT CBsI3b TONOJIOIUHU Tj, ¢ C TOIIONIOrUsAIMH BreTopuca 1y, u @eina tp.

Ipennoxenne 9 [27]. Cnpasednuso coomuouienue Ty < Ty,

Hpenaoxenne 10 [27]. [na mempusyemozo npocmparncmea X pagHoCcuivhbl YCao8usl:

1) Tipp =Ty

2) Ty < Tingy

3) X komnaxmmo,

4) Tiop = Tp-

Teopema 6. Coomnowenue T, < T, umeem mMecmo mo20a u moIbko mo2od, koeoa npocmpancmeo X 0o-
naoaem cuemnou 0asoil.

HoxazarenbcTBo. [lycts X obnanaer cuetHoli 6a3oi. B Takom ciydae X gomyckaer BIIOJHE OrpaHu-
YEHHYIO0 METPHKY P (CM., Harpumep, [3, ¢. 398]). Toraa u3 Teopembl 4 NOTy4aeM COOTHOIIEHUE T, < Ty, OTKYJA
B CBOIO 04Y€PEb BBITEKAET Ty p < Ty P

Wnes nokaszarenbcTBa 0OpaTHOTO YTBEPIKICHUS Ta ke, 4To U B [27, Teopema 9]. [Ipeanonoxum, uto B X

HeT cueTHOH 0aspl. Torma, MoCKoIbKY X UMEeT G-IUCKpeTHYIO 0asy (cM., Hampumep, [3, c. 418]), B X MokHO
BBIOpATH BIIOJTHE YIIOPSAIOYEHHOE 3aMKHYTOE TUCKPETHOE (KaK MOAIIPOCTPAHCTBO) MHOKECTBO A = {ax |k < (ol}

(a, # ag mpu o # B), e ©; — NepBbIiA HeCUeTHbIH opauHai. Ilycrs 4, = {aa la < k}, H= {Ax | <o } Scno,
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4yro A ¢ H, HO npu 3TOM A € [H]O (3aMBIKaHHME MHOXECTBA H B T(), @ TaK KaK T;; < Tp, TO A € [7—[]inf (3aMBlI-
KaHHe MHO)KeCTBa H B T,,¢). BBUY npemnoxennit 7 u 8 Haiinyrcsa MHOkecTBO B € exp X \H, mocnenoBareb-
HOCTb (Axn )::l < 'H u MeTpuka p € Qy Takue, 410 4, ﬁ—>B.

Hccnenyem nanee B3aMMHOE pacriooxkeHue MHOXeCTB 4 u B. [Ipeamnonoxkum cHauana, 4TO MHOXKECTBO
B\ A4 ne mycto. B TakoM ciydae pukcupyem HEKOTOpyto Touky b, € B\A. OG03HauuM g, = p(bo, A). ScHo, uto
&y > 0. Torna st mo0oro MHOXKeCTBA A, CHpPaBE/UIMBA OLCHKA SUP p(b, 4, ) > p(bo, 4, ) > p(bo, A) =g, OT-

beB
Kyna ﬁ(B, 4, ) 2 g JUIs BCEX 71 € N, 94TO IPOTHBOPEUYUT CXOXUMOCTH A, 6—)3' Taxum obpazom, B < A.

Jlanee npeanonoXum, 9T0 HalIyTCA TOUKH a, € B 1 ag € B Takwme, uto a < 3. Beibepem € > 0 Tax, 94T00BI

Bp (aa, 8) NA= {aa} u Bp(aB, 8) NA= {aﬁ}. st Becex n € N, HaunHas ¢ HEKOTOPOTO HOMEPA, ﬁ(B, Axn ) <g,

U, CIICI0BATENbHO, dg € 4, . Ilockonbky a, € 4, (Tak Kak o <) u ﬁ(B, A, )< g, T0 a, € B. [lony4nnu mpo-
n n n

tuBopeune. Taknum obpasom, eciu ag € B, 10 a, € B juis Beex o < .

ITycTs nanee cymecTByeT He Oosiee YeM CUETHBII OpAMHAT A, TAKOH, 4TO A < A, 1JIst 1000 TOUKH a, € B.
MoxHO noJsarars, 4to A, — HEpPBbII OpPJUHAI CPEAN TAKUX OPAUHAJIOB, ¥ TOrna B = A)LO, 4YTO HEBO3MOXKHO, I10-
cKoibKy B € exp X\VH.

Wrak, noixydaem paBeHcTBO B = 4. M3BecTHO (cM., Hanpumep, [3, ¢. 25]), 4To A BCSIKOM MOCIIe10BaTENb-
HOCTH OPJMHAJIOB A, A,, ..., MEHBIIIHX, YEM (,, HAWJETCS TaKOW OpAMHAI A, < ®, 4TO A, < A, st Beex i € N.

®duxcupyeM € > 0, Ipu KOTOpOM Bp(ako, s) NA4= {ako } ITockonbky B =4, TO ﬁ(B, AM)Z € U1 KaXI0ro
n € N, 4TO IPOTUBOPEUUT CXOAUMOCTH A, 6—)3' Teopema nokazaHa.

Caenctue 4. [{na mempusyemozo npocmpancmea X pagHOCUTbHBL YCLOBUSL:
1) o < Tigps
2) X koneuno;

3) To = Tinp

HoxkazartenscTso. Uunaukayus 1) = 2). Tak kak Ty < 1 (cM. TeopeMy 1), T0 Ty, < Ty, 4TO PABHOCUIIBHO
Tinr = Tp (CM. IIpeiuioskenue 10), oTKyza 1nojydaeM paBeHCTBO Ty = T, KOTOPOe (CM. cieacTBue 1) 3KBUBAJICHT-
HO KOHEYHOCTHU TnpocTpancTBa X. Munauxayua 2) = 3). IlockonbKy IpocTpaHCTBO X KOHEYHO, TO exp X — KO-
HEYHOE MHOXKECTBO, U, CIIEJOBATEIILHO, B CUITY BBIIIOJHEHHS IS T U T;,r AKCHOMBI OTACITUMOCTH 1, T U Tjpp—
OITHA W Ta K€ AUCKpeTHas Tonojorus. mmmukarus 3) = 1) oueBunHa. CiecTBUe TOKA3aHO.

CuaenctBue 5. Tononozuu T, U To HECPABHUMBI MO20A U MOJLKO M020a, Koeda eec npocmpancmea X He-
cueme.

HenpepbiBHOe mpookeHHE 0TOOPaKeHUsI
Ha JKCIIOHEHTHI ¢ TONOJIOTHEH T
HcceyeM BOIPoC 00 YCIIOBHSIX CYIECTBOBAHIS HEPEPHIBHOTO IPOIOIDKEHIS eXpy X —E— exp Y o1obpa-

Kennss X —L 7. OroGpaxenne exp X —£—expY OyneM HasbIBaTh NPOIOIKEHHEM OTOOpaXkeHHsT X Ly

Ha DKCIIOHEHTHI exp X u expY, eciau g({x}) = {f(x)} TUTST TF00O0TO {x} e exp X. Ecnu, kpome Toro, g(F) =
= [ f (F )]Y s moboro F e exp X, To otobpaxenue exp X —E—>expY Ha30BEM KaHOHUYECKUM MPOJIOJIKE-

HHUEM. I[anee KaHOHHNYECKOC IMPOAOJIZKCHUC 6yz[eM 0003HaYaTh qepes f Brisscaum YCII0BUSA KKAaHOHUYHOCTW
HCIIPEPLIBHOTO ITPOAOJDKEHUS UL TOIIOJIOTUH T,.

Teopema 7. ITycmu Onst HenpepuigHo2o npodondicenus expy X —£— expo Y omobpasicenus X —L 5 Y une-
em Mecmo paseHcmeo g(A) =f (A) 071 1100020 KoHeuH020 noomHodxcecmea A npocmpancmea X. Toeoa g = f .

HoxazartenscTBoO. [lycth FeexpX u |F| =00, BHauainie otmMeTum, 4to eciu F e O(@, U), rae U ot-
KpbITO B X, TO F'€ O(A, U) C O(@, U) JIUIs TF0OOr0 KOHEYHOI'0 MHOXKeCTBa A C F' Takoro, 4To |A| > 2. Pac-
CMOTPHM OKPECTHOCTH V' (B ¥') HEKOTOPOU TOUKH & € g(F ) MHOxeCTBO V'~ €CTh OKpPECTHOCTh g(F ) B €XpoY
BBUJIY COOTHOLIEHUS Ty < T, (CM. TeopeMy 1). 13 HenpepblBHOCTU OTOOpa)keHUsl g Ul MHOXKECTBA [ (Kak
AIIEMEHTA SKCIIOHEHTHI) MOXKHO TOA00paTh OKPECTHOCTH BUAA O(A, U ) Tak, 4TOObI g(O(A, U )) cV, e
|A| > 2. Tockonbky 4 € O(A, U), 1o g(A) = f(A) eV, re. f(A) NV # O, oTkyaa f(F) NV # 3. Beuny
HPOU3BOJILHOCTH BBIOOPA OKPECTHOCTH V monmy4aeM, uTo & e [ f (F )]y’ U, CIIEA0BATEJIBHO, g(F ) c [ f (F )]Y
[anee mpenmnonokum, 4To CylIeCTBYET TOUKA 1) € [ f (F )]y\ g(F ) Tak Kak MHO>ECTBO g(F ) 3aMKHYTO, TO

37



ZKypnaa Besopycckoro rocyiapcTBeHHOro yausepcurera. Maremaruka. Madopmaruka. 2024;3:31-39
Journal of the Belarusian State University. Mathematics and Informatics. 2024;3:31-39

HalIeTcs TaKkKe Touka y € f (F )\g(F ) PaccmoTpum okpecTHOCTB O(@, Y \{ y}) MHOXKECTBA g(F ) B €XpyY.

B cuny HenpephIBHOCTH OTOOpaXEHHS g ISl MHOXKECTBAa F MOJKHO TTOI00paTh OKPECTHOCTH BUAA O(A, U ),
rae |A| > 2, Tak, 4TOOBI g(O(A, U)) c O(@, Y\{y}). Bribepem nanee TOUKy x € fﬁl(y) N F. Torga MHOXe-
CTBO {x} U Aeexpy X sBIgeTCs 3IEMEHTOM O(A, U), 3HAYMNT, g({x} U A) =f({x} U A) € O(@, Y\{y}),
T.e f (x) ef ({x} U A) cY \{ y}. TakuM 00pazoM, MONYYWIN TPOTUBOpEUHE (TaK Kak y = f (x)) Cnenosa-
TEJIbHO, UMEET MECTO BKIIIOUCHHE [ f (F )]Y c g(F ) Wrak, g(F ) = [ f (F )]Y Teo_peMa JIOKa3aHa.

BorsicHMM Tenepp yciI0BHS HENPEPHIBHOCTH KaHOHMYECKOro mpoxoibkeHus f. McxomHoe oToOpakeHue
X —L Y cunraem nanee HEIPEPBIBHBIM.

Teopema 8. Omobpadsicenue expy X L expy Y Henpepvisno mo20a u moavbko mozo0a, ko20a omoopa-
ocenue X —L Y 3amxkHymo (m. e. f (F ) 3amkHymo 8 Y 015 106020 3amkHymoeo 8 X mroocecmsa F).

HoxaszarenbcTBo. Heobxooumocms. Ilycth oToOpaxeHue ]_‘ HenpepbiBHO. [Ipeanonokum, 4To cymiect-

BYET 3aMKHYTO€ MHOXKECTBO F' C X, JJIsl KOTOPOro [ f (F ):'Y\ f (F ) # (J. Beibepem Touku & € [ f (F )]Y\ f (F )
nye f(F) u o0pasyeM B €Xp,Y OKpecTHOCTh O({E_w y}, Y) MHOKECTBA j_f(F) = [f(F)]Y Torna, ucxo-
Ji1 U3 HENPEPBIBHOCTH ]7, HaMJETCsl OKPECTHOCTh MHOXKECTBA [ Buaa O(A, U ) TaKasi, 4To f(O(A, U )) c

c O({Eﬁ y}, Y). B cnydae ecnn A = &, paccMOTpUM MHOKECTBO {x} € O(@, U), rnexe F'n f(x) =y. Torma

f({x}) = {f(x)} € O({&, y}, Y), 1, 3Ha4UT, {&, y} c {f(x)} = {y}, YTO HEBO3MOXKHO. Ecin |A| >2,T0 ]_”(A) =
=f (A) € O({&, y}, Y ), CJIC/IOBATEIILHO, MHOXKECTBO [’ (A) COJZICPKUT MHOKECTBO {&, y}, OTKyZa (BBHIY BKJIIO-
4yeHust f (A) cf (F )) nojyvaem, 4to & € f (F ) BOTIPEKH MPEANOIOKEHUIO. 3HAUUT, [ f (F )]Y =f (F ) 3amk-
HYTOCTb OTOOpaskeHHuss X —/ Y nokazana.

Jlocmamounocmo. Tlycts otobpaxenne X —— Y samxuyto. Jlns o6pasa f(F)= f(F) touxu F (8 5kcrio-
HEHTE) PacCMOTPHUM MPOU3BOJIBHYIO OKPECTHOCTH BU/IA O(B, V). Ecian MHOXECTBO B mycTo, TO B CHITy 3aMK-
HYTOCTH OTOOpaXEHUsI / MMEET MECTO BKJIIOUCHUE f(O(@, U )) c O(B, V), rne U =f _I(V). ITycts Teneps
|B| > 2. B TakoM cityuae Juisi MHOYKECTBA B MOXKHO 1o100paTh KOHEYHOE MHOXKECTBO A C F' Tak, 4To0bI f (A) =B.
Torna nns MHOXKecTBa £ 00pa3yeM OKpPEeCTHOCTh BHUJIA O(A, U ), e U = f _I(V). 3aMKHYTOCTh (DyHKIHH f
00€eCreunT BKIIOYEHHE ]_‘(0(/1, U )) — O(B, V). Teopema j10Kka3aHa.

B 3aBepiienne paccMoTpuM oToOpaxeHue exp, u3 kareropun CLOS Tononorunueckux 7;-nmpocTpaHCTB
1 HEIIPEPBIBHBIX 3aMKHYTBIX 0TOOpaxkeHHH B kareropuio TOP, Tomonornueckux 7;-mpocTpaHCTB U Hempe-
PBIBHBIX OTOOpaKEHUH, conocTabsoNiee KaxaoMy oobekTy X n3 kareropun CLOS ero skcrnoHeHTy expg X,

a KaxzaoMmy Moppuzmy X — 5y kareropun CLOS ero HenpepsIBHOE NPOJIOIKEHUE €XPy X s expyY.
Teopema 8 mo3BosieT chopMyaTUpPOBATh CIEACTBHE 5.

CaencrBue 5. Omobpadicenue exp, aenaemcs kogapuanmuvim @ynkmopom uz kamezopuu CLOS 6 kame-
eoputo TOP,.

3ameuanue. B cuiry Teopemsl 8 kareropuro CLOS MOXHO cUMTaTh €CTECTBEHHOM (T. €. MaKCHMAaIbHOM
B pamkax kareropun TOP,) oGnacTeio onpezenenus GyHKTOpa eXp,.
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MOCJICAOBATCIIBHBIX U IMMapalJICIbHBIX BBIUMCJICHHUH. HOIIy‘IeHHI)Ie PE3YIbTATBI MOT'YT IPUMEHATHCA [JId PCHICHUA
JUHAMHUYCCKUX 3a1a4 TCOMEXaHUKH METOAOM NUCKPETHBIX 3JICMCHTOB B o0acTsax IIOPOJAHOTO MaCcCHBa, B KOTOPBIX HA-
pymra€Tcs rumnoresa O CIUIOIIHOCTH.

Kiouegvie cnosa: 9ucieHHOE MOICTHPOBAHKE; MEXaHHKO-MAaTEMaTHICCKOE MOJICTUPOBAHKE; MEXaHUKA e(hopMHpye-
MOTO TBEPJIOTO TeJa; ANEMEHTbI TUCKPETHOTO METO/Ia; TPAHUYHbBIC YCIOBUS, OA3EMHAasl FeOMeXaHuKa; Ae(opMUpyeMblit
OJIOYHBIN DJIEMEHT.

bnrazooaprnocme. ViccnenoBanue BBINOTHEHO B paMKaX COBMECTHOTO MPOEKTa «BhICOKOITPOM3BOMUTENBHBIN METO
JVCKPETHBIX IEMEHTOB AJISI CHIITyYNX MAaTepHAIIOB MIPOU3BOIBHOM (OPMBI H €T0 MPUMEHEHHE B TE€OTEXHHUKE XOIOTHBIX
PETHOHOB M TOPHOIOOBIBAIOIINX PaiOHOBY» bemopycckoro pecmybnukanckoro Gponaa GyHIaMEHTaTbHBIX HCCICTOBAHUN
n HanmonanpHOTO (DOHIA €CTeCTBEHHBIX HayK Kuras.

CONSTRUCTION OF MECHANICAL
AND MATHEMATICAL MODEL OF VISCOELASTIC BLOCK ELEMENT
FOR SOLVING GEOMECHANICS DYNAMIC PROBLEMS
USING DISCRETE ELEMENT METHOD

M. A. NIKOLAITCHIK®, ZHANG SHIQI®

*Belarusian State University, 4 Niezaliezhnasci Avenue, Minsk 220030, Belarus
Corresponding author: M. A. Nikolaitchik (nikolaitchik.m@gmail.com)

Abstract. Numerical simulation methods have become one of the effective tools to solve geomechanical engineering
problems. The paper presents a procedure for constructing a mechanical and mathematical model of one type of visco-
elastic block element. Based on this type of block element, it seems possible to apply the discrete element method for
modelling the state of a rock massif in areas where the continuity assumption is violated. The resulting equations descri-
bing the behaviour of the proposed block element are obtained using classical laws of mechanics. A number of numerical
experiments were carried out, different variants of initial conditions were considered, as well as parameters of connections
between the elements of the block. An algorithm is developed to describe the block consisting of n elements dynamics.
The performance of the developed algorithm using sequential and parallel computations has been evaluated. The obtained
results can be used to solve dynamic problems of geomechanics by the discrete element method in the areas of rock massif
where the continuity hypothesis is violated.

Keywords: numerical simulation; mechanic-mathematical modelling; mechanics of deformable solids; discrete me-
thod elements; boundary conditions; underground geomechanics; deformable block element.
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Introduction

Currently, combined continuous and discrete models are increasingly used when solving subsurface geome-
chanical problems. In 1996, researcher T. Belytschko from the Northwestern University in the United States
proposed a meshless approximation based on moving least-squares, kernels, and partitions of unity [1]. Then
in 2004, S. H. Li and others from Asia proposed a continuum-based discrete element method for a continuous
deformation and failure process [2]. And just after two years, in 2006, A. K. Ariffin and his colleagues used the
numerical modelling based on the combination of finite element method (FEM) and the discrete element me-
thod (DEM) to simulate crack propagation under mixed mode loading [3]. In 2008, A. Karami and D. Stead
investigates the processes of joint surface damage and near-surface intact rock tensile failure using a hybrid
FEM and DEM code [4]. Also J. P. Morris and other researchers investigated the effect of explosive and impact
loading on geological media using the FEM and DEM methods [5]. In 2022, D. S. Zhurkina and her colleagues
simulated the modelling of shear localisation and transition of the geoenvironment to unstable deformation
modes based on the DEM [6]. In addition, many scientists have analysed the application of numerical methods
in geomechanics'.

' Zhuravkov M. A. Modern numerical methods in mechanics : a course of lectures. Minsk : Belarus. State Univ., 2022. 132 p.
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Continuous numerical methods (FEM, boundary element method (BEM)) are used when studying the stress-
strain state (SSS) in regions distant from the underground rock mass structure [7]. Continuum methods [8]
are not completely suitable for considering regions of rock masses with clearly identified block structures or
fracture zones, whereas discrete methods allow the disruption of the continuity hypothesis to be of great help
in studying rocks. And when studying the behaviour of nearby regions, it is more suitable and accurately to use
the DEM for modelling with various modifications, which makes it possible to directly consider cracks and
block structures [9].

Let us consider the modelling problem of constructing general models that allow us to study deformation
processes and rock mass states in the regions where massive structures are formed. For the rock mass, its initial
state can be considered within the framework of continuum mechanics, while its structure cannot be ignored
when studying the SSS of rock mass when it is in an obviously massive region.

According to the simplified definition of regular packing [10], its parameters can be determined experimen-
tally rather than theoretically, by calibrating the model using field measurement data from real rock masses in
the structural state under study.

Therefore, we imagine discontinuous regions of a rock mass as regular accumulations of blocks. In the
DEM, deformations in the block structure are considered to be due only to the connections between individual
elements [11].

Let us consider the following approach to study the deformation of indivi-
dual blocks, representing the block as a system consisting of multiple internal
solid elements interconnected by several connections (fig. 1).

Therefore, the deformation of the block occurs due to the deformation
of the connections between elements, which are considered as solid bodies.
In this case, the entire discontinuous area is a system of several such block
elements, which in turn are connected to each other by certain connections.
That is, in order to simulate damaged or fractured areas in a rock mass, such
block elements should be placed over all discontinuous areas.

We introduce the following restrictions on the shape of the individual ele-
ments in the overall block structure. The shape of the elements is symmetri-
cal. Additionally, elements can have various shapes and sizes. We impose the
same restriction on the connections between elements: in the general struc-
ture, the connections of the element i to its neighbours are symmetrical.

Therefore, the following problem is considered as a basic modelling problem: the study of the state of a pla-
nar structure consisting of internal elements which are interconnected by elastic and viscous connections when
subjected to external loads (see fig. 1).

Fig. 1. The model of blocks
consisting of 16 elements

Construction of basic models

Let us consider the following model problem. As mentioned before, the state of the block shown in the
previous fig. 1 is studied in the case of m; = m, i =1, 16. That is, the mass of each element is m, and the distance
between the centroids of the internal components is /. Elements are connected by elastic and viscous damping
links: 1, Is, Lo, L5 Ligs D75 ooy Dss by gy L7y bhgs bos Ly Iy, 15, are elastic connections with stiffness coeffi-
cientk; L, b, Iy, I, I, Is, by, Ly, b, Das byss Ligs Loy bhg» by, by are viscous links with a damping coefficient c.
Each element m, in the system is displaced x; in the horizontal X-axis direction by a certain amount due to the
overall (see fig. 1).

We solve the problem analytically using the Lagrangian equations of the second kind”. In order to consider
the damping, it is necessary to introduce additional terms in the right part of the Lagrangian equations, taking
into account the presence of medium resistance. Let the damping coefficient be 1. Let us define a dissipation
functi0n3G such that the resistance of the medium fand the dissipation function G satisfy the following rela-
tionship’:

f:—g. ()

It can be seen from the appearance of (1) that the dissipation function G has a power dimension, which itself
reflects the loss rate of mechanical energy [12]. Taking into account the assumptions introduced, the Lagran-
gian equations of the second kind can be written as follows:

“Wyarvilskaya O. N., Medvedev D. G., Savchuk V. P. A short course in theoretical mechanics : textbook. Minsk : Belarus. State Univ.,
2020. 207 p.

3Shakirzyanov R. A., Shakirzyanov F. R. Dynamics and stability of structures : textbook. 2™ ed., revised. Kazan : Publ. House of the
Kazan State Univ. of Archit. and Eng., 2015. 120 p.
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diL_oL_ oG

dt ox;  Ox; ox;

For calculating, it is easier to divide the entire system into four parts, the first part contains elements 1, 2, 3, 4
(fig. 2). Calculate the Lagrangian equation for the first part.

,i=1,16. )

27 28

Fig. 2. The first part of model consisting of 16 elements
The kinetic energy (3) for this part is
| 2 I . 2 1 . 2 1. 2
T=)>T =—mxX{ + —mx5 + —mx; + —mx;. 3
Z:l PTG )
The potential energy (4) of the system is

6
- zg 2 @)

It is determined by the potential energy of elastic connections (springs). From geometric considerations for
the first part, the spring displacements (5) are equal to

Al=(x+x,),

A=+ (1= x,—x;) —1,
i J 2=%) (5)

Al =AJI> + (x, = x,0)" —1.

Then, the expression for potential energy takes the form defined by formula (6):

H=§((x1+x2)2+( lz+(x]—x3)2—lj2+(\/12+(1—x2—x3)2—l)2+
+( 12+(x2—x4)2—1)2+(\/12+(Z—x1—x4)2—l)2+
+(x3+x4)2+(x2+x5)2+(x4+x7)2+( lz+(x3—x9)2—lj2+(\/12+(l—x4—x10)2—ljz} (6)
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As a result, the Lagrange function (7) is written as follows:

2
L=%m(x12+x§+x32+xf)—%((X]erz)z+( 12+(x1—x3)2 —lj +

2

+(\/12+(1—x2—x3)2—l)2+[m—l)2+(\/12+(1—x1—x4)2—l) +
F (o x ) +(n+x) (g +x) + (w/lz+(x3 —x) —1)2 + (\/12+(l—x4 ~x0) - IJZJ. (7

For the dissipation function G (8) it takes form as

$ N2
GZZENJ' )]
i=1

Where only vicious connections (damper) are considered, the geometric considerations for the first part, the
damper displacements (9) are equal to

AL = (i + %),
A'lz _ (o = ;) (% — %3)

\/12 + (x1 - X3 )2

b

o )
AL = (x2 - x4)(x1 - x4)
=
>+ (x2 - X, )2
Alg= (s + %, ).
Then the equation of the dissipation function G (10) is
2 2
G=1(5,+ %) + (= %) - &) + (22— %) (%, — 44) + (s +3,) | (10)
2 12+(x1—x3)2 12+(x2—x4)2

As a result, equations (2) for the first part where i = 1, 2, 3, 4 are written explicitly (11) as follows:

! _L

mx, + k{(x1 + xz) + £(12+ (x1 - x3)2)5 - l](12+ (x1 - x3)2) 2(x1 —x3)—
- [(12+ (1=x-x) ) - 1](1% (1=x= %)) (-5 - x4)]

:—n[(ler 1)+ B m) G _53)}

l2+(x1—x3)

m562+k{(x1+ X))+ [(12+(x2—x4)2)2 —IJ(12+(x2—x4)2) (= xy) -
—[(12+(1—x2—x3)2)2 —l}(lz—i-(l—xz—x3)2)_2(l—x2—x3) + (x2+ xs)}_

z—n[(xl+ 5)+ B x) (& _f“)}

I* + (x2 - xy)
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1

miy + kL(x3 +x,) - [(12 + (% —x )2)2 - l](lz + (% —x )2 );(x1 —-x;) +

(11)

For the remaining three parts (i = 5,8,i=9,12,i=13, 16), the same analysis method will be constructed.
The second part contains elements 5, 6, 7, 8 (fig. 3).

29 30

Fig. 3. The second part of model consisting of 16 elements

Equations (2) for the second part where i = 5, 6, 7, 8 are written explicitly (12) as follows:

1

miis + kL(x5+ Xg) + {(12+ (xs—x7)2); _IJ(12+ (xs—x7)2) *(x5—xp) -

1

—{(12+(l—x5—x8)2); —IJ(12+(l—x5—x8)2)2(l—x5—x8) +(x, + xs)]

:_n[(x5+x6)+ (x5 —x7) (xs_fﬁ)]’

P+ (Eo x7)2

45



Kypnaa Besopycckoro rocyiapcTBeHHOro yuupepcurera. Maremaruka. Madopmaruka. 2024;3:40-61
Journal of the Belarusian State University. Mathematics and Informatics. 2024;3:40-61

1 L

mx, + k[(xs—i- Xg) + [(lz-i— (356—968)2)2 - IJ(12+ (xé—xg)z) *(xg—xg) —

—_

—[(12+(l—x6—x7)2)2 —IJ(12+ (l—x6—x7)2)_§(l—x6—x7) + (x4+x7)]

:-—n((x74-Xg)—-(x5__xﬁ) (XB__57)J,

12+(x5—x7)

1 1

mig + k[(x7+ Xg) — [(12+ (x6— xg)z)g - l}(12+ (x6— xg)z) ?(xg— xg) +

_£(12+(1—x5—x8)2)2 —IJ(12+(l—x5—x8)2) 2(l—x5—x8)}

=—1{(5€7+5Cg)— (xs—xs) (5‘6—568)}

I?+ (x6 - x8)2

The third part contains elements 9, 10, 11, 12 (fig. 4):

Fig. 4. The third part of model consisting of 16 elements
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Equations (2) for the third part where i =9, 10, 11, 12 are written explicitly (13) as follows:

1

miy + k[(x9 +xp0) + £(12+ (xg— x11)2 ); — 11(12+ (xo— xll)z) (X —xp,) -

1

- {(12 + (- x9)2); - 11(12 + (33— x9)2)7(x3 —Xo) -

—[(12+ (Z—XQ_XIZ)Z); —IJ(IZ"'(I_%_XU)Z)2(l_x9_x12)]

:-T][(fcg + X)) + (o =) (% ;.C“)}

P+ (xg— x11)

1

mi, + ]{(% +x0) + [(12 + (29— x5 )2 )2 -

1 _

- ((Zer (x4— 3‘10)2)E - ZJ(ZZJF (x4— xlO)z) 2("4"510) -

1

_L(ler(l_xlo_xll)z); _l}(l%r(l_xlo_xll)z) (1= 20— x11) + (3 +xl3)}

13
(xlO — X )2 (5‘10 - X, )] ()

2+ (xm - x12)2

=—1| (% + X)) +

mx,; + k{(x11 + x12) - (12+ (x9 - x11)2 ); — IJ(I2 + (x9 - xll)z) 2(x9 - xn) -
- [(ZZJF (l ~ X0~ xll)z); - l}(lz + (l R xn)z)_;(l ~ X0~ xn)]

:—n[(xn + %)) = (o) - fll)}

I+ (%0 — )

mxy, + ]{(xll + X5 ) = [(ZZ’L (%10 = 3‘12)2)E - ZJ(F + (%0 — xlz)z) 2 (10— x12) —

_[(12+ (l_x9_x12)2); _11(12+(1—x9—x12)2);(1—x9—x12) + (x12+x15)J—

:—n{(x11+x12)_ (0~ %) (5510—25612)}

I+ (x10 - x12)
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The fourth part contains elements 13, 14, 15, 16 (fig. 5):

29 30

31

32 24

Fig. 5. The fourth part of model consisting of 16 elements

Equations (2) for the fourth part where i = 13, 14, 15, 16 are written explicitly (14) as follows:

1

miyy + k[(xw + 1) + [(12 + (33— xls)z); - l}(ﬂ + (33— x15)2) ?(x3—xs) -

= —n[(fcm + ) + (s = is)" (s~ xw)],

P+ (33— x15)2
1 L
. 2 2
mX4 + k[(xn +x14) + [(IZJF (%14 = xi6) )2 - l}(ﬂ + (%14 = Xi6) ) ? (34— x6) -

- [(IZJF (% - x14)2)5 - ZJ(ZZ + (o - x14)2)_5(x8 — ) -

__ ((mer Kig) + (314 — x6) (5‘14_5516)}

I+ (%14 — X6 )2

1

My, s + k[(XIS +X6) — [(12 + (23— x15)2)2

- IJ(ZZJF (%3 - x15)2) (%3 x5) -

- ((12+ (1_3514—9515)2)i - ZJ(12+ (l_x14—x15)2);(l_xm—xls) + (5 + le)J_

_ _n[(fﬁs 4 5516)_ (x13 - xlS) (x13 — X5 )}

P+ (x13 - X5 )2
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1 1

mx,c + k (x15 + x16) - (12+ (x14 - x16)2)2 -1 (12 + (x14 - x16)2) 2()614 - x16) -

1 1

- (lz—i—(l—xn—xm)z)g—l (lz+(l—x13—x16)2) 2(1—x13—x16) = (14)

(x14 — X6 )2 (x14 - xls)
I+ (x14 - xm)2

In order to solve this set of differential equations about time, we choose the NDSolve method in computer
software Wolfram Mathematica [13].

When computing NDSolve, there are usually three stages. Firstly, the given system of equations is con-
verted into a function that represents the terms on the right-hand side of the system of equations in the normal
form. Secondly, it is solved iteratively starting from the initial conditions. Thirdly, the data stored during the
iterative process is processed into one or more InterpolatingFunction objects. Using the functions in NDSolve,
one can have more control over the iterative process. These steps are tied together by an NDSolve StateData
object, which can retain all the solved differentials.

In order to get a specific solution, we also need to enter the initial boundary conditions in the NDSolve code.
So now we will consider various variants for different initial conditions for the introduced block model.

Under the initial displacement. The parameters and the initial conditions are

m=2kg, [=0.1m, k=100 N/m,c=0.5N"-s/m,r=10s.

There is an initial displacement in the horizontal direction to any element which is shown below (fig. 6),
and in this variant the value is x; = 0.05 m.

=-M (5515 + 5516)_

Fig. 6. The initial displacement

And the following pictures (fig. 7) show the motion of the system in the first 10 s under the initial displace-

Fig. 7. The motion of model in 0—10 s under initial displacement

—0—

Under the initial velocity. The parameters and the initial conditions are
m=2kg, [=0.1m, k=100 N/m,c=05N"-s/m,r=10s.

There is an initial velocity in the horizontal direction to any element which is shown below (fig. 8), and in
this variant the value is v, = 0.5 m/s.
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Fig. 8. The initial velocity

And the following pictures (fig. 9) show the motion of the system in the first 10 s under the initial velocity

R
£{ % & f & 41

Fig. 9. The motion of model in 0—10 s under initial velocity
Under the initial impulse. The parameters and the initial conditions are
m=2kg, [=0.1m, k=100 N/m,c=0.5N"-s/m,t=10s.

There is an initial impulse in the horizontal direction to any element which is shown below (fig. 10), and the
initial impulse with the function (15) in this variant (fig. 11) is

F 1) =P[tH(t) _ Z(I _ %)H(t _ %) (=1 H (1 _1)} (15)
where H is the Heaviside function®.

Impulse
—_—

0 0.2 04 06 08 1.0 4

Fig. 10. The initial impulse Fig. 11. Dynamic load in the form of a triangular impulse
The variant can be solved by using the momentum theorem written as formula (16):
F(t)Atzm(vl—vO). (16)

And the initial velocity of system is 0, so compute the velocity (17) att=1s:

t
F(t)d
F(t)At +my, ;! (T) !
m T m

(a7

Vlz

*Evseev N. A. Elements of harmonic analysis. Novosibirsk : Novosibirsk State Univ., 2017. 97 p.
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Then the same impulse condition is translated to the condition when 7 = 1 s, the velocity of the element 1 is v,.
In this variant Vi(=1)= 0.125 m/s. And the following picture (fig. 12) shows the motion of the system in the first

10 s under the initial impulse condition.

doEE F OB
SH I T - A<

Fig. 12. The motion of model in 0—10 s under initial impulse

Under the different elastic coefficients. Different elastic coefficients will change the motion state of the
model [14]. For the same initial conditions and parameters m =2 kg, /=0.1m,c=0.5N-s/m, t=10s.

Let us study the difference between the elastic coefficient decreasing by 10 times (kK =10 N/m) and increa-
sing by 10 times (k= 1000 N/m) under the same initial displacement conditions described in subdivision «Un-

der the initial displacement» where x; = 0.05 m (fig. 13).

a

A3 33 A% ¥ 2
R OI1 X o8 %
I ¥ & W 31 33
I X o &2 !t 13
b
:::\_ ;—: .0:—: : I : I
82 ® o .s o4 G ¢ 3
L - o — ® o
R 28 KX 231 2z 3
.o o o s0s 0 ”»-—» o <9 12
o9 [ o [ & = - e [ ]

Fig. 13. The motion of the model in 0—10 s under the different elastic coefficients:
k=10 N/m (a); k=1000 N/m (b)

Implementation of parallel computing
in the Wolfram Mathematica system

The Wolfram Mathematica’s computer algebra system is a very efficient means of calculation. Today the
system contains about 5000 functions, many of which were originally written in an optimised form (especially
for low-level calculations). Most computational functions in Wolfram Mathematica, such as dimensionality
reduction operations, statistical data processing, processing images and other are widely used. However, there is
a set of tools (such as ParallelSum, Parallelise, ParallelMap, Parallel Table, ParallelArray, ParallelCombine, etc.)
that can significantly speed up code calculations when implementing multi-threaded tasks [15].

Let us take the previous task as an example. We used NDSolve for sequential calculation before. The cal-
culation rule is time iteration, and the AbsoluteTiming function outputs the final calculation result in seconds.
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The calculation time is as follows. Of course, it should be emphasised that all computer calculations in this
paper were performed based on the following configuration: Intel(R) Core(TM) i5-9300-H CPU/NVIDIA
GeForce GTX 1650. The absolute time of the sequential calculation for the code is 7} = 0.988 049 s.

Parallel computing refers to the process of using multiple computing resources to solve computing problems
at the same time. It is an effective means to improve the computing speed and processing the power of computer
systems [16]. Its basic idea is to use multiple processors to collaboratively solve the same problem, that is, to
decompose the problem to be solved into several parts, and each part is calculated in parallel by an independent
processor. A parallel computing system can be either a specially designed supercomputer containing multiple
processors or a cluster of several independent computers interconnected in some way. Data processing is comp-
leted through parallel computing clusters, and the processing results are returned to the user.

Different from NDSolve, ParallelEvaluate performs parallel calculations on differential equations, which
greatly shortens the calculation time while achieving the same calculation purpose.

Under the same configuration environment, the absolute time of parallel calculation is 7, = 0.176 067 s.

In order to measure the effect of parallel computing, we introduce two parameters: acceleration and effi-
ciency.

The formula of acceleration (18) is

T
S =L (18)
p

1,

where p refers to the number of central processing units, which in the paper is p = 2; T, refers to the execution
time of the sequential execution algorithm; 7, refers to the execution time of a parallel algorithm when there
are p processors.

The formula of efficiency (19) is

SP
E,=-L. (19)

When S, = p, it can be called linear acceleration. When the acceleration ratio of a certain parallel algorithm
is an ideal acceleration ratio, if the number of processors is doubled, the execution speed will also be doubled,
that is, as ideal means, it has excellent scalability [17].

The value of efficiency E, is generally between 0 and 1, and it is used to indicate how fully the processors
involved in calculations are fully utilised when solving problems compared to the cost of communication and
synchronisation. It is easy to see from the definition that the efficiency of an algorithm with a linear speedup
and an algorithm executed on a single processor is 1.

Now let us calculate the computational efficiency and acceleration of different operation methods (table 1).

Table 1
Acceleration and efficiency of different computing solution
Time, T S
1me, Acceleration, S, = I Efficiency, E, =
Sequential calculation Parallel calculation T,
0.988 049 0.176 067 5.611778 2.805 889

From the results in the last table, it is clear that £, > 1, that is we obtain superlinear acceleration. In the pro-
cess of parallel computing, sometimes there is a situation where the acceleration ratio is larger than the number
of processors. The acceleration ratio obtained in this case is called a superlinear acceleration ratio [18].

The superlinear acceleration ratio has the following causes, such as the «cache effect» caused by the dif-
ferent storage levels of modern computers; specifically, compared with sequential computing, in parallel com-
puting, not only are there more processors involved in calculations, caches from different processors are also
pooled. In view of this, the cache of the collection is sufficient to provide the storage required for calculations.
There is no need to use slower memory when executing the algorithm. Therefore, the memory reading time can
be greatly reduced, what creates an additional acceleration effect for actual calculations.

Construction of models with order n

We have calculated and verified the motion status of 16 elements. Now when the number of elements in-
creases exponentially to k (fig. 14), in another words it means we have the number of amount (20):

k=4"(n=1,2,3,...) (20)
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Fig. 14. The number of elements reaches to k

Using the second Lagrangian equation the kinetic energy (21) of the system is

4
I L, 1 5 I
T=)T=—mX;{ +—mx5 + ...+ —mx,. 21
2T = mii + 5 miy > 1)

With the potential energy of the system, the equation of motion of the entire system can be calculated by
the formula (22):

———--—=——,i=Lk (22)
When the number of elements reaches k, we focus on two types of elements. The first type is the four ele-

ments in the corners, and the second type is the four elements in the center of the entire model.
In order, we first study the motion equations (table 2) of the four elements in the corners (fig. 15).

(] fem smvsamrnanrannrsnansnans (
o ey
1M LA

. .
.
.
.
.
."'
.
i

Fig. 15. The four elements in the corners

Table 2
Equation of motion for four elements in the corners
Location The number Equation of motion
of element
1 1
mi + k| (x+ x,) + [(12+ (x1 - x3)2)2 - ZJ(12+ (x - x3)2) 2(x1 - x3)—
Upper 1 L
left t=1 —((Pr=m= ) PP = =x)) 20— x-x) |-
corner
20, .
_ —1{(561 + i)+ (xlz_ %) (% 2’53)]
"+ (x1 - x3)
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Ending of the table 2

Location Ehfee?;nrit;ir Equation of motion
1 L
mx, + k (xt_]+xt)+ (12+(xt tz)z)z—l (12+(xt—xt+2)2) (xt—xHZ)—
U 1 L
ri%lilir t=§(4n_1_1)+2 - (12+(l—xt—xt+1)2)2—l (12+(l—xt—xt+1)2) 2(l—xt—xprl) =
comer | m=1,2,3,..)
2 . .
S (x1 1+xt)+(xt_Xt+2) (xt_xt+2)
- 2
12+(xt—xt+2)
L 1
mi, + k (xt+x[+1)— (12+(xt_2—xt)2)2—l (12+(xt_2—xt)2) 2(x[_z—xt)—
1 L
L?cjtzcer t=§(4n71_1)+3 - (12+(l—xt_1—xt)2)2—l (12+(l—xt_1—xt)2) 2(l—xt_l—xt) =
comer | m=1,2,3,..)
L (xt—Z_xt)z(xt—Z_xt)
=-n (xt+xt+1)_ ]2+(xt72_xt)2
1 L
mx, + k (xt_1+xt)— (12+(xl_2—xt)2) -1 (12+(xt_2—xt)2) (xt_z—xt)—
Lower n 1 1
crcifil;r (n=i=2?3,,,,) - (12+(l—xt_3—xt)2)2—l (12+(l—xt_3—xt)2) H-x 5-x)|=
- (;‘ct1+xt)_(xt‘j_xt)2<xt—2_2xt)
/ +(xt72—xt)

Then we study the motion equations (table 3) of the four elements in the center of the system which are
shown in fig. 16.

wy&.\ L @
N P

L

Fig. 16. The four elements in the center
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Table 3

Equation of motion for four elements in the center

Location "l;)l}ee?eunr;nel:ir Equation of motion
1 L
mX, + k (xt71+xt)— (12+(xt72—xt)2)2—l (12+(xt72—xt)2) (xtfz—xt)—
1 L
B e e B L i (R (S SRR SRS
2 .
o] (5 ) L )
lz—i-(xle—xt)
1 1
mX, + k (xt+xt+1)— (12+(xt72—xt)2)2—l (lz—i-(xtfz—xt)z) 2(xtfz—xt)+
1 1
2\; 2\
+ 12+[xt—x9 2] -1 12+[xt—x9 2J [xt—x9 2}—
U 20/ ., 5175 55 55
pper t=—(4 —1)+7
right 3
n=2,3,4,..) 1 !
- (12+(1—xl,1—xt)2) 1 (12+(1-xt,1—xt)2) M1-x - x)+
2 . .
+{x3 1+xtJ =-1 (J'ct+5ct+1)_(xt_2_xt) (xt_z_zxt)
575 12+(xt_2—xt)
. -
mX, + k (xl_1+xt)+ (l2+(xt—xt+2) ) / (12+(xt—xt+2) ) (xt—tz)—
1
2\, 273
- 12+[x3 z—xt] -1 12+[x3 2—xt] (x3 ) xtJ—
Lower | +_ 28 -2 777 777 777
t="o(4""-1)+10
left 3

(n=2,3,4,..)

(T ) IS LS

2
(xt - xt+2) (xt - xt+2)

& ’
X X2

+ [xt+ x9t+1J =- ()'ct_1+ )'ct)+

77
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Ending of the table 3

The number

Location of element Equation of motion
. 2 AVY 2 2\
mx, + k (xt71+xt)+ (l +(xt—xt+2)) / (l +(xt—xt+2) ) (xt—xuz)—
1
23 2\ 72
- 12+(x5t_2—xtj -1 12+[x5t_2 xtj (xs _Z—xtj
Lower t:§(4n—1_1)+3 o9 o9 o9
right 3
n=2,3,4,...)

(P P [P s ) =)+

(5105
9 9

2
(xt_xt+2) (xt_xt+2)

& ’
X~ X2

-n (xt + xt+1)+

Simulation when system consists of 64 elements. We have studied the situation when there are 4 (n = 1)
and 16 (n = 2) elements. Now we calculate and verify the motion state of the system when n =3, 4, 5, and
simulate the four elements in the center of the system.

When n = 3, then the total number of amount is k = 64 (fig. 17).
In order, we calculate the Lagrangian equations of motion for the four elements in the center (fig. 18, table 4).

56
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Fig. 17. The system whenn =3
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Fig. 18. The four elements in the center of the system
when there are totally 64 elements
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Table 4

Equation of motion for four elements in the center when n=3

Location "I;hfeeileunril:;letr Equation of motion
1 1
. 2 2
mx ¢ + k[(xls +X6) — [(12+ (x4 — x6) )2 - IJ(12+ (x4 — X16) ) (x4 = x6) —
Upper 1 1
2 2
1123% t=16 _((Zer(l_xls_xm) )Z_IJ(lz“L(l_xls‘xm) ) z(l—xn—xm)J:
=-1M [(315 + X ) - (x142_ e )2 ().CH - 2).616)}
I~ + (x14 - xlé)
1 1
my, + k[(x27 + x28) - ((12+ (x25 — Xy )2 )2 - ZJ(12+ (x25 — Xy )2) 2(x25 - x27) +
1 1
2 2
+ [(124— (x27 - x49) )2 - IJ(IZ + (x27 - x49) ) 2(x27 - x49)—
Upper t=27
right B 1 _L
- {(12+ (l — Xy — x27)2)2 - l}(l2 + (l — Xy — x27)2) 2(1 — Xy — x27) + (x16 + x27)}=
2. .
= —T]((Xﬂ + dg) = (xzsz_ ) G _23527)J
I+ (x25 - x27)
1
Mg + k{(x37 + x38) + {(12+ (x38 - x40)2 )2 - l](12+ (x38 - x40)2) 2(x38 - x40) -
1 L
2 2
- {(12"' (xlé - x38) )2 - IJ(ZZ + (xlé - x38) ) 2(x16 - x38)_
Lower
left t=38 1 1
- [(FJF (1= x5 =) ) - z](z2 (1= g = 009 )) 21 = g = ) + (g + x49)J:
2. .
= _n{(x37 + x38) + (X382_ X4O) (X38 _;40)]
I“ + (x38 - x40)
1 1
.. 2 2
mi g + k[(}c49 + X5 ) + [(124- (x40 — X51) )2 - l]([2+ (x40 — X51) ) * (249 — x51) —
1 _
2 2
- {(12+ (x27 - x49) )2 - l}(lz + (x27 - x49) ) 2()‘27 - x49)—
Lower
right =49 1 1

B {(12 + (1= = x55) )5 B IJ(ZZ + (1= x4 = x5 )2 )_E(l = Xy = X5y ) + (35 + Xy )} =

= —ﬂ[(?% + 5o ) + (a9 = 51 )” (g = xﬂ)}

P+ (x49 - x51)2
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Then we simulate the motion image of the four elements in the center of the system. The initial boundary
conditions are displacement, velocity and impulse as in the previous task.

Initial condition (displacement). For the variant where the initial condition is displacement, we reduce the
displacement from 0.5 to 0.05 m and finally reduce it to 0.005 m, in order to study the difference in the motion
of the model (table 5).

Table 5

The movement of the four elements in the center
under different initial displacement with total of 64 elements

The parameters and the initial conditions are
m=2kg, [=0.1m, k=100 N/m,c=05N-s/m,t=10s,x,=0.5m

t=0s t=1s t=2s| t=3s |t=4s t=5s t=6s t=7s t=8s t=9s t=10s

3223827238838 848

The parameters and the initial conditions are
m=2kg, [=0.1m, k=100 N/m,c=0.5N"-s/m,t=10s,x =0.05m

t=0s t=1s t=2s| t=3s |[t=4s t=5s t=6s t=7s t=8s t=9s

s Tasib-disiP =l

The parameters and the initial conditions are
m=2kg, [=0.1m, k=100 N/m,c=0.5N"-s/m,t=10s,x, =0.005 m

t=2s| t=3s |t=4s t=5s t=6s t=7s t=8s

sl eI A s

Initial condition (velocity). The parameters and the initial conditions are
m=2kg,[=0.1m, k=100 N/m,c=0.5N"-s/m,t=10s.
There is an initial velocity in the horizontal direction to any element which is shown in fig. 19, and in this

variant the initial velocity is v, = 0.5 m/s.

Fig. 19. The movement of the four elements in the center under the initial velocity with total of 64 elements
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Initial condition (impulse). The parameters and the initial conditions are
m=2kg, [=0.1m, k=100 N/m,c=0.5N"-s/m,t=10s.

There is an initial impulse in the horizontal direction to any element which is shown in fig. 20, and in this
variant the initial impulse with the function is the same as in the previous study.

Fig. 20. The movement of the four elements in the center under initial impulse with total of 64 elements
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Simulation when the system consists of 256 elements. When n = 4, then the number of amount is k = 256
(fig. 21).

As what we did in the previous study then we also simulate the motion image of the four elements in the center
of the system (fig. 22). The initial boundary conditions are displacement, velocity and impulse as in the previous
task (table 6).

. Fig. 22. The four elements in the center of the system
Fig. 21. The system when n =4 when there are totally 256 elements

Table 6

The simulation of four elements in the center of the system
which contains 256 elements under the different initial conditions

Initial condition (displacement):
m=2kg, [=0.1m, k=100 N/m,c=05N-s/m,t=10s,x=05m

3
d

Initial condition (velocity):

m=2kg, [=0.1m, k=100 N/m,c=0.5N"-s/m,t=10s, v, =0.5m/s

I3
<

{1

Initial condition (impulse):

m=2kg, [=0.1m, k=100 N/m,c=05N"-s/m,t=10s,
the impulse is the same as previous task
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1
3

4
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Simulation when the system consists of 256 elements. When n =5, then the number of amount is k = 1024
(fig. 23).

We already study the situation when n = 3 and n = 4. As what we did in the previous study then we also
simulate the motion image of the four elements in the center of the system (fig. 24). The initial boundary con-
ditions are displacement, velocity and impulse as in the previous task (table 7).
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Fig. 24. The four elements in the center of the system
Fig. 23. The system whenn =15 when there are totally 1024 elements

Table 7

The simulation of four elements in the center of system
which contains 1024 elements under the different initial conditions

Initial condition (displacement):
m=2kg, [=0.1m, k=100 N/m,c=05N"-s/m,t=10s,x,=0.5m

Initial condition (velocity):

m=2kg, [=0.1m, k=100 N/m,c=0.5N"-s/m,#=10s, v, =0.5 m/s

Initial condition (impulse):

m=2kg, [=0.1m, k=100 N/m,c=0.5N"-s/m,#=10s,
the impulse is the same as in the previous task

1] s
{
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Conclusions

This article introduces the application of numerical simulation methods in geomechanical engineering prob-
lems, relevant principles and lists specific situations under different boundary conditions. Finally, it points out
the development directions and problems that still exist in current numerical simulation experiments. The re-
search proposes a block element that can take into account its deformation capability under external loads.
Based on this type of block element, it seems promising to simulate the SSS of the rock mass region through the
discrete element method, since considering the rock mass region within the framework of the continuum model
is a rather «rough» approximation assumption. Another important fact is that the introduced block elements can
be used to study problems under static as well as dynamic loads.

For real geological and rock soil mechanics problems, the solution proposed in this article can be used as
a basic model construction method. In order to further improve the accuracy and practicality of the solution,
this can be achieved by changing the structure and size of the block units, as well as the density and connection
methods of various link keys between units. Developing codes that compute faster and more accurate models
is a direction for future research. With the increasing scale of geomechanical engineering, our requirements
for the level of scientific research and the accuracy of solutions in engineering construction are getting higher
and higher. That is the reason numerical simulation methods have become an effective solution. Numerical
simulation is of great significance for understanding the SSS and movement change of rock and soil blocks
in geomechanical engineering. It can also provide theoretical basis for actual engineering and play a role in
safety protection.
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Abstract. The paper deals with free small vibrations of a micro-cantilever near the deformed static position incorpo-
rating the electrostatic and intermolecular forces acting from the fixed electrode. First, the initial static deviation of the
cantilever due to the external forces is determined using the approach based on the approximation of the resultant lateral
forces by the linear or parabolic functions of the axial coordinate, the initial deflection being evaluated under the values
of voltage and intermolecular forces less than the critical ones. To study free small vibrations of the initially deformed
cantilever, we linearise the nonlinear differential equation in the neighbourhood of the deformed static position. The de-
rived governing equation with variable coefficients is solved using both the asymptotic approach and the Runge — Kutta
method. The effect of the applied voltage and the intermolecular forces, including the van der Waals and Casimir ones,
is analysed.
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Introduction

Over the past fifteen years, a large number of papers devoted to studying the phenomenon of pull-in insta-
bility and vibrations of electrostatically actuated micro- and nano-beams was published. A detailed analysis
of these contributions can be found in the review article [1]. The increased attention to this topic is explained,
firstly, by the widespread use of low-dimensional electrically actuated beams as sensing elements in various
kinds of micro- and nano-electromechanical systems (MEMS/NEMS), such as micro- and nano-sized sensors
and actuators, switches and tweezers and in other nanotube-based devices. The second reason that again and
again attracts researchers to this topic is the extreme complexity of the mathematical models governing the
mechanical behaviour of low-dimensional beams taking into account the electromechanical and intermolecular
forces. The incorporation of the van der Waals (vdW) and Casimir forces into a model leads to a high degree of
nonlinearity, which increases when size effects are taken into account. We do not discuss here the problem
of capturing the size effects [2] as it was done, for example, in [3; 4], but we focus on free vibrations of a micro-
sized cantilever near the deformed static position which is due to the intermolecular and electrostatic forces
acting from a fixed electrode (fig. 1).

If a gap between the fixed electrode and electrostatically actuated micro-cantilever is very small, then even
if the electrostatic force is absent, the movable electrode is attracted towards the fixed one due to the intermo-
lecular forces. Thus, the initially the micro-cantilever is always pre-strained, and the initial static deformation
becoming larger under an applied voltage. If suddenly applied voltage turns out to be less than the critical
pull-in voltage, at which the electrical circuit is closed, then the movable cantilever electrode begins vibrating
around the initial static deformed position. And vice versa, when the voltage is turned off, the movable elect-
rode, before returning to its original position, makes oscillatory movements around this final position. In other
words, any sudden change in the electrical voltage leads to deformation of the micro-cantilever, which may be
accompanied by unwanted vibrations and unintended circuit closure. To predict the dynamics of a cantilever
as a micro-switch element, it is crucial studying its eigenmodes and corresponding eigenfrequencies, taking
into account the intermolecular forces acting on it.

Due to the strong nonlinearity, the dynamic response of electrically actuated micro- or nano-sized beams is as
arule predicted using different semi-analytical approaches and numerical methods, which are usually associated
with some computational difficulties. Moreover, in some cases, if the problem is formulated incorrectly, they
can lead to solutions that ignore the initial deviation caused by intermolecular forces. For example, in [5—7]
zero displacements and velocities for beams were taken as the initial conditions, which in fact lead to a solution
that describes oscillations in the vicinity of the undeformed state of a micro- or nano-beam.
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In our opinion, an alternative approach taking into account above mentioned issues could be an approach based
on splitting the stress-strain state of the beam into a static deformed state and the dynamic state corresponding
to the beam vibrations near the deformed static position. This approach has been utilised by K. F. Wang and his
colleagues [8] to study large amplitude free vibrations of electrically actuated clamped-clamped nano-beams.
In the mentioned paper, the nonlinear dynamic response of the nano-beam under the Casimir forces was ana-
lysed considering various complicating factors, such as surface energy and temperature changes. The authors
show that the effect of the initial nonlinear static deformation on the fundamental frequency is significant and it
increases together with the applied voltage. However, solutions to the nonlinear dynamics equations were found in
the form of harmonic functions, which is more consistent with linear oscillations of a mechanical system. It also
seems doubtful to ignore the vdW forces when displacements of the beam become very large and comparable
to the gap value. A simpler version of this approach is based on the linearisation of the beam dynamic state in
the vicinity of the deformed static position. Of course, this simplification does not allow predicting large amp-
litude vibrations, but it turns to be very effective for analysing small vibrations near the initially deformed
pre-buckling position. Such approach has been applied by L. Xu and his colleagues [9; 10] to investigate the
effect of the vdW forces on small oscillations of a micro-cantilever, at that the electrostatic and Casimir forces
were not considered by the authors, and the static deflection caused by the vdW forces has been determined
approximately with a large error (see, for example, equation (13) in [9]).

Taking into account the above critical remarks, we aim in this study to reconsider the approach based on
splitting the nonlinear dynamic equation into the static and dynamic ones and give a simple methodology
which, in contrast to the mentioned papers, allows more correct predicting the initial static deformed state, which
strongly affects the eigenmodes of free vibrations. The novelty of our study lies in the implementation of
the approach [3; 4] verified by outcomes of the atomistic simulation [11], which relies on approximations
of the lateral forces acting on a beam by linear or parabolic functions and permits to correctly predict the static
deviation of the micro-cantilever via correct choosing the type of intermolecular forces. Such approach results
in a boundary-value problem for a differential equation with correctly found variable coefficients governing
small vibrations of the deformed beam, which is readily integrated by using any numerical method, for example,
the Runge — Kutta one. In contrast to many contributions, the results of numerical computations given in the
present study are invariant with respect to the geometrical and physical parameters of the micro-mechanical
systems, and can be used for the wide range of their variation.

Mathematical model

Consider a micro-switch which consists of a fixed electrode and a micro-cantilever of length L, width b
and thickness /4 separated by a dielectric spacer with an initial gap g, as shown in fig. 1. The beam material is
assumed to be elastic with Young’s modulus £ and density p.

a b

l L |
\

N Car‘ltllever beam electrode 2

Y
Fixed electrode @

Fig. 1. Schematic configuration of a micro-switch (a)
and vibration mode W, of a cantilever near the static deviation 17, (b)

Let W(x, t) be a transverse displacement of the cantilever, where x is a coordinate of a point at the midline,
and ¢ is time. In general, the displacement  can be forced by the inertia forces and different external forces
such as the distributed electrostatic force F,, generated by a voltage V applied to the fixed electrode, and the
intermolecular force F;, where m = 3 and m = 4 correspond to the vdW and Casimir forces, respectively. Ap-
plied voltage or (and) intermolecular forces result in the deflection of the beam towards the electrode. At a criti-
cal voltage value V", called the pull-in voltage, or at a very small initial gap g*, the phenomenon of the pull-in
instability of the micro-switch occurs, which consists in the retraction of the cantilever onto the stationary elec-
trode. We assume here that ' < V", and g > g* so that all forces acting on the micro-cantilever result in a static
deviation W, (x) < g without the pull-in instability effect. The problem is to study small free vibrations of the
micro-cantilever with an amplitude 7, (x, t) in the neighbourhood of its initial stationary deflection W, taking
into account both the electrostatic and intermolecular forces.
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Free bending vibrations of an elastic beam is governed by the equation

o'w oW
EI +pS——=g(x), 1
ER RSPV a(x) M

where £ is the bending rigidity of the beam; S is the cross-sectional area; q(x) =F, + F,, is the distributed

lateral load per unit length. The electrostatic force, including the fringing one, and the vdW and Casimir forces
as well are given by

2 27
FezLVZ(HO.ﬁﬂ], F3=A—b3’ F4=$b4‘ )
2(g-w) b 6n(g - W) 240(g - W)

In relations (2), ¢, = 8.854 - 1072 C*- N7'- m™ is the permittivity of vacuum, 4 is the Hamaker constant, h=

=1.055-10""*J - s is Plank’s constant divided by 2, and ¢ = 2.998 - 10°® m/s is the speed of light. The boundary
conditions for the cantilever read

w(0,1)=W.(0,¢)=0, W, (L, t)=W. (L, 1)=0, 3)

where the subscript following the hatch denotes differentiation with respect to the corresponding variable.
We introduce dimensionless parameters and variables:

bV
s=2 t=onU=2 y-06s8 p=502" =
L g b 26°El
B 4)
AbL? n*hebL?
O3 =—F—» 0y =~ ——=
o6ng El 245g°El

where o, = is the characteristic frequency. Then, according to (4), equation (1) can be rewritten in the

pSL!

dimensionless form:
4 2
6(4]+6l2]= Yﬁ+ B2+ bl , (5)
0s o 1-U (1-vu)y (1-U0)"
where m = 3 or m = 4 for the vdW and Casimir forces, respectively.

Equation (5) possesses a strong nonlinearity and does not admit an explicit solution. We will seek an ap-
proximate solution in the form of the superposition of the static and dynamic components:

U(x, ’E) :u(s) + w(s, r), (6)

where u (s) is a static deviation due to the intermolecular and (or) electrostatic forces; w(s, r) is an additional
small dynamic deflection, which describes free linear vibrations of the micro-cantilever near the deformed
static position. We substitute (6) into equation (5) and assume that |w(s, ‘C)| <1 forany tand se [0, 1]. Then

expanding the right-hand side in equation (5) into a series in powers of w and keeping only linear terms, we
arrive at the following equation:

u g B,
as* 1-u (l—u)2 (1—u)"
o'w  'w YBw 2Bw moL,,w

=— - + + m=3,4. (7

+ )
os*t o7’ (1—u)2 (l—u)3 (1—u)mJrl

Because equation (7) should be satisfied for any 7 it can be split into the two equations:

du_p . B, o,

ost 1-u (l—u)2 (1—u)"

®)
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and

4 2

5:1/_ e 7t = 3 T man:nﬂ W+5_1;V:0, ©)
Os (l—u) (l—u) (l—u) ot

from which equation (8) defines the static deviation of the cantilever, and equation (9) governs free small vi-
brations near this deflected position.
Substituting (6) into (3) leads to the boundary conditions

1/1(0) = u’s(o) = 07 u'ss(l) = u'sss(l) = O’ (10)
w(O, 7:) = w,S(O, r) =0, w,ss(l, r) = w,sss(l, r) =0 (11)
for equations (8) and (9), respectively.

Static deviation of micro-cantilever

Consider the static problem (8), (10). Due to the nonlinearity of the external force experienced by the can-
tilever, this problem does not allow obtaining an exact solution in the explicit form. We use the approach pro-
posed in [12] and later refined in papers [3; 4]. In accordance to this approach, the lateral dimensionless force

o
fu)) e s S 12
l-u (1—u) (l—u)
not depending on the its nature, is approximated by a linear or quadratic function of s:
S(s)=fo+ (fr = fo)s" (13)
where n=1orn=2; f,=B+7vB +a,; f;is the lateral force acting on the cantilever tip. As was proposed

in [3], the models, for which n =1 and n = 2, are called the linear distributed load (LDL) and quadratic distri-
buted load (QDL) models, respectively.
If we assume the LDL model, then equation (8) with the boundary conditions (10) has the solution

u(s)sz_.fi)S5+&S4_fO+fTS3+-f6+2fTS2’ (14)
120 24 12 12
and the force f; introduced by equation (12) will be as follows:
a’m
£ = w o, B -+ — (15)
L—ur (1-—up)” (1-up)
where u; is the deflection of the cantilever tip calculated by equation (14) and equal to
11/, + 41,
=—Jr JO0 16
T 120 (16)

In the framework of the QDL model, a solution of the static problem (8), (10) is given by the polynomial

u(S):MsﬁJrﬁs“_fT"'zfoS%rfT+foS2 (17
360 24 18 8
with the force fdefined from the same equation (15), but with the tip deflection evaluated as
267 +19f,
Ur=—"2" 18
d 360 (18)

We note that the accuracy of such models for estimating the static component (17) was verified in [3] by
comparing with available data of the atomistic simulations [11].

For the freestanding micro-cantilever (p = 0), regardless of the model assumed, equation (15) together with
(X‘m
Ur
critical value o), of a parameter o, (m = 3, 4) and the associated displacement ;. Having known the critical
value o, we can estimate the lower and upper bounds for the gap g and the beam length L beyond which the
micro-cantilever may fall onto the base due to the intermolecular forces [3]:

* 3
§< 4[na23Eh , (19)

(16) or (18) yield the relationship a.,, = o, (uT ) Then, relying on the condition d

=0, one can calculate the
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and

% 35 27 14
L<‘J20a4f_hg . nth3 0
n"he 200, Eh
for the micro-cantilever subjected to the vdW and Casimir forces, respectively.
Under the applied voltage V, B > 0, and equation (15) together with (16) or (18) give the relationship

B= B(uT ) Then the condition % =0 allows finding the critical value B* corresponding to the pull-in vol-

tage Vp;, which is defined as

5 (gh)3 8"
6g,L* '

In what follows, we assume that for the freestanding beam, inequalities (19), (20) hold simultaneously,

and in the case of applied voltage V, we set the additional inequality V' <V}, where Vp, is evaluated by (21).
If these conditions are satisfied, then the micro-cantilever just deviates from its initial position toward the fixed

electrode by the value u(s) <uj for any s €[0, 1] and does not fall onto it. Figure 2 displays the dimensionless
pre-buckling tip displacement u; of the micro-cantilever for different values of the vdW parameter o, calcula-
ted on the base of LDL model. Here, the critical value a; =1.004, while for the QDL model a3 =1.139.

0.25

Vo = 1)

0.20

0.15—
Ur

010

0.05F

0 1 1
0.2 0.4 0.6 0.8 1.0

O

Fig. 2. Tip deflection u;, of a freestanding micro-cantilever versus
the parameter o calculated on the base of the LDL model

We study free small vibrations of the micro-cantilever near the deformed static position, which are go-
verned by equation (9) with the boundary conditions (11). Seeking a solution in the form w(s, #)=y(s)e",

where i =+/—1 is the imaginary unit, and o is a natural frequency, and inserting it into (9), (11), we arrive at
the boundary-value problem

d4y B 2B mao.
——| A+ + + = y=0, (22)
dS4 (1_u)2 (1—1/1)3 (l_u)m+1

y(O)zy'(O)zO, y"(l)zy”'(l)zO, (23)
where A = ®” is a required eigenvalue, and u (s) is the initial static deviation found above.
Free vibrations of freestanding micro-cantilever
First, we consider equation (22) for the case when 3 =0 and m = 3:
GV
o [1-u)]

It is obvious that equation (24), as well as equation (22) for the general case, do not admit an exact solution
due the variable coefficients depending on u(s). However, they can be readily integrated numerically and by

Ay =0. (24)
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using an asymptotic approach for the special case when the initial displacement u(s) is small. The asymptotic
solution will be used only to validate further numerical calculations.

Asymptotic approach. Let u = uz(s), where p=u (1) < 1. Then the formal asymptotic solution of the boun-
dary-value problem (23), (24) can be sought in the form of series:

(s 1) = vo(s) + o (s) + wyy(s) +...s
(25)
A=A+ b+ 1, +.
Substituting (25) into equation (24) and the boundary conditions (23), with the function (1 - uz)_4 being ex-
panded into the Tailor series, we arrive at the sequence of boundary-value problems which can be considered
step-by-step.
In the leading approximation, one has the homogeneous boundary-value problem

J’(()W) = 30359 = Aoyo =0,

¥0(0)=0, ¥5(0)=0, y5 (1) =0, y5(1) =0,

(26)

which has the solution

with

k=40 + Ay, Fy(s, k)= %(sinh ks + cosks),
Fl(s, k) =%(coshks — cosks), F3(s, k) =%(sinhks — sinks),

k=1.875, k, =4.694, ky="7.855, k,=10.99, ....
Note that of all available k,, one needs to consider only those values for which
Ao = Ao, =k =301, > 0. (27)

In the first-order approximation, we have the inhomogeneous boundary-value problem

yl(IV) - (3(*3 + 7bo)yl =MYo+ 120‘32(3))’05

7(0)=0, y/(0)=0, y/(1)=0, (1) =0,

which is the problem on the spectrum of the homogeneous boundary-value problem (26). With the self-adjoint-
ness of problem (26) taken into account, the condition for the existence of a solution to problem (28) results in
the relation for a correction:

(28)

1

120L3J-z(s)y02(s)ds

: (29)
Iyg(s)ds
0

The procedure for seeking all unknown parameters and functions from (25) can be formally continued. By in-
terrupting this process, we found the parameters A, A, as functions of a; based on only two approximations.
Figure 3, a, displays the first four eigenvalues A, versus o, calculated within the LDL model. It can be seen
that inequality (27) holds for any natural » and all values of the vdW parameter o; <1 corresponding to the
pre-buckling position. It is also seen that the zero approximation of the parameter A is not strongly influenced
by the parameter a,;; an increase in oy leads to a decrease only in the first root A, (it should be noted that curves
in fig. 3, a, are plotted in the logarithmic scale). As for the correction A, evaluated by (29) and corresponding
to A, it reveals a large dependence on the vdW parameter a, it increasing in value along with o, for any
mode number 7.
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Fig. 3. The first four eigenvalues A, (a)
and the corresponding corrections A,, versus the vdW parameter o,

Numerical solution. Equation (24) with the boundary conditions (23) can be solved numerically. We re-
write it in the form of a system of differential equations

Y'=C(s; 1) Y, (30)
where Y = ( V> Var Vas y4) is the four-component vector with y, =y, v, =¥/, ¥; =y}, ¥, = »5 the icon T means
transpose, and C is the (4 X 4)—matrix introduced as

0 10 0
0 01 0

C= Jep=h b ——
0 00 1T
¢y 000

The corresponding boundary conditions read

71(0)=3,(0)=0, y3(1) = y4(1) =0, 31)
We consider the following independent Cauchy problems for equation (30):
Y|S:0 =(0,0,0,1)and Y|S:O =(0,0,1,0). (32)

These problems are to be solved simultaneously using, for example, the Runge — Kutta method. Let YW=
= ( yl(l), ygl), ygl), ygl)) and Y? = ( yfz), ygz), ygz), yfﬁ)) be solutions of the problems (30), (32), and (30), (32),,

respectively. Composing the function Y = clY(l) + czY(z) and substituting it into conditions (31), at point s = 1,
we arrive at the homogeneous algebraic equations with respect to unknown constants ¢, c,:
1 2
clyg )(1) + czyg )(1) =0,
1 2
clyfl )(1) + czyg )(1) =0.
The condition for the existence of a nontrivial solution to equations (33) leads to the equation
1 2 1 2
W) (1) - (107 (1)=0 (34)
with respect to the required parameter A.

Numerical integration of the above Cauchy problems for equation (30) was performed using the NDSolve-
function in the Wolfram code with intermediate vector orthonormalisation. At each integration step, the ele-

(33)

ments of the vectors Y(l), Y were determined with accuracy up to six decimal places, while equation (34)
was solved with accuracy up to three decimal places. Figure 4 demonstrates the behaviour of the first positive
eigenvalue A of the boundary-value problem (23), (24) versus the vdW parameter a.,, established both by the
numerical integration (dotted line) and using the asymptotic approach (red circles) within the LDL model.
Firstly, we note the satisfactory agreement of the results obtained by the two methods, a slight divergence
being observed beginning only from o, = 0.5, which increases and reaches the value not exceeding 2 % for
o = 0.7. This divergence is due to an error of the asymptotic approach, which increases together with the static
tip deviation p = u(l) Secondly, fig. 4 shows that the lowest natural frequency of the freestanding cantilever

decreases along with the gap g between the electrodes.
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Fig. 4. The first positive eigenvalue A of the boundary-value problem (23), (24)
versus the vdW parameter o; defined using the numerical and asymptotic methods

Effect of electrostatic forces
on free vibrations of micro-cantilever

Now, returning to equation (22), we will study the influence of the electrostatic forces on the natural fre-
quencies considering the forces of intermolecular interaction. The lateral forces acting on the cantilever from
the fixed electrode will be approximated by both the linear and quadratic functions (13) in the framework of the
LDL and QDL models. Calculations of the first positive eigenvalue for the boundary-value problem (22), (23)
will be done using the numerical procedure developed above with

A+ Py >+ 28 T+ ma’"4
I:l—z(s):l I:l—z(s)] [1— Z(S):I
assumed in the matrix C, where m = 3 and m = 4 for the vdW and Casimir forces, respectively.

In fig. 5, the first positive dimensionless parameters A are plotted as functions of the vdW parameter o,
at y = 1 for different values of the voltage parameter 3 in the framework of the LDL (see fig. 5, a) and QDL
models (see fig. 5, b). Curves marked with numbers /, 2, 3, 4 correspond to the values 3 = 0, 0.15, 0.3, 1.0, re-
spectively. The calculations were carried out only for B < B* and at the interval 0 < o, < a3, where B*, o are the
critical values corresponding to pull-in instability of the cantilever, the higher the voltage 8 being, the shorter
the interval of variation of the parameter a;. When a; or 3 reaches its critical value, the mobile cantilever col-
lapses onto the substrate [10]. It is seen that for fixed values of the parameter o, the QDL model gives higher
values of the eigenfrequency then the LDL model. The divergence in results is slight for small a5, however it
increases together with a. It is also seen that for any values of 3 the natural frequencies decrease as the vdW
parameter o, increases, this decrease becoming dramatic as oy approaching os.

Figure 6 shows the results of calculations similar to those given above, but demonstrating A versus the Ca-
simir parameter o,,. It is seen that behaviour of all curves are the same as in fig. 5.
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Fig. 5. The first positive eigenvalue A versus the vdW parameter o, for different values
of the voltage parameter {3 calculated in the framework of the LDL (a) and QDL (b) models:
B=0(1),B=0.15(2),p=03(3),p=1.0)
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However, a more detail comparison of the curves in fig. 5 and 6, made for the same parameter 3 and the
adopted model, shows that the incorporation of the Casimir forces results in a weaker reduction in the first
natural frequency than accounting for the vdW forces when the voltage becomes close to the critical value .

Conclusions

In this work, free small vibrations of a micro-cantilever as an element of the micro-switch were investigated con-
sidering the electrostatic and intermolecular forces, including the vdW and Casimir ones. We revised the approach
stated earlier (see, for example, [9; 10]), which is based on splitting the stress-strain state of the micro-cantilever
into the static and dynamic states. Assuming a solution of the original nonlinear dynamic equation in the form
of the superposition of static and dynamic components, we derived the nonlinear differential equation, gover-
ning the static deviation caused by the intermolecular forces, and the linear equation with variable coefficients
describing free small oscillations in the vicinity of the static strained state. The novelty of our approach com-
pared to the similar ones realised in [9; 10] is in the effective method, which allows correct estimating the static
component strongly influencing the subsequent calculations of the natural frequencies of free vibrations near the
deformed state. The static component was first correctly determined within the well-established LDL and QDL
models [3; 4], according to which the resulting lateral force acting on the movable cantilever is approximated
by either the linear or parabolic function of the axial coordinate. The differential equation governing small
vibrations of the micro-cantilever near the static deformed position was derived in the form which is invariant
with respect to the geometrical and physical parameters of the micro-electromechanical systems and can be
utilised for studying small vibrations with a wide range of variation of these parameters. In the case of a small
static deviation of the beam, we determined several first natural frequencies and corresponding modes using the
asymptotic approach with a small parameter equal to the tip deviation. For the general case with a finite static
tip deviation, we proposed the numerical procedure based on the Runge — Kutta method. All computations were
performed for the vdW and Casimir forces not exceeding the critical pull-in instability values. The comparison
of results obtained by different methods showed a good agreement for small values of the vdW parameter o,
corresponding to relatively large clearances between the electrodes. As an expected result, we confirm that
increasing the voltage and intermolecular forces leads to a decrease in the natural frequencies, with this effect
turning to be strong for the lower natural frequency and becoming weak as the mode number increases. In ge-
neral, the calculations performed for the adapted models without specifying the parameters of the micro-electro-
mechanical systems also revealed that for the fixed values of the vdW or Casimir parameters, the QDL model
gives higher values of the eigenfrequency with respect to the LDL model.

We note that the simple procedure developed in this paper, which relies on the adopted LDL and QDL mo-
dels [3; 4], may be considered as a benchmark for subsequent investigations to study small and finite vibrations
of the electrically actuated nano-beam considering size effects within the nonlocal theory of elasticity [2].
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U aJITOPUTMOB ee perieHus. J{Jst morcka acCOMMPOBAHHBIX ¢ (PEHOTHITOM KOMOWHAIMI OJJHOHYKJICOTH/IHBIX MOJIAMOP-
(bU3MOB B HACTOSIIIEH CTAThE MPE/IIOKEHBI YEThIPE HOBBIX aJITOPUTMa, OCHOBAHHBIX HAa M3YUYEHHH B3aUMOJICHCTBHS OJTHO-
HYKJICOTHIHBIX TTOMTUMOP(HU3MOB B ABYX PEKUMAX — aJTUTHBHOM M MYJIGTUIUINKAaTUBHOM. Ha mepBoM 3Tarie 3TH alropuTMBbI
HCIIONIB3YIOT TMOJHBINH Tepedop nap OJHOHYKJICOTHUIAHBIX MOIMMOP(PHU3MOB ISl MPEJCKa3aHusl UX acCOLHUAlUHU ¢ QeHo-
THTIOM, 2 Ha BTOPOM 3Tare — KaJHbIe MPOLEAYPHI U MONCKAa KOMOWHAINN, BKITIOYAIONTNX 0 MATH OAHOHYKICOTHIHBIX
TOTMMOP(HU3MOB ¢ HAaHOOTIBIIUMH BETHYNHAMHE aCCOIMAIIUNH. Pa3paboTaHHBIN BEIYUCIUTEIBHBINA TOXO0 IIPOTECTHPOBAH
Ha Habope MaHHBIX, coneprkameM 3178 reHoMOB MUKOOAKTEpUH TyOepKyse3a, IS BRISBICHHS KOMOMHAIMN MyTanui
1 IPOTHO3MPOBAHUS YCTOHYNBOCTH PAa3IMYHBIX IITAMMOB MUKOOAaKTepHun TyOepKyesa k 20 IeKapCTBEHHBIM ITpeTapaTaMm.
[Tomy4eHHbIE Pe3yabTaThl COMIOCTABICHBI C Pe3yJIbTaTaMH TPOTHO3UPOBAHUS JICKAPCTBCHHON yCTOMYMBOCTH MUKOOAKTe-
puH TyOepKyiie3a COBpEeMEHHBIME TIPOrpaMMHbIMH cucTeMamu Mykrobe w TB-Profiler. JInst 5 npenaparoB nepBoii TMHUN
u 1 npenapara Bropoi iuanu (oduiokcarmna) cuctrembl Mykrobe n TB-Profiler 10 IpaBUIIbHOCTH NpeICKa3aHUsl HECKOIBKO
MIPEBOCXOMAT MPETIOKECHHBIE aBTOPAMHU aITOPUTMBI, OTHAKO JI OCTAIBHBIX 14 mpernapaTtoB BTOPOH TMHUHN yCTYTAIOT UM.

Knrouesvie cio6a: mOITHOTCHOMHBIH TIOUCK aCCOLUAIIMN; B3aUMOJICHCTBHE OTHOHYKJICOTUIHBIX MTOJTUMOP(PHU3MOB; Jic-
KapCTBEHHO-YCTONYUBBIN TyOEpKyIIe3.
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Abstract. Genome-wide association studies play a key role in identifying relationships between genomes and pheno-
types. Many studies in this field are devoted to the investigations of genetic variations and their interactions in genomes.
However, despite significant progress achieved in this direction, the problem under consideration is still highly relevant
and requires the development of effective methods and algorithms for solving it. In this paper, four new algorithms based
on the study of single nucleotide polymorphism interactions in the two modes, additive and multiplicative, are proposed to
find combinations of single nucleotide polymorphisms associated with phenotypes. In the first stage, the algorithms use
exhaustive search of single nucleotide polymorphism pairs to predict their association with phenotype, and in the second
stage, greedy procedures are applied to find combinations of up to five single nucleotide polymorphisms with the best
association values. The developed computational approach is tested on the dataset containing 3178 Mycobacterium
tuberculosis genomes to identify single nucleotide polymorphism combinations and predict resistance of Mycobacte-
rium tuberculosis strains to 20 drugs. The results obtained are compared with those of the modern prediction software
systems Mykrobe and TB-Profiler. For the 5 first-line drugs and the 1 second-line drug (Ofloxacin), Mykrobe and TB-Pro-
filer systems slightly exceed the prediction accuracy of the proposed algorithms, but for the other 14 second-line drugs,
they are inferior to them.

Keywords: genome-wide association studies; GWAS; single nucleotide polymorphism interaction; drug-resistant tuber-
culosis.
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BBenenue

[TommHOTEHOMHBIN TOUCK acconuanuii (genome-wide association studies, GWAS) BKITIO9ae€T METOJbI, HC-
TIOJIb3yEMBIE JIJIsl BBISIBIICHHSI B3AMMOCBS3EH MKy TeHOMaMu U peHoTumamMu. OCHOBHAsI 11EJIb ATUX UCCIIEI0-
BaHUU — MOHUMaHUE OMONoruu (PEHOTUITIOB, PACIIUPCHHUE 3HAHUN U Pa3padOTKa HOBBIX AJITOPUTMOB aHAIN3a
reHOMHBIX JaHHBIX. C momotsio GWAS momydeHo 00JbIIToe KOMMUECTBO PE3YIBTaTOB B 001aCTH MOy ISIIHOH-
HOHM TEHETUKHW W TEHETHKH CIIOKHBIX MPU3HAKOB, OMOJIOTUH 3a00JIeBaHUM, NX JUATHOCTUKHU W JiedeHus [1].
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MexaHn3MBbl B3aUMOCBSI3eH MEXKTy TeHOMaMU B (DEHOTHITaMU CIIOKHBI, 1 MHOTHE U3 HUX TOKa HE UMEIOT JI0-
CTOBEpHOT0 00BbsicHeHM:. OHaKo 3a nocienHue moutu 20 et ObUT JOCTUTHYT 3HAYUTEIHHBIN POTPECC B X
MMOHMMAaHWH ¥ UCTIOJIb30BaHuH [ 1; 2].

Psig mccnemoBannii OCHOBAaHBI HA M3YYEHUH B3aMMOCBS3H MEXK/TYy TEeHETHUECKUMHU BapHallusIMU U (PEHOTH-
namu. OHOHYKJIeoTuAHbIe ouMopdu3mMel (OHIT) B reHOMax MOTYT BbI3bIBaTh PEHOTUITMYECKHE ITPOSIBIICHUS
WM OBITH CBSI3aHHBIMY C HUMHU. XOPOIIIO U3BECTHO, YTO OOJIBITUHCTBO (PEHOTHUIIOB ACCOITMUPOBAHEI HE C OTHOM
TeHETHUYECKOH Bapualiell B KOHKPETHOW TeHOMHOM TTO3UIIHMH, 2 CO MHOTUMH 3 HUX. M3ydeHue B3anMoeicTBrs
OHII urpaet xirodeByro poib B GWAS. [pu 5ToM nipoGiiema BbISIBIICHHSI TTOIO0OHBIX 3aBUCUMOCTEH Npe/ICTaB-
JSIeT OO0 CIIOKHYIO0 KOMOMHATOPHYTO 3a1auy. Y YUTHIBast TOT (DaKT, YTO KOJTMIECTBO TEHETHIECKIX BapHaIii
B FeHOMaxX MOYKET U3MEPATHCS COTHAMU ThICSY WM J1aXkKe MUJUTMOHAMH, 3a/1a4a N3yUeHUs TAaKUX 3aBUCUMOCTEN
CTaHOBHTCS HEPA3PEIINMOIA C TIOMOIIHI0 COBPEMEHHBIX KOMIIBIOTEpOB. Pa3paboTaHHbIE MTOIXO/IBI K PEIIEHUIO
JaHHOW mpobnemsl 1160 uccnenyot Bce OHIL, mubo BBIAEISIOT U3 ATOr0 MHOXKECTBA ITOJMHOKECTBA C HYX-
HBIMU CBOMCTBaMHM, KOTOPbIE 3aT€M HUCTIOIB3YIOTCS JIUIS BBISIBIEHUS MAPKEPOB C JIYUYIIMMHU POTHOCTUYECKUMHU
xapakrepuctukamu. [lomHbiil mepedop (McueprbiBaromunii mouck) komOuHarwit OHIT — npocToit 1 HageKHBINA
METOJ], KOTOPBIH MPEACKa3bIBAET B3aMMOCBS3N MEXy TeHETHUSCKUMH BapralusMu 1 penorunamu. OgHaKo
13-32 OTPOMHOM BBIYMCIUTENLHON CIIOKHOCTH OH HE MOYKET HAUTH IMPOKOTO npuMeHeHus. [1o 3ot npuurne
ObLT pa3paboTaH alNropuT™ ¢ noaaep>kkoi Bzaumozeiicteus OHII Ha rpadguuecknx kaprax, IpOTECTUPOBAHHBIHN
Ha HECKOITbKMX HaOopax naHHbIX [3]. B pabote [4] reneTndeckuii anroputm u SVM-KiaccupukaTop NpUMEHITH
Jutst torcka nogmuoxects OHII, HanOoee mpeAnmoYTUTENTFHBIX ¢ TOYKH 3pEHUS KITacCH(HKaTopa, a B padote [5]
OBLI TIPEIJIOKEH AITOPUTM CIIy4aiHOro Jeca 1iist otbopa nmoamuoxkects OHIL, cBsi3aHHBIX ¢ (EHOTHUIIAMH.

OpnvH U3 TOMYISIPHBIX TTOIXOIOB K MOMCKY acCOIMANid MEeXy TeHOMHBIMH MyTalusAMU U (peHOTUTIAaMHU
3aKIfoYaeTcsl B 00beAMHEHNU My Tallii TEHOB U N3yYEHUH TPOOJIEMBI aCCOLIUAIINT MEXK Ty TeHaMH U ()eHOTHUIIa-
Mmu [6]. B aTOM citydae pa3MepHOCTh 3a/1ady CyIECTBEHHO YMEHBIIIAETCS, ¥ TIOSABIISIOTCS HOBBIE BOBMOYKHOCTH
Uil OMoNornYecKoil nHTepnpeTauny GpeHoTunoB. JJaHHOMY MOAXOAY MOCBSILIEHO MHOXKECTBO ITyOJMKAIUH.
B uwactHOCTH, B paboTe [7] npe/yioKeH HOBBIM HHCTPYMEHT, UCIIOJIb3YIOIIHMI CBOHYIO CTaTUCTUKY JIJISl OOHA-
PYKEHHUs accolMaluii Ha ypoBHE TeHOB, a He oTAenbHbIX OHIL. DTOT HHCTPpYMEHT MO3BOIISIET 3HAYUTEIHHO
COKpaTuTh 00BEM BBIYHCIICHUH U SBISETCS O0JIee MOUIHBIM, YeM JIPyTHe MPOrpaMMHBIE CPEICTBA, TPUMEHSIIO-
IIMe aHAJIOTUYHBIN MOX0. B3BenBanme reHeTHIeCKUX BapHaliii B TeHE — OJTHA U3 OCHOBHBIX IIPOOJIeM Iipr
pa3paboTKe MOAXOJ0B K IMOMCKY acCOLHUalUi Ha YPOBHE T€HOB, BIHSIOMAs HA UX d3PPEeKTUBHOCTD. [ eHHBIN
TECT, TAKXKE UCIIOJIL3YIOIIUI CBOJHYIO CTaTHCTUKY W Ha3BaHHBIH OWC, mpomeMoHCTprupoBai 0oliee BBICO-
KyIO MOIITHOCTh Ha MOJICJTEHBIX ¥ PEAIbHBIX JIAaHHBIX 110 CPABHEHUIO C JPYTUMU IMOMYIIPHBIMA MeTOaMH [ §].
Wzyuenne B3auMOIEHCTBUSI TEHOB M MX COBMECTHOTO BIMSTHHSI Ha CJIOKHBIC ()EHOTUIIBI SIBIISICTCS aKTyaJIbHON
TEMOM COBPEMEHHBIX HCCIeIoBaHmi [9].

Muxob6akrepusi Tyoepkyaesa (MBT) — Bo3OyanTens HHPEKINOHHOTO 3a00JIeBaHUs, HA3bIBAEMOTO TyOepKyJIe-
3oM. B 2022 r. um 3a6omenn 10,6 MiTH 9emoBeK BO BceM MHpe, n3 HUX y 410 ThIC. 4eIoBeK pa3BUIICS TyOepKyie3
C MHOXECTBEHHOM JIEKaPCTBEHHOM YCTOMYMBOCTBIO MIIM yCTOWYMBBIN K pUGaMIMIUHy TyOepKyaes, a 1,3 MiH
YesoBeK yMepiu. Yucio TnarHoCTUPOBaHHBIX M HAYABIIIUX JICUSHHE JIFO/IeH OBLIIO HAMHOTO MEHBIIIE, YeM MPe-
nojaraemoe 4rcio 3abonesmux [10]. MeToasl mporHO3MPOBaHHS JICKAPCTBEHHON YCTOMYHUBOCTH Ha OCHOBE
ananu3a OHII moryT mpegocTaBuTh BpadaM IEHHYIO0 HHPOPMAIHIO Uil peKoMeHaanuu oomnee 3pPeKTUBHBIX
TIPETIapaToB U CXEM JICUCHMST, HEOOXOMNMBIX JJTSI COKPAIIICHHS YrClia CITyJacB JeKapCTBEHHOH ycToiunBocTh [11; 12].
B uccnenosanuu [13] B3aumoneiictust OHII Obutn nmpoaHanmu3upoBaHbl AJs IPEACKa3aHusl JIeKapCTBEHHON
ycroitunBocTi MBT 1 BBIsSIBIIEHHS acCONMMPOBAHHBIX ¢ HEll map reHoB. OTHOMEpHas CBepTOUHas HeHpOHHAs
CETh MPEB30IILIA IPYTHE TPATUIIHOHHbBIE KJIaccu(hUKATOPhI MAITMHHOTO 00y4YeHUs B morcke komouHarmit OHIL,
CBSI3aHHBIX C JIekapcTBeHHOU ycToiunBoCcThI0 MBT [14]. CornacHo pesynsratam uccienoBanus [ 14] mst 8 mpe-
[apaToB 3Ta HEMpPOHHASA CeTh oOecredmia 6oee BHICOKYI0 TOUHOCTh IMPOTHO3UPOBAHMS, YEM COBPEMEHHAs
nporpaMma fpeackasanus JekapcTBeHHoH ycroitunBoctd MBT Mykrobe [15].

3a mocneHee necAaTuieTne ObUTo pa3padoTaHo MHOTO MOJETIEH T IpecKa3aHus JeKapCTBEHHON YCTOM-
yuBocTH [15-23]. OgHako 3ajaya KOPPEKTHOIO MPOTHO3UPOBAHUS YCTOWYMBOCTH K JIEKAPCTBAM Ha OCHOBE
uH(pOpMAaIIIK O HATMYUH OTIPE/ICIICHHBIX MyTAIMi B TCHOME TIO-TIPEKHEMY OCTAETCS KpaiHe akTyaIbHOMW U Tpe-
OyeT pa3pabOTKX HOBBIX MOJXOJOB K €€ PEIICHHUIO.

B HacTosiiem ucciieqoBaHuu 151 TpOrHO3UPOBaHUs JIeKapCcTBEHHOM yeroitunBoctd MBT Hcronb30BaH Mouck
OHII B reHOMax Ha OCHOBE JaHHBIX MTOpTaja Mo Tyoepkynesy (https://tbportals.niaid.nih.gov), KOTOPHIN BKITIO-
YaeT SKCIIePUMEHTaIbHYI0 nH(popMaimio 00 ycToiunBocTH K 20 JeKapCTBEHHBIM npenaparam s 3178 reHoMoB
MBT, conepsxaniuxcst B 6a3e nanubix GenBank (Attps://www.ncbi.nlm.nih.gov/genbank/). J]ns 3toro Obliau pas-
paboTaHbl 4eThIpe anropuT™a rmorcka komonHarmii OHII, acconnmupoBaHHBIX C JIEKAPCTBEHHON YCTOHYHUBOCTHIO
MBT. JlanHble anropuTMbl OCHOBaHBI Ha u3yueHuu B3aumopeiicteust OHII B nByX pekumax — aJAUTUBHOM
¥ MYJIBTHIUTHKATHBHOM. Ha mmepBoM 3Tare alropuTMbl HCTIONB3YIOT OMHBIH mepedop map OHIT mis pacuera
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HUX CBsA3HU C yCTOfI‘II/IBOCTBIO K 20 JICKapCTBCHHBIM IIpCIiaparaM, a Ha BTOPOM 3Tari€ — KaJaAHbIC ITPOUCAYPhI I
TTOMCKa KOMOMHAIHH, BKiIFogaronux 10 1t OHII, koTopble HAMTydImuM 00pa3oM CBSI3aHBI C JICKApCTBEHHOMN
YCTOMUYUBOCTBIO.

MarepuaJjbl 1 METOIAbI UCCJIEIOBAHUS

3agaua GWAS. Jli1st KayK10T0 JIeKapCTBEHHOT0 Mpenapara d ucciieyeMblie 00pasiibl MOApasaesstoTcs Ha
YCTOWYMBBIC U YyBCTBUTENbHBIC K HEMY. TakuM 00pa3oM, STallOHHBIH Ha00p gaHHBIX S reHoMOB MBT MoxHO
MIPEICTaBUTH B BUJIE
S=S,US,,
e S — MOAMHOKECTBO 00pa3LoB, YCTOMYMBBIX K mpenapary d, a S; — HOAMHOKECTBO 00pasLoB, 1yBCTBH-
TETBHBIX K IIpenapary d.
B paccmarpuBaeMom citydae kax bl oopazen S;, i = 1, 2, ..., m, mpeacTapisieT coOOH MOCIIe10BaTEIbHOCTD,

COCTOSIILYFO B3 YeThIpeX HyKieoTnoB s, ;€ {A, T, C, G}:

S; =(si,1, ;g5 s si,n).

3nech n — KOJIMYeCTBO HYKJICOTHIIOB B TeHOMe. Benmunna 7 oTm9aeTcst s pa3HbIX opraHu3MoB. Harmpumep,
qutsi reHoMa MBT n =4 418 596. IlocnenoBarenbHOCTh HYKJIEOTHIOB B TEHOME MOXET COAEPKATh Pa3IuUHbIC
OJTHOTIO3UITMOHHBIC MYyTallnu, 00BIYHO Ha3biBaeMbie OHII, o3Havaroue 3aMeHy OJTHOTO HYKIJICOTHA B OIpe-
JICJICHHOM IMO3UIIMU Ha JIPYrod HYKJICOTU] M MPUCYTCTBYIOIINE B JOCTATOYHO OOJIBIION YacTH momyJsiiuu (00-
nee 1 %). Hexotopsie OHII BaxkHBI U151 )KU3HU OpPraHU3Ma, a TAKXKE CBSI3aHBI C €10 (PeHOTUITOM (HJTH ITPU3HAKOM ),
B pacCMaTprBaeMOM CIIydae C YCTOWYMBOCTHIO MUKPOOpPTaHW3Ma K KakoMy-1r0o nexapctsy. [Ipemmonaraercs,
4TO 3a/1aH BeKTOp (peHOTHIIA Y, = ( Vi Vos wees Vo )T, e m — pa3Mep Habopa AaHHBIX S, u y; = 1, ecau obpasen S;
YCTOMUUB K npenapary d. B nporusHoM citydae y; = 0 u oOpasen S; 4yBCTBUTENEH K JAHHOMY IIPEIapary.
PaccmarpuBaemas B crathbe 3aada GWAS 3akimouaercs B moucke B reHome OHIT, acconmupoBaHHBIX ¢ peHo-
tunamu, eciii Takue OHIT cymiectByroT. B 3TOM ciiydae pasMepHOCTh 3a/1aui MOXKET OBITh YMEHBIIICHA JIO aHa-
nu3a Tonbko nocnenoBarensbHoct OHIL, a He Bcero renoma. Ilpeanonoxum, 4To HA0Op TEHOMHBIX JTAHHBIX S

COACPIKUT IOCIICAOBATCIIBHOCTE X = (Xl, Xoy eeny )Cp ), COCTOAIIYHO U3 p OHH, ITOJIYYCHHBIX IIPpU CPABHCHHU T'C-

HOMOB U3 0a3bl JaHHBIX C 3TAJIOHHBIM T€HOMOM, IIPHUUYEM KaxKIbli x;, i = 1, 2, ..., p, COOTBETICTBYET HEKOTOPOMY
OHII B o6pasmax reroma. OtmeTnM, uto paccmarpuaeMble OHII BcTpedatorcest B He MeHee yeM 1 % reHomos

u3 Habopa nanHkIX S. Torna BexTop X; (= (xl. 1 Xi 2y e X p) onmceiBaeT 3HadeHuss OHII s renoma S, x; , = 1,

eciu OHII ¢ Homepom k < p cymecTByer B 3ToM reHome, | X; , = 0 B nporusHOM ciydae. Bee OHII B naGope
JaHHBIX S 171 npenapara d onpenenstorces Marpuneid OHIT
Xd_(xi,j)mxp' ()

B crarbe paccMmarpuBaercs cienytomas 3agada: no marpuue OHII X, (1) u BexTopy eHOTUIIOB Yy, ClienyeT
naeHTuguposars otaenbasie OHIT man nx KoMOWHAITNH, CBI3aHHBIE C (PEHOTHITOM.

Chauana uccienyem B3auMocBs3u Mexy otnesnsHeiMu OHIL, mpencraBnenHsiMu B Habope 00pa3LoB u 3a-
JAHHBIMH BEKTOPaMH X, ; = (xl, o Xg jswens Xy j)T wist j=1,2, ..., p, a IMEHHO MEXAy CTOJI0LAMH MaTPHLbI
OHIT X, (1) u BexTopoM heHOTHNA y,;. TaKO# OIXOA HA3BIBAETCS OAHOMAPKEPHBIM TecToM. [lanee uccnenyem
B3aMMOCBS3H MeX Ty koMOmHanusaMu Heckonbknx OHII u Bekropom (eHoTHTA, T. €. BHITOJTHUM MHOTOMAap-
KepHBIH TecT. Bo Bropom ciyuae 3a1aua npuodpeTaeT KOMOMHATOPHBIN XapakTep, I03TOMY sl IPOBEPKH pa3-
HbIX KomMOnHatmii OHIT Oynem nenons30BaTh 3BpUCTHKU. MOXXHO OOBEJMHUTD BEKTOP-CTOJIOLBI, COOTBETCTBYIOLLNE
komOuHaiuu asyx OHII, ¢ momouisto pasnuunbix oneparuii u BBectu B Marpuity OHIT X, (1) oObeanHeHHbIH
OHII. B nanHo# pabote sl KaKJ0W KOOPIMHATHI BEKTOP-CTOJIOIOB MIPH 00BEIUHECHUH COOTBETCTBYIOIIMX
BEKTOP-CTONONOB oTAeTbHBIX OHIIT HCTIONb3yI0TCS TOrHYecKie ONepauy «HITN» TH00 «m». Oneparust «imm»
TpearoaraeT aaxquTBHEIH 3 dexT otnenpabx OHIT myis npenckazanus ¢eHoTHIa, Takoe B3aumoneiictare OHIT
Ha3bIBACTCS aJANTUBHBIM. VICTII0JIb30BaHNE ONIEPALIIH «ID» 03HAYAET, YTO B3aUMOACHCTBHE MYJIbTUIIIIMKATUBHO
U mpeJcKa3aHue (peHoTUIa MPoUCcXoauT, Korna oba oguHouHbix OHII npencka3piBatoT 3T0T (heHOTHII.

Hcxonubie nanubie. Habop nannbix S copepskan 3178 reHOMOB U pe3ysbTaThl TECTOB Ha YCTOMYUBOCTh
K 20 nexapCTBEHHBIM IIpernapaTam, BKJIIoYas 5 mpernaparoB IepBOi TUHNH, a ©MeHHO 3TamOyTon (EMB), uzo-
nuasua (INH), nupasunamun (PZA), pudpammuiun (RIF), ctpentomunun (SM), u 15 npenaparoB BTopoit
JIUHUH, TAaKUX Kak amukanuH (AMK), amoxcummnd — kinaBymmanat (AMX — CL), kanpeomurua (CM), 1iukito-
cepuH (CS), stnonamun (ETO), umunenem — nunacrarus (IMI), kanamumma (KM), neBodnokcanmn (LFX),
mae3onua (LZD), mokcudmokcarma (MFX), mokcudmokcarua 0,25 (MFX 0,25), opmokcanua (OFX), mapa-
amuHocanuiioBas kuciota (PAS), nmpornornamun (PTH) u MukoOytun (pudadyrtun) (RFB). Dtu nannbie
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OBLIN B3SITHI C TIOpTAaJa o TyOepKysiesy [24], npeacTaBsioniero coooi miarGopmy Julst KCCIIeA0BaHUN JICKapCT-
BEHHO-YCTOMYMBOTO TYOEpKYie3a, KOTopask COAEPKHUT MPOBEPEHHYI0 MH(OPMAIIHIO 00 YCTOWIMBOCTH HIIH YYB-
CTBHUTEIRHOCTH 00pasnoB MBT k paccmarpuBaeMbIM TiperaparaM. B Tabm. 1 mpeacTaBieHo pacrpeneacHue
YYBCTBUTENBHBIX U YCTOWYHMBBIX 00Pa3IOB IS K&KIOTO Mpernapara u3 Habopa JTaHHbBIX.

Ta6unuma 1
XapakTepucTHKa HA00pAa JaHHBIX
Table 1
Characterisation of the dataset
Konnuectso Konuuectso Komnuectso Konnuectso
[penapar YYBCTBHTEIBHBIX YCTOMYHBBIX [pemnapar YyBCTBHUTEIILHBIX YCTOMYHMBBIX
TCHOMOB TCHOMOB TEHOMOB TEeHOMOB
EMB 839 617 IMI 384 180
INH 438 977 KM 861 767
PZA 447 498 LFX 777 1188
RIF 627 933 LZD 719 766
SM 539 875 MFX 1159 413
AMK 942 1302 MFX 0,25 254 137
AMX - CL 626 297 OFX 589 385
CM 943 1185 PAS 705 1264
CS 810 576 PTH 605 1127
ETO 155 158 RFB 197 169

Meps! kauecTBa npeackasanus. KauectBo npenckazanus penoruna Ha ocHoBe OHII B paccmarprBaemoit
[IO3ULIMU TeHOMa MOXXHO oLleHuTb 110 Marpuue OHII u Bexropy ()eHOTUIIOB € IIOMOIIIBIO HECKOJIBKUX MOKA3a-
TeneH, TaKUX Kak

TP
TOYHOCTh =———,
TP + FP
TP
HOJIHOTa = —————,
TP + FN
TN 2
cneunpuIHOCTh = ————,
TN + FP
TP +TN
MPaBHIBHOCTH = ,
TP+ TN +FP +FN

riae TP — 4yucio UCTUHHO MOJOKUTENbHBIX Ipeacka3anuil; TN — 4uciIo HCTUHHO OTPULATENIBHBIX MPEACcKa3a-
Huil; FP — 4ncio J10)KHONON0KUTENbHBIX NTpeackasaHuii; FN — 4yncio JI0)KHOOTpULATENbHBIX NPeICKa3aHuil.

[Iporuno3upoBanue JIeKapCTBEHHOM YCTONYNBOCTH OCHOBAHO Ha Hanu4uuu cootBeTcTBytomero OHIIL. Eciu
obpaserr yCTOHYHB K TIperapary d U IpeAcKa3aH KaK YCTOMUNBBIN, TO pe3yJIbTaT MIPOTHO3UPOBAHUS CIUTACTCS
WCTUHHO TIOJIOKUATENBHBIM. AHAIOTHYHO, €CJIM 00pa3ell 9YyBCTBUTEINICH K Tpenapary d U mpejIcKka3aH Kak qyB-
CTBUTEJIbHBIN, TO IPOTHO3 SBJSIETCSI HCTUHHO OTpULATeNbHbIM. OJTHAKO HUA OJHO MPEACKa3aHUE HE UICATIBHO.
Tak, ecriu oOpaselr yCTOHYMB K Tpenapary d, a MpOorHO3UPYETCsl, YTO OH YyBCTBHUTENICH, TO TAKOE MPEICKa3a-
HUE CUMTACTCS JIOKHOOTPHULIATESILHBIM. AHAJIOIMYHO, €Clii 00pa3el] YyBCTBUTEIICH K Ipenapary d, HO mpej-
CKa3aH KaK yCTOMYUBBIA, TO PE3YJIbTAT MPOTHO3UPOBAHUS OY/IET JTOKHOTIOIOKUTEIBHBIM.

N3 dhopmyms (2) cemayeT, 9TO TOYHOCTh — 3TO OTHOIICHHUE OOIIIEro Yrciia MPaBUIHbHO MPEACKa3aHHbIX T0-
JIOXKHUTETHHBIX 00Pa3IoB K 00IIeMy YnciTy 00pa3ioB, IpeACcKa3aHHBIX KakK MONOoKUTeNbHbIe. [lomHoTa npen-
cTaBIseT co00 OTHOIIEHUE OOIIIETO YHCIIa MPABUIIBHO MPECKa3aHHBIX OJI0KHUTEIBHBIX 00pa3IioB K o0IeMy
YHUCITy TIOJIOKHUTEIBHBIX 00pa3noB. Crielin(pUIHOCTh OPEICTSSTCs KaK OTHOIIICHHE OOIIEro Yrcia MpaBUiIbHO
MIPEJICKa3aHHBIX OTPUIIATEIBHBIX 00PA3IOB K 00IIEMYy YHCIY OTPHIATENIbHBIX 00pa3ioB. [IpaBuiibHOCTh OT-
paxkaeT JI0JIt0 NPaBUIBHO MPEICKa3aHHBIX 00Pa3IIoB, KaK MMOJIOKUTEIbHBIX, TAK U OTPUIATEIBHBIX, OT OOIIETO
KOJTMYIECTBA O0PA3IIoB.

Aaropurmbl B3aumoaeiicteusi OHIL. Ecim ucxomuas mocnenosarensaocts OHIT x = (xl, Xyy oens xp) co-

JACPKUT TBICAYHN DJIEMCHTOB, TO MOXHO BBIYMCIIMTE 3HAYCHWA MEPLI IPaBUJIBHOCTH a (xl., X j) (2) JUIA KOMOUHU-
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poBannbix OHII, o6pazoBanHbIX Bcemu napamu oquHOYHBIX OHIT (xi, X; ) B nanpreiimem noydeHHas nHGOp-
MaIys UCITONIb3YETCS IS TTIOMCKa Hanbosee BaKHbIX komOnHanmii OHIIL.

Bribepem g map (xi, X; ), q 2> 1, c HaMOONBLINMH 3HAYCHUSAMH a(xl., X; ), KoTOpble conepskar pasnuunsie OHIL
[pomomxum orobpannkie mapsl OHIT 10 koMOMHaIwMi, cocToswx n3 He 6omee yem / OHII, / > 2, ¢ momoIpro xaji-
HOTO aJIrOpUTMa CIIEAYyIomUM 00pazoM. [t Bcex 0TOOpaHHBIX Tap (xi, x j) paccmotpuM komOuHanmu Tpex OHIT
(xl., X;y X, ) JUISL KXK/IOTO X, U3 Ha4aJIbHOI [IOCIIE/I0BATEIIBHOCTH X, OTIMYHOIO OT X; 1 X;. Bbibepem Npon3BobHyo

])

komOuHarwo Tpex OHIT (xi, X, xk) ¢ MaKCHMAaJIbHBIM 3HAYCHHUEM a(xi, X;
TTOTYYIUTh KOMOMHAITHH, cocTosmue n3 He Oonee yem /| OHII, HaumHas ¢ 0TOOpaHHOU TaphI (xl., X; ) Haxogner,

X ) AHaNOru4HbIM O6p330M MOXXHO

BbIOepeM 1160 oauH OHII, 6o komOuHarmo OHIL, acconumpoBaHHbIE ¢ YCTOMYMBOCTHIO K pACCMaTPUBAEMO-
My Tperapary, ¢ MaKCHMaJIbHBIM 3HAYCHUEM MEPhI IPABUIBHOCTH. DTa MPOLIEypa MOXKET ObITh (hOpMaIN30BaHa
ayroputMamMu 1 ¥ 2 171st aJyIUTHBHOTO U MYJIBTUILIMKATUBHOTO pe:KUMOB B3anmoierictBust OHII cooTBeTCTBEHHO.

Aaroputm 1 (angutuBHOE B3aumozeiictsue OHII).
Hana nocnenoarensuocts OHII x = (xl, X5 s Xp ), OTCOPTHUPOBAHHBIX B HEBO3PACTAIOLLEM NOPSJIKE 3HA-

YEHUH MEPBI IIPABUIIBHOCTU a(x1 ) 2 a(x2 ) 2.2 a(xp )

Iar 1. Beraucnum 3Ha4eHMS a(xi, xj) Jutst kaxaou napel OHII, ucnone3ys agiuTUBHBINA PEKUM B3aUMO-
JeCTBUSL.

Ilar 2. Beibepem g nap OHII ¢ makcuManbHBIMU 3HaYEHUSIMUA MEPBI IPABHUIIBHOCTH.

lar 3. [IponomkuM KaXayto BEIOpaHHYIO apy 10 KoMOWHauuH, copepxarieii He 6onee / OHIL, ¢ momorisio
KaTHOTO aJropuTMa JJisl aANTUBHBIX B3aUMOJICHCTBUH.

Ilar 4. Beioepem 6o otaensabiit OHII, mu6o komOunaruto He 6osee uem [ OHII, cs3aHHBIE ¢ yCTOHUH-
BOCTBIO K PaCCMaTpUBAEMOMY Ipenapary, ¢ MaKCUMaJIbHBIM 3HAYCHUEM MEpPbI IPABUIBHOCTH.

Adaroputm 2 (MynsTHIDIHKaTHBHOE B3aumozaeiictsue OHII).
Hana nocnenoarensuocts OHII x = (xl, Xy eeer X)) ), OTCOPTUPOBAHHBIX B HEBO3PACTAIOLIEM MOPSIAKE 3HA-

YEHUH MEPBI IIPABUIIBHOCTU a(x1 ) > a(x2 ) =2 a(xp )

Ilar 1. BeruucinuMm 3Ha4eHus a(xl., x].) quta kaxxaon napel OHIL, ucnons3yst MynbTHINTMKATUBHBIN pexXuM
B3alMOJIEHCTBUSI.

Ilar 2. Breibepem g nap OHII ¢ MmakcuManbHBIMU 3HaYEHUSIMUA MEPBI IPABHIIBHOCTH.

lar 3. [IponomkuM KaxXay1o BEIOpaHHYIO apy 10 KoMOMHauuu, copepxareii ve 6onee / OHIL, ¢ momorsio
YaJIHOTO aJTOPUTMA I MYJIBTUIIMKATUBHBIX B3aMMOICHCTBUI.

Ilar 4. Beioepem n160 otnensHbiil OHIL, 1160 komOuHauio He 6onee uem / OHIIL, cBs3anHbIe € ycTORYN-
BOCTBIO K pacCMaTpuBaeMoOMy IIpenapary, ¢ MaKCUMaJlbHbIM 3HAY€HUEM MEPBI TPaBUIIBHOCTH.

Bri6op pexunma B3anmozericteust OHII BiusieT Ha mporHoCTHYECKIE CBOMCTBA KOMOMHUPOBAHHBIX MY TAITHIA.
AJUTHBHBIC B3aUMOJCHCTBUS HMEIOT TCHICHLUIO K YMEHBILICHHUIO YHCJIa HICTUHHO OTPHULIATEIbHBIX U YBEJIH-
YCHUIO YHCIIA JIOKHOIIOJIOKUTENBHBIX MIPEACKA3aHUil, B TO BpeMsI KaK MYJIbTHUILIMKATUBHbBIC B3aUMOJACHCTBUS
HMEIOT TeHACHIMIO K YBEINYEHHIO YUCIIa IOXKHOOTPULATEIBHBIX U YMEHBIICHHIO YU CIIa HCTUHHO HOJIOXKHUTEIIb-
HBIX IIPEACKa3aHui. B cBA3M ¢ 3TUM mpencTaBisieTcs: pa3yMHBIM HCIOIb30BaTh CMEIIAHHBIN PEKUM a1 JUTHB-
HOTO ¥ MYJIBTHUIIMKaTUBHOTO B3aMMOJCHCTBUM. PaccMOTpUM J1Ba JOMIOJIHUTENBHBIX aITOpUTMa. AJITOpPUTM 3
MIPUMEHSIET MYJIBTHIUIMKAaTUBHOE B3auMoneHcTBHe aisl npopoibkenus nap OHIL, momydeHHBIX ¢ TOMOLIBIO
aJJUTUBHOTO B3aMMOJCHCTBUS, a aJITOPUTM 4 HCHOJIB3YeT aJAUTUBHOE B3aMMOJCHCTBUE AJISI MIPOLOIDKEHHUS
nap OHII, momy4yeHHBIX ¢ HOMOIIBIO MYJIBTHIUIMKATHBHOTO B3aUMOJIEHCTBUSI.

Aaroputm 3 (alAUTHBHO-MYIBTUIUINKaTHBHOE B3anmonencTsue OHII).
Hana nocnenosarenbHocts OHIT x = (xl, Xy eens X)) ), OTCOPTUPOBAHHBIX B HEBO3PACTAIOIIEM HOPSIIKE 3Ha-

YEHHUH MEPhI IPaBUIbHOCTH a(x1 ) 2 a(x2 ) 2.2 a(xp )

Hlar 1. BeruuciauMm 3Ha4eHUS a(x[, xj) Jutst kaxxnoi napsl OHI, ucnomnb3yst aiIuTUBHBIN pEeXUM B3aUMO-
JeUCTBUSL.

lar 2. Beioepem ¢ map OHII ¢ MmakcuManbHBIMU 3HAYEHUSAME MEPbhI TIPAaBUIHLHOCTH.

Hlar 3. [IpomomkuM KaxIyro BEIOpaHHYTO IMapy 10 KOMOWHAITHH, conepkariei ue 6omee / OHII, ¢ momorsio
YKaJIHOTO aJTOPUTMa C MCIIOJIb30BaHNEM MYJIBTUIUIMKATUBHBIX B3aUMOACHCTBHUH.

Ilar 4. Beioepem m16o otnensHbil OHIL, 1160 komOuHamuio He 6omnee uem / OHIIL, cBs3anHbIE € ycTORYN-
BOCTBIO K PACCMaTPUBAEMOMY IIPENapaTy, ¢ MAKCUMaIbHBIM 3HAYCHHEM MEpbI IPABUIBHOCTH.
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Aaroputm 4 (MyTBTHINTHKAaTHBHO-aIIUTHBHOE B3anmMozeiicTeue OHIT).
Jana nocnenoBarenprocTs OHIT X = (xl, X5 eens X)) ), OTCOPTHUPOBAHHBIX B HEBO3PACTAIOIIEM TIOPSIIKE 3HA-

YEHUH MepbI IPaBUIILHOCTU a(x1 ) 2 a(x2 ) 2.2 a(xp )

Iar 1. Beriuucinum 3Ha4eHus a(xi, xj) Jutst Kax o mapsl OHII, uemonb3yst MyTbTUIUIMKATABHBIN PEKAM
B3aMMOJICHCTBUS.

Hlar 2. Bribepem g nap OHII ¢ MakcMMalbHBIMU 3HAUEHUSIMU MEPbI IPABUIHLHOCTH.

Hlar 3. IIpomomkuM KaxIyo BRIOPaHHYIO TTapy 10 KOMOWHAINH, conepxaieit He ooee / OHIL, ¢ momormsio
’KaJHOTO aJTOPUTMA C UCTIONF30BaHNEM A INTHBHBIX B3aMMOACHCTBHIA.

Ilar 4. Breioepem 160 otnensHbiii OHII, 1160 komOuHaiuio e 6osnee uem [ OHI, csizaHHbIe ¢ yCTONYN-
BOCTBIO K PaCCMaTPUBAEMOMY IIpenapary, C MAaKCUMaJIbHBIM 3HAYE€HUEM MEphI MPABUILHOCTH.

Ecnm nymna rmoceioBareIbHOCTH X HU3MEPSACTCA COTHAMU TBICAY JICMCHTOB, TO IIpsAMas IIPOBEPKa 3HAYCHUHN
MCEPbI IPAaBUJIIBHOCTH AJId BCEX Map ()Ci, Xj) CTAaHOBHTCS HEBO3MOXKHOH M3-3a OTPpaHUYCHHOCTHU BbIYHUCIIUTCIIb-

HBIX PecypcoB. B 3ToM citydae MOKHO BBIOpATh MONOCIEOBATEILHOCTh HCXOAHON MOCIEN0BATENbHOCTH X,
COZIEPIKAILYIO Pa3yMHOE KOJTMUYECTBO MyTAaLMi, KOTOPOE €€ T03BOJISIeT BEIYUCIUTE 3HAYCHHUS HCIIOIb3YEeMOMH
MepHbl Ka4ecTBa MpeICKa3aHus Ul BCEX Map ee JIEMEHTOB, a 3aTeM, CJIeAys ONMCAHHBIM BBIIIE MIPOLEIypaM,
NoJTy4uTh KoMOUHanuu He 6osee uem / OHIT ¢ momornkio sxagHoro anropurma. [IOHSITHO, 4TO BCe allTOPUTMBI
MOT'YT OBITh HCIIOJIB30BaHbI U JJISl APYTUX MEp KauecTBa mpeacka3anus (2).

Pe3yabTaThl M MX 00CysKAeHHE

IlpumeHeHne aJITOPUTMOB K NpeniaparaM nepBoii JUHUM. /{15 CHUKEHUS BEIYUCIUTEIIBHOM CII0KHOCTH
JUTSE KaXKAOTO Tpenapata rnepBoi tuHun otoopansl 25 map OHII (¢ = 25) ¢ HanboapmUM 3HaU€HHUEM MephI
NPaBUIIBHOCTH, KOTOPBIE OBIIIH MPOAOIIKEHBI C TIOMOILBIO Pa3padOTaHHBIX AJITOPUTMOB JI0 KOMOMHUPOBAHHBIX
OHII, conepxamux He 6onee 5 myTtauuit (/ = 5). s npenaparos EMB, INH, PZA n SM makcumainbsHble 3Ha-
YeHusI Mepbl mpaBuiIbHOCTH (79,5; 90,8; 75,8 11 82,1 % cOOTBETCTBEHHO) TIOIYYEHBI C TIOMOIIBIO anropuT™Ma 1
(tabmn. 2). 1ns npenapara RIF nanGonpmas BennunHa Mepbl mpaBmiibHOCTH (88,9 %) Obu1a JOCTUTHYTA C UC-
nosib3oBaHueM anroputma 4. 13 puc. 1 BunHO, uto komOuHanuu asyx OHII, ucnons3yromue 1nbo aaauTuB-
HBIH, TMO0 MYJIBTUILNTMKATUBHBIN PEKUM B3aUMOJCHCTBUS, NAIOT JyUIUe 3HAYCHUS] pAaCCMaTPUBAEMON MEpBI
KadecTBa Ipeacka3anus, ueM onnHodnsie OHIT.

Anroput™m 1 Anroputm 2 Anroputm 3 Aunroputm 4
79+ i ° .
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Puc. 1. Komounarmu [ OHII, [ € {2, 3, 4, 5},
Hanbosee 3HAYMMO acCOIMUPOBAHHBIE C YCTOWYMBOCTRIO K Mpenaparam epBoii JIHHUH

Fig. 1. Combinations of / single nucleotide polymorphisms (SNPs), / € {2, 3,4, 5},
most significantly associated with resistance to the first-line drugs
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IIpaBHJIBHOCTH MPOTHO3MPOBAHUS YCTOHUUBOCTH
K Ipenaparam nepBoii JMHHH

Accuracy of predicting resistance
to the first-line drugs

Tabnuma 2

Table 2

KoJtHuecTso npejickasanuii
Tpenapar TpaBusHOCTS, %
TN FP FN TP
Anzopumm 1
EMB 590 249 50 567 79,5
INH 401 37 93 884 90,8
PZA 292 155 74 424 75,8
RIF 504 123 52 881 88.8
SM 371 168 85 790 82,1
Anzopumm 2
EMB 587 252 61 556 78,5
INH 423 15 149 828 88,4
PZA 259 188 53 445 74,5
RIF 523 104 86 847 87,8
SM 382 157 118 757 80,6
Anzopumm 3
EMB 597 242 70 547 78,6
INH 421 17 125 852 90,0
PZA 269 178 67 431 74,1
RIF 508 119 60 873 88,5
SM 354 185 82 793 81,1
Anzopumm 4
EMB 573 266 39 578 79,1
INH 402 36 95 882 90,7
PZA 223 224 24 474 73,8
RIF 514 113 60 873 88,9
SM 358 181 77 798 81,8

IIpumeuaanne. [lomyknpHbIM HadepTaHWEM BBIIEICHBI HAMTYUIINE 3HAYCHUSI MEPBI IPAaBHITLHOCTH
JUISL KaKIIOTO TIpenaparta.

I[IpnMeHeHHe aJITOPUTMOB K MpenapaTaM BTOPOi JIMHUM. 3HAYEHUSI MEpbI IPAaBUIBHOCTH TPEICKa3aHUs,
TMOJTyYEHHBIE C TOMOIIBIO PACCMATPUBAEMBIX AJITOPUTMOB JIJIS IPETIapaToB BTOPO JIMHUH, TIPEACTABIICHBI B TA0M. 3.
B GosbIIMHCTBE CilydaeB JIydIlue pe3yJabTaThl JaeT alrOpuTM 4, Ui 5 penaparos — ajdroputym 1, s 3 mpe-
napaTtoB — anroputm 2. Iloutu Besne HanOosblIas BEIMYMHA MEPBl PAaBUIIBHOCTH MPEICKa3aHusl [0 ABYM
OHII mpeBblLaeT Jy4IIKi pe3ynbTar, JOCTUTHYTHIA Npu ucnoib3zoBanuu onHoro OHII (puc. 2). Ilo mepe

yBemmmuenns konnaectsa OHII B komOnHammsx (/ € { 2,3,4, 5}) MaKCHMaJbHOE 3HAaUCHUE MEPhI IPABIIIEHOCTH
MpecKa3aHusi u3MeHsIeTcs (CM. puc. 2).
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IIpaBHJIbHOCTL NPOTrHO3UPOBAHMSA YCTOHYMBOCTH
K npenaparaM BTOPOi THHUH

Accuracy of predicting resistance
to the second-line drugs

Taboauma 3

Table 3

Mpenapar KonunuecTtBo npenckazanunit Mpagussocts, %
TN FP FN TP

Aneopumm 1
AMK 549 393 66 1236 79,5
AMX - CL 592 34 116 181 83,7
CM 384 559 87 1098 69,6
CS 739 71 218 358 79,1
ETO 83 72 34 124 66,1
IMI 322 62 106 74 70,2
KM 689 172 230 537 75,3
LFX 382 395 82 1106 75,7
LZD 575 144 52 714 86,8
MFX 1062 97 209 204 80,5
MFX 0,25 204 50 49 88 74,7
OFX 525 64 176 209 75,4
PAS 505 200 63 1201 86,6
PTH 332 273 85 1042 79,3
RFB 133 64 37 132 72,4

Aneopumm 2
AMK 567 375 108 1194 78,5
AMX - CL 593 33 116 181 83,9
CM 943 0 1185 0 443
CS 810 0 576 0 58,4
ETO 155 0 158 0 49,5
IMI 376 8 154 26 71,3
KM 813 48 515 252 65,4
LFX 428 349 142 1046 75,0
LZD 583 136 83 683 85,3
MFX 1078 81 215 198 81,2
MFX 0,25 235 19 80 57 74,7
OFX 568 21 265 120 70,6
PAS 705 0 1264 0 35,8
PTH 361 244 133 994 78,2
RFB 155 42 69 100 69,7

Aneopumm 3
AMK 549 393 79 1223 79,0
AMX - CL 592 34 116 181 83,7
CM 404 539 117 1068 69,2
CS 739 71 218 358 79,1
ETO 65 90 20 138 64,9
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OkoHyaHue Tabn. 3
Ending of the table 3

Mpenapar KonuuecTBo npenckasanuit Mpagwissocts, %
TN FP FN TP
IMI 345 39 133 47 69,5
KM 773 88 349 418 73,2
LFX 388 389 102 1086 75,0
LZD 576 143 59 707 86,4
MFX 1062 97 209 204 80,5
MFX 0,25 228 26 78 59 73,4
OFX 549 40 205 180 74,8
PAS 505 200 76 1188 86,0
PTH 335 270 104 1023 78,4
RFB 126 71 41 128 69,4
Aneopumm 4

AMK 553 389 68 1234 79,6
AMX - CL 593 33 116 181 83,9
CM 500 443 172 1013 71,1
CS 740 70 218 358 79,2
ETO 85 70 25 133 69,6
IMI 342 42 122 58 70,9
KM 690 171 230 537 75,4
LFX 382 395 87 1101 75,5
LZD 577 142 54 712 86,8
MFX 1072 87 214 199 80,9
MFX 0,25 224 30 68 69 74,9
OFX 526 63 176 209 75,5
PAS 506 199 65 1199 86,6
PTH 332 273 90 1037 79,0
RFB 116 81 22 147 71,9

[Tpumeuanue. [loqykupHbIM HauepTaHUEM BbIJIETIECHBI HAUTYUIINE 3HAUSHUS] MEPBI MPaBUILHOCTH
JUIS KQXKJI0TO IIpernapara.

CpaBHeHHe ¢ IPYTHMHU aJropurMamu. DPQPEKTHBHOCTD pa3pabOTaHHBIX aITOPUTMOB Obljla CONOCTaBIIE-
Ha ¢ 3QPEKTUBHOCTHIO IPOorpaMMHBIX cucteM Mykrobe [15] u TB-Profiler [20], KOTOpble OTHOCSATCS K YUACITY
Jy4IIUX BbIYUCIUTEIBHBIX HHCTPYMEHTOB JJIs IPEJCKA3aHusl JJekapcTBeHHOM ycTounBoctu MBT. B cucreme
Mykrobe uctionw3yetcs rpad ne bpeiina uis npeacrapieHus reHoma 1 0alieCOBCKUI BBIBOJ IJIsI TIPEIICKa3aHUs
YCTOHYMBOCTH K JIeKapCTBeHHBIM npenaparam. Cucrema TB-Profiler cTpouT NporHo3 yCTOWYMBOCTH K JIEKap-
CTBEHHBIM TIpenaparam Ha ocHoBe aHannza OHII u Habopa npaBuil 715l ©X HHTEPIPETALIUH.

3HaueHUs MEPhI MPABUIILHOCTH, ITOJIyUYSHHBIC C TIOMOIIBIO riporpamm Mykrobe (Bepcus 0.13.0) u TB-Profiler
(Bepcust 5.0.1) s 13 npenaparoB, ObUIN BEIYUCIICHBI ¢ UCIIOIB30BAHUEM TOTO e Ha0Opa JaHHbBIX, KOTOPBIH MTPH-
MEHSJICS B pa3paOOTaHHBIX aBTOPaMHU aJrOpuTMax. Pe3ynbrarsl cpaBHEHUS aJITOPUTMOB 1—4 ¢ TpOrpaMMHBIMH
cucremamu Mykrobe n TB-Profiler npuBeieHsl B Ta01. 4, aHAIN3 KOTOPOW CBUJIETEIBCTBYET O TOM, UTO JJISl BCEX
npenaparoB repBoi jJuHuu U npenapara OFX Bropoit munuu cucrembl Mykrobe u TB-Profiler 1o npaBUIIbHOCTH
NPOTHO3UPOBAHMS HE3HAYNUTEILHO TPEBOCXOST arOPUTMBI 1—4, OJJHAKO JIJIsl OCTAIBHBIX MIPErapaToB BTOPOi
JMHUY YCTYNAIOT WM. J[OMOIHUTENbHBIM PEUMYIIECTBOM MPEAJIOKECHHBIX aBTOPAMU aJITOPUTMOB SIBIISIETCS
MHTYWTUBHO TIOHSTHAS! HHTEPIPETAIMS TIOTYYEHHBIX PE3YJIBTaTOB, TOCKOIbKY YCTOMYMBOCTh K KOHKPETHOMY
npenapary Mnpeacka3biBaeTcs 10 HATMYUIO COOTBETCTBYIONIMX MHAMBUAYAILHBIX MyTallUil B TeHOME 00pasia
U 110 PSKUMY HX B3aHMOJICHCTBUSI.
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CpaBHeHHe pa3padoTAHHBIX AJTOPUTMOB ¢ cucreMamu Mykrobe u TB-Profiler

Tabnuna 4

AJ1s1 IPOrHO3MPOBAHMS YCTOHYNUBOCTH K IPOTHBOTYOEPKYJIe3HbIM NpenapaTaM IepBoii U BTOPOii JTHHUI

Table 4
Comparison of the developed algorithms with Mykrobe and TB-Profiler systems
for prediction of resistance to the first-line and second-line anti-tuberculosis drugs
Tpenapar anp “F‘N‘”'”;P Tomsora, % qmg;gg; y, | Tomocts, % gggfgﬂg Hﬂﬁg;gggxm
590 249 50 567 91,9 70,3 69,5 79,5 Anroputm 1
EMB 661 178 83 534 86,5 78,8 75,0 82,1 Mykrobe
604 235 42 575 93,2 72,0 71,0 81,0 TB-Profiler
401 37 93 884 90,5 91,6 96,0 90,8 Anroputm 1
INH 419 19 104 873 89,4 95,7 97,9 91,3 Mykrobe
417 21 99 878 89,9 95,2 97,7 91,5 TB-Profiler
292 155 74 424 85,1 65,3 73,2 75,8 Anroputm 1
PZA 374 73 101 397 79,7 83,7 84,5 81,6 Mykrobe
361 86 87 411 82,5 80,8 82,7 81,7 TB-Profiler
514 113 60 873 93,6 82,0 88,5 88,9 Anroputm 4
RIF 532 95 69 864 92,6 84,8 90,1 89,5 Mykrobe
530 97 58 875 93,8 84,5 90,0 90,1 TB-Profiler
371 168 85 790 90,3 68,8 82,5 82,1 Anroputm 1
SM 349 190 46 829 94,7 64,7 81,4 83,3 Mpykrobe
357 182 61 814 93,0 66,2 81,7 82,8 TB-Profiler
553 389 68 1234 94,8 58,7 76,0 79,6 Adaroput™m 3
AMK 898 44 878 424 32,6 95,3 90,6 58,9 Mykrobe
895 47 870 432 33,2 95,0 90,2 59,1 TB-Profiler
593 33 116 181 60,9 94,7 84,6 83,9 AJroput™m 2
AMX -CL Henpumenumo Mykrobe
Henpumernmo TB-Profiler
500 443 172 1013 85,5 53,0 69,6 71,1 Auaroputm 4
CM 899 44 838 347 29,3 95,3 88,7 58,6 Mykrobe
894 49 794 391 33,0 94,8 88,9 60,4 TB-Profiler
740 70 218 358 62,2 91,4 83,6 79,2 Aaroputm 4
CS Henpumenunmo Mykrobe
788 22 518 58 10,1 97,3 72,5 61,0 TB-Profiler
85 70 25 133 84,2 54,8 65,5 69,6 Auaroputm 4
ETO 76 79 44 114 72,2 49,0 59,1 60,7 Mykrobe
70 85 36 122 77,2 45,2 58,9 61,3 TB-Profiler
376 8 154 26 14,4 97,9 76,5 71,3 Aaroputm 2
IMI Henpumennmo Mykrobe
Henpumennmo TB-Profiler
690 171 230 537 70,0 80,1 75,8 75,4 Auroputm 4
KM 586 275 168 599 78,1 68,1 68,5 72,8 Mykrobe
573 288 155 612 79,8 66,6 68,0 72,8 TB-Profiler
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Okonuanue Tabn. 4
Ending of the table 4

Mpenapar T;(Fp TP Homora, % | SN | Touoen, o | s | Aswopure
382 395 82 1106 93,1 49,2 73,7 75,7 Anropurm 1
LFX 699 78 588 600 50,5 90,0 88,5 66,1 Mykrobe
695 82 552 636 53,5 89,4 88,6 67,7 TB-Profiler
575 144 52 714 93,2 80,0 83,2 86,8 Aunropurm 1
LZD 719 0 764 2 0,3 100,0 100,0 48,6 Mykrobe
719 0 763 3 0,4 100,0 100,0 48,6 TB-Profiler
1078 81 215 198 47,9 93,0 71,0 81,2 Aunropurm 2
MFX 783 376 90 323 78,2 67,6 46,2 70,4 Mykrobe
753 406 80 333 80,6 65,0 45,1 69,1 TB-Profiler
224 30 68 69 50,4 88,2 69,7 74,9 Aunropurm 4
MFX 0,25 Henpumenunmo Mykrobe
Henpumennmo TB-Profiler
526 63 176 209 54,3 89,3 76,8 75,5 Anropurm 4
OFX 535 54 110 275 71,4 90,8 83,6 83,2 Mykrobe
525 64 99 286 74,3 89,1 81,7 83,3 TB-Profiler
505 200 63 1201 95,0 71,6 85,7 86,6 Auaroputm 1
PAS Henpumennmo Mykrobe
690 15 1149 | 115 9,1 97,9 88,5 40,9 TB-Profiler
332 273 85 1042 92,5 54,9 79,2 79,3 Auaropurm 1
PTH Henpumennmo Mykrobe
Henpumennmo TB-Profiler
133 | 64 | 37 [ 132 781 67,5 67,3 724 | Aaropurm 1
RFB Henpumennmo Mykrobe
Henpumennmo TB-Profiler

IMpumeuanne. [TomyKupHBEIM HauepTaHHEM BBIAEICHBI HAMITYUIINe 3HAYCHNSI MEPBI MTPABIIIBHOCTH ISl KQXKIOTO Iperapara
1 aJTOPUTM JHOO0 MPOrpamMMa, ¢ HOMOIIBIO KOTOPBIX OHU OBUTH MOJTyYEHBI.

B ta6n. 5 mpusenenst OHIL, mokazaBmme HanTydIme pe3yinbTaThl, 1 COOTBETCTBYIOIIE UM IeHbl. B 001b-
muHcTBe cirydaeB 311 OHII pacnpeneseHsl 1o pa3HbIM r'eHaM, ¥ TOJIBKO Y HEKOTOPBIX IPENapaToB HECKOIbKO
BaxHbIx OHII HaxonsITCs B pejienax oAHOro rexa.

Ta6unuma 5
Basnbie OHII 1 cooTBeTCTBYIOIIHE HM TeHbI
Table 5
Important SNPs and corresponding genes
[Ipenapat OHII I'ensr [IpaBunbHOCTS, %0
lepsas nunus
154247429 embB
rs761155 rpoB
EMB rs4248003 embB 79,5

rs4247431 embB
rs2101193 ureD
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[Ipononxenue tabdn. 5
Continuation of the table 5

IIpenapat OHIIT I'ensr IIpaBunabHOCTD, %
rs2155168 katG
rs1673425 NA
INH rs761155 rpoB 90,8
rs781687 rpsL
rs184866 pntAb
rs2904110 dhaA
rs781822 rpsL
PZA rs4247429 embB 75,8
rs4248003 embB
rs4247431 embB
rs1977 NA
rs2155168 katG
RIF rs761155 rpoB 88,9
1s7582 gyrd
151473246 rrs
rs1472359 rrs
rs761155 rpoB
SM rs781687 rpsL 82,1
rs781822 rpsL
rs184866 pntAb
Bmopas nunus
rs1093406 PE _PGRSI7
1s2155168 katG
AMK rs1673425 NA 79,6
rs1473246 rrs
rs4247431 embB
AMX — CL 1s2923391 ruvB 83.9
rs1473246 rrs
rs2155168 katG
1s3590686 NA
CM rs1473246 rrs 71,1
1s337976 PE PGRS4
1s4247431 embB
1s7582 gyrd
CS rs1933988 NA 79,2
rs7570 ayrd
rs840496 PE PGRS10
rs761155 rpoB
ETO rs104962 Rv0095¢ 69,6
rs2045310 PE PGRS32
1524698 fhaA
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Mpononxxenue taba. 5
Continuation of the table 5

[Ipenapar OHII I'ensr [TpaBunbHOCTH, %
1s2944769 PE PGRS45
152196855 Rv1945
IMI 1s336005 Rv0278¢ 71,3
rs71336 Rv0064
1s3732624 PPE54
rs7582 gvrd
rs1093406 PE PGRS17
KM 157570 grd 75,4
151473246 rrs
15493324 pta
rs2155168 katG
15781687 rpsL
LFX 1s781822 rpsL 75,7
rs1472359 rrs
rs1473246 rrs
1s2155168 katG
L7D rs761155 rpoB 86.8
151473246 rrs
rs761139 rpoB
151473246 rrs
rs1224367 NA
MFX rs1499274 pncBl 81,2
rs3746409 PPE55
rs177857 PE]
rs7582 gvrd
rs3883796 Rv3466
MFX 0,25 74,9
rs3738503 PE PGRS50
1s2715344 NA
157582 gyrd
OFX 1s92199 Rv0083 75.5
157570 gvrd
rs2030634 esxM
rs2155168 katG
rs1673425 NA
PAS rs1473246 rrs 86,6
154247429 embB
154247431 embB
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OkoHyaHue Tabma. 5
Ending of the table 5

IIpemapat OHII I'ennr IpaBunbHOCTB, %

rs2155168 katG
rs781687 rpsL

PTH rs781822 rpsL 79,3
rs1472359 rrs
rs1473246 rrs
rs1626935 zwf2
rs1130195 ispE

RFB 154243221 NA 72,4
1s4247429 embB
rs1161026 esxJ

IIpumeuanue. AGOpeBuarypa NA o3Hauaert, uto naHublii OHII He HaxonuTCs B reHe.

3aKiIroueHue

Taxum 00pa3oM, B TaHHOM HUCCIICIOBAHUH MPEIOKEHBI YUETHIPE HOBBIX aJITOPUTMA TS BBISIBJICHHS KOMOWHA-
UMH MHIUBUAYAIbHBIX MyTalli, aCCOMUUPOBAHHBIX C YCTOMUMBOCTBIO MATOI€HHBIX OPraHU3MOB K JIEKAPCTBEH-
HBIM IperaparaM. Pa3zpaboTaHHbIC arOPUTMbI OCHOBAHbI Ha aHAJIN3E TEHOMOB U KOHIICIIIMU B3aUMOJICHCTBUS
MyTaIii, Tpearnoiarammei, 9ro komouHanmu Heckonbkux OHIT mo3BosifoT peickassiBath (heHOTHIT ¢ Oortee
BBICOKHM 3HAYEHUEM MEPHI MpaBmiIbHOCTH, YeM oguHouHbie OHIL. PaccmoTpens! 1Ba pexkxuma B3auMOICHCT-
BHSI MyTalUUl — aJUTUBHBIM U MYyJbTUILNIMKATUBHBIN. [Ipe/yiokeHHbBIE aITOPUTMBI UCIIOJIB3YOT Pa3IudHbIC
MoCJeI0BaTeIbHOCTU pexkuMoB B3aumoeicTBus OHIL. BaskHbIM MOMEHTOM SBIISETCS TO, YTO BCE aJITOPUTMBbI
Ha [TIePBOM dTare MPUMEHSIOT ITOJIHEIA Tiepe0op map MyTaIluil AJIs MOMCKA TEX U3 HUX, KOTOPBIE IEMOHCTPUPYIOT
HauOOJIBIIHE 3HAYSHHUS MEPBI MPAaBUIILHOCTH TPEJICKa3aHUs YCTOMUYNBOCTH K JIeKapcTBy. Ha Bropom 3tamne oto-
Opannbie apbl OHIT ucrons3yroTcest s ONy4YeHUs: KOMOUHAIIHM, COJIepKAIUX JI0 5 MyTalui, C TTOMOIIbIO
sKajiHoro anroput™a. O4eBUIHO, YTO HcuepribiBaromuil mouck nap OHIT Bo3aMoeH Nulb Npyu OrpaHuYeHUN
yucna otaenbubix OHII, nenaromem npoueaypy BHIYUCIUTEIBLHO BRIIOTHUMON. B ciydyae nporno3upoBaHust
ycroitunBocti MBT k mekapcTBeHHBIM npenaparaM MakcumanbHoe konudectBo OHIL, koTopsie HEOOX0MUMO
paccMotpeTsh, coctaiseT MmeHee 10 000, mosToMy UCUEPIBIBAIOIINIA TOUCK TTO3BOJIMI IPOBEPUTH BCE UX MAPHL.
B utore ynanoch BEISIBUTH KOMOWHAIIAN, COEPIKAIITUE A0 5 MYTAIMA W aCCOIMUPOBAHHBIE C YCTONIMBOCTHIO
k 20 mpemaparam, TpUMEHseMbIM B HACTOSIIIIEE BpeMs [UIs JIedeHus TyOepKyne3a. B Oymyiiiem aBTophl INIaHu Py OT
YCOBEPIICHCTBOBATh MPEUIOKEHHBIN 10x0 1 HaiThu komOuHaimu OHII ¢ Goee BBICOKMME BeTUYMHAMU
acCOoIMallMY C JIEKapCTBEHHON yCcTOMUUBOCTHIO MBT.
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Annomauyus.

Bseoenue. BaxxHOM 0COOCHHOCTHIO TEXHOIOTHH IPOTPaMMHO-KOH(UTYpUpyeMbIX ceTeit (SDN) sBrseTcs neHTpanin3o-
BaHHOE yTIPABJICHUE CETHIO C TOMOIIHIO KOHTPOJIIEPA, PEaTn30BaHHOE TOCPEICTBOM IIPOTOKOIA yipasieHus. KonTpomiep
SBJISICTCS CAMBIM YS3BUMBIM 21eMeHTOM SDN, aTaka Ha KOTOPBII MOJKET ITOBIHATH HA YCTOMYMBOCTE €€ (PYHKITMOHUPOBAHISL.

Tlocmanoska 3a0auu. Pa3paboTka MaTeMaTHUECKAX OCHOB OLEHKH yCTOWYMBOCTH SDN MO3BONHUT ¢ ITOMOIIBIO aHa-
JUTHYCCKUX BBIPAKCHUH BBIYUCIHUTD MMOKa3arenu ycroitunBoctd SDN. B kadecTBe 6a30BOT0 IMOKa3ares MmpeiaracTes
HCIIONB30BaTh KO3()(YUIMEHT HCIIPAaBHOTO AeHCTBHUS 10 ycToitunBocTr SDN.

Memoowl. Onienka mokasareneii ycroianBoctit SDN BBIONHEHA ¢ TPUMEHCHAEM METOJOB TCOPUU MApPKOBCKUX IPO-
neccoB. B nemsix obecrnieuenns ycroiunBoctu ¢pyHkuuonnposanusi SDN B crarbe 000CHOBaH ajrOPUTM KOHTPOJIS 32 CO-
CTOSIHUEM KOHTPOJIIEPOB U MX aBTOMAaTU4ECKOI MepecTpOrKoil.

Peszynvmamui. OcyuiecTBiieHa BepOaibHas 1 MaTeMaTHueckas I0CTaHOBKa Hay4HOM 3a/1ady Ha UCCIIE0BaHue, a 00-
11as 3a7a4a IeKOMII03UPOBaHa Ha YaCTHBIE 3a/1a4H, TAKHE KaK KOHIENTYyaJIbHOE MOJICINPOBAHHE TIOACUCTEMbI HHTEIICK-
TyaJbHOTO MOHHUTOPUHTA COCTOSTHUA HH()OPMAIIMOHHO-TEIEKOMMYHUKAIIMOHHOH CeTH 00IIero Moja»30BaHus, pa3paboTka
METOo/la CHHTE3a €€ MOJCHCTEMBl HHTEUIEKTYaIbHOTO MOHUTOPHHTA COCTOSHUS M (POPMHUPOBAHIE HAYYHO-TEXHUIECKUX
MIPEUIOKEHNH TI0 peaTn3aliil JTaHHOTO METO/a.

Ipaxkmuueckas snauumocmo. IpenokeHHast METOIMKA TIO3BOJISIET OIIEHUTH YCTOHUMBOCTh SDN B YCIIOBHAX XapakTep-
HBIX JUTSl Hee KOMIBIOTEPHBIX aTak M, ICIONb3Ys TOyYeHHBIC TOKAa3aTe! YCTOHYMBOCTH, CHOPMHUPOBATH 00IIHE TpeOoBa-
HUS K CHICTEME 3aIlHTHL

Knrouegoie cno6a: KOMIIbIOTEPHBIE aTAKH; YCTOMYMBOCTD; IPOrPAaMMHO-KOH(UTYpHPYEMbIE CETH; e Mapkosa.

bnazooapnocme. VicciienoBanue BeIOTHEHO 3a cueT rpanTta Cankr-IlerepOyprekoro Hayanoro gouaa Ne 23-Pb-01-09.

METHODOLOGY FOR ASSESSING THE RELIABILITY
OF SOFTWARE-DEFINED NETWORKS UNDER COMPUTER ATTACKS

L V. KOTENKO?, I. B. SAENKO?,
S. Y. SKOROBOGATOV?, 0. S. LAUTA®, V. . KOCHYN*

Saint Petersburg Federal Research Center of the Russian Academy of Sciences,
39 1 4" Line v, 0., Saint Petersburg 199178, Russia
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5/7 Dvinskaja Street, Saint Petersburg 198035, Russia
‘Belarusian State University, 4 Niezaliezhnasci Avenue, Minsk 220030, Belarus

Corresponding author: V. P. Kochyn (kochyn@bsu.by)

Abstract.

Introduction. An important feature of SDN technology is centralised network management using a controller realised
using the OpenFlow control protocol and allowing not only to manage network devices, but also to collect network statistics,
which permits to solve emerging network problems more effectively by configuring all network devices simultaneously.
The controller is the most vulnerable element, an attack on which can affect the stability of its the entire infrastructure.

Problem statement. The development of mathematical foundations for assessing SDN stability will allow us to calcu-
late SDN stability indicators using analytical expressions. As the main indicator, it is proposed to use the coefficient of
serviceable action for SDN stability.

Methods. The estimation of SDN stability indicators is carried out using methods of the theory of Markov processes.
In order to ensure the stability of the SDN operation, this paper substantiates an algorithm for monitoring the state of
controllers and their automatic adjustment.

Results. A verbal and mathematical formulation of the scientific problem for the study is carried out, and the general
problem is decomposed into specific problems, namely, conceptual modelling of the subsystem of intelligent monitoring of
the state of the public information and telecommunications network, development of a method for synthesising its subsystem
of intelligent monitoring of the state, as well as the formation of scientific and technical proposals for the implementation of
this method.

Practical significance. The proposed methodology makes it possible to estimate the stability of a software-defined net-
work in the conditions of computer attacks characteristic for it, as well as to form general requirements for the protection
system using the obtained stability indicators.

Keywords: computer attacks; stability; software-defined networks; Markov chains.
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BBenenue

BaxH0i1 0COOCHHOCTHIO TEXHOJIOT U IIPOTPaMMHO-KOH(PHUTYpHpYeMBIX ceteit (software-defined networks, SDN)
SIBIIACTCS [EHTPATN30BAaHHOE YIPABIECHNE CETHIO C TTOMOIIBIO KOHTPOJLIEPA, PEATTM30BAHHOE ITOCPEICTBOM
npoTtokosa ynpasierus OpenFlow, mo3Bonsroniero He TOIBKO YIIPABISATH CETEBBIMU YCTPOHCTBAMH, HO U CO-
OMpaTh CETEBYIO CTATHCTHKY, YTO CIIOCOOCTBYeT Oosiee 23 hEeKTUBHOMY PEIICHUIO BOSHUKAIOIINX B CETH IIPOO-
JIEM B PeKOH(PUTYpUPYET OTHOBPEMEHHO BCE YCTPOHCTBA CETH.

[Ipotoxon OpenFlow mo3BoIsieT peasn30BaTh YIIpaBIIeMyI0 U BEICOKOHAISKHYIO Cpety Oaromaps ciaemyro-
IITUM BO3MOXKHOCTSM [1]:

® MOJIeNTb ITOTOKA OPUEHTHUPOBaHA Ha oOecTedeHne 6e30MacHOCTH;

® [[EHTPAIN30BAaHHOE YNPABJICHNE TO3BOJISET PAIIMOHAIBHO KOHTPOJINPOBATH MPOU3BOAUTEIFHOCTD CETH
B YCIIOBHSIX KHOEpaTak;

® HAaCTpPOIKa MOIUTHUKA OE30TTaCHOCTH 00eCTIeYNBAETCS MTPOTPAMMHBIM KOHTPOJIEM;

® CIICP)KUBAHME U M3OJIAIHS OT KHOepaTak OCYIIECTBISIOTCS Yepe3 THOKOoe YIpaBlIeHHE TPAPHKOM.

Konmenryanpaas crpykrypa SDN BKITIOYaeT ypOBEHB IPUKIIAIHBIX IPIITOKeHHH, API, ypoBeHb yripaBieHus,
OpenFlow 1 ypoBeHb Tiepenaun JaHHBIX.

YpoBeHb epeadn JaHHBIX BRITTOTHACT (PYHKIIMH KOMMYTaTopoB ypoBHel L2 i L3 mo o6paboTke u mepe-
nage ceteBoro Tpaduka. Habop mpaBui KaKAplii KOMMYTAaTOp TOIy9aeT OT KOHTPOJIIepa 110 KaHally yIpaBiie-
HUs 1 mipoTokony ympasieHus OpenFlow. B cBoto ouepens, mpotokon OpenFlow mpemnocraBiseT KOHTPOII-
Jiepy BO3MOYKHOCTh MCIIOJIB30BATh CHEIHAIBHBIC TAOMUIBI MAPIIPYTHU3AUH U (FIJTH) MOAN(DHUKAIINN TTaKETOB.
[IpaBuna, nepegaBaemblie ¢ moMoInbio mporokona OpenFlow, MOTyT OBITh Kak TPYITIOBBIMH, TaK U TUCKPET-
HBIMH JIJ151 KaXK/I0TO TIOTOKA B OTAENBFHOCTH. [1aKkeThI, MOCTYMUBIIME Ha BXOAHOH Oydep KoMMyTaropa, CHadaa
MIPOBEPSIFOTCS HA COOTBETCTBHE X 3aT0JIOBKOB IIA0JIOHAM TPABWII U3 HYJIEBOU TaOIHIIbI, @ 3aT0JIOBKH TAKETOB
CPaBHMBAIOTCS C MIA0JIOHAMH TIPABWII, U B CIIy4ae COBIAJICHMUS BBITIONHACTCS WHCTPYKIUS COITIACHO BHIOpaH-
HOMY TIPaBUITY.

B SDN M0HO BBIIICTTUTS TPY OCHOBHBIE COCTABIISIONTIE: KOHTPOJUIEp, KaHam yrpasierus (OpenFlow) u map-
pytuzarop (kommyTarop) OpenFlow. Kak 1 B Ki1acCHIeCcKOi apXUTEKType, 0a30BBIMU DJIEMEHTAMH SIBJISTIOTCS
MapIIpyTH3aTOpPhl (KOMMYTATOPHI ), KOTOPEIC BRITIOIHSIOT 00paboTKy ceTeBoro Tpaduka yposreit L2 u L3. OmHako
B JIaHHOM CJTy4ae Ha CETeBbIE YCTPOICTBA BO3JIOKEHA (DYHKITHS TIEPECHIIKU Tpa(rKa MKy KOHEYHBIMH TT0JTb-
30BaTEeISIMH, A BCE PEIICHNs, CBSI3aHHbIE C QMIIBTPAIFEH U TIEPECTPOCHUIMHU MapIIPyTOB, KOTOPHIE B KIIacCH4e-
CKOM peayn3alfy CEeTH BBITIOIHSIN TPOTOKOJIBI JHHAMUYECKON MapIIpyTH3AINH, OCYIIECTBISIET KOHTPOJIIEP.

KonTtpomnep, B cBoto ouepenp, odmamaet npyms uatepdetricamu: cepepoM OpenFlow, KoTopsiii Hemocpe -
CTBEHHO YIPABJISCT CETHIO U TPOBEPSIET COCTOSIHUE TMTOPTOB M YCTPOHCTB mocpeacTBoM mpoTokoia OF-CONFIG,
u uaTepdeiicom API, mpemocTaBiseMbIM CETEBBIM MPUIOKCHISIM.

[Tormmanwme nporneccoB GpyaknnorupoBanmst SDN onpenensercs IByMs ypoBHIMH TexHomoruu SDN: ypoB-
HeM ympasieHus (control plane) n ypoBHeM nepenaun maHHbIX (data plane).

CBs13b MEX Ty YPOBHSIMH OCYIIIECTBIISIET MPOTOKON yrpasienus OpenFlow. st paGoThI TpOTOKOIA yTIpaB-
JICHUS PeaTn3yeTcs COOTBETCTBYIONINH 3alUIeHHBIN KaHaid. OH MOXeT ObITh KaK OTAEIHHBIM (PH3MUECKIM
COEIMHEHNEM KOHTPOJUIEP — KOMMYTATOp, TaK M JIOTHYECKUM KaHAJIOM, TIPOXOJISAIINM Yepe3 Jpyrue yCTpoi-
ctBa SDN. 1o kaHay yrpaBiIeHUs MPOUCXOAUT HH(POPMATMOHHBIN 00MeH. KoMaH B! yripaBieHHs TIepeaaroTCs
OT KOHTPOJUIEpa K KOMMYTAaTOpY, @ HHPOPMAIIKS O COCTOSTHAN JIOTHYECKHX MEPEKITIoYaTesiell M KaHaa CBSI3U
MEXJTy YCTPOMCTBaMH IepenaeTcsi OT KOMMyTaTopa K KOHTposuiepy. OZHUM U3 OCHOBHBIX ITPEUMYIIECTB JaH-
HOTO pEIIeHUs SBISIETCS IEHTPAIM30BaHHOE yIpasieHne. LienTpann3anys mo3BoseT [MHaMIYeCKHA H3MEHATh
MapIIpyThl Iepenadu Tpaduka B CETH, UCXO/IS U3 MEHsIoMIecs 06cTaHOBKH. [Ipy co3annn HOBBIX MapIIpyTOB
Y TIOAKITIOYEHUH HOBBIX KaHAJIOB KOHTPOJIIEP, OTBEYAIONINH 32 KOHKPETHBIN CETMEHT, PacChUIaeT KaXKIOMY
YCTPOUCTBY HEOOXomaMMBbIe TIpaBmiIa. JlaHHass 0COOEHHOCTh CyIMEecTBEeHHO oTmmdaeT SDN oT KIIacCHYeCKOTO
MOJIX0/1a, T/I€ TIPH M3MEHEHHSIX B CTPYKTYpE aIMHUHHUCTPATOP TMOIIEMEHTHO BPYYHYIO WJIH 1O IIPOTOKOJIAM
ympasineanss SSH/TELNET BeiHyKIeH IpOnUCHIBATh HYKHBIE TIpaBwia [2].

Ha ocHoBe mpoBeneHHOTO aHaln3a MOYKHO BBIJEIUTH OCHOBHBIE BEKTOPHI YTPO3 ISl JTAHHOW KOHIICTIIINH.
K HuM oTHOCSTCS:!

e rmostb30Barenu ceTd SDN, mosTyJaroniine CETEBhIC YCIyTH;

® KaHaJ OT MOJIb30BaTEIBCKOTO JI0 CETEBOTO yCTPOWCTRA;

e ceteBoe ycTporictBo OpenFlow;

e KaHa ynpasieHus 1 MoHuTOpuHTa OpenFlow;

e xouTposuTep SDN.

KonTtpomep sBiseTCS KIIFOYEBEIM KOMITOHEHTOM B YIIpaBiIeHUH Bcel nHPpacTpykTypoir SDN, HO Hambo-
niee ya3BUMBIM drieMeHToM SDN, MOCKONIBKY aTaka Ha HET0 MOYKET IOBIIMATH Ha YCTOMYNBOCTH (DYHKIIHOHU-
poBanust SDN.

92



TeopeTuyeckne 0ocHOBBI HH(pOpMATHKH
Theoretical Foundations of Computer Science

DKOHOMHYECKas IMapajurmMa COBPEMEHHOTO MUpPa MPHUBEIIAa K TOMY, 4TO pa3pabOTUYUKU CETEBOTO 000pPYI0-
BaHUS SKOHOMSIT Ha BCEM, UTO, B CBOIO OYEPE/ib, BIUACT HA OOIIYI0 YCTOHYMBOCTh HH(POPMAITHOHHO-TEIICKOM-
MYHUKAIMOHHBIX ceTel, Bkimouas SDN. Takum o6pazom, SDN, ¢ omHON CTOPOHBI, CO3/IaET ONpPEACTICHHBII
PHCK, OTKpBIBas 3JI0YMBIIIIICHHUKAM HOBBIE TOPH30HTEI, a C APYTOH — IaeT HOBBIE BO3MOYKHOCTH IO pa3paboTke
AIBTEPHATHBHBIX CEPBUCOB HH(MOPMAITMOHHOHN Oe3omacHocTH [3—5].

Crenenn pa3padoTaHHOCTH TeMbI

CeroaHsa U3BECTHBI TPU OCHOBHBIX HAIIPaBIEHHS 110 obecredeHuto yctonunBoctd SDN B ycnoBusax Tapre-
TUPOBaHHBIX (11€TIEBBIX) HHHOPMAITMOHHO-TEXHIUECKIX Bo3eicTBHi [6]. [TepBblii crtocod — 3T0 onTUMH3anus
MapIIpyTa, UCHIOIb3YEMOTO JJIsi COKPAIEHNS] TEXHOJIOTHYECKOTO UK YIPABISHHS LIEHTPAIbHBIM KOHTPOJI-
nepom [7]. B paborax [8—10] Obu1H pacCMOTPEHBI BapUaIlii YCOBEPIIICHCTBOBAHHOTO aaropuTMa JIeikeTps o
MOJIEJIH B3BEIIEHHOTO Tpada. JIs pereHus 3a1a4i MapipyTH3aIiK MOTOKOB B YCIIOBUSIX KOJUIM3UH B pabo-
te [11] ucnonp3oBan urepanroHHslit Mmeto Kitapka — Paiita, npennazHaueHHBIN 1S OLIEHKH OTIepaIiy CIIHs-
HUSI MEXIy MapipyTtamu. OCOOEHHOCTBIO ATOTO METO/IA SIBIISIETCS MTOTYUYSHNE BBIMTPHIIICH ITyTeM COKpaICHUsI
CTOMMOCTH, KOTOPOE€ JIOCTHI'aeTCS KOMOMHUPOBAHUEM JIBYX KOPOTKUX MApUIPYTOB B OAWH OOJBIION MapIIPYT.
DOBPUCTUYECKUI METOJ BCTABOK T10 IPUHIIUITY «OJIMKAMIIIEro COCeiay, a TAKXKE €ro OTBETBIICHUE «Taly-TIOMCK)
paccmarpuBanuck B pabore [12]. Ho, HecMOTpst Ha MPOCTOTY pelIeHUsI, TaHHbIE MMOIXObl 0a3UPYIOTCS Ha
(hopmanbHO HE 000CHOBAHHBIX COOOPAKEHHSIX.

Bropoii noxgxon k obecnieueHuto ycroiuuBocT SDN — CTpyKTYpHBIN — OCHOBaH Ha 0COOEHHOCTSIX apXH-
TEKTypbl ceTH. YacTo BaKHBIM (DAaKTOPOM SIBISIETCSI yCTOWYMBOCTh HE BCEH CETH, a e TIIaBHOW YacTH — CHU-
ctembl yrpasinenus. Kubeparaku Ha SDN B 89 % ciryuaeB HanpaBiieHbI Ha TIOACUCTEMY YIPaBIEHUs, TaK KaK
c0oi1 B ee paboTe MPUBOAUT K 00IIeMy «maneHutoy. B nccnenosanuu [13] crpykrypHas ycroitunBocts SDN
OLIEHMBAETCSI 110 YETHIPEM OCHOBHBIM TTOKa3aTeNsiM: POOACTHOCTH, BOSMOXKHOCTH PE3ePBUPOBAHUS, THOKOCTH
yIpaBJIeHUS PeCypcoM U ObIcTponeicTBUIO. Takas olleHKa MO3BOJISIET OTAENUTh MPOIIecC MapIIPyTU3aUU OT
MEPEChUIKH JaHHBIX, YTO SABJSETCS KJIIOYEBONH OCOOEHHOCTBIO JUUIs CeTel MOI00HOTO poja.

Psn nccnenoBanuii B 06:1acTu CTPyKTypHOI ycToitunBocTr SDN HarmpaBeHbl Ha pe3epBUPOBaHNE KOHTPOJI-
nepoB [ 14—16] ¢ 6onbIIMM KOTHYECTBOM AyOIMpyeMbIX TPHOYTapHBIX (tributary) KaHaIOB, HCIIOIB30BAHHE AJTb-
TEpHATUBHBIX alreOpanyecKux Tornonoruii (Harnpumep, FatTree) [17], a Takxke Ha co3nanue rudpuos [ 18-20]
Pa3HOYPOBHEBBIX TOTIOJIOTUH, TAKHUX KaK 3Be3/1a U IBOMHOE KOJIBLI0, C OPraHU3aIlel 3aUThl KaHAJIOB JOCTYTIA 110
npuHuy 1+ 1. [l Bcex paccMOTPEHHBIX THIIOB OpraHU3aIK CTPYKTYPHOI ycToitunBocT SDN xapakTepHbI
00IIMe HeTOCTATKU: HECOBMECTHMOCTD BUPTYalIbHON KOH(OUTYPAIMH C CETEBBIMU KOHTPOJIEpAMH M BBICOKASI
CTOMMOCTB COITIACOBAHHOTO OJIHOTHUITHOTO «xkene3a» [21].

K Tperbemy BapHaHTy MOBBIIICHHS YCTOWYMBOCTH CETH OTHECEM KOMOMHHPOBAHHBIC CIIOCOOBI, KOTOPHIE
COYETAIOT B ce0e XapaKTepHble 0COOCHHOCTH MEePBBIX JBYX BapuaHTOB. Tak, B pabote [22] paccMOTpPEH CXOKHUI
C TIpelyIaraeMbIM HaMU METO/]] TIPEBEHTUBHOTO BBISBICHHS (DakTa BO3ACUCTBHS HA IICHTPAIbHBIH KOHTPOJLIEP
SDN, HO B OT/IMYHME OT HAIIETO MOX0/Ia B MCCIIEAOBAaHUM [22] cCTeMy 3aIlUThl CETH AMYIUPYIOT Ha YPOBHE
TIPWIIOKEHUH U [T 0TCEBa aHOMAJIBHBIX 3aIIPOCOB K YIPABIISAIONIEH TOCHCTEME UCTIONB3YIOT KOMILIEMEHTAPHBIN
(GuIIBTp, KOTOPBIH, KaK U3BECTHO, UMEET XapaKTepHbIC BPEMEHHbIE 3aJIePKKH MTPU TIEPEXOTHBIX Mpoleccax.

OO0mmM BompocaM KOJMYECTBEHHOH OIICHKH YCTOWYMBOCTH CIIOXKHBIX JUHAMHUYECKHUX CHUCTEM, K YUCITY
KOTOpBIX oTHOCATCS SDN, mocssieH psg pabot, Hanpumep [23; 24]. B HEX HccaenoBaTen pacCMaTPUBAIOT
YCTOMYMBOCTH CHCTEMBI KaK CII0COOHOCTH «IUIAHUPOBATh U TOTOBUTHCS K CTHXUHHBIM O€/ICTBUSIM, TIOTIIOIATD UX,
pearupoBarh Ha HUX ¥ BOCCTaHABIMBATHCS MOCTIE HUX, a TAK)KE aJallTHPOBATHCS K HOBBIM yCIIOBUAM» [24, p. 136].
B atux paborax mpesaraercs Moaxo/l K OleHKe YCTOHYMBOCTH KOMIIBIOTEPHOW CETH, OCHOBaHHBII Ha y4eTe
KPUTHYECKON (YHKIIMOHATLHOCTH U OCOOCHHOCTEH BHEIIHMX BO3JICHCTBUI Ha 2IEMEHTHI ceTH. KpuTnueckast
(YHKIIMOHAILHOCTh MOXET OBITh OIpeliesieHa KaK KaueCTBO CHCTEMBI [25], a TakkKe Kak MoKa3aTellb MPpou3-
BOJUTEIBHOCTH CUCTEMBI, KOTOPbIM BBOAUTCS IS MTOJyYEHUS MHTETPHPOBAHHOTO MTOKA3aTeNsl yCTOHYMBOCTH
(Hanpumep, KpuTHYecKas PyHKIIMOHAILHOCTh MOKET BBIYHCIISITHCS KaK IMIPOICHT (DYHKIIMOHUPYIOLIHX Y3JI0B).

TakuMm 00pa3oM, aHAIN3 U3BECTHBIX PA0OT MO YCTOMYMBOCTH KOMITBIOTEPHBIX CETEH B yCIOBUSX BO3ZICH-
CTBUS Ha HUX KOMIBIOTEPHBIX aTak (KA) mo3BossieT cnenarh cleayomue BEIBOB:

® CTOXAaCTHUYECKOE aHAJTUTHUECKOE MOJICIIMPOBAHNE U METO/IBI TEOPUH MaPKOBCKUX MPOIECCOB UMEIOT 0O0JTh-
1Ioe 3HaueHue AJIsi 000CHOBaHHS Mep 3alUTHl B COBPEMEHHBIX CUCTeMax HH()OPMAalMOHHON 0€301MacHOCTH;

® C MIHUMAaJIbHBIMH BBIYMCITUTEIBHBIMU 3aTPaTaMy CTOXaCTHYECKHIE MOJICIIH JIOJKHBI PACCUUTHIBATH (PYHK-
[IUH pacTpeieNIeHHUsI HHTEPECYIOINX HAC CIIyYaifHbIX BETUYHH;

® CTOXaCTUYECKUE MOJIENIN JIOJDKHBI 00eCTIeunBaTh MOJICIIMPOBAHKE JIFOOBIX aTak U BHICOKYIO THOKOCTb.

[Tomxoasl, paccMOTpEHHBIE BBIIIE, HE B TIOJTHON Mepe COOTBETCTBYIOT MPHUBEICHHBIM BbIBOJaM. B ocHOBe
OTIHMCHIBAEMOT0 HIXKeE MOX0/1a K OIleHKe ycToiunBocTH SDN JekaT MeTobl TEOpUH MapKOBCKUX MPOIIECCOB,
TaK KaKk OHH MO3BOJISIOT YCTPAHUTH 3TOT HETOCTATOK.
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OrnennBast yCTOMYHUBOCTD CETH, HEOOXOAUMO OMPEICTUTh KPUTEPUH, TIPH KOTOPHIX CETh MEpecTaHeT BbI-
THOJTHSATH BO3JIOXKEHHBIC HAa Hee (DYHKIINH.

[Ipu paccMOTPEHUH TPAHCIIOPTHOW COCTABISIONICH Pa3yMHO MPEANOIOKHUTh, YTO CETh MIEPECTaHET OBbITh
paboTOCIIOCOOHOM NPH CIETYIOUINX YCIOBHAX:

® OTKa3e KOHTpOJUIEpa TPAHCIOPTHON CETH JMOO0 MOAMEHE KOHTPOJLIepa B LEISIX YIPABICHNS HapyIIUTe-
JIeM CEeThIO B CBOMX MHTEPECax;

® OTKa3e MapuIpyTU3aTOPOB, OTBEUAIOIIHMX 3@ TPAHCIIOPTHYIO COCTABISIOLIYIO CETH;

® [IOIMCHE TOIOJIOTUH, TIPH KOTOPOW HapyIIMTENb BBIIACT ceOs 32 MapIIPyTHU3aTOpP TPAHCIIOPTHOM CETH
M CO3[aeT YePHBIC JBIPHI IS TIepeiaBaeMoro Tpaduka;

® OTKa3e KaHAJIOB CBSI3U MEX/IY Y3JIaMHU CETH.

VY4auThIBas ONMCAHHBIC BBIIIEC YCIOBUS, OLEHUM ycTtoldnBocTh SDN mpu pe3epBUpOBaHHH CETEBBIX
yCTpoucTB. 1115l 3TOr0 He0OXOMMO MPEACTABUTH CETh B BUJIE MAPKOBCKOT'O MPOIIecca C AUCKPETHBIMH COCTOS-
HUSMU B HETIPEPHIBHOM BpEMEHH; BpeMsI TPEOBIBAHNS B OTHOM COCTOSIHUH PACIIPEIeICHO M0 OKA3aTeIbHOMY
3aKOHY.

Ha puc. 1 npencrapieH rpad) TUCKPETHBIX COCTOSIHUI M YCIIOBHBIX MEPEXOIOB.

Aoy >
S, - Ass S,
! A
xiz / B l hlu
S, A — Sy Ay s— S,

Puc. 1. I'pad yCIOBHBIX COCTOSIHUI CHCTEMBI Ilepenad JaHHbIX SDN
Fig. 1. SDN state and transition graph

3ameTuM, 4TO Ha rpade He paccMaTpPUBAETCs MEPEXO] U3 COCTOSIHUSA S, B cocTosiHue Ss. [To Hamemy MHe-
HHUIO, TIEPEX0]] U3 COCTOSHUSA S, B COCTOSTHUE S5 HE OKa3bIBAET OOJBIIOrO BIUSHUSA Ha ycToitunBocTs SDN, Tak
KaK pa3BeJlKa BEJICTCS MOCTOSIHHO U HE HECET MPSIMON YIpo3bl (PYHKIIMOHUPOBAHHUIO CETH, TPEOYIOIICH BocCcTa-
HOBJICHUSI U YCTPAHEHHUS MOCIECTBUM YCIIeIIHONW KOMITBIOTEpHOM aTraku. IHBIMM CITIOBaMHU, TIPU COCTABIECHUU
MBI CJIeNIajIi aKIIeHT IMEHHO Ha BO3MOKHOCTH MPOTUBOeiicTBUS KA, HO He pa3BeKe MPOTUBHUKA.

B taGnuiie npuBeieHO OMMCAHKUE YCIOBHBIX JUCKPETHBIX COCTOSHUU pacIpe/Ie]ICHHON KOPIIOPaTUuBHOMN
SDN B ycioBusix kuoeparax.

Onucanue ycJOBHBIX JTUCKPETHBIX COCTOSIHMIT
pacnpenejieHHoii kopnoparuHoii SDN B ycjioBusIX KuGepaTak

Description of conditional discrete states
of distributed enterprise SDN under cyber attacks

VYcenosHoe
0603HaueHNe Onrcanye yCIOBHOTO JUCKPETHOTO COCTOSHMUS
COCTOSAHUA
S, CrabuibHOE ycTOHYNBOE (PyHKIMOHMPOBaHKE O3 0TKa30B
s @OyHKINOHUPOBAHKE B YCIOBUSIX TEXHUUECKON KOMITBIOTEPHOM pa3BeaKH
2 (ocymecTBienue HapymuTeaeM coopa nHdopmauu o Oy xynieM 00beKTe KHOepaTakn)
Sy @OyHKIMOHUPOBaHKE B YCIOBUSX NMPOBe/IeHNs KOeparak u B oTHomeHn: SDN
s OyHKIMOHUPOBaHKE TIPH YCIIENIHOM arake (YCHEUIHOE MOAKIIOYSHUE K aTaKyeMoit
4 CeTH, MOJyYeHHE JIOCTYIa K aTaKyeMOMYy KOHTpPOJUIEpY)
s OOHapy»eHHe aHOMaJIMH B CETH, BBISIBJICHUE KNOEpaTaKH, yCTPaHEHHE TTOCIIEICTBUIA
3 YCIHENIHON aTaku
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ITo HameMy MHEHHIO, BEIOOpP TaKOTO KOJIMYECTBA M COCTaBa COCTOSHHM BIIOJIHE AOCTATOUEH JUIS TIOCTaB-
JICHHOM 1IeJI UCCJICI0BAHNUS, XOTS HE CKIIF0UEHA BOSMOXHOCTbD JaJbHEHIIEeH AeTaln3alil COCTOSHUN. DTOT
BOIIPOC MBI pacCCMaTpPUBAEM KaK HalpaBlieHHE OyIyliX UCCIeI0OBaHUH.

Ha3zoBeM mcxoaHble JaHHBIC AT 3aJa4H.

1. I'pad yxkpynHeHHBIX ycToiunBbIX coctosHuit SDN B ycnoBusix npoBenenus KA G = (S , k).

2. MuoxectBo coctosgHuil S SDN B ycioBusax BegeHust KA

S :{Sl’ Sz, S3, S4, SS }.
3. MHOXeCTBO TIOTOKOB cOObITHI A 1Tpu n3MeHeHuH coctossHui SDN B ycnoBusix mpoBeneHust KA
A ={h, haps Aggs ooes Ay}

4. XapakTepuCTUKN YCTOHYMBBIX YKPYTTHEHHBIX cocTostHui SDN npu BozzeiictBun kubdeparax. [Ipumepom
TaKO! XapaKTEPUCTHKHU SIBISIETCS BpeMs NMPOXOxIeHUs HHpopMaruu. OHO CTPEMUTCS K OECKOHEUHOCTH AJIS
cocTosiHMA S| U npy peanusanuu DDoS-arakn s cocTosHus S,

5. 3HaueHusI ”HTEHCUBHOCTEH OTOKOB COOBITHI ITpH Bo3AeHCTBHU KA, KOTOpBIE ITOTYYat0oTCsl CIIELYOLIIM
obpazom. Kaxnas yunteiBaemast KA mostamHo MogenupyeTcst Ha IMUTallMOHHON KOMIIBIOTEPHOM MOJIEIH, T10-
cTpoeHHOM B BUpTyaibHOH cpene EVE-NG, B 1ensx mosyueHust BpeMEHHBIX XapaKTepUCTHK ee TanoB. lanee
MyTEeM MaTeMaTH4YeCKUX PacyeToB IPH IIOMOIIX METOJ[a TOIOJOTHYECKOTO MPeoOpa3oBaHusl CTOXaCTUIECKUX
cereit [23] momy9aroTcst HCKOMBIE 3HAYeHNUS HHTEHCUBHOCTEH COOBITHIA.

6. Bextop BeposTHOCTEl HauabHBIX cocTostHumit cuctemsl p,;(0)={1, 0, 0, 0, 0, 0, 0}.

7. HopMupoBOYHOE yCIOBHE A
Z Pi (t ) =1
i=0

MoMeHTBI BEpOSITHOCTHBIX nepexooB SDN 13 01HOro COCTOSHMSA B IPYToe MPH HCIIOIb30BAHUU CTPAaTEruu
3alIUTHl HEOIPEACTICHHBI, CITyYalHbl U IPOUCXOAAT IO ICHCTBHEM MOTOKOB COOBITHI, KOTOPBIE XapaKTepH-

3YIOTCA UHTCHCUBHOCTAMU {7\, i } VHTEeHCHBHOCTH SIBIISIIOTCS BAXKHOM XapaKTepHCTHKOﬁ ITOTOKOB COOBITUH U npea-

CTaBISIFIOT CPEIHEE YHCIIO COOBITHIH, MPUXOAAIINX 3 SUHHIYY BpeMeHH. YHCcIIeHHbIe 3HaYeHHs] HHTCHCHBHOCTEH
3a/1aTMM B COOTBETCTBHHU ¢ HIMHTAllMOHHON Moyienbio. [Ipu pereHny cucTeMbl TMHEHHBIX TuddepeHMaIbHbIX
ypaBHEHHH C TIOCTOSIHHBIMU K03 pHIIeHTaMU (OJHOPOIHBIN MapKOBCKHUIT IIPOLIECC) IIEPEXOANM K HEPEPHIBHO-
My Bpemenu ¢ — 0. [1o pazmeuennomy rpady G chopmupyem cucremy auddepeHnnanbHbIX ypaBHEHUH ¢ Hen3-

BECTHBIMH (PYHKLIUSIMU { D; (t)}, KOTOPBIE ONPENEISAIOT BEPOATHOCTh HAXOXK/ICHHUSI CHCTEMBI B COCTOSIHIY S;. [1pn
9TOM CJI€TyeM MPABHILY, YTO B IPABOH YaCTH KaXKJ0TO AN (PepeHIINanbHOT0 ypaBHEHNS IS p; (t) MIPOU3BE/ICHNE
N (t) J00aBIIAETCsL CO 3HAKOM KIUTKOCY, & IPOU3BEACHHE A p; (t) — CO 3HaKOM «MHHYC». Bektop BepodTHoOcTeEH
HaYaJIbHBIX COCTOSHUH CHCTEMBI { D; (0)} HEOoOXO0IUM /715l TOUHOTO PEILICHUS 3TOH CHUCTEMBI.

dp,(t

%=7\,51p5(f)+7\'31p3(1)_7“12p1(t)’

dp, (¢

% =Aap (t) + 7L12173(t) - k23p2(t),

dp,(t

jz’f ) =hp302 (1) + 2y 1 (2) + Rasps(2) + A 2a(2) = (s + Rg) p3(1),

D(P’ T): dp4(l)

7:7u43p3(t)Jr7v45175(1)_7“34174(0’

dps (¢

% =511 (1) = (Ags + has ) s (),

4

Zpi(t):l

i=0

VYeroitunBocts SDN siBisieTcst 10CTaTOYHO OOIIMPHBIM IIOHATHEM Jaxe B 00beMe ycToitunBoctd SDN B ycio-
Busix KA, moroMy 4to, Kak ObLJIO CKa3aHO paHee, MOSBICHUE HOBBIX yIrpo3 HH()OPMAIMOHHON 0€30MacHOCTH
€CTb Ipolecc MOCTOSHHBIN. [103TOMY yCTONYNBOCTH CiIeyeT paccMaTpHUBaTh Kak CIIOCOOHOCTH paclpeiesieH-
HOM KOPTIOPATHBHOM CETH C UCITOJIb30BaHUEM TeXHOJIoTHH SDN MpOTUBOCTOSITH OnpenesieHHoMY Kitaccy KA,
S, sBysercs cocrosHueM (yHkuuonuposanust SDN npu ycnemnoMm ocymectsieHnn KA.
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Taxum 00pa3oM, 3HasI BEPOSTHOCTH p4(t) HaxoxaeHus cetu SDN B cocTostHuu Sy, MOKHO HaWTH BEpOSIT-

HOCTb YCTOMYHBOrO (yHKIMOHNPOBAHNs Beeit cetr Py, (1):

Bu(1)=1-py(0), 0

brok-cxema mpenyaraemMoil METOIMKN OLIEHKH YCTOWYHBOCTH pacnpeaeneHHoH SDN B ycioBusax kubep-

aTak UMeeT BUJI, IPEACTaBIECHHbIN Ha pUC. 2.

1 ]

BBox uCXOOHBIX JaHHBIX CETH

) |

Br160p KOMIIBIOTEPHON aTaku

3 |

dopmupoBanne KiIaccu(pUKaTopoB S

4 I
Omnpeienenne NOTOKOB COOBITHIT A
n3 moxenu 1 KA

5 |
Pemenne copMUpOBaHHBIX JTHHEHHBIX
nuddepeHInaTbHbIX YpaBHECHAN

6 |

ITonmy4enue 3HaueHus ycroituuBoctu SDN
K BeIOpaHHO# KA

VI3MeHEHUE UCXOIHBIX JaHHBIX
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Puc. 2. bnok-cxema aiaropurma oleHkn ycroitunBoctit SDN B ycnoBusix kubeparak

Fig. 2. Flowchart of an algorithm describing the technique
for assessing the resilience of SDN under cyber attacks

MeTtoauka ITo3BOJISIET IIPH OTIPEACIICHUN HanOoJiee aKTyaIbHBIX aTak sl kopriopatuBHOi SDN paccunrarhb
CTETIeHb €€ YCTOWYMBOCTH. Pe3ynbpTaTsl 1 OCHOBAaHHBIE Ha HUX BBIBOZBI TIO3BOJISIOT IMONYYHUThH a/ICKBATHYIO
oreHKy yctoiunBocTd SDN B MozennpyeMbIx ycinoBusax Kk KA, xapakTepHbIM I JaHHOH CETH.

Ouenka ycroitunBoctu SDN B yciaoBusix KA

st omenku yctoitauBocTi SDN B yenoBusax KA Ob1tH pa3paboTaHbl M peaiM30BaHbl TPH CTPYKTYPHI CETH:

1) ctpykrypa SDN, cocrosimias U3 TpexX IEMEHTOB ¢ OTHUM KOHTPOJIIICPOM;

2) ctpykrypa SDN Ha OCHOBE NIByX KOHTPOJUIEPOB C MIEPEXBATOM (PYHKITUH YIIpPaBICHUS I10 3aJaHHOMY
anroputMy B ycioBusix KA;

3) ctpykrypa SDN ¢ nByMSI KOHTpOJUIEpaMH, KOT/Ia OIWH KOHTPOJUIEP SBISETCS OCHOBHBIM W BBITIOTHSET
(yHKIMU yTIpaBIeHUs, @ BTOPOH KOHTPOJIJIEP HAXOAUTCA B PEKUME TOPSIETO pe3epBUPOBAHUS.
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Pesynbrarel pacuera npencTaBieHsl B Buje rpagukoB (puc. 3—5). s pacyera mokaszarens yCTOHUUBOC-
T SDN ncnonb3oBanock Beipaxenue (1). IToporosoe 3nauenue 0,2 onpeaenser OpUSHTUPOBOUHOE, HA HAIIl
B3IVIs1JI, 3HAUYCHHUE BEPOSITHOCTH YCTOMYMBOTO (hyHKIHMOHUPOBAaHUS ceTu. [lpn 3HaueHnsx mokasaTesst ycTou-
YUBOCTH HIDKE IIOPOTOBOTO 3HAYEHUSI CETh IIEPECTAET ObITh yCTONYHBOM.

AHanm3 pe3ynbTaToB MOKa3all, 4To paccMarpuBaeMblie cTpyKTypbl SDN B ycnoBusix BozaeiicTeus KA tumnos
«CHHXPOHHAS aTaKay» U «B3JIOM WJIN cOOM KOHTpOJUIepa» HEe COOTBETCTBYIOT TPEOOBAHUSM IO YCTOHYHUBOCTH.
B nensix obecnieuenus ycroitunoct ¢pyHkunonupoanusi SDN B ycnoBusx KA HeoOxoqumo paspadboTarh
AJITOPUTM KOHTPOJIS 32 COCTOSTHUEM KOHTPOJIJIEPOB U MX aBTOMATHYECKOM MepecTPOKoit, Tak Kak uepe3 18 MuH
ycrenHoi peanu3aiyin KA BeposSTHOCTh YCTOHYMBOTO (D)YHKIIMOHUPOBAHMUS CETH HAYMHACT CTPEMUTBCS K HYITIO.
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f, MUH
CkaHMpOBaHHE CETH
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B3nom mm c60it koHTpOIIIepa
Artaka Ha ceBepHBIil HHTepdeiic
BcTaBka MOIIEHHUUECKHUX MPABUIT
Puc. 3. 3aBUCUMOCTb BEPOSITHOCTH YCTOWUNBOI paboTel SDN
oT BpeMeHH peanuzann KA s ctpykTypsr 1
Fig. 3. SDN resilience assessment results for structure 1
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CHHXpOHHAs araka

B3iom unu c6oit koHTpOsIIEpa
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BcTaBka MOIICHHUYECKUX TTPABHIT

Puc. 4. 3aBUCUMOCTb BEPOSITHOCTH YCTOWUNBOIT paboTel SDN
oT BpeMeHu peanuzaimu KA mis cTpykTyps 2

Fig. 4. SDN resilience assessment results for structure 2
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Puc. 5. 3aBUCUMOCTb BEPOATHOCTH yCTOWUMBOM padoTsl SDN
oT BpeMeHu peanuzanuu KA s ctpykTypsl 3

Fig. 5. SDN resilience assessment results for structure 3

Taxum 0O6pazom, Ha Oa3e MPOBEICHHBIX UCCIICAOBAHUH 0 TpuMeHeHnI0 SDN, a Takke 1o WX yCTOMIUBOCTH
Kk KA Obutn chopmupoBaHbl 0011Me TpeOOBaHUS K CHCTEME MPOTUBOACHCTBHSI. OCHOBHBIM CIIOCOOOM JIOCTHU-
XKeHus TpedyeMoro ypoBHs ycToituuBoctd SDN MoxkeT crath pa3paboTka aIropuTMOB PE3EepPBUPOBAHUS KOHT-
POJLIEPOB, a TAK)KE AITOPUTMOB PE3EPBUPOBAHUS U TIEPEKITIOYCHHUS IPOTPAMMHBIX KOMMYTaTOPOB.

AJITOPUTM KOHTPOJIS 32 COCTOSTHMEM KOHTPOJLJIEPOB
U MX ABTOMATHY€CKOI NepecTPoMKoi

Y4uThIBas BBINIEU3IOKEHHOE, MOYKHO C(OPMYIHUPOBATH TPEOOBAHHS K OTKa30yCTOMYNBOMY KOHTYPY YIIpaB-
nenust SDN, KoTopbIii BKITIOUaeT B €051 TPH OCHOBHBIX YPOBHS:

1) KOHTYp ynpaBieHUs yPOBHEM NEpeaadH;

2) nadpacTpykTypy MOHUTOpHHTA U ynpasieans OpenFlow;

3) MEXKOHTPOJIEPHYI0 KOMMYHHKALMOHHYIO HHPPACTPYKTYDY.

CraoxxHOCTh (PyHKIMOHHUPOBAHUS TAaKOTO KOHTYpPa 3aKJII04aeTcsi B (JOPMUPOBAHUM YCIOBUM MHULIMHPOBA-
HUS TiporieccoB BoccTanoBnenuss SDN mpu peanusaruy pa3nuyHbix KA 3110yMBITIIIEHHIKOM.

Jis petieHwust 3a/1auu 1o noBkimeHuto ycronurBoctd SDN B ycnousx KA HeoOxonuma cuctema 3amuThl
(puc. 6), B OCHOBY KOTOPOH 3aJI0KEH aJIFOPUTM BOCCTAHOBJICHUS! CETH, BBICIISIOMINHI J1Ba YPOBHSL:

1) ypoBeHb niepenadn;

2) ypOBeHb yIpaBlICHHS.

[Tpu nposenennn KA 310yMBIIUICHHUK OCYIIECTBIISICT Psifi MOCIEAOBATEIbHBIX JACHCTBUH, TpU 0OHApY-
KEHHH KOTOPBIX CHCTEMa 3alllUTHl JODKHA CHTHAIM3UPOBATH 00 3TOM CETEBOMY aIMUHHCTPATOPY, a TAKKe
PEKOMEHI0BaTh MPUMEHEHNE clieHapust npotuBoaercTsus. [Ipu aTom npuznaku KA mist yposueit SDN OynyT
pasnnuHbIMU. Hanmpumep, A7t aTaku TUIIA «B3JI0M WK cOOW KOHTpOIIJIepay, HallpaBJICHHON Ha IPOTrpaMMHBIT
KOMMYTATop, OyZieT XapakTepHO MOBBIIIEHHE TpaduKa, MPOXOAAIIETO Yepe3 KOHTPOIUIED, MOBHIIICHHE 3a/IEPKKH
OTBETa OT KOHTPOJIEpa UM OTCYTCTBUE OTBETA OT HETO, a JUIs aTaKK TUIIA «B3JIOM WM COOM KOHTpOJLIepay, Ha-
MIPABICHHON Ha KOHTPOJUIEP, — MOBBILIEHNE HArPYy3KH IpOoIleccopa, KOJIMYECTBA 3apOCOB U T. 1. B aTOM citydae
OYEeBHIHA HEOOXOMMOCTD PA3/IENTh YCIOBHS PEArHPOBAHIS TPOTPAMMHBIX KOMMYTaTOPOB W KOHTPOJIEPOB
B 3aBUCUMOCTH OT TUIoB KA.

st mocTpoeHus cucteMbl oTkazoycroiunBocT SDN B ycnosusix KA paspaboTtana kiMeHT-cepBepHast
CTPYKTypa, KOTOpasi COCTOMT M3 areHTOB, (PyHKIIMOHUPYIOIINX Ha IPOTPAMMHBIX MapIIPyTH3aTOpax, U CepBepa,
(YHKIIMOHUPYIOIIEro Ha KOHTposuiepe (puc. 7).
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Kubeparakxu

Puc. 6. BapuaHT npeanaraeMoii CTpYKTYpbI TOCTpOeHHS crucTeMbl 3amuThl SDN B yemoBusax KA

Fig. 6. A variant of the proposed structure of the SDN protection system in cyberattacks conditions
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Fig. 7. Algorithm for the operation of the fault tolerance system of the SDN segment




Kypnaa Besopycckoro rocyrapcrseHHOro yuusepcurera. Maremaruka. Mugopmarunka. 2024;3:90-102
Journal of the Belarusian State University. Mathematics and Informatics. 2024;3:90-102

ANTOPUTM BOCCTaHOBJIEHHUSI CETH B paMKax INPEACTABIEHHON Ha pHUC. 6 CUCTEMBI 3aIIUTHl Pean3yeTCs
U YBSI3bIBAa€TCS C 0000IEHHO CTPYKTYpOIi CUCTEMBI 00€CIIeUueHHUsI 0TKA30yCTOMUUBOCTH CIEAYIOLIUM 00pa3oM.
Ha nporpammuom mapipytusatope (cMm. puc. 7) padoraet areHT OVS, a Ha KOHTPOJUIEpPE pa3BEPHYT CEPBEP
CHCTEMbI OTKa30yCTOHYNBOCTH, areHT OVS U cepBep CUCTEMbI 0TKa30yCTOHYNBOCTH B3aUMOJCHCTBYIOT IO IIPO-
toxony OpenFlow. Arent OVS siBIsIeTCs TOTHOICHHBIM aHATIM3aTOPOM aHoManuil GyHknnonnposanust SDN,
B OCHOBE KOTOPOTO JISKUT PEKYPPEHTHAsI HEMPOHHAsI CETh C AOJITOH KPaTKOCPOUYHOM mamsThio (long short-term
memory, LSTM) a51st mporpaMMHBIX MapIipyTu3aropos. [Ipu atom, onpenenus HanOosee BEpOsSTHBIN ClieHapuil
IPOBOANMON aTtaky, areHT OvS mpeanaraer ceTeBoMy aAMUHHCTPATOPY 3aIyCK CLEHApHs POTUBOACHCTBUS
(BoccTaHOBIIEHUS).

Hanee mocine MpUHATHS PELICHUS JOKHOCTHBIM JIMLIOM BBIMIOJTHSCTCS! BRIOpaHHBIN crieHapuil. U3 6a3bl
JAHHBIX KOH(PUTYpaLUil 3arpy>kaeTcs NOpsIOK AeHCTBUH, TPOU3BOSTCS aBTOMAaTHYECKIE HACTPOUKU U TIOJI-
KIIIOUCHHE K PE3€PBHOMY KOHTPOJUIEPY NIPH BEIOOPE PEeKMMa IOIHON HEPEKOHPUTYpaLIUHL.

CepBep cUCTEMbI 0TKa30yCTOHYMBOCTH 3aIlyCKaeTCsl B IByX BepcHsiX — master (Beaymuii) u slave (momunHeH-
HBIH). 17151 ©X COBMECTHOM pabOThI peann3yeTcsi CEpBUC CHHXPOHU3AINH, KOTOPBIH OTBEYACT 32 MIEPEKITI0YCHUE
KOHTPOJIEPOB MEXY COOOM, a TaKKe 3epKaJIMPOBaHUE CITYKeOHOM HHPOPMALINH, HEOOXOUMOMN JIsl IPUHSTHUS
peLIeHNUi Ha IPOBEJEHNE CLIEHAPHs BOCCTAHOBIICHUSI.

Huns onpenenennst KA, Tak ske kak u B arenre OvS, ucnons3yercs LSTM-cers. Habop manHbBIX, TpeHa3Ha-
YeHHBIH JUIs ee 00ydeHus, OyleT oTIrnYaThes OT uenonszyemoro B arenre OvS. IIpoBonumeie KA MoryT ObITh
HarpasJIeHbI Ha Pa3IMYHbIC HJIEMEHTHI CETH 1 BBI3BIBATD Pa3HbIC OCTIEACTBUSL. Takum 00pa3oM, BaXKHBIM (JaKTOpOM
(yHKLMOHMPOBAHUS CEpBEPa ABISCTCS OTCYTCTBUE TPOTUBOPEUHI MEXKTY BBIIIOJIHSIEMBIMH aT€HTOM CLICHAPHSIMHI
MPOTUBOJICHCTBHS M CEPBEPOM CHCTEMBI JIaJKe MPU OTCYTCTBUM KaHana yrnpaeieHnust OpenFlow Mexay HUMH.

Brok-cxema QpyHKIMOHUPOBAaHUS cepBepa MpeiaraeMoi cucTeMbl odoecnedenus ycroitunBocta SDN npes-
CTaBJIeHa Ha puc. 8.

DopMHUpOBAHUE CLIEHAPUS
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(BOCCTaHOBIICHUS)
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BriBox naopmanmn
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aJIMHHUCTPATOPy CETH
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[poBepka codpaHHO
nH(pOPMAIMH Ha HATMINE
npusHakoB KA B LSTM

TpeOyercst mepexoxn
Ha pe3epBHBIN KOHTPOJIIEp

Ortmpaska ¢uara (master)
Ha BepcHio cepsepa (slave)

[epexnrouenue kaHana 1
B COCTOSIHME active, IpUMEeHEHnE
KOHTPOJUIEPOM HYKHOHN

L\ KOH(UTypauuu

KonTpomiep
(slave)

Her

3epkanupoBaHue Tpaduka,
MOHUTOPUHI Mapupytusaropa OvS,
00paboTka gaHHBIX areHta OvS

KonTtpomnnep ;
(master)

Cerb cBsA3U JlokanmbHast
00IIEero MONb30BaAHUS > BBIYMCIIUTENIbHAS
(IPOTUBHUK) ceThb

Puc. 8. bnok-cxema (QyHKIIMOHUPOBAHUS CepBepa CUCTEMbI obecnedeHus ycroiunsoctn SDN
Fig. 8. Functioning diagram for the SDN resilience system server
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TakuMm 00pa3om, apXUTEKTypa cUcTeMbl obecriedenust ycroitunBocti SDN cocrouT u3 arentoB OvS, 3a-
IyCKaeMbIX BMECTE C IPOrPaMMHBIMHM MapLIPYTU3aTOPaMH U OTBEUYAIOIIUX 32 IPUHATHE MEP M0 peKoHpuUry-
paumu cetu B ciydae ooHapyxeHust KA ¢ momoisio HelipoHHO# cet LSTM, u cepBepa cucTeMbl, OTBEYal0-
IIETO0 3a MPUHATHE Mep Ha YPOBHE YIIPaBJICHUS BIUIOTH 0 BBOAA B padOTy pe3epBHOTO KOHTpoiuiepa (slave).

3akiaroueHmne

[IpoBeneHHEbI B cTaThe aHAIN3 padOT, MOCBSIIEHHBIX TEMATHKE OIIEHKH ycToiunBocTh ceteit SDN B ycio-
Busix KA, mo3Bonui caenarh BBIBOA O TOM, YTO CTOXAaCTUYECKOE AHATUTHYECKOE MOAEITUPOBAHHE U METOABI
TEOPUH MAPKOBCKHX MTPOIIECCOB MMEIOT OOIBIIIOE 3HAYCHHE AJIst 000CHOBAHMS MEP 3aILHUTHI B 3TUX CETSX, IPHIEM
CTOXaCTUUECKHE MOJENN A0JKHBI 00€CIeUnBaTh BbIYMCIICHHE (DYHKLNI pacrpenesieHus HHTEPECYIOIUX Hac
CJIy4aiiHBIX BETMYMH C MUHMMAJIbHBIMH BBIYHCIMTENBHBIMU 3aTpaTaMy. Ha ocCHOBaHMM pe3ysbTaToB MPOBEACH-
HOTO aHaJIn3a padoT M0 TeMaTHKe UCCIIEJOBAHMUS /IJIS OIEHKH YCTOWYHBOCTH (PyHKIIMOHUpOBaHuUs ceteid SDN
B ycioBusx KA mpennoxena MapkoBckast Moziesib. OZHUM U3 COCTOSHUIM Tpada COCTOSHUN U EPEX010B Map-
KOBCKOHM Mozien siBisieTcs pyHKImoHupoBanue SDN mpu ycrenHo peannzanuu KuoepaTaku, YTo MO3BOJISIET
OLIEHUTB BEPOATHOCTh yCTOHUMBOCTH SDN Kak BEpOSITHOCTH IPOTUBOIOIOKHOIO COOBITHSI.

[IpennoxeHnHast MapKOBCKast MOJIEITb TIOJIO’KEHA B OCHOBY pa3pa00TaHHOW METOIUKHU OLIEHKH YCTOHYNBOCTH
cereit SDN B ycnmoBusix KA, koTopas Mo3BoisieT 000CHOBATh HanOoJIee yCTOHIMBYIO TOMOJIOTHIO CETH B pac-
cunTarh nokaszarenu KA. Pacuet BeposTHOCTHO-BPEMEHHBIX XapaKTepUCTUK N3BeCTHRIX KA ocymiecTBiseTcs
Ha 0a3e KOMITBIOTEPHOTO HMHUTAIIMOHHOTO MOACINPOBAHMSI B BUPTyallbHOH cpene EVE-NG.

[TomrydenHsbIe ¢ TOMOLIBIO NPEAIOKEHHON METOIUKN BEPOSITHOCTHO-BPEMEHHBIE 3HAYEHNUS B JAJIbHENIIIEM
UCTIONB3YIOTCSl B KaY€CTBE MCXOIHBIX JIAHHBIX MPH OLICHKE Yrpo3 U 00OCHOBAaHHM TPEOOBAaHUH IO 3allUTe
SDN ot KA. KommistoTepHOE MOACIIHPOBAHIE, IIPOBEACHHOE TSI BRIOPAHHBIX B CTAaThe BAPHAHTOB ITOCTPOCHHUS
cetu SDN, IpoieMOHCTPUPOBAIIO PE3YIBTaTUBHOCTD Pa3padOTaHHON METOIMKH 1 O3BOJIMIIO BBIPA0OTATh pe-
JIOKEHUS 110 apXUTEKType CHCTEMBI oOecniedenns yctornanBoct SDN u ee ¢pyHkunonupoBannto. OnrcanHbie
peleHHs MOTYT OBITh HCHOIB30BaHbI IPH MPOESKTUPOBAHNUH CIOKHBIX MHTETPUPOBAHHBIX cuCTeM [26—-28].

JanpHelinme uccieoBanus OyayT HapaBieHbl Ha pa3paboTKy aHATUTHYSCKIX MOJICIICH JIJIsl pean3anun
KoHTpMeD B ceTsix SDN 1 HHTETrpanuio ux ¢ MOAEISIMU KuOepaTax.
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METOA, OTITUMU3AILIN MACCHI ITAACTUKOBBIX AETAAEN
PEAYKTOPA, N3TOTABANUBAEMBIX C ITOMOIIbIO 3D-ITEYATH,
HA OCHOBE I'EHETNYECKOI'O AATOPUTMA

T. 10. KUM"?, A. B. IEYKOBCKAA", E. H. IEYKOBCKHH"

DO6weounentviti uncmumym npo6nem ungopmamuru HAH Benapycu,
yi. Cypeanosa, 6, 220012, 2. Munck, berapyco
D Vpeenuckuii punuan Taukenmerko2o ynusepcumema uHGOPMayUOHHbIX MEXHONO2Uil
um. Myxammeoa anv-Xopesmu, yi. ano-Xopesmu, 110, 220100, o. Ypeenu, Yzoexucman

Annomayus. IlpuBonurcst pa3padoTka (yHKIMU IPUTOAHOCTH ISl TCHETHYECKOTO alrOPUTMA, HAITPaBICHHOH HA MU-
HUMH3AIHI0 MacChl KOMITOHEHTOB PEIyKTOPa, H3TOTABIMBACMBIX U3 MOIIakTHAa MeTogoM FDM-niewatn. [lnis mecrepeH,
OINITHMH3HUPYEMBIX C IOMOIIBIO TeHETHYECKUX aITOPUTMOB, JIYULINE PE3YIbTaThl MOTYT OBITh IOIYyYEHBI B IPOCTPAHCTBE
pelieHuii, kKoTopoe popMHUPyeTCsi OrpaHUYCHUSIMHU Ha KOHTAKTHYIO TPOYHOCTb, BBIHOCIMBOCTD IIPU U3TH0OE, CTAaTHYECKYIO
MIPOYHOCTH BaJla U YCTAJIOCTHYIO MPOYHOCTh. [ToKazaHo, 4TO IBOIOIMOHHAS ONTUMH3ALHUS KOHCTPYKIINH TJIACTHKOBBIX
JieTalnei, n3roraBnuBaeMbix MetoioM FDM-niedary, mo3Boiiia yMEHBIIUTS X Maccy 0e3 CHHKEHUSI TPOYHOCTH 1 (DYHKIIHO-
HaJbHOCTH. [Ipe1ioxkeH MeTo/] BEIYHUCICHHS MaCChl KOMITOHEHTOB PEIIyKTOPa, TPEBOCXOMSIIHI CYIIECTBYOIIHE METOIbI [0
TOYHOCTH pacyeToB. [loaydeHHbIE pe3y IbTaThl IPEAIONaraeTCs HCIIOIb30BaTh P MPOSKTUPOBAHUHI ¥ IPOTOTHITMPOBAHUH
y3JI0B pOOOTOTEXHHYECKUX allapaToB, TpeOoBaTeIbHBIX K Macce aeTajieil. KoMploTepHOe MOAEINPOBAHUE BBITOIHEHO
B cpene Matlab.

Knroueswie crosa: reneTndeckue anropuTMel; Matlab; peayKTop; MIeCcTepHs; 3y04aToe KOJIeco; OITUMHU3AIINST, Macca;
3BOJIFOLIMOHHBIE alNropuTMbl; 3D-nevars; FDM-neuars.

Brazooaprocme. PaboTa BeINOTHEHA IPU MOJACPKKE [ 0CY1apCTBEHHOTO KOMUTETA 0 HayKe U TEXHOJIOTUsM Pecy0-
miku benapyck 1 MunucrepcTBa Haykn U TexHoioruii Kuraiickoit Haponuoit Pecriyonuku (rpant Ne @22KWUTIT-002
«MenunuHCKHEe poOOTH HA OCHOBE YEJIOBEKO-MAIIMHHOTO B3aWUMOAEHCTBHS»). ABTOPHI BBIPAKAIOT MPU3HATEIBHOCTh
npodeccopy WKAIBSHCKOTO TEXHOIOTHUECKOTO YHUBEpCHUTETa JOKTOpy Py MUHIUIEIO 32 ICHHBIE PEKOMEHIAINH 1 T10-
MOIIIb B MIOATOTOBKE PAOOTEHI.
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Abstract. This paper proposes the development of a fitness function for a genetic algorithm aimed at minimising the
mass of gearbox components manufactured from polylactide using the FDM printing method. For gears optimised using
genetic algorithms, the best results can be obtained in a solution space defined by constraints on contact strength, ben-
ding endurance, static shaft strength and fatigue strength. It is shown that evolutionary optimisation of the design of plastic
parts manufactured using the FDM printing method makes it possible to reduce their mass without compromising strength
and functionality. To improve the quality of optimisation, a technique for calculating the mass of gears is developed that
surpasses the existing techniques in the accuracy of the results. It is expected that the obtained results will be used in the
design and prototyping of robotic units that are demanding on the mass of parts. Computer modelling is herein performed
in the Matlab environment.

Keywords: genetic algorithms; Matlab; gearbox; gear; optimisation; mass; evolutionary algorithms; 3D printing; FDM
printing.
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BBenenue

OBOJIOLMOHHBIE METO/IbI TPOSKTUPOBAHMS U ONITUMU3ALUK HAXOAST IPUMEHEHUE B PA3IMYHbIX 00JacTIX
TEXHUKH. B 9acTHOCTH, TeHETHYECKHE allTOPUTMBI HCITOIB3YIOTCS B JIEKTPOHUKE TPU ONTUMHU3AINN aHTEHH
Y IPOEKTHPOBAHUH MEKTPOHHBIX yCTpOoHcTB [1]. B 00nmacTi HCKYCCTBEHHBIX HEHPOHHBIX CETEH ABOJIOILIMOHHbBIE
JITOPUTMbI HAXOIIT IPUMEHEHHE B 00y4EHHHU CETeH, NCIOoNb3YyIuX HeanpdhepeHupyeMble QyHKIUN aKTH-
BaIllH, TOI00PE ONTHMAIBHOW CTPYKTYPBI X apXUTEKTYPbl HCKYCCTBEHHBIX HEHPOHHBIX CETEH, ONTUMH3ALINU
BECOBBIX KOAX(PPHUIIMEHTOB U JIPYTHX mapameTpoB ceTH [2—4]. [Ipu npoBeneHnn GpU3NUecKux pe3epByapHbIX
BBIUHCIICHUHN [5—7], mpeaycMaTpuBalOIMX UCIIONB30BaHUE HEJIMHEHHBIX TUHAMUYECKUX CHUCTEM Pa3iIuyHON
MPUPOBI ISt 00pabOTKM CUIHAJIOB M MH(OPMALIUH, 3BOJIIOLHOHHBIA TOIXO0] MOXKET MPUMEHSATHCS A1 KOH-
CTPYHPOBAHHUS PE3EPBYAPOB — MEXAaHHMUECKUX, ONTHIECKHIX WITH DJICKTPOHHBIX CTPYKTYP, SBISIOIINXCS BBIYHC-
JUTENBHBIM ApOM. B poOoTOTEXHHKE IBOMIOLMOHHAS] ONTUMHU3AIHS UCTIONIB3YETCS ISl COBEPILICHCTBOBAHUS
pa3IMYHBIX MEXaHW3MOB. Hampumep, B KOHCTPYKITMH poOOTa ¢ MPBDKKOBON JJOKOMOITHEH [8] sHeprus s
MpbIKKa HAKaTUIMBAETCs B TIPYKUHE, IPUYEM UCTOUHUKOM SHEPTUH CITY)KUT JIEKTPOJIBUTATEINb C PETYKTOPOM.
[IpocTora, 3 PeKTUBHOCTD U HU3KAsi Macca PEAYKTOPA UTPAIOT BAXKHYIO POJIb B IBI)KEHUH PacCMaTprBaeMOro
poboTta. DTOT U MOJOOHBIN eMy PelyKTOPBl MOT'YT M3rOTaBIMBAThCS C TIOMOIIBIO AJIUTUBHBIX TEXHOIOTHHA
(B wactHoctu, meroga FDM-nieuarn).

Ha cerogusmnuii 1eHb aJIUTUBHBIE TEXHOJIOIMH, KOTOPBIE MPEAIIONATalOT TOCIOWHOE HAHECEHUE MaTe-
puana [9], Bce 6onee BocTpeOOBaHbI TP NPOTOTUIMPOBAHMHE U MAKETHPOBAHHH, a TaKKE MEIKOCEPUHHOM
IIPOM3BOACTBE. B TO Bpemst Kak OOJIBIIMHCTBO IIPOM3BOACTB OCHOBAHbI HA METOAAX MEXaHN4YeCKol 00padoTKHy,
3D-nevath gaeT BO3MOKHOCTh N3TOTABIMBATH M3JIEJIUS CIIOKHON F€OMETPUIECKOH POPMBI, HE MOABEPIKEHHbIC
KOPPO3HMH U 00Jaaromue 6osiee HU3KUM, YeM MHOTHE KOHCTPYKIIMOHHBIE METaIIIbI, KOA(Q(PHULIUECHTOM TPEHUSI.

Wzrorosnenne uznenuii Mmetogom 3D-medary, paBHO Kak ¥ M3TOTOBJICHNE KITACCHYECKUMH METO/IaMH, TpeOyeT
ONTUMM3ALUHN MacChl KOMIIOHEHTOB PeIyKTOpa. B 4acTHOCTH, MHOTHE HCCIIeIOBaHUS B TOM 00IacTH cocpe-
JIOTOYCHBI HA MUHUMHM3AITIN MacChl 3y0uaroii mepemadyn peaykropa [10; 11]. Tak, momayunn pacpocTpaHeHne
TeHETHYECKHUI aJITOPUTM, TIpeTHa3HAYCHHBIH U1l ONTUMHU3AIMK QYHKIMH AUCKPETHBIX IepeMeHHbIX. Hanpu-
Mep, B cTathe [12] mpencrasieH mporece aBTOMaTH3UPOBAHHOIO MPOEKTUPOBAHUS 3y0UaThIX MEPeaad MmyTeM
MUHUMH3AIIH 00beMa Mepesiad ¢ NCIOIb30BAHNEM TeHETHYECKOTO aJlTOPUTMA.

Taxkum 00pa3om, LeNbI0 HACTOSIIIEH paOOTHI SBIAETCS COBEPILICHCTBOBAHHUE NPOLIECCa ONTUMH3ALINY Mapa-
METPOB KOMIIOHEHTOB POOOTOTEXHUUIECKHIX YCTPOMCTB, M3rOTaBINBaeMbIX MeToioM FDM-mewarn. B kagecTse
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WJUTIOCTPALIMK PACCMAaTPUBACTCS ABOJIIOIMOHHAS ONTUMHU3AIINS TapaMETPOB 3y0UaThiX KOJIEC, TPUMEHSIEMBIX
B TOHIKAIOIIEM PEAYKTOPE MWIMHAPHYECKOTO THTIA, TAKUM 00pa30M, 4TOOBI ClIeaTh BO3MOXHBIM H3TOTOB-
JICHHE KOMIIOHEHTOB PEIyKTOpa C 3aJJaHHBIMH XapaKTePUCTUKAMHU Ha OCHOBE aJIUTHBHBIX TEXHOJIOTHU W3
nonunaktuaa ( polylactic acid, PLA) [13].

Peanm3zanusi reHeTHYECKOI0 ajropurma
AJIsI OITUMHU3 AU MACCHI PEAYKTOpa

st onpenieneHust paboToCnocoOHOCTH pellyKTopa MpU MHHUMAIBLHOIM Macce HeOOXOIMMO YUUTHIBATH PSIT
XapaKTePUCTHK, KOTOPBIE SBISIOTCS BXOTHBIMH TTapaMeTpaMy FeHeTHIeCKoro anroputma. K rakum mapamerpam
OTHOCATCS KpYyTAIIMI MOMEHT Ha 1ectepHe (7;) u konece (7,), mnotHocts PLA-mnactuka (p), nmepenarounoe
yucno (u), MHa Baja mectepHu (/) u xoneca (/,). B xone HarypHbix skcnepumentoB ansi PLA-mnactuka
ObLIN oTipenieNieHbl cpenHsist TBepaocTh PLA-nnactuka (HB), pacdeTHOE YUCIIO LUKIIOB paboThl nepeaauu (L),
JOIIyCTUMBbIE 3HaU€HUs IIPEJEIIOB IPOUYHOCTU Ha pacTsbkeHue Marepuana (b, i=1, 2, ..., 8) npu cienyomux
napameTrpax rneqaTH:

e TomnirHE citosg 0,2 MM;

® 3an0IHAeMOCTH m1acTukoM 30 %.

[enernueckuii anroput™ ObLT peanu3oBaH ¢ noMouso oudmnorekn Global Optimization Toolbox B cpe-
ne Matlab'. TlepBbIM 1aroM B HCIOb30BAHHH TEHETHUECKOTO AITOPUTMA ObLIO (POPMHUPOBAHHE HAYATHHOM
MOMYJISIIIUKM 0COOCH, IJIe Kax1as 0coOb omnpe/ensercs BeKTopoM E GpUKCHPOBaHHOM JJIMHBI, KOTOPBIA UMEET
CIEAYIONIUI BUT:

Ez(b, d,, d,, z,, m)

[Mony4enusie 2meMeHTHI BekTopa E SBIISTIOTCS BBIXOAHBIMU MTapaMeTpaMy TeHETHYECKOro anroputMa. OHU
OTIpEIICIICHBI B Ta0M. 1.

Tabnuma 1

Fpal{l/l‘lﬂble ycioBus 1Jil FeHETUYECKOI0 aJIrOpuT™Ma

Table 1
Boundary conditions for genetic algorithm
[Tapamerpsl O6o3Hayenue | JlmamazoH 3HaYCHUI
[Hupuna padbovero BeHua b 10-32
JuameTp Baia mecTepHU d, 10-30
Juametp Basa Kojeca d, 20-40
KonnuecTBo 3yObeB HiecTepHH z 18-30
Mopnynb 3aneruieHus m 2,75-4,00

B kaxnoii ntepauuu nomyianus Obljia MpeacTaBieHa B Buae Habopa ocodelt mogo0HO TOMY, Kak 9TO CIeJIaHO
B pabote [14]. B nensix cHuKEeHUsI MacChl KOMITOHEHTOB PEIYKTOpA M MOBBIIICHNS Ka9eCTBA MMOMCKA OTITUMAIIb-
HOTO PEIICHUS YCTAHOBICHBI TPAHUTHBIC YCIIOBHSI I TEHETHIECKOTO aylropuTMa (cM. Taom. 1), pacmmmdpoBka
rapaMeTpoB NpuBeieHa Ha puc. 1.

9 g

N x /K

N

%

Wecmeps
Koneco —
ay

Puc. 1. Cxema IMIMHAPHUYECKOHN MPsMO3y0O0H TIepeadn peayKropa
(4, — MexoCceBOe pacCTOSHHE; Z, — KONNYECTBO 3yObeB Koseca)
Fig. 1. Diagram of a cylindrical spur gearbox transmission
(&, — center distance; Z, — number of pinion teeth)

'Genetic algorithm options / MathWorks : website. Natick, 1994-2024. URL: https://www.mathworks.com/help/gads/genetic-
algorithm-options.html (date of access: 29.08.2024).
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Hanee nesnecoodpa3Ho paccMOTpeTh GOpMUpoBaHHe (yHKIIUH IIPUTOTHOCTH JIISi TEHETHYECKOTO aITrOpUTMa
Ha IpUMepe 0JJHOKIIACCOBOTO LMIMHIPUYECKOTO PEAyKTOpa, MMEIOIIET0 O0IIEMallIMHOCTPOUTENBHOE TPUMe-
HeHne. OYHKIMS TPUTOJHOCTH — 3TO OCOOBIN THI LEeNeBON (DYHKLMH, UCIIOIb3YeMOH ISl OLIEHKH KaduecTBa
KaHAWJATOB WJIM UX NPUTOAHOCTH [UIsl peleHus 3aaaun. OHa IpUHUMAET Ha BXOJ 3J1eMeHThI BekTopa E n Bo3-
BpalllaeT 3HaYeHHs, TOKAa3bIBAIOIINE, HACKOIBKO 3TO PElIeHHe OJU3KO K JOCTHKEHHIO IMOCTABICHHOM IENH.
B nanHom koHTEKCTe (DYHKIUSI MPUTOTHOCTH OyeT HarpaBieHa Ha MUHUMHU3AINIO MacChl KOMIIOHEHTOB PEAYK-
TOpa, 4TO ABJSIETCSI KPUTHUECKU BasKHBIM JUISI ITOBBIICHUS (P PEKTUBHOCTH M CHIDKCHHS TPOU3BOACTBEHHBIX
3aTpar NpH nedyatu. PeayKTop conep KUT MIECTEPHIO, KOJIECO U JiBa Basia. Bee pacueTs! MoApOOHO HM3JI0KEHBI
JUTS TIECTEPHU, JUTA KoJieca JKe MPUBEIEHBI TOJIBKO Pe3yabTaThl BIuucaeHu. ClieayeT OTMETHTD, UTO B padoTe
WCTIOJIb30BaHa 0OoJee CIOKHAsi MOZIENb 3y0UaToro Kojieca, YeM Te MOJEIH, KOTOphIe OMUCAaHbl B JIUTEpaType.
Hanpumep, B myOnukanmu [ 12] paccMOTpeH METO, KOTOPBIH HAXOIUT 00beM 3yOheB Yepe3 YCEUCHHBIH KOHYC.
OnHako oA00HBIN METO IPEIOCTABIISACT UM MPUOMMKCHHBIC 3HAUCHHS pa3Mepa 3youaToro koneca. Jlanee
Oy/IeT CIOTB30BaTHCS METO/I, NAIOIINH OoJiee TOUHBIC 3HAYCHUSI.

®opmupoBanue GyHKIUH NPUTOAHOCTH. DYHKIUA IPUTOAHOCTH F (b, d,, d,, z,, m) OIIPEAECIIACTCA KaK

CyMMapHasi Macca UCIOIHUTEIBHBIX KOMIIOHCHTOB PEAYKTOPA My, 1,0, KOTOPYIO CIICAYST MUHUMU3UPOBATD!

|:F(b’ dl’ dZ’ 21 m)] = I:Mgearbox } = p(Vgearishaft + Vpinionfshaﬁ + Vgear + Vpinion )’ (1)
roe V. uv

wear shaft ¥ Vpinion_shat — OOBEM BaJIa IIECTEPHH H KOJIECa COOTBETCTBEHHO, O{HAKO ISl IIECTEPHHU HCIIONb-

3yIOTCsI JUIMHA BaJIa /| ¥ IMamMeTp Baja d,, a JUIsl KoJleca — JUIMHA Bajia [, ¥ JaMeTp Bana dy; Ve, U Vijnio, — 00BEM
IIECTEPHU U KOJIECa COOTBETCTBEHHO.

Jsist TOoro 4TOOBI HAUTH MacCy KOMIIOHEHTOB PEAYKTOPa, ONPEIEIMM OCHOBHBIE TEOMETPHUECKUE Pa3MEPhI
LIMHAPUUECKOH IpsAMo3y0oil nepeaun. Jlagee BHIYUMCIUM ILIOMIAAb HOBEPXHOCTH KaXKIOI0 KOMIIOHEHTA,
3aTeM — OOIIYI0 MacCy KOMIIOHEHTOB PELyKTOpa.

OO0BbeM mIeCTEPHH PACCUUTHIBACTCS 0 popmyIie
Viear = (Sacep (21 = 1) + 7R} = S )b = 27,

gear hamfer Z1° (2 )

1€ Sgeep — MUIOLIA/b BIAAUHBL, R » — Pajidyc OKPY)KHOCTH BIIQ/IUHbI 3y0ObeB WIECTEPHU; Sy, — IIOLIA/b LIIIO0-
HOYHOTO OTBepCTHA Baia; V. —o0beM acku.

KoHTyp 3y0beB mpezcraBiser co00i OKpYKHOCTb, PaUyC KOTOPOIl 7 paBeH IOJIOBUHE LIara JIeJINTeIbHON
OKPY)XHOCTH. Pacrpenennm 4eTbIpe OKPYKHOCTH PaHyCOM # Ha Kpast OKPY:KHOCTEH paauycoM R, R, u R, tie
R — paanyc nenuTenbHON OKPYKHOCTH MIECTEPHHU, a R, — paJjlyc OKPYKHOCTH BEpIIUHBI 3yObeB IIECTEPHHU,
KaK Ha puc. 2.

Puc. 2. ®opmuposanue popmbl 3y0a 1 BbIMHUCICHNE IUIOLA/N BIAJHHBI Sy,
Fig. 2. Tooth shaping and calculation of the cavity area Sy,

Haiinem 1iomans BriaauHbl Sdeep, KOTOpas Ha pHC. 2 BbIIeTIeHA CHHUM IIBETOM. [lockombky (urypa cummer-
pUYHA, €€ CIICAYET Pa3aeIUTh MOTOJIaM.

Seep =2 Jel(«/Rj—xz —2R—,/R}—x2)dx+
0
+Tr ,/Rf—xz—RJr rz—(x—gjz cchri’i‘3 ,/le—xz—R—

P P2
TJ€ Py, Do, P3 — TOUKH NIEPECEUEHHS] OKPYKHOCTEN (AEIUTEIbHON, BHEIIHEN, BHYTPEHHEH), a X & [O, R].

, A3)
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Crenyrommm marom sisiisietcst (GOpMHUpPOBaHKUE OTPAaHUYCHUI HA KOHTAKTHYIO TIPOYHOCTD, BBIHOCIHBOCTD TIPH
n3rube, CTaTHYECKyI0 MPOYHOCTh Bajla M YCTAIOCTHYIO IIPOYHOCTD, KOTOPBIE TPEACTABICHBI B BUJIE MaTeMaTH-
YEeCKUX (PYHKIIHH.

[Tpu popmupoBaHNH KaXKT0H HOBOH 0COOM MTPOU3BOAUTCS PACUET NPEIBAPUTEIBHBIX TEOMETPUICCKHUX Pa3-
MEPOB Tepe/iadH, ONpe/IeIIeMbIX U3 TPUBEICHHBIX HUKE YCIOBUH oOecrieueHus paboTocrocoOHOCTH. Pe3yib-
TaThl pabOTHI TEHETHYECKOTO aJITOPUTMA, IPEICTABIISAIOIINE COO0M TeOMeTpHUIECKIE pa3Mephl Iiepeaadn, po-
BEPSIFOTCS HA COOTBETCTBHE 33/IaHHBIM OIpPaHHYCHUSM. B cirydae moyueHust yJ0BIeTBOPUTEIBHOTO pe3yibTaTa
npeBapUTENIbHBIC pa3Mephbl IPUHUMAIOTCS B Ka4eCTBE OKOHYATEIbHBIX.

®opMupoBaHne OrpaHUYEHUH 11 TEHETHYECKOTr0 AJIropuTMa. 33/1aueii TeHETHYECKOTO aJrOpUTMa SIB-
JSIeTCsl IOMCK TaKUX 3HAYCHUH MMPHUHBI pabodero BeHua (b), uaMeTpa Bajia ecTepHH (d,), Auamerpa Baja
kojeca (d,), KonudecTBa 3yObeB IIECTEPHU (z;) U MOIYIS 3aLleIuIeHus (m) 3y0uaTtol mepenadn peaykropa
(cM. Tabn. 1), mpu KOTOpBIX 3HaUYeHHUE LeneBoi (pyHKuuu (1) OyneT MUHHUMAaIbHBIM MIPHU COOMIONCHHUN psiaa
OTpaHUYEHH, PACCMOTPEHHBIX HUXKE.

[ ming F(E) = My | :[ 2 (E)<0,i=1,2,...,8], (4)

rne F (E) — (yHKIMS IPUTOTHOCTH; g; (E)S 0,i=1,2,...,8, — orpaHu4eHUs HA KOHTAKTHYIO MPOYHOCTH,
BBIHOCJIMBOCTH IIPH M3THOE JIJIS MIECTEPHH U KOJIeCa, CTATHYECKYIO MPOYHOCTh MPH KPaTKOBPEMEHHBIX Tepe-
rpy3Kax, yCTaJIOCTHYIO IPOYHOCTH ISl OBICTPOXOIHOTO W THXOXOAHOTO BaJIOB.

Ozpanuuenus Ha KOHMAKMHYKO RPoOUHOCMb. VICXO/ISI N3 OIIBITA aBTOPOB, IOMYCTUMOE KOHTaKTHOE Ha-
npspkeHue cocrapisieT b, = 357,12, JlanHoe 3HaueHUe ObUIO MOMyYeHO C yueToM koddduuuenta Ge3omac-
HOCTH IIECTEPHU, KOIPPUIIMCHTA HATPY3KH, MIPeJiesia KOHTAKTHOW BBIHOCIMBOCTH, OCHOBAHHOTO Ha CpEIHEH
tBepaoctu PLA-nimactuka (HB) u pacdeTHOM uncie MUKIOB padboTel nepenauu (L). OmpenennM KOHTaKTHOE
HaIpsyKeHHe:

©)

rae Z;; — ko3pQUIMeHT, yuUThIBAIOIINI MEXaHUUECKHE CBOMCTBA MaTepHaa CONPSLKEHHBIX kojiec; K, — Ko-
3¢ UITHEHT HATPY3KH.

Ozpanuuenusa Ha 6bIHOCAUGOCIND NPU U3ZUDeE 0714 WecmepHu u Kolleca. C y4eTOM TBEpAOCTH MaTepHaia
u ko3¢ dumrenTa 3amnaca NPOYHOCTH PACCUUTAHBI AOIYCTHMBIE TPeeibl BBIHOCIUBOCTH MPU M3TrM0OE, KOTO-
pble COCTABISAOT b, = 157 s xoneca u by = 167 anst mectepuu. Onpenennum HarpshkeHHe PpU U3rude 3yObeB
KoJeca:

21Y,
& (b, dy, 2, m)=b, - ——=K K. Kp, <0, (6)
d,bm v
re Yy, — pacueTHslil KoodduuueHt Gopmsl 3y6a it IPIMo3y0oi nepesian 6e3 CMELICHNS HCXOAHOTO KOHTypa
xoneca; K, —kod(hhuImenT, y9uThIBaOIIAN pactpeie]ieHne Harpy3Kn MexXy 3yobsmu; K B K03 GULIKEHT,
YUUTBIBAIOLINI PACTIPECIICHHE HArPY3KH 110 MIMPUHE 3y04aToro BeHua npy usruoe; K, — koodduument, y4u-
TBHIBAIOIINH TMHAMUYECKYIO Harpy3Ky npu usrude. Onpenennm HanpspKeHUe Py U3rnde 3yObeB MIeCTepHU:

or Y
YF

2

g(b, dy, z,, m)=by— <0, (7

II¢ Gf, — PAaCYCTHOE HAPSDKCHHE IIPH H3ruOe 3yObeB koieca (6); Yy — pacuerHbIil kodhduiment Gopmsl 3yda
JUTSE TTPsIMO3Y 001t riepeauu 0e3 CMEIIeHUsT UICXOHOTO KOHTYpa IECTEPHHU.

Ozpanuuenus nHa CMAMUYECKYI0 NPOYHOCHb NPU KPAMKOSPEMEHHBIX nepezpy3kax. Jlomyctumoe Ha-
npsokenne b, = 123 HAXOAUTCS B 3aBHCHMOCTH OT MpeJIeNa TeKy4ecTH MaTepiana Bajia Ipy H3ruee” i oT KO-
s¢dunreHTa 3anaca MPOYHOCTH TUIACTHYHBIX MaTepHalioB. BBIXOMHOMN Ball pelyKTopa MPUBOIUT B JIBHIKCHUE
00BEKT, II03TOMY TPeOyeTCs IPOBECTH IPOYHOCTHOW PACUET BaJia Ha SKBUBAJICHTHOE HANPSDKEHUE, ICHCTBYIOIIEEe
B KPHTHYECKOM CEUCHHH BaJIa, COIIACHO YPABHEHHIO

ZKyKJZuH H. I, Kykauna I C. Jletanu MamuH : y4e0. 7151 MAIIMHOCTPOUT. CIICIIMATBHOCTEH TEXHUKYMOB. 4-€ H31., Iepepad. u 01
M. : Beicm. mik., 1987. 383 c.

3,Z]yHaee 1. @., Jlenuxos O. I1. KoHcTpynpoBaHne y3JI0B U JeTajlel MamyH : yue0. mocodue I TeXH. CHeNHaIbHOCTEH By30B.
5-e uzn., mepepad. u pom. M. : Beiem. mik., 1998. 447 c.
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(b, dy, m)=bh LM <0 )
g s , m)= - =V,
e Y ond} bh(2d, - hY

32 164,

e K, — koo duument neperpysku; M, — CyMMapHblii H3rMOaroIui MOMEHT CUJIBL, MEHSIOLIMH MOT0XKEHHE
OTHOCHTEJIBHO BaJia; i — BbICOTA 3y0a.

Ocpanuuenus Ha yCMANOCMHYI0O RPOUHOCHb 071 ObICHIPOXOOH020 U MUX0X00HO020 64106 [11]. Llenpio
pacdera BaJlOB Ha YCTAJIOCTHYIO IPOYHOCTD SIBIISICTCSI ONpeieNieHne K03 (OUIIMEHTOB 3arnaca BEIHOCIUBOCTH S
BO BCEX IMPEANOIOKHUTEIFHO KPUTHIECKUX CEUCHUX Basia. PacueT BaoB Ha yCTalOCTHYIO IPOYHOCTH BEIYT,
ucxons u3 ycnosus by < S < by, rie by = 2, b, = 4 — HeoOXoanuMbIe 3HaueHHs K03(DPUIMEHTa 3a11aca BHIHOCIIH-
BocTH. PacueTHoe 3HaueHne KodduienTa 3amaca BBIHOCIMBOCTH Bajla B €r0 MPEANOIOKUTEILHO KpUTHYC-
CKOM CEUEHHH ONpPEACIIIETCS 10 cleaytouiel popmysie:

SG S‘E

Js2+ s

rae S, — ko3 UIHEHT 3arnaca BHIHOCIUBOCTH 110 HOPMAJIbHBIM HANPSDKEHUSAM; S, — KOG UIIEHT 3araca Bbl-
HOCJIMBOCTH 10 KacaTeIHbHBIM HATIPSKCHUSIM.

[Ipu orpannyeHnsX Ha yCTAIOCTHYIO MIPOYHOCTH ISt OBICTPOXOTHOTO ¥ TUXOXOJAHOTO BaJIOB PEAyKTOpa MpH-
Mmensiercs popmyna (9), onHako A7t OBICTPOXOIHOTO Bajla UCTIONB3YIOTCS THaMETp Bajla d, U BXOJAHON KPy TSN
MOMEHT 7}, a Ul TUXOXOJIHOI'O Bajla — JUaMeTp BaJla d, U BXOAHOU KPy TSI MOMEHT 7.

I[IpuBenem OKoHYATENbHBIN BHJ] OTPAHUYEHHI Ha YCTAIOCTHYIO IPOYHOCTD JUIS OBICTPOXOTHOIO (g5 (b, d, m)
u gq(b, d, m)) u Tuxoxonnoro (g,(b, dy, m) u gg(b, d,, m)) Banos:

S= ©)

gs(b, dy, m)=bs— S <0, (10)
go(b, dy, m)=Sg — bs <0, (11)
g7(b, dy, m)=b; = Sy <0, (12)
gs(b, dy, m) =S, — by <0, (13)
rae Sfast u Squite — PpaCUYCTHBIC 3HAYCHUS KOB(I)(I)I/ILII/IeHTa 3alraca BBIHOCIMBOCTU B NIPCATIOIOKHUTCIBHO KPUTH-

YECKOM CCUCHHUU TSI OBICTPOXOHOTO  TUXOXOJHOTO BAJIOB COOTBETCTBEHHO, MONyUeHHBIC 110 hopmysie (9).
HaGop nepemenHsIx [by, b,, by, by, bs, by, by, by | aBTOpBI NPHHSIIN 32 HOMYCTUMBIE 3HAYCHHUSL, KOTOPEIE OBUII
orpeneneHsl 3apanee. [lpu Berancienny 3Ha4eHni ()yHKIIUY IPUTOAHOCTH (b, d,, d,, z,, m) HaxOJINTCS pac-

YeTHOE 3HaYeHUE PadOTOCIOCOOHOCTH, M BO BPEMS SBOJIOLMOHHOTO MOJCIUPOBAHUS BBILIECTIEPEUHCICHHBIC
OTPaHNYEHHS ONPEAETSAIOT YCIOBUS IPUTOJHOCTH TapaMeTPOB IIECTEPHHU, KoJleca 1 BaJa.

Omneparopsl reHeTHYECKOT0 aJropurma. B nponecce paboThl TeHETUUECKOTO ajlfOPUTMa MCIOJIB3YIOTCS
TaKUe FeHEeTHUECKHE OTIePaTOPBbl, KaK CEIEKIHs, CKpeIMBAaHNE, MyTalus ¥ MUTHbIN 0100 [ 14]. Cenexuus npea-

Ha3HaueHa JJIs1 0TOOpa POMUTEIILCKUX 0CO0EH B HOBOE TIOKoJIeHHE. DYHKINS MPUTOTHOCTH F (b, d,, d,, z,, m)

OLICHUBACTCSI ISl K&KAOH 0cOOM B MOMYJISIIKH, U ISl (POPMUPOBAHUS CIICAYIOIIETO MTOKOJICHHUS OTOUPAIOTCS
HE MeHee JIByX 0co0eH ¢ Hamryulei npucnocodnennoctrio. Hanbdomnee 3 QpekTHBHBIM OKa3acst MeToJl CToxac-
TUYECKOH PaBHOMEPHOH CEJICKIIMH, UCTIONB3YeMbIi 110 yMoauaHuio. CyTh JAHHOTO METO/A 3aKJII0YACTCS B TOM,
YTO POIUTEIBCKIE 0COOM MOTYT BBIOMpATHCS 00JIee OHOTO pasa v NepeiaBaTh CBOM TeHbI HECKOJIBKUM ITOTOMKAM.
B mponecce ckpemuBanus popMupyeTcs cieayomiee moxkoneHue. M3 ceMu npeanokeHHbIX B OMOInoTeKe
napamMeTpoB ImyTeM nepebopa Obuia BeiOpaHa QyHKIMA apudmeTrnyeckoro nepeceueHus Arithmetic, koropas
UCTIOJIB3YET cpeHeapru(PMeTHUECKOe B3BEIICHHOE 3HaYeHUE OT NMpeAbLLyero nokoienus. Ha puc. 3, a, npo-
WITIOCTPUPOBAH MPOMEKYTOUHBIH TPOLIECC CKPEIMBAHUS, TII€ CIIyYaiiHbIM 00pa3oM BBIOMPAIOTCS AJIEMEHTHI
Bekropa E, 10 kotoporo ocodn oOMeHuBaroTcsi renamMu. MyTtarnus IpUMEHSIeT s TSl CITy9aiiHO BEIOpaHHOH ocoou,
y KOTOPOH OIMH U3 IPOU3BOJIBHO BHIOPAHHBIX FEHOB MEHSIETCS Ha CilydaiiHoe 4yicio (puc. 3, 6). 3HadeHHe 3Toro
qycia ycraHaBiuBaeTcsi MetogoM [‘aycca (tabmn. 2). [lociie ogHOro mukmina urepanuu UaeT oTOOp IUTHBIX
ocobeii. [Tyrem nopcuera aMUThl ONpPEAEISIETCS YUCIIO JIyYIInX 0C00eH, KOTOpbIe TapaHTUPOBAHHO MEPEXOIAT
B cleqylollee MoKojJeHne 6e3 u3MeHeHni. VX KomuuecTBO JOKHO OBbITh MEHBLIE KOIUYECTBa 0co0ei B TO-
MyJsAuun 1100 paBHO eMy. B MpoBeIeHHBIX SKCIIEPUMEHTAX KOJMYECTBO IUTHBIX 0co0el cocTtaBmiio 2 % OoT
o01ero koiauyecTsa ocoleit (cM. Tad. 2).
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ala o/b
Oco0b, Oco0b 10 MyTauu

IToToMok

(), (&), | (d2), | (2),, | (m).,

Puc. 3. IIpoMeKyTOUHBII pe3yNIbTaT TEHETUICCKUX OTICPALIHIA:
@ — CKpeLMBaHus; 6 — MyTalluu

Fig. 3. Intermediate result of genetic operations:
a — crossover; b — mutation

BriOpaHHbIe TeHETHYECKHE ONEpaToOphl M 3HAYCHUS apaMeTPOB FE€HETHYECKOTO aITOPUTMa IPHBEACHBI
B Tabu1. 2. 3HAYCHNS TAPAMETPOB MTOAPOOHO OMICAHBI B CIIPABOYHON crcTeMe nakera Matlab R2024a”.

Tabnuma 2

OnepaTopsl U 3HAYEHHsI TAPAMETPOB
reHeTHY€eCKOro aJiropuT™Ma

Table 2
Operators and values
of genetic algorithm parameters

Onepatopsl [TapameTpsl
Population type 100
Creation function Uniform
Rank Rank
Selection function Stochastic uniform
Mutation function Gaussian
Elite count 2
Crossover function Arithmetic
Crossover fraction 0,8
Max generations 25
Upper bounds (32, 30, 25, 40, 4)
Lower bounds (20, 10, 18, 30, 2,75)

Pe3yabTarhl padoThl reHeTHYECKOI0 AJIrOpHUTMA

ITo 3aBepiieHUH pabOThI TEHETUYECKOTO aITOPUTMA BCE PEIICHUS OBLITH CBEJICHBI K ONTHMALHOMY BEKTO-
py E c anemenramu (b, d,, d,, z, m) B xo/e akcriepuMeHTa BHIOpaHbl CEMb BAPHAHTOB 3HAYCHUI TapaMeTPOB

(Tabm. 3), KOTOpbIE YIOBIETBOPSIOT OIPAHMUYCHUSIM M 00ECIIEUNBAIOT MUHUMAJIBHOE 3HaUeHUE (DYHKLIIUU IPUTOJI-
HocTH (4). CpenHsist Macca KOMIIOHEHTOB PeyKTOpa U3 INIACTUKOBBIX eTajiell cocTaBisieT 455 . YuuThbIBast, 4To
3anoIHAEeMOCTh I1acTukoM npu FDM-nieuatu pasna 30 %, Macca KOMIIOHEHTOB peAyKTopa cocTaBut 318,5 .

*Genetic algorithm options // MathWorks : website. Natick, 1994-2024. URL: https://www.mathworks.com/help/gads/genetic-algo-
rithm-options.html (date of access: 29.08.2024).
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Tabnumna 3
3HaueHHUs MapaMeTPOB KOMIIOHEHTOB PeIyKTopa,
MoJIy4YeHHbIe ¢ IOMOLILI0 YBOJIOLHOHHOI0 0TO0pa
Table 3
Values of gearbox component parameters
obtained through evolutionary selection
[Tapamerpsl Bapuanr 1 Bapuant 2 Bapuant 3 Bapuanr 4 Bapuanr 5 BapuaHnr 6 Bapuanr 7
b 13,625 15,571 10 31 27,25 23,94 10
d, 10,277 18,22 10 10,2 10,4 30 12,27
d, 10,201 20,19 10 12,6 10 40 10
z 20 30 24 25 20 25 25
m 3,999 3,97 3,98 3,97 3,99 4 3,95

Ilorck oNTUMaIBLHOTO 3HAYCHUS (I)YHKIII/II/I MNPpUTOAHOCTH IMOKa3aH Ha pucC. 4, TS B MPOCTPAHCTBC IMMOUCKA
0TO6pa)KaIOTCSI KPHUBBIC JTYy4YIIUX U CPCAHUX 3HAUCHMI. q)yHKLII/Iﬂ MMPUTOAHOCTU MPUHHUMACT MUHUMAJIBHOC
3HA4YCHUC, KOrJa KpuBasi CpCaAHNUX 3HAUYCHUM CXOOHUTCA K KpHBOﬁ JIydHIx 3HaueHui nocie 100-ro mokoiaeHus.

“1-10°

*
= Jlyumume (MHHUMAaIbHbIC) 3HAYCHUS

- 2.10° *_* (YHKIUY TPUTOJHOCTH B TIOKOJIEHHN
§ * # Cpennue 3Ha4eHHs QYHKIHN IPUTOAHOCTH
| JUTSL BCEX 0COOCH MOKOJICHHUS

-6
E -3-10
2. *
=
= ~
= 4.10°F*
4
2,
=2 » #*
g 510 ¢
= - %
[
§ 4

6| wmeg
M —6-10 et-&%

-'.I. -*-
N “Hﬁmtﬁwmdmﬁﬂiﬁﬁﬁm&m
—6
_7 . 10 I I I 1 I I 1 1 1 1
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ITopsiikoBEIil HOMEP MOKOJICHUS

Puc. 4. Ilponiecc pabOThI TEHETUYECKOTO aITOPUTMA
Fig. 4. The process of operation of the genetic algorithm

[IpeanoxeHHBIH METON ONTHUMHU3AIMKA MACChl 3y0UaTOl Mepeaadn peryKTopa, OCHOBAHHBIH Ha TeHETHYe-
CKOM aJITOPUTME M MpUMEHsieMbIi Tipu 3D-nieyaty, MoxkeT ObITh 3 (GEKTUBHO UCTIONB30BaH ISl BEIOOpa Ma-
pameTpoB niedaty. Pazpaborannas GyHKIUS NPUTOAHOCTH, onrcanHast popmynamu (1)—(3), u orpaHuueHwus,
npeacrasieHubie Gopmynamu (5)—(8) u (10)—(13), MO3BOMMIN ONpeAEIUTh ONTUMAILHBIC 3HAYCHUS Mapa-
METPOB KOMIIOHEHTOB peaykropa. B pesynbrare npu FDM-nieuaty ynanock CHU3UTH Maccy mectepHu Ha 45 %
M0 CPaBHEHMIO C MACCOH JIMTOM MIECTEPHH, COXPAHUB TIPU 3TOM 3aJlaHHbIC TapaMETPHI.

3aKjIroueHmne

B nactosiem HUCCICA0BaHUU pa3pa60TaHa q)YHKLII/IH OPpUTroAHOCTH, OCHOBAHHAS HA MUHUMHU3ALIUU CyMMap-
HO# MacChl UCIIOJHUTEIbHBIX KOMIIOHECHTOB PEAYKTOpa, BKIOYad Bajibl U HICCTCPHU, C YHETOM HUX 00BEMOB
u motHoctu PLA-macruka. HJ’IH BBIYHUCJICHUS MAaCChbl KOMIIOHCHTOB HCO6XO,E[I/IMO OMMpEeACIIUTL OCHOBHBIC
TCOMETPHUYCCKUC PA3SMEPLI HI/IJII/IH):[pH‘{eCKOﬁ Hp}lMOSY6OI>'I nepeaaiyu M BbIYUCIUTH IUIOHIAAb MOBEPXHOCTHU
KaXX10ro KOMIIOHCHTA. KOHTyp 3y6B€B mMECTCPHU MOACINPYCTCA C UCTIOJIb30BAHUEM Opr)KHOCTeﬁ Pa3INYHbIX
paanycoB, 4TO IMO3BOJIACT TOYHO OMNPCAC/IUTDL IUIOMIaAb BIIaJIUH U, CJICOOBATCIBHO, 00BeM U MaccCy Kaxaoro
KOMIIOHCHTA. C(bOpMI/IpOBaHHLIC OrpaHUYCHHA Ha KOHTAKTHYIO IPOYHOCTDH, BEIHOCIIUBOCTD IIPU I/I31"I/I6e, CcTa-
TUYCCKYIO MPOYHOCTH BaJia U YCTAJIOCTHYIO IIPOYHOCTH MO3BOJINJIN CHU3UTH MACCY INNIACTUKOBBIX I[eTaJ'ICfI 0e3
yLuep6a JJIA TIPOYHOCTU U q)YHKLII/IOHaJ'ILHOCTI/I C IMIOMOIIIBIO 3BOIIOLMOHHOM OINITUMH3AlMU X KOHCTPYKIWHU.
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JLJ1st TOBBITIEHHSI Ka4eCTBa ONTUMU3AIMN ObLT pa3paboTaH METO]l BEIYMCIICHHUS MacChl KOMITOHEHTOB PEYKTO-
pa, IPEBOCXOAIINI CYIIECTBYIOIINE METOBI 0 TOYHOCTH pacuyeToB. [lomydeHHbIe pe3yasTaTbl MOTYT OBbITH
UCIIOJIb30BaHbI TIPU MPOCKTUPOBAHUH U TIPOTOTHITMPOBAHUH Y3JI0B POOOTOTEXHMUECKUX arapaToB, TpeOoBa-
TEJIbHBIX K Macce JeTanei.

Bb110 BRIYMCIIEHO CEMb BapUAaHTOB 3HAYEHUI TapaMeTPOB, YIOBIETBOPAIONINX OTpAaHUYSHUAM (CM. TaoI. 3).
Cpennsist Macca TUIACTHKOBBIX KOMIIOHEHTOB peayKTopa cocTaBmia 318,5 T mpu 3amomHsIeMOCTH TIACTHKOM,
paBHuoii 30 %.
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AHHOTAIINU AEITOHVUPOBAHHBIX B BI'Y PABOT
INDICATIVE ABSTRACTS OF THE PAPERS DEPOSITED IN BSU

VAK 51(075.8)

Mapmon M. B. Bbicmiasi MaTeMaTHKA [ DIIEKTPOHHBIN pecypc] : 3JIEKTPOH. yue0.-MeTO. KOMIUIEKC ISl CIIell.
6-05-0532-09 «CtpaHoBeaeHHE U IepeBOAYECKAsI ACATEIBHOCTDY, Ipodunuzanus «l eorpadus n aHmMACKUHA
s361K» / M. B. Mapron, H. A. Mouceesa ; BI'Y. Dnektpon. TekctoBbie fan. Munck : bI'Y, 2024. 305 c. : ui.,
Tabn. bubnmorp.: c. 302-305. Pesxum nocryna: https://elib.bsu.by/handle/123456789/319604. 3arn. ¢ skpana.
Hen. B BI'Y 01.10.2024, Ne 013401102024.

OnekTpoHHbIH yueOHO-MeToamueckuit komruieke (3 YMK) mo yueOHo# auciumuinae « Biciias MaTeMaTukay
MIpeAHAa3Ha4YeH Ul CTyAEHTOB crennansHocTH 6-05-0532-09 «CtpaHoBeneHUe U TEpEeBOAUECKAs! IEATETBHOCTDY.
B DYMK conep:karcst JIEKUMOHHBIN MaTepual, 3aJaHusl Ui IPAKTUUYECKUX 3aHITUH, TUIaHbI JTa00PaTOPHBIX
paloT, mpuMepHbIE TECTOBBIE 3a1aHHs, TPUMEPHBIE 3aAaHUs IS YIIPABISIEMON CaMOCTOSATEILHOM PabOTHI CTY-
JICHTOB, KOHTPOJIbHBIE paOOThI, MPUMEPHBIN TEMAaTHYECKHIA IJ1aH, COIepKaHNne yueOHOro MaTrepuaia, BOIPOCHI
JUIs1 TIOATOTOBKH K 3a4€Ty, TEMBI U1 pedepaToB, CIIUCOK JIUTEPaTyphl.

VIIK 004(075.8) + 004.056.5(075.8)

Mapmon M. B. UndopMalinOHHbIE TEXHOJIOTUH U KHOep0e30MacHoCTh [ DJIEKTPOHHBIN pecypc] : AIEKTPOH.
yue0.-meTo]. KoMrutieke i cretl. 6-05-1036-04 «MexmayHapoaHas nmoructuka» / M. B. Mapron, H. A. Mou-
ceesa ; bI'Y. DrnekrpoH. TekcToBble MaH. Munck : BI'Y, 2024. 207 c. : un., Tabn. bubmmorp.: c. 205-207, 302-305.
Pexxum nmoctyma: https://elib.bsu.by/handle/123456789/319605. 3arn. ¢ skpana. [emn. B bI'Y 01.10.2024,
Ne 013501102024.

DneKkTpoHHbIH yueOHO-MeToanueckuii komruieke (OYMK) mo yuebnol aucuummae « HpOpMannoHHbIE
TEXHOJIOTUU ¥ KHOepOe30MacHOCThY MpeIHA3HaueH JIJIs CTYICHTOB crernuanbHocT 6-05-1036-04 «Mexmy-
HapojHas Joructrkay. B OYMK coneprkarcs NeKIIMOHHBIA MaTepral, TUIAaHbI TA00PaTOPHBIX paboT, MpUMEpHBIE
TECTOBBIE 3aJ[aHUS, IPUMEPHBIE 3a/IaHUs JJIS YIIPABIIIEMON CaMOCTOSTENLHOW PabOThI CTYACHTOB, KOHTPOJIb-
HbIe PabOThI, TPUMEPHBIN TEMAaTHYECKUH TIIaH, COJEpKaHNe yUeOHOT0 MaTepraa, BOIPOCHI ISl TOJTOTOBKU
K 3a4€Ty, CIUCOK JIUTEePaTyphl.

VIIK 519.6(075.8)

YuciaeHHble MeTOAbI [ DNEKTPOHHBIN pecypc] : AMEeKTPoH. y4ued.-MeTo. KoMIuieke s crer. 6-05-0533-07
«Maremarrka 1 KOMITBIOTEpHBIE HayKm», Tpoduisarmm: «Bed-mporpaMmMrupoBaHie U HHTEPHET-TEXHOIOTHNY, «Ma-
TEMaTHYECKOEe 1 MMPOrpaMMHOE o0ecTiedeHe MOOMITEHBIX YCTPOHCTBY : B 2 4. Y. 1. MATeprionmpoBanme GyHKITHIA
1 IPUOTMKEHHOE BRIYHCIIeHne nHTerpaios / M. B. rnatenxo ; BI'Y. DnekTpoH. TekcToBbIe 1aH. MuHCK : BI'Y,
2024. 150 c. : wi., Tabn. bubmmorp.: c. 148—150. Pexxum noctyna: https://elib.bsu.by/handle/123456789/319933.
3arn. ¢ skpana. Jlerm. B BI'Y 04.10.2024, Ne 013704102024.

DneKkTpoHHBIH yueOHO-MeToauaecknii komrnieke (OYMK) o yueGHo# quctniuinae « HucIeHHBIE METOIBDY
pa3paboTaH B COOTBETCTBHH C 00pa30BaTeIbHBIM CTAHIAPTOM TEPBON CTYIEHH BBICIIETO 0OpA30BaHUS IS
cnermanbHOCTH 6-05-0533-07 « Maremarnka 1 KOMITbIOTEpHBIE HayKu». DY MK npennaznadeH s nHpopma-
[IMOHHO-METOAMYECKOTO 00eCTieueHus IPEToIaBaHns JUCITUIUINHEI « YUCIeHHBIE METOABD ISl CTYIACHTOB
naHHOM crienuanbHOCTH. B DYMK comepikarcst KOHCIIEKT JICKITHH, IIepeYeHb JTaO0OPaTOPHBIX 3aHATHI C MaTe-
puanaMu st paboThl, 33JaHUS TI0 YIIPABIIEMOM CaMOCTOsTeNIbHOU padoTe.
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VIK 622.83:519.6(075.8)

Kypaskoe M. A. OcHOBHBIE MOAXOAbI, MPUHIUIBI 1 0COOEHHOCTH MEXaHUKO-MATEMATHYECKOT0 MO/IeIH-
poBaHus B reoMexanmuke [DIeKTpOHHBINH pecypc] : kype neknuit / M. A. XKypaskos, C. H. Jlonarun ; BI'Y.
OnekTpoH. TekcToBble JaH. MuHck : BI'Y, 2024. 125 c. : win. bubnuorp.: ¢. 120—123. Pexxum nocryna: https:/
elib.bsu.by/handle/123456789/320041. 3arn. ¢ 3xpana. [en. B BI'Y 07.10.2024, Ne 013807102024,

B npezncraBneHHOM Kypce JIEKIi paccMaTpHBaIOTCsl OCHOBHBIE OOIIUE MPaBUIIa, 0a30BbIC MPUHIIUITBI K 0CO-
OEHHOCTH MEXaHWKO-MaTEeMaTHIeCKOTO MOJIEIMPOBAHUSL, TIOCTPOSHHS TPAHUYHO-KPAEBbIX 3a/1a4 T€OMEXaHUKH.
B kauecTBe npuMepOB pacCMaTPUBAIOTCS 3a/1a4H II036MHOM T'€OMEXaHUKH (MEXaHUKH TOPHBIX IIOPOJ M MACCH-
BoB). [IpezcTaBneHHbII MaTepra MOXKET UCIOIB30BaThCS IPH YTEHUU TAKUX AUCLUIUIMH, KaKk «MareMaruueckue
MOJIEIIN MEXaHUKH 1e()OPMHUPOBAHHOTO TBEPAOTO Tela M OCHOBBI MEXaHUKHU Pa3pyILeHus», « MexaHuko-Marema-
TUYECKHE MOZIETT COBPEMEHHOI reOMEXaHNKN», « MeXaHHKa ChIITyYnX U TUCKPETHBIX cpey, «KommbroTepHoe
MOJIETTMPOBaHUE B 33a4ax MOI3eMHON THIPOMEXaHUKNY, «HICTIeHHbIE METO/IBI B 331a4aX T€OrHIPOMEXaHUKIY,
«KomrmproTepHast Mexanuka» u p. Marepua JaHHOTO Kypca JIEKIIMN MTPECTaBISIET MHTEPEC /IS CTIIEIHAINCTOB
B 00JIaCTH TEOPETUUECKON U MPUKIAJHONW MEXaHUKH, MaTEMaTHYe€CKOr0 U KOMIIBIOTEPHOTO MOJEJINPOBAHNS,
YHCJICHHBIX METOZOB U MOXET OBITh PEKOMEHJOBAH IINPOKOMY KPYI'y YHMTaTelel, HHTEPECYIOUMXCS pHMe-
HEHHEM COBPEMEHHBIX METOA0B MaTEeMaTHYE€CKOTO MOJIEJIMPOBAHNUS B IPUKJIAJAHBIX HAyKaX.

VIIK 514(075.8)(076.2)

Kapresuu O. H. MeTonbl penieHusI 3a1a4 10 TeOMeTPUH [ DJICKTPOHHBIN pecypc] : AEKTPOH. y4ed.-MeTo/I.
KoMIuteke s crerl. 6-05-0533-06 «Maremaruka» / O. H. Kapuesuu, JI. JI. Tyxonko ; BI'Y. DnekrpoH. Tek-
ctoBble qad. Musnck : BI'Y, 2024. 59 c. : un. bubnuorp.: ¢. 58-59. Pexxum noctyna: https://elib.bsu.by/handle/
123456789/320243. 3arn. ¢ skpana. Jlem. B BI'Y 09.10.2024, Ne 014009102024.

DnexTpoHHbBIN yueOHO-MeTonndeckuii komruieke (QYMK) mo y4yeOHoii aucuuruimae «MeTobl pereHus
3a/1a4 [0 TEOMETPUN» MPEAHAZHAYECH IJIsl CTYIEHTOB crienuanbHocTu 6-05-0533-06 «Marematukay. B OYMK
COJIEPIKaTCs MaTepUabl JCKIMOHHBIX M MPAKTUYCCKUX 3aHATUN, BOMPOCHI K 3aUeTy, TPUMEPHBIC 3aaHUsI 15
KOHTPOJILHOM paboThI, CIIUCOK PEKOMEH]IyEeMOH JINTEPaTyphl.

VIIK 004.42(075.8)
Paconvro I A. IIpakTHKYM 10 NPOrPaMMHPOBAHUIO [ DICKTPOHHBINA pecypc] : dJMEKTPOH. y4aeb.-METOI.
Komruteke s crer. 6-05-0533-06 «Martemaruka» / I. A. Paconsko, E. B. Kpemens, 10. A. Kpemens ; BI'V.
DJeKTpoH. TeKcToBBIE MaH. MuHCK : BI'Y, 2024. 276 c. : wi., Tabn. bubnuorp.: ¢. 274. Pexxum noctyna: https://
elib.bsu.by/handle/123456789/320756. 3arn. ¢ sxpana. Jlen. B bI'Y 22.10.2024, Ne 015322102024.
DNeKTpOoHHBIN yueOHO-MeTonndeckuii komiuieke (DYMK) o yuebHol nuciuruinae «IIpakTukym 1o mpo-
rpaMMHUPOBAHUIO» TPEAHA3HAYeH JJIsl CTyACHTOB crernuanbHocT 6-05-0533-06 «Marematuka». DYMK co-
JIEPKUT TEKCTHI JICKIHIA, TUTaHBI JTa00OPATOPHBIX 3aHSATHIA, IEpeUueHbh KOHTPOIBHBIX BOIIPOCOB, TECTHI, CIIUCKU
PEKOMEH/I0BAHHOM JINTEPATYPBHI.

VIAK 514(075.8)

Kononos C. I TeomeTpusi [ D1eKTpOHHBIN pecypc] : 37IeKTpoH. yue0.-MeTo1. KoMIuieke i crnel. 6-05-0533-07
«Maremaruka 1 KOMIIbIOTEPHbIE HayKu», poduimnsauus «Maremaruka»» / C. I. Kononos ; BI'Y. DaexrpoH.
TekcToBbIe aH. MuHck : BI'Y, 2024. 79 c. : wi., Tabn. bubauorp.: c. 78—79. Pexum noctyna: https://elib.bsu.
by/handle/123456789/320764. 3arn. ¢ skpana. [lemn. B BI'Y 22.10.2024, Ne 015422102024.

DNeKTpOHHBIN yueOHO-MeTonnuecknii komruieke (DYMK) mo yuebHoM mucnumuinHe «l eoMeTpus pas-
padoTaH B COOTBETCTBUH C 00pa30BaTeIbHBIM CTAHIAPTOM IIE€PBOM CTYIIEHM BhICIIET0 00pa3oBaHUs AJIS CIie-
muanbHocTH 6-05-0533-07 «Maremarika 1 KOMIBIOTEpHBIE HayKn» (mpodunnzanus «Maremarukay). 9YMK
MpeAHa3HadeH U1 UH(POPMAIIOHHO-METOIMUYECKOr0 00eCIIeueH s PENoJaBaHusl AUCIMIUTMHBI «] eoMeTpHs»
JUTSL CTyACHTOB AaHHOU crnernanbHocTu. B OYMK comepskarcs kpaTkuii KOHCIIEKT JICKITUH, ITepeueHb 1adopa-
TOPHBIX 3aHATHI ¢ MaTepraiaMu JJs paboThl B ayTUTOPUN U I0Ma, MaTepHalIbl IS YIIPaBIsAeMOi CaMOCTOs-
TEeJIbHON paboThl (BapUaHThl KOHTPOJIBHBIX PA0OT, IPUMEPHBIE BAPUAHTHI TECTOB 110 AUCLHUILIMHE, MaT€PHUAIbI
JUIS1 ’HIMBUIYaJIbHBIX 3aJaHUH ), IPUMEPHBIN CIIMCOK SK3aMEHALIMOHHBIX BOIIPOCOB, CIIMCOK PEKOMEHAOBAHHON
JUTEpaTyphl.

VIIK 004.42:004.738.5(075.8)

bapesernos C. A. Bed-nmporpaMmmupoBaHue [ DJIEKTPOHHBIN pecypc] : AEKTPOH. y4e0.-MeTO/I. KOMILICKC JJIs CIIell.
6-05-0533-07 «MaremaTuka u komnbtorepHsie Hayku» / C. A. bapeenos, B. C. Pomanuuk ; BI'Y. DnexrpoH.
TekcToBbIe JaH. MuHck : BI'Y, 2024. 160 c. : un., Tabn. bubmuorp.: ¢. 160. Pexxum nocryma: https://elib.bsu.
by/handle/123456789/321284. 3aru. ¢ akpana. [len. B BI'Y 04.11.2024, Ne 016304112024,
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OnekTpoHHBIH yueOHO-MeToquueckuid komruieke (DYMK) no yueOHoii auciumiune «Beb-nporpamMmu-
pOBaHUe» MPEAHA3HAYCH TSI CTYACHTOB crieranbHoCcTH 6-05-0533-07 «MaremaTtrka 1 KOMITbIOTEPHBIC HAYKNY.
OVYMK conepKHT TeKCTHI JIEKLUH, IIaHbI JIA00OPATOPHBIX 3aHITUH, TIEPEYCHb KOHTPOJILHBIX BOIIPOCOB, TECTHI,
CIHMCKU PEKOMEHIOBAaHHOM JIUTEPATyPHI.

VAK 519.6(075.8)

THosuax FO. B. BBeieHue B KOMIIbIOTEPHbIE MATEeMATHYeCKHE CHCTeMbI [ DJIEKTPOHHBINA pecypc]| : SIEKTPOH.
yueb.-MeToJl. KoMmIuieke i crel. 6-05-0533-07 «Maremarnka U KOMIBIOTEPHBIC HAyKH», MPO(UIN3aLNH:
«Beb-nporpaMMupoBaHie ¥ UHTEPHET-TEXHOJIOTUNY, «MaremMaTHuecKkoe U IporpaMMHOE oOecredeHne Mo-
OounbHbIX yerpoiict» / HO. B. [o3usak ; BI'Y. Dnekrpon. TekcToBeie qan. Munck : BI'Y, 2024. 128 c. : Tabmn.
bubmmorp.: c¢. 127-128. Pexxum noctyma: https://elib.bsu.by/handle/123456789/321334. 3arn. ¢ skpana. Jler.
B BI'Y 06.11.2024, Ne 016506112024.

OneKTpoHHBIH yueOHO-MeTonnueckuit kommieke (3YMK) o yueOnoit nuciuminune « BBenenne B KOMIIbIO-
TEpHBIC MaTeMaTHYCCKHE CUCTEMBI» pa3paboTaH B COOTBETCTBUH ¢ 00pa30BaTEIbHBIM CTaHAaPTOM TIEPBOH CTY-
TICHH BBICIIIETO 00pa3oBaHus st crieruaibHocTh 6-05-0533-07 « Maremaruka 1 KOMITbIOTEpHBIC HayKi». DY MK
npeAHa3HadeH sl UHPOPMALMOHHO-METOANYECKOro 00ecieueHHs penoiaBaHus AMCIMIUIMHEL «BBenenune
B KOMIIBIOTEPHBIC MATEMAaTUUYECKUE CUCTEMBI» JIJIs1 CTYAEHTOB JaHHOM criennansHocTH. B OYMK conepikarcs
Marepuabl A1l OpraHU3alny JIEKIUOHHBIX 3aHATHI, IepeueHb J1a00paTOPHBIX 3aHATUN ¢ MaTepruanaMu AJis
paboThI, 3aIaHUSI TI0 YIIPABISIEMOH CaMOCTOSTEIIBHON padoTe.

VIK 514.12(075.8)

Kononos C. I’ AnanuTudeckasi reoMmeTpusi [ DIEKTPOHHBIN pecypc] : 3JeKTPOH. yue0.-MeTOo. KOMIUIEKC ISt
cretr. 6-05-0533-06 «Maremarukay / C. I. Kononos, B. B. CyBopos ; BI'Y. DiexTpoH. TekcToBbIe 1aH. MHUHCK :
BI'Y, 2024. 78 c. : un., Tabm. bubmuorp.: ¢. 77-78. Pexxum noctyma: https://elib.bsu.by/handle/123456789/321407.
3arn. ¢ skpana. Jlem. B BI'Y 12.11.2024, Ne 016612112024.

OnexTpoHHbIN yueOHo-MeToanuecknuit komrieke (Y MK) o yuebHoil aucuumninnne «AHamuTHYeCcKas reo-
METpHs» pa3padoTaH B COOTBETCTBUH ¢ 00pa30BaTeIbHBIM CTAHAAPTOM IIEPBOI CTYIICHH BBICIIEr0 00pa3oBaHus
s cnenmanbHocTH 6-05-0533-06 «Maremarukay. DY MK npennasnaues 11t HHGOPMAIIMOHHO-METOANYECKOTO
o0ecrieueHusl NPenoiaBaHus TUCUUIUINHBI « AHAJIMUTHUECKAs! TEOMETPUS) sl CTYACHTOB JaHHOM CIIeLUalIb-
HocTH. B DYMK comepxarcst KpaTKuii KOHCIIEKT JICKITHH, TIepeUeHb JTa00paTOPHBIX 3aHATHH ¢ MaTepruaiaMu
JUTs paOoThI B ayINTOPUH M IOMA, MaTepraiIbl IS YIIPaBIIEMON CaMOCTOSTENbHON padOThI (BapHaHThI KOHT-
POJIBHBIX PaboT, MpUMEpPHbIE BAPHAHTHI TECTOB MO AUCUUIUIMHE, MaTepUaIbl Il UHAUBUAYAIbHBIX 3a/1aHUH),
MIPUMEPHBIN CIHCOK 3K3aMEHAIIMOHHBIX BOIPOCOB, CITUCOK PEKOMEHIOBAHHOM JTUTEpaTyphl.

VIK 51(075.8)

Kononos C. I’ BBenenune B cienMaJbHOCTh [ DJIEKTPOHHBIA pecypc] : AMEKTPOH. yae0.-MeTO . KOMIUICKC IS
crern. 6-05-0533-06 «Maremaruxa»» / C. I. Kononos, I. O. Kykpak, B. H. Kynuna ; BI'Y. Dnextpon. Tek-
ctoBbie jaH. MuHck : BI'Y, 2024. 126 c. : wi., Tabn. bubmuorp.: ¢. 126. Pexxum noctyna: https://elib.bsu.by/
handle/123456789/321675. 3arun. ¢ akpana. [en. B BI'Y 14.11.2024, Ne 016714112024,

DneKkTpoHHBIH yueOHOo-MeToandeckuii koMruieke (OYMK) no yuebHoii mucnmiuimHe « BBeeHue B cienualib-
HOCTB» pa3paboTaH B COOTBETCTBUH C 00pa30BaTEIBHBIM CTAHIAPTOM ITEPBOU CTYTIEHHU BBICIIIEr0 00pa30BaHuUs
Ut criernanbHocTH 6-05-0533-06 «Maremarukay. Y MK npennasnadeH 11t HHOOPMAITHOHHO-METOIUICCKOTO
oOecrnieueHms TpenoJaBaHus TUCIUILTHHBI « BBeZIeHNE B CIICIIUAIBHOCTEY JUIS CTYACHTOB JTAHHOW CIIEIIHAITb-
HoctH. B OYMK copeprkarcst KpaTKuii KOHCTIEKT JIEKIIHH, MaTepHuajbl A YIPaBIsIeMO CaMOCTOSITeTbHON
paboThI (BapHaHTHI TeCTa, IPUMEPHBIN CIIMCOK BOMPOCOB K 3a4€Ty), CIMCOK PEKOMEHAOBAaHHOM JIUTEPATyPHI.

VIIK 519.67(075.8)
Komnsrorepnas matemarnka. UucinoBoii maketr MATLAB [DnekTpoHHBIH pecypc] : 27IeKTPOH. yued.-MeTo.
KoMIUIeKe s crell. 6-05-0533-06 «Maremaruka»» / J1. JI. Tomy6esa, O. A. JlaBposa, A. D. Maneswy, H. JI. ler-
noBa ; BI'Y. DnexTpon. TekctoBbie nan. Munck : BI'Y, 2024. 80 c. : wi. bubnuorp.: c. 78—80. Pexxum goctyma:
https://elib.bsu.by/handle/123456789/321683. 3arn. ¢ skpana. Jlen. B BI'Y 14.11.2024, Ne 016814112024.
ONeKTpOHHBIN yueOHo-MeTomuueckuil komruieke (QYMK) no yueOHo# nuctmmumae « KommbroTepHast Mare-
MaTHKa» MpeJHa3HaYeH AJIs CTYAEHTOB criequanbHocT 6-05-0533-06 «Maremarukay. 9YMK coaepkut TekcTh
JIEKITUH, TITIaHBI TA00PaTOPHBIX 3aHATHIA, TEPEIeHb KOHTPOIBHBIX BOIIPOCOB, TECTHI, CIUCKH PEKOMEH/I0BAaHHOM
JIATEPATYPHI.
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VIK 519.67(075.8)
Komnblotepuasi matremaTuka. CumBosibHbI akeT MATHEMATICA [DnexkTpoHHBINA pecypc] : AIeKTPOH.
yue0.-MeTo1. KoMIuieke st cretl. 6-05-0533-06 «Maremaruka»» / J1. JI. Tony0esa, O. A. JlaBposa, A. D. Maie-
B4, H. JI. lllernoga ; BI'Y. Dnekrpon. TekcToBbie mad. Munck : BI'Y, 2024. 263 c. : un., Tabn. bubmuorp.:
c. 260-263. Pexum gocryna: https://elib.bsu.by/handle/123456789/322005. 3ari. ¢ skpana. Jlen. 8 BI'Y
18.11.2024, Ne 017118112024.

OneKkTpoHHBIN yaeOHo-MeToauueckuii komruieke (OYMK) nmo yueOnol auctmminae « KommbprorepHas mare-
MaTHKay» peaHa3HaueH IS CTYACHTOB crerranbHocTh 6-05-0533-06 «Maremarukay. OYMK comep:KuT TEKCTHI
JICKIMH, IIJIaHbI JTA0OPATOPHBIX 3aHITHH, IEPEeUYeHb KOHTPOJIBHBIX BOIIPOCOB, TECThI, CIIMCKH PEKOMEHIOBAHHOM

JUTEpaTyphbl.



COJEPKAHUE

BELECTBEHHBII, KOMIJIEKCHBIN
1 ®YHKIIMOHAJBHBII AHAJIN3

Cmaposotimos A. 11., Kpyenukos U. B., Ocuay T. M. PanimoHanbHBIC alIPOKCUMAIINH CTCTICHHBIX,
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