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БГУ – столетняя история успеха

An optimal schedule for example 2 is determined by the following strict mixed graph colouring c G< ( ): 
c v< ( ) =1 2, c v< ( ) =2 4, c v< ( ) =4 1, c v<( ) =6 3, c v< ( ) =7 4, c v< ( ) =8 5, c v< ( ) =9 1, c v< ( ) =10 3, c v< ( ) =11 4, 
c v< ( ) =12 5, c v< ( ) =13 1, c v< ( ) =14 4, c v< ( ) =15 5. This strict colouring c G< ( ) is optimal, i. e., χ< ( ) =G 5, due to 
the existence of a job J2 ∈  J with five operations V v v v v v2

4 5 6 7 8
( ) = { }, , , ,  implying the following non-strict 

inequality: χ< ( ) ≥G 5.

It is important to highlight that there exists a general shop-scheduling problem G t Ci =1 max which cannot be 
represented as the optimal strict colouring c G< ( ) of a mixed graph G V A E= ( ), , . This shortage of a strict mixed 
graph colouring to represent a general shop-scheduling problem occurs since the strict inequality c v c vi j< <( ) < ( ) 
must hold for each arc v v Ai j,( ) ∈  in the colouring c G< ( ), and therefore, a strict mixed graph colouring cannot 
define a precedence relation vi → vj on the operations vi and vj belonging to different jobs in the set  J.

Remark 2. There are general shop-scheduling problems G t Ci =1 max, which cannot be represented as opti-
mal strict colourings c G< ( ) of the suitable mixed graphs G V A E= ( ), , .

In the following section, we introduce a new class of the scheduling problems that is more general than the 
classes of the problems G t Ci =1 max and J t Ci =1 max considered in this section. Based on the newly introduced 
class of the scheduling problems, we prove that an optimal colouring c G( ) of any colourable mixed graph 
G V A E= ( ), ,  is equivalent to an appropriate optimal unit-time minimum-length scheduling problem, and vice 
versa. 

Unit-time scheduling partially ordered multi-processor tasks
Contrary to the scheduling problems studied in the previous section, where each operation has to be processed 

on a single machine, in the scheduling system with multi-processor tasks (MPT), a task may require either one pro-
cessor (machine) or several processors during the complete period of processing the task [29; 33–36]. As usual, 
two tasks (operations) requiring at least one common processor (machine) cannot be processed simultaneously.

Chapter  10 of the book [29,  p.  264 –283] studies a  general shop minimum-length scheduling prob-
lem GMPT t Ci =1 max along with other scheduling problems MPT b g  with multi-processor tasks [33–36]. 
The symbol G in the field a of the three-field notation GMPT t Ci =1 max specifies a task system with arbi-
trary precedence constraints given on the set V v v vn= …{ }1 2, , ,  of the multi-processor tasks. In the problem 
GMPT t Ci =1 max, it is needed to construct an optimal schedule for processing partially ordered multi-proces-
sor tasks V v v vn= …{ }1 2, , ,  on the dedicated processors M M M M M= …{ }1 2, , , . The general shop-schedu­
ling problem G t Ci =1 max is a  special case of the problem GMPT t Ci =1 max since the processing of task 
vi ∈ V requires a  single processor for the problem G t Ci =1 max. In  the general shop-scheduling problem 
GMPT t Ci =1 max, a task vi ∈ V  may be regarded as a job  Ji including either one operation (task) vi ∈ V or more 
than one operation (several tasks from the set V  ). Let a simple job mean a job consisting only of one operation (task). 

Fig. 2. Mixed graph G V A E= ( ), ,  determining example 2  
of the problem J t Ci =1 max  with four jobs and six machines,  

the optimal strict mixed graph colouring c G< ( )  being equivalent to example 2


