
64

Журнал Белорусского государственного университета. Математика. Информатика. 2024;3:62–72
Journal of the Belarusian State University. Mathematics and Informatics. 2024;3:62–72 

In our opinion, an alternative approach taking into account above mentioned issues could be an approach based 
on splitting the stress-strain state of the beam into a static deformed state and the dynamic state corresponding 
to the beam vibrations near the deformed static position. This approach has been utilised by K. F. Wang and his 
colleagues [8] to study large amplitude free vibrations of electrically actuated clamped-clamped nano-beams. 
In the mentioned paper, the nonlinear dynamic response of the nano-beam under the Casimir forces was ana-
lysed considering various complicating factors, such as surface energy and temperature changes. The authors 
show that the effect of the initial nonlinear static deformation on the fundamental frequency is significant and it 
increases together with the applied voltage. However, solutions to the nonlinear dynamics equations were found in 
the form of harmonic functions, which is more consistent with linear oscillations of a mechanical system. It also 
seems doubtful to ignore the vdW forces when displacements of the beam become very large and comparable 
to the gap value. A simpler version of this approach is based on the linearisation of the beam dynamic state in 
the vicinity of the deformed static position. Of course, this simplification does not allow predicting large amp
litude vibrations, but it turns to be very effective for analysing small vibrations near the initially deformed 
pre-buckling position. Such approach has been applied by L. Xu and his colleagues [9; 10] to investigate the 
effect of the vdW forces on small oscillations of a micro-cantilever, at that the electrostatic and Casimir forces 
were not considered by the authors, and the static deflection caused by the vdW forces has been determined 
approximately with a large error (see, for example, equation (13) in [9]). 

Taking into account the above critical remarks, we aim in this study to reconsider the approach based on 
splitting the nonlinear dynamic equation into the static and dynamic ones and give a simple methodology 
which, in contrast to the mentioned papers, allows more correct predicting the initial static deformed state, which 
strongly affects the eigenmodes of free vibrations. The novelty of our study lies in the implementation of 
the approach [3; 4] verified by outcomes of the atomistic simulation [11], which relies on approximations 
of the lateral forces acting on a beam by linear or parabolic functions and permits to correctly predict the static 
deviation of the micro-cantilever via correct choosing the type of intermolecular forces. Such approach results 
in a boundary-value problem for a differential equation with correctly found variable coefficients governing 
small vibrations of the deformed beam, which is readily integrated by using any numerical method, for example, 
the Runge – Kutta one. In contrast to many contributions, the results of numerical computations given in the 
present study are invariant with respect to the geometrical and physical parameters of the micro-mechanical 
systems, and can be used for the wide range of their variation. 

Mathematical model
Consider a micro-switch which consists of a fixed electrode and a micro-cantilever of length L, width b 

and thickness h separated by a dielectric spacer with an initial gap g, as shown in fig. 1. The beam material is 
assumed to be elastic with Young’s modulus E and density ρ. 

Let W x t,� � be a transverse displacement of the cantilever, where x is a coordinate of a point at the midline, 
and t is time. In general, the displacement W can be forced by the inertia forces and different external forces 
such as the distributed electrostatic force Fe, generated by a voltage V applied to the fixed electrode, and the 
intermolecular force Fm, where m = 3 and m = 4 correspond to the vdW and Casimir forces, respectively. Ap-
plied voltage or (and) intermolecular forces result in the deflection of the beam towards the electrode. At a criti
cal voltage value V ∗, called the pull-in voltage, or at a very small initial gap g ∗, the phenomenon of the pull-in 
instability of the micro-switch occurs, which consists in the retraction of the cantilever onto the stationary elec-
trode. We assume here that V < V ∗, and  g > g ∗ so that all forces acting on the micro-cantilever result in a static 
deviation W x gs � � �  without the pull-in instability effect. The problem is to study small free vibrations of the 
micro-cantilever with an amplitude W x ts ,� � in the neighbourhood of its initial stationary deflection Ws taking 
into account both the electrostatic and intermolecular forces. 

Fig. 1. Schematic configuration of a micro-switch (a)  
and vibration mode Wd of a cantilever near the static deviation Ws (b)


