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for the micro-cantilever subjected to the vdW and Casimir forces, respectively.
Under the applied voltage  V, β  >  0, and equation  (15) together with (16) or  (18) give the relationship 

� �� � �uT . Then the condition d
duT
�
� 0 allows finding the critical value β∗ corresponding to the pull-in vol

tage VPI, which is defined as 
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In what follows, we assume that for the freestanding beam, inequalities  (19), (20) hold simultaneously, 
and in the case of applied voltage V, we set the additional inequality V < VPI, where VPI is evaluated by (21). 
If these conditions are satisfied, then the micro-cantilever just deviates from its initial position toward the fixed 
electrode by the value u s uT� � � �  for any s�� �0 1,  and does not fall onto it. Figure 2 displays the dimensionless 
pre-buckling tip displacement uT of the micro-cantilever for different values of the vdW parameter α3 calcula
ted on the base of LDL model. Here, the critical value �3 1 004� � . , while for the QDL model �3 1 139� � . .

We study free small vibrations of the micro-cantilever near the deformed static position, which are go
verned by equation (9) with the boundary conditions (11). Seeking a solution in the form w s t y s ei, ,� � � � � ��  
where i � �1 is the imaginary unit, and ω is a natural frequency, and inserting it into (9), (11), we arrive at 
the boundary-value problem
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where λ = ω2 is a required eigenvalue, and u s� � is the initial static deviation found above. 

Free vibrations of freestanding micro-cantilever
First, we consider equation (22) for the case when β = 0 and m = 3:
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It is obvious that equation (24), as well as equation (22) for the general case, do not admit an exact solution 
due the variable coefficients depending on u s� �. However, they can be readily integrated numerically and by 

Fig. 2. Tip deflection uT of a freestanding micro-cantilever versus  
the parameter α3 calculated on the base of the LDL model


