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Numerical solution. Equation (24) with the boundary conditions (23) can be solved numerically. We re-
write it in the form of a system of differential equations 
	 � � � �Y C Ys; ,� T 	 (30)
where Y � � �y y y y1 2 3 4, , ,  is the four-component vector with y y y y y y y y1 2 1 3 2 4 3� � � � � � �, , ,  the icon T means 
transpose, and C is the 4 4�� �-matrix introduced as 
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The corresponding boundary conditions read 
	 y y y y1 2 3 40 0 0 1 1 0� � � � � � � � � � � �, . 	 (31)

We consider the following independent Cauchy problems for equation (30): 
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0
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0

0 0 1 0, , , .	 (32)

These problems are to be solved simultaneously using, for example, the Runge – Kutta method. Let Y 1
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2� � � � � � � � � �� � �y y y y, , ,  be solutions of the problems (30), (32)1 and (30), (32)2, 

respectively. Composing the function Y Y Y� �� � � �c c1

1
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2  and substituting it into conditions (31)2 at point s = 1, 
we arrive at the homogeneous algebraic equations with respect to unknown constants c1, c2:
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The condition for the existence of a nontrivial solution to equations (33) leads to the equation
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with respect to the required parameter λ. 

Numerical integration of the above Cauchy problems for equation (30) was performed using the NDSolve-
function in the Wolfram code with intermediate vector orthonormalisation. At each integration step, the ele-
ments of the vectors Y Y1 2� � � �

,  were determined with accuracy up to six decimal places, while equation (34) 
was solved with accuracy up to three decimal places. Figure 4 demonstrates the behaviour of the first positive 
eigenvalue λ of the boundary-value problem (23), (24) versus the vdW parameter α3, established both by the 
numerical integration (dotted line) and using the asymptotic approach (red circles) within the LDL model. 
Firstly, we note the satisfactory agreement of the results obtained by the two methods, a slight divergence 
being observed beginning only from α3 = 0.5, which increases and reaches the value not exceeding 2 % for 
α3 = 0.7. This divergence is due to an error of the asymptotic approach, which increases together with the static 
tip deviation � � � �u 1 . Secondly, fig. 4 shows that the lowest natural frequency of the freestanding cantilever 
decreases along with the gap g between the electrodes. 

Fig. 3. The first four eigenvalues λ0n (a)  
and the corresponding corrections λ1n versus the vdW parameter α3


