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Effect of electrostatic forces  
on free vibrations of micro-cantilever

Now, returning to equation (22), we will study the influence of the electrostatic forces on the natural fre-
quencies considering the forces of intermolecular interaction. The lateral forces acting on the cantilever from 
the fixed electrode will be approximated by both the linear and quadratic functions (13) in the framework of the 
LDL and QDL models. Calculations of the first positive eigenvalue for the boundary-value problem (22), (23) 
will be done using the numerical procedure developed above with
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assumed in the matrix C, where m = 3 and m = 4 for the vdW and Casimir forces, respectively. 
In fig. 5, the first positive dimensionless parameters λ are plotted as functions of the vdW parameter α3 

at γ = 1 for different values of the voltage parameter β in the framework of the LDL (see fig. 5, a) and QDL 
models (see fig. 5, b). Curves marked with numbers 1, 2, 3, 4 correspond to the values β = 0, 0.15, 0.3, 1.0, re
spectively. The calculations were carried out only for β < β∗ and at the interval 0
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critical values corresponding to pull-in instability of the cantilever, the higher the voltage β being, the shorter  
the interval of variation of the parameter α3. When α3 or β reaches its critical value, the mobile cantilever col-
lapses onto the substrate [10]. It is seen that for fixed values of the parameter α3, the QDL model gives higher 
values of the eigenfrequency then the LDL model. The divergence in results is slight for small α3, however it 
increases together with α3. It is also seen that for any values of β the natural frequencies decrease as the vdW 
parameter α3 increases, this decrease becoming dramatic as α3 approaching �
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Figure 6 shows the results of calculations similar to those given above, but demonstrating λ versus the Ca
simir parameter α4. It is seen that behaviour of all curves are the same as in fig. 5.

Fig. 4. The first positive eigenvalue λ of the boundary-value problem (23), (24) 
versus the vdW parameter α3 defined using the numerical and asymptotic methods

Fig. 5. The first positive eigenvalue λ versus the vdW parameter α3 for different values  
of the voltage parameter β calculated in the framework of the LDL (a) and QDL (b) models:  

β = 0 (1), β = 0.15 (2), β = 0.3 (3), β = 1.0 (4 )


