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В КЛАССЕ ττ-ЗАМКНУТЫХ σσ-ЛОКАЛЬНЫХ ФОРМАЦИЙ
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Аннотация. Изучаются минимальные τ-замкнутые σ-локальные формации конечных групп, где σ – некото-
рое разбиение множества всех простых чисел , τ – произвольный подгрупповой функтор. Получено описание 
минимальных τ-замкнутых σ-локальных не H-формаций для произвольной σ-локальной формации классическо-
го типа, т. е. такой σ-локальной формации, которая имеет σ-локальное определение, все неабелевы значения ко
торого являются σ-локальными формациями. Тем самым решена задача об описании критических формаций 
в классе τ-замкнутых σ-локальных формаций, предложенная Л. А. Шеметковым (1980).
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ON SHEMETKOV’S PROBLEM  
OF DESCRIBING CRITICAL FORMATIONS  

IN THE CLASS OF ττ-CLOSED σσ-LOCAL FORMATIONS
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Abstract. The critical τ-closed σ-local formations of finite groups are studied, where σ is some partition of the set of 
all primes , τ is an arbitrary subgroup functor. A description of minimal τ-closed σ-local non-H-formations is obtained 
for an arbitrary σ-local formation of classical type, i. e. a σ-local formation that has a σ-local definition all of whose 
non-Abelian values are σ-local formations. Thus, the problem of describing critical formations in the class of τ-closed 
σ-local formations proposed by L. A. Shemetkov (1980) is solved.
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formation; formation of classical type.
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Introduction
The problem of studying critical formations was posed by L. A. Shemetkov [1] at the 6th All-Union sym-

posium on group theory. In the theory of local formations, a minimal local non-H-formation [1] or Hl-critical 
formation [2] is defined as a local formation F H⊆ , all proper local subformations of which are contained 
in the class of groups H. The solution to L. A. Shemetkov’s problem for local formations was obtained by 
A. N. Skiba in a series of works from 1980 –1993 and culminated in the construction of the theory of critical 
local formations. The most general result was the description of minimal local non-H-formations for the case 
when H is an arbitrary formation of classical type [3], i. e. a formation that has a local screen all of whose non- 
Abelian values are local. The theory of τ-closed σ-local formations was constructed by A. N. Skiba in the mo
nograph [4]. Results on critical formations were widely used in studying the internal structure and classifica-
tion of local and τ-closed local formations, as well as in studying their irreducible factorisations [4; 5].

The development of the theory of σ-local formations has led to the necessity of studying and classifying 
critical σ-local and functor-closed or, in other words, τ-closed σ-local formations, where τ is a subgroup func-
tor in the sense of A. N. Skiba [4]. In this context, following [1; 2], a minimal τ-closed σ-local non-H-for­
mation or H�

�-critical formation is defined as a τ-closed σ-local formation F H⊆ , all proper τ-closed σ-local 
subformations of which are contained in the class of groups H. It should be noted that L. A. Shemetkov’s 
problem of classifying critical formations in the class of σ-local formations was solved in the works [6; 7] for 
an arbitrary σ-local formation H of classical type. Here, a formation H is called [7] a σ-local formation of clas­
sical type if it has a σ-local definition all of whose non-Abelian values are σ-local.

The study of H�
�-critical formations was initiated by the authors in the work [8], where a criterion for mini

mal τ-closed σ-local non-H-formations was proved, and a description of such formations was given for a num-
ber of σ-local formations of classical type, in particular, for formations of all σ-nilpotent and all σ-soluble 
groups.

The main result of this paper is the following theorem, which provides a solution to the aforementioned 
problem of L. A. Shemetkov in the class of τ-closed σ-local formations.

Theorem 1. Let H be a σ-local formation of classical type and h be its canonical σ-local definition. Then F 
is a minimal τ-closed σ-local non-H-formation if and only if F � l G�

�
form , where G is a monolithic τ-minimal 

non-H-group with monolith P G= H, and one of the following conditions holds:
1) G = P is a simple σi-group such that � �i� � �H  and � G G� � � � �1, ;
2) P is a non-σ-primary group and G is a τ-minimal non-h i�� �-group with P Gh i� � ��  for all � �i P� � �;
3) G P K=  , where P C PG� � � is a p-group, p i�� , and K is either a monolithic τ-minimal non-h i�� �- 

group with monolith Q K Kh i� � � �( )� � , where � �i Q� � �, or a minimal non-h i�� �-group of one of the follo­
wing types:

a) the quaternion group of order 8, if 2��i;
b) an extraspecial group of order q3 of prime odd exponent q i�� ;
c) a cyclic q-group, q i�� .
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Notations and definitions
The main definitions, notations of the theory of σ-properties of groups and general properties of σ-local 

formations are presented in the works [9 –16].
Let � �� �� �i i I|  be some partition of the set of all primes , i. e. � �� �� �i i I| , where  =

i I i�
�  and 

� �i j� � � for all i j≠ , G be a group, F be a class of groups. Then � � � �G Gi i� � � � � � � �� �| ; � �F F� � � � � ��G G .
� �F F� � � � � ��G G .

A group G is called [9]: σ-primary, if G is a σi-group for some i; σ-nilpotent, if G G Gt� � �1   for some 
σ-primary groups G Gt1, , ;  σ-soluble, if G = 1 or G ≠ 1 and every chief factor of G is σ-primary.

By Sσ, Nσ, Gσi
 and (1) we denote the classes of all σ-soluble, σ-nilpotent, σi-groups and identity groups, 

respectively.
Let F be a non-empty formation. Then for any group G the symbol GF denotes the F-residual of the group G,  

i. e. the smallest normal subgroup of G such that the quotient group belongs to the formation F. If F and H are 
formations, then their product FH is defined as follows: FH FH� �� �G G| .

The symbol O G
i i� �� � �,  denotes the G G� ��� �i i

-radical of the group G (the largest normal G G� ��� �i i
-subgroup 

of the group G), i. e. O G G
i i i i
� � � ��

� � �
�, .G G

A function  f  of the form f : ��� �formations of  groups  is called [10] a formation σ-function. For every 
formation σ-function f the class LF f� � � is defined as follows: 

LF f G G G G O G f G
i i i i� � � � � �� � � � � � �� � � � � �� ��

| ,1 1 / .or and for all

If for some formation σ-function f we have F = ,LF f� � �  then it is said that the formation F is σ-local, and  f  
is a σ-local definition of F.

Suppose that to each group G a certain system of its subgroups � G� � is assigned. Then τ is called a subgroup 
functor [4, p. 16], if G G� � ��  and for any epimorphism � : A B�  and for any groups H A� � ��  and T B� � ��  
we have H B� �� � � and H A� �

�
� � �

1

. A class of groups F is called τ-closed, if � G� � � F for any group G∈F.
A subgroup functor τ is called [4, p. 16]: closed, if for any two groups G and H G� � ��  we have � �H G� � � � �; 

trivial, if for any group G we have � G G� � � � �; identity, if for any group G we have � G� � is the set of all sub-
groups of the group G.

On the set of all subgroup functors, a partial order (≤) is introduced [4, p. 19], assuming that � �1 2�  holds 
if and only if for any group G the inclusion � �1 2G G� � � � � is valid. For any collection of subgroup functors 
�i i I| �� � their intersection � ��

�i I i

 is defined: � �G G
i I i� � � � ��

 for any group G.
Let now τ be an arbitrary subgroup functor, τ be the intersection of all such closed subgroup functors τi, for 

which � �� i. The functor τ is called the closure of the functor τ [4, p. 20].
For any set of groups X the symbol SτX [4, p. 23] denotes the set of all groups H, such that H G� � ��  for 

some group G∈X. It is clear that a class of groups F is τ-closed, if S� F F� � � .

If  f  is a formation σ-function, then by Supp f� � we denote the support of  f, i. e. the set of all σi such that 
f i�� � � �.
A formation σ-function  f  is called: τ-valued, if f i�� � is a τ-closed formation for all �i f� � �Supp ; integra­

ted, if f LF fi� �� � � � � for all i;  full, if f fi ii
� ��� � � � �G  for all i. If  f  is a full integrated formation σ-function 

and F � � �LF f� , then  f  is called the canonical σ-local definition of F. The smallest σ-local definition of F is 
its σ-local definition  f  such that f hi i� �� � � � � for any σ-local definition h of F and all i.

Let H be an arbitrary class of groups. A group G is called [4, p. 38] a τ-minimal non-H-group or a Hτ -cri­
tical group, if G∉H, but every proper τ-subgroup of the group G belongs to the class H.

For an arbitrary set of groups X and any � �i�  the symbol X �i� � [13, p. 962] denotes the class of groups 
defined as follows: X X� � �i G O G G

i i
� � � � � �� ��

/ ,, |  if � �i� � �X , X �i� � � �, if � �i� � �X .
The set of all τ-closed σ-local formations is denoted by l�

�. Formations from l�
� are called l�

�-formations. For 
any set of groups M the symbol l�

�
formM denotes the τ-closed σ-local formation generated by the class of 

groups M, i. e. the intersection of all l�
�-formations containing M. In the case when M �� �G  the formation 

l G�
�
form  is called a one-generated l�

�-formation.
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Let now Fj j J| �� � be some set of τ-closed σ-local formations. Then we set � �� � � �� ���
�

�
�F Fj j J jj J l| .form  

In particular, if H and F are τ-closed σ-local formations, then H F H F� � �� ��
�

�
�l form .

Let F be a τ-closed σ-local formation. The formation F is called an irreducible τ-closed σ-local formation 
or an l�

�-irreducible formation, if F X X� �� � � � �� ��l i Ii I i i�
�

�
�

form | , where Xi i I| �� � is the set of all proper 
τ-closed σ-local subformations of F. If there exist proper τ-closed σ-local subformations X and H of F, such 
that F X H� ��

� , then the formation F is called a reducible τ-closed σ-local  formation or l�
�-reducible  formation.

Auxiliary results
For the proof of the main result of the paper, we will need the following known facts from formation theory.
Lemma 1 [13, lemma 2.1]. Let f and h be formation σ-functions and let � � � �Supp f . Suppose that F � � � � � �LF f LF h� � .

F � � � � � �LF f LF h� � . Then:
(1) � � � �� F ;
(2) F G G G� � �� ��� �� � � �

i i i
f i� �

. Consequently, F is a saturated formation;

(3) if every group in F is σ-soluble, then F S S S� � �� ��� �� � � �
i i i

f i� �

;

(4) if �i�� , then G F G F F� �� �
i i

f hi i� ��� � � � ��� � � ;
(5) F � � �LF F� , where F is the unique formation σ-function such that F Fi ii

� ��� � � � � �G F  for all �i�� 
and F i�� � �� for all �i� �� . Moreover, F fi ii

� ��� � � � ��� �G F  for all i.
Lemma 2 [17, lemma 1.1 (a)]. Let F be a Fitting class and G be a finite group. If N G , then N N GF F� � . 
Lemma 3 [18, lemma 1.2]. Let F be a non-empty formation, K G . Then the following statements hold:
(1) G K G K K/ /� � �F F ;
(2) if G HK= , then H K G KF F= ;
(3) if G HK=  and K G⊆ F, then H K GF F= .
Lemma 4 [16, lemma 22]. Let M � � �LF m� , where m is a formation σ-function such that m i�� � is a τ-clo­

sed formation for all �i m� � �Supp . Then the formation M is τ-closed.
Recall that τformX denotes the τ-closed formation generated by the class of groups X, i. e. the intersection 

of all τ-closed formations containing X.
Lemma 5 [15, theorem 1.1]. Let X be some non-empty set of groups, F X� � � �l LF f�

�
�form , where f is the 

smallest τ-valued σ-local definition of  F. Then the following statements hold:
(1) � �X F� � � � �;
(2)  f i i i� � � � �� � � � �� � � � �� �form formX F  for all i;
(3) if h is an arbitrary τ-valued σ-local definition of F, then for all � �i� � �X  we have f A A h O Ai i i

� � � �� � � � � � � � � �� �form | , .F 1

f A A h O Ai i i
� � � �� � � � � � � � � �� �form | , .F 1

Following [18], we define a partial order (≤) on the set of all formation σ-functions as follows: if  f1 and  f2 
are formation σ-functions, then  f1 ≤  f2, if f fi i1 2� �� � � � � for any � �i� .

The following lemma is a special case of corollary 3.1 from paper [15].
Lemma 6 [15, corollary 3.1]. Let Fj jLF f� � �� , where fj is the smallest τ-valued σ-local definition of the 

formation Fj , j = 1, 2. Then F F1 2⊆  if and only if   f1 ≤  f2.
Lemma 7 [14, lemma 11]. If F � � �LF f�  and G O G f

i i/ � �� �� � ��F  for some � �i G� � � , then G∈F.
A τ-closed formation F is called [4] an irreducible τ-closed formation or a τ-irreducible formation, if F X� �� ���form i I i ,

F X� �� ���form i I i , where Xi i I| �� � is the set of all proper τ-closed subformations of F.
Lemma 8 [4, lemma 2.1.5]. Let A be a monolithic group with monolith R A� � �� . Then the formation 

F � �form A is τ-irreducible and it has a unique maximal τ-closed subformation M X� � ��� ��form A R/ , 
where X is the set of all proper τ-subgroups of  A.

Lemma 9 [7, lemma 2.1]. Let � � �� �. Then the class GΠ of all Π-groups and the class NΠ of all σ-nil­
potent П-groups are σ-local formations and the following statements hold:

(1) G� � � �LF g� , where g is the canonical σ-local definition of the formation GΠ. Here, g i�� � �G�   for all 
�i�� and g i�� � ��  for all �i� �� ;



167Специальный выпуск «Стохастика и анализ данных»
Special issue «Stochastic and Data Science»

Математическая логика, алгебра и теория чисел 
Mathematical Logic, Algebra and Number Theory

(2) N� � � � � � �LF n LF k� � , where n and k, respectively, are the smallest and canonical σ-local definitions 
of the formation NΠ. Here, n i�� � � � �1  for all �i�� and n i�� � ��  for all �i� �� , k i i

� �� � �G  for all �i�� 
and k i�� � ��  for all �i� �� .

Lemma 10 [13, theorem 1.14]. Let M � � �LF m� , where m is integrated, � � � �� M , and let H be a non-emp­
ty formation. Suppose that either (i) H � � �LF h� , where h is integrated, or (ii) G H H�i

�  for all � �i� \�. Then  
MH � � �LF f� , where 

f

m if

h if in case i

if in ca
i

i i

i i

i

�

� �

� � �

� �

� � �
� � �

� � � � �
�

H

H

, ,

, ,

,

�

�

�

\

\ sse ii� �

�

�
�

�
�

.

Lemma 11 [8, theorem 3.1]. Let H � � �LF h� , F � � �LF f� , where h is the canonical σ-local definition of H, 
f is the smallest τ-valued σ-local definition of  F. Then F is a minimal τ-closed σ-local non-H-formation if and 
only if F � l G�

�
form , where G is a monolithic τ-minimal non-H-group with monolith P G= H, such that for all 

� �i P� � � the formation f i�� � is a minimal τ-closed non-h i�� �-formation.
Lemma 12 [5, corollary 7.14]. The set of n-multiply local formations is a subsemigroup in the semigroup 

GG of all formations.
Lemma 13 [5, lemma 18.8]. If a group G has only one minimal normal subgroup and O Gp � � �1 (p is some 

prime), then there exists a faithful irreducible FpG-module, where Fp is the field of  p elements.
Lemma 14 [4, corollary 1.2.23]. Let X be an arbitrary set of groups, M X� � �S� . Then �form formX M� .

The following lemma is a consequence of lemmas 1 and 6.
Lemma 15. Let Fi iLF F� � �� , where Fi is the canonical σ-local definition of Fi , i = 1, 2. Then F F1 2⊆  if and 

only if F F1 2≤ .

Lemma 16 [5, corollary 19.14]. A group is nilpotent if and only if all subformations of the formation it ge­
nerates are hereditary.

Lemma 17 [4, lemma 2.2.4]. A formation F is a minimal τ-closed non-Abelian formation if and only if  F = 
= τ  form  A, where A is a τ-minimal non-Abelian group and one of the following conditions holds: 

1) A is a monolithic group with a non-Frattini monolith R A� �; 
2) A is the quaternion group of order 8; 
3) A is a nilpotent group of class 2 and its exponent is 4; 
4) A is an extraspecial p-group of order p3 and its exponent is p > 2; 
5) A is a nilpotent group of class 2 having a prime odd exponent.
Recall that a group G∈R0X [17, p. 264] if and only if G has normal subgroups N Nt1, ,…  t �� �2  such that 

G Ni/ ∈X and � ��i
t

iN1 1. The set of all homomorphic images of all groups from X is denoted by H X.
Lemma 18 [4, lemma 1.2.22]. For any set of groups X the following equality holds: 

� �form HR SX X� � �0 .

Lemma 19 [5, lemma 8.12]. Let A ∈ s form G, where G is a  finite group. Then the following statements hold: 
(1) the exponent of the group A does not exceed the exponent of the group G; 
(2) every chief factor of the group A is isomorphic to some chief factor of the group G; 
(3) every composition factor of the group A is isomorphic to some composition factor of the group G; 
(4) the class of any nilpotent factor of the group A does not exceed the maximum of the classes of the nil­

potent factors of the group G.
Lemma 20 [12, lemma 2.4]. If F � � �LF f� , then F � � �LF t� , where t fi i� �� � � � � � F  for all � �i� .
Lemma 21 [8, theorem 4.1]. Let F be a τ-closed σ-local formation, F G� � , where ∅ ≠ Π ⊆ σ. Then F is 

a minimal τ-closed σ-local non-GΠ- formation if and only if F G� �� �
�

i
l Gform , where G is a simple σi-group 

such that �i�� and � G G� � � � �1, .

Main result
Before we prove theorem 1, we establish the validity of the following lemmas.
Lemma 22. Let F � � �LF f� , where f is the canonical σ-local definition of  F and let H be a non-empty 

formation such that � �H F� � � � �. Then FH � � �LF h� , where h is the canonical σ-local definition of  FH, and 
the following statements hold: 

(1) h fi i� �� � � � �H, if � �i� � �F ; 
(2) h i�� � ��, if � �i� � �F .
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P r o o f. First, note that h i�� � � FH for any � �i� � �F . Let M � � �LF h� . By lemma 1 (1) we have � �M F� � � � �.
� �M F� � � � �.

Assume that M FH⊆  and let G be a group of minimal order from M FH\ . Then G is a monolithic group 
with monolith P G= FH.

First, consider the case when P is a σ-primary group. Then P is a σi-group for some � �i� � �F  and O G O G
i i i� � ��

� � � � �, .

O G O G
i i i� � ��

� � � � �, . Since G ∈ M, we have 
G O G G O G h f f

i i i ii i i/ / .,� � � �� � �� � � � �� � � � � � � � �
�

H G H

Therefore, G f i� � � �� H FH, a contradiction. Hence, the group P is non-σ-primary. Then O G
i i� �� � � �, 1 for any 

� �i P� � �. Consequently, G G O G f
i i i / ,� � �
�
� �� � � � FH and we again obtain a contradiction with the choice 

of the group G. Hence, this case is impossible. Therefore, M ⊆ FH.
Now suppose that FH M⊆  and let A be a group of minimal order from FH M\ . Then A is a monolithic 

group with monolith R A= M. Since A ∈ FH, we have AH F∈ . Also note that since H ⊆ FH, we have AH ≠1. 
Therefore, R A≤ H. Since AH F∈ , we have A O A f

i i i
H H

/ .,� � �
� � �� � �  Since O A O A A

i i i i� � � �� �� � � � � �, ,
H H by lem-

ma 2, we have 
O A A O A A O A A A O A f

i i i i i i i i� � � � � � � � �
� � � �
� � � � � � � � � ��, , , ,/ / /

H H H H H
 ii� �.

But by lemma 3 (1) we have the equality O A A O A A O A
i i i i i i� � � � � �� � �

� � � � � � �� �, , ,/ / .
H H

 Therefore, A O A f h
i i i i/ ,� � � �
�
� �� � � � � �H

A O A f h
i i i i/ ,� � � �
�
� �� � � � � �H  for any � �i R� � �. Moreover, since A R/ ∈M and O A R O A R

i i i i� � � �� �
� � � � �, ,/ /  for any � � �i A R� � � � �\ ,

� � �i A R� � � � �\ , we have 
A O A A R O A R A R O A R h

i i i i i i i/ / / / / / /, , ,� � � � � � �
� � �
� � � � � � � � � � �� � �

for any � � �i A R� � � � �\ . Thus, A O A h
i i i/ ,� � �
�
� �� � � for any � �i A� � �. Consequently, A ∈ M. The obtained 

contradiction shows that our assumption is false. Hence, FH ⊆ M and therefore FH � � �LF h� . Since f is the 
canonical σ-local definition of the formation F, for any σi the equality 

G G H G H H� � �� � � � �
i i i
h f f f hi i i i i� � � � �� � � � �� � � � � � � �

holds. Since also h LF hi� �� � � � � � FH for any σi, it follows that h is the canonical σ-local definition of the 
formation FH. The lemma is proved.

Lemma 23. Let G P H=  , where P C PG� � � is a p-group, p i�� , and H is a monolithic group with mo­
nolith Q, such that � �i Q� � � and � H� � �1. And let X be the set of all proper τ-subgroups of H. Then F � l G�

�
form

F � l G�
�
form  is l�

�-irreducible and its maximal τ-closed σ-local subformation H has an integrated τ-valued σ-lo­
cal definition h such that h H Q h G O Gi j j j

� � � � � �� � � �� �� � � � � � �� ��
form formX / / ,;  for all � � �j iG� � � � �\  

and h j�� � ��  for all � �j G� � �.
P r o o f. Let H � � �LF h� , where h is the formation σ-function from the condition of the lemma. Then by 

lemma 4 the formation H is τ-closed. Let us show that G / P ∈ H. Let � � �j iG� � � � �\ . Then P O G
j

� � �
�� . 

Hence, O G P O G P
j j j j� � � �� �

� � � � �, ,/ / . Therefore, 

G O G G P O G P G P O G P
j j j j j j

/ / / / / / / ., , ,� � � � � �� � �
� � � � � �� � � � � � �

But by the construction of h we have h G O Gj j j
� � � �� � � � �� ��

form / .,  Consequently, 

G P O G P h
j j j/ / / .,� � � �� � ��� � �

Let under the canonical isomorphism H G P /  the subgroup Q in the group G P/  correspond to the sub-
group Q P1 / . Then, by the condition of the lemma, � �i Q P� � �1 / . Hence, Q P O G P

i1 / / .� � �
��  Consequently, 

Q P O G P O G P
i i i1 ,/ / / .� � � � � �
� �� � �  But 

G P Q P H Q H Q h i/ / / / / .� � � � � �� �� � � � �1  � �form X

Hence, G P O G P h
i i i/ / / .� � � �� � �
�� � �,  Thus, for any � �j G P� � �/  we have G P O G P h

j j j/ / / .� � � �� � ��� � �,  
Therefore, G P LF h/ .� � � �� H

Let us show that h is an integrated σ-local definition of the formation H. By the construction of the forma-
tion σ-function h we have 
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	 h H Qi� �� � � �� �� �form X / , 	 (1)
where X is the set of all proper τ-subgroups of the group H. It is clear that in equality (1) one can take as X the 
set of all proper τ-subgroups from G P/ . But, as was established earlier, G P/ ∈H and the formation H is τ-clo
sed. Therefore, X ⊆ H. Consequently, h i�� � � H. Now let � � �j iG� � � � �\ . Then O G P O G P

j j j j� � � �� �
� � � � �, ,/ / . 

Hence, since G O G G P O G P
j j j j

/ / / /, ,� � � �� �
� � � � � �  and G P/ ,∈H  we have G O G

j j
/ .� �� � ��, H  Therefore, 

h G O Gj j j
� � � �� � � � �� � ��

form / ., H

Thus, the σ-function h is integrated.
Let M be an arbitrary proper τ-closed σ-local subformation of F, m be its smallest τ-valued σ-local defini-

tion. Let us show that M ⊆ H.
Denote by f  the smallest τ-valued σ-local definition of F. Then by lemma 5 for every � �j G� � � we 

have f G O Gj j j
� � � �� � � � �� ��

form / ,  and f j�� � �� for all � �j G� � �. By lemma 6 we have m ≤  f. Let � � �j iG� � � � �\ . 
� � �j iG� � � � �\ . Then by the construction of h we have h fj j� �� � � � �. Hence, for all such σj the inclusion 

m hj j� �� � � � � holds. Now consider the value of f on σi. If m fi i� �� � � � �, then G ∈ M. Indeed, since 
O G O G

i i i� � ��
� � � � �,  and O H

i� � � �1, then 

O G O G G O G PH P O G H P
i i i i� � � �� � � � � � � � � � � � � �� � � .

Therefore, G O G G O G f m
i i i i i/ / .,� � � � �� � � � �� � � � � �

�
 Applying now lemma 7, we conclude that G ∈ M. 

Hence, F M� �l G�
�
form . The latter contradicts the definition of M. Thus, m fi i� �� � � � �. But by lemma 8 

� �form X�� �� � � � �H Q h i/  is the unique maximal τ-subformation of the τ-irreducible formation 

f G O G G P Hi i i
� � � �� �� � � � �� � � � � �

�
form form form/ /, .

Consequently, m H Q hi i� � �� � � �� �� � � � �form X / . Thus, for all σj we have m hj j� �� � � � �. Hence, M ⊆ H. 
Let us now show that H ⊆ F. Indeed, by lemma 5 we have 

f G P Hi� � �� � � � � �form form/ .

Hence, X�� �� � �H Q f i/ .�  Therefore, h fi i� �� � � � �. On the other hand, by the construction of the forma-
tion σ-function h for all � � �j iG� � � � �\  we have h fj j� �� � � � �. So, for all σj the inclusion h fj j� �� � � � � 
holds. Hence, H ⊆ F. Assume that H = F. Then t =  f, where t is the smallest τ-valued σ-local definition of H. 
Moreover, t ≤ h. But h fi i� �� � � � �. All the more t fi i� �� � � � �. The obtained contradiction shows that H ≠ F. 
The lemma is proved.

Recall that for any Π ⊆ σ the symbol ��  denotes the set � \ �.

Lemma 24. Let M be a non-empty formation, ∅ ≠ Π ⊆ σ. Then the canonical σ-local definition h of H G N M� �� �

H G N M� �� �  is such that h i i
� �� � �G M  for all �i�� and h i�� � � H  for all �i� �� .

P r o o f. Let F G N� �� �. By lemma 9 (1) the formation G ��  has a σ-local definition t such that t i�� � � �G�  
for all �i� ��  and t i�� � �� for all �i��. Moreover, by lemma 9 (2) the formation NΠ has a σ-local defini-
tion k such that k i i

� �� � �G  for all �i�� and k i�� � �� for all �i� �� . Hence, by lemma 10 (i) the formation F 
has a σ-local definition f such that f i�� � � �G N� � for all �i� ��  and f i i

� �� � �G  for all � �i� . Applying now 
lemma 22, we see that H has a σ-local definition h such that h fi i� �� � � � � � �M G N M� � , if �i� �� , and 
h fi i i
� � �� � � � � �M G M, if �i��. Since, obviously, f i�� � � H and h hi ii

� ��� � � � �G  for all i, it follows that 
h is the canonical σ-local definition of H. The lemma is proved.

Lemma 25. Let A be a monolithic group with a non-σ-primary monolith P, X be the set of all proper τ-sub- 
groups of the group A. Then the formation F � l A�

�
form  is l�

�-irreducible, and its maximal τ-closed σ-local 
subformation H has an integrated σ-local definition h such that h A Pi� �� � � �� �� �form X /  for all � �i P� � � , 
h A O Ai i i
� � � �� � � � �� ��

form / ,  for all � � �i A P� � � � �\  and h i�� � ��  for all � �i A� � �.
P r o o f. Let h be the formation σ-function from the condition of the lemma, and H � � �LF h� . Then by 

lemma 4 the formation H is τ-closed. Let us show that X H�� �� � �A P/ . Let G A P� �� �� �X / , � �i G� � �. If 
� �i P� � �, then h A Pi� �� � � �� �� �form X /  and therefore G O G h

i i i/ .,� � �
�
� �� � �  Let � � �i G P� � � � �\ . Then 



170 Специальный выпуск «Стохастика и анализ данных»
Special issue «Stochastic and Data Science»

Журнал Белорусского государственного университета. Математика. Информатика. 2026;1:163–178
Journal of the Belarusian State University. Mathematics and Informatics. 2026;1:163–178 

since G ∈ F, we have G O G f
i i i/ ,,� � �
�
� �� � �  where  f  is the smallest τ-valued σ-local definition of F. By lem-

ma 5 we have f A O A hi ii i
� � �� �� � � � �� � � � �

�
form / .,  Hence, G O G h

i i i/ .,� � �
�
� �� � �  Thus, for all � �i G� � � we 

have G O G h
i i i/ .,� � �
�
� �� � �  This means that G LF h� � � �� H. Consequently, X H�� ��A P/ . From this it fol-

lows that for all � �i P� � � we have h A Pi� �� � � �� �� � �form X H/ . Let � � �i A P� � � � �\ . Then P O A
i i

� � �
�� �,  

and therefore A O A
i i

/ ,� �� � � is a homomorphic image of A P/ . Hence, A O A A P
i i

/ / .,� � �
�
� � � �� �� � �form X H  

The latter implies h i�� � � H. Therefore, the σ-local definition h is integrated.
Now let M be an arbitrary proper τ-closed σ-local subformation of F, m be its smallest τ-valued σ-local 

definition. Let us show that M ⊆ H. By lemma 6 we have m ≤  f. By lemma 5 for all � � �i A P� � � � �\  we have 
h fi i� �� � � � �. Hence, for all such σi the inclusion m hi i� �� � � � � holds. Let � �i P� � �. Then O A

i i� �� � � �, 1  
and by lemma 5 we obtain 

f A O A Ai i i
� � �� �� � � � �� � � � �

�
form form/ .,

If f mi i� �� � � � �, then A m i� � �� . But m is an integrated σ-local definition of M. Hence, A ∈ M and therefore 
F M F� � � � �l A�

�
form . Hence, F = M. The latter contradicts the definition of M. Thus, m fi i� �� � � � �. By 

lemma 8 the formation f Ai� �� � � � �form  is τ-irreducible and every its proper τ-subformation is contained in 
� �form X�� �� � � � �A P h i/ . Hence, m hi i� �� � � � �. Thus, m ≤ h and therefore M ⊆ H. 

By the construction of the σ-function h we have h fi i� �� � � � � for all σi. Consequently, H ⊆ F. If � �i P� � �, 
then h A P fi i� � �� � � �� �� � � � �form X / . All the more t fi i� �� � � � �, where t is the smallest τ-valued σ-lo-
cal definition of H. The latter means that H ⊂ F. Thus, the formation F is l�

�-irreducible and H is its unique 
maximal τ-closed σ-local subformation. The lemma is proved.

Lemma 26. Let M be a saturated formation, H G G M�
�� �i i

. Then F is a minimal τ-closed σ-local non-H-
formation if and only if F � l G�

�
form , where G is a monolithic τ-minimal non-H-group with monolith P G= H, 

such that � �i P� � � , and either P is a non-σ-primary group and G is a  τ-minimal non- G M�i� �-group with 
P G i� G M� , or G P H=  , where P C PG� � � is a p-group, p i�� , and H is a monolithic τ-minimal non- G M�i� �- 
group with monolith Q H i� G M� , such that Q H� � ��  and � �i Q� � �.

P r o o f. Let   f  be the smallest τ-valued σ-local definition of the formation F, h be the canonical σ-local 
definition of the formation H.

Necessity. By lemma 11 F is a τ-closed σ-local formation generated by a monolithic τ-minimal non-H-
group G with monolith P G= H, such that the formation f j�� � is a minimal τ-closed non-h j�� �-formation for 
all � �j P� � �. Since H G H�

��i
, we have � �i P� � �.

Let P be a non-σ-primary group. Then by lemma 25 the formation F is l�
�-irreducible and its maximal τ-closed 

σ-local subformation M1 has an integrated τ-valued σ-local definition m such that m G Pj� �� � � �� �� �form X / , 
where X is the set of all proper τ-subgroups of the group G for all � �j P� � �. But by condition M H1⊆ . Hence, 
m ≤ h. By lemma 24 we have h i i

� �� � �G M. Thus, X G M�� �� � �G P
i

/ .�  It is clear that G does not belong to 
G Mσi

.  Hence, G is a τ-minimal non- G M�i� �-group and G P
i

/ ,�G M�  i. e. P G i� G M� .
Let P be a σ-primary group. Then P is a σi-group. And let H be a group of minimal order from f hi i� �� � � �\ . 

Since the formation f i�� � is τ-closed, H is a monolithic τ-minimal non-h i�� �-group. Let Q be the monolith 
of H. Then Q H Hh i i� �� �� �G M. Let us show that Q is not contained in � H� �. Suppose the contrary. Then since 
H Q h i/ ,� � ��  we have H H h i/ .�� �� � ��  By the condition of the lemma the formation M is saturated, and 
hence local. Therefore, by lemma 12 the formation h i i

� �� � �G M is local, and hence h i�� � is saturated. Con-
sequently, H h i� � �� . The obtained contradiction shows that � H� � �1.

Since h i i
� �� � �G M, we have O H

i� � � �1. Consequently, by lemma 13 there exists a faithful irreducible 
Fp H-module P, where p i�� . Let F P H=  . Then P C PF� � � is the minimal normal σi-subgroup of F. Since 
the σ-local definition  f  is integrated, F ∈ F by lemma 7. It is clear that O F O F

i i i� � ��
� � � � �, . Moreover, sin

ce O H
i� � � �1, we have

O F O F F O F PH P O F H P
i i i i� � � �� � � � � � � � � � � � � �� � � .
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Denote by h1 the smallest τ-valued σ-local definition of H1� l F�
�
form . By lemma  5 we have h F O F F P Hi i i1 � � � �� �� � � � �� � � � � �

�
form form form/ / .,

h F O F F P Hi i i1 � � � �� �� � � � �� � � � � �
�

form form form/ / .,  If H F1⊂ , then by condition H H1⊆ . Hence, by lemma 6 we 
have the embedding h h1≤ . The latter contradicts the definition of the group H. Thus, H F1= , i. e. F � l F�

�
form .

Suppose that � �i Q� � �. Since O H
i� � � �1, Q is a non-σ-primary group. It is clear that H ∈ F and O H

i i� �� � � �, .1  
= 1. Suppose that the formation H F2 � �l H�

�
form . Then by condition H H2 ⊆ . Hence, H H O H h

i i i / ,,� � �
�
� �� � � 

H H O H h
i i i / ,,� � �
�
� �� � �  which contradicts the definition of the group H. Consequently, H F2 = . Moreover, repeating the above 

arguments, we obtain that H is a minimal non- G M�i� �-group and Q H i� G M� . Thus, we arrive at the situation 
already considered. Therefore, � �i Q� � �.

Sufficiency. By lemma 11, to prove that F is a minimal τ-closed σ-local non-H-formation, it suffices to es-
tablish that f t�� � is a minimal τ-closed non-h t�� �-formation for all � �t P� � �.

Let P be a non-σ-primary group. Then O G
t t� �� � � �, 1 for all � �t P� � �. Consequently, by lemma 5 for all 

such σt we have f Gt� �� � � form . By lemma 8 the formation f i�� � is τ-irreducible and its maximal τ-closed 
subformation coincides with �form X�� �� �G P/ , where X is the set of all proper τ-subgroups of G. By con-
dition G is a τ-minimal non- G M�i� �-group and P G i� G M� . Hence, if X1� � �S� G P/ , then X G M1� � � �h i i

� � . 
Therefore, by lemmas 14 and 24 we have 

� � � ��form form formX X X X X G M H�� �� � � �� � � �� � � � � � � � � �G P h hi ti
/ 1 1

for all � � �t iP� � � � �\ . Since also P G G i� �H G M� , it follows that f t�� � is not contained in h t�� � for all � �t P� � �.
� �t P� � �. Thus, if P is a non-σ-primary group, then f t�� � is a minimal τ-closed non-h t�� �-formation for all 
� �t P� � �.

Let P be a σi-group. Then O G O G
i i i� � ��

� � � � �, . Moreover, since O H
i� � � �1, we have 

O G O G G O G PH P O G H P
i i i i� � � �� � � � � � � � � � � � � �� � � .

By lemma 5 we have 
f G O G Hi i i
� � �� �� � � � �� � ��

form form/ .,

Since H is monolithic and � H� � �1, by lemma 8 �form X�� �� �H Q/  is the unique maximal τ-closed subfor-
mation of f i�� �, where X is the set of all proper τ-subgroups of the group H. Now, as above, one can show that 

� � �form X G M�� �� � � � � �H Q h i i
/ .

Thus, f i�� � is a minimal τ-closed non-h i�� �-formation. Hence, F is a minimal τ-closed σ-local non-H-forma-
tion by lemma 11. The lemma is proved.

Lemma 27. Let M be a non-empty Abelian formation, H G G M�
�� �i i

. Then F is a minimal τ-closed σ-local 
non-H-formation if and only if F � l G�

�
form , where G is a monolithic τ-minimal non-H-group with monolith P = 

P G= H, such that � �i P� � � , and either P G i� G M�  is a non-σ-primary group and G is a τ-minimal non- G M�i� �- 
group, or G P H=  , where P C PG� � � is a p-group, p i�� , and H satisfies one of the following conditions:

1) H is a monolithic τ-minimal non- G M�i� �-group with monolith Q H Hi� � � �G M� � , such that � �i Q� � �;
2) H is a minimal non-M-group of one of the following types: 
a) the quaternion group of order 8, if 2��i; 
b) an extraspecial group of order q3 of prime odd exponent q i�� ; 
c) a cyclic q-group, q i�� .
P r o o f. Let  f  be the smallest τ-valued σ-local definition of F, h be the canonical σ-local definition of H. 
Necessity. Let F be an H�

�-critical formation. Suppose that F is not contained in G G N H� ��� � �
i i 1, where N 

is the class of all nilpotent groups. Since M ⊆ N, we have G G M G G N H� � � �� �� � � � � �
i i i i 1. Hence, in this case 

F is a minimal τ-closed σ-local non-H1-formation. Consequently, by lemma 26 we have that F is a τ-closed 
σ-local formation generated by a monolithic τ-minimal non-H1-group G with monolith P G= H1, such that � �i P� � �,

� �i P� � �, and either P is a non-σ-primary group and G is a  τ-minimal non- G N�i� �-group, and P G i� G N� , or 
G P H=  , where P C PG� � � is a p-group, p i�� , and H is a monolithic τ-minimal non- G N�i� �-group with 
monolith Q H i� G N� , such that Q H� � ��  and � �i Q� � �.
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Let P be a non-σ-primary group. Then by lemma 25 the unique maximal τ-closed σ-local subformation M1 
of F has an integrated τ-valued σ-local definition m such that m G Pi� �� � � �� �� �form X / , where X is the set of  
all proper τ-subgroups of the group G. By lemma 1 (4), (5) we have m ≤ t, where t is the canonical σ-local 
definition of M1. Since by condition M H1⊆ , by lemma 15 the embedding m ≤ t ≤ h holds. By lemma 24 we 
have h i i

� �� � �G M. Hence, X G M�� �� � �G P
i

/ .�  Thus, if P is a non-σ-primary group, then P G i� G M�  and 
G is a τ-minimal non- G M�i� �-group.

Let P be a σ-primary group, X be the set of all proper τ-subgroups of H. Then, taking into account lem-
ma 23 and reasoning as in the previous paragraph, we obtain that X G M�� ��H Q

i
/ .�  Hence, H is a τ-mi

nimal non- G M�i� �-group. Since also H Q
i

/ ,�G M�  we have Q H i� G M� . Thus, H satisfies condition 1).
Note that in both considered cases we have P G= H. Indeed, if P is non-σ-primary, then since G P

i
/ � �G M H�

G P
i

/ � �G M H�  we have G P/ .∈H  If P is σ-primary, then since Q H i� G M�  and Q is a � �i -group, we again obtain G P H
i i

/ . � �
�

G G M H� �

G P H
i i

/ . � �
�

G G M H� �  Assume that G ∈ H. Then G∈H1, but P G= H1. Contradiction. Consequently, P G= H.
Thus, F � l G�

�
form , where G is a group satisfying the condition of the lemma.

Consider the case when F H⊆ 1. By lemma 11 F is a τ-closed σ-local formation generated by a monolithic 
τ-minimal non-H-group F with monolith FH, such that for all � �j F� � �H  it holds that f j�� � is a minimal 
τ-closed non-h j�� �-formation. Since F F

i i
/ ,
H H G G M� �

�� �  we have � �i F� � �H . By lemma 24 the forma-
tion G Nσi

 is the value at σi of the canonical σ-local definition of H1. Since by our assumption F H⊆ 1, we 
have f i i

� �� � �G N. By lemma 5 (3) we have f A A f O Ai i i
� � � �� � � � � � � � �� �form | , .1  Hence, f i i

� �� � �
�

N , 
where N� �i

 is the formation of all nilpotent � �i -groups.
By lemma 16 all proper subformations of f i�� � are hereditary. From this and from the fact that every pro

per τ-closed subformation of f i�� � is contained in h i i
� �� � �G M, it follows that every proper subformation 

of f i�� � is contained in M. On the other hand, it is clear that f i�� � is not contained in M. Hence, f i�� � is 
a minimal τ-closed non-M-formation.

Let f i�� � not be contained in A. Then since M ⊆ A, it follows that f i�� � is a minimal non-Abelian for-
mation. By lemma 17 f i�� � is the formation generated by H, where H is either the quaternion group of order 8  
or an extraspecial group of order q3 of prime odd exponent q. Since f i i

� �� � �
�

N , in the first case 2��i, and 
in the second case q i�� .

Since in both these cases the group H is monolithic and O Hp � � �1, where p i�� , by lemma 13 there exists 
a faithful irreducible Fp H-module P. Let G P H=  . Then 

O G O G O G PH P O G H P
i i i i i� � � � ��

� � � � � � � � � � � ��� � �, ,

since H is a � �i -group. Hence G O G H f
i i/ .� �� � � � �  Therefore, G ∈ F by lemma 7. If the τ-closed σ-local 

formation F1, generated by the group G, is different from F, then by condition F H1⊆ . But then G O G H h
i i i/ .,� � �
�
� � � � � 

G O G H h
i i i/ .,� � �
�
� � � � �  Consequently, f hi i� �� � � � �. Contradiction. Hence, F F1= . Moreover, obviously, P C P GG� � � � H. 

P C P GG� � � � H. Since f i�� � is nilpotent, we have form formX � � � �H f i� , where X is the set of all proper subgroups 
of H. Since all proper subgroups of H are Abelian and the formation f i�� � is non-Abelian, we have formX � � �f i� .

formX � � �f i� . Hence, since f i�� � is a minimal non-M-formation, H is a minimal non-M-group.
Let f i�� � � A and H be a group of minimal order from f i�� � \ .M  Since f i�� � is hereditary, H is a minimal 

non-M-group. Moreover, because f i�� � is a minimal non-M-formation, f i�� � is the formation generated by 
the group H. Since the formation f i�� � is Abelian, H is a cyclic q-group, where q j i� � � �� � �\ .

Considering that f i i
� �� � �

�
N , then O Hp � � �1, where p i�� . Therefore, by lemma 13 there exists a sim-

ple faithful Fp H-module P. Let G P H=  . Since H does not belong to M, then, as above, one can show that 
F � l G�

�
form . Moreover, it is clear that P C P GG� � � � H and H satisfy condition 2).

Sufficiency. By lemma 11, to prove that F is a minimal τ-closed σ-local non-H-formation, it suffices to show 
that f r�� � is a minimal τ-closed non-h r�� �-formation for all � �r P� � �.

Let P be non-σ-primary. Then O G
r r� �� � � �, 1 for every � �r P� � �. Consequently, f Gr� �� � � form . By lem-

ma 8 the formation f r�� � has a unique maximal τ-closed subformation, coinciding with �form X�� �� �G P/ , 
where X is the set of all proper τ-subgroups of the group G. But by condition G is a τ-minimal non- G M�i� �-group 
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and P G i� G M� . Hence, X G M�� �� � � �G P h
i i/ .� �  Consequently, the inclusion form X�� �� � � � �G P h i/ �  

holds. But form formX X�� �� � � �� �� �G P G P/ / .�  Indeed, if L P G P/ /� � ��  and L ≠ G, then L ∈ X. There-
fore, L P G P/ / .� �� �� �H X  Hence, 

S H� X X�� �� � � �� �� �G P G P/ / .

But by lemma 18 we have 

� � �form HR S form S

H

X X X

X

�� �� � � �� �� � � �� �� �� � �
� �

G P G P G P

G

/ / /

form /

0

PP G P� �� �� � � �� �� �form X / .

Thus, 
� �form X�� �� � � � �G P h i/ .

On the other hand, since by lemma 23 for any � � �t i� � �\  we have h t i i
� � �� � �

�
G G M, it follows that for all 

such σt the inclusion � �form X�� �� � � � �G P h t/  also holds. Since P G= H, it follows that f t�� � is not contai
ned in h t�� � for all � �t P� � �. Thus, if P is a non-σ-primary group, then f t�� � is a minimal τ-closed non-h t�� �- 
formation for all � �t G� � �H . Consequently, F is a minimal τ-closed σ-local non-H-formation.

Now let P be a σi-group. Then O G O G
i i i� � ��

� � � � �,  and since O H
i� � � �1 we have 

O G O G G O G PH P O G H P
i i i i� � � �� � � � � � � � � � � � � �� � � .

Consequently, f G O G Hi i i
� � �� �� � � � �� � ��

form form/ ,  by lemma 5. It is clear that f i�� � is not contained  
in h i�� �.  

Let H satisfy condition 1). Then by lemma 8 the formation f i�� � has a unique maximal τ-closed subforma-
tion M X1� �� �� ��form H Q/ , where X is the set of all proper τ-subgroups of H. By condition H is a τ-mi- 
nimal non- G M�i� �-group and Q H i� G M� . Hence, 

� � �form formX X G M�� �� � � �� �� � � � � �H Q H Q h i i
/ / .

It is clear that f i�� � is not contained in h i�� �. Thus, f i�� � is a minimal τ-closed non-h i�� �-formation, and 
hence F is an H�

� -critical formation.
Now let H satisfy condition 2) and let H be the quaternion group of order 8, 2��i. And let M1 be the for-

mation of Abelian groups of exponent dividing 4. Suppose M1 � � �f i�  and let K be a group of minimal order 
from M1 \ .f i�� �  Then K is monolithic. Consequently, K is a cyclic primary group. Thus, either K = 4, or 
K = 2. But the quaternion group of order 8 has cyclic subgroups of orders 2 and 4. Consequently, K f i� � �� . 
The obtained contradiction shows that M1� � �f i� . Let H1 be an arbitrary proper subformation of f i�� �. Then 
by lemma 17 we have H A1⊆ . Assume that H M1 1⊆ . Let M  be a group of minimal order from H M1 \ . Then M 
is monolithic. Since the group M is Abelian, it is cyclic. By lemma 19 the exponent of M divides the exponent 
of H. Thus, the exponent of M is 2 or 4. But then, obviously, M∈M1. The obtained contradiction shows that 
every proper subformation of f i�� � is contained in M1. But, obviously, M1 4� � �form Z , where Z4 is the cyclic 
group of order 4. Hence, M X1� �form , where X is the set of all proper subgroups of H. Thus, 

M X1 4� � � �form formZ � .

Since by condition H is a minimal non-M-group, we have M M1⊆ . Consequently, f i�� � is a minimal τ-closed 
non-h i�� �-formation.

Now let H be an extraspecial group of order q3 of prime odd exponent q i�� . Then by lemma 17 � �form H f i� � �
� �form H f i� � � is a minimal τ-closed non-Abelian formation. Let M  be a maximal subformation of f i�� �. Then M is 

an Abelian formation and every non-identity group from M  has exponent q. Since K is a minimal non-h i�� �‑ 
group, h i�� � contains groups of order q. But then M h i� � �� . Consequently, f i�� � is a minimal non-h i�� �-for
mation. 

Finally, let  H  be a cyclic q-group, q i�� . Let H qn=  and M  be a maximal subgroup of H. Then M h i� � �� , 
but H h i� � �� . Hence, f hi i� �� � � � � and form M h i� � �� . Let us show that every proper subformation of  
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f i�� � is contained in form M. Suppose that in f i�� � there is a proper subformation M such that M ⊆ form M, 
and let A be a group of minimal order from M \ .form M  Then A is monolithic. Since f i�� � is Abelian, A is  
a cyclic group of order qm. According to lemma 19 the exponent qm of A divides the exponent qn of H. If m = n, 
then A H  and then f A fi i� �� � � � � � �form M . The obtained contradiction shows that m ≠ n. But the 
order of M is qn – 1. Hence, either A is isomorphic to some proper subgroup of M, or A M . This means that 
A M∈ form . Contradiction. Consequently, f i�� � is a minimal non-h i�� �-formation. 

Thus, in all considered cases f i�� � is a minimal τ-closed non-h i�� �-formation. Therefore, F is an H��-cri
tical formation by lemma 11. The lemma is proved.

Lemma 28. Let h be the canonical definition of H and G P K=   be a monolithic group with monolith P = 
P C P GG� � � � H – a p-group, p i� �� �, O K

i� � � �1. Then G is a τ-minimal non-H-group if and only if K is a τ-mi- 
nimal non-h i�� �-group.

P r o o f. Sufficiency. Let K be a τ-minimal non-h i�� �-group and M G G� � � � �� \ . Let us show that M ∈ H. If 
G = PM, then, obviously, M ∩ P = 1. Hence, M M P M MP P G P / / / .� � �H  Let PM ≠ G. Then PM P G P G P/ / \ / .� � � � �� 

PM P G P G P/ / \ / .� � � � ��  But G P K/ .  Consequently, in K there exists a proper τ-subgroup D such that MP P D h i/ . � � ��
MP P D h i/ . � � ��  So, 

M M P MP P h hi ii
/ / .� � � � � � � � ��G

Hence, M h i� � �� . Thus, every proper τ-subgroup of G belongs to H. Since by condition P G= H, it follows 
that G is a τ-minimal non-H-group.

Necessity. Let G be a τ-minimal non-H-group and M K K� � � � �� \ . If under the isomorphism G P K/   the 
subgroup M corresponds to the subgroup D P/  in the group G P/ , then D G G� � � � �� \ . Consequently, D ∈ H. 
Therefore, D O D h

i i i/ .,� � �
�
� �� � �  Then since 

D D G D PK P D K P C P O KG i
� � � � � �� � � � � � � � , ,and � 1

we have O D O D
i i i� � ��

� � � � �, . It is also clear that O D P O D P
i i� �� � � � �/ / . Consequently, since D O D h

i i i/ ,,� � �
�
� �� � �

D O D h
i i i/ ,,� � �
�
� �� � �  it follows that M O M h h

i ii i/ .� �� �� �� � � � � �G  Hence, M h i� � �� . Thus, every proper τ-subgroup 
of K belongs to h i�� �. If, moreover, K h i� � �� , then G ∈ H by lemma 7, which is impossible. Therefore, K is  
a τ-minimal non-h i�� �-group. The lemma is proved.

Proof of theorem 1
Necessity. According to the condition, the formation H has a σ-local definition f all of whose non-Abelian 

values are σ-local. By lemma 20 we can assume that such a σ-local definition is integrated. By lemma 1 (2) 
we have 

H G G GH H� � � �� � �� � � � ��� � � � ��
i i i

f i .

Since by condition every proper τ-closed σ-local subformation of F is contained in H, but F H⊆ , then either  
F is a minimal τ-closed σ-local non-G H�� �-formation, or there exists � �i� � �H  such that F is a minimal τ-closed 
σ-local non- G G� � �

�
� �� �i i

f i -formation.
Consider first the case when F is a minimal τ-closed σ-local non-G H�� �-formation. Then by lemma 21 we 

have F G� �� �
�

i
l Gform , where G is a simple σi-group such that � �i� � �H  and � G G� � � � �1, . It is clear that 

G is a τ-minimal non-H-group and G G= H. Thus, the group G satisfies condition 1) of the theorem.
Now let � �i� � �H  be such that F is a τ-closed σ-local non- G G� � �

�
� �� �i i

f i -formation.

Assume first that f i�� � is a σ-local formation. By lemma 1 (5) h fj jj
� ��� � � � �G  for any σj. Since by lem-

ma 1 (2) the formation f i�� � is saturated, by lemma 26 we have F � l G�
�
form , where G is a monolithic group 

with monolith P G i
h i� � � �G� � , such that � �i P� � � and either P is a non-σ-primary group, G is a τ-minimal non-

h i�� �-group and P Gh i� � �� , or G P K=  , where P C PG� � � is a p-group, p i�� , and K is a monolithic τ-mi- 
nimal non-h i�� �-group with monolith Q K h i� � �� , such that Q K� � ��  and � �i Q� � �.
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Denote by M the maximal τ-closed σ-local subformation of F. Consider the case when P is a non-σ-primary 
group. By lemma 25 the formation M has an integrated σ-local definition m such that m G Pj� �� � � �� �� �form X /  
for all � �j P� � �, where X is the set of all proper τ-subgroups of G. By lemma 15 we have m ≤ h. Thus, for 
all � �j P� � � it holds that all proper τ-subgroups of G belong to h j�� � and G P h j/ .� � ��  Suppose that there  
exists � �j P� � � such that G h j� � �� . Then since the σ-local definition h is integrated, we have 

G h fj ii i
� � � � � � �

�
� �� �H G G .

But P G Gi i i
h fi i� �� �� � � �G G G� � �� � . The obtained contradiction shows that G is a τ-minimal non-h j�� �-group for all 

� �j P� � �. It is clear that P G= H. Thus, in this case F � l G�
�
form , where G is a monolithic τ-minimal non-H- 

group with monolith P G= H, satisfying condition 2).
Let P be a σ-primary group. By lemma 28 the group G is a τ-minimal non-H-group. By lemma 23 the for-

mation M has an integrated definition m such that m K Qi� �� � � �� �� �form X / , where X is the set of all pro
per τ-subgroups of K, m G O Gj j j

� � � �� � � � �� ��
form / ,  for all � � �j iG� � � � �\  and m j�� � �� for all � �j G� � �. 

By condition M ⊆ H. Hence, m ≤ h. Since m G O Gj j j
� � � �� � � � �� ��

form / ,  for all � � �j iG� � � � �\ , it follows 

that for all such σj we have G O G h
j j j/ .,� � �
�

� �� � �  Let us show that G O G K O K
j j j j

/ / ., ,� � � �� �
� � � �  Indeed, 

since � �i j� , we have O G P O G P
j j j j� � � �� �

� � � � �, ,/ / . Consequently, 

K O K G P O G P G P O G P G O
j j j j j j

/ / / / / / / /, , ,� � � � � � �� � � �
� � � � � � � � � � �� � 

jj j
G, .� � �

Therefore, for all � � �j iG� � � � �\  we have K O K h
j j j/ .,� � �
�

� �� � �  Let us show that P G= H. It is clear that 
G ∉ H. If Q is a non-σ-primary group, then O K

j j� �� � � �, .1  Consequently, G P K h j/ . � � � �� H  If Q is 
a σj -group, then O K O K

j j j� � ��
� � � � �, . Hence, K O K K O K h h

j j j jj j/ / .,� � � �� �
�

� � � � �� � � � � �G  Consequently, 

G P K h h
j j j/ . � � � � � � �G H� � �

Thus, P G= H and G satisfies condition 3).
Consider now the case when f i�� � is an Abelian formation. Applying lemma 27, we see that F � l G�

�
form , 

where G is a monolithic τ-minimal non- G G� � �
�

� �� �i i
f i -group with monolith P G= H, such that � �i P� � �, and 

either P G i
f i� � �G� �  is a non-σ-primary group and G is a τ-minimal non- G� �

i
f i� �� �-group, or G P H=  , whe

re P C PG� � � is a p-group, p i�� , and H satisfies one of the following conditions: 1) H is a monolithic τ-mi- 
nimal non- G� �

i
f i� �� �-group with monolith Q H Hi

f i� � � �� �G� � � , such that � �i Q� � �; 2) H is a minimal 
non- f i�� �-group of one of the following types: a) the quaternion group of order 8, if 2��i ; b) an extraspe
cial group of order q3 of prime odd exponent q i�� ; c) a cyclic q-group, q i�� .

Let P be a non-σ-primary group. By lemma 25 the formation M has an integrated σ-local definition m 
such that m G Pj� �� � � �� �� �form X /  for all � �j P� � �. By condition M ⊆ H. Consequently, m ≤ h. Thus, 
for all � �j P� � � it holds that all proper τ-subgroups of G belong to h j�� � and G P h j/ .� � ��  Suppose that  
there exists � �j P� � � such that G h j� � �� . Then since the σ-local definition h is integrated, we have G h

i i� � � �
�

H G� � .
G h

i i� � � �
�

H G� � . The obtained contradiction shows that P Gh j� � ��  for all � �j P� � �. It is also clear that P G= H. 
Thus, in this case F � l G�

�
form , where G is a monolithic τ-minimal non-H-group with monolith P G= H, satis

fying condition 2).
Let P be a σi-group. Then G is a τ-minimal non-H-group by lemma 28.
Let H satisfy condition 1). Then by lemma 23 the formation M has an integrated definition m such that 

m H Qi� �� � � �� �� �form X / , where X is the set of all proper τ-subgroups of the group H. By condition 
M ⊆ H. Hence, m ≤ h. Consequently, X G�� �� � � � � �H Q h fi ii

/ .� ��  If H h i� � �� , then G P H h i/ . � � ��  
Hence, 

G h h
i i i� � � � � � �G H� � � .

The obtained contradiction shows that H is a τ-minimal non-h i�� �-group and H Q h i/ .� � ��  Hence, Q H h i� � ��  
and H satisfies condition 3) of the theorem.
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If H satisfies condition 2), then, obviously, H satisfies condition 3) of the theorem.
Let us show that P G= H. Obviously, G ∉ H. Suppose that G P/ .∉H  Then H ∉ H. Consequently, F � �l G l H�

�
�
�

form form .

F � �l G l H�
�

�
�

form form . Applying now lemma 5, we see that 

f G O G G P H H Oi i i i i
� � � � �� � � �� � � � �� � � � � � �

� �
form form form form/ / /, , HH� �� �.

If the group H satisfies condition 1), then by lemma 8 the formation �form X�� �� �H Q/  is the unique maximal 
τ-closed subformation of τform H , where X is the set of all proper τ-subgroups of H. Since Q is a � �i -group,  
we have Q O H

i i
� � �

�� �, . Hence, H O K H Q
i i

/ / .,� � �
�
� �� �� �� �form X  Thus, 

H O H H Q H H O H
i i i i

/ / / ., ,� � � �� � �
� �
� �� �� �� � � � � �� �form form formX

Contradiction.
Now let H satisfy one of conditions 2). Then H is a σ-primary group, i. e. a σi-group for some � �i� . Conse-

quently, H O H O H
i i i

� � � � � �
�� � �, . Hence, f H H O Hi i i

� � � � �� � � � � �� � � � ��
form form / ., 1  The obtained con-

tradiction shows that G P/ .∈H  Therefore, P G= H.
Sufficiency. Let  f  be the smallest τ-valued σ-local definition of F. To prove sufficiency, by lemma 11 it suf

fices to establish that f j�� � is a minimal τ-closed non-h j�� �-formation for every � �j P� � �.  
If the group G satisfies condition 1), then F is a minimal τ-closed σ-local non-H-formation by lemma 21.
Let G satisfy condition 2) and � �j P� � �. Then by lemma 5 we have 

f G O G Gj j i
� � �� �� � � � �� � ��

form form/ .,

Let X be the set of all proper τ-subgroups of G. Then by condition X�� �� � �G P h j/ .�  But �form X�� �� �G P/  
is the unique maximal τ-closed subformation of τ form G by lemma 8. It is also clear that G does not belong to 
h j�� �. Hence, f j�� � is a minimal τ-closed non-h j�� �-formation.

Now let G satisfy condition 3) and � K� � �1. Then 

f G O G Ki i i
� � �� �� � � � �� � ��

form form/ .,

Let X be the set of all proper τ-subgroups of K. Then by condition X � � �h i�  and K Q h i/ .� � ��  Hence, 
� �form X�� �� � � � �K Q h i/ . By lemma 8 �form X�� �� �K Q/  is the unique maximal τ-closed subforma
tion of f Ki� �� � � form . Hence, every proper τ-closed subformation of f i�� � is contained in h i�� �. If 
f hi i� �� � � � �, then G P h i/ .� � ��  Hence, by lemma 7 we have G ∈ H. Contradiction. So, f hi i� �� � � � �. 
Thus, f i�� � is a minimal τ-closed non-h i�� �-formation.

Let K satisfy condition a), i. e. K is the quaternion group of order 8. Then by lemma 17  f Ki� �� � � form  is 
a minimal non-Abelian formation. Let M be a maximal subformation of f i�� �. It is easy to see that M is the 
formation of Abelian groups of exponent dividing 4, and M is generated by any Abelian group of exponent 4. 
Among the subgroups of K there is a proper Abelian normal subgroup of exponent 4. Hence, M ⊆ form X, 
where X is the set of all proper subgroups of K; moreover, the subgroups of K are Abelian and their exponents 
divide 4. Consequently, form X ⊆ M. Thus, M = form X. But by condition X � � �h i� . Hence, M � � �h i� . So, 
f i�� � is a minimal τ-closed non-h i�� �-formation. 
Now let K satisfy condition b), i. e. K is an extraspecial group of order q3 of prime odd exponent q. Then by 

lemma 17 � �form K f i� � � is a minimal τ-closed non-Abelian formation. Let M  be a maximal subformation of  
f i�� �. Then M  is an Abelian formation and every non-identity group from M  has exponent q. Since K is a mi
nimal non-h i�� �-group, h i�� � contains groups of order q. But then M h i� � �� . Consequently, f i�� � is a mini
mal non-h i�� �-formation.

Finally, let K satisfy condition c), i. e. K is a cyclic q-group. Let K qn=  and M  be a maximal subgroup  
of K. Then M h i� � �� , but K h i� � �� . Hence, f hi i� �� � � � � and form M h i� � �� . To complete the proof of 
the theorem it is necessary only to establish that every proper subformation of f i�� � is contained in form M. 
Suppose that in f i�� � there is a proper subformation M such that M ⊆ form M , and let A be a group of mi
nimal order from M \ .form M  Then A is monolithic. Since the formation f i�� � is Abelian, A is a cyclic group  
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of order qm. According to lemma 19 the exponent qm of A divides the exponent qn of K. If m = n, then A K  and 
then f A fi i� �� � � � � � �form M . The obtained contradiction shows that m ≠ n. But the order of M is qn – 1. 
Hence, either A is isomorphic to some proper subgroup of M, or A M . This means that A M∈ form . Contra-
diction. Consequently, f i�� � is a minimal non-h i�� �-formation.

By lemma 16 in each of the considered cases f i�� � is a hereditary formation, therefore f i�� � is a mini-
mal τ-closed non-h i�� �-formation. Applying now lemma 11 we conclude that F is an H��-critical formation. 
The theorem is proved.

Recall that a formation F is called 2-multiply σ-local [10], if F has a σ-local definition all of whose non-emp-
ty values are σ-local. It is clear that every 2-multiply σ-local formation is a σ-local formation of classical type.

Corollary 1. Let H be a 2-multiply σ-local formation and h be its canonical σ-local definition. Then F is 
a minimal τ-closed σ-local non-H-formation if and only if F � l G�

�
form , where G is a monolithic τ-minimal 

non-H-group with monolith P G= H, and one of the following conditions holds: 
1) G = P is a simple σi-group such that � �i� � �H  and � G G� � � � �1, ; 
2) P is a non-σ-primary group and G is a τ-minimal non-h i�� �-group with P Gh i� � ��  for all � �i P� � �; 
3) G P K=  , where P C PG� � � is a p-group, p i�� , and K is a monolithic τ-minimal non-h i�� �-group with 

monolith Q K Kh i� � � �� �� � , where � �i Q� � �.
Corollary 2. Let H � � �LF h� , where h is an integrated σ-local definition all of whose non-empty values are 

Abelian. Then F is a minimal τ-closed σ-local non-H-formation if and only if F � l G�
�
form , where G is a mo­

nolithic τ-minimal non-H-group with monolith P G= H, and one of the following conditions holds: 
1) G = P is a simple σi-group such that � �i� � �H  and � G G� � � � �1, ; 
2) P is a non-σ-primary group and G is a τ-minimal non-h i�� �-group with P Gh i� � ��  for all � �i P� � �; 
3) G P K=  , where P C PG� � � is a p-group, p i�� , and K is a minimal non-h i�� �-group of one of the 

following types: 
a) the quaternion group of order 8, if 2��i; 
b) an extraspecial group of order q3 of prime odd exponent q i�� ; 
c) a cyclic q-group, q i�� .
In the case when τ is the trivial subgroup functor, from theorem 1 we obtain following corollary.
Corollary 3 [7, theorem A]. Let H be a σ-local formation of classical type and h be its canonical σ-local 

definition. Then F is a minimal σ-local non-H-formation if and only if F � l G� form , where G is a monolithic 
group with monolith P G= H, and one of the following conditions holds: 

1) G = P is a simple σi-group, � �i� � �H ; 
2) P is a non-σ-primary group and P Gh i� � ��  for all � �i P� � �; 
3) G P K=  , where P C PG� � � is a p-group, p i�� , and K is either a monolithic group with monolith 

Q K Kh i� � � �� �� � , where � �i Q� � � , or a minimal non-h i�� �-group of one of the following types: 
a) the quaternion group of order 8, if 2��i; 
b) an extraspecial group of order q3 of prime odd exponent q i�� ; 
c) a cyclic q-group, q i�� .
In the classical case, when � �� � � � � � � �� �1

2 3 5, , ,  from theorem 1 we obtain following corollary.
Corollary 4 [4, theorem 2.2.10]. Let H be a  formation of classical type and h be its canonical screen. 

Then F is a minimal τ-closed local non-H-formation if and only if F � �l Gform , where G is a monolithic  
τ-minimal non-H-group with monolith P G= H, and one of the following conditions holds: 

1) G = P is a group of prime order p� � �� H ; 
2) P is a non-Abelian group and G is a τ-minimal non-h p� �-group with P Gh p� � � for all p P� � �� ; 
3) G P H=  , where P C PG� � � is a p-group, and H is either a monolithic τ-minimal non-h p� �-group with 

monolith Q H Hh p� � � �� � � , where p does not divide Q , or a minimal non-h p� �-group of one of the follo­
wing types: 

a) the quaternion group of order 8; 
b) a non-Abelian group of order q3 of prime odd exponent q; 
c) a cyclic primary group.
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If, in addition, τ is the trivial subgroup functor, then we obtain following corollary.
Corollary 5 [3, theorem]. Let H � � �LF h  be a formation of classical type and h be its maximal integrated 

local screen. The formation F is an Hl -critical formation if and only if F = l Gform , where G is a monolithic 
group with monolith P G= H, and one of the following conditions holds: 

1) P = G is a group of prime order; 
2) P is a non-Abelian group and P Gh p� � � for all p P� � �� ; 
3) G P K=  , where P C PG� � � is a p-group, and K is a monolithic group with monolith Q K h p� � � (p does 

not divide Q ), such that either � K� � �1 and K Qh q� � �  for all q Q� � �� , or K is a minimal non-h p� �-group of 
one of the following types: 

a) a cyclic primary group; 
b) the quaternion group of order 8; 
c) a non-Abelian group of order q3 of prime odd exponent q.
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