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Abstract. The critical t-closed c-local formations of finite groups are studied, where o is some partition of the set of
all primes P, t is an arbitrary subgroup functor. A description of minimal t-closed o-local non-$)-formations is obtained
for an arbitrary o-local formation of classical type, i. e. a o-local formation that has a c-local definition all of whose
non-Abelian values are c-local formations. Thus, the problem of describing critical formations in the class of t-closed
c-local formations proposed by L. A. Shemetkov (1980) is solved.
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Introduction

The problem of studying critical formations was posed by L. A. Shemetkov [1] at the 6™ All-Union sym-
posium on group theory. In the theory of local formations, a minimal local non-§)-formation [1] or §),-critical
formation [2] is defined as a local formation § & §), all proper local subformations of which are contained
in the class of groups ). The solution to L. A. Shemetkov’s problem for local formations was obtained by
A. N. Skiba in a series of works from 1980—1993 and culminated in the construction of the theory of critical
local formations. The most general result was the description of minimal local non-)-formations for the case
when § is an arbitrary formation of classical type [3], i. e. a formation that has a local screen all of whose non-
Abelian values are local. The theory of t-closed G-local formations was constructed by A. N. Skiba in the mo-
nograph [4]. Results on critical formations were widely used in studying the internal structure and classifica-
tion of local and t-closed local formations, as well as in studying their irreducible factorisations [4; 5].

The development of the theory of c-local formations has led to the necessity of studying and classifying
critical o-local and functor-closed or, in other words, t-closed c-local formations, where 7 is a subgroup func-
tor in the sense of A. N. Skiba [4]. In this context, following [1; 2], a minimal t-closed o-local non-$H-for-
mation or ) -critical formation is defined as a t-closed o-local formation § & ), all proper t-closed c-local
subformations of which are contained in the class of groups §. It should be noted that L.. A. Shemetkov’s
problem of classifying critical formations in the class of o-local formations was solved in the works [6; 7] for
an arbitrary -local formation $) of classical type. Here, a formation $) is called [7] a o-local formation of clas-
sical type if it has a o-local definition all of whose non-Abelian values are c-local.

The study of $_-critical formations was initiated by the authors in the work [8], where a criterion for mini-
mal t-closed o-local non-$)-formations was proved, and a description of such formations was given for a num-
ber of o-local formations of classical type, in particular, for formations of all g-nilpotent and all c-soluble
groups.

The main result of this paper is the following theorem, which provides a solution to the aforementioned
problem of L. A. Shemetkov in the class of t-closed c-local formations.

Theorem 1. Let §) be a c-local formation of classical type and h be its canonical c-local definition. Then §

is a minimal t-closed o-local non-$)-formation if and only if § = I} form G, where G is a monolithic T-minimal
non-$)-group with monolith P = G®, and one of the following conditions holds:

1) G =P is a simple o;-group such that c, ¢ 0(5’)) and T(G) c {1, G};

2) P is a non-c-primary group and G is a T-minimal non-h(ci)-group with P = Gh(cf)for allc, e G(P);

3) G=PxK, where P=Cj (P) is a p-group, p € 6,, and K is either a monolithic T-minimal non—h(ci)—
group with monolith Q = K" jod q)(K), where G, ¢ G(Q), or a minimal non—h(ci)-group of one of the follo-
wing types:

a) the quaternion group of order 8, if 2¢ ,;

b) an extraspecial group of order q* of prime odd exponent q & G,/

¢) a cyclic g-group, q & c;.
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Notations and definitions

The main definitions, notations of the theory of o-properties of groups and general properties of c-local
formations are presented in the works [9—-16].

Let 6 ={o,|i €1} be some partition of the set of all primes P, i. e. o ={c;|ie I}, where P= Uie]oi and
6,no, = for all i#j, G be a group, § be a class of groups. Then G(G):{oi|oim n(G)# @}; o(F)=
=Ug50(G).

A group G is called [9]: o-primary, if G is a 6,-group for some i; G-nilpotent, if G =G, x...x G, for some
o-primary groups G, ..., G,; o-soluble, if G =1 or G # 1 and every chief factor of G is G-primary.

By &,, N, &, and (1) we denote the classes of all 5-soluble, o-nilpotent, 6,-groups and identity groups,

respectively.
Let § be a non-empty formation. Then for any group G the symbol G® denotes the F-residual of the group G,
i. e. the smallest normal subgroup of G such that the quotient group belongs to the formation §. If § and $) are

formations, then their product §$) is defined as follows: §$ = (G | GeF )
The symbol O, . (G) denotes the (Qici, &, )—radical of the group G (the largest normal (60,-/ &, )—subgroup
of the group G), i. e. O, o,.(G) =Gy .-

A function f of the form f:c — {formations of groups} is called [10] a formation c-function. For every
formation o-function /'the class LF, (1) is defined as follows:

LF,(f)=(G|G=1or G#land G/0, , (G)e f(o;) for all 5,€ 5(G)).

If for some formation o-function f we have § = LF_ (f), then it is said that the formation § is o-local, and f
is a o-local definition of §.
Suppose that to each group G a certain system of its subgroups r(G) is assigned. Then 1 is called a subgroup

functor [4, p. 16], if G € 1(G) and for any epimorphism @: 4 — B and for any groups H € t(4) and T < t(B)

we have H”e t(B)and HY e t(4). A class of groups § is called t-closed, if ©(G) < § for any group G € §.
A subgroup functor t is called [4, p. 16]: closed, if for any two groups G and H € 1(G) we have t(H ) < 1(G);

trivial, if for any group G we have t(G) = {G}; identity, if for any group G we have t(G) is the set of all sub-

groups of the group G.
On the set of all subgroup functors, a partial order (<) is introduced [4, p. 19], assuming that t, < 7, holds

if and only if for any group G the inclusion T, (G) cT, (G) is valid. For any collection of subgroup functors
{t;|i e I} their intersection T = ﬂieITi is defined: 1(G)=(")._ 1,(G) for any group G.

iel’l
Let now 1 be an arbitrary subgroup functor, T be the intersection of all such closed subgroup functors t;, for
which t < t,. The functor 7 is called the closure of the functor t [4, p. 20].

For any set of groups X the symbol S X [4, p. 23] denotes the set of all groups H, such that H e ’E(G) for
some group G € X. It is clear that a class of groups § is t-closed, if S, (3 ) =5

If f is a formation o-function, then by Supp( f ) we denote the support of f, i. e. the set of all o, such that
f (Gi) =J.

A formation o-function f'is called: t-valued, if f(o,)is a t-closed formation for all o, € Supp( f'); integra-
ted, if f(o;) < LF, (f)foralli; full,if f (o,)= &, f(o,)foralli.If fis a full integrated formation o-function
and § = LF ( f ), then f"is called the canonical c-local definition of §. The smallest c-local definition of § is
its o-local definition f such that /(o,) < 4 (o, ) for any o-local definition / of § and all .

Let $) be an arbitrary class of groups. A group G is called [4, p. 38] a t-minimal non-$)-group or a §' -cri-
tical group, if G ¢ $, but every proper t-subgroup of the group G belongs to the class §).

For an arbitrary set of groups X and any o, € ¢ the symbol %(G[) [13, p. 962] denotes the class of groups
defined as follows: X (o, )= (G/Oci,,ci(G) |G e %), if o,€0(X),X(0;)=9,if 0,2 5(X).

The set of all t-closed o-local formations is denoted by /. Formations from /_ are called I -formations. For
any set of groups 2 the symbol /; form 9t denotes the t-closed o-local formation generated by the class of
groups MM, i. e. the intersection of all /;-formations containing 91. In the case when 91 = {G} the formation
[ form G is called a one-generated I -formation.
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Let now {Sj | je J} be some set of t-closed o-local formations. Then we set v, (Sj | je J) =1 forrn(uj s S )
In particular, if $ and § are t-closed o-local formations, then Hv_F =1_ form(ﬁ UK )

Let § be a t-closed o-local formation. The formation § is called an irreducible t-closed c-local formation
%,-) =V (X;|iel), where {X,|i eI} is the set of all proper
t-closed o-local subformations of §. If there exist proper t-closed c-local subformations X and $ of §, such
that § = X v 9, then the formation F is called a reducible t-closed o-local formation or I -reducible formation.

or an [ -irreducible formation, if § # [ form(ul.E ;

Auxiliary results

For the proof of the main result of the paper, we will need the following known facts from formation theory.

Lemma 1[13, lemma 2.1]. Let f and h be formation c-functions and let I1 = Supp( f ) Suppose that § =
=LF,(f)=LF,(h). Then:

()M =0(3);

2)§= (ﬂcien®0§ &, f (Gi)) N &p. Consequently, § is a saturated formation;

(3) if every group in § is c-soluble, then § = (ﬂc.enGGE Gcif(ﬁi)) NGy,

(4) if o,€1l, then Qﬁcl_(f(ci)m%') = Qﬁci(h(ci)ﬁﬁ) 3

(5) § = LF,(F), where F is the unique formation o-function such that F (o, ) = 65,.F(Gi) c § forallo;ell
and F (o;) =@ for all ;€11 Moreover, F (o;) = &, (f((si)ﬂ%)for all i.

Lemma 2 [17, lemma 1.1 (a)]. Let § be a Fitting class and G be a finite group. If N<< G, then Nz = N N Gj.

Lemma 3 [18, lemma 1.2]. Let § be a non-empty formation, K I G. Then the following statements hold:

(1) (G/K) =G K /K,

(2) if G = HK, then HSK = G’K;

(3) if G = HK and K = G, then H K = G®.

Lemma 4 [16, lemma 22]. Let 0N = LF, (m), where m is a formation 6-function such that m(s; ) is a t-clo-
sed formation for all 5, € Supp(m). Then the formation 9M is t-closed.

Recall that Tform X denotes the t-closed formation generated by the class of groups X, i. e. the intersection
of all T-closed formations containing X.

Lemma 5 [15, theorem 1.1]. Let X be some non-empty set of groups, § =1 formX = LF, ( f ) where f'is the
smallest t-valued c-local definition of §. Then the following statements hold.:

(1 o(%)=0(3):

) f(o;)= tform(?i(csi)) = rform(%’(csi)) Sfor all i;

(3)if h is an arbitrary t-valued c-local definition of §, then for all c;e G(%) we have f(cl-) =
=tform(4 | A€ §h(a;), O, (4)=1)

Following [18], we define a partial order (<) on the set of all formation o-functions as follows: if f; and f,
are formation o-functions, then f; < 3, if £,(o;) < f,(o;) for any 5, € o.

The following lemma is a special case of corollary 3.1 from paper [15].

Lemma 6 [15, corollary 3.1]. Let §; = LF; ( Ji ) where f; is the smallest t-valued c-local definition of the
formation §., j=1,2. Then §,C §, if and only if f, < f,.

Lemma 7 [14, lemma 11]. If § = LF, (/) and G/ O, (G) € f(0,)N§ for some 5,€ 6(G), then G € §.

A 1-closed formation § is called [4] an irreducible t-closed formation or a t-irreducible formation, if § #
# rform(uie]%i ), where {Z%ﬁi lie I} is the set of all proper t-closed subformations of §.

Lemma 8 [4, lemma 2.1.5]. Let 4 be a monolithic group with monolith R & d)(A). Then the formation

§ =tform 4 is t-irreducible and it has a unique maximal t-closed subformation I = rform({A /R} u%),
where X is the set of all proper t-subgroups of A.

Lemma 9 [7, lemma 2.1]. Let & #I1 . Then the class & of all I1-groups and the class Ny of all 6-nil-
potent I1-groups are c-local formations and the following statements hold:

(1) &y =LF, (g) where g is the canonical c-local definition of the formation & . Here, g(ci) =8, forall
c,elland g(o;) =D for all ,I1’;
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(2) Ny =LF, (n) =LF (k) where n and k, respectively, are the smallest and canonical c-local definitions
of the formation Ny Here, n(o,)=(1) for all 5;€T1 and n(c,) =D for all 5,€IT’, k(o,) = &, forallc,ell
and k(o,) =D for all 5,1l

Lemma 10 [13, theorem 1.14]. Let 9 = LF (m) where m is integrated, I = c(i)ﬁ), and let $) be a non-emp-
ty formation. Suppose that either (i) ) = LF_ (h) where h is integrated, or (ii) &, $ < 9 for all 5;€ o \11. Then
MH=LF, (f) where

m(ci)ﬁ, if o;ell,
f(o;)=1h(o;), if o;€c\IL in case (i),
9, if ;€ c\Il in case (ii).

Lemma 11 [8, theorem 3.1]. Let $= LF (h) $=LF, (f) where h is the canonical -local definition of $),
fis the smallest T-valued c-local definition of §. Then § is a minimal t-closed c-local non-$)-formation if and
only if § =1, form G, where G is a monolithic T-minimal non-$)-group with monolith P = G®, such that for all
c,€ G(P) the formation f(()'i) is a minimal t-closed non—h(ci )—formation.

Lemma 12 [5, corollary 7.14]. The set of n-multiply local formations is a subsemigroup in the semigroup

G of all formations.

Lemma 13 [5, lemma 18.8]. If'a group G has only one minimal normal subgroup and O, (G) =1(p is some
prime), then there exists a faithful irreducible F,G-module, where F, is the field of p elements.

Lemma 14 [4, corollary 1.2.23]. Let X be an arbitrary set of groups, M =Sz (X ). Then tform X = form 9.

The following lemma is a consequence of lemmas 1 and 6.

Lemma 15. Let §;= LF, (F,), where F is the canonical c-local definition of i =1, 2. Then §, < §, if and
only if F;<F,.

Lemma 16 [5, corollary 19.14]. A group is nilpotent if and only if all subformations of the formation it ge-
nerates are hereditary.

Lemma 17 [4, lemma 2.2.4]. 4 formation § is a minimal t-closed non-Abelian formation if and only if § =
= tform A, where A is a t-minimal non-Abelian group and one of the following conditions holds:

1) A is a monolithic group with a non-Frattini monolith R = A’;

2) A is the quaternion group of order 8;

3) A is a nilpotent group of class 2 and its exponent is 4;

4) A is an extraspecial p-group of order p> and its exponent is p > 2;

5) A is a nilpotent group of class 2 having a prime odd exponent.

Recall that a group G e R(X [17, p. 264] if and only if G has normal subgroups N,, ..., N, (t > 2) such that
G/N,; e X and m;;l N, =1.The set of all homomorphic images of all groups from X is denoted by HX.

Lemma 18 [4, lemma 1.2.22]. For any set of groups X the following equality holds:
tform X = HR (S+(X).
Lemma 19 [5, lemma 8.12]. Let A € sform G, where G is a finite group. Then the following statements hold:
(1) the exponent of the group A does not exceed the exponent of the group G;
(2) every chief factor of the group A is isomorphic to some chief factor of the group G;
(3) every composition factor of the group A is isomorphic to some composition factor of the group G;

(4) the class of any nilpotent factor of the group A does not exceed the maximum of the classes of the nil-
potent factors of the group G.

Lemma 20 [12, lemma 2.4]. If § = LF,( f'), then § = LF,(t), where t(c,) = f (0;) N § for all ;€ o.

Lemma 21 [8, theorem 4.1]. Let § be a t-closed c-local formation, § & &y, where & #11 6. Then § is
a minimal t-closed c-local non-&y-formation if and only if § =&, = I form G, where G is a simple 6,-group
such that o; & I1 and ©(G) = {1, G}.

Main result
Before we prove theorem 1, we establish the validity of the following lemmas.
Lemma 22. Let § =LF, (f) where fis the canonical c-local definition of § and let $ be a non-empty
formation such that G(f)) c G(S). Then §$) = LF (h) where h is the canonical c-local definition of §9, and
the following statements hold.:
(1) h(c;)=f(0)9. if 5,6 5(F);
(2) h(o;)=D, if 5,2 5(F).

Crevguansiis <<Cy.,.¢y,\ca,oy.,\u,£a/ " OB QotrILE > 167
2 el NS NPT



Kypuaa Besopycckoro rocynaperseHHoro ynusepcurera. Maremaruka. Mudgopmaruka. 2026;1:163-178
Journal of the Belarusian State University. Mathematics and Informatics. 2026;1:163—-178

Proof. First, note that h(csi)g $9 for any o, € G(S). Let9 =LF, (h) By lemma 1 (1) we have c(im) =
=o(3F).
Assume that 9T < §$ and let G be a group of minimal order from 9T\ §$. Then G is a monolithic group

with monolith P = G*°.
First, consider the case when P is a 6-primary group. Then P is a 6-group for some o, € 0(3’ ) and O, (G) =

= Oc,.(G)- Since G € M, we have
G /Oc,.(G) =G /Oci,’ci(G) IS h(ci) :f(csl-)f) = Qjc,.f(ci)ﬁ-
Therefore, G € f (Gi )f_) < §9, a contradiction. Hence, the group P is non-c-primary. Then O, (G) =1 for any

c;ec(P).Consequently, G=G/0O_. _(G)e f(o,)c TH and we again obtain a contradiction with the choice
€o(P) quently. 1.0, ; g

of the group G. Hence, this case is impossible. Therefore, 9T < §9.
Now suppose that §§) < 9T and let 4 be a group of minimal order from §$\ 9. Then 4 is a monolithic

group with monolith R = A™ Since 4 %9, we have 49 € §. Also note that since $ < 9, we have 47 #1.
Therefore, R < 4. Since 4” € §, we have 47/ 0, (Ay’) ef(o;).Since O, (Aﬁ) =0, (4)N 47 by lem-
ma 2, we have

O, (A) 4710, , (4)=4"10,, ,(A) " A°=4°10, ,(4°)ef(c;).

But by lemma 3 (1) we have the equality O, , (4)4”/0, , (4)= (A /10, 5 (4 )ﬁ. Therefore, 4/0, , (4)e
ef(c;)9="h(o;) for any 6, 5(R). Moreover, since 4/ReM and O, , (4/R)=0, , (A4)/R for any c,e
€ G(A)\G(R), we have

A4/0, . (4)=(4/R)/0, ,(4)/R=(4/R)/0, ,(A/R)eh(s;)
for any ,€ 5(4)\o(R). Thus, 4/0, , (4)eh(o;) for any ;€ 5(4). Consequently, 4 € 9. The obtained

contradiction shows that our assumption is false. Hence, §$ < 91 and therefore §$ =LF_ (h) Since f'is the
canonical 6-local definition of the formation §, for any o, the equality

&, h(o;)=8,, (f(Gi)ﬁ)Z(Qjcr,-f(c’i))ﬁZf(c’i)f’zh(ci)

holds. Since also h(o;) < LF,(h)=F$ for any o,, it follows that / is the canonical c-local definition of the

formation §$). The lemma is proved.
Lemma 23. Let G=P x H, where P=Cj (P) is a p-group, p € 6;, and H is a monolithic group with mo-

nolith Q, such that o, & G(Q) and dD(H) =1. And let X be the set of all proper T-subgroups of H. Then § =
=1 formG is I -irreducible and its maximal t-closed c-local subformation $) has an integrated t-valued c-lo-
cal definition h such that h(a;) = <form(X L {H | 0}); h(o; ) = tform(G 10, ., (G)) for all 6,€ 5(G)\ {5}
and h(cj ) = forallc; ¢ G(G).

Proof. Let §=LF_(h), where A is the formation o-function from the condition of the lemma. Then by
lemma 4 the formation ) is t-closed. Let us show that G/P € §. Let 5, € G(G)\ {Gi}. Then P c Oc,.,(G)'
Hence, O, ;. (G/P)= Os,., (G)/P. Therefore, '

G10,,,,(G)=(GIP)/(0,,4, (G)/P)=(G/P)/O,,, (GIP).
But by the construction of # we have h(cj ) = rform(G /0;,.s, (G)) Consequently,
(G/P)/0O,,, (G/P)eh(s;).

Let under the canonical isomorphism H = G/ P the subgroup Q in the group G /P correspond to the sub-
group Q, / P. Then, by the condition of the lemma, ;€ 6(Q, / P). Hence, O,/ P < O, (G/ P). Consequently,
0,/PcO, (G/P)cO, ,(G/P). But

(G/P)/(Q,/P)=H/Qetform(X U {H/Q})=h(s;).
Hence, (G/P)/0,, , (G/P)eh(a;). Thus, for any 6,e5(G/P) we have (G/P)/OG]_,,G,_ (G/P)eh(cj).
Therefore, G/ P € LF, (h)=$. ’

Let us show that / is an integrated c-local definition of the formation . By the construction of the forma-
tion o-function /# we have
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h(o;)=1form(X U{H/Q}), (1)
where X is the set of all proper T-subgroups of the group H. It is clear that in equality (1) one can take as X the
set of all proper T-subgroups from G / P. But, as was established earlier, G/ P € $) and the formation $) is t-clo-
sed. Therefore, X < ). Consequently, /(c; ) = . Now let 5, € 6(G)\{c; }. Then O, , (G)/P =0, , (G/P).
Hence, since G /Oc_/.,, o (G)=(G/P) /0, o, (G/P)and G/ P e $, we have G /OG]_,, o (G) € . Therefore,

h(cj ) = rform(G/Ocj,,Gj (G)) c 9.

Thus, the o-function / is integrated.

Let 991 be an arbitrary proper t-closed c-local subformation of §, m be its smallest t-valued c-local defini-
tion. Let us show that 9t < §).

Denote by f the smallest t-valued o-local definition of §. Then by lemma 5 for every o, € O'(G) we

have f(csj):rform(G/Ocjr’Gl_ (G)) and f(csj):@ for all 6, & 6(G). By lemma 6 we have m < f. Let 6, €
€6(G)\{o;}. Then by the construction of / we have h(cj)zf(cj ) Hence, for all such o, the inclusion
m(cj)g h(cj) holds. Now consider the value of f on o, If m(ci)zf(csi), then G € M. Indeed, since
Oy, (G)=0, (G)and O, (H)=1, then

0, (G)=0, (G)nG=0,(G)~PH=P(0, (G)nH)=P.

Therefore, G/O, (G)=G/0,, , (G)e f(o;)=m(o;). Applying now lemma 7, we conclude that G € .
Hence, § =/ formG < 9. The latter contradicts the definition of 9. Thus, m(c;) < f(o; ). But by lemma 8
rform(% v {H / Q}) = h(cl.) is the unique maximal t-subformation of the t-irreducible formation

/(o;)=tform(G /0, (G))="1form(G/P)=rform H.
Consequently, m (o, ) = rform(.’{ U {H/Q}) = h(o; ). Thus, for all o, we have m(cj)g h(csj). Hence, 9 c §.

Let us now show that )  §. Indeed, by lemma 5 we have
f(o;)=1form(G/P)=tformH.
Hence, X U{H /Q} c f(o;). Therefore, h(o;) < f (o, ). On the other hand, by the construction of the forma-
tion o-function 4 for all 6,€ 6(G)\ {o,} we have h(cj ) c f(csj ) So, for all o; the inclusion h(csj ) c f(csj)
holds. Hence, $ < §. Assume that ) = §. Then ¢ = f, where ¢ is the smallest t-valued o-local definition of $).

Moreover, t < h. But h(o;) = f(o;). All the more 7(o;) < f (o, ). The obtained contradiction shows that § # §.
The lemma is proved.

Recall that for any IT ¢ o the symbol IT’ denotes the set o\ TT.

Lemma 24. Let M be a non-empty formation, & # I1 c . Then the canonical 6-local definition h of =

=& Ny M is such that h(o; )= &, M for all o; €11 and h(o;)=9 forall o;eIl'.

Proof. Let § =&;M;. By lemma 9 (1) the formation &, has a c-local definition ¢ such that t(ci) =6
for all 5,1’ and ¢ (o, ) =@ for all 5; e I1. Moreover, by lemma 9 (2) the formation 91}, has a o-local defini-
tion k such that k (o, ) = &, for all 5, ITand k (o, ) = & for all o, € IT. Hence, by lemma 10 (i) the formation §
has a o-local definition f'such that f (o, ) = &Ny for all ;€ 1" and f(o;) =&, for all 5, € 5. Applying now
lemma 22, we see that §) has a c-local definition % such that /(o; )= f(o,)9M =S8N M, if ;eI and
h(c;)=f(c;)M =&, M, if 5, 1. Since, obviously, f(o;) < Hand h(o;) =&, (o;) for all i, it follows that
h is the canonical c-local definition of §). The lemma is proved.

Lemma 25. Let A be a monolithic group with a non-c-primary monolith P, X be the set of all proper T-sub-

groups of the group A. Then the formation § =1 form A is I -irreducible, and its maximal t-closed c-local
subformation $) has an integrated c-local definition h such that h(ci ) = rform(% v {A / P}) forallc; e G(P),

h(o;)= rform(A 10,5 (A)) forall ;e 5(A)\o(P) and h(c;) =D for all 5,2 c( A).

Proof. Let i be the formation o-function from the condition of the lemma, and = LF_ (h) Then by
lemma 4 the formation §) is t-closed. Let us show that (% u{4 /P}) cHLetGe (% u{4 /P}), c,ec(G).1f
o,€6(P), then h(o;)=form(X U{4/P}) and therefore G/ O, , (G)eh(s;). Let 5,€ 6(G)\o(P). Then
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since G € §, wehave G/ O, (G)e f(o;), where f is the smallest t-valued o-local definition of §. By lem-
ma 5 we have f'(o;)= rforrn(A /10, . (A)) =h(o;).Hence, G/ O, , (G) e h(o;). Thus, for all 5,€ 6(G) we
have G/ 0, (G) e h(o;). This means that G € LF, (h)= $. Consequently, X U {4/ P} < $. From this it fol-
lows that for all 6, € o(P) we have h(c, ) = tform(X U {4/ P}) c $. Leto;e 6(A4)\6(P).Then P O, , (A4)
and therefore 4 /0, , () is a homomorphic image of 4/P.Hence, 4/0,, , (A4) < tform(X U {4/P})c 9.
The latter implies 4(o; ) = $. Therefore, the o-local definition / is integrated.

Now let 901 be an arbitrary proper t-closed c-local subformation of §, m be its smallest t-valued c-local
definition. Let us show that 91 < §). By lemma 6 we have m < f. By lemma 5 for all 5, € 6(4)\o(P) we have
h(o;)=f(o;)- Hence, for all such o; the inclusion m(o;) < h(o;) holds. Let o;€ 6(P). Then O, , (4)=1
and by lemma 5 we obtain

f(o;)= rform(A /10, , (A)) =tform(4).

If f(o;)=m(oc;),then 4 € m(o;,).But m is an integrated c-local definition of 901. Hence, 4 € 901 and therefore
§ =1 form(A4) = 9 < §. Hence, § = 9. The latter contradicts the definition of 901. Thus, m(o;) = f(o;). By
lemma 8 the formation f'(o; ) =tform(4) is t-irreducible and every its proper t-subformation is contained in
tform(% {4 /P}) =h(o;). Hence, m(o,) < h(o; ). Thus, m < h and therefore M < §).

By the construction of the o-function 4 we have 4(o;) < f (o, ) for all o,. Consequently, ) = §. If 5, 5(P),
then (o, ) =tform(X U {4/P})c f(o;). All the more t(c,) = f(o;), where  is the smallest t-valued o-lo-

cal definition of §. The latter means that § — §. Thus, the formation § is [ -irreducible and §) is its unique
maximal t-closed c-local subformation. The lemma is proved.

Lemma 26. Let N be a saturated formation, = 661_, Qicifm. Then § is a minimal t-closed c-local non-$-
Jormation if and only if § =1 form G, where G is a monolithic T-minimal non-$)-group with monolith P = G”,
such that ;€ G(P), and either P is a non-c-primary group and G is a T-minimal non-(@ciim)-group with

P=G™ m, or G=PxH,where P=Cj (P) is a p-group, p € 6, and H is a monolithic T-minimal non—(QSG‘_ Dﬁ)—

group with monolith Q = H m, such that Q & CD(H) and o; & G(Q).

Proof. Let f be the smallest t-valued c-local definition of the formation §, 4 be the canonical o-local
definition of the formation §).

Necessity. By lemma 11 § is a t-closed o-local formation generated by a monolithic T-minimal non-$-

group G with monolith P = G?, such that the formation 1 ( c; ) is a minimal t-closed non-4 ( c; )—formation for
all 5, e 5(P). Since H=, 9, we have 5,e 5(P).

Let P be a non-c-primary group. Then by lemma 25 the formation § is /_-irreducible and its maximal t-closed
c-local subformation 9%, has an integrated t-valued c-local definition m such that m(Gj ) =1 form(% )/ {G / P}),
where X is the set of all proper T-subgroups of the group G for all6; € G(P). But by condition 21,  $. Hence,
m < h. By lemma 24 we have h(o,) =, 9. Thus, (X U {G/P})c &, M. It is clear that G does not belong to
&, M. Hence, G is a T-minimal non—(@ﬁcl_ iDT)—group andG/Pe®; M,i.c. P= G ™

Let P be a o-primary group. Then P is a 6,-group. And let / be a group of minimal order from f (Gi )\ h (Gi )
Since the formation f (o) is t-closed, H is a monolithic T-minimal non-A(o; )-group. Let O be the monolith
of H ThenQ=H Moi) = %™ Let us show that 0 is not contained in ® (H ) Suppose the contrary. Then since
H/Qeh(o;), we have H/®(H)eh(o;). By the condition of the lemma the formation 901 is saturated, and
hence local. Therefore, by lemma 12 the formation /(c; ) =&, 90 is local, and hence /(o ) is saturated. Con-
sequently, H € h(o; ). The obtained contradiction shows that ®(H)=1.

Since /(o;) = &, M, we have O, (H)=1. Consequently, by lemma 13 there exists a faithful irreducible
F,H-module P, where p eoc,. Let F=PxH.Then P=Cp (P) is the minimal normal o-subgroup of F. Since
the -local definition f'is integrated, F € § by lemma 7. It is clear that O, . (F)=0, (F). Moreover, sin-
ce O, (H)=1,we have

0, (F)=0, (F)nF =0, (F)nPH=P(0, (F)nH)=P.
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Denote by /4, the smallest t-valued c-local definition of $,=/;formF. By lemma 5 we have hl(cl. ) =
= rform(F/ 0,5, (F)) =tform(F / P)=tform H.1If ), = §, then by condition $), = . Hence, by lemma 6 we
have the embedding A, < h. The latter contradicts the definition of the group H. Thus, $,=5F, 1. e. § =/: form F.

Suppose that 5, € 5(Q). Since O, (H ) =1, Q is a non-c-primary group. It is clear that H e Fand O, , (H)=
= 1. Suppose that the formation §),=/; form / # §. Then by condition ), c $. Hence, H =H / O, . (H)e
€ h(c,. ), which contradicts the definition of the group H. Consequently, $, = §. Moreover, repeating the above
arguments, we obtain that / is a minimal non—(@s[ E)ﬁ)—group andQ=H Ba, . Thus, we arrive at the situation
already considered. Therefore, o, ¢ 6(Q).

Sufficiency. By lemma 11, to prove that § is a minimal t-closed o-local non-$)-formation, it suffices to es-
tablish that f (o, ) is a minimal t-closed non-/( s, )-formation for all 5, € 5( P).

Let P be a non-c-primary group. Then O, (G) =1forall 5, e G(P). Consequently, by lemma 5 for all
such o, we have f(o,)=1formG. By lemma 8 the formation f (o, ) is t-irreducible and its maximal t-closed
subformation coincides with rform(% v { G/ P}), where X is the set of all proper T-subgroups of G. By con-
dition G is a T-minimal non-(@ci Dﬁ)—group and P =G®™ Hence, if X,=S. (G/P),then X, c h(o;) =8, M.
Therefore, by lemmas 14 and 24 we have

tform(X U {G/P})=1form(X U %) =form(X U X,) c h(c;) =&, M H=h(o,)

for all o, € 6(P)\ {o,}. Since also P=G” = G%™ it follows that /(o) is not contained in / (o, ) for all 5, &
ec(P). Thus, if P is a non-c-primary group, then f'(,) is a minimal t-closed non-/( o, )-formation for all
o,ec(P).

Let P be a ,-group. Then O, , (G) =0, (G). Moreover, since O, (H)=1, we have
N

O,

0, (G)=0, (G)nG=0,(G)nPH=P(0, (G)n H)=P.

By lemma 5 we have
/(o;)=1form(G/0,, , (G))=rform H.

Since H is monolithic and d)(H ) =1, by lemma 8 rform(% U {H / Q}) is the unique maximal t-closed subfor-
mation of f (Gi ), where X is the set of all proper t-subgroups of the group H. Now, as above, one can show that

tform(X U {H / Q}) c h(o;) =&, M.

Thus, f (Gi) is a minimal t-closed non-% (Gi )—formation. Hence, § is a minimal t-closed o-local non-$)-forma-

tion by lemma 11. The lemma is proved.
Lemma 27. Let M be a non-empty Abelian formation, § =&, &, M. Then § is a minimal t-closed c-local

non-$)-formation if and only if § = I form G, where G is a monolithic T-minimal non-$)-group with monolith P =
=GP such that C,€ G(P), and either P=G™"" is a non-c-primary group and G is a T-minimal non-(@cl_i)ﬁ)—
group, or G = Px H, where P=C (P) is a p-group, p € 6;, and H satisfies one of the following conditions:

1) His a monolithic T-minimal ”0”‘(60,. f)ﬁ)-group with monolith Q = H Oa ™ & O(H), such that 5; ¢ (0);

2) H is a minimal non-9-group of one of the following types:

a) the quaternion group of order 8, if 2¢ G;;

b) an extraspecial group of order ¢° of prime odd exponent q & G;;

¢) a cyclic g-group, q & ©;.

Proof. Let f be the smallest t-valued G-local definition of §, / be the canonical c-local definition of §).

Necessity. Let § be an $)_-critical formation. Suppose that § is not contained in (Qéc, &, )‘ﬁ = $,, where N

is the class of all nilpotent groups. Since 9t < 1, we have ((’501_, &, )Dﬁ c (601_, &, )‘ﬁ = $,. Hence, in this case
§ is a minimal t-closed c-local non-$),-formation. Consequently, by lemma 26 we have that § is a t-closed
o-local formation generated by a monolithic T-minimal non-$)-group G with monolith P = G™, such that c, €
€ G(P), and either P is a non-c-primary group and G is a T-minimal non—(@s[‘)"()—group, and P=G"™ m, or
G=PxH, where P=C, (P) is a p-group, p € 6;, and H is a monolithic T-minimal non—(@cim)—group with
monolith O = H%™, such that Q0 & ®(H)and o, ¢ c(0).
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Let P be a non-c-primary group. Then by lemma 25 the unique maximal t-closed o-local subformation 1,
of § has an integrated t-valued o-local definition m such that m(o; ) =1 form(% u{G /P}), where X is the set of

all proper T-subgroups of the group G. By lemma 1 (4), (5) we have m < ¢, where ¢ is the canonical c-local
definition of 91,. Since by condition I, < ), by lemma 15 the embedding m < ¢ < & holds. By lemma 24 we

have /(o;) = &, 9. Hence, (% u{G/ P}) c &, M. Thus, if P is a non-c-primary group, then P = G%™ and
G is a T-minimal non-(@ci im)-group.

Let P be a o-primary group, X be the set of all proper T-subgroups of H. Then, taking into account lem-
ma 23 and reasoning as in the previous paragraph, we obtain that % U {H / Q} c &, E)ﬁ Hence, H is a T-mi-
nimal non- (05 SUI) -group. Since also H/Q € &, M, we have O = H Fa . Thus, H satlsﬁes condition 1).

Note that in both considered cases we have P = G”. Indeed 1f P is non-c-primary, then since G/ P e &, M <
c $H we have G/ P e $.If P is o-primary, then since Q = H %™ and Q is a ,-group, we again obtain G/ P=
=He®, &; M =75 Assume that G € §. Then G € §,, but P = G Contradiction. Consequently, P = G°.

Thus, § =/; form G, where G is a group satisfying the condition of the lemma.

Consider the case when § < $,. By lemma 11 § is a t-closed c-local formation generated by a monolithic
T-minimal non-$)-group F with monolith F°, such that for all SIS (S(F fJ) it holds that f ( ) is a minimal
t-closed non- h( ) formation. Since F/F®e =8, &, M, we have o, € G(F"?)) By lemma 24 the forma-
tion &, M is the value at o; of the canonical o- local deﬁmtlon of $,. Since by our assumption § c $),, we
have f(o,) < &, M. By lemma 5 (3) we have f (o, )= rform(A |de f(a;),0, (4) =1).Hence, f(o)eN,.,
where N is the formation of all nilpotent ,-groups.

By lemma 16 all proper subformations of f ( ) are hereditary. From this and from the fact that every pro-
per t-closed subformation of f(o;) is contained in /(s,) =&, M, it follows that every proper subformation
of f(o;)is contained in M. On the other hand, it is clear that f (o;) is not contained in M. Hence, f(o;) is
a minimal t-closed non-9)i-formation.

Let /(o;) not be contained in 2. Then since 90T = 2, it follows that f'(;) is a minimal non-Abelian for-
mation. By lemma 17 f (csl.) is the formation generated by H, where H is either the quaternion group of order 8

or an extraspecial group of order ¢’ of prime odd exponent ¢. Since f (Gl- ) c N, , in the first case 2 ¢ 5;, and
in the second case g ¢ G;. I

Since in both these cases the group H is monolithic and O, (H ) =1, where p € ;, by lemma 13 there exists
a faithful irreducible F,H-module P. Let G = Px H. Then

0, (G)=0, (G)=0, (G) mPH:P(OG, (G)mH):P,

Oy, O; G;
since H is a o-group. Hence G/0, (G)=H € f(o;). Therefore, G € § by lemma 7. If the t-closed o-local
formation §;, generated by the group G, is different from §, then by condition §; < . But then G/ Os.., (G) =
=He h( ) Consequently, f ( )C h( ) Contradiction. Hence, §, = §. Moreover, obviously, P =C (P)—
=G" Since f ( ) is nilpotent, we have formX < form H = f ( ) where X is the set of all proper subgroups
of H. Since all proper subgroups of H are Abelian and the formation f ( ) is non-Abelian, we have form X
< f(o;). Hence, since f (o, ) is a minimal non-90-formation, # is a minimal non--group.

Let /(o) = A and H be a group of minimal order from f (o, )\ 9. Since f (o, ) is hereditary, H is a minimal
non-21-group. Moreover, because f ( GI-) is a minimal non-9)i-formation, f ( GI-) is the formation generated by
the group H. Since the formation f (Gi) is Abelian, H is a cyclic g-group, where g € 6, € G\{Gi}.

Considering that f (Gi ) c N, , then O, (H ) =1, where p € c,. Therefore, by lemma 13 there exists a sim-
ple faithful £,H-module P. Let G = Px H. Since H does not belong to 91, then, as above, one can show that
§ =1 form G. Moreover, it is clear that P = C (P) =G%and H satisfy condition 2).

Sufficiency. By lemma 11, to prove that § is a minimal t-closed o-local non-$)-formation, it suffices to show
that f (o, ) is a minimal t-closed non-/ (o, )-formation for all 5, € o(P).

Let P be non-g-primary. Then O, . (G) =1 for every 6, € 5(P). Consequently, f (o, )= tformG. By lem-
ma 8 the formation f (o, ) has a unique maximal t-closed subformation, coinciding with tform (% U {G/P}),

where X is the set of all proper t-subgroups of the group G. But by condition G is a T-minimal non—(@cl_ m)—group
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and P=G®™ Hence, X U {G/P}c &, M = h(o;). Consequently, the inclusion form(% u{G /P}) ch(o;)
holds. But form (X U {G / P}) = tform(X U{G/P}).Indeed, if L/ P T(G/P)and L = G, then L € X. There-
fore, L/ P e H(% ) {G/P}). Hence,
S (X¥u{G/P})cH(X U{G/P}).
But by lemma 18 we have
tform (X U{G/P})=HRS; (% U{G/P})=form(S (X L{G/P}))=
= form(H(X U {G/ P}))=form(X U{G/P}).
Thus,
tform(X U{G/P}) < h(o;).
On the other hand, since by lemma 23 for any 6,€ 6\ {c;,} we have (o, )= &, &, M, it follows that for all
such o, the inclusion tform (X W {G/P}) < h(s, ) also holds. Since P =G, it follows that f (s, ) is not contai-
ned in /(o ) for all 6, € 5( P). Thus, if P is a non-c-primary group, then f'(o, ) is a minimal t-closed non-/(c, )-
formation for all o, € cs(G’6 ) Consequently, § is a minimal t-closed c-local non-$)-formation.
Now let P be a o,-group. Then O, . (G)= O, (G) and since O, (H)=1we have

0, (G)=0,(G)nG=0,(G)nPH=P(0, (G)n H)=P.

O;

Consequently, f(o;)= tform(G/ Oy, (G)) =tform H by lemma 5. It is clear that f/(o;) is not contained
in h(o;).

Let H satisfy condition 1). Then by lemma 8 the formation f (Gl- ) has a unique maximal t-closed subforma-
tion M, = rform(% U {H / Q}), where X is the set of all proper t-subgroups of H. By condition H is a T-mi-

nimal non—(QﬁGi im)—group andQ=H Be, . Hence,
tform (X U {H / Q})=form(X U{H / Q}) c h(o;) = &, M.

It is clear that (o, ) is not contained in /(o; ). Thus, f(o;) is a minimal t-closed non-h (o, )-formation, and
hence § is an ), -critical formation.

Now let A satisfy condition 2) and let /7 be the quaternion group of order 8, 2 ¢ 5,. And let 90, be the for-
mation of Abelian groups of exponent dividing 4. Suppose M, & f (csl.) and let K be a group of minimal order
from 90\ f (csi). Then K is monolithic. Consequently, K is a cyclic primary group. Thus, either |K | =4, or
|K | = 2. But the quaternion group of order 8 has cyclic subgroups of orders 2 and 4. Consequently, K € f (O'i).
The obtained contradiction shows that M, < f (o, ). Let $, be an arbitrary proper subformation of f (o, ). Then
by lemma 17 we have ), . Assume that ), < 9,. Let M be a group of minimal order from $,\ 9t. Then M

is monolithic. Since the group M is Abelian, it is cyclic. By lemma 19 the exponent of M divides the exponent
of H. Thus, the exponent of M is 2 or 4. But then, obviously, M € 9t,. The obtained contradiction shows that

every proper subformation of f (csl. ) is contained in 91,. But, obviously, 9, = form(Z 4 ) , where Z, is the cyclic
group of order 4. Hence, 9, < tform X, where X is the set of all proper subgroups of . Thus,

oM, = form(Z, ) = tform X.

Since by condition / is a minimal non-9J1-group, we have 9, 9. Consequently, 1 (Gi ) is a minimal t-closed
non-/( o, )-formation.

Now let H be an extraspecial group of order ¢° of prime odd exponent ¢ ¢ 6,. Then by lemma 17 tform H =
= f(o;) is a minimal t-closed non-Abelian formation. Let M be a maximal subformation of f(o; ). Then M is
an Abelian formation and every non-identity group from M has exponent ¢. Since K is a minimal non—h(cl. )—
group, /( 5, ) contains groups of order ¢. But then M < h(o; ). Consequently, f (o, ) is a minimal non-/( o, )-for-
mation.

Finally, let H be a cyclic g-group, g ¢ c,. Let |H| =¢" and M be a maximal subgroup of H. Then M h(ci ),

but H ¢ h(o;). Hence, f(o;) & h(o;) and form M < h(o; ). Let us show that every proper subformation of
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f(o;)is contained in form M. Suppose that in f (o, ) there is a proper subformation 90 such that M & form M,
and let 4 be a group of minimal order from 9\ form M. Then 4 is monolithic. Since f (Gi) is Abelian, A4 is
a cyclic group of order ¢". According to lemma 19 the exponent ¢” of 4 divides the exponent ¢" of H. If m = n,
then 4= H and then f (Gi)g formAcMc f (Gi). The obtained contradiction shows that m # n. But the
order of M is ¢"~'. Hence, either 4 is isomorphic to some proper subgroup of M, or A =M. This means that
A e form M. Contradiction. Consequently, f (o, ) is a minimal non-4(o; )-formation.

Thus, in all considered cases f (o, ) is a minimal t-closed non-/( s, )-formation. Therefore, § is an $);-cri-

tical formation by lemma 11. The lemma is proved.
Lemma 28. Let h be the canonical definition of $ and G = P x K be a monolithic group with monolith P =

=C; (P) =G —ap-group, p e c,€0, Oy (K) =1. Then G is a T-minimal non-$)-group if and only if K is a T-mi-
nimal non-h ( ; )—group.

Proof. Sufficiency. Let K be a T-minimal non-4 (G,. )—group and M e ?(G) \ {G} Let us show that M € §. If
G = PM, then, obviously, M P=1.Hence, M =M /PN M =MP/P=G/Pe$H.Let PM+# G. Then PM /P e
eT(G/P)\{G/P}.But G/ P =K. Consequently, in K there exists a proper T-subgroup D such that MP / P =
=Deh(o;). So,

M/MNP=MP/Peh(c;)=&, h(o,).

Hence, M € h(o;). Thus, every proper T-subgroup of G belongs to §). Since by condition P = G, it follows
that G is a T-minimal non-$)-group.

Necessity. Let G be a T-minimal non-§)-group and M € T(K)\ {K}. If under the isomorphism G/ P = K the
subgroup M corresponds to the subgroup D/ P in the group G / P, then D € T(G)\ {G}. Consequently, D € §).
Therefore, D/ O, . (D)€ h(o;). Then since

D=DNG=DNPK=Px(DnK), P=C;(P) and O, (K)=1,
we have O, , (D)=0, (D).1tis also clear that O, (D)/P =0, (D/P). Consequently, since D/ O, . (D)e

e h(o;), it follows that M /O, (M) e h(c;)=®, h(o;). Hence, M € h(o; ). Thus, every proper T-subgroup
of K belongs to h(csi ) If, moreover, K € h(csi ), then G € $) by lemma 7, which is impossible. Therefore, K is

a T-minimal non-/ (o, )-group. The lemma is proved.

Proof of theorem 1

Necessity. According to the condition, the formation $) has a o-local definition fall of whose non-Abelian
values are c-local. By lemma 20 we can assume that such a o-local definition is integrated. By lemma 1 (2)
we have

9=(aycoe)Bor s, £ (5,)) " By
Since by condition every proper t-closed c-local subformation of § is contained in §), but § & ), then either
§ is aminimal t-closed o-local non—@c( fJ)—formation, or there exists 6, € 6(55) such that § is a minimal t-closed
o-local non-((’ﬁci, &, f (o ))-formation.

Consider first the case when § is a minimal t-closed c-local non—@c( ﬁ)—formation. Then by lemma 21 we
have § =&, =I; form G, where G is a simple 6,-group such that o, ¢ o($)and t(G) < {1, G}. It is clear that
G is a T-minimal non-)-group and G = G®. Thus, the group G satisfies condition 1) of the theorem.

Now let o, € 5($) be such that § is a t-closed o-local non—(@ci, &, /(o ))—formation.

Assume first that f (O'i) is a o-local formation. By lemma 1 (5) h((sj ) = Qﬁcj f (0 ) ) for any 5. Since by lem-
ma 1 (2) the formation f (Gi) is saturated, by lemma 26 we have § =/ form G, where G is a monolithic group
with monolith P = Gqﬁ“f'h(ci ), such that o, e G(P) and either P is a non-c-primary group, G is a T-minimal non-
h(o; )-group and P = G"%) or G = Px K, where P = C;(P) is a p-group, p € 6;, and K is a monolithic T-mi-
nimal non-/(; )-group with monolith Q = K ") such that 0 & ® (K)and o;¢ 6(Q).
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Denote by 21 the maximal t-closed o-local subformation of §§. Consider the case when P is a non-c-primary
group. By lemma 25 the formation 9 has an integrated -local definition 72 such that m ( o; ) =tform (% ) {G / P})
forallo; e G(P), where X is the set of all proper T-subgroups of G. By lemma 15 we have m < h. Thus, for
all 6; € 5(P) it holds that all proper T-subgroups of G belong to h(cj ) and G/Pe h(cj ) Suppose that there

exists 6, € G(P) such that G € h(csj ) Then since the o-local definition / is integrated, we have
Ge h(csj ) cHCS G, 8, f(o;).

But P = G"(°) = G®%®/(%) The obtained contradiction shows that G is a T-minimal non- ( c; )-group for all
C; € G(P). It is clear that P = G®. Thus, in this case § = I% form G, where G is a monolithic T-minimal non-$)-
group with monolith P = G®, satisfying condition 2).

Let P be a o-primary group. By lemma 28 the group G is a T-minimal non-$)-group. By lemma 23 the for-
mation O has an integrated definition m such that m(o, ) = tform(% U{K/ Q}), where X is the set of all pro-
per T-subgroups of K, m(csj ) = rforrn(G 10,,, (G)) forallc; € o(G)\{o,}and m(cj ) = forallo, ¢ o(G).
By condition 9 < §). Hence, m < h. Since m(cj ) = tform(G /0s,.s, (G)) for all ;€ 6(G)\{a;}, it follows
that for all such o; we have G/0, , (G)e h(cj ) Let us show that G/ O, , (G)=K /O, , (K). Indeed,
since ©; # G;, we have Os,.0, (G)/P= Os..0, (G /P).Consequently,

K/0,,q (K)=(G/P)10, ., (GIP)=(GIP)/(0,,, (G)/P)=G/O, , (G).

Therefore, for all 6,€5(G)\{c;} we have K /O, (K)e h(csj ) Let us show that P = G”. It is clear that
Gg¢ $. If O is a non-c-primary group, then OG,_,, o, (K) =1. Consequently, G/P=K € h(q/)g 9. If O is
ac;-group, then O, , (K)=0, (K).Hence,K /O, , (K)=K/ 0,, (K)e h(Gj ) =&, h(Gj ) Consequently,

J
G/PzKeéicl_h(Gj):h(Gj)gf).
Thus, P = G” and G satisfies condition 3).

Consider now the case when f (Gi) is an Abelian formation. Applying lemma 27, we see that § = /; form G,
where G is a monolithic T-minimal non-(@ci, &, f (o ))-group with monolith P = G?, such that ;€ o(P), and
either P =G /(=) is a non-c-primary group and G is a T-minimal non—(@ci f (Gi ))—group, or G =P x H,whe-
re P=C, (P) is a p-group, p € 6;, and H satisfies one of the following conditions: 1) / is a monolithic T-mi-
nimal non-(@ﬁcl_ f (Gi))-group with monolith Q=H @ /(1) jod d)(H ), such that ¢, ¢ G(Q); 2) H is a minimal
non- f (Gi )—group of one of the following types: a) the quaternion group of order 8, if 2 ¢ 5;; b) an extraspe-
cial group of order ¢* of prime odd exponent g ¢ G;; ¢) a cyclic g-group, g ¢ ;.

Let P be a non-g-primary group. By lemma 25 the formation 91 has an integrated o-local definition m
such that m(cj ) = rform(% U {G/P}) for all 6, € 6(P). By condition 9 < §. Consequently, m < h. Thus,
forallc; e G(P) it holds that all proper T-subgroups of G belong to h(csj) and G/Pe h(cj ) Suppose that
there exists c, € G(P) such that G € h(csj ) Then since the o-local definition / is integrated, we have G € $H =

C &, (o;). The obtained contradiction shows that P = ") for all c,e€c(P). It is also clear that P=G".

Thus, in this case § =/_ form G, where G is a monolithic T-minimal non-$)-group with monolith P = G, satis-
fying condition 2).

Let P be a o-group. Then G is a T-minimal non-$)-group by lemma 28.

Let H satisfy condition 1). Then by lemma 23 the formation 9t has an integrated definition m such that

m(csl.)z rform(% U {H/Q}), where X is the set of all proper T-subgroups of the group H. By condition
M  §. Hence, m < h. Consequently, X U{H/Q} c h(o,) =8, f(c;). If He h(o,), then G/ P=H e h(s;).
Hence,

Ge@cih(ci)zh(ci)gf).

The obtained contradiction shows that / is a T-minimal non-4(o; )-group and H/ Q € h(c; ). Hence, 0 = H (1)
and H satisfies condition 3) of the theorem.
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If H satisfies condition 2), then, obviously, H satisfies condition 3) of the theorem.
Let us show that P=G”. Obviously, G ¢ $. Suppose that G/P ¢ $. Then H ¢ ). Consequently, § =
=1 form G =1} form H. Applying now lemma 5, we see that

/(0;)=1form(G /0, (G))=1form(G/P)=rform H = tform(H / O, ,, (H)).

If the group H satisfies condition 1), then by lemma 8 the formation rforrn(% v { H/ Q}) is the unique maximal
t-closed subformation of tform H, where X is the set of all proper T-subgroups of H. Since Q is a ,-group,
wehave Q< O, , (H).Hence, H/ O, , (K)etform(X U {H/Q}). Thus,
H/O, (H)e tform(% U{H/ Q}) c tformH = tform(H /O, o (H))
Contradiction.
Now let H satisfy one of conditions 2). Then H is a o-primary group, i. €. a 6,-group for some 6, € . Conse-
quently, H=0, (H)=0,, , (H). Hence, f(o;)=1formH = rforrn(H /0.4 (H)) =(1). The obtained con-

tradiction shows that G / P € §. Therefore, P = G™.
Sufficiency. Let f be the smallest t-valued o-local definition of §. To prove sufficiency, by lemma 11 it suf-

fices to establish that f (Gj ) is a minimal t-closed non-h(cj )-formation foreveryo; e G(P).
If the group G satisfies condition 1), then § is a minimal t-closed c-local non-$)-formation by lemma 21.
Let G satisfy condition 2) and 6, € G(P). Then by lemma 5 we have

f(csj): rform(G/OGj,’G[(G)) =tformG.

Let X be the set of all proper T-subgroups of G. Then by condition X U {G / P} = h(c l ) But tform (.’{ u{G/P})
is the unique maximal t-closed subformation of tform G by lemma 8. It is also clear that G does not belong to
h(cj ) Hence, f ( c; ) is a minimal t-closed non-h(cj )-formation.

Now let G satisfy condition 3) and ®(K )=1. Then

/(o;)=1form(G/0, ,, (G))="rformK.

Let X be the set of all proper T-subgroups of K. Then by condition X c h(o;) and K /Q € h(o;). Hence,
tform(% v {K/Q}) c h(csi). By lemma 8 rform(% U {K/Q}) is the unique maximal t-closed subforma-
tion of f(o,)=tformK. Hence, every proper t-closed subformation of f(o;) is contained in A(o;). If
f(o;)<h(o;), then G/ P e h(o;). Hence, by lemma 7 we have G € §. Contradiction. So, f(o;) & h(s;).
Thus, f'(o;) is a minimal t-closed non-/( o, )-formation.

Let K satisfy condition a), i. e. K is the quaternion group of order 8. Then by lemma 17 f (ci ) =1formK is
a minimal non-Abelian formation. Let 971 be a maximal subformation of f (cl. ) It is easy to see that 91 is the

formation of Abelian groups of exponent dividing 4, and 91 is generated by any Abelian group of exponent 4.
Among the subgroups of K there is a proper Abelian normal subgroup of exponent 4. Hence, 9t — form X,
where X is the set of all proper subgroups of K; moreover, the subgroups of K are Abelian and their exponents

divide 4. Consequently, formX < 901. Thus, 9t = form X. But by condition X < /(o; ). Hence, M < k(o). So,
7 (o;) is a minimal t-closed non-4(o; )-formation.

Now let K satisfy condition b), i. e. K is an extraspecial group of order ¢> of prime odd exponent ¢. Then by
lemma 17 tform K = f (o, ) is a minimal t-closed non-Abelian formation. Let M be a maximal subformation of
f (Gi ) Then M is an Abelian formation and every non-identity group from M has exponent ¢. Since K is a mi-
nimal non-/ (o, )-group, (o, ) contains groups of order g. But then M < /(o; ). Consequently, f'(o; ) is a mini-
mal non-4(o; )-formation.

Finally, let K satisfy condition ¢), i. e. K is a cyclic g-group. Let |K | =¢" and M be a maximal subgroup

of K. Then M € h(o;), but K ¢ h(o;). Hence, f(o,) & h(o;) and form M  h(o; ). To complete the proof of
the theorem it is necessary only to establish that every proper subformation of f (Gi) is contained in formM.
Suppose that in f ( GI-) there is a proper subformation 97 such that 9t & form M, and let 4 be a group of mi-
nimal order from 971\ form M. Then A is monolithic. Since the formation f (Gi) is Abelian, 4 is a cyclic group
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of order ¢"". According to lemma 19 the exponent ¢” of A divides the exponent ¢" of K. If m = n, then A =K and
then f(o;) < form A = M < f(o;). The obtained contradiction shows that m # n. But the order of M is ¢" .
Hence, either 4 is isomorphic to some proper subgroup of M, or A =M. This means that 4 € form M. Contra-
diction. Consequently, f (Gi) is a minimal non—h(csi )—forrnation.

By lemma 16 in each of the considered cases f'(o;) is a hereditary formation, therefore f (o, ) is a mini-
mal t-closed non-h(c; )-formation. Applying now lemma 11 we conclude that § is an $);-critical formation.

The theorem is proved.
Recall that a formation § is called 2-multiply c-local [10], if § has a 6-local definition all of whose non-emp-
ty values are c-local. It is clear that every 2-multiply o-local formation is a 6-local formation of classical type.
Corollary 1. Let $ be a 2-multiply c-local formation and h be its canonical c-local definition. Then § is

a minimal t-closed c-local non-$)-formation if and only if § =1 form G, where G is a monolithic T-minimal
non-$)-group with monolith P = G®, and one of the following conditions holds:

1) G =P is a simple 6-group such that c; ¢ G(f)) and ‘C(G) c {1, G};

2) P is a non-c-primary group and G is a T-minimal non—h(csi )—group with P = Gh(c")for all c; e G(P);

3) G=PxK,where P=Cj (P) is a p-group, p € 6,,and K is a monolithic T-minimal non-h(csi )—group with
monolith O = K"*) & ®(K), where 5,2 5(Q).

Corollary 2. Let = LF (h) where h is an integrated c-local definition all of whose non-empty values are
Abelian. Then § is a minimal t-closed c-local non-$)-formation if and only if § =1 form G, where G is a mo-
nolithic T-minimal non-$)-group with monolith P = G®, and one of the following conditions holds:

1) G = P is a simple c;-group such that 6, G(Sﬁ) and ‘C(G) c {1, G},‘

2) P is a non-c-primary group and G is a T-minimal non—h(ci )-group with P = Gh(c")for all c; e G(P),’

3) G=PxK, where P=Cj (P) is a p-group, p € 6;, and K is a minimal non—h((si)-group of one of the

following types:
a) the quaternion group of order 8, if 2 ¢ G;;

b) an extraspecial group of order q° of prime odd exponent q & G,

¢) a cyclic g-group, q € G;.

In the case when 7 is the trivial subgroup functor, from theorem 1 we obtain following corollary.

Corollary 3 [7, theorem A]. Let $) be a o-local formation of classical type and h be its canonical c-local
definition. Then § is a minimal c-local non-$)-formation if and only if § = form G, where G is a monolithic

group with monolith P = G, and one of the following conditions holds:

1) G =Pis a simple 6,-group, ;& 6(5’));

2) P is a non-c-primary group and P = Gh(c")for all o, e G(P),'

3) G=PxK, where P=Cj (P) is a p-group, p €c,, and K is either a monolithic group with monolith
0= k") jod CI)(K), where G, & G(Q), or a minimal non—h(ci )—group of one of the following types:

a) the quaternion group of order 8, if 2 ¢ c;;

b) an extraspecial group of order q° of prime odd exponent q & G,/

¢) a cyclic g-group, q € G;.

In the classical case, when 6 =o' = {{2}, {3}, {5}, } from theorem 1 we obtain following corollary.

Corollary 4 [4, theorem 2.2.10]. Let $ be a formation of classical type and h be its canonical screen.
Then § is a minimal t-closed local non-$)-formation if and only if §=1'formG, where G is a monolithic
T-minimal non-$)-group with monolith P = G®, and one of the following conditions holds:

1) G = P is a group of prime order p ¢ n(ﬁ);

2) P is a non-Abelian group and G is a T-minimal non—h(p)-group with P = Gh(p)for all p e n'(P);

3)G=PxH,where P=Cg (P) is a p-group, and H is either a monolithic T-minimal non-h(p)—group with
monolith Q = q"w jod (D(H) where p does not divide |Q|, or a minimal non—h(p)—group of one of the follo-

wing types:
a) the quaternion group of order 8,

b) a non-Abelian group of order ¢* of prime odd exponent g;
¢) a cyclic primary group.
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If, in addition, 7 is the trivial subgroup functor, then we obtain following corollary.

Corollary 5 [3, theorem]. Let §=LF (h) be a formation of classical type and h be its maximal integrated
local screen. The formation § is an $),-critical formation if and only if § =Ilform G, where G is a monolithic
group with monolith P = G®, and one of the following conditions holds:

1) P= G is a group of prime order;

2) P is a non-Abelian group and P = Gh(p)for all p e n(P);

3) G=PxK,where P=C, (P) is a p-group, and K is a monolithic group with monolith Q = K" (p does
not divide |Q ), such that either (D(K) =1land K"9 cQ forallg e n(Q), or K is a minimal non-h(p)—group of
one of the following types:

a) a cyclic primary group;

b) the quaternion group of order 8;

¢) a non-Abelian group of order ¢’ of prime odd exponent q.
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