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be validated based on measured data from a real sample. For our model the unknown parameters are upper and 
lower pressures at which the three check valves feeding the outlet will open and close. Since these pressures 
depend on the temperature of the fluid transported, we don’t have the exact values for them.

To start the validation of our digital twin we can roughly estimate the values of lower pressure boun
dary when the outlet is closed and the upper pressure boundary when the outlet is opened: plow Pa= 50 000 ,  
pup Pa= 140 000 .

As we can see with these numbers being chosen as values of pressures, the simulated results of the model 
don’t perfectly align with the measured ones (fig. 3). That’s why we need to start the process of parameter es-
timation. We select parameter values, run a simulation, and calculate the difference between the simulated and 
the measured curves. Using this information, we adjust the parameter values and execute another simulation.

Fig. 3. Simulated output pressure compared with the measured pressure

Sum of square errors method. For the parameter estimation the sum of square errors method (SSE) is used. 
SSE is a part of one of the general methods most commonly used in the estimation of parameters – the least 
squares method. The method can be described as follows.

Consider the following variables and parameters: Y is the response or dependent variable, X is the auxiliary or 
independent variable, A and B are the parameters. The response variable is linear with the parameters Y A BX� � .

The objective of the method is to estimate the parameters of the model, based on the observed pairs of values and 
applying a certain criterium function (the observed pairs of values are constituted by selected values of the auxi
liary variable and by the corresponding observed values of the response variable), that is observed values  xi  and yi  
for each pair I, where i i n� �1 2, , , , , .  Values to be estimated are A and B, and Y Y Y Yi n1 2, , , , , � �  
for n observed pair of values.
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In the least squares method, the estimators are the values of A a� � and B b� � which minimise the object 

function. Thus, one has to calculate the derivatives �
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, equate them to zero and solve the system of  

equations in A and B.
The solution of the system can be presented as
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Notice that the observed values of y, for the same set of selected values of X, depend on the collected sample. 
For this reason, the problem of the simple linear regression is usually presented in the form y A BX� � � �, 
where ε is a random variable with expected value equal to zero and variance equal to σ2. So, the expected value 
of y will be Y or A BX+  and the variance of y will be equal to the variance of ε.


