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Annomayus. Ha 14-it MexayHaponHoi Hay4yHO# KoH(epeHnn «KOMIBbIOTEpHBIH aHaNn3 JaHHBIX 1 MOJIEIUPOBa-
HHE: CTOXaCTHKA M aHAJIN3 JIAHHBIX» aBTOPOM OBLIH NPE/ICTABICHBI HEKOTOPbIE HOBBIE PE3YJIBTAThl OTHOCUTEIBHO aCUMII-
TOTHYECKHUX CBOWCTB CTAaTUCTHK OT YHCTO CIy4ailHOH (paBHOMEPHO pacIpeeeHHOI) TBOMYHON MMOCIeI0BATEIEHOCTH
pactyiueit IUMHbL. DTH pe3yNbTaThl II0JYyYeHbI C IPUMEHEHHEM METO/I0B HH(OPMALIMOHHOM reOMETPUH K MHOTOOOpa3HsiM
MapKOBCKHUX pacrlpe/esIecHUii BEPOSITHOCTEH Ha MHOXKECTBE OSCKOHEUHBIX JBOMYHBIX MOCJeNOBaTeIbHOCTENH. B nanHoi
cTarhbe OoJiee IeTallbHO OMKICHIBAIOTCS MHPOPMALIMOHHO-TEOMETPHUECKast TEOPHUs U TEXHHUKA JlIoKazaTenbeTB. Ha Heckob-
KHUX MIPUMeEpax MOKa3bIBaeTCA, KAK HAXOKJICHHE BEPOATHOCTHO-CTATUCTUYECKUX CBOIMCTB CBOAMUTCS K F€OMETPHUYCCKUM
¥ KOMOMHATOPHBIM BBIYHCICHUSIM.
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Abstract. At the 14™ International conference «Computer data analysis and modelling: stochastics and data analysis»
the author presented some new results on asymptotic properties of statistics derived from purely random (uniformly
distributed) binary sequence of increasing length. These results are obtained by methods of information geometry applied
to manifolds of Markov probability distributions on the set of infinite binary sequences. In this paper the underlying infor-
mation-geometric theory and the technics of proofs are describe in more detail. By few examples, it is shown how finding
probabilistic and statistical properties comes down to geometric and combinatorial computations.
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Markov manifolds and tangent spaces

Let %;,...,x, €Y= {O, l} be purely random (uniformly distributed) binary sequence of length n €
eN: P{XT = q} =27, ge X", k] u=(x,; )ril:l. For convenience, we consider index i of x; as discrete time and
use corresponding «temporal» terminology. The new results on asymptotic properties of statistics derived from
%, as n —> +oo presented in article [1] are obtained by methods of information geometry [2] applied to mani-
folds of Markov probability distributions (Markov manifolds for brevity) on the set Y% ::= {x = (xi)i S S Y}
of two-sided infinite binary sequences.

Introduce some notations: a | b means «a divides by»; £ {} is the probability distribution of a random variable;
cov{-}, cor{,-} are the covariance and the correlation coefficient for a pair of random variables, respectively;

«limcov» and «limcor» briefly denote their limits as n — +o0; Z , = {0, e, — 1} is the ring of integers mo-

dulo m € N standardly associated with a non-negative integer interval; a=band a+b are equality and summati-
on modulo m, respectively; span{-} is a linear span of subset of linear space; 1cd(-,-), gcd(+,) are lowest

common dominator and greatest common divisor, respectively; [a:b]={a,a+1,...,b}, a,beZ, a<b.

We consider two nested Markov manifolds.

The first Markov manifold M consists of distributions of stationary Markov chains of all orders s € N = {O, 1.. }
determined by stationarity condition and Markov equation:
1+ o(q)

P{xi:OIXi_quj,jeN}z 5

,qz(qj)jeNeYN,ieZ, (1)

where the function ® : Y™ — R depends only on finite number of components {qj} and [|of, = max |(o(q)| <l.
qgeY

We call order of ® and denote by ord(®) the minimal value s € N, such that ©(q) does not depend on
{qj 2> s}. Manifold M is in a bijection with the set of functions ®, so we identify them as

M= {0;) : ord((n) < +00, ||(D||OO< l}.

The uniform distribution u € M corresponds to zero function w(q) =0, g e Y". If we take off the norm limitation
||co||oO <1, we get the model of tangent space [2] (linearised neighbourhood) of uniform distribution u within the
Markov manifold M:

T= {co :ord(o) <+oo}.
The fundamental object of information geometry defined on this tangent space is the Fisher — Riemann dot
product [2]. It has the following form in our notation:

<0), co'> =27 z (D(q I Ow)m'(q I10” ), o,0'eT, s= max{ord(m), ord(m’)},
qeY’
where || is concatenation; 0 Y™ is one-sided zero binary sequence. We call elements w € T tangent vectors

that is the standard name for elements of tangent spaces.

Under local information geometry (locality refers to neighbourhood of u) we understand here the structure
of tangent space T with Fisher — Riemann dot product on it, the objects defined on this structure and the mea-
ningful quantities that can be computed based on it.

An orthonormal base of characters [3] X = {X(Q) }Q - is defined on T:

19T, xq) ::=e( ® qujj, 0eY", ger™, @)
je

where Y* < YV is the subset of one-sided binary sequences of the finite Hamming weight ||Q|| = Z Q; <+oo
jeN

(with finite number of ones); e(z)::= (—1)is a discrete exponent. Infinite XOR in formula (2) is correct because

it contains only a finite number of ones due to Q € Y. Note that Y™ is a countable subset of a continuous set Y,

Many important tangent subspaces T c T are linear spans of subsets of the characters base (2): we call y¢-canonic

such subspaces T. The notion of order is naturally transferred from T to Y* by formula (2):

ord(Q)::zord(x(Q)), QeY’, Y* [s]::z{Q eY": ord(Q)zs}, seN,. (3)
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Zero sequence has zero order: ord(O‘”) =0. For non-zero sequences Qe Y, Q|| >0, the order is the position

of the rightmost unit: Qora(g)=1 ©=0,1> ord(Q).
Submanifolds M(s) = M and subspaces T(s) = T are defined as follows:
M(s):={oeM : ord(w)<s}, T(s):={weT : ord(w)<s}, seN,.
Obviously M(s) < M(s'), T(s) = T(s") for any 0<s<s". Space T(s) is the tangent space of u within the
manifold M(s). Denote by 0T(s), s >0, an orthogonal complement of T(s—1) within T(s) with regard to

the Fisher — Riemann dot product. For s = 0 set 6T(0) = ’]I‘(O). Spaces T(s), 6']1‘(s) are y-canonic and have the
following dimensions:

dim(’]I‘(s)) =2'= i v[s'], dim(@’]l‘(s)) =y[s]:= 2max{0’sfl}, seN,. 4)
s'=0

Base of characters for 0T (s) is {X(Q) QeY” [s]}, y[s]=|"" [s]‘ (see formulas (3) and (4)).

Let us call random sequence x € Y% A-stationary if its probability distribution is invariant under shift by

AeN, i e ((x; )i =/ (xi . A).; semi-stationary if it is A-stationary for some A € N. «Usual» stationarity is 1-sta-

tionarity in these terms.

The second Markov manifold that we consider is M" = U M {A}, where the submanifold M" {A} ¢ M"
AeN
consists of distributions of A-periodic A-stationary Markov chains determined by A-stationarity condition and

A-periodic generalisation of Markov equation (1):

1+ o;(q)

P{Xi=0|xi_j=qj,j€N}= ,qeYY, iez, (5)

o, : Z — M is A-periodic with regard to i € Z M-valued sequence: o; = o, , ,. We identify the set of such
sequences with M™{A}, and with M" for all A eN. Denote by T the tangent space of u within M". Ob-
viously M c M"™ and T < T". The model of T" is the set of periodic T-valued sequences , : Z — T, whe-
re the subspace T" {A} c T of A-periodic ones forms the tangent space of u within M" {A} (we use braces
M"™ {-}, T" {-} to avoid confusion with the notations M(-), T(-)). Spaces {T“ {A}} are nested by periods divisi-
bility: T" {A} = T {A'} for any A| A’ (similarly for manifolds {M” {A}}). In particular, T" {1} = T" {A} for any
A e N, where T" {1} is the subspace of constant sequences ®, = const,. This subspace implements the embedding
T — T~ i.e. T*{1} is T embedded into T". Denote by per () the minimal period min{A eN:weT” {A}}

of ® € T™. Fisher — Riemann dot product on T™ has the form
A
(o, 0)=A"" Z (0, 0)), o,0'eT”, A= lcd(per(m), per(m’)),
izl

where <(Di, 0)’l> is the Fisher — Riemann dot product on T.
The space T" is representable as a tensor product
T"=T®TI, (6)

where I1 = U H{A} is a space of two-sided periodic real-valued sequences a,: Z — R, H{A} is its subspace
AeN

of A-periodic sequences a; =a By tensor product U® V of two spaces, we mean the linear span of ten-

i+A
sor product {ui} ® {vj} = {ui ® vj} (pairwise) of their bases {ui} cU, {vj} c V. Tensor product ®=m0 ®a € T"
of two single elements ® € T and a e [1 is

d=(d;),_,» O,=a;0. (7)

In these terms T™ {A} =T®II {A} , A € N. On the space I1 a dot product similar to representation (6) is defined as

<a, a'> =A™ ﬁ: <ai, a’i>, a,a'ell, A= lcd(per(a), per(a’)), (8)

i=1
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and under tensor product (7) dot products on T and on IT are multiplied:

(0,0)=(0,0)a,a), o,0'eT, a,a'ell, b=0®a, @'=0'®a". 9)

Denote canonic orthonormal base \V(A) = {\V(t’ A)} of IT {A

teZy

——

w““enﬂﬂ,WVM=JZJ+§%3AENJEZN (10)

Note that the combined set y = U W(A) is not orthonormal, and, moreover, it is linearly dependent. Tensor pro-
AeN
duct of the bases \V(A) ® v forms orthonormal base of T™ {A} , A € N. In these tensor terms the embedding T — T™

is made by tensor product with the constant sequence \V(O’ De I1, \|150’ = ,ieZ:T—T® \|/(0’ on {1} c
< T™ Further for brevity we omit ®\|/(0’ U for subspaces T — T and write T < T" instead of T ® \V(O’ Ve
Similarly to the characters base (2) on T, many important tangent subspaces T < T™ are linear spans of subsets

of W(A) ® y for some A € N. Therefore, combination of the characters base (2) and the tensor product representa-
tion (6) provides powerful tool for working in the tangent space T". Below we illustrate it briefly.

Family of chi-square statistics «coded» by tangent subspaces

There is a family of chi-square statistics S; =S, [xﬂ bijectively «coded» by finite-dimensional tangent
subspaces T < T™. More precisely, for each T there is a class of asymptotically equivalent statistics as n — +oo.
These equivalent statistics behave asymptotically identically for uniformly distributed binary sequence {x‘f}

and in some neighbourhood of this assumption called contigual asymptotics [4; 5], when /¢ {x} — u along the
1

Markov manifold f{x}e M"™ with a «speed» O{n ZJ as n — +oo. Up to this equivalence, we can talk about

statistics S, without specifying which one is it from the equivalence class.

The family of statistics S, can be derived from another family of T"-valued normalised sufficient statistics
(NSS) related to sufficient statistics of exponential families of Markov chains [6]:
7 (11)
where norm is the Fisher — Riemann one. Similarly to S, NSS w, represents a class of asymptotically equivalent
statistics as n — +o0, Under null hypothesis W, has asymptotically standard normal distribution on T < T™ with
regard to the Fisher — Riemann dot product. Under contigual alternative H, (i. e. satisfying contigual asymp-
totics) limit normal distribution of W, becomes non-centred but preserves identity covariance matrix. NSS (11)
(i. e. their equivalence classes) are «projectively agreed»:

1), T,C T, (12)

szwT[le] €T, S, =|W,

Wy, = proj(wTl

where proj(co | T) is an orthogonal projection of ® € T™ onto finite-dimensional tangent subspace T = T™ with
regard to the Fisher — Riemann dot product.
Let us call T-test a chi-square statistical test of null hypothesis H,, : f{x} =u associated with statis-

tics S.. Under null hypothesis S, is asymptotically chi-square distributed with d =dim (T) degrees of freedom:
14 {ST |H 0} — %2 Under contigual alternative ¢ { Sq| H 1} - Xf,, ,» Where ng, , 1s non-central chi-square distribution

with non-centrality parameter A = hm”E{WT}” >0, depending on space T and on deviation of alternative from
null hypothesis (distance from ¢ {x} to u in information metric). Asymptotic power of T-test at the significance

level a.e(0,1) equals 1-F, (Fd_’lo (1- oc)), where F, ; (+) and F} () are cumulative distribution function

and quantile function for xﬁ,k, respectively. Table presents some tangent subspaces T < T™ and their T-tests

with equivalent analogues.
Let us fix some step A € N, gram length L € N and consider frequencies statistics

NEA)

-L
f(L’A)(q)Z Z l{xiA+j:qj’jE[1:L]}’ geY’ N(L,A):[lflA _J, (13)

i=0
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Denote standard chi-square statistics based on frequencies (13):

f(L,A) _ 2—L N(L,A) 2
(£ (a) |

() _
Gert 2t )

(14)

For A > L the L-grams in sum (13) do not overlap, whence n® has asymptotic chi-square distribution under

null hypothesis and belongs to the family {ST} For A < L this asymptotic distribution is generalised chi-

TcT™"
square one and %) does not belong to the family {ST}. The following two types of chi-square statistics [1]

based on formula (14) both belong to the family {ST}:

) =l D) (8 8) pfed) 958 (28 ), >0, (15)
M(ZS,A) _ Mgs, A) Mgsfl, A)’ Dgs, A) _ 2(s -1)A (2A _ 1)2’ s>, (16)
where m**) = 0. Chi-square statistics Mgs’ * have Dl-(s’ 4) degrees of freedom. Statistics of the second type M(ZS’ 4)

are asymptotically mutually independent for different s >1 under any fixed A € N. T-test based on M(O’ 4)is the
standard test of uniform distribution of non-overlapping A-blocks (xi A+ 1o Kiasos e X(i 1) A) (FIPS Poker
test [7] for A =4). Tests based on MES’ Y and M(ZS’ ) are the NIST Serial tests [8] of types I and I, respectively (with

parameter m = s + 1). Test based on Mgo’ Y is the Monobit test. Test based on M(zl’ Dis asymptotically equivalent
to the Runs test.
A remarkable feature of the family of chi-square statistics {ST}T _ = following from properties (11) and (12)

is that their asymptotic probabilistic properties are «consistent» with geometric properties of corresponding
tangent subspaces T < T™. Due to this feature, obtaining asymptotic probabilistic properties of {ST} comes down
to calculation of geometric quantities based on Fisher — Riemann dot product or combinatorial quantities, e. g.,
for large orthonormal bases considered as combinatorial objects.

Introduce two operations on the subspaces T;, T,  T": T, EHT, for direct sum of orthogonal subspaces T; L T,;
T,BT,::=T,NT, for orthogonal complement of nested subspace T, T, within a larger one T,. The use of these
operations implies that the spaces are obviously satisfy the properties of orthogonality (for H) or nesting (for B).
For instance, GT(S) = ']I‘(s) = ']I‘(S - 1), s>1,and T = lim T(s) breaks into a sum

§—>+0

T= B 0T(s). (17)

seNj

Tangent subspaces T< T" and their T- tests

Tangent subspace TC T" | Degrees of freedom dim(T) | Equivalent T-tests from NIST [8] and FIPS [7]
T ( 0) | NIST Monobit test,
NIST Serial test (type I, m =1)
NIST Runs test,
GT(l) ! NIST Serial test (type II, m = 2)
s NIST Serial test (type [, m =5+ 1)
> 2 b
']I‘(s) 520 2 NIST Approximate entropy test (m =s + 1)
oT(s),s=>1 251 NIST Serial test (type II, m =5 + 1)
4)
> T(e) @y 15 FIPS Poker test
tely

Theorem 1. The following properties hold for subspaces T,, T,c T":
* under contigual alternative S, and S, are asymptotically independent iff T, L T);
® Sy @1, =Sr, +Sp, Sy g, =Sy, — Sy, (additivity).
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Proof. Follows directly from properties of normal distribution, properties (11) and (12), and asymptotic
normality of NSS {WT}TCT with identity covariance matrices.
Proof is complete.

d;

Let &= (&)}

eRY je {1, 2}, be two dependent standard Gaussian vectors with cross-covariations

cov{&_(jl), &Scz)} =1{j=k< d3}9j, 0,....8,,#0,d;< min{d,, d, }. Squared Euclidean norms of these Gaussian

)
vectors are chi-square distributed: ;= Hé(’)” ~ Xfi,-' Joint probability distribution of ¢ = (01, o, ) e R? depends
on (d,,d,) and on the multiset A = {Xi}fil, A, =07 By multiset we mean possible multiplicity of its ele-
ments, e. g., multiset {1, 1, 2} consists of 1 (twice) and 2 (once). Denote this bivariate chi-square distribu-

tion Xfi:jz(A) ::=/{c}. The case of independence of o, and 6, is A =@. The case of semi-independence

d
with correlation coefficient cor{c,, o, }= d—3 is dy=d, and A={1,...,1} consisting of d; ones. In general

1
casc

d 2 2
COV{61,62}=ZCOV{(§9)) , (&gz)) }zZZ A. (18)
i=1

reA

Let proj(Tl | T2), T,, T, T7, be linear operator T, — T, of orthogonal projection of space T, onto T,; A('T;, T,)
be a multiset of non-zero squared singular numbers of projection operator proj(Tl|T2) (it is commutative
A(T,,T,)=A(T,,T;) as proj(Tl | T2) and ]_oroj(T2 | Tl) are adjoint operators and have the same singular num-

bers). We further call A(Tl, T2) Jordan multiset of a pair of tangent subspaces because Jordan principal angles [9]
are closely related to it.

Corollary 1. Let T,, T, T" be arbitrary tangent subspaces of finite dimensions d, = dim(Ti). Under null
hypothesis the pair (STl, STz) is asymptotically XZ,:?,Z(A(TP Tz))—distributed, and its asymptotic covariance

admits the following equivalent expressions:
limeov{s,,5,}=2 ¥ A= 2Z<m(f), a)<")>2 =2lproi(z|T).. (19)
LeA(Ty,T,) J. k

where {m(j )} cT, {d)(k)}c T, are arbitrary orthonormal bases; ||||Fr is a Frobenius norm of linear operator.
Proof. Projection operator proj(T1 | T2) is represented by a matrix of entries <o)(j ), Co(k)> in a pair of bases
{m(j )}, {&(k)}. Sum of these squared entries and sum of squared singular numbers are two representations of
squared Frobenius norm for proj(Tl | T2), whence we get the second and the third equalities of expression (19).
Now let us choose the left and the right singular vectors of proj(T1 | T2) for the bases {oo(j )}, {Co(k)}, and set

asymptotically standard normal vectors:
e= (D), eP=(ef), &)= (m, o), &)= (M), 1=+,

Their asymptotic cross-covariations by construction are

limcov{ﬁ(jl), &22)} = <c0(j), Gb(k)> = l{j =k< d3}\/7‘7j’ A(Tl= Tz) - { A };{3

=1

2
By properties (11) and (12), we have Hg(")u =5, , r€{1, 2}, whence follows the needed asymptotic distribution

of the pair (STl, STz) according to definition of %> *-distribution. The first equality of expression (19) follows

from formula (18).
Proof is complete.
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Let us call subspaces T;, T,c T" semi-orthogonal if T,BT, L T,BT,, T,=T,NT,. Nested spaces (T, T;)
and orthogonal ones (T; L T,) are the special cases. We also call two identically chi-square distributed random

variables G,, 5, ~ x% semi-independent [1] if they are representable as
_ ~ L x 2 o~ = 2
G;=0;+ 0y, 6,=0,+Gg, Gy~ ¥yg> 01,02~ Xp_a> (20)

for some 0 < d < D and mutually independent {3, }12: ,- Obviously cor{c,, 5, }= %

Corollary 2. Let T,, T,c T" be subspaces of equal dimensions dim(Tl) = dim(Tz). Under null hypothesis
statistics S, and Sy, are asymptotically semi-independent with the asymptotic correlation coefficient

dim(T;NT
limCor{STl’ STJ:ﬁ

iff their spaces T,, T, are semi-orthogonal.
Proof. Corollary 1 states bijection between asymptotic joint distribution of a pair (STl, ST2) and relative

position of spaces T, T,. In this bijection representation of the form (20) corresponds to the following re-
presentation for spaces:

T,=T,8T,, T,=T,BT,, T, LT,

which is equivalent to semi-orthogonality of T,, T,.
Proof is complete.
Consider a class of tangent subspaces T < T" to illustrate the above theory. Let us fix some period A € N.

Due to sum (17), the space T"{A}="T ® IT{A} breaks into a sum
']I‘“{A}:( }EEIC N @BT(h), Cyi=Z,x N, 21)
t,h)eC,
We call A-periodic cell of spatio-temporal index (l, h) (index for brevity, with temporal part # and spatial
part &) the summand subspace under H in formula (21), and we call A-periodic cellular space of profile
CcC,, |C | < +oo, a partial sum of A-periodic cells with indices from the profile C:
T{C,A)i= B WV ®aT(h), dim(THC, A})=:dim(C)= Y y[A] (22)
t €
> (t,h)eC
where dim(-) is an unbounded integer-valued dimensionality measure on C, with atomic weights y[A]

determined by formula (4).
Example 1. In particular, chi-square statistics (15) and (16) correspond to cellular spaces. Let us show how
to get their profiles C — C, by example of FIPS Poker test [7] that corresponds to statistics (15) with A = 4

and s = 0. The expression in table for tangent subspace T c T™ of Poker test is reduced to the form (22)

by breaking T(¢) into sum 0<Eﬂ<t8'ﬂ‘(r). The expression from table, in its turn, is obtained as follows. Space

Poker

T is a tangent space of u within 15-dimensional Markov model of independent and identically distribu-

Poker
ted binary 4-blocks. Without loss of generality 4-block starts at zero time: (xo, s Xy ) € Y* Let us represent
this Markov model as a 4-periodic one of the form (5). Symbol x, does not depend on prehistory {x,. 1< 0},
whence o, € T(0) (zero Markov order). Symbol x; under its fixed prehistory {x; : i <1} conditionally depends
only on x,, whence o, € ’]I‘(l) (first Markov order). Similarly o, € T(i ), i € Z,. These conditions are equivalent
is C={(t,h) : 0<h<teZ,}, and

similarly for statistics (15) with any arbitrary A € N and s = 0 («stair» shape on fig. 1). Profiles corresponding
to statistics (16) have «double-stair» shapes (fig. 2) obtained by set substraction of two «stair» shapes of different
«heightsy.

to representation in table. So the profile of 4-periodic cellular space T

Poker
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cnC 20

6 9 12 15 18

Fig. 1. Tlustration to expression (23) for «stair» profile C and its cyclic shift C' (A =20, & = 7)

C' cCn ('

[ | 39, 274 877 906 944
N 38, 137438 953 472
] 37,68 719 476 736
u 36,34 359 738 368
u 35,17179 869 184
u 34, 8'589 934 592
u 33,4294 967 296
] W 322 147 483 648
u W 31,1073 741 824
u M 30, 536 870 912
u 29, 268 435 456
u 28,134 217 728
u W 27, 67 108 864
] W 26, 33 554 432
u W 25,16 777216
] W 24, 8388608
N W 23, 4194304
H N W 222097152
H N 21,1048576 &

[ | 1] W 20,524288 O

] ] W 92020144 o

| EEN 18, 131072

] ] 17, 65536

| EEN 16, 32768

] ] 15, 16384

| RN 14, 8192

] ] 13, 4096

[ HEN 12,2048

[ | HEE 11, 1024

[ HEN 10, 512

[ | HEE 9,256

[ HEN 8, 128

[ | HEE 7, 64

[ HEN 6,32

[ | HEE 5,16

[ | HEN 4,8

[ | HEE 3,4

[ | [ [ | 2,2

[ ] ] 1,1

0,1
0 3 6 9 12 15 18 0 3 6 9 12 15 18 0 3 6 9 12 15 18

t t t
Fig. 2. Tllustration to expression (23) for «double-stair» profile C and its cyclic shift C' (A =20, § = 7)
Due to corollary 2, asymptotic semi-independence of chi-square statistics is equivalent to semi-orthogonality
of their tangent subspaces. Let us fix some A € N and two profiles C, C'c C, of equal dimensionality measure
d= dim(C ) = dim(C '). Corresponding A-periodic cellular spaces of equal dimensions d are semi-orthogonal

by definition, whence chi-square statistics S S are asymptotically semi-independent, and finding

T*{C, AP ©THC, A}

their asymptotic correlation coefficient % comes down to calculation of dimensionality measure of intersec-
tion profile:

d =dim(T*{C, A} " T*{C', A})=din(T*{CNC’, A})=din(CNC').
Let us fix now some profile C = C, and consider corresponding chi-square statistics in two versions: undis-

torted S’JT”{C, Al [xﬂ and &-distorted ST“{C,A}[XT+5:| (without the first 8 «bits» (see [1, sect. 4])). Reasoning
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similarly to example 1, it is easy to show that d-distortion leads to cyclic 6-shifting of profile along the temporal
axis:
n _ n r_ o
Spsiea) | X148 ) =Speger gy X1 |+ C'=R°C,
where R°: C, »> C,, %a(t, h):= (t 4 S, h], (¢, h) e C,. Obviously, dimensionality measure is invariant under

this cyclic shift dim(C)= dim(iRSC ) as its weight y[#] depends only on the spatial part / of index (1, k). Fi-

nally for chi-square statistics corresponding to A-periodic cellular spaces the asymptotic correlation coefficient
between the undistorted and d-distorted versions admits the following expression:

limcor{ST[xﬂ S [XHB]} %}ﬁc) T=T"{C, A}. (23)

Below we prove the result presented in article [1] using relation (23) for «stair» and «double-stair» profiles
C c C, (see example 1). For these two types of profiles fig. 1 and 2 illustrate components of the right-hand

side fraction (23): original profile C, cyclically shifted one R°C, and their intersection C N R°C. Weights y[h]

of dimensionality measure are plotted on the vertical axis: their sum over profile (black cells) is equal to di-
mensionality of corresponding cellular space.

Theorem 2. For 0 <3 < A undistorted and 5-distorted statistics (15) and (16) are asymptotically semi-
independent with the following asymptotic correlation coefficients under null hypothesis:

5
: (5 8) nT p(s.4) } 224282
llmcor{M1 [xl],Ml I:X1+8:| BTN (24)
20427 (2% +1) - 274
limcor{Mgs’A)[xT], MgS’A)[ xrll+5]} = ( )( 2) , (25)
(2°1)
where 8'=A —0.
Proof. «Stair» profile for M&S’A) is
C=C"™ ={(t,h): 0<h<sA+1, 1L, ). (26)
Corresponding d-shifted profile in expression (23) is
C'={(t,h) : 0Sh<sA+7,teZ,}, 1 =(1+5j
The following sums are used below:
A 5-1
3 gminied] 22"~'+ er 254252,
tely
Z 21’1’13)({[, f} - z (2t + 2?_ 2min{t, f}) — 21+A _ 25 _ 25, (27)
telZy teZy

Using formulas (4) and (27), dimensionality measure for intersection

9A+mmtt 5
dim CﬁC Z Z [h]zzsA z 2min{t,t}:2sA(28+25'_2).

tely teZy

We put this and dim(C)= Dl(s’ A) =g (2A - 1) into expression (23) and get asymptotic correlation coeffi-
cient (25).

«Double-stair» profile for Mgs’ A) is a set substraction of two adjacent «stair» profiles (26):

c=cN=c Nl =l k) (s—1)A+i<h<sA+t,tel,).
Corresponding 6-shifted profile is
C'={(t,h):(s—l)A+f<thA+f,teZA}.
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Using formula (27), dimensionality measure for intersection

sA+min{z, 7} o i
dim(CmC’): z Z y[h]: Z (2sA+mm{t,t}_2(s—l)A+max{t,t}):
1€Zy h=1+(s—1)A+max{r, 7} teZy

=2 (2°+27-2)- plsia (2! -2°-2%).

Put this and dim(C)= D§S’A) =ols-1a (ZA - 1)2 into expression (23) and get asymptotic correlation coeffici-
ent (25) after simplification.

Proof is complete.

Note that the values (24) and (25) do not depend on parameter s. Their plots for A =7 are presented in fig. 3.
These plots are very close to each other, and they indeed are asymptotically equivalent (i. e. ratio goes to

. . . . A +
unity) uniformly over 0 <8 <A as A — +o0. The plots are minimal at half-period 6 = By 0= Al for odd A)
_A
and maximal at full period & € {0, A}. The minimal values have asymptotics cor,;, ~ R-2 2, where R=2

A — 400

32
foreven A and R = T\F for odd A. In the neighbourhood of half-period the plots tend to the scaled hyperbolic

cosine. In the neighbourhood of full period adjacent values differ approximately twofold for large A.
1.0

< o
=) o0

<
~

Asymptotic correlation

<
&}

05 1.0 1.5 2.0 25 3.0 35 40 45 50 55 6.0 65 7.0
)

Fig. 3. Asymptotic correlation coefficients (24) and (25) plotted against 6 (A =7)

(ST“{C, AP S’JI‘"{C’, A’})

ding to cellular spaces of two arbitrary periods A, A"e N. In the case A # A’ there is no more guaranteed semi-
orthogonality of cellular spaces, and as a consequence, asymptotic semi-independence of chi-square statistics.
Therefore, we need more general corollary 1 to describe joint asymptotic distribution of chi-square statis-
tics. The following trivial factorisation lemma is also used.

Lemma 1. Let two sums T, = jEEJTL 5 Ty= kElEEIK T, \ of tangent subspaces satisfy diagonality property T, ; L T, |
for any j# k. Then their Jordan multiset breaks into union

ATaT)= U AT T0)

jednNK

Consider now joint asymptotic distribution of a pair of chi-square statistics correspon-

Let us break y [h]—dimensional A-periodic cell of index (t, h) € C, into a sum of one-dimensional orthogonal
subspaces:

Yy @or(h)= @ span{w(”A> ®X<Q)}. (28)
0[]

By analogy with A-periodic cells, we call A-periodic atom of spatio-temporal index (index for brevity)
(1,0)€ A ::=Z,x Y the summand subspace under B in formula (28): Q is a spatial part of atom’s index.

Rewrite cellular space (22) as a sum of atoms, grouping summands by spatial parts Q:
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THC,Al= B @ Span{w(”A)®x(Q)}=

(@ I t(C) A
(hecacrpy e, al, 29)

heh©oert[r]

H{t, A} =span {\V(Z’A) : tet}cH{A},

tﬁf)::: {t : (t,h)eC}c Z,, W= {h 3(e, h)eC}c N,. (30)

Here t(hc) is a «temporal slice» of profile C at the spacial level 4; W is a «spatial projection» of profile C;

I1{t, A} is a canonic subspace of IT{A} corresponding to «temporal profile» t.

Theorem 3. Jordan multiset of two arbitrary cellular spaces is as follows:
‘ (O)]|¢(c) :
t), |t ; , (€) (€)
A(THC, AL T A ) =1 B hen© @), Te(th—Jm[th—} , (31)

aa KZ KZ

xy[h]

where notation (30) is used, and also X" means element . of multiset taken with multiplicity u,; x = gcd(A, A');
A g N { (©), E}
a=—;a=—1t, tet, ' it=1,.

K K
Proof. Consider a similar sum (29) for cellular space T" {C ! A’}. Diagonality property of lemma 1 holds for

these sums over Q: it follows from formula (9) and characters orthogonality. Hence

A(TC. AL TC, A}) = U ( Den{d),al. (P en{d’ A’}):
heh(c)ﬁh(C),QeY+[ h)
= U A afnfd, o) (32)
neh©An©)

where A** means multiset A taken with multiplicity p. Denote t = tE,C), t'= tﬁf') for brevity. From formu-
las (8) and (10) we get
1

<W(’=A), yl A'>> - 1{: X t'}(aa’)z, tel, e, (33)

In other words, <\|,(’° A)’ \V(l" A')> =0 for¢ % t". Let us break IT {t, A} into a sum over integers modulo «:

it A= B I{t,A}, tr_{tet = }

KZ

and similarly for IT {t’, A'}. These sums satisfy diagonality property of lemma, whence

A(TI{t, A}, TI{t, A"}) = U A(TI{t,, A}, TI{t,,A"}). (34)

T
t'

t
T€| — —

KZ KZ

Due to formula (33), projection operator proj(H{tr, A} | I{t., A'}) is represented by a matrix |t.|x|t’ | of all

S This matri - - it

equal entries (aa')72. This matrix has a single non-zero singular number , whence formula (34) takes
aa

the form

A(TT{t, A}, TI{t, A"}) = {% ‘te (éj N (;—Z)} (35)

Combining formulas (32) and (35), we get multiset (31).
Proof is complete.
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Theorem 3 means, in particular, that Jordan multiset of any two cellular spaces of periods A, A"e N contains

!

. bb ) . . . A
only rational numbers of the form —, 1<bh<a, 1<b'<a’, where ﬁ/ is an irreducible fraction equals to G
aa a

From theorem 3 we also derive the following semi-orthogonality criterion for cellular spaces (i. e. criterion for
Jordan multiset of all units).

Corollary 3. In the notation of theorem 3 cellular spaces ']I‘"{C, A} and ']I‘“{C', A’} are semi-orthogonal iff
for each simultaneously non-empty equivalence classes
c c

tg,c), tE,C') @, hehAn) e ﬁ N tg’—) ,
bt KZ K7

these classes are both maximal:
c
e

This criterion obviously holds for A= A" as a = a’=1 and non-emptiness is equivalent to maximality.
Introduce piecewise linear functions [1], satisfying finite difference relation (fig. 4):

py(x)= max{O, 1 - max {0, x}}, p,(x)= max{O, 1- |x|}: pi(x)-pi(x+1), xeR (36)

’
=da.

)
e

a

1.0

0.

0.6
Py
0.4

0.2

| | | | | | | | I | I I
-1.4 -1.2 -1.0 -0.8 -0.6 -0.4 -02 O 02 04 06 08 10 12 14

L L Il Il Il Il Il Il Il Il L L
-14 -12 -1.0 -0.8 -0.6 0.4 -0.2 0| 02 04 06 08 1.0 12 14
X

Fig. 4. Functions p, (x) (a) and p, (x) (b)

Below we prove the result presented in article [1], applying theorem 3 to «stair» and «double-stair» profiles.
Theorem 4. Let (i, j) € {(2, 2), (1, 2), (1, 1)} In the notation of theorem 3 and functions (36) asymptotic

covariances of statistics (15) and (16) under null hypothesis are as follows:
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2
1)
Limcow e, ) R'*zﬁ—gzj— ﬁ:l%(EE—S)pj(E}—sj2”i (37)
W \a a

where R = 2( )for (l ]) (1, 1) and R = 0 otherwise; n, = min{(s + l)a, (s'+ l)a'}— 1;

max{(s—l)a,(s'—l)a'}+l, (i,j)=(2,2),
u_= (s’—l)a’+1, (i,j)=(1,2),
L (i, 7)=(L1).

Proof. The cases (i, j)=(2,2) and (i, j) = (1, 2) follow from the case (i, j)=(1,1), finite difference rela-
tions (16) and (36), and linearity of covariance with regard to its arguments. Thus, it is enough to prove asymptotic
covariances (37) for (i, j)=(1,1), which, due to expression (19), is reduced to the summation of the elements
over Jordan multiset (31) for «stair» profiles C = Cl(s’ A), C'= Cl(s" ~) of the form (26).

Let us fix some 1€ Z, and find a part of sum corresponding to it (removing restrictions from the range of
«stair heights» 4 adds zeros to A without affecting the resulting sum):
c AINV<YA]
)
=D A A = theN . (38)

reA, aa

Break N, into disjunctive intervals [ =[max{0 (n-1k+1 +1} D+ r} peN,. For h<sA we have

[0 A—1]. For sA<h<(s+1)A, t [h—sA A—1]. For h=(s+1)A, t( )= @. Finally it is easy to
(©)

check the following relation for the number ‘t of elements in t; "’ that equal T modulo x:

C
e

a

:p{%—s}heﬁ“ueN@ (39)

Putting expression (39) and similar relation for C” into formula (38) leads to the following expression (formu-

la (4) is used):
)
I I 4l Pt PRI
neNghel, peNg hel,
= > y[h]+ > pl(——sjpl(—,—sj > v[h]= +21_K( 2% - )Z 2“Kpl(——sjpl(—,—sj (40)
hel, peN hel, peN

Summation of expressions (40) over t e Z _ with doubling (see expression (19)) gives asymptotic covarian-
ces (37) for (i, j ) = (l, 1), where the upper limit p, of summation over p «cuts off» zero summands at p >, .

Proof is complete.
Thus, asymptotic covariances of statistics (15) and (16) are expressed as some weighted dot products over
integer lattice of «shifts and stretchings» of functions (36).
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