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Annomayusn. PaccMoTpeHa akTyanbHasi MaTeMaTHYCCKasl 3a/1a4a KOMITBIOTEPHOTO aHaJH3a NaHHBIX — 33j1a4a [MocCie-
JIOBaTEJILHON CTAaTUCTUYECKOM MPOBEPKHU MPOCTHIX THIIOTE3 O PACIPENECNICHUH BEPOSITHOCTEH JAUCKPETHBIX CIy4aiHbIX
JIAHHBIX, UMEIOIINX OJIOUHYIO CTPYKTYpY. BhIBe/IeHBI JIETKO HHTEPIPETHPYEMbIE U YAOOHBIE /ISl KOMIIBIOTEPHOI peastu-
3allUH SIBHBIE BRIPAKCHUS CTATUCTHUK ITOCIIEIOBATEILHBIX TECTOB (CTaTUCTUUECKUX KpuTepHeB). Pazpaboran moaxon s
BBIYHCIICHHS XapaKTEPUCTUK AP(HEKTUBHOCTH PEIIAIOIIUX MPABHI — BEPOSITHOCTEH OLIMOOYHBIX PELICHUI U MareMaTH-
YeCKHMX OXKHJIAHWUN CIIyIaiflHOTO 4YuCiia HAOMIONEeHNH, HEOOXOMUMBIX AJis oOeciiedeHus TpeOyeMoil TOUHOCTH peleHuH.
[Tomy4yeHb! aCHMITOTHYECKUE PA3TIOKEHUS TS YKa3aHHBIX XapaKTepUCTHK d(H(HEKTHBHOCTH MPH UCKAKCHUN THITOTETH-
YECKOU BEpOATHOCTHOW MOJEIH.

Knioueewie cnosa: cnyuaiinple TUCKPETHBIC JAHHBIC;, OJI0UHAs CTPYKTypa; MPOCThIE THUIIOTE3bI; TOCIEI0BATEIbHBIN
CTATHCTHYECKHUI TECT; BEPOATHOCTD OMIMOKH; MaTEMaTHUECKOE 0XKMJAHUE CITyJaliHOTO YHCiIa HAOIIOAEHHUN; aCUMIITOTH-
YECKHE Pa3JIOKCHUS.
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Abstract. An important mathematical problem of computer data analysis — the problem of sequential statistical testing
of simple hypotheses on probability distributions of discrete random data with a block structure — is considered. Explicit
expressions of the sequential tests statistics, transparent for interpretation and convenient for computer realisation, are
derived. An approach to calculate the performance characteristics — error probabilities of the decisions and mathematical
expectations of the random number of observations required to guarantee the requested accuracy for decision rules — is
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developed. Asymptotic expansions for the mentioned performance characteristics under distortion of the hypothetical
probability model are constructed.

Keywords: discrete random data; block structure; simple hypotheses; sequential statistical test; error probability; ma-
thematical expectation of the random number of observations; asymptotic expansions.

Introduction

Data is one of the most essential resources of the world economy, and computer data analysis becomes
a standard part of the modern life. Efficiency of data analysis defines the success in a growing variety of direc-
tions. Discrete data become an extremely important class of data for several reasons. Firstly, discrete data are
natural for human being thinking. Secondly, they include binary data that describe many situations in terms
of presence — absence, positive — negative, etc. Thirdly, discrete data can be used for description of a significantly
rich family of observations and are more clearly processed by computers. Traditional methods of statistical
analysis and software are often not applied to such data, as their assumptions are usually not satisfied for the
discrete data models, or they are not effective.

As deterministic approach has a limited potential to describe the real-life processes, observed data is usu-
ally considered to be random, and probabilistic models are used if mathematics is needed. In these models,
an important problem that often appears, is a problem of discrimination between two typical situations on the
probability distributions of random data. These two typical situations can be formulated in terms of simple
hypotheses on the probability distribution, and the problem turns to the problem of statistical testing of two
simple hypotheses [1].

In many fields, especially in statistical quality control, automatic warning systems, personalised medicine
and financial decision making, it is important to use the minimal number of observations that guarantee the
requested accuracy [2]. Sequential statistical tests [3] are constructed in agreement to this principle with the as-
sumption that the number of observations to be used is defined through the observation process, depend on ob-
servations themselves, and thus is a random variable. Due to the complex structure of sequential decision rules,
usually analysis of their performance characteristics (error probabilities of decisions and mathematical expectations
of the random number of required observations) is moved from theoretical one to the computer simulation [4].

In the paper for the important model of discrete data that has a block structure we develop an approach to
calculate and analyse the performance characteristics of sequential tests. In practice the factual probability
distribution of data often deviates from the hypothetical one — the hypothetical probability distribution is dis-
torted [5; 6], so we also provide a possibility to calculate the characteristics under distortions of the hypothetical
data model.

Sequential probability ratio test
for discrete random data with block structure

Denote by N, Z, R correspondently sets of positive integer, integer and real numbers; Z, = NU{O}. Let
independent identically distributed Kt-dimensional discrete random vectors with a block structure be observed:

Xt
X2 xt, (k*l)'f“’l
X,=(x,)=| 7" |e4™ xf= : ed k=1,2,.., K, teN, (1)
)(:K xt,kr
t
where 4 ={a,, ..., a,} is a finite set with 2 < M < +o0 elements @, < a, < ... <ay,; X, is the block number £ at

the moment #; 2 < K < +oo is a number of blocks; T € N is a size of the blocks. Let us mention that the equal size
for all blocks is set here just to simplify the notation of the results, but for the general case where blocks in the
vector X, may have different sizes the results derivation scheme remains valid.

The blocks X ,1, e X ,K are assumed to be independent but the components inside them are stochastically

dependent. Because of the block independence in equalities (1), the probability distribution of an observation
X, is separable:

K
P(U):::P{X,:U}:HP(")(U"), )
k=1
where P* (U k ) n= P{X ,k =U* } is the probability distribution of the random subvector X ,k
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Assume that there are two alternatives on the probability distribution (2) in the following parsimonious
parametric form:

k

PV"(U"):P"(U" ) Uk A k=1,2, ..., K,ve{0,1}, 3)
where a € R, a >1, is some parameter; J| k (U ) {0 l} — Z, is a function that satisfies the normalising
condition

k(K
> o @)
Ure 47

K
Denote J, (U) =Y. J; (U k ) and P'(U) = a~Y) Ue 4¥*. There are two simple hypotheses considered on
k=1

the parameters v € {0, 1} of probability distribution (3):

Hy:v=0,H:v=1. %)
Let us denote the following accumulated log-likelihood ratio test statistic for the observed sample of size n:
A=A (X, L X)=D0, (6)
=1
where t
P(X K P (x}

%=%(X,)=10ga( i ’)]=Zloga M (7

£ (X z) k=1 K (X . )

is the log-likelihood ratio for the observation vector X,, t € N.
Denote by 8, ; the Kronecker delta, by

nk(Uk) :i}s&,& o Uke A,

the number of the subvectors X observed within the sample {X,, ..., X,} that are equal to U K
Z nk(Uk) =nk=1,2,...,. K
Ure A"

Theorem 1. For the model (1)—(4) the sequence of statistics (6) and (7) for hypotheses (5) is a homogeneous
Markov chain with discrete time, and it is represented in the form

A=A (X, Xn):kil > nk(U")(Jg(U")—J{‘(U"))eZ,neN. (8)
=1 Uke s

Proof. The Markov property [7] of the random sequence (6) follows from the independence of its incre-
ments (7) due to the independence of random observations (1). Representation (8) is derived by equivalent
transformations of sequence of statistics (6) and (7) under assumptions (2)—(4).

Corollary. If under theorem I conditions M=2, K=1(1=1,4= {0, 1} ), then test statistic (6) is
A, =A, (xl, s xn)z Mg (JO (O) -J, (0))+(n - no)(J0 (l) -J; (1)) neN,

where n, denotes the number of the observations equal to 0.
Using statistics (8), we construct the sequential probability ratio test [3] for hypotheses (5) as follows.
The decision after n observations obtained (n =1, 2, ...) is

d:d(”)zl[c+,+oo)(An)+2'1(0,,c+)(An)’ ©)

where 1, (-) denotes the indicator function of a set D. Decisions d = 0 and d = 1 mean the observation process
termination and acceptance of correspondently H,, or H, after n dicrete random vectors observed; decision d =2
means that the (n + 1) vector should be observed; C_, C, € Z, C_< C, are parameters of the decision rule (8)
called thresholds; in practice they are often calculated according to [3]:

c_{loga[fzo]}Cf[l"ga(l;—f"ﬂ’
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where a, B, are the admissible values of error type I (to accept H,, when H,, is true) and type II (H, is true, H|,
is accepted) probabilities; [] means the integer part of an argument.

Performance characteristics
of the sequential probability ratio test (9)

With thresholds (9) the factual values of error probabilities of type I and II may differ from o, B,, and
the problem of the factual values calculation of the performance characteristics is open for the sequential
tests [6; 8—10].

Introduce the notations: I, for the identity matrix of size k; 0 for the zero-matrix of size (m X n); 1() for

the unit step function; 1, for the k-vector column with components equal 1. Denote by ) the expected value of the
random number of observations (sample size) provided the true hypothesisis H,,, v € {O, 1}, and by a, B the fac-
I2 02 x N
tual values of error type I and II probabilities for test (9). Also, let N=C, - C_; PV = ( ,(jv)) =|-—— : ——=
R(V) Q(V)
be the matrix of size (N +2)x (N +2) with blocks RY), Q(V) defined by

> SJO(U)—J,(U),jfiPV(U), i,je(C., C,),

Ue AX®

P =] S A(C —i+ g (U)-Jy (V) P (U ie(C C), j=C.
Ue AX*
S 1(Jy (U) -, (U)+i-C.) P*(U), i(C.. C,). j=C,.
Ue AX*

Denote

ﬂ(v):(ngv))’ =3 8 w)- sy P'(U)sie{C+1, ..., C =1,

Ue 4X*
“(CV) =2 SJO(U)le(U),iPV(U)’
i2C, UedX
n(cv,) = Z Z SJO(U)—JI(U),iPV(U)’
i<C_ UedX

S(v) _ IN _ Q(V), B(V) _ (S(V))’lR(V)’ ve {0’ 1}’

and let W(i) means the i column of the matrix W.
Theorem 2. If under the model (1)—(5) ‘S(V)

tial decision rule (9) are calculated in the explicit form
' -1
= (= (5 1y 41, = (<)
Proof. Proof is based on the theory of discrete time finite homogeneous Markov chains. The sequence

C.m =C- 1(_0<>,CL](‘/\")_}—C'+ ' 1[C+a+°o)(A")+An ' l(cf’c+)(A")

is a homogeneous Markov chain with N + 2 states, and C_, C, are the absorbing states.

#0,ve {0, 1}, then the performance characteristics of sequen-

’

B((ZO)) + n(co+), B= ( Tc(l)),B((ll)) + Tc(clz

Case of distorted probability distributions {Pv" ()}

Let P,(U) be the factual probability distribution of the independent observations X;, X,, ... € A*" that

may differ from the hypothetical probability distribution P, (U ) determined by probability distribution (3) due
to some model distortion.
Denote the sequential statistical test of the form (6) and (9) based on the function
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P(U
x(U)zloga[ 1 )J, Ued™,
R (U)
by 8, = (1, d, ), where 1, = inf {n:d, (n) €{0, 1}} is the random stopping moment of the test (random number
of observations used to accept one of hypotheses (5)). Let for this test

a=a(8,)=E, {1_)0 {d,= 1|Tx}}, B:B(SA)ZEI{}_)I {d, = 0|Tx}} (10)

be the factual values of the error type I and type II probabilities, respectively, where E, {} means mathematical
expectation with the probability distribution P,;

=1 (8,)=E,{x,}, ve{o,1}, (11)

is the conditional mathematical expectation of the random size of the sample 7, under the true hypothesis is H,.
Consider the set of performance characteristics {o(8, ), B(8,). (8, ), #(8;)} for the test 3,. Theorem 2
gives expressions for the performance characteristics (10) and (11) of the test §, in case, where the function

A(+) defined by the probability distribution (3) and the sequence of statistics (7) has a discrete set of values, and
there are no distortions (P, = P,). In the general case for the test §, introduce the notations (v =0, 1)

Q(V>=( (/V>) @)= B, (M(X))=j—il i, je{C 1, ..., C.~1},

ij

R(V)z (K(V)), iE{C_+ 1, ceey C+— 1}, jZC_: C+7

=R M(x)<C = ifond) = RAM(X)2 €, i),

v

= (2), w0 = B {n(x) =i} ie{C+ 1, €1

v +

me =B {n(x)=Clmg =R fu(x)2C)

As it follows from the finite Markov chains theory [7], the condition ‘S(V) # 0 is equivalent to the test fi-

niteness: 1'3V {Tx < oo} =1, ve {O, 1}. This condition is satisfied [2] for case of independent identically distributed
random observations, except the case, where P, {A(X;)=0} =1 (in this case B () = B ("))
Let A(U), 2(U): 45— R be some functions, 3,, 5; be the sequential tests based on these functions,

A, = i&(){ )AL= i&(X ;) Denote the Markov stopping moments
=1 =1

so=inf{n:A,<C_}, s;=inf{n:A,>C}, s,=inf{n:A,<C_},

s;=inf{n:A,>C
Denote also
o =o(3;). B=B(8;) a=a(87). B=B(3;)
Y= {U e 4K n(X)e(C -C,, C, - c,)}.
Let ) is used for the mathematical expectation of the random number of observations of the sequential test
based on the function k() under the true hypothesis H,, before stopping and accepting one of the hypothe-
sis (5). Also, let t(v) (SX) and t(v) (SL) are used for similar characteristics for the sequential tests based on func-
tions A(-) and A(-), respectively.
Theorem 3. Let for the sequential statistical test defined above the functions () X() satisfy the conditions
LU)<AMU)SA(U) VU €Y,
and
t(v) < 00, t(v) (SX) <00, t<v) (SL) <o, v=0,1.
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Then
OLSOLS&,BSBSB

and in the asymptotics & —a. — 0, B — B — 0 the following results are valid:

<M< v=01, =T 10(1),

where

T_(O)Zan{El|§1 }"’(1 o{§o|§o<§1}:

o)
T(O) aEy{s;]s;<s0}+(1-Q)Eo{5,15,<5}.

)
T = BE, {s,] 50 <5} + (1-B) By {5115, < 5}

B)E
M= BE1{50|§0<§1}+(1_E) E {s]8,< 50}

Proof. Proof is based on analysis of relations for the introduced Markov moments and for the random
events that are generated by them.

Conclusions

An approach to calculate and analyse the performance characteristics of sequential tests for discrete random
data is proposed. The block structure in the data makes it possible to consider data not entire observation after
entire observation but define the stopping moment on the basis of information available in some blocks only.
The results can be applied to construct robust sequential tests [8] for discrete random data and for the model
of random sequences with a trend [9]. The results are also potentially applicable to the case of more than two
hypotheses [11], complex hypotheses [10] and to the analysis of truncated sequential tests [12].
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