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Note that the graph  G I� �  is connected and has always a minimal independent vе‑dominating set of cardi‑
nality k +1, for example a y b i ki i� �� �� � � �� �, | , , ,1 2   is such a set.

To prove the theorem, it is sufficient to show that the following three claims are valid.
Claim 1. The graph G I� � is K1 4, -free.
P r o o f. Indeed, since T ≤ 3 for each T S∈ , any four sets, each intersecting with T, cannot be pairwise dis

joint. This, in turn, means that the graph G I� � cannot contain a star K1 4,  centred at vertex T as an induced sub
graph. The claim is proved.

Claim 2. For any minimal independent vе‑dominating set D of G I� �, the inequalities k D k� � �1 hold.
P r o o f. Let D be an arbitrary minimal independent vе‑dominating set of G I� �. Since any k + 2 members of 

the subset system S obviously contain an intersecting pair, we have that any independent (in particular, minimal) 
vе‑dominating set of G I� � contains at most k +1 vertices, and hence D k� �1.

For i k=1 2, , , ,  define

S y b y c x y z x y z M p r ki i i i i p i r p i r� � � � � � � � �� � �� �, , , , , , | , , , , .1

Let ei be the edge of the graph G I� � connecting vertices  y bi i,� � and y ci i, ,� �  for 1≤ ≤i k. Clearly, the edge ei can 
only be vе‑dominated by vertices from Si. Since the set Si is a clique of the graph G I� �, we have that D Si� �1, 
for each i k=1 2, , , .  Thus, D k≥ , and the claim is proved.

Claim 3. The instance I X Y Z M� � �, , ,  is solvable for the 3-DM problem if and only if the graph G I� � has 
a minimal independent vе‑dominating set of cardinality k.

P r o o f. Let the instance I X Y Z M� � �, , ,  is solvable for the 3-DM problem, i. e. M contains a subset  ′M  of 
k pairwise disjoint members, whose union is equal to X Y Z∪ ∪ . Construct a set D V G I� � �� � of cardinality k 
by including in it all the vertices of the graph G I� � that correspond to elements of  ′M . It is easy to see that D is 
independent and vе‑dominating set of G I� �. The minimality of the set D follows from the fact that every vertex 
x y z Dp q r, ,� ��  has the edge  y b y c E G Iq q q q, , ,� � � �� �� � �� � as a private edge (with respect to D).

Assume now that the graph G I� � has a minimal independent vе‑dominating set D of cardinality k. For 1≤ ≤i k, 
let ei be the edge of G I� � between the vertices  y bi i,� � and y ci i, ,� �  and let Si be the set defined as in the proof of 
claim 2. Then as in the proof of claim 2, we have for each i k� �1 2, , ,  that D Si� �1, and therefore, the inter
section of D with the set M ax � � �� � is empty. Suppose that y b Di i,� ��  for some i k�� �1 2, , , .  Then D M k� � , 
and hence there exists an element x Xj∈ , which does not belong to any member of D M∩ . But then no vertex 
in D, which vе‑dominates the edge  x a a E G Ij, , ,� � � �� �� � �� �  a contradiction since D is a ve-dominating set  

Fig. 1. An example of the graph G I� �


