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Three-Satisfiability (3Sat) problem
Instance: a collection C c c cm� �� �1 2, , ,  of m clauses over a set X x x xn� �� �1 2, , ,  of n Boolean variables 

such that cj = 3 for j m� �1 2, , , .

Question: is there a truth assignment for X that simultaneously satisfies all the clauses in C?

Recall that a truth assignment for X is a mapping � : ,X �� �0 1  that assigns a value � xi� ��� �0 1,  to each 
variable x Xi ∈ . We extend ϕ to the set  X x x xn� �� �1 2, , ,  of the literals over X by setting � �x xi i� � � � �, i n� �1 2, , , .

i n� �1 2, , , . A literal � …� �� �X x x xn1 2, , ,  is true under ϕ if � � � �1. A clause over X is a disjunction of some 
literals. A truth assignment ϕ for X satisfies a clause c Cj∈  if cj involves at least one true literal under ϕ. A col‑
lection C of clauses over X is satisfiable if and only if there exists some truth assignment for X that simulta
neously satisfies all the clauses in C.

In order to formulate the following result, we need to introduce special notations for some particular clas
ses of graphs: A is the class of K C K P1 4 1 5 42�� �, ,, -free graphs, and B is the class of C C C C C4 6 7 8 9, , , ,� �-free 
graphs. In fact, it is not hard to see that any graph in A B∩  is also Cp-free and Cq-free for each p ≥ 10 and q ≥ 6, 
as well as Ps-free and Pt-free for each s ≥ 9 and t ≥ 5.

Theorem 3. The Non-Well ev‑Covered Graph problem is NP-complete in the class of graphs A B∩ .
P r o o f. It can be checked in polynomial time whether an ev‑dominating set is minimal, since the property 

of being an ev‑dominating set is superhereditary (for more details see [3]). Thus, the Non-Well ev‑Covered 
Graph problem is in NP since we can guess subsets E E E G1 2, � � � and, in polynomial time, verify that E1 and E2  
are minimal independent ev‑dominating sets of distinct cardinalities. To show that it is NP-complete, we con‑
struct a polynomial transformation from the 3Sat problem. Without loss of generality, we may assume that each 
variable appears (as x or x ) in at least one clause and no clause in C contains a variable xi and its negation xi 
because such a clause is satisfied by any truth assignment and can be eliminated. We also assume that all clauses 
are distinct and m C� � 2. The proof uses ideas from paper [9].

Given an instance J C X� � �,  of the 3Sat problem, construct the following graph G J� �. Some vertices of 
this graph are associated with the parameters of the 3Sat problem and use the same notation, and some vertices 
are auxiliary. Specifically, the vertex set of the graph G J� � is the union �� �C X , where �� �� �C c j mj | , , ,1 2   
and �� �� �X x y z x i ni i i i, , , | , , , .1 2   Edges of G J� � are defined as follows.

1. The set  ′C  induces a clique.
2. The set  ′X  induces n vertex-disjoint stars K i

1 3, , i n=1 2, , , ,  each one with four vertices – xi , yi, zi and xi –  
and the edges x yi i , y zi i and y xi i.

3. For each clause cj j j j� � �� �  

1 2 3
, j m=1 2, , , ,  introduce the three edges – cj j

1
, cj j

2 and cj j
3 – between 

′C  and ′X  in G J� �.
The graph G J� � can obviously be constructed in time polynomial in m and n. Figure 2 shows an example 

of graph G J� � when X x x x x�� �1 2 3 4, , ,  and C c c c c c�� �1 2 3 4 5, , , , , where c x x x1 1 2 3� � �� �, c x x x2 1 2 3� � �� �, 
c x x x3 1 3 4� � �� �, c x x x4 2 3 4� � �� �, c x x x5 1 3 4� � �� �.

Fig. 2. An example of the graph G J� �


