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LIMIT THEOREM ON CONVERGENCE
TO THE LOCAL TIME OF A BROWNIAN EXCURSION

V.I. AFANASYEV®

Steklov Mathematical Institute, Russian Academy of Sciences,
8 Gubkina Street, Moscow 119333, Russia

Abstract. An integer random walk {Si, i> 0} with zero drift and finite variance o” is investigated. For a random pro-
cess that assigns, to a variable u > 0, the number of hits of the specified random walk into the state Lucﬁ J up to time n
and is considered under the condition that §, >0, ..., S,_,>0, §,<0, a functional limit theorem concerning convergence
in distribution of the process to the local time of a Brownian excursion is proved.

Keywords: random walk; conditional Brownian motion; local time of conditional Brownian motions; functional limit
theorem.

Statement of the problem and the main result

Let X, X,, ... be independent and identically distributed random variables defined on a probability space
(Q, F, P). We need the following assumptions about the distribution of the random variable X,.

Assumption 1. The random variable X, has an arithmetic distribution with the maximum span 1, and
P(X,=0)>0.

Instead of the above assumption, we can consider a more general one: the random variable X, has a lattice
distribution, i. e. its possible values belong to the lattice {a +kh, ke Z}, where 7>0and a e [O, h), the maxi-

mum of all possible /4 is 1, and the value of @ corresponding to this /4 is 0.
Assumption 2. The following equalities hold:
EX,=0, EX/=0% 0< "< +oo.
Let us consider the random walk
Sp=0,8=> "X, ieN.
j=1

Let T be the first hitting time of the semi-axis (—oo, O] by this random walk:
T=min{i>0:S,<0}.
We introduce for each 7 € N the random process Y, ={Y, (), 2 [0, 1]}, where
S
Y, (1)=—4, refo,1]

-
Let W= {W(t), t> 0} be a standard Brownian motion and W * = {We"(t), te|0, 1]} be a normalised Brow-

nian excursion. Let us denote B and y the nearest zeros of a Brownian trajectory to point 1 on the left and right,
respectively. Set A =y —B. It is known (see, for example, [1, sect. 1]) that

W(B+tA

M, t[0,1] e (1)
JA

where the symbol 2 means equality in distribution.

D e .
Let the symbol — denote convergence in distribution of a sequence of random elements. The following
functional limit theorem is established in paper [2]: if assumptions 1 and 2 are valid, then, as n — oo,

¥, |T=n\ 5w )
(this means convergence in distribution in the space D[O, 1] with the Skorokhod topology).
Let &( k, n) denote the number of hits of the walk {S;, 0 < i< n} into the state k € Z:
g(k,n)=[{i:0<i<n, S,=k}.
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We call the random variable é( k, n) the local time of the random walk {S i O} at point & up to time n. Intro-
duce for each n € N the random process Z, ={Z,(u), u € R}, where

Zn(u) = GQ(LMG\/;J, n), ueR.

Jn

We are interested in the asymptotic behaviour of the process considered under the condition that 7'= n.
For u € R and ¢ > 0, the Brownian motion # has almost surely the local time / (u, t) defined by the formula

t

o1
I(u,t)= ISII%ZOI[”’S’ uH](W(s))ds,

where I, () is the indicator of the set [u —g, U+ 8]. Furthermore, it is possible to choose variants of

g u+g|
/ (u, t) for different ¢ and u such that the function / (u, t) will be almost surely continuous with respect to (u, t) €
eR x [O, +oo). It follows from this fact and relation (1) that, firstly, for eachu >0 and te [0, 1], there exists al-

most surely the local time of the Brownian excursion W defined by the formula
ex : 1 ¢ ex
1%(u, 1) = £1f%g_([][u, wra(75(s)) s,

and, secondly, it is possible to choose variants of lex(u, t) for different ¢ and u such that the function / ex(u, t)
will be almost surely continuous with respect to (u, 1) €[ 0, +0)x [0, 1]. This is assumed in what follows.
Theorem 1. If assumptions 1 and 2 are valid, then, as n — o,

{Zn(u), u>0 |T:n}£>{lex(u, 1), u> 0}

(this means convergence in distribution in the space D[O, v] with the Skorokhod topology for arbitrary v > ().
As a corollary of theorem 1, the following results are obtained. Set for xe R

1 x?
n(x)= on exp[—;].

For each u > 0, let us introduce the distribution function
o [-1

) Jo.
) =1 -2E S 3 L Sl ) 220

=1j=0

(Tuex(x) = 0 for x < 0). We also introduce the distribution function

Fe(x)=1+ 22 e (1-415), x>0

(F*(x)= 0 for x < 0). Note that the function 7,*(x) is continuous for x > 0 and 7,7(0) = F*(u).
Theorem 2. If assumptions [ and 2 are valid, then for every u >0 and for all x >0

lim P(Z,(u)<x|T=n)=T(x). 3)
n—» oo
In particular,
lim P(Z,(u)=0|T=n)=F(u). (4)
Set

M, =sup Zn(u).

uz0
Theorem 3. [f assumptions I and 2 are valid, then for each x>0
lim P(M,<x|T=n)= F‘“(EJ.
n— oo 2

This paper continues the author’s series of papers, in which limit theorems on convergence to the local
time of a Brownian meander [3], a stopped Brownian meander [4], a Brownian high jump [5], a Brownian
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bridge and a reflected Brownian bridge [6] are established. Finally, we note that if the random walk {S,., i> 0}
is symmetric simple, convergence of one-dimensional distributions in theorem 1 was established in paper [7].

Auxiliary results

It is known (see, for example, [8, chap. 12, § 7 and chap. 18, § 5]) that if assumption 2 is valid, then
0< E|S;|<+o0and, as n — o,

P(T>n)~%, (5)
o = Y2EIS:|
Jno

It was shown in paper [9] that if assumptions 1 and 2 are valid, then, as n — oo,

where

P(T=n)~—. (6)

2n?
Let forx <0

T(x)= min{n 08, €(—o, x]}

Let us introduce the distribution function G: for y > 0

G(0)= g (EISH- Bl 5151 2).

The following result is established in paper [2, lemma 2]: if assumptions 1 and 2 are valid, then for all x, y > 0,
as n— oo,

P(T(-o/nx)=n, Sn+c5\/;x>—y = ! xe_x?G(y)(l—i-o(l)), (7)
n\2m

moreover, for a fixed y > 0, relation (7) holds uniformly over x > a, where a is an arbitrary positive number.
Recall that W = {W( ) t> 0} is the Brownian motion and 3 is the nearest zero of a Brownian trajectory to
point 1 on the left, set A,=1—-f. Let W™= {W'”e( ), 10, 1]} be a Brownian meander. It is known (see, for

example, [1, sect.1]) that
{M, teo, 1]}2 W ®)

/a

It follows from relation (8) that, firstly, foru >0 andze [0, 1], there is almost surely the local time of the Brow-
nian meander W™ defined by the formula

1"(u, z)_hm1 I[u e (77(s) ) s,

and, secondly, it is possible to choose such variants of /"(u, ¢) for different u and ¢ that the function /"*(u, 1)
will be almost surely continuous with respect to (u, t) € [0, +oo) X [O, 1]. This is assumed in what follows.

It is also known (see, for example, [1, sect. 4]) that, as & 4 0,
(o), 1e[0,1] | () < 8§ S (1), 1[0, 1]} )

(convergence in distribution in the space C [0, 1] with uniform convergence topology).
Recall Iglehart functional limit theorem (see [10; 11]): if assumption 2 is valid, then, as n — oo,

{1, (0), te[0,1] | T>n} S {w(r), 1[0, 1]}. (10)
It is established in paper [3] that if assumptions 1 and 2 are valid, then, as n — oo,
{Z (u) u>0 | T>n} {l”’e(u, 1),u20}
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(convergence in distribution in the space D [0, v] with the Skorokhod topology for arbitrary v > 0). This relation
can be generalised: if assumptions 1 and 2 are valid, then for an arbitrary ¢ € (0, 1), as n— o,

{Z,(u,0),u=0 | T>n} 5L (u, 1), u= 0}, (11)

where foru >0

G&(LuGﬁJ, LntJ)
T .

Relation (11) is also valid if the variable u (in left part of relation (11)) is replaced by u + o.,,(u ), where a.,,(u)
tends, as n — oo, to 0 uniformly over u > 0. Note that relations (10) and (11) can be combined into one: if as-
sumptions 1 and 2 are valid, then for an arbitrary ¢ [0, 1], as n — oo,

(1,05, Z,(w, 1)), s€[0, 1], uz0| T>nf S{(W7(s), 1"(u, 1)), s€[0, 1], u >0} (12)

(convergence in distribution in the space D[0, #]x D[0, v] with the Skorokhod topology for arbitrary v > 0).

Z,(u.1)=

We introduce the following notation: N, is a random variable having a normal distribution with parameters 0
and s > 0; n(x) is distribution density of the random variable N,, i. .

JC2
e > xeR;

n(x)= o
‘ 2ms
N(a, b) is distribution of the random variable N, over intervals, i. e.

M(a, b)=P(a<NS Sb), a,beR, a<bh
(herewith Ny (O, b):l for b>0). We set for s >0 and x, yeR
2

gi(x. y)=n(x-y)-n(x+y),

2
h(x)= %exp[—;—s}

2
It is known (see, for example, [1, sect. 1]) that the Brownian meander W™ is an inhomogeneous Markov pro-
cess with transition density p™(s, x; 1, y), where for 0 <¢<land y > 0

p"(0,05 ¢, y)=2h,(y)Ni_ (0, y), (13)
and for0<s<¢<l,x>0andy>0
e N,_,(0,y
Pt y)=g (% y)%- (14)

Set for 1[0, 1]
VKme:{Wme(s), se [0, t]} W= {Wex( ) se [0, t]}
and for te (0,1)
__h(x)
W)= o)
Lemma 1. Let te (O, 1) and f be a measurable non-negative and bounded mapping D[O, t] with the Sko-

rokhod topology into R, and let this mapping be almost surely continuous on trajectories of the process WS
Then

Ef(we)= j @i (X)L E(S(W" ) (1) <x).

Proof. It follows from relation (9) by the continuous mapping theorem (see [12, theorem 5.1]) that, as o do,
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{ f(Wme)
From where, according to the dominated convergence theorem, we find that
Ef(vrf,e)‘)zgi%E(f(W,'"‘f) W’”"(l)ﬁé‘)). (15)
Since the Brownian meander is an inhomogeneous Markov process, then
2 pl)(re(1) < 8
W’"@(l)g&):j ()=o)
0 P(wm(1)<5)

wre(1)<s )5 ().

E( ()

de( F(we) we(e) < x) (16)

(the superscript of the symbol P"“*) means that the Brownian meander starts from point x at time 7). Note that
forx>0
8
PO (1) <8)= [ p™ (2, x: 1,y )b, (17)
0

P(Wme(l)ﬁé): p"(0,0; 1,)dy. (18)

S —

Since, as y — 0,

gl—t(xv y)~ \/ﬁ Y hl(y)~y»

2h,_(x)

then (see relations (13) and (14))

hl—t(x)y
me(p i, y)~ e me(0,0: 1, ) ~ v 19
Pt x; Ly) v (0. " y)~y (19)

We find from formula (19) that, as & 4 0,
8 hy_(x)8

"ty x5 1,y )dy ~—mt : 20
s 0 0
5 52
[p"(0,0;1, y)dy~—-. 1)
0
It follows from relations (17), (18), (20) and (21) that for x > 0
P (1) <5
lim ( ) ) =q,_,(x). (22)
slo p(wm(1)<3)
We show that for all x > 0 and y € (0, 1]
PrexLy) <K(1), (23)
y
where K(¢) >0 is independent of x, y. We find from relation (14) that
Pt x;1,y)= 5\1/‘ (o) _ nl"(y:x) BUEIEAL) 24)
1—;(0’ x)
2J.n17t(u)du
0
Since 1—e ?<afor a 20, then
—2xy )
_ X
nl—t(y_x)_n]—t(y+x): ”1:()’_)‘)[1_61 t ]Sfinlt(y_x)- (25)

It follows from relations (24) and (25) that
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(s ly) o xmo(y-x)

- . (26)
7 (l—t)jnl_,(u)du
0
Set x=/2(1—#)In2. It is not difficult to see that for 0 <u < x;
1
n_(u)2 ———.
=) 2. 2m(1-1)
Therefore, if 0 < x < x,, then
]inl_,(u)du > L (27)
o 2,2n(1-1)
We get from relations (25)—(27) that for 0<x<x,andy >0
2
e Z ’1: -
p(x y)Szexp—(y x) Sz,
y 1-1 2(1-1) | 1-¢
i. e. relation (23) is valid for 0 < x <x, and y > 0. In view of inequality (26), for x > x,and y > 0
Pt ly) xny_(y—x) 28)

Xo

(1- t)Inl_,(u)du

0

¥

It is easy to see that the numerator of the right-hand side of inequality (28) is bounded for x > 0 and y (0, 1]

by a positive constant depending on ¢. Hence, relation (23) is valid for x > x,and y € (0, 1]. So, relation (23) is
proved.
We have in view of relations (17) and (23) that for 5 (0, 1] and any x > 0

2
PUI(wre(1)<8) < K(t)%. (29)
From relation (29), taking into account formula (21), we find that there exists such §, > 0 that for any d € (0, 80)
and any x > 0
p )( Wme( ) 5) )
P(w(ss)

According to the dominated convergence theorem and due to relations (22) and (30)

o P rme(1) < §
i e S0 )= o {02

(30)

Therefore (see relation (16)),

%ia}E( 7w | W”’e(l)SS):T au_ (%) E( (W) we(r) < x).

From where, remembering formula (15), we come to the statement of lemma 1.
LetO<u<v.Set for te (0, 1] and x € D[O, t]

x) ZII[M’ ] (x(s)) ds.

This functional is measurable, and continuous for almost all trajectories of the process W™ (see [12, app. 11]).
Set

ume(u, v, t) =f( the), uex(u, v, t) =f(Wtex).
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Note that p"*(u, v, ¢) is the occupation time of the interval [, v] by the process W,", and p®(u, v, t) is the
occupation time of the interval [u, v] by the process W,. Moreover,

O I T CUALY) R CUL ) )
) € ed0 €

LetmeN, Ay, ...,A,20andu,, ..., u, >0.Set

Zme Z;\‘klme U, )’
k=1

Z (. 1)
Lemma 2. For arbitrary t € (0, 1)
) +00 e
Ee (1) = J.ql_t(x)de(efz”’ ). wme(r) < x).
0

Proof. By virtue of lemma 1 for ¢ > 0

Eexp{ Zl Hka uk+8 t J:T)ql_t(x)de[eXP[ i M]’ Wme(t)ﬁx}

€

After integration in parts on the right side and passing to the limit, as ¢ — 0, we obtain, according to the domi-
nated convergence theorem, the statement of lemma 2.

For arbitrary ¢t (0, 1), we set
"= {lme(u, t), u> 0} I7= {lex(u t) u> 0}.
The following statement is of independent interest.
Corollary 1. For arbitrary t e (0, 1), v >0 and any Borel set A of the space D[O, v]

P(lfxeA)=+jwq,,t(x)dxp(1;”ee A, (1)< x). 31)
0

Proof. By virtue of lemma 2, relation (31) is valid for cylindrical sets 4 of the space D[O, v]. Since both

the left and right sides of relation (31) are probability measures, the required statement follows from Caratheo-
dory theorem.

Proof of theorem 1

We establish in the beginning convergence of finite-dimensional distributions. Let us fix m € N and
uy, ..., u, >0. We show that, as n — oo,

(Z,(0)+ --r Z (1) | T=0) D1 (). s 1()). (32)
For an arbitrary ¢ e (0, 1), we write the representation: for u >0
Z,(u)=2,(u, 1)+ €, (u, 1), (33)
where
Gé(Lqu/ZJ, LntJ +1, n)
Gl 1) = T :
and for /<n

g(j, bn)=[{ie{l,.... n}: S;=j}

First, we show that

limE(e_E'”("’ )
Cm;wﬂbwn&, bug,ﬂé Cm&,\aa‘omu,éw w om,aww,i 50«%%,\; > 43
(S)/omw/y << o@éﬂ,ﬁo a.y\,o/ @a/zla. Sm,am»

T= n) = Ee_zg(t), (34)



Kypuaa Besopycckoro rocyrapcrBeHHOro yuupepcurera. Maremaruka. Magopmaruxa. 2026;1:36-52
Journal of the Belarusian State University. Mathematics and Informatics. 2026;1:36-52

where
m
Z ot 1)

and A, ..., A, 20. For arbitrary y, z > 0

0< E(eim(n, 7= n) - E(n, ¥, Z) < El(n, Z) + Ez(n, y), (35)
where
E(n’ > Z):]Z(e_zm(nj t)’ Y”(t) >z, Sn > -y ‘ T= n)a
E(n, 2)=E(e > 7, (1)< 2| 7=n),
Ez(n, y)=E(e72m(”’f); S, <-y ‘ 7= n)
Note that

0<E(n, 2)<P(Y,(t)<z |T=n) (36)
Applying relation (2) to inequality (36), we find that
limsup E,(n, z) < P(Wex(t) < Z),

n—» 0
hence,
lim limsup El(n, Z) =0. (37)
220 450
It is shown in paper [2, relation (4.7)] that
(s,|T=n}5s, (38)

where S is some random variable, and P(S >—y) = G(y) for y > 0. Since

0< Ez(n, y)S P(Sn <-y | T= n),
then (see formula (38))
limsupEz(n, y)S P(S < —y)

n—w

for any y > 0, with the exception of no more than a countable set. Hence,

lim lim supEz(n, y) =0. (39)

N s

Set n(t) =n—| nt |. By the Markov property of random walks

an(e_zm("’t);Yn(t)>z,Sn>—y,T=n) [ £(x) ( 0.y (1) >x‘T>|_ntJ) (40)

Z+OO

where for x > 0
3
fn(x) = nZP(T > LntJ)P(T(—G\/;x) = n(t), Sn(l) +onx> —y).
We have by virtue of relations (5) and (7) that for arbitrary x, y > 0, as n — oo,
oGy
1= 942 140(1), @

moreover, for a fixed y, this relation is performed uniformly over x > z.
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Set

m
me
Z 1" (e 1),

/ e(u, t) —_\/;l e(_ 1].
\/7’
In view of formula (12)

lim E( A0 (1) > x| T > Lmj) ( O (1) > x). (42)
n— oo
It follows from relations (40)—(42) that

3

lim n2E(e "1 ¥, (1) >, 5, > -y, T=n)= aG() Jhlt(x)de(e_ize(’); Wme(1)gi} (43)

n—

where for u > 0

~

Due to formulas (6) and (43)

Tim E(n, y, z \F [ o dE( m (), W’”e(l)s%}

Z +OO
Therefore,
- me X
Jim_ Tim lim £ (, y, 2 \/7 h_(x)d E[e ). (1)s$j. (44)
We find from relations (35), (37), (39) and (44) that
: s, (n 27 S (1) x
hmE(ezm(’t) T:n)z\/: h,_(x)dE|e m(;W’"QIS—. 45
n— o TEl‘([lt()x ()\/; ()
Lemma 3. For arbitrary t € (0 1) and any x > 0
E( ), ey )— dE(eZ ). rme(1 sij
2w e

Proof. In view of formula (12)

> n

E(eiz’”("’t)' Y (t)Sx, T>n)

E(e > wme(r)< ):1‘ 46
(¢ (1) x)= Jim, P(7>n) (#0)
Set
L, —Omln S,
By the Markov property of random walks
E(e ™", ¥ (1)<x, T> p >z |dE(e ™™y ()<z, T>|nt]). 47
(e (1)< n)g Gf —z [d B (> (1) <2, T > e ) (47)

By virtue of the Donsker — Prokhorov invariance principle

nligop[cf> z]_zz\q{o ﬁ]:zz\q_,(o, 2), (48)

and the first equality holds uniformly over z € (0, x]. Due to formula (12)

E(e ™0y, (1) <2, 7> ) o
- g R
Tim b ] E(e W (t)s\/;j. (49)

It follows from relations (5) and (47)—(49) that
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E(e_zm("’t); Y,(1)<x, T>n) 5 X
li ! - 0, 2)d.E| ¢ =), prme i 50

Relations (46) and (50) imply the statement of lemma 3.
Let us continue the proof of theorem 1. We show that

\F _[hl t dE[ w0 W’"E(l)s%sze‘Ef"X(’). (51)

By lemma 2
+00 .
J qH(x)de(e—z::%); (1) < x) _Ee ) )
0
By lemma 3

Jor e )< o (0 ) -

\F jhl t dE( =0, (1 )<$j (53)

We obtain from formulas (52) and (53) the required relation (51), and from formulas (45) and (51) we have the
required relation (34).
By the continuity theorem for characteristic functions, we find from relation (34) that, as n — oo,

(Zn(ul, t), ey Zn(um, t) | T= I’Z)B)(lex(ul’ t), s lex(umj t)) (54)
Since the function /*(u, t) is continuous with respect 7 with probability 1, then almost surely, as r — 1,
(lex(ul, t), s lex(um, t))—)(lex(ul, 1), s lex(um, 1)) (55)
We show that for an arbitrary « > 0
lim hnmjzpp(gn(u, t)>0|T=n)=0. (56)
If sup Y,(s)<u, then§,(u, )=0. Therefore,
t<s<l
P(C,(u, t)>0|T=n)= P(Cn(u, 1)>0, supY,(s)>u|T= nj (57)
t<s<lI
Further,
P[Qn(u, t) >0, sup Yn(s)Z u|T= n} < P( sup Yn(s)z u|T= n}. (58)
t<s<l t<s<l
By virtue of relation (2)
lim P[ sup Y, (s)>u T:n]zP[ sup Wex(s)ZMJ. (59)
n—© t<s<l t<s<l
It follows from formulas (57)—(59) that
limsupP(Cn(u, t)>0|T=n)£P{ sup Wex(s)Zuj. (60)
n—ow t<s<1
Since almost surely sup W*(s)— 0,as ¢ — I, then
t<s<l
limP[ sup W (s) > uj =0. (61)
=1 \r<s<t

We obtain from formulas (60) and (61) the required relation (56).
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In view of relation (56)

lim limsupP( max G, (u;, 1)>0|T= n] =0. (62)
1<k<m

t—>1

We find from formulas (33) and (62) that

n—» 0

Z,(u) = Z, (. 1)|>0

lim limsupP( max T= nj =0. (63)

=1, s 1<k<m

By applying formulas (54), (55), (63) and theorem 4.2 from paper [12], we obtain the required relation (32).
Let us fix v > 0. We introduce a continuity module for x € D[0, v]: for § > 0
w,(8)= sup |x(u1)—x(u2)|.
u, upy €[0,v]: |y —up| <8

We show that for an arbitrary € > 0

lim limsupP(w (8) =& | T=n)=0. (64)
820 50 !
Note (see formula (33)) that for 7 € (0, 1)
WZ,,(S) < Wz (. t)(S) +we t)(S). (65)
Due to relation (65)
P(w,,(8)>e|T=n)< P(wzn(_’ )(8) zg T= nj + P(qu( A(3) zg T= nj. (66)
First, we show that
o €
ahino hrlln_)sgpP(wZn(_’ t)(S) > 5 T= nj =0. (67)
Note that for arbitrary y, z >0
0< P(WZ”(.’ t)(S) 2% T= J —P(n,y,z)<B(n, z)+P(ny), (68)
where
P(n, ¥, z) = P[WZ,,( t)(S) >—, Yn(t) >z, 8,>-y ‘ T= nj,
Pl(n, z) = P(WZ,,(, t)(B) >—, Yn(t)s z|T= n},
B(ny)= P[Wzn(-, )(3)22. 5,5y ‘ T= nJ
Since
Pl(n, Z)S P(Yn(t)< z| T= n),
then (see relation (2))
limsup B (n, z) < P(Wex(t) < Z).
n— o
Therefore,
zh_)rno litznjzpﬁ (n, z) =0. (69)
Since

Pz(n,y)SP(SnS—y|T=n),
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then (see formula (38))
limsup P, (n, y) <P(S<-y)

n—> 0

for any y > 0, with the exception of no more than a countable set. Therefore,

lim limsup P, (n, y) =0. (70)

Y20 posw
By the Markov property of random walks

3

nzp(wzn(.’ )(8)2 % Y,(1)>z, S,>—y, T= n) | fn(x)de[wZn(.’ )(8)> % Y, (1)>x

(z, +)

T> Lmjj, (71)

where f,(x) is the same function as in relation (40). We have in view of formula (41) that for a fixed y > 0, all
x >z and all sufficiently large n

where K (t) > 0 is independent of #, x. We find from formulas (71) and (72) that for a fixed y > 0 and all suffi-
ciently large n

h_(x)<K(1), (72)

3

nZP(wZ”(_’ t)(S) ZE, Y”(t)>z, S,>-y, T'= nj <

2
<K(1) P[wz (.n(8)= g Y,(1)>z|T> LmJJ <K(r)P [wz (.n(8)= % T> anjj. (73)
It follows from relation (11) that
L €
Jim lim P[Wzn(,, (8)= S|T> L’”Jj =0. (74)
We get from formulas (73) and (74) that
3
lim limsup nzP(wZ(,)(S) > E, Yn(t) >z,8,>-y, T= nj =0
820 poow n 2
and, hence (see relation (6)),
lim li P =0. 75
81_)11%)hnm_>sgp (n,y, z) (75)
We obtain from formulas (68)—(70) and (75) the required relation (67).
Now let us show that
L €
Slgrll()llnmjgpP(wgn(,’ t)(S) > 5 T= n]. (76)
Note that for an arbitrary L > 0
e L]
OSP(%(-, 0(8) 25 T= j—;)q(n, N<Q(n, L), (77)

where

and for /€{0,1,2, ...}

By virtue of formula (38)
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lim O(n, L)=P(S<-L)
for any L, with the exception of no more than a countable set, hence,
lim lim Q(n, L) =0. (78)

L—>won—>ow
We show that for a fixed /€{0,1, 2, ...}
lim limsup q(n, l) =0. (79)

320 pow

Set
S,=0,8,=S, ,-S,,8,=S, ,-S,,....5,=8,-S,=-5,.
Note that

(S.-.8,)2=(S1. ... 8,).
Let %(k, m), where m e {0, L..., n}, be the number of hits of the random walk {Si, 0<i< m} in the state
keZ,i.e.

é(k, m)=‘{i:0£i£m, S~i=k}‘.
If §,=—/, then forme{O, 1..., n}
E(k, m)=[fi:0<i<m, s, ;~S,=k}|=[{i:0<i<m s, =k-1}

> Mn—i > Mn—i

=l{i:n-m<i<n, S;=k-1}|=E(k—1, n—m, n). (80)

Let 7 mean the same for the walk {5’,} as T means for the walk {S;}. Then

={8>1,...8, > S,=1}c{§>0,...., 5, ,>0,8,=1}={S,=1, T >n}. (81)
Set foru eR

y CS~ uG\/; + 1, | nt
Zn(u,t)z i(t \/% lL J)

If S, =—/, then by virtue of relation (80)

B GE(LMG\/ZJ +1l,n—|nt] —1) B G%(LMG\/;J +1, I_Vl(l— fn)J)
Colu. 1) = In N Jn

where 1, is found from the equality n —| nt |~1=| n(1-1,) |. Since |t, — 1| < %, then

‘E(LucﬁJ +1, Ln(l - tn)J) - é(tuc&/ﬁJ +1, I_n(l - t)J)‘ <1

= Z,(u,1-1,), (82)

and, hence,

Z(u,1-1,)~ Z (u, 1—0\3%. (83)
It follows from inequality (83) that
‘WZW(" ()= 1_t)(es)‘ < 2—\/% (84)
If S, =—1, then by virtue of relations (82) and (84)
e (8) = w1 (8)]< %’ (85)

To prove relation (79), it is enough to establish (see formula (6)) that
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3

. . 2 E _ . .
811_)rnoh}£n%s:jpn P(Wgn(y t)(B) > > S,=—1, T= nj =0. (86)
In turn, to prove relation (86), it is enough to establish (see formulas (81), (82) and (85)) that
3
o 2p{ 1. ES51 T -
611_)rnohnnlsotlpn P(Wzn(u, 14)(6) > > S,=1T> nj 0 (87)
or, equivalently,
3
. . > E _ .
gmllgsilpn P(Wzn(u, 17»(6) > > S,=LT> nj =0. (88)

It is not difficult to show (see the proof of relation (4.20) in paper [2]) that there are constants K > 0 and L € N
such that

L
P(wzn(_, 1-(8) z%, S,=1,T> nj <KY P[wzn(l’ 1-(8) z%, T=n+ ij. (89)
i=1

It follows from formula (6) and the proved relation (67) that for each i e {1, ..., I}

3
mli 2 E il
511_)rnohnrris;)1pn P(Wzm(.,1r)(8)2 > T—n+z)—0. (90)
We show that for each i e {1, ey l}

3
lim limsupn2P(wZ"(.’l_t)(S)Zg, T=n+ij:O. 91)

350 p>ow

Set

- G&(Luc n+iJ,Ln(l—t)J).

. ,1_1 =
”H(u ) \/n+i

Since L(n + i)tj - |_ntJ <i+1,then

i +1
Zn+i(”’ 1-1)-Z,.(u, 1_1)50\/1—.
n+i
and, hence,
2c(i+1
W18 =V 1_,)(5>\S%' 92)
Further,

n n+i
WZ;H(»,l—t)(s):\/n__'_iWZﬂ(-,l—t)[S » ] (93)

By virtue of formulas (92) and (93)

n n+i 2G(l+1)
Wzn”(-,lz)(S)_\’EWZn(-,lt)(SV n < \/n+i

and, hence,

Thus,

n+i f n 2c(i+1
vVZn(-,lfl‘)(S)S n WZnH("lt){S n+lJ+ E/; )
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and, hence, for sufficiently large n
2c0(i+1
Wz (a-n(8) < 2wy 1y (8)+ (T) (94)

It follows from formulas (90) and (94) the required relation (91).

From formulas (89) and (91) we have relation (88) and, hence, relations (87) and (86). In turn, formula (86)
implies the required relation (79). Further, from formulas (77)—(79) we find the required relation (76). Finally,
from formulas (66), (67) and (76) we find the required relation (64). From relations (32) and (64) according to
theorem 15.5 from book [12] we obtain the statement of theorem 1.

Proof of theorem 2
By theorem 1, as n — o,
{Z,(u)| T=n} 5 1%(u,1). (95)
Set for xe R
F,(x)= P(lex(u, 1)< x).
It follows from relation (95) that
lim P(Z,(u) <x|T=n)=F,(x) (96)

u
n—>x©

for all x, which are points of continuity of the function Fu() It is proved in paper [7, relations (170) and (171)]
that for any u > 0 and for all x>0

F,(x)=T;"(x). 97)
The function Tuex(x) is continuous for all x > 0 and, hence, relation (96) is valid for all x > 0. Formulas (96)

and (97) imply relation (3) for x > 0.
Let us prove the relation (4). We have due to formula (33) that for ¢ € (0, 1)

[P(2,(u)=0]T=n)=R(n, &, u) <1=B(n, 1, u), (98)
where
Pl(n, t, u)zP(Zn(u, t)zO | T:n),

P, (n, t u) = P(Cn(u, t) =0 | Tzn).
Similarly to relation (34), it can be shown that

1im B (n, 1, u) = P(17(u) =0). (99)
Note that
P(I(u) =0)=P( sup Wex(s)Su]. (100)
0<s<t
Trajectories of the Brownian excursion W are almost surely continuous, and therefore,
1imP( sup Wex(s)SquP( sup Wex(s)éu} (101)
=1 o<s<s 0<s<1
It is known (see [1, sect. 6]) that
P( sup W (s) Su]:Fex(u). (102)
0<s<1
It follows from formulas (100)—(102) that
lim P(1"(u) =0) = F(u). (103)
t—
Applying relation (103) to relation (99), we find that
lim lim P, =F“(u). 104
lim lim > (n, 1, u) (u) (104)
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It follows from relation (56) that
limlimianz(n, t, u)=1. (105)

=1 5w

From formulas (98), (104) and (105) we obtain the required relation (4). Theorem 2 is proved.

Proof of theorem 3

By virtue of theorem 1, as n — o,

supZ,(u) 5 sup/“(u, 1).

u>0 u>0
Hence,
limP(supZn(u) < x] = P(sup 1“(u,1) < xj (106)
n=>%9 \ 4>0 u>0

for all x > 0, which are points of continuity of the right-hand side. It is known (see, for example, [13, sect. 4.2])
that

sup/“(u, 1)22 sup W (s). (107)

u>0 SE[O,I]

We find from formulas (102) and (107) that for x > 0

P[suplex(u, l)SxJzP sup We’“(s)si =Fex(£j. (108)
u>0 SE[O, 1] 2 2

Since the right-hand side of relation (108) is continuous, then relation (106) holds for all x > 0. We obtain from
relations (106) and (108) the statement of theorem 3.
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