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CURRENT TRENDS IN COMPUTER DATA ANALYSIS
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Abstract. The current trends in computer data analysis presented at the conference «Computer data analysis and mo-
delling: stochastics and data science» and the congress «Information systems and technologies» are described.

Keywords: statistical data analysis; robustness; stochastics; count data; neural networks; computer vision.

Introduction

The special issue «Stochastics and data science» of the publication «Journal of Belarusian State University.
Mathematics and Informatics» is based on extended papers presented at the 14™ International scientific confe-
rence «Computer data analysis and modelling: stochastics and data science» and the 11™ International congress
on computer science «Information systems and technologies», which were held in 2025 in Minsk. All articles
underwent the double-blind peer review process standard for the journal.

The structure of this paper is as follows: sections «International scientific conference “Computer data analysis
and modelling”» and «International congress on computer science “Information systems and technologies»
are devoted to short description of the indicated conference and congress; sections «Current trends in statistical
data analysis» and «Current trends in data science» are presented our version of current trends in computer data
analysis and in data science, respectively; section «Short description of the contributed papers» presents short
descriptions of the contributed papers.

International scientific conference
«Computer data analysis and modelling»

International scientific conference «Computer data analysis and modelling» (CDAM) has been held regularly
(every two or three years) since 1988. This conference was held in September 1988, December 1990, Decem-
ber 1992, September 1995, June 1998, September 2001, September 2004, September 2007, September 2010,
September 2013, September 2016, September 2019, September 2022 and September 2025 in Minsk.

The CDAM conference is currently the largest scientific forum on statistical data analysis in the post-Soviet
area attracting significant interest both in Belarus and the CIS countries, as well as in countries further abroad.
Nowadays the conference is included into the list of conferences of the International Institute of Mathematical
Statistics. The goal of the CDAM conference is to organise a broad scientific forum for researchers from various
countries to discuss and to exchange the latest scientific results in the field of data analysis theory, statistical
modelling, statistical software, as well as their applications in scientific research, economics, information se-
curity, medicine and in other areas.

This conference is organised by the Belarusian State University (BSU), the Research Institute for Applied
Problems of Mathematics and Informatics of BSU, Lomonosov Moscow State University and the Vienna Univer-
sity of Technology. Traditionally, the conferences are held with the financial support of the Ministry of Education
of the Republic of Belarus, the Belarusian Republican Foundation for Fundamental Research and the Scientific
and Technological Association «Infopark». Holding such a forum at BSU is not random. BSU is the country’s
leading scientific centre in a set of priority research areas related to the development and use of new informa-
tion technologies. This includes computer data analysis and modelling of complex stochastic systems in various
fields: scientific research, digital economy, manufacturing, information security, medicine, banking, business and
other. Also, the faculty of applied mathematics and computer science of BSU trains bachelor’s degree specia-
lists to work in these fields under the following programmes: applied mathematics, computer science, applied
informatics and computer security. Additionally, the master’s programme in computer data analysis is offered.

The previous conference in 2022 was attended by over 100 scientists and young researchers from Austria,
Belarus, Germany, Italy, Kazakhstan, Russia, the USA, Uzbekistan, the Czech Republic and Luxembourg.
The programme and organising committee members were leading experts in the field of robust and computer
methods of data analysis and stochastic systems modelling from seven countries.
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The theme of the CDAM conference that held in 2025 is «Stochastics and data analysis» (fig. 1). It combines
fundamental science, namely mathematical statistics as the theoretical foundation of data science, with relevant
applied research. This theme encompasses mathematical models, methods, algorithms and software for data
analysis and stochastic modelling. The goal is to obtain optimal statistical inferences (decisions, estimates,
forecasts), as well as to develop computer models of complex stochastic systems and processes. This area is
classified among the priority research directions approved by the Council of Ministers of the Republic of Belarus.

o

Fig. 1. Participants of the CDAM conference that held in 2025

The conference significance is also underscored by the participation of young scientists, master’s degree
students, postgraduate students and undergraduate students. As it is well known, the majority of winners of
various-level school, university and international olympiads in mathematics and computer science successfully
study at the faculty of applied mathematics and computer science of BSU. Starting from their 1% or 2™ year,
they are engaged in research within student scientific clubs, student research laboratories and the Research
Institute for Applied Problems of Mathematics and Informatics of BSU.

Examples of important applied achievements by Belarusian scientists include:

e development and testing of computer systems for information security in the banking sector of the Re-
public of Belarus;

e creation of econometric models and leading economic indicators for analysing and forecasting the dy-
namics of key macroeconomic and monetary indicators, as well as algorithms and software for the statistical
analysis of the economic creditworthiness and the stability of the banking system at macro and micro levels;

e development of statistical methods and instrumental tools for solving applied problems in medicine for
the N. N. Aleksandrov National Cancer Centre of Belarus, the Scientific and Practical Centre «Cardiology»
and the department of medical radiology of the Ministry of Health of the Republic of Belarus.

International congress on computer science
«Information systems and technologies»

Since 2002, BSU organised and began hosting the International scientific conference «Information systems
and technologies». This conference was held every two years (2002, 2004, 2006, 2008, 2009, 2011, 2013, 2016,
2020 and 2022). It has become the International congress on computer science «Information systems and tech-
nologies» (CSIST) since 2011. The ideologist and main organiser of the conference throughout its existence
was the dean of the faculty of applied mathematics and informatics of BSU P. A. Mandrik, and the faculty of
applied mathematics and informatics of BSU served as its venue. CSIST is a large-scale and significant forum
in the information technologies field. It aims to exchange experiences among the global scientific community,
accumulate ideas and new solutions in information security and develop effective responses to modern challenges.

Let us note that CSIST that held in 2025 took place in 29-31 October 2025 in Minsk (fig. 2). The forum
was organised by BSU and the United Institute of Informatics Problems of the National Academy of Sciences
of Belarus. Over 200 scientists from Azerbaijan, Belarus, Kazakhstan, China, Portugal, Russia, Serbia, Turkey
and Switzerland participated in the congress. It was opened on 30 October at BSU with a plenary session,
featuring the most significant presentations by leading scientists. In particular, experts discussed computer
vision (CV) in multimodal artificial intelligence (Al) systems, the use of deep learning to classify sleep stages
and the development of an intelligent system for analysing patient medical data. The researchers also presented
data from an analysis of human behaviour, when interacting with virtual environments, discussed topics such
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as teacher training in the context of digital transformation, challenges of higher education during the information
technology revolution and more.

Fig. 2. Opening ceremony of the CSIST that held in 2025

A total of 174 papers were submitted for the CSIST, and 124 articles were accepted for publication. The con-
gress proceedings were published in two parts and comprise nearly 1 thsd pages. The number of paper authors
was 237, including 35 doctors of science and 78 PhD.

Current trends in statistical data analysis

Robustness in statistical data analysis. The final result of statistical data analysis is a statistical inference
(estimate, forecast, decision, etc.) based on some observed (registered) statistical data X. Respectively, sta-
tistical data analysis consists of different branches: statistical estimation, statistical forecasting (prediction),
statistical classification (pattern recognition), etc. To be more precise let us describe the current trend «robust-
ness» in connection with forecasting of future states in time series.

The mathematical substance of the statistical forecasting problem is quite simple — to estimate the future value
X7, . € R? of the d-variate time series in T € N steps ahead by successive observations X = (%1, %5, .00, %) € R™.
In practice it was detected by many researchers that the optimal forecasting algorithms on the real statistical
data have the risk values that are much more than the expected theoretical values. In lecture at the Internatio-
nal congress of mathematicians P. Huber explained the reason of this strange situation as follows: «Statistical
inferences (including statistical forecasts) depend only in part upon the observations. An equally important
base is formed by prior assumptions about the underlying situation». The system of prior assumptions is called
the hypothetical model of the data M. In applied problems the hypothetical model assumptions M, are often
distorted, and this fact leads to the instability of the optimal forecasting statistics that are optimal only under A,,.

The probability model of the observed time series under distortions is determined by the family of probability

distributions {P; (X): XeR™:TeN, e€[0,¢ +]}, where ¢ is the distortion level; €, > 0 is its maximal admis-
sible value. If €, = 0, then the distortions are absent, and we have the hypothetical model M. A classification
scheme for typical distortions of hypothetical models is given in work [1].

LetX,,.=f (X ) : R™ > R be any forecasting statistic. Its performance is evaluated by the mean square
risk of forecasting

X1 X4

2
razrs(f)zEg{ }20,86[0,8+],
where B, {} is the expectation symbol with reference to the probability distribution PF () If the distortions are
absent (¢ = 0) and the hypothetical model M, is valid, this functional is called the hypothetical risk 7, = 7, ( f )
The guaranteed (upper) risk is
(/) =supr,(f)

=T
0<e<e,

where the supremum is taken on all admissible distortions of the hypothetical model M,,. Let )??+ =f 0 (X ) be

the optimal forecasting statistic under the known hypothetical model M, (¢ = 0) that gives the minimal value
to the hypothetical risk

’”ozro(fo)zi}l(_t;ro(f)-
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The risk instability coefficient % is the relative increment of the guaranteed risk with reference to the minimal
hypothetical risk:
r ( f ) — 1

k=k(/)= +rozo

For any 6 > 0 define a characteristic of robustness that is called the 5-admissible distortion level and is quite
useful in applications:

8*=s*(6)=sup{se[0, s+]:k(f)s6}.

It indicates the maximal level of distortions for which the relative increment of the risk is yet not greater than
the fixed value & - 100 %.
The smaller the value of & and the greater the value of €, the more robust the forecasting statistic. The mi-

nimax robust forecasting statistic &, , . = f *(X ) minimises the risk instability coefficient:
k(") = i;gk(f).

Further expansion of robustness paradigm in statistical forecasting is possible in two main directions [1-9]:
1) using new distortion types for the underlying hypothetical model of observed data; 2) using new more com-
plex hypothetical models.

Considering the first direction, let us indicate some distortion types that are topical for practice:

e presence of incomplete data including, namely missing values (when a portion of d,, 1< d, < d, compo-
nents of x, at the time point # is not observed), censoring (when at the time point # not exact value x, but only an

event{x, e 4,}, 4, RRY, concerning x, is observed); e. g. 4, = {xt’ > c}, where ¢ € R'is some known threshold;
e simultaneous (joint) influence of several distortion types on the underlying hypothetical model, e. g. si-
multaneous influence of outliers and jointly missing values are present.

Concerning the second direction in the development of robust forecasting, let us mention some complex
(non-conventional) hypothetical probabilistic models actively used in data analysis:

e multivariate discrete-valued time series x, = (x, ,.) e V¥, where ¥ is some discrete set of cardinality 2 < V| <+o0

(this model is extremely helpful in many applied areas, e. g. in genetics (d =1, |V| = 4), information protection
(d=64, [V]|=2));

e spatial or spatio-temporal data (random fields) x, € V9 where t = (t j) e R" is an N-dimensional parameter
indicating spatial or jointly spatial and temporal coordinates of an observation x,, e. g. images, meteorological
maps, dynamical maps of incidence rates.

Statistical analysis of discrete-valued time series. In any digitised society a multitude of discrete-valued data
is generated. If these discrete-valued data are considered dynamically (as dependent on discrete time ¢ € Z), we

obtain a discrete-valued time series x, € A, where A is a discrete set. In particular, if A= {0, e, N— l}, N= |A
2 < N <+o0, we obtain a count time series.

b

The theory of statistical analysis of time series is deeply developed only for the so-called continuous time

series, where A is a subset of RY with non-zero Lebesgue measure. For the discrete case with discrete-valued
observations the theory is only in the beginning stage. The main theoretical problem here is modelling of large

depth stochastic dependence in discrete time series {xt}.
A universal model for describing high-order stochastic dependencies is the homogeneous Markov chain
(MC(S)) of sufficiently large order s € N proposed by J. Doob and E. Dynkin, defined on some probability space

(Q, F, P) and specified by a generating equation for the conditional probability distribution
P{xt =Ji |£—l} :P{xt = Ji |‘tht—_s1 :Jtt:sl} =p,;

where 7, _, = G({XT 1t< t—l}) is the c-algebra; X/ ! =(xtfs, e x,fl)’e AT =(jtfs, s j,,l)'e A’

This model is defined by a matrix parameter — (s +1)-dimensional transition probability matrix P = P>
Ji*'e A", The number of independent parameters for MC(s) (DMC(S) =N'(N-1)= O(N ”1)) increases
exponentially with the order s. To overcome the «curse of dimensionality» we propose to use parsimonious
models (PMC(S)) for which the matrix P has the following parametric form:

Py =P, (Jl”l), a=(a,....a,) eR",

L, teZ,

-1
t—s2Jt
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where o is a low-dimensional (m = DPMC(S)

We propose four main approaches for constructing high-order parsimonious Markov chains: 1) the compres-
sion of the set of possible values for the elements of matrix P; 2) the use of parametric families of discrete
probability distributions; 3) the use of artificial neural networks (ANN) to approximate the dependence on past
history; 4) an approach based on sufficient statistics and information geometry. Based on these approaches, we
have managed to construct the following new parsimonious probabilistic models for discrete time series [10—12]:

e an s-order Markov chain with » partial connections MC(S, r);

e a Markov chain of conditional order MCCO((s, L);

e a binary conditionally non-linear autoregressive model BCNAR (s);

e a binomial conditionally non-linear autoregressive model BICNAR (s);

e a semi-binomial conditionally non-linear autoregressive model SBICNAR (s);

e a Poisson conditionally non-linear autoregressive model PCNAR(S);

¢ a neural network based model;

e a family of parsimonious models based on exponential families of probability distributions and sufficient
statistics.

We have developed the frequencies based estimation method for statistical estimation of parameters for the
constructed parsimonious models based on conditional multidimensional frequencies. This method allows for
the construction of consistent statistical estimators and predictive statistics in an explicit form.

The directions in future development of statistical data analysis for discrete valued time series include:

e development of models, methods and software for multivariate discrete valued time series;

e formation of models, methods and software for multivariate discrete valued random fields;

e creation of mathematical theory and software for high-order Markov chains with time-varying transition
matrices;

e development of stochastic volatility models.

Current trends in joint application of statistical data analysis methods and ANN. A necessary factor
for the digitalisation of the economy is the processing of massive arrays of heterogeneous information with
exponentially growing volumes. Currently, the universal approach considered as a «panacea» for big data is
the approach based on the use of machine learning and ANN. This approach involves training an ANN (struc-
ture is selected empirically) on a training sample of a sufficiently large size. However, it is important to note three
drawbacks of this empirical approach: 1) the lack of theoretical accuracy estimates for statistical inferences;
2) the absence of theoretical estimates for the required size of the training sample; 3) the lack of opportunity
for the successful solution of problems in the statistical analysis of complex-structured data.

In our view, to overcome these shortcomings it is necessary to account for the fact that when constructing
a solution d (an estimate, forecast or inference) from the available data X, the available prior information /
must alsobe used: d = f (X , ) The following situations are possible in this regard. If the probabilistic model,
generating the data, is known, it is advisable to use classical methods from statistical decision theory. If the mo-
del is specified up to a parameter 0 € @, 1. e. I = M, then methods of parametric statistics are applied. If the model
uncertainty is even higher and it is defined by a functional set of probability distributions, methods of semi-
parametric or non-parametric statistics can be employed. If prior information / is absent, one must be forced to
use the ANN. It is worth note that even «minor» prior information can be useful in selecting the architecture and
hyperparameters of the ANN. For example, to solve the problem in detection of statistical periodicity in a time
series it is recommended to apply convolutional neural networks (CNN) with window sizes determined by the
possible values of the period.

< DMc(s)) parameter.

Current trends in data science

There are two main types of data depending on the way of their organisation: 1) structured data; 2) unstruc-
tured data. Structured data is information organised in a predefined, fixed format, typically in tables with rows
and columns, making it easily searchable, processable and analysable by machines and humans. Unstructured
data is information that lacks a predefined model or organisation, existing in native formats like text documents,
images, audio, video and social media, making it hard for traditional systems to process but rich with valuable
context, requiring Al and machine learning for analysis.

We will consider the second type of data. Unstructured data science involves extracting valuable insights
from data that lacks a predefined format, like text, images, audio and video, using Al or machine learning tech-
niques (natural language processing, computer vision) to find patterns, understand sentiment and fuel advan-
ced analytics, making sense of the vast majority of enterprise data that does not fit traditional databases. Let us
analyse the trends in unstructured data science.
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Spiking neural networks as a third generation of neural networks. CNN currently dominate in image
processing architectures. While lightweight CNN demonstrate moderate performance, they exhibit limited ca-
pacity to capture complex patterns and contextual dependencies essential for advanced tasks, thereby restricting
their efficacy in practical CV scenarios. Conversely, while transformers effectively model complex relation-
ships, their substantial computational overhead impedes compliance with computer constraints.

To overcome these limitations spiking neural networks (SNN) inspired by biological neuronal mechanisms
represent a promising approach for image processing. SNN leverage event-driven dynamics and spatiotempo-
ral encoding capabilities, combining biological plausibility with computational efficiency advantages suited
to ultra-low-power environments. Although CNN have advanced image processing, SNN demonstrate superior
potential in power-constrained scenarios. As a new generation of neural networks, SNN demonstrate the advan-
tages of ultra-low power consumption and efficient computing through event-driven sparse calculations and
biologically plausible spike transmission mechanisms, making them particularly suitable for image processing
scenarios.

Brain-like computing can achieve architectural transitions through neuromorphic hardware. Brain-like intelli-
gent computing has the computing advantages of low power consumption and high energy efficiency by imitating
the computing architecture and methods of the human brain, providing a potential path to achieve the above
technological breakthroughs. Compared with the second-generation ANN, the third-generation brain-like SNN
has great potential advantages in high energy efficiency, high precision and high interpretability of remote sen-
sing image intelligent processing due to its high bionics. Its structure is shown in fig. 3.
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Fig. 3. ANN and SNN structure diagram

In 2019 SNN Spiking-YOLO for object detection tasks has been proposed [13]. Based on the YOLO net-
work framework, it is improved by pulsing, which can extract multi-scale features. At the same time targeted
structural changes are made to be applicable to input and output of different numbers of channels or dimensions.
In 2024 X. Luo and his colleagues proposed the SpikeYOLO architecture, which combines the macrodesign of
YOLOVS and the microdesign of Meta-SpikeFormer [14]. It significantly narrows the performance gap between
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SNN and ANN. Under similar parameters the performance of SpikeYOLO and YOLOVS is comparable, and
the energy efficiency is improved by 3.3 times.

SpikeYOLO is a breakthrough fusion model of SNN and a single-stage object detection framework. Its core
goal is to introduce the event-driven mechanism of biological neurons into object recognition tasks. This ar-
chitecture inherits the macroscopic detection paradigm of the YOLO series (such as feature pyramid and grid
prediction mechanism) but replaces the convolution operation of the traditional ANN with a spiking neuron
computing unit to achieve event-driven sparse computing. SpikeYOLO combines the macrodesign of YOLO
with the microdesign of SNN modules.

The future trend of neural network development will be extending SNN for solving concrete CV tasks.
For example, for object detection in remote sensing images.

Multi-modal data analysis. Multi-modal models refer to machine learning models capable of processing
and integrating information from multiple modalities or types of data. These modalities can include text, ima-
ges, audio, video and other forms of sensory input. Unlike traditional large language models that are typically
designed to handle a single type of data, multi-modal models combine and analyse different forms of data inputs
to achieve more comprehensive understanding and generate more robust outputs. As an example, a multi-modal
model can receive a photo of a landscape as an input and generate a written summary of that place’s characte-
ristics. Also, it could receive a written summary of a landscape and generate an image based on that description.
This ability to work across multiple modalities gives these models powerful capabilities.

In November 2022 OpenAl launched ChatGPT, which quickly put generative Al on the map. ChatGPT was
unimodal Al designed to receive text inputs and generate text outputs by using natural language processing.
GPT-40 introduced multi-modal capabilities to ChatGPT.

Key components of large multi-modal models are:

e data integration (LMMs use sophisticated algorithms to combine data from multiple sources, ensuring that
the information from each modality is accurately represented and integrated);

o feature extraction (the model extracts relevant features from each type of input; for example, it might identify
objects and their relationships in an image while understanding the context and meaning of accompanying text);

e joint representation (by creating a joint representation of the multi-modal data, the model can make inferen-
ces and generate outputs that consider all available information);

e cross-modal attention (techniques like cross-modal attention help the model to focus on relevant parts of the
data from different modalities, improving its ability to generate coherent and contextually appropriate responses).

Currently, transformer-based multi-modal image recognition methods have shown remarkable performance
in cross-modal information fusion, particularly by leveraging self-attention mechanisms to enhance interactions
across modalities. Traditional multi-modal image recognition methods can be broadly categorised into three types:
1) early fusion; 2) late fusion; 3) hybrid fusion. Early fusion methods concatenate feature vectors from different
modalities before classification [15]. While this approach improves the models accuracy to some extent, it ignores
inherent differences in sampling rates and spatiotemporal resolutions across modalities, leading to temporal
misalignment and feature heterogeneity issues [16]. Late fusion methods train separate unimodal classifiers and
aggregate predictions via voting or stacking. Although this approach captures modality-specific features well,
it fails to effectively capture the complementary relationships and contextual interactions between modalities,
thus missing cross-modal synergistic discriminative information [17]. Hybrid fusion attempts to balance both
strategies through multi-stage aggregation but still relies on static weights, unable to adapt to dynamic modality
reliability, resulting in sharp performance drops in noisy environments or occluded scenarios [18].

Despite the significant progress in multi-modal image recognition, three key challenges persist: 1) redu-
cing information loss while handling dynamic modality reliability; 2) preserving fine-grained emotional cues
through multi-scale representations; 3) preventing representation drift during cross-modal semantic alignment.
Traditional multi-modal image recognition methods often rely on cascaded CNN or recurrent neural networks to
extract features from facial expressions, vocal cues and other modalities. However, these methods exhibit nota-
ble limitations in addressing dynamic modality reliability, multi-scale representation learning and cross-modal
semantic alignment.

Multi-modal image recognition has gained significant attention due to advances in deep learning and availa-
bility of large multi-modal datasets. Despite these advancements, designing effective strategies for fusing and
processing data from diverse modalities remains challenging.

Multi-modal learning is another new frontier. Traditional CV models rely on labeled data but labeling is costly
and time-consuming. The move toward self-supervised learning allows models to learn from unlabeled data, using
context to infer meaning. In future self-supervised learning will dominate, enabling faster model training, re-
duced dependency on human annotation and better generalisation across visual tasks.

CV and Al. Al is a multi-modal system that has the ability to process and understand inputs from dif-
ferent modes or modalities. While not dismissing the importance of advancements in language models and
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acknowledging the significant progress in natural language processing, as exemplified by models like GPT, it
is crucial to highlight the importance of CV for Al in understanding the physical world.

Computer perception is the ability of a machine to interpret and understand visual data from the world. CV in
artificial general intelligence involves the development of algorithms and models that can process and interpret
visual data, such as images and videos, to extract meaningful information. These algorithms can be trained to
recognise objects, people and scenes, and to understand their spatial relationships and context. With this ability
Al systems can analyse and interpret visual information to make informed decisions and take appropriate actions.

Also, CV is a crucial component in Al development. Computer perception is essential for an artificial gene-
ral intelligence system to interact with the environment, understand the context of its surroundings and make
intelligent decisions based on that understanding.

Despite the significant progress made in computer vision, developing an Al system with human-like per-
ception abilities remains a challenge. One of the main challenges is the ability to integrate different sensory
inputs seamlessly. For example, integrating visual and auditory information to understand a scene requires
complex algorithms and machine learning models that can handle the high-dimensional data from various
sensory modalities.

Deep learning has been instrumental in advancing the field of perception in Al development. Deep learning
models, such as CNN and recurrent neural networks, have been used to extract features from sensory inputs
and learn representations of the environment. For example, CNN have been used for object recognition tasks,
while recurrent neural networks have been used for speech recognition tasks.

Computer perception plays a critical role in various Al applications, such as robotics, autonomous vehicles
and healthcare. For example, an Al system with perception abilities can enable robots to navigate and interact
with the environment autonomously, without human intervention. In healthcare an Al system with perception
abilities can enable the early detection of diseases and assist doctors in making accurate diagnoses.

However, there are also challenges associated with perception in intelligent machines. One of the main
challenges is that machines perceive the world differently than humans do. For example, machines may not be
able to perceive emotions in the same way that humans do. This can make it difficult for machines to interact
with humans in a natural way. Additionally, machines may not be able to perceive certain types of information,
such as abstract concepts or social cues.

To overcome these challenges researchers are developing new approaches to perception in intelligent ma-
chines. One approach is to use machine learning to train machines to recognise and interpret different types of in-
put. For example, machine learning algorithms can be used to teach machines to recognise different objects
in an image. Another approach is to use multiple sensors to provide machines with a more complete view of
their environment. For example, self-driving cars use a combination of cameras, lidar and radar to perceive their
environment.

The future of perception in Al presents both opportunities and challenges. While machines with advanced
perception capabilities will be able to perform tasks that were previously impossible, there are also challenges
associated with building machines that perceive the world in the same way that humans do. However, researchers
are making progress in the developing new approaches to perception in machines, and it is likely that we will
continue to see advances in this field in the coming years.

Short description of the contributed papers

The introductory paper of Yu. S. Kharin and S. V. Ablameyko presents current trends in statistical data analysis
and information technologies. In the article of M. P. Savelov asymptotic non-negative correlatedness of some
statistics used in testing the quality of random number generators is analysed. The work of A. A. Serov is devoted
to reliability of two-level testing approach of the NIST SP800-22 test suite. An integer random walk {Si, i> 0}

with zero drift and finite variance o is considered, and the limit theorem on convergence to the local time of
a Brownian excursion is presented in the publication of V. I. Afanasyev. The article of S. E. Vorobeychikov and
Yu. B. Burkatovskaya is devoted to the problem of parameter estimation of the second order Markov modulated
Poisson process and a new two-staged algorithm development. The work of V. A. Voloshko considers application
of the local information geometry for statistical analysis of high order binary Markov chains. In the paper of
A. Yu. Kharin a problem of sequential statistical hypotheses testing for discrete random data with block structure
is considered. Y. L. Orlovich and M. A. Shutro present results on a topical problem on recognition of special
classes of graphs. In the article of Y. R. Adamovskiy and R. P. Bohush smoke and camera tampering detection
system based on single-board computer for real-time fire monitoring is presented. The work of K. V. Andrenko,
A. A. Kroshchanka, V. A. Golovko and Yu. B. Krapivin is devoted to managerial decision analysis using small
language models. Real-time gait recognition system based on lightweight dual-modal pose estimation is presen-
ted in the paper of Din Aodi, Ye Shiping, A. M. Nedzved and V. S. Anosov. The paper of V. V. Krasnoproshin
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and A. A. Starovoitov presents a multi-model approach with vector search in operational management of cri-
tical IT service. Detection of image objects for autonomous localisation of unmanned aerial vehicles and map
formation of the surrounding space is considered by V. Yu. Tsviatkou, V. V. Rabtsevich, Ma Jun and M. 1. Zorko.
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ACUMIITOTNYECKAA HEOTPUIATEABHASA
KOPPEANMPOBAHHOCTD PAAA CTATUCTHUK,
HNCIIOAB3YEMBIX ITPU ITPOBEPKE KAYECTBA
TEHEPATOPOB CAYYHAUHBIX YNUCEA

M. I1. CABEJIOB"

Y Mamemamuueckuii uncmumym um. B. A. Cmexnosa PAH,
ya. Iyoxkuna, 8, 119333, e. Mockea, Poccus

Annomayusa. PaccmarpuBaercs 3aa4a O MPOBEPKE MIIOTE3bI, KOTOPAs 3aKII0OYAETCs B TOM, YTO TeCTUpyeMas Mo-
CJIEI0BATEIBHOCTB SBJISIETCSI OCIIEA0BATEIBHOCTHIO HE3aBUCUMBIX CIIyYaiHbIX BEJIMYHMH, UMEIOIINX U3BECTHOE MTOJIMHO-
MHUalIbHOE pacnpesenenue. J{is pemenns 9Toi 3a1a4u UCTIONIb3YIOTCS YEThIPE THIIA CTATHCTHK, MPECTABIISIOMNX cO00H
0600mmenns cratuctuk kpurepues maketoB NIST STS, TestUO1 u np. J{oka3pIBaroTCst aCHMIITOTHYECKAsT HEOTPUIIATEIb-
Hasl KOPPEIUPOBAHHOCTh MHOTHX U3 JIAaHHBIX CTaTUCTUK, B ToM uucie 10 cratuctuk nakera NIST STS, u acumnroruue-
CKasl HEKOPPEJIMPOBAHHOCTh OTAEIbHBIX U3 HUX, B YaCTHOCTH HEKOTOPbIX U3 10 craructuk nakera NIST STS.

Knwueswvie cnoea: NIST STS; acUMITOTHYECKH HEOTPULIATEILHO KOPPEIUPOBAHHBIE CTATUCTUKU; ACUMIITOTUYECKU
HEKOPPEJINPOBAaHHBIE CTATHCTHKU; COBMECTHOE paclpe/ieleHHe CTaTUCTHK; IIpelielibHbIe pacnpeneneHust; naket TestUO1;
TEHEPATOPbI CIIy4alHbIX YUCEIL

Bnazooapnocme. ABTOp BBIpaXKaeT IMPU3HATEIBHOCTh JOKTOPY (DPHU3UKO-MaTeMaTnieckux Hayk A. M. 3yOkoBy 3a 1o-
CTOSTHHYIO TIOMOIIb B TOATOTOBKE PaOOTHI.

ASYMPTOTIC NON-NEGATIVE CORRELATION
OF SOME STATISTICS USED IN TESTING THE QUALITY
OF RANDOM NUMBER GENERATORS

M. P. SAVELOV®

Steklov Mathematical Institute of Russian Academy of Sciences,
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Abstract. The problem of testing the hypothesis, stating that the tested sequence consists of independent random variables
with a given polynomial distribution, is considered. To solve this problem four types of statistics that are generalisations of
statistics of tests of the NIST STS, TestUO1 and other packages are used. It is proved that many of these statistics, including
10 statistics of the NIST STS, are asymptotically non-negatively correlated, and some of them, in particular some of the 10 sta-
tistics of the NIST STS, are asymptotically uncorrelated.
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Introduction

One of the most famous tools used to test random and pseudorandom number generators is the National
Institute of Standards and Technology statistical test suite (here and further — NIST STS) [1]. In recent years
many papers have been published on this topic (e. g., articles [2—12]).

In this study we consider four types of statistics defined in works [6; 7]. They are generalisations of statistics
of some tests of the NIST STS and other packages. We analyse the question about asymptotic uncorrelation and
asymptotic non-negative correlation of these statistics.

Main results

We need some definitions from papers [6; 7]. Let us formulate them.
Letg,¢,,..., ¢, be random variables, taking values in the set {O, I,...,R- l}. Consider the hypothesis H,,
that the tested sequence consists of independent random variables with a known polynomial distribution.

Let N, and L, be natural numbers (they are the parameters, by which the statistics 7}, and T;;, will be constructed).
We analyse the case when N, and L, are fixed and # tends to infinity. Put

n n
]Vvlb st

If the last n— N, L, elements are discarded from the sequence ¢, €,, ..., €,, then the remaining elements
may be divided into &, «long» non-intersecting blocks of length L ,: the first block consists of random variables
€1,€350 s €, the second block consists of random variables ¢ Ly+15 €L+ 25+ €15 CLC. Similarly, we can dis-
card the last n — L, N, elements and split the remaining ones into N, «short» blocks of length L ;.

Next we need to fix natural numbers mg,,, m,,, K, and also three functions £, : {0,1,..., R— 1}ms“‘“ - R,

10,1, ,R-1}"" > R and f,,:{0,1,...,R—- I}L” — R. Let us partition the set of values of the functi-
on f,, into K+ 1 non-empty disjoint subsets: f, ({0, L....,R— I}st) = HK"”

i=0
in the case, when the numbers R, p,, ..., pr_;, Mgum> My, Ny, Ly, Ky, the functions f, ., 75, £, and the sets

a(i). We will be interested

sum?
oy (0),..., o (K, ) are fixed, do not depend on 7 and n tends to infinity.
Put
Esum = Efsum (81’ €250 8msum )9

Mgum

)+ 22COV(f;um (81" Eivlreos 8i+msum—1)7 fsum(glﬂ 82""’8msum))9
i=2

2 _
cSsum - Df;um(gl’SZ’ "”Sm

where it’s supposed that o, = 0.
Definition 1. If 6, > 0, then a statistic of the form

n—mgy,+ 1

sum
Z (ﬂum(si’8i+1""’8i+msum71)_Esum)
i=1
Tom=— 1
Gsum\/l’l —mg+1

is called a summing statistic.

Note that in paper [5], under the assumption that the tested sequence is binary, statistics similar to summing
statistics are considered.

Put

Lk —my +1

W, = Z ﬁb(8_778j+1»~--a8j+m,b—1)alSkSNIb»
J=Lp(k-1)+1

Ey, = Eﬁb(sl,sz,...,sm[b),
) myp,
o = Dflb(sl, €psenns smlb)+22cov(f,b (si, €ii1s ...,8i+m1b_1),f,b (81,82, oo smlb)),
i=2
where it is supposed that 6, > 0. Note that EW), = (L, — m;, + 1)E;,, 1<k < N,.

Cm wonbrbiloe <<Cm&,\caomw£w w aroain ottt >> 17
2 el NS NPT



Kypnaa Benopycckoro rocynapcTBeHHoro ynupepcurera. Maremaruka. Undopmaruxa. 2026;1:16-21
Journal of the Belarusian State University. Mathematics and Informatics. 2026;1:16-21

Definition 2. If 6;, > 0, then a statistic of the form
N

Z (Wk - (le —my,+ I)Elb )2

k=1

le = L 2
1S 1p

is called a long-block statistic with N, blocks.
For0< ;<K put

Np
N
Z b\ ELy(i=1)+ 12 ELg(i 1)+ 207> EL i e agy(/)

E,(j)= P(fsb (81, €r0e0s €y, ) cea, (]))
Note that Ew(j) = Nstsb( ) 0<j<K,

Definition 3. If £, () >0 for all 0< j < K, then a statistic of the form
r =5 00 N ()
B Ny Eg (J)
is called a short-block statistic with blocks of length L, .
[a]

sum

il
Next for each 1< g < Q.4 fix a natural number mg, and a function f {0,1,...,R-1} “h_, R and put

sum *

m£u!n+] [ ]
q
Z (fsum( €815 98i+m£3,]n—1)_Esum)
[q] i=1

fam = L] \/n mld 11

sum sum

n-—

, 2

where the quantities Es[zl]n and GLan are defined in the same way as the quantities £ and 6, in summing

statistic (1). The statistics TSLI]n, e TSE%““‘] are summing statistics.

Definition 4. Consider a positive integer t

i of the f o and real numbers d,.q (i, ¢), 1 <1< Tgpq, 1<g < Oy q- A sta-
tistic of the form

quag

Tquad Qquad

2
Tquad = Z[ quuad(iﬂ q)Ts[li]rJl]

i=1\ ¢g=1

is called a quadratic statistic constructed from the statistics Ts[ur]n, v T SE%L‘“].

Remark. The relationship between the summing, long-block, short-block and quadratic statistics and the
statistics from NIST STS [1], TestUO1 and other packages was discussed in papers [6; 7]. In particular, the fol-

lowing was proved with respect to the NIST STS in article [6]. Let R =2, p, = p, =% and the hypothesis H,,

be true. The statistics Ty, Tiemp Of tests «Frequency test within a block» and «Non-overlapping template mat-
ching test» are long-block statistics, the statistics 7 T T

ongrun> * matrix> * lincomp

, of tests «Test for the longest run of ones
in a block», «Binary matrix rank test», «Linear complexity test» are short-block statistics (taking into account

the caveat from example 7 [6]), the statistic 7, of test «Monobit test» is a summing one, the statistic 7}, of

runs

test «Runs test» coincides up to op (1) with the summing statistic, statistics T, Taeriar2 Of the test «Serial test»
and the statistic 7,

entr

of test «Approximate entropy test» coincide up to op (1) with some quadratic statistics.
my,, Ny, L, K, the functions fy,,, f, fip and the sets o, (0), ..., ot (K )
1, T,,. The numbers Qquad, quad and dquad (i, q), 1<i< Tquad> 1<¢g< Qquad,

We will call the numbers m

sum ?

the parameters of the statistics T,

as well as the parameters of the statistics 7, [ T [Qq“ad], are called the parameters of the statistic 7 4. Further

sum? ***2 < sum quat

we will assume that they do not depend on » and are fixed.

Let us consider Q triples of statistics ( Ny [q], T Y[bq]) 1<q<£Q, whereT, rl] [ Jand T[ I are the summing,

sum? sum?

long-block and short-block statistics, respectively. We will use the following notation. As in equality (2), all
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parameters related to 719 will be marked with the subscript «sum» and the superscript [q] Similarly, N, ,[bq] is the

sum

number of long blocks used to construct the statistic T,Eq], L[f[ﬂ] is the length of short blocks used in constructing

sum? sum? Y

the statistic Ts[bq], etc. The triple of statistics (T L] T,Lq], T, S[ ]) is constructed from functions f, L] ,g"], 2 [bq].

Consider J quadratic statistics 7, [1] 7] constructed from 71 rlel.

quad> ***> * quad sum? " ° o sum

2
T;;aﬁz[zdg;;d o) ]

Definition 5. Let 7 and 7~ be multivariate statistics constructed from the sample €, 0s &, Followmg the
paper [9], we say that they are asymptotically uncorrelated if there exist random vectors C and C such that

(T, T )—) ((;, ¢ ) as n — oo and COV(C, ¢ )z 0. We say that univariate statistics 7 and 7" are asymptotically
non-negatively correlated if there exist random variables £ and ¢ such that (T , T *) -5 (C, C*) as n — oo and

the inequality cov(C, Q*) >0 is satisfied.
Theorem. Let the hypothesis H, be true. If the parameters of the statistics T, [] T”[)l], TSE)], .., T Tzz[) ) TSLQ],

i, .7 1190) and (10, 70, .... 780, 190, 78, . 7)) are

are fixed, then the vectors (T[l] > Tquads > Tquad

sum? *°°? sum
asymptotically uncorrelated, and the components of the second of these vectors are pairwise asymptotically
non-negatively correlated.
Note that using theorem 1 [7] one can find the covariance matrix of the vector to which the vector
1 1 1 0 o 0 1
( 7l L]’Ts[b] 7le] £]T[]T[] T[]

o o T 5 T Taas - quad) converges in distribution, not only in the case of H,, but
also in the case of alternatives H, «close» to H, (see examples of such alternatives in article [6]).

Further explicit formulas for the statistics T, ., T},.c> Tiro T atrives Ttempl, Tlmcompl, Teriatt> Lieriatn> Tontr
of the NIST STS, as well as the definition of the parameters of these statistics, are presented in papers [6; 7].
In particular, Ny, is the number of blocks in the long-block statistic T, L, . 1S the length of blocks of short-

block statistic of the test «Matrix test», m .y, is the length of the template from which the long-block statistic

Tion grun’®

Ttemp] is constructed, etc.
1 . ..
Corollary. Let R=2, p, = p, =5 and the hypothesis H, be true. If the parameters of the statistics
Tmon’ Truns’ Tfr’ 7—iongrun’ Tmatrix’ T;empl’ ]—iincompl’ ]—;eriall’ T;eriaIZ’ Téntr are ﬁxed’ then the components Of the vector

(Tmon’ Truns’ Tfr’ Tlongrum Tmatrix’ T;empl’ Tlincompl’ Tserialb I;eriaIZ’ Tentr) are pairwise asymptotlcally non—negatzvely

T Temop T Teesatt> Teriarz» Toote)

matrix> *templ> “lincompl> *seriall> *serial2>

correlated, the statistics T, and T, and the vector (Tfr, T,

runs longrun?

are pairwise asymptotically uncorrelated.

The assertion of corollary intersects with the results of works [9—12] and with the results of some other
papers of M. P. Savelov and complements them.

Lemma 1. Suppose that conditions of corollary hold and the parameter m g,
fies the inequality my,, > 2. Then statistics Ty, and T, are asymptotically uncorrelated.

Let us prove the results formulated above. We will need the following statement, which is proven in arti-
cle [9, formula (15)].

Lemma 2. Let (ﬁ, n) be a two-dimensional random vector with a normal distribution and zero mean. Then

cov(é’;, nz) =0, cov( g2 nz) =2cov(&,m), cov(&z, &) =

Proof of the theorem. Put

of the statistic T,

serial2 satis-

N= HN,M, h= Hst , s =h+ max max(m[q] m,[;f]) -1

1<9<0 sum >

As noted in article [7], the hypothesis H0 satisfies the conditions I(N, s, h) and II(N, s, h, 6) defined in
work [7]. Let the vectors dq] (;53]" , 1<g <0, be the same as in paper [7] (we do not give the explicit form
of these vectors due to its cumbersomeness). Applying theorem 1 of article [7], we obtain that the vector

Cm woanbr bt Cm&»aomwéw W Ao Qo >> 19
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(T[l]

sum? K sum > K quad ’ > L qui

converges in distribution to the vector

A K (A 2

!
Sl (kb 2), N[]Z(g[l](,{mﬂ)) L“]Z ZC[” .
k=1

k=1 j=0{ k=1

N K[Q el 2

32 b
D (ki 2), WIS (K 0)], 28130 3l | ol o
k=1

k=1 JOkl

as n — oo, where
i [4] 2

quad Q [] Nlb [] []
(i) XA (K 2) 1< 5,
= k=1

ol = Z

and, in addition, the vectors dq], e ng[]q]’ 1< ¢g<Q, are linear functions of the centered Gaussian random
b

vector § defined in paper [7]. From here, by virtue of lemma 2, the statement of theorem follows.
2 3 2 3
1]’ T[ ] S[bl]’ Ts[ ] T[ ] T[l] T[ ] T[ ]

Proof of the corollary. By remark, there exist statistics 7 [1 Tm[i]l, T, [ quad> Lquad> Lquad

sum ?

such that
T - 7;1[.111]11’ Truns_ T;Er]l +0P (1)’ Tfr Tlp’ templ ]—}}[12]’
2 3
T{ongrun T:v[ ]’ matrlx = nga ]’ ]—iincompl = ]—;EJ ]’ ];erlal] T[lld + OP (1)

T;crial2 = Tq[uza]d + OP(I) H Tcntr T[ ;d + OP(I)

Put 0=3,J=3, Tsﬁl = sgr]n’ 7},[3] = 7},[}]. Applying theorem, we obtain that the vectors (7;,,,, T, ) and
(T T, Toosicr T, Tt Teesiains T,

longrun®> * matrix> * templ> T; seriall> “serial2> ~entr

fincompls ) are asymptotically uncorrelated, and the components of

the second of these vectors are pairwise asymptotically non-negatively correlated. It remains to show that 7,
and 7, are asymptotically uncorrelated.

runs

Consider the statistic Ttempl constructed from N, >2.

Applying assertion 1 of article [9] to the vector (Tmon, T, Ttempl, Tmns), we obtain that this vector converges

= N, long blocks and some template of length m?

empl templ =

(as n > o0) in distribution to a vector, first and last components of which are uncorrelated. Note that in [9] it is
additionally assumed that # is divisible by N, [9, p. 55] but an analysis of the proof shows that this condition
can be discarded. Thus, the statistics 7}, and T, . are asymptotically uncorrelated.

Corollary is proved.

Proof of lemma 1. Reasoning in the same way as above in the proof of theorem and applying lemma 3
of work [7], we obtain that the statistics T} and T.;,;, are asymptotically independent and, as a consequen-
ce, asymptotically uncorrelated (see a similar result in lemma 2 [12]).

Lemma 1 is proved.

Conclusions

We considered four types of statistics that are generalisations of statistics of tests of the NIST STS, TestU01
and other packages. We proved that many of these statistics are asymptotically non-negatively correlated and
some of them are asymptotically uncorrelated. We obtained asymptotic non-negative correlation of 10 statistics
of the NIST STS and asymptotic uncorrelation of some of these 10 statistics.
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HAAEXHOCTDb ABYXYPOBHEBOI'O I[TOAXOAA
K TECTUPOBAHUMIO B HABOPE TECTOB NIST SP 800-22

A. A. CEPOB"

Y Mamemamuueckuii uncmumym um. B. A. Cmexnoea PAH, yn. I'yoxuna, 8, 119333, 2. Mockea, Poccus

Annomayusn. PaccmarpuBaercs npeuioxeHHbIH B Habope TectoB NIST SP 800-22 nByXypoBHEBBIH MMOAX0/ K TECTH-
POBaHUIO TEHEPATOPOB CIyYalHBIX YUCEN, KOTOPbII COCTOUT B MOACYETE KOJIMUECTBA MOCIE0BATEIbHOCTEH, POLIe -
X OCHOBHOMW TECT, M MPOBEPKE pacIpe/ieNICHNs p-3HAYCHUH C TIOMOIIBIO XH-KBapar-TecTa. JJaHHBINH MOAX0 MOXKET
MOBBICUTH HAJEKHOCTh CTAaTUCTUYECKOTO TECTAa, OFHAKO OH YYBCTBUTEJEH K MOTIPEIIHOCTAM allpOKCUMAalUU, BO3HH-
KaIOIIUM P BBIYHCIICHUHN p-3HadeHnil. [Toka3ano, 4To A7 HOCIeA0BaTEIbHOCTEH, ITOPOXKIAEMBIX C IOMOILBIO CHMMET-
puuHoro anropurMa Grmounoro mudposanus (AES), 1ByXypOBHEBBIH IOX0/1 K TECTUPOBAHMIO HE SIBISICTCS HAJICKHBIM.
Cucremarnyeckasi HOIPELIHOCTb P BHIYUCICHUH p-3HaUEHNH 3aBUCUT TOJIBKO OT IOTPELTHOCTH allPOKCUMAIIIH TOUHO-
TO pacrpeeNICHNs] CTAaTUCTUKHN SKBUBAJICHTHBIM €My TEOPETHYECKUM PacIpeesICHHeM U OT YHciIa OUT /1 B TECTUPYEMBbIX
MOCIIEIOBATEILHOCTAX. [ HaIeKHOTO JIByXypOBHEBOTO TECTUPOBAHHUS TaKasi TIOIPEIIHOCTh HE JOJKHA MTPEBOCXOAUTH

o 1 k-l ,TIe O = —(1 - le — CTaH/IapTHOE OTKJIOHEHHE OT CPEIHETO YHCIIa YaCTHUI] B TYCHKE B PABHOBEPOATHON
N kN N k k

cxeme pasMmeltiennst N 4acTuil 1o k siueiikam. [TogoOHbIe 9BpUCTHYECKHE COOOPaKEHHSI U IPOBEICHHBIE IKCIIEPUMEHTBI
T03BOJIAIOT MPEIIONOKHTb, 4TO, HAIpUMED, TIpH 7 = 2°° B 1ByXypoBHEBOM uacToTHOM Tecte (Frequency test) w3 Habopa
tectoB NIST SP 800-22 xonruecTBO TeCTUPYEMBIX ITOCIeA0BaTeIbHOCTEN N He A0skHO npeBbimaTs 26 000. J{ns nonHo-
IO MCKJIIOYEHHS] CHCTEMATHYECKOH MOTPENTHOCTH, BO3HHUKAIOUIEH IPH MPOBEICHUH YaCTOTHOTO TECTA U OIpE/eICHUN
HOMepa SIUeHKH U3 k BOBMOXKHBIX siUeeK (HeIepeceKarolixcs MOABIHTEPBAIIOB OTPE3Ka [0, 1]), KOTOPOMY MPHUHAIEKHUT
p-3HaYCHNUE, TPEUIOKEHBI IBYCTOPOHHHE OLICHKU KBAaHTWJICH OMHOMHUAIBHOTO 3aKOHA.

Knroueesuvie cnosa: cnyqaﬁHa;I MOCJICA0BATCIIbHOCTD, HCGBZ[OCHy‘{aI\;IHaH IOCJICA0BATCIBHOCTh, CTATUCTHYCCKOEC TC-
CTUPOBAHUC; HAACIKHOCTb CTATUCTUYCCKOI'O TECTA, OMHOMHUAILHOC pacrpeacicHrue; AByCTOPOHHAA OLICHKA.

RELIABILITY OF TWO-LEVEL TESTING APPROACH
IN THE NIST SP 800-22 TEST SUITE

A. A. SEROV*

Steklov Mathematical Institute, Russian Academy of Sciences, 8 Gubkina Street, Moscow 119333, Russia

Abstract. The two-level approach for testing random number generators involving the well-known NIST SP 800-22
test suite, i. e. counting the sequences passing a basic test and checking the p-values distribution with a chi-square test,
was considered. Such an approach may increase the reliability of the test. However, it is sensitive to the approxima-
tion error introduced by the computing of p-values. In this paper it is shown that for AES-based sequences two-level
testing approach is not reliable too. Systematic error in the computing of the p-values is dependent only on the ac-
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curacy of approximation of the exact distribution of statistic by its theoretical counterpart and the number of bits in the
analysed sequences n. For a reliable second-level test, this error should be smaller, or at least, approximately equal to

% = % . /%, where 6 = %[1 - %jN is the standard deviation from the mean number of particles in a bin for equipro-
bable scheme of allocation N particles in & bins. Such heuristic assumptions and carried out experiments suggest that for
example in the second-level test of the Frequency test of NIST SP 800-22 test suite with n = 2°° the number of tested
sequences N should not exceed 26 000. To completely eliminate the systematic error appearing in the Frequency test when
determining the number of bin from £ bins (disjoint subintervals of the interval [0, 1]) to which the p-value belongs the
two-sided estimates of the quantiles of the binomial law are proposed.

Keywords: random sequence; pseudorandom sequence; statistical testing; reliability of statistical test; binomial distri-
bution; two-sided estimate.

Introduction

Random sequences are used in a large variety of areas, such as quantum mechanics, game theory, statistics,
cryptography and so on. These sequences may be generated either by physical sources or deterministic algo-
rithms. Random number generators (RNGs) represent a fundamental component in many applications, they
are essential for cryptographic systems (see, for example, [1]). The security of many cryptographic schemes
and protocols is based on the perfect randomness of RNG outputs. RNGs are classified into two types — pseudo
(deterministic) and true (non-deterministic) RNGs (further — PRNGs and TRNGs, respectively). In general,
TRNGs based on some random physical phenomenona, may be used directly as random bit sources or generate
seeds for PRNGs, and PRNGs extend the seeds to produce deterministic long sequences.

For any type of RNG, statistical hypothesis tests have been widely employed to assess the quality of the
RNG, which evaluate whether the output sequences conform with the given null hypothesis (e. g., the elements
of the sequence independent and uniformly distributed) or not. In addition, statistical randomness tests are also
used to evaluate the outputs of other cryptographic primitives such as block ciphers and hash functions, to pre-
liminarily validate the indistinguishability of their outputs from a equiprobable random mapping. The quality
checking of binary sequences usually is based on some well-known batteries of tests, each of which is compo-
sed of a serial of tests, include Diehard' proposed by G. Marsaglia, SP 800-22 [2] standardised by National
Institute of Standards and Technology (further — NIST SP 800-22) or a software library TestU01 [3].

Note that a test for randomness may be interpreted only in a probabilistic way. Looking at a sequence of
all zeros, we say that the sequence is not random at all, though for an ideal RNG this sequence has the same
probability of any other sequence of the same length; on the contrary, a RNG that is not able to generate this
sequence is not ideal.

The main problem of the statistical testing is the interpretation of the results. Roughly speaking, while
a failed test is a serious indicator for the weakness of a RNG, a passed test does not provide a direct positive
proof for the quality of a RNG. From a mathematical point of view a test may be considered as a function of
a sequence of n elements (e. g., a sequence of x bits) with output value in the interval [0, 1], called a p-value.
In null-hypothesis significance testing, the p-value is the probability of obtaining test results at least as extreme
as the result actually observed, under the assumption that the null hypothesis is correct.

In general case, if the null hypothesis is true, the p-value based on a continuous test statistic has a uniform
distribution over the interval [0, 1], regardless of the sample size of the experiment. In contrast, the distribution
of the p-value under the alternative hypothesis is a function of both sample size and the true value or range of
true values of the tested parameter of the true distribution. In the discrete case, then the test statistic distribu-
tion is not continuous and the null hypothesis is true, i. e. all elements of the input sequence are independent
and drawn according to the uniform distribution, the cumulative distribution function (CDF) I*;(x) of p-value
coincides with the value of its argument in a discrete set of points from the interval [0, 1]. If the elements of the
generated sequence is non-independent or not distributed according to the uniform distribution, then the CDF
of p-value is not known as a rule.

NIST SP 800-22 test suite

In this paper the most commonly used statistical test suite, the NIST SP 800-22 test suite [2], is considered. It
is well known that the NIST statistical test suite was used for the evaluation of AES candidate algorithms. This

'Marsaglia G. Diehard: a battery of tests of randomness [Electronic resource]. URL: http://stat.fsu.edu/geo/dichard.html (date of
access: 21.06.2025).
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statistical test suite is build for analysing the randomness properties of sequences and generators, is composed
of 15 tests, and provides comprehensive evaluation for different randomness aspects of assessed sequences. All
NIST SP 800-22 tests are listed in table 1.

Table 1
All NIST SP 800-22 tests with brief descriptions
Number Test name Used statistics
1 Frequency test Normalised modulus of the difference between frequencies of 1 and 0
2 Block frequency test Chi-square statistic of 1 frequencies in adjacent non-intersecting 128-bit blocks
. Maximal deviation from 0 for partial sums of £1 walk constructed by the binary
3 Cumulative sums test
sequence
4 Runs test The total number of 1-runs and 0-runs
Pearson statistic of maximal lengths of 1-runs frequencies in adjacent non-inter-
5 Longest run test . 4
secting 10"-bit blocks
6 Binary matrix rank test Pearson statistic of binary 32 x 32-matrices ranks of frequencies formed from
Y adjacent non-intersecting 1024-bit blocks of the sequence
. . Normalised difference between the number of discrete Fourier transform co-
7 Discrete Fourier transform 0.95n
test efficients of n-bit sequence, exceeding +/»n1n 20 in absolute value, and —
8 Overlapping template Pearson statistic of 9-bit 1-series frequencies in 1032-bit adjacent blocks with
matching test overlappings
9 Maurer’s universal Sum of base 2 logarithms of distances between equal non-intersecting 7-bit
statistical test blocks

Difference of logarithmic frequencies statistics of 10- and 11-bit segments with

10 Approximate entropy test overlappings, the reference distribution is the Xz distribution

Differences in Pearson statistics of frequencies of all 14-, 15- and 16-bit seg-

11 Serial test . .
ments with overlappings

Pearson statistic of shortest LSR lengths frequencies generating 500-bit seg-

12 Linear complexity test ments of the sequence

Non-overlapping template | Chi-square statistics of aperiodic fixed segments frequencies in 8 adjacent non-

13 matching test overlapping blocks

Pearson statistics of random walk cycles frequencies with fixed numbers visiting
of -4, -3, ..., 4 states

Random excursions The total number of times that the given 18 states from —9 to 9 is visited during
variant test the entire random walk

14 Random excursions test

15

The main reason for using the NIST SP 800-22 test suite, from an engineering point of view, is that it has
several appealing properties. First, the suite is composed of several different tests, each of them is applied to the
same input sequence of » bits (for many of the tests the assumption has been made that the sequence length n
is a value from 10° to 107), searching for a specific statistical feature and expressing it as numerical quantity
of p-value?. Second, the suite is composed by a number of well-known tests and, for all of them, an exhaustive
mathematical treatment is available. The source code of all the tests in the suite is public available.

The purpose of this paper is to consider the testing strategy proposed in section 4 of the NIST publication [2]
and discuss under which assumptions this strategy increases the reliability and when, on the other hand, pro-
duces incorrect results, i. e. the empirical significance level a does not correspond to the theoretical one. In that
context, a reliable test should be understood as a test such that the probability of a false positive (type I error)
is agreed with the expected one.

In the beginning of the testing process, the whole bit sequence is divided into N blocks of the length 7 bits,
then a test statistic value is computed for each block. All 15 tests may be divided into two types (according to the
test statistic distribution) — the binomial-based (i. e. two-sided) and the chi-square-based (i. e. one-sided) tests.
The Frequency test, the Runs test, the Discrete Fourier transform test, Maurer’s universal statistical test, the

?Actually, the Non-overlapping template matching test, the Random excursions test, the Random excursions variant test, the Serial
test and the Cumulative sums test generate 148, 8, 18, 2 and 2 p-values, respectively, other tests — 1 p-value each; however, it is very
common considering only 1 of p-value from the set of p-values related to the test.
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Random excursions variant test and the Cumulative sums test belong to the binomial-based tests, and the others
are chi-square-based tests.

For each value of test statistic the p-value is computed according to the theoretic test statistic distribution”.
A test is considered to be passed when the computed p-value is larger than the significance level a.. According
to the computed p-values for N blocks, each test performs two-level test — the first-level and the second-level
tests. The first-level test focuses on the passing ratio of the N p-values, and the second-level test further focuses
on the uniformity of the NV p-values to assess whether the test statistic values follow the expected distribution,
i. e. the chi-square distribution. The two-level testing approach was found to increase the testing capability [4].

Related works

There are many articles on the NIST SP 800-22 test suite. Among them S.-J. Kim, K. Umeno and A. Hase-
gawa in work [5] have found that the test setting of the Discrete Fourier transform test and Lempel — Ziv test
from an earlier version of NIST SP 800-22 suite are wrong, they give four corrections of mistakes in the
test settings, K. Hamano and T. Kaneko in papers [6; 7] derived the distribution function of the discrete Fourier

transform spectrum, changed the threshold value from the default value of V31 to the value of (lnﬁjn,

where 7 is the length of a random number sequence, and corrected the occurrence probabilities ; of the Over-
lapping template matching test included. F. Sulak, A. Doganaksoy, B. Ege and O. Kogak in article [8] found
that the p-values for short sequences (less than 512 bits) follow a specific discrete distribution, rather than the
assumed uniform distribution for long sequences, calculated the probabilities of subintervals for some NIST
test and proposed an alternative approach to evaluate test results for short sequences. F. Pareschi, R. Rovatti
and G. Setti in work [4] investigated the reliability of the second-level tests, and analysed the sensitivity to the
approximation errors introduced by the computation of p-values. Since the sequence length is finite in practice
and thus the set of possible statistic values is discrete, F. Pareschi et al. in paper [9] provided the more closer
distributions to the actual ones of p-values for the Frequency test, the Runs test, the Discrete Fourier transform test.

Recently, Yu. S. Kharin and A. M. Zubkov in article [10] proposed a model of a complex null hypothesis
allowing possible deviations for the distribution of output sequences of generators from the equiprobable dis-
tribution, and developed an approach to the construction of the criterion for testing such hypothesis. The results
obtained in work [10] may be applied in practice in statistical testing of physical random sequence generators.

First-level testing approach of the NIST SP 800-22

Denote by H,, the null hypothesis on the uniformity and independence of binary sequence elements, i. e.
that elements of binary sequence are independent and take values 0 and 1 with probabilities % In other words,

hypothesis H,, is that the RNG under test produces sequences with the above properties, such a generator will be
called an ideal RNG further. In the statistical hypothesis testing, a test statistic is chosen and used to determine
whether H,, should be accepted or rejected. Under the null hypothesis H,, the theoretical reference distribution
of the statistic is determined by the mathematical methods. From the reference distribution, a range of accep-
table statistic values is determined based on a preset coefficient y =1— a (for example, y =0.99), where a is
the significance level, i. e. y is the probability that the statistic value is inside of the acceptable statistic value
range. If the test statistic value lies outside the acceptable statistic value range, the hypothesis H, is rejected,
otherwise, the hypothesis H,, is accepted.

A randomness test suite may contain a serial of tests, which evaluate different properties of sequences. Since
the ranges of acceptable values of various test statistics corresponding to the same vy are different, the p-values p,
determined from the distributions of test statistics, may be used as unified numerical characteristics of the test
results for sequences. In publication [2] the p-value is defined as «the probability that a perfect RNG would
have produced a sequence less random than the sequence that was tested» [2, p. 1-4]. More specifically, the
p-value is the probability of obtaining a statistic value s equal to or «more extremey than the observed statistic
value s, for the tested sequence, under the assumption that the null hypothesis is correct. According to the
definition of «more extreme» cases, the tests are generally divided into two categories — one-sided tests and
two-sided tests.

When H,; is true and p < a we have a false positive in the test interpretation. This is called type I error, we
can compute its probability since we have a complete characterisation of the sequences generated by a TRNG.

*Remind that the p-value is the probability to obtain the value of statistic at least as large as the actually observed one, under the
assumption that the null hypothesis is true.
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It is known that if the distribution of statistic is continuous then p-values should be uniformly distributed on
the interval [0, 1] under the null hypothesis. Since p is uniformly distributed, the probability of a type I error is

P lp <o) =F"(o) =0,

where F/ ]50) is the distribution function of the random variable p having a uniform distribution on the interval [0, 1].
For this reason, o is also called level of significance or statistical significance. The value of a is usually small,
the significance level recommended by NIST is oo = 0.01.

On the contrary, the fact that p > a when H, is false we have a false negative in the test interpretation. This
is called type II error (accepting the sequence as random when H, is false), and we denote this probability
by B. The value (l - B) is called the statistical power of the test, its exact computation is a difficult task, since it
depends on the specific probabilistic mathematical model of the (non-ideal) generator under test.

So we can commit two errors:

o type I —reject H,,, when the sequence is generated by an ideal RNG;

o type II — accept H,,, when the sequence is generated by a RNG that is non-ideal.

It’s important to find a balance between the probabilities of making type I and type II errors. Reducing o
always comes at the cost of increasing 3, and vice versa, with a fixed sample size. This approach is known as
first-level testing and is followed by paper [4].

Second-level testing approach of the NIST SP 800-22

The usual way to test a TRNG or PRNG is to generate a sequence of n bits and analyse it with the test
suite. Given a level of significance o, the sequence may be considered random if all tests in the suite produce
p-values greater than a.

This approach presents a serious weakness. It is well known that some PRNGs can easily pass all tests. For
example, a periodic (and thus, not ideal) generator always passes the Frequency test if the number of ones and
zeros in the sequence is balanced.

To overcome this weakness, a more intensive test is necessary, involving a number N of different sequences
generated by the RNG under test. In publication [2] NIST recommends using the second-level testing approach:
a long binary sequence is partitioned into N subsequences, each with 7 bits. A standard test is applied for each
sequence, and the distribution of the N obtained p-values is compared with a uniform distribution F Igo)' Note that
from the definition of null hypothesis it follows that if H, is true, then the N sequences (and so the N p-values)
are independent of one another and approximately uniformly distributed on the interval [O, 1]. To check this
in publication [2] NIST proposes a chi-square goodness-of-fit test, this test is again a statistical test and gives
another (a second-level) p-value py;.

The NIST SP 800-22 suite includes 15 tests and for each of them the second-level test is performed. For each
test and for each of NV blocks of the sequence N p-values are computed, then the following second-level test is
performed based on these N p-values.

This approach has been known for a long time [3] and it may increase the testing power as compared to
a standard approach [4; 9].

1. Given the empirical results for a particular statistical test, compute the fraction C of the sequences passed
the test. For example, if NV binary sequences were tested with the significance level oo =0.01 and m binary se-

quences had p-values equal to or greater than a, then the fraction is { = % If 'H,, is true, then the distribution
of N is binomial with parameters N and (1 - oc); if NV is large enough (e. g., N >1000), then the distribution of {
may be approximated by the distribution of the random variable having a normal distribution A/ (u, G), where
a(l-a)

N

The range of acceptable fractions may be determined by the interval

If the C falls outside of this interval, then there is evidence that the data does not conform to the null hypothesis
and 'H,, is rejected. The normal distribution approximation for the binomial distribution is reasonably accurate
for large sample sizes.

p=l-o;0=
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2. Given N sequences, the distribution of p-values is examined to check the uniformity. The interval [0, 1]
is divided into k disjoint subintervals, and the number of p-values falling in each subinterval are counted. Uni-
formity is determined via an application of a chi-square goodness-of-fit test in & subinterval with statistic >
This is accomplished by computing chi-square statistic value

2
)
Kavs =2~

5
N

k

where 7, is the number of p-values in i™ subinterval. This statistical test yields a level-two p-value Pu=
=Py, {Xz > xibs} (here ¥ is a random variable having chi-square distribution with (k - 1) degrees of freedom),

which is calculated as follows:

o0 u_l o k- 1_
2 —f 2 —f
Pn= (k 1] j t dt, F[ j _[z e

Aobs
2 2

Given a significance o, H,, is rejected if p; < o, otherwise the sequences may be considered to be uniformly
distributed. In publication [2] NIST recommends to use a.; = 0.000 1 and £ =10 subintervals.

The choice of N in a two-level approach is usually a trade-off. For example, the length of the sequence n may
be limited by the memory size or by the computational power available. On the other hand, it may be preferable
to test short sequences, thereby limiting ».

In every statistical test some approximations are adopted, introducing errors in the p-value computation and
so in the p-value distribution. It was observed [4; 9] that for extremely large values of N, the level-two approach
always fail, it ends with p;; = 0. In this case we can say that the test is not reliable, since its significance is sen-
sible different from the expected one. From this point of views, NV is also a trade-off between statistical power
(1 - [3) and reliability of a level-two test.

Advantages of two-level test

The undoubted advantage of using the two-level test, for example, is rejection the generator with a small
period size by Frequency test: regardless of the sequence length, a basic first-level test is always passed, while
the second-level test is able to recognise a generator that always passes a basic test is not ideal.

Two PRNGs were considered in work [4]: the 32-bit version of the KISS [11], which is a very simple but
effective generator, and the BBS generator [12]:

=x2mod M, M=P-Q,

Xn+1™

where P and Q are large distinct primes; x, is a quadratic residue mod M; the output of the BBS generator is
the bit parity of x,,, , that is a computationally complex PRNG that, under the assumption of intractability for
quadratic residuosity problem modulo M, has proven to be cryptographically secure (i. e. polynomial-time un-
predictable (see [12])). For both generators in work [4] were performed a first-level test on a single sequence
and a second-level test, checking the uniformity of N =10 000 p-values, on N different sequences with a chi-
square test over 16 subintervals, and with a Kolmogorov — Smirnov test.

The empirical distributions of the tests of p-values were computed for both generators, which were then
compared with the uniform distribution in the interval [O, 1] by calculating the p-values p;. In this case, H, cor-
respond to «the two distributions match»; again, we reject H,, if p; <o and accept 'H, if p; > ;. Although
in publication [2] NIST recommends to use a; =0.0001, the value of a; in work [4] was set to o =0.01 to

make possible a direct comparison between a first-level test and a second-level test. The authors noted that the
comparison may seem unfair, since a first level-test considers n bits, while a second-level test — nN bits.

Both generators had passed all first-level tests. However (except for the Discrete Fourier transform test
that is well-known to have an error in the parameter of the reference distribution of the considered statistic),
only the BBS generator passed the second-level tests. The proposed second-level test is able to recognise the
non-randomness of the KISS generator, while a simple first-level test fails. In addition to the above experi-
ment, the authors of work [4] considered a second one involving a much larger number of sequences generated
with the BBS algorithm (N =150 000 sequences) in order to obtain more reliable results. The tests were also
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applied to three high-end physical process based TRNGs. All three generators have been considered with an
additional post processing stage, this in order to hide all possible imperfections and be sure that the properties
of analysing streams are close to the properties of sequences of independent and equiprobable bits. Results of
experiments are far from the desired ones, since too many tests fail, in particular, only 6 out of 15 two-level
tests were passed by the BBS generator.

Experiments

All 15 tests from table 1 were applied to pseudorandom sequences generated by AES block cipher. The detailed
description of the design of AES-based RNG may be found in papers [13; 14]. For generation such sequences
AES block cipher in the CFB (cipher feedback block) mode (fig. 1) with the zero initialisation vector (IV) and
plaintext block (Plaintext) was used. The key for each sequence was randomly selected from the set of 128-bit
binary sequences, the length in bits of all sequences was chosen to be the same and equal to n = 2%° =1048 576
each (value corresponds to the NIST input size recommendation for the length of tested sequences).

Initialisation vector (IV)

|

Block cipher
encryption

Block cipher Block cipher

Key Key encryption

Key —

Plaintext
LLITTITTITrTItd

Plaintext s 69

LITTTITTITTTIT] LITTTTITTTITIT] LITTTITTTITTT]
Ciphertext Ciphertext Ciphertext

Fig. 1. CFB mode

Keys (on fig. 1) were obtained using the open source cryptographic library OpenSSL:
int RAND bytes (unsigned char *buf, int num).

This function generates num bytes using the cryptographically secure PRNG (CSPRNG), and saves them in
the buf array. By default, the OpenSSL CSPRNG supports a security level of 256 bits, provided it was able to
seed itself from a trusted entropy source”.

If we will use the AES-based PRNG, then this allow us to arbitrarily increase N. The effect of increasing the
testing power can be seen in the example of table 2, where the testing results for the AES-based RNG are shown.
The two-level test was performed for all 188 statistics values computed by NIST test suite, but only 15 of them
are presented in table 2. In order to have the same significance in all tests, o; in all experiments was set equal

to o = 0.01. These results confirm that for extreme values of N (e. g., N = 2*) the two-level testing approach
was carried out on the sequences obtained by AES algorithm (it is known that such sequences are practically
indistinguishable from random one (see [13; 14])) are failed too, i. e. it ends with p;;=0.

Table 2
Results of the chi-square-based two-level randomness test
for the AES-based RNG, with N ranging from 10° to 2%
Results of the chi-square test
Number Test name
N=10 N=10* N=10 N=2%
1 Frequency test 0.616305 0.290 806 0.588411 0.000 803
2 Block frequency test 0.187 581 0.773212 0.374 097 0.000125
3 Cumulative sums test 0.401199 0.124 765 0.959 543 0.000 009
4 Runs test 0.150340 0.885418 0.910568 0.107 966
5 Longest run test 0.610070 0.239 883 0.000 355 0.000 000

‘RAND_bytes [Electronic resource]. URL: https://www.openssl.org/docs/man1.1.1/man3/RAND_bytes.html (date of access:
21.06.2025).
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Ending of the table 2

Results of the chi-square test
Number Test name
N=10 N=10" N=10 N=2%
6 Binary matrix rank test 0.878 618 0.341017 0.000 000 0.000 000
7 Discrete Fourier transform test 0.371941 0.014 836 0.000 000 0.000 000
8 Overlapping template matching test 0.071177 0.202 268 0.000 000 0.000 000
9 Maurer’s universal statistical test 0.574903 0.108 534 0.000 000 0.000 000
10 Approximate entropy test 0.246 750 0.078 038 0.219501 0.000 000
11 Serial test 0.942 198 0.174 057 0.213 964 0.572679
12 Linear complexity test 0.839507 0.279 152 0.299 852 0.117305
13 Non-overlapping template matching test 0.092 041 0.372782 0.121382 0.275416
14 Random excursions test 0.914 727 0.663 838 0.346 173 0.000 028
15 Random excursions variant test 0.238264 0.133576 0.000 080 0.000 000

Note. Tests, where p; <0.01, are in bold.
In order to identify the problem, let’s take a look on the simple Frequency test.

Frequency test
The purpose of the Frequency test is to determine whether the number of ones and zeros in a sequence are
approximately the same as would be expected for a truly random sequence. The test assesses the closeness of

. 1 ) .
the fraction of ones to 5, that is, the number of ones and zeros in a sequence should be about the same. All

subsequent tests depend on passing this first basic test (see [2, p. 2-2]).
Let n be the length of the bit string, e = ¢, €,, ..., €, be the input sequence of bits and the null hypothesis H,,

is that the sequence ¢ consists of independent identically distributed Bernoulli random variables (X; or €, ), where

X, =2g;—1, and so the probability of ones is % Denote by

S, =X +...+X,=2(g+...+¢,) -

Under the null hypothesis, S, is assumed to follow a binomial distribution. By the classic de Moivre — Laplace

theorem, for a sufficiently large number of trials, the distribution of the binomial sum, normalised by \/; , 1s
closely approximated by a standard normal distribution. This test makes use of that approximation to assess

. 1
the closeness of the fraction of ones to 5

The test is derived from the well-known central limit theorem for the random walk, S, =X, +...+ X,.
According to the central limit theorem,
lim Fy (z)=®(z) = e ? du,

n— o Sn B \/ﬂ J.

where FS,,(Z) = P{ 5, < z}. This classical result serves as the basis of the simplest test for randomness. It im-

Jn

plies that, if S, is normal, then |Sn| is half normal (i. e. £ (z)= 2FSn(z), z2>0)and

an(z):P{% } lim F (z)=2®(z)-1.

n— o
_ISil
\/; s
and then calculate the corresponding p-value, which is equal to
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=i (1 5 (5(6) 2(1- 0(50)) - ere 12|

where erfc(-) is the complementary error function

2
erfc “du.

- 2o

In fig. 2, a, is shown the histogram of the set of p-values for & = 10 subintervals corresponding to the Fre-
quency test applied to the AES-based generator, and for the comparison in fig. 2, b, — the Binary matrix rank
test from the NIST test suite applied to the same sequences from the AES-based generator. If we consider the

theoretical standard deviation of the number of random N = 2%° independent, uniformly distributed values
N(k-1)
k

lines in the figures correspond to the deviation of 3o from the mean value; the figure shows that the observed
deviation is far from this value.

over k =10 subintervals, we easily get 6 = . In this case, o = 307.2, the upper and lower continuous

a b
1 =104 857.6; 5 = 307.2 Rank test

105 779
g g
g __ g
105 164 &
z 2 105779 1
3 104 857 o 10sled L =i
2 104550 TR =
g E 0.1 0.2 0.3 0.4 of5s ols o|7 ols 0.3 T
z Z

103 936

0.1 02 03 04 0.5 0.6 07 0.8 0.9 1.0

p-Value p-Value
Fig. 2. Comparison between expected deviation and measured deviation in the distribution
of p-values in the interval [0, 1] for the Frequency test (a) and the Binary matrix rank test (b)
Let py, ..., py €[0,1] be the sample of p-values with assumed continuous CDF F, ;O)(x). The empirical CDF
Fy(x) for this sample is defined as follows:

W)= ()

1, x=0, . .
where H (x) is the unity-step function, defined as H (x) = {O ! 0 The Kolmogorov — Smirnov statistic for
,x<0.
a given CDF Fp(o)(x) is

Dy = sgp‘FN(x)—F(o)(x)‘.

Let K be the CDF of Dy, then the p-values is given by 1 - IC(DN ) Under null hypothesis that the sample co-
mes from the hypothesised distribution F (x)

(7))

in distribution, where B(t) is the Brownian bridge.
Infig. 3, a, is shown the discrete empirical CDF F), of p-values for the Frequency test applied to the AES-based
sequences, in fig. 3, b, are presented the differences between empirical CDF F), and uniform CDF, n= N = 220,

from where it is clear that the modulus of the difference between Fj, and F, 150) does not exceed 0.001 2.
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Fig. 3. Comparison between empirical CDF F),
of the p-values generated by Frequency test for n = 2°° and uniform CDF (a).
Deviation of the empirical CDF F), of the p-value distribution of the Frequency test
from continuous uniform CDF (b)

The deviation may be identified with an error propagated from the computation of the p-value in the first-
level test, which is a consequence of the introduced approximations. The random variable S, in relation (1) has
a binomial distribution, which is however assumed to be normal. From Berry — Esseen theorem, we know that
the error of this approximation, under the assumptions of the central limit theorem, is bounded by (see [15])

3

CE|X}|

sup|Fg (x)—@(x)| £ ——F—,
7 () ()] <

where F. S,,(Z) = P{ Sy < z}; ®(-) is a CDF of the standard normal distribution; 7 is the number of independent

Jn

variables X,,1<i<n, summed in relation (1), i. e. the number of bits in the sequence; ¢ = E(X iz) =1; the third

order moment is E|X ; |3 =1;C <0.474 8 (see [16]). The maximal error € of p-value is the error of the approxi-

mation Fg (x) by ®(x) and from formula (2) is twice the above error, i. e. € = E Ifn=2%thene=9.3-10"*

Jn

Assuming this bound of the error in the computation of a p-value, we can bound also the maximal error in
the distribution of N p-values in k subintervals. A p-value that should belong to a subinterval may be found
into the nearby one only if its distance from the border of two subintervals is less than €. If we have N p-values
uniformly distributed in the interval |0, 1| the maximal number of p-values that may be found in the wrong
adjacent subinterval is eN. This is independent of the numbers of subintervals.

Since all subintervals (but the first and the last), have two neighbours, the maximum error A in the number of

p-values in a subinterval is A = 2Ne. In our case, N = 2%%, so A = 1944.8. This value is compatible with that may
be observe in fig. 2, a. The increasing n will result in decreasing the propagated error as % (the results of the
n

experiments are confirm that in paper [4]). More generally, increasing » will reduce the error in the first-level
p-value and so increasing the reliability of a second-level test, for all tests in the suite. A very simple reliability
condition is requiring that A is smaller than the standard deviation of the number of p-values in a subinterval
from its mean value, i. e.

N(k-1)
—

A<

In the case A=2Ne,k=10and n = 220, we get

Nt (1 —1j =26014.6.
4ek k
Two-sided estimates for the quantiles of the binomial distribution

To construct a statistical test with the specified error probabilities, we need the information on the distribu-
tion «tails». But relative errors of the de Moivre — Laplace approximations for the tails of binomial distribution
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function are large. This was one of the first problems in the theory of large deviations. There are a lot of inequa-
lities for the tails of binomial distribution function, as well as for the distributions of sums of random variables.
In paper [17] explicit two-sided estimates for the distribution function F, , (k) of the binomial law with

parameters n, p were obtained. These results are close in form to the Bernstein and Feller inequalities, but have
an explicit form and complement them, almost completely solving the problem of estimating the probabilities
of moderate and large deviations for binomial laws for any values of the parameters.

Let X, ,be a random variable with the binomial distribution with parameters n, p:

P{x, <kj= > Crp"(1-p)" "

0<m<k

Theorem 1 [17]. Let

p -pP

for x#0and sign(O) =0, and let { C,, (k)}n . be increasing sequences defined as follows:

C,.,(0)=(1-p)". C, ,(n)=1-p",

C, p(k)z(l)(sign(é—pj 2nH[£,pJ], 1<k<n.
: n n

Then for every k=0,1,...,n—1and for every p e (0,1)
C, ,(k)<P{x, <k}<C, (k+1)

n,p

and equalities hold only for k=0 and k=n—1.
We will use the following standard notations:

LxJ:max{meZ|me}, [x]:min{neZMZx}.
By definition of the a-level quantile xa(n, p) of the binomial distribution with parameters n, p

xa(n,p):min{k:P{X <k}2a}e{0,1,...,n},

n,p—

xo(n, p) =0 and xl(n, p) =n,

o(ng)-l5)

From theorem 1 for any a € [0, 1] it follows that
min{k:Cn,p(k+1)2a}qu(n,p):min{k:P{Xn,pﬁk}za}Smin{k:Cn,p(k)Za}.

Recently the author had obtained the two-sided estimates for the a-level quantile xa(n, p) of the binomial
law. Such estimates allow for any a-level and any values of binomial law parameters 7, p to determine a narrow
integer interval containing the quantile xa(n, p), it has been experimentally shown that quite often the length of
this interval is one, i. e. the interval boundaries are two subsequent integers one of which is the quantile xa(n, p).
These estimates allow to completely eliminate the systematic error in determining one of the £ =10 disjoint
subintervals on the interval [O, 1] for the Frequency test to which the p-value belongs.

Theorem 2 [18]. The following estimates are true:

0f0r0<oc<%

rl—lﬁxa(n,p)Srz,
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9= P 5-1{ 22 -l (q_p)2®—1(a)2
whereq=1-p,r,= np+Td) (a) + @ (a)4|npg + ,and

62
. (6-5p)np + Zd)_l(l—oc)(&]q)_l(l )=y 24(6-5p)mp + (3+p) @ (1- )’ j
(o2 200 1)

1
o for —<a <l
S 5

B X, (n,p)Srl,

(1+5P)np+§®_1(a)((4—3p)®_1(0c)+\/24n(1+5p)q+®_1(a)2(4— o) )

where ry = - 5 -1
(1+5p)+72p® (c)
n

1
Oforoc—z

. 1

|_an or [np—|, lfpiE,

x%(n,p)z nz—l’ ifpz%,n—odd,

g,ifpzé,n—even.

Corollary. If 0<a < % then the following estimates are true:

Tn 3 ) 1 7Y )
I —o! O2n+| - | o
o e (oc)\/ n+(2j (@)
—+— ((x) —1<x,| n, = |< 3 ,
2 2 2 7 cp—l(a)
2 n
!
zf5<oc<l,then
n 5 1, v2 1 2 “1 \2
—+-0 (o) +-D (a)\/42n+(] O ()
4 8 4 — —lﬁxa(n, js{erﬁd)l(a)—‘
7 @ () 2 2
—+
2 n
ifoc—lthen
=2
n—1
, if n—odd,

301,
X\ n, = |=
5 2 n

5, if n—even.
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The 11 quantiles of binomial distribution with parameters (220, %j are shown in table 3.

Table 3

Quantiles of binomial distribution

o 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

2

1
Xa(zz(), —j 0 | 523632 | 523 857 | 524 020 | 524158 | 524 288 | 524 418 | 524 556 | 524 719 | 524 944 | 2%

Conclusions

The two-level approach for testing RNGs involving the well-known NIST SP 800-22 test suite was consi-
dered. Such approach may increase the reliability of the test. However, it is sensitive to the approximation error
introduced by the computing of p-values. In this paper it has been shown that for AES-based sequences two-level
testing approach is not reliable too. Systematic error in the computing of the p-values is dependent only on 7,
that is the number of bits in the analysed sequences. For a reliable second-level test, this error, based on the

. . . . c 1 fk -1 . _
carried out heuristic considerations, should be no greater than N = % T, where o is the standard deviation

from the mean number of particles in a bin for equiprobable scheme of allocation N particles in k& bins (disjoint
subintervals of the interval [0, 1]). For example, in the second-level test of the Frequency test with n = 2% the

number of tested sequences N should not exceed 26 000.

To completely eliminate the systematic error appearing in the Frequency test when determining the number
of bin from £ bins to which the p-value belongs the two-sided estimates of the quantiles of the binomial law
are proposed.
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ITPEAEABHAS TEOPEMA O CXOANMOCTHU
K AOKAABHOMY BPEMEHU BPOYHOBCKOMU 3KCKYPCUU

B. U. ADAHACBHEBY

YMamemamuuecruii uncmumym um. B. A. Cmexnoea PAH,
yn. Iyokuna, 8, 119333, 2. Mockea, Poccus

Annomayus. Viccrnemyercs IENOYNCICHHOE CITydaifHOe OnyKIaHne {S.

;, i >0} ¢ HyJICBBIM CHOCOM 1 KOHCUHOM JIHC-

v 2 v o o
epcucu o . I[J'ISI CIIy4auHOrO IIponecca, COnoCTaBIAOMICIO IICPEMECHHOU U > 0 gucio nomagaHvur yKa3aHHOI'O 6J1y>1<z[a-

HHSI B COCTOSIHUE Lucs\/; J JIO MOMEHTa 71 U paccMaTpUBaeMoro mpH ycinosuu, 4ro S, >0, ..., §,_; >0, §, <0, noka3sI-

BaeTcs (PyHKIMOHATBHAS MPEIeTbHast TEOPEMa O €r0 CXOAMMOCTH K JIOKATbHOMY BPEMEHH OPOYHOBCKOM IKCKYPCHH.

Knroueswvie cnosa: ciydaiinoe OnyxJaHHe; YCIOBHOE OPOYHOBCKOE JBIDKCHHE; JIOKAJIILHOE BPEMsl YCIOBHBIX OpoOy-
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LIMIT THEOREM ON CONVERGENCE
TO THE LOCAL TIME OF A BROWNIAN EXCURSION

V.I. AFANASYEV®

Steklov Mathematical Institute, Russian Academy of Sciences,
8 Gubkina Street, Moscow 119333, Russia

Abstract. An integer random walk {Si, i> 0} with zero drift and finite variance o” is investigated. For a random pro-
cess that assigns, to a variable u > 0, the number of hits of the specified random walk into the state Lucﬁ J up to time n
and is considered under the condition that §, >0, ..., S,_,>0, §,<0, a functional limit theorem concerning convergence
in distribution of the process to the local time of a Brownian excursion is proved.

Keywords: random walk; conditional Brownian motion; local time of conditional Brownian motions; functional limit
theorem.

Statement of the problem and the main result

Let X, X,, ... be independent and identically distributed random variables defined on a probability space
(Q, F, P). We need the following assumptions about the distribution of the random variable X,.

Assumption 1. The random variable X, has an arithmetic distribution with the maximum span 1, and
P(X,=0)>0.

Instead of the above assumption, we can consider a more general one: the random variable X, has a lattice
distribution, i. e. its possible values belong to the lattice {a +kh, ke Z}, where 7>0and a e [O, h), the maxi-

mum of all possible /4 is 1, and the value of @ corresponding to this /4 is 0.
Assumption 2. The following equalities hold:
EX,=0, EX/=0% 0< "< +oo.
Let us consider the random walk
Sp=0,8=> "X, ieN.
j=1

Let T be the first hitting time of the semi-axis (—oo, O] by this random walk:
T=min{i>0:S,<0}.
We introduce for each 7 € N the random process Y, ={Y, (), 2 [0, 1]}, where
S
Y, (1)=—4, refo,1]

-
Let W= {W(t), t> 0} be a standard Brownian motion and W * = {We"(t), te|0, 1]} be a normalised Brow-

nian excursion. Let us denote B and y the nearest zeros of a Brownian trajectory to point 1 on the left and right,
respectively. Set A =y —B. It is known (see, for example, [1, sect. 1]) that

W(B+tA

M, t[0,1] e (1)
JA

where the symbol 2 means equality in distribution.

D e .
Let the symbol — denote convergence in distribution of a sequence of random elements. The following
functional limit theorem is established in paper [2]: if assumptions 1 and 2 are valid, then, as n — oo,

¥, |T=n\ 5w )
(this means convergence in distribution in the space D[O, 1] with the Skorokhod topology).
Let &( k, n) denote the number of hits of the walk {S;, 0 < i< n} into the state k € Z:
g(k,n)=[{i:0<i<n, S,=k}.
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We call the random variable é( k, n) the local time of the random walk {S i O} at point & up to time n. Intro-
duce for each n € N the random process Z, ={Z,(u), u € R}, where

Zn(u) = GQ(LMG\/;J, n), ueR.

Jn

We are interested in the asymptotic behaviour of the process considered under the condition that 7'= n.
For u € R and ¢ > 0, the Brownian motion # has almost surely the local time / (u, t) defined by the formula

t

o1
I(u,t)= ISII%ZOI[”’S’ uH](W(s))ds,

where I, () is the indicator of the set [u —g, U+ 8]. Furthermore, it is possible to choose variants of

g u+g|
/ (u, t) for different ¢ and u such that the function / (u, t) will be almost surely continuous with respect to (u, t) €
eR x [O, +oo). It follows from this fact and relation (1) that, firstly, for eachu >0 and te [0, 1], there exists al-

most surely the local time of the Brownian excursion W defined by the formula
ex : 1 ¢ ex
1%(u, 1) = £1f%g_([][u, wra(75(s)) s,

and, secondly, it is possible to choose variants of lex(u, t) for different ¢ and u such that the function / ex(u, t)
will be almost surely continuous with respect to (u, 1) €[ 0, +0)x [0, 1]. This is assumed in what follows.
Theorem 1. If assumptions 1 and 2 are valid, then, as n — o,

{Zn(u), u>0 |T:n}£>{lex(u, 1), u> 0}

(this means convergence in distribution in the space D[O, v] with the Skorokhod topology for arbitrary v > ().
As a corollary of theorem 1, the following results are obtained. Set for xe R

1 x?
n(x)= on exp[—;].

For each u > 0, let us introduce the distribution function
o [-1

) Jo.
) =1 -2E S 3 L Sl ) 220

=1j=0

(Tuex(x) = 0 for x < 0). We also introduce the distribution function

Fe(x)=1+ 22 e (1-415), x>0

(F*(x)= 0 for x < 0). Note that the function 7,*(x) is continuous for x > 0 and 7,7(0) = F*(u).
Theorem 2. If assumptions [ and 2 are valid, then for every u >0 and for all x >0

lim P(Z,(u)<x|T=n)=T(x). 3)
n—» oo
In particular,
lim P(Z,(u)=0|T=n)=F(u). (4)
Set

M, =sup Zn(u).

uz0
Theorem 3. [f assumptions I and 2 are valid, then for each x>0
lim P(M,<x|T=n)= F‘“(EJ.
n— oo 2

This paper continues the author’s series of papers, in which limit theorems on convergence to the local
time of a Brownian meander [3], a stopped Brownian meander [4], a Brownian high jump [5], a Brownian
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bridge and a reflected Brownian bridge [6] are established. Finally, we note that if the random walk {S,., i> 0}
is symmetric simple, convergence of one-dimensional distributions in theorem 1 was established in paper [7].

Auxiliary results

It is known (see, for example, [8, chap. 12, § 7 and chap. 18, § 5]) that if assumption 2 is valid, then
0< E|S;|<+o0and, as n — o,

P(T>n)~%, (5)
o = Y2EIS:|
Jno

It was shown in paper [9] that if assumptions 1 and 2 are valid, then, as n — oo,

where

P(T=n)~—. (6)

2n?
Let forx <0

T(x)= min{n 08, €(—o, x]}

Let us introduce the distribution function G: for y > 0

G(0)= g (EISH- Bl 5151 2).

The following result is established in paper [2, lemma 2]: if assumptions 1 and 2 are valid, then for all x, y > 0,
as n— oo,

P(T(-o/nx)=n, Sn+c5\/;x>—y = ! xe_x?G(y)(l—i-o(l)), (7)
n\2m

moreover, for a fixed y > 0, relation (7) holds uniformly over x > a, where a is an arbitrary positive number.
Recall that W = {W( ) t> 0} is the Brownian motion and 3 is the nearest zero of a Brownian trajectory to
point 1 on the left, set A,=1—-f. Let W™= {W'”e( ), 10, 1]} be a Brownian meander. It is known (see, for

example, [1, sect.1]) that
{M, teo, 1]}2 W ®)

/a

It follows from relation (8) that, firstly, foru >0 andze [0, 1], there is almost surely the local time of the Brow-
nian meander W™ defined by the formula

1"(u, z)_hm1 I[u e (77(s) ) s,

and, secondly, it is possible to choose such variants of /"(u, ¢) for different u and ¢ that the function /"*(u, 1)
will be almost surely continuous with respect to (u, t) € [0, +oo) X [O, 1]. This is assumed in what follows.

It is also known (see, for example, [1, sect. 4]) that, as & 4 0,
(o), 1e[0,1] | () < 8§ S (1), 1[0, 1]} )

(convergence in distribution in the space C [0, 1] with uniform convergence topology).
Recall Iglehart functional limit theorem (see [10; 11]): if assumption 2 is valid, then, as n — oo,

{1, (0), te[0,1] | T>n} S {w(r), 1[0, 1]}. (10)
It is established in paper [3] that if assumptions 1 and 2 are valid, then, as n — oo,
{Z (u) u>0 | T>n} {l”’e(u, 1),u20}
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(convergence in distribution in the space D [0, v] with the Skorokhod topology for arbitrary v > 0). This relation
can be generalised: if assumptions 1 and 2 are valid, then for an arbitrary ¢ € (0, 1), as n— o,

{Z,(u,0),u=0 | T>n} 5L (u, 1), u= 0}, (11)

where foru >0

G&(LuGﬁJ, LntJ)
T .

Relation (11) is also valid if the variable u (in left part of relation (11)) is replaced by u + o.,,(u ), where a.,,(u)
tends, as n — oo, to 0 uniformly over u > 0. Note that relations (10) and (11) can be combined into one: if as-
sumptions 1 and 2 are valid, then for an arbitrary ¢ [0, 1], as n — oo,

(1,05, Z,(w, 1)), s€[0, 1], uz0| T>nf S{(W7(s), 1"(u, 1)), s€[0, 1], u >0} (12)

(convergence in distribution in the space D[0, #]x D[0, v] with the Skorokhod topology for arbitrary v > 0).

Z,(u.1)=

We introduce the following notation: N, is a random variable having a normal distribution with parameters 0
and s > 0; n(x) is distribution density of the random variable N,, i. .

JC2
e > xeR;

n(x)= o
‘ 2ms
N(a, b) is distribution of the random variable N, over intervals, i. e.

M(a, b)=P(a<NS Sb), a,beR, a<bh
(herewith Ny (O, b):l for b>0). We set for s >0 and x, yeR
2

gi(x. y)=n(x-y)-n(x+y),

2
h(x)= %exp[—;—s}

2
It is known (see, for example, [1, sect. 1]) that the Brownian meander W™ is an inhomogeneous Markov pro-
cess with transition density p™(s, x; 1, y), where for 0 <¢<land y > 0

p"(0,05 ¢, y)=2h,(y)Ni_ (0, y), (13)
and for0<s<¢<l,x>0andy>0
e N,_,(0,y
Pt y)=g (% y)%- (14)

Set for 1[0, 1]
VKme:{Wme(s), se [0, t]} W= {Wex( ) se [0, t]}
and for te (0,1)
__h(x)
W)= o)
Lemma 1. Let te (O, 1) and f be a measurable non-negative and bounded mapping D[O, t] with the Sko-

rokhod topology into R, and let this mapping be almost surely continuous on trajectories of the process WS
Then

Ef(we)= j @i (X)L E(S(W" ) (1) <x).

Proof. It follows from relation (9) by the continuous mapping theorem (see [12, theorem 5.1]) that, as o do,
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{ f(Wme)
From where, according to the dominated convergence theorem, we find that
Ef(vrf,e)‘)zgi%E(f(W,'"‘f) W’”"(l)ﬁé‘)). (15)
Since the Brownian meander is an inhomogeneous Markov process, then
2 pl)(re(1) < 8
W’"@(l)g&):j ()=o)
0 P(wm(1)<5)

wre(1)<s )5 ().

E( ()

de( F(we) we(e) < x) (16)

(the superscript of the symbol P"“*) means that the Brownian meander starts from point x at time 7). Note that
forx>0
8
PO (1) <8)= [ p™ (2, x: 1,y )b, (17)
0

P(Wme(l)ﬁé): p"(0,0; 1,)dy. (18)

S —

Since, as y — 0,

gl—t(xv y)~ \/ﬁ Y hl(y)~y»

2h,_(x)

then (see relations (13) and (14))

hl—t(x)y
me(p i, y)~ e me(0,0: 1, ) ~ v 19
Pt x; Ly) v (0. " y)~y (19)

We find from formula (19) that, as & 4 0,
8 hy_(x)8

"ty x5 1,y )dy ~—mt : 20
s 0 0
5 52
[p"(0,0;1, y)dy~—-. 1)
0
It follows from relations (17), (18), (20) and (21) that for x > 0
P (1) <5
lim ( ) ) =q,_,(x). (22)
slo p(wm(1)<3)
We show that for all x > 0 and y € (0, 1]
PrexLy) <K(1), (23)
y
where K(¢) >0 is independent of x, y. We find from relation (14) that
Pt x;1,y)= 5\1/‘ (o) _ nl"(y:x) BUEIEAL) 24)
1—;(0’ x)
2J.n17t(u)du
0
Since 1—e ?<afor a 20, then
—2xy )
_ X
nl—t(y_x)_n]—t(y+x): ”1:()’_)‘)[1_61 t ]Sfinlt(y_x)- (25)

It follows from relations (24) and (25) that
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(s ly) o xmo(y-x)

- . (26)
7 (l—t)jnl_,(u)du
0
Set x=/2(1—#)In2. It is not difficult to see that for 0 <u < x;
1
n_(u)2 ———.
=) 2. 2m(1-1)
Therefore, if 0 < x < x,, then
]inl_,(u)du > L (27)
o 2,2n(1-1)
We get from relations (25)—(27) that for 0<x<x,andy >0
2
e Z ’1: -
p(x y)Szexp—(y x) Sz,
y 1-1 2(1-1) | 1-¢
i. e. relation (23) is valid for 0 < x <x, and y > 0. In view of inequality (26), for x > x,and y > 0
Pt ly) xny_(y—x) 28)

Xo

(1- t)Inl_,(u)du

0

¥

It is easy to see that the numerator of the right-hand side of inequality (28) is bounded for x > 0 and y (0, 1]

by a positive constant depending on ¢. Hence, relation (23) is valid for x > x,and y € (0, 1]. So, relation (23) is
proved.
We have in view of relations (17) and (23) that for 5 (0, 1] and any x > 0

2
PUI(wre(1)<8) < K(t)%. (29)
From relation (29), taking into account formula (21), we find that there exists such §, > 0 that for any d € (0, 80)
and any x > 0
p )( Wme( ) 5) )
P(w(ss)

According to the dominated convergence theorem and due to relations (22) and (30)

o P rme(1) < §
i e S0 )= o {02

(30)

Therefore (see relation (16)),

%ia}E( 7w | W”’e(l)SS):T au_ (%) E( (W) we(r) < x).

From where, remembering formula (15), we come to the statement of lemma 1.
LetO<u<v.Set for te (0, 1] and x € D[O, t]

x) ZII[M’ ] (x(s)) ds.

This functional is measurable, and continuous for almost all trajectories of the process W™ (see [12, app. 11]).
Set

ume(u, v, t) =f( the), uex(u, v, t) =f(Wtex).
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Note that p"*(u, v, ¢) is the occupation time of the interval [, v] by the process W,", and p®(u, v, t) is the
occupation time of the interval [u, v] by the process W,. Moreover,

O I T CUALY) R CUL ) )
) € ed0 €

LetmeN, Ay, ...,A,20andu,, ..., u, >0.Set

Zme Z;\‘klme U, )’
k=1

Z (. 1)
Lemma 2. For arbitrary t € (0, 1)
) +00 e
Ee (1) = J.ql_t(x)de(efz”’ ). wme(r) < x).
0

Proof. By virtue of lemma 1 for ¢ > 0

Eexp{ Zl Hka uk+8 t J:T)ql_t(x)de[eXP[ i M]’ Wme(t)ﬁx}

€

After integration in parts on the right side and passing to the limit, as ¢ — 0, we obtain, according to the domi-
nated convergence theorem, the statement of lemma 2.

For arbitrary ¢t (0, 1), we set
"= {lme(u, t), u> 0} I7= {lex(u t) u> 0}.
The following statement is of independent interest.
Corollary 1. For arbitrary t e (0, 1), v >0 and any Borel set A of the space D[O, v]

P(lfxeA)=+jwq,,t(x)dxp(1;”ee A, (1)< x). 31)
0

Proof. By virtue of lemma 2, relation (31) is valid for cylindrical sets 4 of the space D[O, v]. Since both

the left and right sides of relation (31) are probability measures, the required statement follows from Caratheo-
dory theorem.

Proof of theorem 1

We establish in the beginning convergence of finite-dimensional distributions. Let us fix m € N and
uy, ..., u, >0. We show that, as n — oo,

(Z,(0)+ --r Z (1) | T=0) D1 (). s 1()). (32)
For an arbitrary ¢ e (0, 1), we write the representation: for u >0
Z,(u)=2,(u, 1)+ €, (u, 1), (33)
where
Gé(Lqu/ZJ, LntJ +1, n)
Gl 1) = T :
and for /<n

g(j, bn)=[{ie{l,.... n}: S;=j}

First, we show that

limE(e_E'”("’ )
Cm;wﬂbwn&, bug,ﬂé Cm&,\aa‘omu,éw w om,aww,i 50«%%,\; > 43
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where
m
Z ot 1)

and A, ..., A, 20. For arbitrary y, z > 0

0< E(eim(n, 7= n) - E(n, ¥, Z) < El(n, Z) + Ez(n, y), (35)
where
E(n’ > Z):]Z(e_zm(nj t)’ Y”(t) >z, Sn > -y ‘ T= n)a
E(n, 2)=E(e > 7, (1)< 2| 7=n),
Ez(n, y)=E(e72m(”’f); S, <-y ‘ 7= n)
Note that

0<E(n, 2)<P(Y,(t)<z |T=n) (36)
Applying relation (2) to inequality (36), we find that
limsup E,(n, z) < P(Wex(t) < Z),

n—» 0
hence,
lim limsup El(n, Z) =0. (37)
220 450
It is shown in paper [2, relation (4.7)] that
(s,|T=n}5s, (38)

where S is some random variable, and P(S >—y) = G(y) for y > 0. Since

0< Ez(n, y)S P(Sn <-y | T= n),
then (see formula (38))
limsupEz(n, y)S P(S < —y)

n—w

for any y > 0, with the exception of no more than a countable set. Hence,

lim lim supEz(n, y) =0. (39)

N s

Set n(t) =n—| nt |. By the Markov property of random walks

an(e_zm("’t);Yn(t)>z,Sn>—y,T=n) [ £(x) ( 0.y (1) >x‘T>|_ntJ) (40)

Z+OO

where for x > 0
3
fn(x) = nZP(T > LntJ)P(T(—G\/;x) = n(t), Sn(l) +onx> —y).
We have by virtue of relations (5) and (7) that for arbitrary x, y > 0, as n — oo,
oGy
1= 942 140(1), @

moreover, for a fixed y, this relation is performed uniformly over x > z.
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Set

m
me
Z 1" (e 1),

/ e(u, t) —_\/;l e(_ 1].
\/7’
In view of formula (12)

lim E( A0 (1) > x| T > Lmj) ( O (1) > x). (42)
n— oo
It follows from relations (40)—(42) that

3

lim n2E(e "1 ¥, (1) >, 5, > -y, T=n)= aG() Jhlt(x)de(e_ize(’); Wme(1)gi} (43)

n—

where for u > 0

~

Due to formulas (6) and (43)

Tim E(n, y, z \F [ o dE( m (), W’”e(l)s%}

Z +OO
Therefore,
- me X
Jim_ Tim lim £ (, y, 2 \/7 h_(x)d E[e ). (1)s$j. (44)
We find from relations (35), (37), (39) and (44) that
: s, (n 27 S (1) x
hmE(ezm(’t) T:n)z\/: h,_(x)dE|e m(;W’"QIS—. 45
n— o TEl‘([lt()x ()\/; ()
Lemma 3. For arbitrary t € (0 1) and any x > 0
E( ), ey )— dE(eZ ). rme(1 sij
2w e

Proof. In view of formula (12)

> n

E(eiz’”("’t)' Y (t)Sx, T>n)

E(e > wme(r)< ):1‘ 46
(¢ (1) x)= Jim, P(7>n) (#0)
Set
L, —Omln S,
By the Markov property of random walks
E(e ™", ¥ (1)<x, T> p >z |dE(e ™™y ()<z, T>|nt]). 47
(e (1)< n)g Gf —z [d B (> (1) <2, T > e ) (47)

By virtue of the Donsker — Prokhorov invariance principle

nligop[cf> z]_zz\q{o ﬁ]:zz\q_,(o, 2), (48)

and the first equality holds uniformly over z € (0, x]. Due to formula (12)

E(e ™0y, (1) <2, 7> ) o
- g R
Tim b ] E(e W (t)s\/;j. (49)

It follows from relations (5) and (47)—(49) that
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E(e_zm("’t); Y,(1)<x, T>n) 5 X
li ! - 0, 2)d.E| ¢ =), prme i 50

Relations (46) and (50) imply the statement of lemma 3.
Let us continue the proof of theorem 1. We show that

\F _[hl t dE[ w0 W’"E(l)s%sze‘Ef"X(’). (51)

By lemma 2
+00 .
J qH(x)de(e—z::%); (1) < x) _Ee ) )
0
By lemma 3

Jor e )< o (0 ) -

\F jhl t dE( =0, (1 )<$j (53)

We obtain from formulas (52) and (53) the required relation (51), and from formulas (45) and (51) we have the
required relation (34).
By the continuity theorem for characteristic functions, we find from relation (34) that, as n — oo,

(Zn(ul, t), ey Zn(um, t) | T= I’Z)B)(lex(ul’ t), s lex(umj t)) (54)
Since the function /*(u, t) is continuous with respect 7 with probability 1, then almost surely, as r — 1,
(lex(ul, t), s lex(um, t))—)(lex(ul, 1), s lex(um, 1)) (55)
We show that for an arbitrary « > 0
lim hnmjzpp(gn(u, t)>0|T=n)=0. (56)
If sup Y,(s)<u, then§,(u, )=0. Therefore,
t<s<l
P(C,(u, t)>0|T=n)= P(Cn(u, 1)>0, supY,(s)>u|T= nj (57)
t<s<lI
Further,
P[Qn(u, t) >0, sup Yn(s)Z u|T= n} < P( sup Yn(s)z u|T= n}. (58)
t<s<l t<s<l
By virtue of relation (2)
lim P[ sup Y, (s)>u T:n]zP[ sup Wex(s)ZMJ. (59)
n—© t<s<l t<s<l
It follows from formulas (57)—(59) that
limsupP(Cn(u, t)>0|T=n)£P{ sup Wex(s)Zuj. (60)
n—ow t<s<1
Since almost surely sup W*(s)— 0,as ¢ — I, then
t<s<l
limP[ sup W (s) > uj =0. (61)
=1 \r<s<t

We obtain from formulas (60) and (61) the required relation (56).
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In view of relation (56)

lim limsupP( max G, (u;, 1)>0|T= n] =0. (62)
1<k<m

t—>1

We find from formulas (33) and (62) that

n—» 0

Z,(u) = Z, (. 1)|>0

lim limsupP( max T= nj =0. (63)

=1, s 1<k<m

By applying formulas (54), (55), (63) and theorem 4.2 from paper [12], we obtain the required relation (32).
Let us fix v > 0. We introduce a continuity module for x € D[0, v]: for § > 0
w,(8)= sup |x(u1)—x(u2)|.
u, upy €[0,v]: |y —up| <8

We show that for an arbitrary € > 0

lim limsupP(w (8) =& | T=n)=0. (64)
820 50 !
Note (see formula (33)) that for 7 € (0, 1)
WZ,,(S) < Wz (. t)(S) +we t)(S). (65)
Due to relation (65)
P(w,,(8)>e|T=n)< P(wzn(_’ )(8) zg T= nj + P(qu( A(3) zg T= nj. (66)
First, we show that
o €
ahino hrlln_)sgpP(wZn(_’ t)(S) > 5 T= nj =0. (67)
Note that for arbitrary y, z >0
0< P(WZ”(.’ t)(S) 2% T= J —P(n,y,z)<B(n, z)+P(ny), (68)
where
P(n, ¥, z) = P[WZ,,( t)(S) >—, Yn(t) >z, 8,>-y ‘ T= nj,
Pl(n, z) = P(WZ,,(, t)(B) >—, Yn(t)s z|T= n},
B(ny)= P[Wzn(-, )(3)22. 5,5y ‘ T= nJ
Since
Pl(n, Z)S P(Yn(t)< z| T= n),
then (see relation (2))
limsup B (n, z) < P(Wex(t) < Z).
n— o
Therefore,
zh_)rno litznjzpﬁ (n, z) =0. (69)
Since

Pz(n,y)SP(SnS—y|T=n),
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then (see formula (38))
limsup P, (n, y) <P(S<-y)

n—> 0

for any y > 0, with the exception of no more than a countable set. Therefore,

lim limsup P, (n, y) =0. (70)

Y20 posw
By the Markov property of random walks

3

nzp(wzn(.’ )(8)2 % Y,(1)>z, S,>—y, T= n) | fn(x)de[wZn(.’ )(8)> % Y, (1)>x

(z, +)

T> Lmjj, (71)

where f,(x) is the same function as in relation (40). We have in view of formula (41) that for a fixed y > 0, all
x >z and all sufficiently large n

where K (t) > 0 is independent of #, x. We find from formulas (71) and (72) that for a fixed y > 0 and all suffi-
ciently large n

h_(x)<K(1), (72)

3

nZP(wZ”(_’ t)(S) ZE, Y”(t)>z, S,>-y, T'= nj <

2
<K(1) P[wz (.n(8)= g Y,(1)>z|T> LmJJ <K(r)P [wz (.n(8)= % T> anjj. (73)
It follows from relation (11) that
L €
Jim lim P[Wzn(,, (8)= S|T> L’”Jj =0. (74)
We get from formulas (73) and (74) that
3
lim limsup nzP(wZ(,)(S) > E, Yn(t) >z,8,>-y, T= nj =0
820 poow n 2
and, hence (see relation (6)),
lim li P =0. 75
81_)11%)hnm_>sgp (n,y, z) (75)
We obtain from formulas (68)—(70) and (75) the required relation (67).
Now let us show that
L €
Slgrll()llnmjgpP(wgn(,’ t)(S) > 5 T= n]. (76)
Note that for an arbitrary L > 0
e L]
OSP(%(-, 0(8) 25 T= j—;)q(n, N<Q(n, L), (77)

where

and for /€{0,1,2, ...}

By virtue of formula (38)
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lim O(n, L)=P(S<-L)
for any L, with the exception of no more than a countable set, hence,
lim lim Q(n, L) =0. (78)

L—>won—>ow
We show that for a fixed /€{0,1, 2, ...}
lim limsup q(n, l) =0. (79)

320 pow

Set
S,=0,8,=S, ,-S,,8,=S, ,-S,,....5,=8,-S,=-5,.
Note that

(S.-.8,)2=(S1. ... 8,).
Let %(k, m), where m e {0, L..., n}, be the number of hits of the random walk {Si, 0<i< m} in the state
keZ,i.e.

é(k, m)=‘{i:0£i£m, S~i=k}‘.
If §,=—/, then forme{O, 1..., n}
E(k, m)=[fi:0<i<m, s, ;~S,=k}|=[{i:0<i<m s, =k-1}

> Mn—i > Mn—i

=l{i:n-m<i<n, S;=k-1}|=E(k—1, n—m, n). (80)

Let 7 mean the same for the walk {5’,} as T means for the walk {S;}. Then

={8>1,...8, > S,=1}c{§>0,...., 5, ,>0,8,=1}={S,=1, T >n}. (81)
Set foru eR

y CS~ uG\/; + 1, | nt
Zn(u,t)z i(t \/% lL J)

If S, =—/, then by virtue of relation (80)

B GE(LMG\/ZJ +1l,n—|nt] —1) B G%(LMG\/;J +1, I_Vl(l— fn)J)
Colu. 1) = In N Jn

where 1, is found from the equality n —| nt |~1=| n(1-1,) |. Since |t, — 1| < %, then

‘E(LucﬁJ +1, Ln(l - tn)J) - é(tuc&/ﬁJ +1, I_n(l - t)J)‘ <1

= Z,(u,1-1,), (82)

and, hence,

Z(u,1-1,)~ Z (u, 1—0\3%. (83)
It follows from inequality (83) that
‘WZW(" ()= 1_t)(es)‘ < 2—\/% (84)
If S, =—1, then by virtue of relations (82) and (84)
e (8) = w1 (8)]< %’ (85)

To prove relation (79), it is enough to establish (see formula (6)) that
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3

. . 2 E _ . .
811_)rnoh}£n%s:jpn P(Wgn(y t)(B) > > S,=—1, T= nj =0. (86)
In turn, to prove relation (86), it is enough to establish (see formulas (81), (82) and (85)) that
3
o 2p{ 1. ES51 T -
611_)rnohnnlsotlpn P(Wzn(u, 14)(6) > > S,=1T> nj 0 (87)
or, equivalently,
3
. . > E _ .
gmllgsilpn P(Wzn(u, 17»(6) > > S,=LT> nj =0. (88)

It is not difficult to show (see the proof of relation (4.20) in paper [2]) that there are constants K > 0 and L € N
such that

L
P(wzn(_, 1-(8) z%, S,=1,T> nj <KY P[wzn(l’ 1-(8) z%, T=n+ ij. (89)
i=1

It follows from formula (6) and the proved relation (67) that for each i e {1, ..., I}

3
mli 2 E il
511_)rnohnrris;)1pn P(Wzm(.,1r)(8)2 > T—n+z)—0. (90)
We show that for each i e {1, ey l}

3
lim limsupn2P(wZ"(.’l_t)(S)Zg, T=n+ij:O. 91)

350 p>ow

Set

- G&(Luc n+iJ,Ln(l—t)J).

. ,1_1 =
”H(u ) \/n+i

Since L(n + i)tj - |_ntJ <i+1,then

i +1
Zn+i(”’ 1-1)-Z,.(u, 1_1)50\/1—.
n+i
and, hence,
2c(i+1
W18 =V 1_,)(5>\S%' 92)
Further,

n n+i
WZ;H(»,l—t)(s):\/n__'_iWZﬂ(-,l—t)[S » ] (93)

By virtue of formulas (92) and (93)

n n+i 2G(l+1)
Wzn”(-,lz)(S)_\’EWZn(-,lt)(SV n < \/n+i

and, hence,

Thus,

n+i f n 2c(i+1
vVZn(-,lfl‘)(S)S n WZnH("lt){S n+lJ+ E/; )
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and, hence, for sufficiently large n
2c0(i+1
Wz (a-n(8) < 2wy 1y (8)+ (T) (94)

It follows from formulas (90) and (94) the required relation (91).

From formulas (89) and (91) we have relation (88) and, hence, relations (87) and (86). In turn, formula (86)
implies the required relation (79). Further, from formulas (77)—(79) we find the required relation (76). Finally,
from formulas (66), (67) and (76) we find the required relation (64). From relations (32) and (64) according to
theorem 15.5 from book [12] we obtain the statement of theorem 1.

Proof of theorem 2
By theorem 1, as n — o,
{Z,(u)| T=n} 5 1%(u,1). (95)
Set for xe R
F,(x)= P(lex(u, 1)< x).
It follows from relation (95) that
lim P(Z,(u) <x|T=n)=F,(x) (96)

u
n—>x©

for all x, which are points of continuity of the function Fu() It is proved in paper [7, relations (170) and (171)]
that for any u > 0 and for all x>0

F,(x)=T;"(x). 97)
The function Tuex(x) is continuous for all x > 0 and, hence, relation (96) is valid for all x > 0. Formulas (96)

and (97) imply relation (3) for x > 0.
Let us prove the relation (4). We have due to formula (33) that for ¢ € (0, 1)

[P(2,(u)=0]T=n)=R(n, &, u) <1=B(n, 1, u), (98)
where
Pl(n, t, u)zP(Zn(u, t)zO | T:n),

P, (n, t u) = P(Cn(u, t) =0 | Tzn).
Similarly to relation (34), it can be shown that

1im B (n, 1, u) = P(17(u) =0). (99)
Note that
P(I(u) =0)=P( sup Wex(s)Su]. (100)
0<s<t
Trajectories of the Brownian excursion W are almost surely continuous, and therefore,
1imP( sup Wex(s)SquP( sup Wex(s)éu} (101)
=1 o<s<s 0<s<1
It is known (see [1, sect. 6]) that
P( sup W (s) Su]:Fex(u). (102)
0<s<1
It follows from formulas (100)—(102) that
lim P(1"(u) =0) = F(u). (103)
t—
Applying relation (103) to relation (99), we find that
lim lim P, =F“(u). 104
lim lim > (n, 1, u) (u) (104)
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It follows from relation (56) that
limlimianz(n, t, u)=1. (105)

=1 5w

From formulas (98), (104) and (105) we obtain the required relation (4). Theorem 2 is proved.

Proof of theorem 3

By virtue of theorem 1, as n — o,

supZ,(u) 5 sup/“(u, 1).

u>0 u>0
Hence,
limP(supZn(u) < x] = P(sup 1“(u,1) < xj (106)
n=>%9 \ 4>0 u>0

for all x > 0, which are points of continuity of the right-hand side. It is known (see, for example, [13, sect. 4.2])
that

sup/“(u, 1)22 sup W (s). (107)

u>0 SE[O,I]

We find from formulas (102) and (107) that for x > 0

P[suplex(u, l)SxJzP sup We’“(s)si =Fex(£j. (108)
u>0 SE[O, 1] 2 2

Since the right-hand side of relation (108) is continuous, then relation (106) holds for all x > 0. We obtain from
relations (106) and (108) the statement of theorem 3.
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VIIK 519.2

OLIEHVBAHWE ITAPAMETPOB
ITYACCOHOBCKOTO ITPOLIECCA BTOPOTIO ITOPAAKA,
YIIPABAAEMOI'O MAPKOBCKHUM ITPOLIECCOM,

C UCITIOAB30OBAHUEM ITPOLIEAYPBI OBHAPYJXEHUSA PASAAAKHU

C. 3. BOPOBEHYHUKOBY, I0. b. BYPKATOBCKAA"-?

D Tomeruii eocyoapcmeennulil yuusepcumem, np. Jlenuna, 36, 634050, 2. Tomck, Poccus
DTomexuii nonumexnuueckuii yuugepcumem, np. Jlenuna, 30, 634050, e. Tomck, Poccua

Annomayus. PaccmatpuBaeTcs mpobiiemMa OIeHKH MapaMeTpoB ITyacCOHOBCKOTO MPOIIecca BTOPOTO MOPS/IKA, YIIpaBIse-
MOT0 MapKOBCKUM MpoliieccoM. PazpabarsiBaeTcst HOBBIH ABYX3TalHBIN aITOPUTM KX OlleHKU. Ha nepBom sTarie crposites
HayaJbHbIE OLIEHKH MapaMeTPOB HUHTEHCUBHOCTHU C UCIOIb30BAHUEM METOJIa MOMEHTOB U METO/Ia MAKCUMAIBHOTO TPaB-
norono6usi. Ha BropoM 3Tare 3TH OIEHKH MPUMEHSIOTCS B allTOPUTME KYMYIIITUBHBIX CYMM OOHAPYKCHUS Pa3NIaaKH JIIs
OINpECNICHUS] BPEMEHHBIX MHTEPBAJIOB, MPU KOTOPBIX MHTEHCUBHOCTH MpOLIEcca OCTAETCSl MOCTOSIHHOM; 3aTeEM CTPOSAT-
Csl OLIGHKH BCeX IMapaMeTpoB. Pa3paboTaHHBIN alTOPUTM CPaBHUBACTCS C M3BECTHBIM allTOPUTMOM JUIS HAXOXKICHUS
OIICHOK MakcuManbHOTO Tpaspononodus (EM-anroputmom). IIpennoxeHHBI METO HE SIBISICTCSI HTEPALIOHHBIM,
qTo o6ecneqMBaeT JOBOJIBHO HI/I3Ky}O BI)I‘II/ICJ'II/ITGJ'H)HyIO CJIOKHOCTD.

Knrwueswie cnosa: HyaCCOHOBCKI/Iﬁ mnmponece, praBHﬂeMHﬁ MAapKOBCKHUM IMPOLECCOM; KYMYIISITUBHBIC CYMMBbI; MCTO/]
MOMECHTOB, ME€TOA MAaKCUMAJIbHOT'O HpaBI[OHOZ[O6I/I$[.

bnazooapuocme. Pabota BeINONHEHA IPU YacTHYHOH (hprHAHCOBOU noanepxke Poccuiickoro Gonna GpyHnamMeHTanbHbIX
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ESTIMATION OF THE PARAMETERS OF A SECOND ORDER
MARKOV MODULATED POISSON PROCESS
USING CHANGE-POINT DETECTION PROCEDURE

S. E. VOROBEYCHIKOV?, Yu. B. BURKATOVSKAYA™"®
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Corresponding author: Yu. B. Burkatovskaya (tracey@tpu.ru)

Abstract. The problem of estimating the parameters of a second order Markov modulated Poisson process is considered.
A new two-staged algorithm for their estimation is developed. In the first stage initial estimates of the intensity parameters
are constructed using the method of moments and maximum likelihood method. In the second stage these estimates are used
in the cumulative sums change-point detection algorithm to determine time intervals, during which the process intensity is
constant; after that estimates of all parameters are constructed. The developed algorithm is compared with a well-known
algorithm for finding maximum likelihood estimates (the EM algorithm). The proposed method is non-iterative, ensuring
relatively low computational complexity.

Keywords: Markov modulated Poisson process; MMPP; cumulative sums; method of moments; maximum likelihood
method.
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Introduction

Stochastic processes with changing parameters, in particular, processes with change points, are widely used for
approximating real non-linear processes in different applications (finance, medicine, psychology, geology, literature
and so on) and even in our daily lives. In the context of statistics a change point is a place or time point such that the
observations follow one distribution up to that point and follow another distribution after that point. Multiple
change points problems can also be defined similarly [1]. Processes with a single change point are usually used to
simulate a withdraw from stable conditions or an equipment error, whereas processes with multiple change points
describe real processes with several states, where switches between states occur in unknown instants. The men-
tioned above book is devoted to parametric change-point detection with applications to genetics, finance and
medicine and contains a number of classical and recent results in this field for some commonly used distributions.

In queue theory processes with multiple change points are applied to describe queue systems with different
regimes of customers arrivals. A process with two states corresponding to «usual» and «peak» time can be
considered as the simplest model. These two states are characterised of different rates of arrivals: at the first
case events occur in general much rarely then in the second case. When the switching times are controlled by
a Markov chain and the flow of events have Poisson distribution, the model is named as Markov modulated
Poisson process (MMPP). The time intervals between events can be considered as random variables obeyed to
a mixture of two or more distributions.

Various modifications of the expectation maximisation (EM) algorithm based on maximum likelihood estimates
are usually used to estimate mixtures of distributions. Each iteration of the algorithm consists of two steps. In the
expectation step the expected value of the likelihood function is calculated using the current parameter estimate.
In the maximisation step the parameters that maximise the expected maximum likelihood function are calculated.
For the first time an algorithm with this name was proposed in paper [2], although iterative maximum likelihood
estimates had been proposed earlier: for example, in article [3] they were used for the analysis of Markov chains.
Later a large number of publications appeared in which the proposed approach was applied and modified for
different classes of random processes, including processes characterised by a mixture of exponential distributions.

Markovian arrival processes have been introduced in 1970s and since then they and, in particular, MMPP
have extensively been used as models for input streams to queueing systems. In paper [4] MMPP is applied to
web traffic modelling. Article [5] uses MMPP to describe human inter-contact times. In work [6] a modified
MMPP is applied for modelling disease dynamics based on medical claims data.

Paper [7] can be mentioned as one of the first devoted to EM estimates for MMPP. It presents a detailed
description of the algorithm and some numerical examples. The author stresses that the algorithm demands so-
me complex calculations and it should be taken into account to determine the effectiveness; nevertheless,
it demands much less iterations than others. Article [8] contains a specification of the EM algorithm in order to
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fit an empirical counting process observed at discrete times to a Markovian arrival process. An exact numerical
procedure to compute the EM steps is introduced and some examples are given. Work [9] examines maximum
likelihood estimation of the second order Markovian arrival processes parameterisation of the two-state Marko-
vian arrival processes. The problems of the starting solution and of the carrying out the numerical evaluation of
the likelihood function are stated and discussed. For the starting solution the method of moments can be applied.

A review of various modifications of the EM algorithm is given in paper [10]. The positive aspects of the-
se algorithms are due to the fact that they are based on the maximum likelihood method, which guarantees
the consistency and asymptotic efficiency of estimates. However, a number of works note the disadvanta-
ges of EM algorithms. Namely, the convergence of the EM algorithm is proved under the mandatory condition
of the boundedness of the log-likelihood function. Also, the presence of a large number of local maxima of
the log-likelihood function leads to a large instability with respect to the initial approximation and the initial
data [11]. In addition, the iterative nature of the algorithms leads to a large number of calculations, the volume
of which increases with a significant number of parameters [12]. In this regard alternative approaches to esti-
mating the parameters of mixture distributions are also being developed. In work [12] a mixture of exponential
distributions is used to approximate distributions with heavy tails, which are characteristic of file lengths, call
retention times, the lengths of scenes in moving picture experts group video streams and the intervals between
connection requests in Internet traffic. The authors demonstrate the feasibility of approximating a distribution
with heavy tails by a hyperexponential distribution and propose a recursive fitting algorithm. Firstly, the mini-
mum intensity, which provides the highest values of the random variable and thus contributes the most to the
tail of the distribution, is estimated. Secondly, this distribution is subtracted from the mixture distribution, and
the intensity is estimated. Article [13] develops this approach for approximating the Pareto distribution, when
estimating the average duration of the cumulative sums procedure for which an explicit formula is obtained as
aresult. In paper [ 14] the authors use a hyperexponential distribution to describe sensor networks. For estimating
the parameters two original algorithms that minimise the objective function are proposed. The first algorithm
consists of two stages. In the first stage the intensity parameters are estimated, in the second stage the probabi-
lities of occurrence of observations with given intensities. Probabilities are expressed through intensities, which
allows to reduce the number of estimated parameters by half at each stage. The second algorithm estimates all
parameters simultaneously.

In paper [15] we consider the problem of estimating the parameters of a hyperexponential distribution with
two values of the intensity. Explicit formulas for moment estimates were obtained. Also, the combined pa-
rameter estimates that use the first two sample moments in the likelihood function are proposed. In this paper
we develop this approach. The properties of the combined estimates are analysed and used to evaluate MMPP
parameters. In work [16] we developed a cumulative sum algorithm for Poisson process change-point detection,
when parameters of the process are known. The estimates of the parameters instead of their values are used.

Problem statement

MMPP is a doubly stochastic Poisson process, the rate of which varies according to a Markov chain. We consi-
der a process with two rates determined by the states of a non-observable controlling Markov chain. The so-

journ time in state { j }, je {1, 2}, is determined by exponentially distributed random variables {xl.}, i=12,...,
with parameters p;, where x; for odd i and for even i are distributed with different parameters.

Let us denote x; + ... + x,, as T, and 7; = 0. At interval [Ti_l, 7;) we can observe a Poisson process with the
rate A, where j is the state of the controlling Markov chain at the interval. The instants 7, can be considered as
the change points of the observed Poisson process, where the rate of the process changes. We denote the arrival
times of the observed process as #;, k=1,2, ..., 7, =0.

The problem is to estimate parameters {A,, A,, W, i, } from observations z,.

Parameter estimation

We consider the process {Ti} where 1, =, — ¢, _, is the length of the i interval between arriving events

i>1°
in the observed flow. The values {ri} for MMPP are independent and exponentially distributed with one of two

possible parameters. It allows us to use the hyperexponential distribution as a model for the observed data.
The hyperexponential distribution has the density function

f(T)ZpK1e77”1T+(1—p)?»zef}“zt,pe(O, 1), (1)
which is a mixture of two exponential distributions.
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To estimate parameters A, A, and p of the hyperexponential distribution we can apply either the method
of moments (using three sample moments) or the maximum likelihood method. In the latter case maximisation of
the likelihood relation demands the use of numerical methods with the prescribed accuracy.

We propose combined estimates on the basis of both mentioned above methods. Let us have a sample

{rl, e T N} obeyed distribution (1). Primarily, we calculate the following two first moments:
1 & 18,
=— D) T, my=—) T,.
vE NS

Then, equating them to the corresponding theoretical moments, we have the system of equations

m=2 1P
}\’1 7\‘2
_2p 2(1-p)
T
Let us introduce the following notations:
p 1-p
X = -, = . 2
YT, 2
We obtain the system of equations
m=x+y,
2 2
my= 2 2
p l-p

Expressing from the first equation y = m, — x and substituting it in the second equation, we come to the qua-
dratic equation

X - 2mlpx+p(m12 —I_Tpmzjzo.

If the inequality m, — 2m12 > 0 holds true, the equation has two solutions:

m 2
22 _wm

X, =pm = p(l—p) ) 1

Choosing the largest root, we have

x=pm +p(1-p) m2 my,

y=(=p)m = [p(1-p) |2~ mi

Then using the notations (2), values A,, A, are defined as functions of the parameter p:

A = : ! ,
m1+\/_p\/mz—m12
p V2 (3)
%, = !

ml—le\/mz—mf

It should be noted that 11< 5»2. If we take the smallest root for x, it obtains the same estimators for A, A,,
except of A, < A,.
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As both rates should be positive, parameter p should obey the following inequality:

It means that

Then we define the log-likelihood function

N
1) =S 0.

n=1

where parameters {Xl, 7»2} are calculated according to equations (3). Maximising the function L( p) on p,

2
0<p<2ml

p and using relations of the equations (3), we obtain the estimates of parameters {ll, k2}.
2

In paper [16] we developed a cumulative sum algorithm for Poisson process change point detection, when
parameters {A,, A, } are known. To construct algorithm we use statistics and cumulative sums from work [16].

Statistics z, is defined as the logarithm of the likelihood ratio for exponential distribution
A —A,T;
z=I Ay exp(Ayt) —ln?2 (0,01, )
A exp (A1) A
Let X(t) be the rate of the arrival process at moment ¢. We introduce the following two hypothesis:
Hy={n(t)=1;, j=1,2}.

We suppose that A, < A, and denote 6 = h, where & > 1. Statistics z, in distribution (4) have the form
1

z;=Ind -2, (8-1)1,.
Under hypothesis H,, these statistics have the following properties:

E[ z|H, ]=nd-(8-1)<0,
E[zi|H2}=ln8—(%j>O.

Note that the mean of statistics z; changes the sign with the change the rate of the process.
In our algorithm we use estimators (3) obtained above instead of the parameter values. We introduce positive

values h(l), h(z) as the algorithms thresholds and construct cumulative sum §;, which is recalculated at the in-
stants of arrivals:

S —0 max{O,Si_l+ci_lzi},ifSi_1+ci_lzi<hi,i21,
OIS ez 2k, i 2],

~

zizln%_(xz_xl)@,

i 5
¢ ,if S, +c¢_,z;<h,i>l, (5)
C‘O:l’ ci: . )
—Ci_15 if Si—l +C_1Z; Zhi, 1 21,
Wit e, | =1,
h =
Wit ¢, | =1.
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If ¢; =1, the sum detects the increase of the rate, i. e. the change of the hypothesis from H, to H,, when it
reaches threshold 41, If ¢; = —1, the sum detects the decrease of the rate, i. e. the change of the hypothesis
from H, to H,, when it reaches threshold A2,

Let sequence {Gm }m2 0 be the sequence of instants, when the cumulative sum reaches the threshold 4, 1. e.

c,=0, cm:min{ti>c5m71:SiZh},m21. (6)
Consider sequence {nm}m> , associated with sequence {Gm }m> , as follows:

ny=0, n,=max{t,<c,:8,>0,5, =0}, m=1. (7)

Thus, instant #n,, is the first instant, when the cumulative sum becomes positive to reach then the threshold.
The algorithm for change-point detection is described as follows. Calculate the cumulative sum given by
equation (5). Then construct sequences {c,, }, {n,,} defined by equations (6) and (7). If for the last instant 7,
one has m =2/ +1, one sets n,,, , =t,. If for the last instant »,, one has m =2/, one sets n,,, , = t,. Here the odd
instants n,, , , are the estimators of the instants, when the rate changes from A, to A,, and the even instants »,,, ,
are the estimators of the instants when the rate changes from A, to A,. So, we consider the Markov chain to be

in the first state at intervals [ny, n2,+1] and in the second state at intervals [”21+1s n2,+2].

According to sequential change-point detection algorithms two types of errors are considered: the false
alarm and the skipping of the change. A false alarm occurs, when one of the cumulative sums reaches the corre-
sponding threshold in the case of the constant intensity of the arrival process. A skipping of the change occurs,
when the change of the parameter occurs but the corresponding cumulative sum did not reach its threshold.
Usual characteristics of any sequential algorithm are the mean delay and the mean length of the interval bet-
ween false alarms, as well as the probabilities of a false alarm and of a skipping the change.

When implementing the algorithm, it is possible to encounter false alarm situations. We shall record all the
exceeding the thresholds by either the first or the second cumulative sum. If the same sum reaches threshold
several times in a row, we only record the first occurrence.

Now we are ready to estimate parameters {ul, uz} of the controlling Markov chain and parameters {7»1 , Xz}.
Let &V, be the number of intervals [qzl, 92 H} and 7 be the total length of these intervals. Also, let N, be the

number of intervals [qz ki1 Dok 2] and 7, be the total length of these intervals. The estimates for { ji;, p,} have

the following form:

0 :ﬁ i=1.2 (8)
”’j T,] 5 &
J

Let M, be the number of events at intervals [qzl, qy; +1]. Also, let M, be the number of events at intervals
[%;Hl’ Dok + 2]- Thus, we can estimate rates {1, A,} as reciprocal values to the mean length of the interval
between neighbouring events, when the controlling chain is in the corresponding state:

oM 9)
'_Ta.]_:'

j .
j

Simulation results and their discussion

To analyse the algorithm simulations were conducted. The results are represented in table 1. Here
{A1, Ay, 1y, 1y} are the process parameters, {7»1, Ay By ﬁz} are the estimates (8) and (9), h,, &, are the thre-

sholds of the change-point detection algorithm. The parameters in first two rows were chosen according to pa-
per [7], where they were used to implement EM algorithm.
Table 2 represents the simulation results from article [7]. Here [ is the number of iterations, other notations

are the same as in table 1. Columns for estimates {il, 5»2, 0, ﬁz} have two rows, the first one contains initial
values of parameters {7»1, Ays Hys uz}, which are necessary for EM algorithm. It should be mentioned that they
are not calculated in the frame of the algorithm.
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Table 1
Simulation results
Iy A, A, » ’ ™ i i, hy hy
50 100 46.72 | 105.96 2.0 5.0 2.160 4.970 1.0 4.7
10 100 9.95 106.39 1.0 10.0 1.010 | 10.610 2.5 4.1
50 100 49.46 | 102.19 1.0 2.0 1.10 2.070 1.3 4.4
1 2 0.98 2.16 0.04 0.1 0.038 0.090 1.0 53
1 10 1.02 10.63 0.10 1.0 0.097 1.050 2.2 4.1
1 3 0.96 3.13 0.04 0.1 0.045 0.096 2.5 2.9
Table 2
Simulation results for EM algorithm

A A, A, iz 1, 1, 0, 0, 1

50 100 53.9 128 2 5 1.90 10.12 26

50 100 50.8 105 2 5 2.94 5.26 26

The results demonstrate a good quality of the proposed approach. The error of the estimates is similar to EM
estimates but the procedure is much simpler because it is not iterative.

Conclusions

A new algorithm for estimation of the parameters of a second order Markov modulated Poisson process is
proposed. Simulation results demonstrate the algorithm quality, which is similar to widely used EM algorithm.
The proposed approach does not demand the initial estimates for all parameters and it is not iterative. Hence, the
computational complexity of the algorithm is much less than the computational complexity of the EM method.
We are going to develop our approach for arbitrary order MMPP.
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AOKAABHASI NTHOOPMAILIMOHHASA TEOMETPUS
AAA CTATUCTUYECKOTO AHAAN3A
ABONYHBIX LIETIEM MAPKOBA BBICOKOI'O ITOPAAKA

B. A. BOJIOLIKOV?

1 o .
)Eeﬂopyccmtu 2ocyoapcmaennulil ynugepcumem, np. Hezasucumocmu, 4, 220030, 2. Munck, benapyco
2 o
)Hayuno-ucciedosamensckuti uHcmumym npuknaonsix npobnem mamemamuxu u ungopmamuxu BI'Y,
np. Hezasucumocmu, 4, 220030, . Munck, berapyco

Annomayus. Ha 14-it MexayHaponHoi Hay4yHO# KoH(epeHnn «KOMIBbIOTEpHBIH aHaNn3 JaHHBIX 1 MOJIEIUPOBa-
HHE: CTOXaCTHKA M aHAJIN3 JIAHHBIX» aBTOPOM OBLIH NPE/ICTABICHBI HEKOTOPbIE HOBBIE PE3YJIBTAThl OTHOCUTEIBHO aCUMII-
TOTHYECKHUX CBOWCTB CTAaTUCTHK OT YHCTO CIy4ailHOH (paBHOMEPHO pacIpeeeHHOI) TBOMYHON MMOCIeI0BATEIEHOCTH
pactyiueit IUMHbL. DTH pe3yNbTaThl II0JYyYeHbI C IPUMEHEHHEM METO/I0B HH(OPMALIMOHHOM reOMETPUH K MHOTOOOpa3HsiM
MapKOBCKHUX pacrlpe/esIecHUii BEPOSITHOCTEH Ha MHOXKECTBE OSCKOHEUHBIX JBOMYHBIX MOCJeNOBaTeIbHOCTENH. B nanHoi
cTarhbe OoJiee IeTallbHO OMKICHIBAIOTCS MHPOPMALIMOHHO-TEOMETPHUECKast TEOPHUs U TEXHHUKA JlIoKazaTenbeTB. Ha Heckob-
KHUX MIPUMeEpax MOKa3bIBaeTCA, KAK HAXOKJICHHE BEPOATHOCTHO-CTATUCTUYECKUX CBOIMCTB CBOAMUTCS K F€OMETPHUYCCKUM
¥ KOMOMHATOPHBIM BBIYHCICHUSIM.

Knroueswie cnosa: I/IH(i)OpMaIII/IOHHaH reoMeTpus; KaCaTCJIbHOC NPOCTPAHCTBO; ACUMIITOTUYCCKOC pACIIPEACIICHUE,
JABOUYHAA MOCJICAOBATCIILHOCTL, MAPKOBCKOC MHOFOO6pa3I/Ie.
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Abstract. At the 14™ International conference «Computer data analysis and modelling: stochastics and data analysis»
the author presented some new results on asymptotic properties of statistics derived from purely random (uniformly
distributed) binary sequence of increasing length. These results are obtained by methods of information geometry applied
to manifolds of Markov probability distributions on the set of infinite binary sequences. In this paper the underlying infor-
mation-geometric theory and the technics of proofs are describe in more detail. By few examples, it is shown how finding
probabilistic and statistical properties comes down to geometric and combinatorial computations.
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Markov manifolds and tangent spaces

Let %;,...,x, €Y= {O, l} be purely random (uniformly distributed) binary sequence of length n €
eN: P{XT = q} =27, ge X", k] u=(x,; )ril:l. For convenience, we consider index i of x; as discrete time and
use corresponding «temporal» terminology. The new results on asymptotic properties of statistics derived from
%, as n —> +oo presented in article [1] are obtained by methods of information geometry [2] applied to mani-
folds of Markov probability distributions (Markov manifolds for brevity) on the set Y% ::= {x = (xi)i S S Y}
of two-sided infinite binary sequences.

Introduce some notations: a | b means «a divides by»; £ {} is the probability distribution of a random variable;
cov{-}, cor{,-} are the covariance and the correlation coefficient for a pair of random variables, respectively;

«limcov» and «limcor» briefly denote their limits as n — +o0; Z , = {0, e, — 1} is the ring of integers mo-

dulo m € N standardly associated with a non-negative integer interval; a=band a+b are equality and summati-
on modulo m, respectively; span{-} is a linear span of subset of linear space; 1cd(-,-), gcd(+,) are lowest

common dominator and greatest common divisor, respectively; [a:b]={a,a+1,...,b}, a,beZ, a<b.

We consider two nested Markov manifolds.

The first Markov manifold M consists of distributions of stationary Markov chains of all orders s € N = {O, 1.. }
determined by stationarity condition and Markov equation:
1+ o(q)

P{xi:OIXi_quj,jeN}z 5

,qz(qj)jeNeYN,ieZ, (1)

where the function ® : Y™ — R depends only on finite number of components {qj} and [|of, = max |(o(q)| <l.
qgeY

We call order of ® and denote by ord(®) the minimal value s € N, such that ©(q) does not depend on
{qj 2> s}. Manifold M is in a bijection with the set of functions ®, so we identify them as

M= {0;) : ord((n) < +00, ||(D||OO< l}.

The uniform distribution u € M corresponds to zero function w(q) =0, g e Y". If we take off the norm limitation
||co||oO <1, we get the model of tangent space [2] (linearised neighbourhood) of uniform distribution u within the
Markov manifold M:

T= {co :ord(o) <+oo}.
The fundamental object of information geometry defined on this tangent space is the Fisher — Riemann dot
product [2]. It has the following form in our notation:

<0), co'> =27 z (D(q I Ow)m'(q I10” ), o,0'eT, s= max{ord(m), ord(m’)},
qeY’
where || is concatenation; 0 Y™ is one-sided zero binary sequence. We call elements w € T tangent vectors

that is the standard name for elements of tangent spaces.

Under local information geometry (locality refers to neighbourhood of u) we understand here the structure
of tangent space T with Fisher — Riemann dot product on it, the objects defined on this structure and the mea-
ningful quantities that can be computed based on it.

An orthonormal base of characters [3] X = {X(Q) }Q - is defined on T:

19T, xq) ::=e( ® qujj, 0eY", ger™, @)
je

where Y* < YV is the subset of one-sided binary sequences of the finite Hamming weight ||Q|| = Z Q; <+oo
jeN

(with finite number of ones); e(z)::= (—1)is a discrete exponent. Infinite XOR in formula (2) is correct because

it contains only a finite number of ones due to Q € Y. Note that Y™ is a countable subset of a continuous set Y,

Many important tangent subspaces T c T are linear spans of subsets of the characters base (2): we call y¢-canonic

such subspaces T. The notion of order is naturally transferred from T to Y* by formula (2):

ord(Q)::zord(x(Q)), QeY’, Y* [s]::z{Q eY": ord(Q)zs}, seN,. (3)
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Zero sequence has zero order: ord(O‘”) =0. For non-zero sequences Qe Y, Q|| >0, the order is the position

of the rightmost unit: Qora(g)=1 ©=0,1> ord(Q).
Submanifolds M(s) = M and subspaces T(s) = T are defined as follows:
M(s):={oeM : ord(w)<s}, T(s):={weT : ord(w)<s}, seN,.
Obviously M(s) < M(s'), T(s) = T(s") for any 0<s<s". Space T(s) is the tangent space of u within the
manifold M(s). Denote by 0T(s), s >0, an orthogonal complement of T(s—1) within T(s) with regard to

the Fisher — Riemann dot product. For s = 0 set 6T(0) = ’]I‘(O). Spaces T(s), 6']1‘(s) are y-canonic and have the
following dimensions:

dim(’]I‘(s)) =2'= i v[s'], dim(@’]l‘(s)) =y[s]:= 2max{0’sfl}, seN,. 4)
s'=0

Base of characters for 0T (s) is {X(Q) QeY” [s]}, y[s]=|"" [s]‘ (see formulas (3) and (4)).

Let us call random sequence x € Y% A-stationary if its probability distribution is invariant under shift by

AeN, i e ((x; )i =/ (xi . A).; semi-stationary if it is A-stationary for some A € N. «Usual» stationarity is 1-sta-

tionarity in these terms.

The second Markov manifold that we consider is M" = U M {A}, where the submanifold M" {A} ¢ M"
AeN
consists of distributions of A-periodic A-stationary Markov chains determined by A-stationarity condition and

A-periodic generalisation of Markov equation (1):

1+ o;(q)

P{Xi=0|xi_j=qj,j€N}= ,qeYY, iez, (5)

o, : Z — M is A-periodic with regard to i € Z M-valued sequence: o; = o, , ,. We identify the set of such
sequences with M™{A}, and with M" for all A eN. Denote by T the tangent space of u within M". Ob-
viously M c M"™ and T < T". The model of T" is the set of periodic T-valued sequences , : Z — T, whe-
re the subspace T" {A} c T of A-periodic ones forms the tangent space of u within M" {A} (we use braces
M"™ {-}, T" {-} to avoid confusion with the notations M(-), T(-)). Spaces {T“ {A}} are nested by periods divisi-
bility: T" {A} = T {A'} for any A| A’ (similarly for manifolds {M” {A}}). In particular, T" {1} = T" {A} for any
A e N, where T" {1} is the subspace of constant sequences ®, = const,. This subspace implements the embedding
T — T~ i.e. T*{1} is T embedded into T". Denote by per () the minimal period min{A eN:weT” {A}}

of ® € T™. Fisher — Riemann dot product on T™ has the form
A
(o, 0)=A"" Z (0, 0)), o,0'eT”, A= lcd(per(m), per(m’)),
izl

where <(Di, 0)’l> is the Fisher — Riemann dot product on T.
The space T" is representable as a tensor product
T"=T®TI, (6)

where I1 = U H{A} is a space of two-sided periodic real-valued sequences a,: Z — R, H{A} is its subspace
AeN

of A-periodic sequences a; =a By tensor product U® V of two spaces, we mean the linear span of ten-

i+A
sor product {ui} ® {vj} = {ui ® vj} (pairwise) of their bases {ui} cU, {vj} c V. Tensor product ®=m0 ®a € T"
of two single elements ® € T and a e [1 is

d=(d;),_,» O,=a;0. (7)

In these terms T™ {A} =T®II {A} , A € N. On the space I1 a dot product similar to representation (6) is defined as

<a, a'> =A™ ﬁ: <ai, a’i>, a,a'ell, A= lcd(per(a), per(a’)), (8)

i=1
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and under tensor product (7) dot products on T and on IT are multiplied:

(0,0)=(0,0)a,a), o,0'eT, a,a'ell, b=0®a, @'=0'®a". 9)

Denote canonic orthonormal base \V(A) = {\V(t’ A)} of IT {A

teZy

——

w““enﬂﬂ,WVM=JZJ+§%3AENJEZN (10)

Note that the combined set y = U W(A) is not orthonormal, and, moreover, it is linearly dependent. Tensor pro-
AeN
duct of the bases \V(A) ® v forms orthonormal base of T™ {A} , A € N. In these tensor terms the embedding T — T™

is made by tensor product with the constant sequence \V(O’ De I1, \|150’ = ,ieZ:T—T® \|/(0’ on {1} c
< T™ Further for brevity we omit ®\|/(0’ U for subspaces T — T and write T < T" instead of T ® \V(O’ Ve
Similarly to the characters base (2) on T, many important tangent subspaces T < T™ are linear spans of subsets

of W(A) ® y for some A € N. Therefore, combination of the characters base (2) and the tensor product representa-
tion (6) provides powerful tool for working in the tangent space T". Below we illustrate it briefly.

Family of chi-square statistics «coded» by tangent subspaces

There is a family of chi-square statistics S; =S, [xﬂ bijectively «coded» by finite-dimensional tangent
subspaces T < T™. More precisely, for each T there is a class of asymptotically equivalent statistics as n — +oo.
These equivalent statistics behave asymptotically identically for uniformly distributed binary sequence {x‘f}

and in some neighbourhood of this assumption called contigual asymptotics [4; 5], when /¢ {x} — u along the
1

Markov manifold f{x}e M"™ with a «speed» O{n ZJ as n — +oo. Up to this equivalence, we can talk about

statistics S, without specifying which one is it from the equivalence class.

The family of statistics S, can be derived from another family of T"-valued normalised sufficient statistics
(NSS) related to sufficient statistics of exponential families of Markov chains [6]:
7 (11)
where norm is the Fisher — Riemann one. Similarly to S, NSS w, represents a class of asymptotically equivalent
statistics as n — +o0, Under null hypothesis W, has asymptotically standard normal distribution on T < T™ with
regard to the Fisher — Riemann dot product. Under contigual alternative H, (i. e. satisfying contigual asymp-
totics) limit normal distribution of W, becomes non-centred but preserves identity covariance matrix. NSS (11)
(i. e. their equivalence classes) are «projectively agreed»:

1), T,C T, (12)

szwT[le] €T, S, =|W,

Wy, = proj(wTl

where proj(co | T) is an orthogonal projection of ® € T™ onto finite-dimensional tangent subspace T = T™ with
regard to the Fisher — Riemann dot product.
Let us call T-test a chi-square statistical test of null hypothesis H,, : f{x} =u associated with statis-

tics S.. Under null hypothesis S, is asymptotically chi-square distributed with d =dim (T) degrees of freedom:
14 {ST |H 0} — %2 Under contigual alternative ¢ { Sq| H 1} - Xf,, ,» Where ng, , 1s non-central chi-square distribution

with non-centrality parameter A = hm”E{WT}” >0, depending on space T and on deviation of alternative from
null hypothesis (distance from ¢ {x} to u in information metric). Asymptotic power of T-test at the significance

level a.e(0,1) equals 1-F, (Fd_’lo (1- oc)), where F, ; (+) and F} () are cumulative distribution function

and quantile function for xﬁ,k, respectively. Table presents some tangent subspaces T < T™ and their T-tests

with equivalent analogues.
Let us fix some step A € N, gram length L € N and consider frequencies statistics

NEA)

-L
f(L’A)(q)Z Z l{xiA+j:qj’jE[1:L]}’ geY’ N(L,A):[lflA _J, (13)

i=0
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Denote standard chi-square statistics based on frequencies (13):

f(L,A) _ 2—L N(L,A) 2
(£ (a) |

() _
Gert 2t )

(14)

For A > L the L-grams in sum (13) do not overlap, whence n® has asymptotic chi-square distribution under

null hypothesis and belongs to the family {ST} For A < L this asymptotic distribution is generalised chi-

TcT™"
square one and %) does not belong to the family {ST}. The following two types of chi-square statistics [1]

based on formula (14) both belong to the family {ST}:

) =l D) (8 8) pfed) 958 (28 ), >0, (15)
M(ZS,A) _ Mgs, A) Mgsfl, A)’ Dgs, A) _ 2(s -1)A (2A _ 1)2’ s>, (16)
where m**) = 0. Chi-square statistics Mgs’ * have Dl-(s’ 4) degrees of freedom. Statistics of the second type M(ZS’ 4)

are asymptotically mutually independent for different s >1 under any fixed A € N. T-test based on M(O’ 4)is the
standard test of uniform distribution of non-overlapping A-blocks (xi A+ 1o Kiasos e X(i 1) A) (FIPS Poker
test [7] for A =4). Tests based on MES’ Y and M(ZS’ ) are the NIST Serial tests [8] of types I and I, respectively (with

parameter m = s + 1). Test based on Mgo’ Y is the Monobit test. Test based on M(zl’ Dis asymptotically equivalent
to the Runs test.
A remarkable feature of the family of chi-square statistics {ST}T _ = following from properties (11) and (12)

is that their asymptotic probabilistic properties are «consistent» with geometric properties of corresponding
tangent subspaces T < T™. Due to this feature, obtaining asymptotic probabilistic properties of {ST} comes down
to calculation of geometric quantities based on Fisher — Riemann dot product or combinatorial quantities, e. g.,
for large orthonormal bases considered as combinatorial objects.

Introduce two operations on the subspaces T;, T,  T": T, EHT, for direct sum of orthogonal subspaces T; L T,;
T,BT,::=T,NT, for orthogonal complement of nested subspace T, T, within a larger one T,. The use of these
operations implies that the spaces are obviously satisfy the properties of orthogonality (for H) or nesting (for B).
For instance, GT(S) = ']I‘(s) = ']I‘(S - 1), s>1,and T = lim T(s) breaks into a sum

§—>+0

T= B 0T(s). (17)

seNj

Tangent subspaces T< T" and their T- tests

Tangent subspace TC T" | Degrees of freedom dim(T) | Equivalent T-tests from NIST [8] and FIPS [7]
T ( 0) | NIST Monobit test,
NIST Serial test (type I, m =1)
NIST Runs test,
GT(l) ! NIST Serial test (type II, m = 2)
s NIST Serial test (type [, m =5+ 1)
> 2 b
']I‘(s) 520 2 NIST Approximate entropy test (m =s + 1)
oT(s),s=>1 251 NIST Serial test (type II, m =5 + 1)
4)
> T(e) @y 15 FIPS Poker test
tely

Theorem 1. The following properties hold for subspaces T,, T,c T":
* under contigual alternative S, and S, are asymptotically independent iff T, L T);
® Sy @1, =Sr, +Sp, Sy g, =Sy, — Sy, (additivity).
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Proof. Follows directly from properties of normal distribution, properties (11) and (12), and asymptotic
normality of NSS {WT}TCT with identity covariance matrices.
Proof is complete.

d;

Let &= (&)}

eRY je {1, 2}, be two dependent standard Gaussian vectors with cross-covariations

cov{&_(jl), &Scz)} =1{j=k< d3}9j, 0,....8,,#0,d;< min{d,, d, }. Squared Euclidean norms of these Gaussian

)
vectors are chi-square distributed: ;= Hé(’)” ~ Xfi,-' Joint probability distribution of ¢ = (01, o, ) e R? depends
on (d,,d,) and on the multiset A = {Xi}fil, A, =07 By multiset we mean possible multiplicity of its ele-
ments, e. g., multiset {1, 1, 2} consists of 1 (twice) and 2 (once). Denote this bivariate chi-square distribu-

tion Xfi:jz(A) ::=/{c}. The case of independence of o, and 6, is A =@. The case of semi-independence

d
with correlation coefficient cor{c,, o, }= d—3 is dy=d, and A={1,...,1} consisting of d; ones. In general

1
casc

d 2 2
COV{61,62}=ZCOV{(§9)) , (&gz)) }zZZ A. (18)
i=1

reA

Let proj(Tl | T2), T,, T, T7, be linear operator T, — T, of orthogonal projection of space T, onto T,; A('T;, T,)
be a multiset of non-zero squared singular numbers of projection operator proj(Tl|T2) (it is commutative
A(T,,T,)=A(T,,T;) as proj(Tl | T2) and ]_oroj(T2 | Tl) are adjoint operators and have the same singular num-

bers). We further call A(Tl, T2) Jordan multiset of a pair of tangent subspaces because Jordan principal angles [9]
are closely related to it.

Corollary 1. Let T,, T, T" be arbitrary tangent subspaces of finite dimensions d, = dim(Ti). Under null
hypothesis the pair (STl, STz) is asymptotically XZ,:?,Z(A(TP Tz))—distributed, and its asymptotic covariance

admits the following equivalent expressions:
limeov{s,,5,}=2 ¥ A= 2Z<m(f), a)<")>2 =2lproi(z|T).. (19)
LeA(Ty,T,) J. k

where {m(j )} cT, {d)(k)}c T, are arbitrary orthonormal bases; ||||Fr is a Frobenius norm of linear operator.
Proof. Projection operator proj(T1 | T2) is represented by a matrix of entries <o)(j ), Co(k)> in a pair of bases
{m(j )}, {&(k)}. Sum of these squared entries and sum of squared singular numbers are two representations of
squared Frobenius norm for proj(Tl | T2), whence we get the second and the third equalities of expression (19).
Now let us choose the left and the right singular vectors of proj(T1 | T2) for the bases {oo(j )}, {Co(k)}, and set

asymptotically standard normal vectors:
e= (D), eP=(ef), &)= (m, o), &)= (M), 1=+,

Their asymptotic cross-covariations by construction are

limcov{ﬁ(jl), &22)} = <c0(j), Gb(k)> = l{j =k< d3}\/7‘7j’ A(Tl= Tz) - { A };{3

=1

2
By properties (11) and (12), we have Hg(")u =5, , r€{1, 2}, whence follows the needed asymptotic distribution

of the pair (STl, STz) according to definition of %> *-distribution. The first equality of expression (19) follows

from formula (18).
Proof is complete.
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Let us call subspaces T;, T,c T" semi-orthogonal if T,BT, L T,BT,, T,=T,NT,. Nested spaces (T, T;)
and orthogonal ones (T; L T,) are the special cases. We also call two identically chi-square distributed random

variables G,, 5, ~ x% semi-independent [1] if they are representable as
_ ~ L x 2 o~ = 2
G;=0;+ 0y, 6,=0,+Gg, Gy~ ¥yg> 01,02~ Xp_a> (20)

for some 0 < d < D and mutually independent {3, }12: ,- Obviously cor{c,, 5, }= %

Corollary 2. Let T,, T,c T" be subspaces of equal dimensions dim(Tl) = dim(Tz). Under null hypothesis
statistics S, and Sy, are asymptotically semi-independent with the asymptotic correlation coefficient

dim(T;NT
limCor{STl’ STJ:ﬁ

iff their spaces T,, T, are semi-orthogonal.
Proof. Corollary 1 states bijection between asymptotic joint distribution of a pair (STl, ST2) and relative

position of spaces T, T,. In this bijection representation of the form (20) corresponds to the following re-
presentation for spaces:

T,=T,8T,, T,=T,BT,, T, LT,

which is equivalent to semi-orthogonality of T,, T,.
Proof is complete.
Consider a class of tangent subspaces T < T" to illustrate the above theory. Let us fix some period A € N.

Due to sum (17), the space T"{A}="T ® IT{A} breaks into a sum
']I‘“{A}:( }EEIC N @BT(h), Cyi=Z,x N, 21)
t,h)eC,
We call A-periodic cell of spatio-temporal index (l, h) (index for brevity, with temporal part # and spatial
part &) the summand subspace under H in formula (21), and we call A-periodic cellular space of profile
CcC,, |C | < +oo, a partial sum of A-periodic cells with indices from the profile C:
T{C,A)i= B WV ®aT(h), dim(THC, A})=:dim(C)= Y y[A] (22)
t €
> (t,h)eC
where dim(-) is an unbounded integer-valued dimensionality measure on C, with atomic weights y[A]

determined by formula (4).
Example 1. In particular, chi-square statistics (15) and (16) correspond to cellular spaces. Let us show how
to get their profiles C — C, by example of FIPS Poker test [7] that corresponds to statistics (15) with A = 4

and s = 0. The expression in table for tangent subspace T c T™ of Poker test is reduced to the form (22)

by breaking T(¢) into sum 0<Eﬂ<t8'ﬂ‘(r). The expression from table, in its turn, is obtained as follows. Space

Poker

T is a tangent space of u within 15-dimensional Markov model of independent and identically distribu-

Poker
ted binary 4-blocks. Without loss of generality 4-block starts at zero time: (xo, s Xy ) € Y* Let us represent
this Markov model as a 4-periodic one of the form (5). Symbol x, does not depend on prehistory {x,. 1< 0},
whence o, € T(0) (zero Markov order). Symbol x; under its fixed prehistory {x; : i <1} conditionally depends
only on x,, whence o, € ’]I‘(l) (first Markov order). Similarly o, € T(i ), i € Z,. These conditions are equivalent
is C={(t,h) : 0<h<teZ,}, and

similarly for statistics (15) with any arbitrary A € N and s = 0 («stair» shape on fig. 1). Profiles corresponding
to statistics (16) have «double-stair» shapes (fig. 2) obtained by set substraction of two «stair» shapes of different
«heightsy.

to representation in table. So the profile of 4-periodic cellular space T

Poker
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cnC 20

6 9 12 15 18

Fig. 1. Tlustration to expression (23) for «stair» profile C and its cyclic shift C' (A =20, & = 7)

C' cCn ('

[ | 39, 274 877 906 944
N 38, 137438 953 472
] 37,68 719 476 736
u 36,34 359 738 368
u 35,17179 869 184
u 34, 8'589 934 592
u 33,4294 967 296
] W 322 147 483 648
u W 31,1073 741 824
u M 30, 536 870 912
u 29, 268 435 456
u 28,134 217 728
u W 27, 67 108 864
] W 26, 33 554 432
u W 25,16 777216
] W 24, 8388608
N W 23, 4194304
H N W 222097152
H N 21,1048576 &

[ | 1] W 20,524288 O

] ] W 92020144 o

| EEN 18, 131072

] ] 17, 65536

| EEN 16, 32768

] ] 15, 16384

| RN 14, 8192

] ] 13, 4096

[ HEN 12,2048

[ | HEE 11, 1024

[ HEN 10, 512

[ | HEE 9,256

[ HEN 8, 128

[ | HEE 7, 64

[ HEN 6,32

[ | HEE 5,16

[ | HEN 4,8

[ | HEE 3,4

[ | [ [ | 2,2

[ ] ] 1,1

0,1
0 3 6 9 12 15 18 0 3 6 9 12 15 18 0 3 6 9 12 15 18

t t t
Fig. 2. Tllustration to expression (23) for «double-stair» profile C and its cyclic shift C' (A =20, § = 7)
Due to corollary 2, asymptotic semi-independence of chi-square statistics is equivalent to semi-orthogonality
of their tangent subspaces. Let us fix some A € N and two profiles C, C'c C, of equal dimensionality measure
d= dim(C ) = dim(C '). Corresponding A-periodic cellular spaces of equal dimensions d are semi-orthogonal

by definition, whence chi-square statistics S S are asymptotically semi-independent, and finding

T*{C, AP ©THC, A}

their asymptotic correlation coefficient % comes down to calculation of dimensionality measure of intersec-
tion profile:

d =dim(T*{C, A} " T*{C', A})=din(T*{CNC’, A})=din(CNC').
Let us fix now some profile C = C, and consider corresponding chi-square statistics in two versions: undis-

torted S’JT”{C, Al [xﬂ and &-distorted ST“{C,A}[XT+5:| (without the first 8 «bits» (see [1, sect. 4])). Reasoning
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similarly to example 1, it is easy to show that d-distortion leads to cyclic 6-shifting of profile along the temporal
axis:
n _ n r_ o
Spsiea) | X148 ) =Speger gy X1 |+ C'=R°C,
where R°: C, »> C,, %a(t, h):= (t 4 S, h], (¢, h) e C,. Obviously, dimensionality measure is invariant under

this cyclic shift dim(C)= dim(iRSC ) as its weight y[#] depends only on the spatial part / of index (1, k). Fi-

nally for chi-square statistics corresponding to A-periodic cellular spaces the asymptotic correlation coefficient
between the undistorted and d-distorted versions admits the following expression:

limcor{ST[xﬂ S [XHB]} %}ﬁc) T=T"{C, A}. (23)

Below we prove the result presented in article [1] using relation (23) for «stair» and «double-stair» profiles
C c C, (see example 1). For these two types of profiles fig. 1 and 2 illustrate components of the right-hand

side fraction (23): original profile C, cyclically shifted one R°C, and their intersection C N R°C. Weights y[h]

of dimensionality measure are plotted on the vertical axis: their sum over profile (black cells) is equal to di-
mensionality of corresponding cellular space.

Theorem 2. For 0 <3 < A undistorted and 5-distorted statistics (15) and (16) are asymptotically semi-
independent with the following asymptotic correlation coefficients under null hypothesis:

5
: (5 8) nT p(s.4) } 224282
llmcor{M1 [xl],Ml I:X1+8:| BTN (24)
20427 (2% +1) - 274
limcor{Mgs’A)[xT], MgS’A)[ xrll+5]} = ( )( 2) , (25)
(2°1)
where 8'=A —0.
Proof. «Stair» profile for M&S’A) is
C=C"™ ={(t,h): 0<h<sA+1, 1L, ). (26)
Corresponding d-shifted profile in expression (23) is
C'={(t,h) : 0Sh<sA+7,teZ,}, 1 =(1+5j
The following sums are used below:
A 5-1
3 gminied] 22"~'+ er 254252,
tely
Z 21’1’13)({[, f} - z (2t + 2?_ 2min{t, f}) — 21+A _ 25 _ 25, (27)
telZy teZy

Using formulas (4) and (27), dimensionality measure for intersection

9A+mmtt 5
dim CﬁC Z Z [h]zzsA z 2min{t,t}:2sA(28+25'_2).

tely teZy

We put this and dim(C)= Dl(s’ A) =g (2A - 1) into expression (23) and get asymptotic correlation coeffi-
cient (25).

«Double-stair» profile for Mgs’ A) is a set substraction of two adjacent «stair» profiles (26):

c=cN=c Nl =l k) (s—1)A+i<h<sA+t,tel,).
Corresponding 6-shifted profile is
C'={(t,h):(s—l)A+f<thA+f,teZA}.

Cm woanbr bt Cm&»aomwéw W Ao Qo >> 69
;S/omw/v % ooéﬂ‘io a«no/ @aju Smgé»



Kypuaa Besopycckoro rocyrapcrBeHHOro ynuspepcurera. Maremaruka. Madopmaruka. 2026;1:61-74
Journal of the Belarusian State University. Mathematics and Informatics. 2026;1:61-74

Using formula (27), dimensionality measure for intersection

sA+min{z, 7} o i
dim(CmC’): z Z y[h]: Z (2sA+mm{t,t}_2(s—l)A+max{t,t}):
1€Zy h=1+(s—1)A+max{r, 7} teZy

=2 (2°+27-2)- plsia (2! -2°-2%).

Put this and dim(C)= D§S’A) =ols-1a (ZA - 1)2 into expression (23) and get asymptotic correlation coeffici-
ent (25) after simplification.

Proof is complete.

Note that the values (24) and (25) do not depend on parameter s. Their plots for A =7 are presented in fig. 3.
These plots are very close to each other, and they indeed are asymptotically equivalent (i. e. ratio goes to

. . . . A +
unity) uniformly over 0 <8 <A as A — +o0. The plots are minimal at half-period 6 = By 0= Al for odd A)
_A
and maximal at full period & € {0, A}. The minimal values have asymptotics cor,;, ~ R-2 2, where R=2

A — 400

32
foreven A and R = T\F for odd A. In the neighbourhood of half-period the plots tend to the scaled hyperbolic

cosine. In the neighbourhood of full period adjacent values differ approximately twofold for large A.
1.0

< o
=) o0

<
~

Asymptotic correlation

<
&}

05 1.0 1.5 2.0 25 3.0 35 40 45 50 55 6.0 65 7.0
)

Fig. 3. Asymptotic correlation coefficients (24) and (25) plotted against 6 (A =7)

(ST“{C, AP S’JI‘"{C’, A’})

ding to cellular spaces of two arbitrary periods A, A"e N. In the case A # A’ there is no more guaranteed semi-
orthogonality of cellular spaces, and as a consequence, asymptotic semi-independence of chi-square statistics.
Therefore, we need more general corollary 1 to describe joint asymptotic distribution of chi-square statis-
tics. The following trivial factorisation lemma is also used.

Lemma 1. Let two sums T, = jEEJTL 5 Ty= kElEEIK T, \ of tangent subspaces satisfy diagonality property T, ; L T, |
for any j# k. Then their Jordan multiset breaks into union

ATaT)= U AT T0)

jednNK

Consider now joint asymptotic distribution of a pair of chi-square statistics correspon-

Let us break y [h]—dimensional A-periodic cell of index (t, h) € C, into a sum of one-dimensional orthogonal
subspaces:

Yy @or(h)= @ span{w(”A> ®X<Q)}. (28)
0[]

By analogy with A-periodic cells, we call A-periodic atom of spatio-temporal index (index for brevity)
(1,0)€ A ::=Z,x Y the summand subspace under B in formula (28): Q is a spatial part of atom’s index.

Rewrite cellular space (22) as a sum of atoms, grouping summands by spatial parts Q:
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THC,Al= B @ Span{w(”A)®x(Q)}=

(@ I t(C) A
(hecacrpy e, al, 29)

heh©oert[r]

H{t, A} =span {\V(Z’A) : tet}cH{A},

tﬁf)::: {t : (t,h)eC}c Z,, W= {h 3(e, h)eC}c N,. (30)

Here t(hc) is a «temporal slice» of profile C at the spacial level 4; W is a «spatial projection» of profile C;

I1{t, A} is a canonic subspace of IT{A} corresponding to «temporal profile» t.

Theorem 3. Jordan multiset of two arbitrary cellular spaces is as follows:
‘ (O)]|¢(c) :
t), |t ; , (€) (€)
A(THC, AL T A ) =1 B hen© @), Te(th—Jm[th—} , (31)

aa KZ KZ

xy[h]

where notation (30) is used, and also X" means element . of multiset taken with multiplicity u,; x = gcd(A, A');
A g N { (©), E}
a=—;a=—1t, tet, ' it=1,.

K K
Proof. Consider a similar sum (29) for cellular space T" {C ! A’}. Diagonality property of lemma 1 holds for

these sums over Q: it follows from formula (9) and characters orthogonality. Hence

A(TC. AL TC, A}) = U ( Den{d),al. (P en{d’ A’}):
heh(c)ﬁh(C),QeY+[ h)
= U A afnfd, o) (32)
neh©An©)

where A** means multiset A taken with multiplicity p. Denote t = tE,C), t'= tﬁf') for brevity. From formu-
las (8) and (10) we get
1

<W(’=A), yl A'>> - 1{: X t'}(aa’)z, tel, e, (33)

In other words, <\|,(’° A)’ \V(l" A')> =0 for¢ % t". Let us break IT {t, A} into a sum over integers modulo «:

it A= B I{t,A}, tr_{tet = }

KZ

and similarly for IT {t’, A'}. These sums satisfy diagonality property of lemma, whence

A(TI{t, A}, TI{t, A"}) = U A(TI{t,, A}, TI{t,,A"}). (34)

T
t'

t
T€| — —

KZ KZ

Due to formula (33), projection operator proj(H{tr, A} | I{t., A'}) is represented by a matrix |t.|x|t’ | of all

S This matri - - it

equal entries (aa')72. This matrix has a single non-zero singular number , whence formula (34) takes
aa

the form

A(TT{t, A}, TI{t, A"}) = {% ‘te (éj N (;—Z)} (35)

Combining formulas (32) and (35), we get multiset (31).
Proof is complete.
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Theorem 3 means, in particular, that Jordan multiset of any two cellular spaces of periods A, A"e N contains

!

. bb ) . . . A
only rational numbers of the form —, 1<bh<a, 1<b'<a’, where ﬁ/ is an irreducible fraction equals to G
aa a

From theorem 3 we also derive the following semi-orthogonality criterion for cellular spaces (i. e. criterion for
Jordan multiset of all units).

Corollary 3. In the notation of theorem 3 cellular spaces ']I‘"{C, A} and ']I‘“{C', A’} are semi-orthogonal iff
for each simultaneously non-empty equivalence classes
c c

tg,c), tE,C') @, hehAn) e ﬁ N tg’—) ,
bt KZ K7

these classes are both maximal:
c
e

This criterion obviously holds for A= A" as a = a’=1 and non-emptiness is equivalent to maximality.
Introduce piecewise linear functions [1], satisfying finite difference relation (fig. 4):

py(x)= max{O, 1 - max {0, x}}, p,(x)= max{O, 1- |x|}: pi(x)-pi(x+1), xeR (36)

’
=da.

)
e

a
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X

Fig. 4. Functions p, (x) (a) and p, (x) (b)

Below we prove the result presented in article [1], applying theorem 3 to «stair» and «double-stair» profiles.
Theorem 4. Let (i, j) € {(2, 2), (1, 2), (1, 1)} In the notation of theorem 3 and functions (36) asymptotic

covariances of statistics (15) and (16) under null hypothesis are as follows:
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2
1)
Limcow e, ) R'*zﬁ—gzj— ﬁ:l%(EE—S)pj(E}—sj2”i (37)
W \a a

where R = 2( )for (l ]) (1, 1) and R = 0 otherwise; n, = min{(s + l)a, (s'+ l)a'}— 1;

max{(s—l)a,(s'—l)a'}+l, (i,j)=(2,2),
u_= (s’—l)a’+1, (i,j)=(1,2),
L (i, 7)=(L1).

Proof. The cases (i, j)=(2,2) and (i, j) = (1, 2) follow from the case (i, j)=(1,1), finite difference rela-
tions (16) and (36), and linearity of covariance with regard to its arguments. Thus, it is enough to prove asymptotic
covariances (37) for (i, j)=(1,1), which, due to expression (19), is reduced to the summation of the elements
over Jordan multiset (31) for «stair» profiles C = Cl(s’ A), C'= Cl(s" ~) of the form (26).

Let us fix some 1€ Z, and find a part of sum corresponding to it (removing restrictions from the range of
«stair heights» 4 adds zeros to A without affecting the resulting sum):
c AINV<YA]
)
=D A A = theN . (38)

reA, aa

Break N, into disjunctive intervals [ =[max{0 (n-1k+1 +1} D+ r} peN,. For h<sA we have

[0 A—1]. For sA<h<(s+1)A, t [h—sA A—1]. For h=(s+1)A, t( )= @. Finally it is easy to
(©)

check the following relation for the number ‘t of elements in t; "’ that equal T modulo x:

C
e

a

:p{%—s}heﬁ“ueN@ (39)

Putting expression (39) and similar relation for C” into formula (38) leads to the following expression (formu-

la (4) is used):
)
I I 4l Pt PRI
neNghel, peNg hel,
= > y[h]+ > pl(——sjpl(—,—sj > v[h]= +21_K( 2% - )Z 2“Kpl(——sjpl(—,—sj (40)
hel, peN hel, peN

Summation of expressions (40) over t e Z _ with doubling (see expression (19)) gives asymptotic covarian-
ces (37) for (i, j ) = (l, 1), where the upper limit p, of summation over p «cuts off» zero summands at p >, .

Proof is complete.
Thus, asymptotic covariances of statistics (15) and (16) are expressed as some weighted dot products over
integer lattice of «shifts and stretchings» of functions (36).
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ITOCAEAOBATEABHAS CTATUCTUYECKAS
ITPOBEPKA I'MIIOTE3 AASL AUCKPETHBIX CAYHANHBIX
AAHHBIX C BAOYHOU CTPYKTYPOU

A. F0. XAPUH"?

1)Ee/zopyccmn? 2ocyoapcmeennblil ynusepcumem, np. Hezasucumocmu, 4, 220030, . Munck, Berapyco
Z)Haytmo—ucwze()oeameﬂbcmﬁ UHCMUMYM NPUKIAOHBIX npodrem mamemamuku u ungopmamuxu bBI'Y,
np. Hezasucumocmu, 4, 220030, 2. Munck, berapyco

Annomayusn. PaccMoTpeHa akTyanbHasi MaTeMaTHYCCKasl 3a/1a4a KOMITBIOTEPHOTO aHaJH3a NaHHBIX — 33j1a4a [MocCie-
JIOBaTEJILHON CTAaTUCTUYECKOM MPOBEPKHU MPOCTHIX THIIOTE3 O PACIPENECNICHUH BEPOSITHOCTEH JAUCKPETHBIX CIy4aiHbIX
JIAHHBIX, UMEIOIINX OJIOUHYIO CTPYKTYpY. BhIBe/IeHBI JIETKO HHTEPIPETHPYEMbIE U YAOOHBIE /ISl KOMIIBIOTEPHOI peastu-
3allUH SIBHBIE BRIPAKCHUS CTATUCTHUK ITOCIIEIOBATEILHBIX TECTOB (CTaTUCTUUECKUX KpuTepHeB). Pazpaboran moaxon s
BBIYHCIICHHS XapaKTEPUCTUK AP(HEKTUBHOCTH PEIIAIOIIUX MPABHI — BEPOSITHOCTEH OLIMOOYHBIX PELICHUI U MareMaTH-
YeCKHMX OXKHJIAHWUN CIIyIaiflHOTO 4YuCiia HAOMIONEeHNH, HEOOXOMUMBIX AJis oOeciiedeHus TpeOyeMoil TOUHOCTH peleHuH.
[Tomy4yeHb! aCHMITOTHYECKUE PA3TIOKEHUS TS YKa3aHHBIX XapaKTepUCTHK d(H(HEKTHBHOCTH MPH UCKAKCHUN THITOTETH-
YECKOU BEpOATHOCTHOW MOJEIH.

Knioueewie cnosa: cnyuaiinple TUCKPETHBIC JAHHBIC;, OJI0UHAs CTPYKTypa; MPOCThIE THUIIOTE3bI; TOCIEI0BATEIbHBIN
CTATHCTHYECKHUI TECT; BEPOATHOCTD OMIMOKH; MaTEMaTHUECKOE 0XKMJAHUE CITyJaliHOTO YHCiIa HAOIIOAEHHUN; aCUMIITOTH-
YECKHE Pa3JIOKCHUS.

SEQUENTIAL STATISTICAL HYPOTHESES TESTING
FOR DISCRETE RANDOM DATA WITH BLOCK STRUCTURE
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Belarusian State University, 4 Niezaliezhnasci Avenue, Minsk 220030, Belarus
®Research Institute for Applied Problems of Mathematics and Informatics, Belarusian State University,
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Abstract. An important mathematical problem of computer data analysis — the problem of sequential statistical testing
of simple hypotheses on probability distributions of discrete random data with a block structure — is considered. Explicit
expressions of the sequential tests statistics, transparent for interpretation and convenient for computer realisation, are
derived. An approach to calculate the performance characteristics — error probabilities of the decisions and mathematical
expectations of the random number of observations required to guarantee the requested accuracy for decision rules — is
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developed. Asymptotic expansions for the mentioned performance characteristics under distortion of the hypothetical
probability model are constructed.

Keywords: discrete random data; block structure; simple hypotheses; sequential statistical test; error probability; ma-
thematical expectation of the random number of observations; asymptotic expansions.

Introduction

Data is one of the most essential resources of the world economy, and computer data analysis becomes
a standard part of the modern life. Efficiency of data analysis defines the success in a growing variety of direc-
tions. Discrete data become an extremely important class of data for several reasons. Firstly, discrete data are
natural for human being thinking. Secondly, they include binary data that describe many situations in terms
of presence — absence, positive — negative, etc. Thirdly, discrete data can be used for description of a significantly
rich family of observations and are more clearly processed by computers. Traditional methods of statistical
analysis and software are often not applied to such data, as their assumptions are usually not satisfied for the
discrete data models, or they are not effective.

As deterministic approach has a limited potential to describe the real-life processes, observed data is usu-
ally considered to be random, and probabilistic models are used if mathematics is needed. In these models,
an important problem that often appears, is a problem of discrimination between two typical situations on the
probability distributions of random data. These two typical situations can be formulated in terms of simple
hypotheses on the probability distribution, and the problem turns to the problem of statistical testing of two
simple hypotheses [1].

In many fields, especially in statistical quality control, automatic warning systems, personalised medicine
and financial decision making, it is important to use the minimal number of observations that guarantee the
requested accuracy [2]. Sequential statistical tests [3] are constructed in agreement to this principle with the as-
sumption that the number of observations to be used is defined through the observation process, depend on ob-
servations themselves, and thus is a random variable. Due to the complex structure of sequential decision rules,
usually analysis of their performance characteristics (error probabilities of decisions and mathematical expectations
of the random number of required observations) is moved from theoretical one to the computer simulation [4].

In the paper for the important model of discrete data that has a block structure we develop an approach to
calculate and analyse the performance characteristics of sequential tests. In practice the factual probability
distribution of data often deviates from the hypothetical one — the hypothetical probability distribution is dis-
torted [5; 6], so we also provide a possibility to calculate the characteristics under distortions of the hypothetical
data model.

Sequential probability ratio test
for discrete random data with block structure

Denote by N, Z, R correspondently sets of positive integer, integer and real numbers; Z, = NU{O}. Let
independent identically distributed Kt-dimensional discrete random vectors with a block structure be observed:

Xt
X2 xt, (k*l)'f“’l
X,=(x,)=| 7" |e4™ xf= : ed k=1,2,.., K, teN, (1)
)(:K xt,kr
t
where 4 ={a,, ..., a,} is a finite set with 2 < M < +o0 elements @, < a, < ... <ay,; X, is the block number £ at

the moment #; 2 < K < +oo is a number of blocks; T € N is a size of the blocks. Let us mention that the equal size
for all blocks is set here just to simplify the notation of the results, but for the general case where blocks in the
vector X, may have different sizes the results derivation scheme remains valid.

The blocks X ,1, e X ,K are assumed to be independent but the components inside them are stochastically

dependent. Because of the block independence in equalities (1), the probability distribution of an observation
X, is separable:

K
P(U):::P{X,:U}:HP(")(U"), )
k=1
where P* (U k ) n= P{X ,k =U* } is the probability distribution of the random subvector X ,k
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Assume that there are two alternatives on the probability distribution (2) in the following parsimonious
parametric form:

k

PV"(U"):P"(U" ) Uk A k=1,2, ..., K,ve{0,1}, 3)
where a € R, a >1, is some parameter; J| k (U ) {0 l} — Z, is a function that satisfies the normalising
condition

k(K
> o @)
Ure 47

K
Denote J, (U) =Y. J; (U k ) and P'(U) = a~Y) Ue 4¥*. There are two simple hypotheses considered on
k=1

the parameters v € {0, 1} of probability distribution (3):

Hy:v=0,H:v=1. %)
Let us denote the following accumulated log-likelihood ratio test statistic for the observed sample of size n:
A=A (X, L X)=D0, (6)
=1
where t
P(X K P (x}

%=%(X,)=10ga( i ’)]=Zloga M (7

£ (X z) k=1 K (X . )

is the log-likelihood ratio for the observation vector X,, t € N.
Denote by 8, ; the Kronecker delta, by

nk(Uk) :i}s&,& o Uke A,

the number of the subvectors X observed within the sample {X,, ..., X,} that are equal to U K
Z nk(Uk) =nk=1,2,...,. K
Ure A"

Theorem 1. For the model (1)—(4) the sequence of statistics (6) and (7) for hypotheses (5) is a homogeneous
Markov chain with discrete time, and it is represented in the form

A=A (X, Xn):kil > nk(U")(Jg(U")—J{‘(U"))eZ,neN. (8)
=1 Uke s

Proof. The Markov property [7] of the random sequence (6) follows from the independence of its incre-
ments (7) due to the independence of random observations (1). Representation (8) is derived by equivalent
transformations of sequence of statistics (6) and (7) under assumptions (2)—(4).

Corollary. If under theorem I conditions M=2, K=1(1=1,4= {0, 1} ), then test statistic (6) is
A, =A, (xl, s xn)z Mg (JO (O) -J, (0))+(n - no)(J0 (l) -J; (1)) neN,

where n, denotes the number of the observations equal to 0.
Using statistics (8), we construct the sequential probability ratio test [3] for hypotheses (5) as follows.
The decision after n observations obtained (n =1, 2, ...) is

d:d(”)zl[c+,+oo)(An)+2'1(0,,c+)(An)’ ©)

where 1, (-) denotes the indicator function of a set D. Decisions d = 0 and d = 1 mean the observation process
termination and acceptance of correspondently H,, or H, after n dicrete random vectors observed; decision d =2
means that the (n + 1) vector should be observed; C_, C, € Z, C_< C, are parameters of the decision rule (8)
called thresholds; in practice they are often calculated according to [3]:

c_{loga[fzo]}Cf[l"ga(l;—f"ﬂ’
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where a, B, are the admissible values of error type I (to accept H,, when H,, is true) and type II (H, is true, H|,
is accepted) probabilities; [] means the integer part of an argument.

Performance characteristics
of the sequential probability ratio test (9)

With thresholds (9) the factual values of error probabilities of type I and II may differ from o, B,, and
the problem of the factual values calculation of the performance characteristics is open for the sequential
tests [6; 8—10].

Introduce the notations: I, for the identity matrix of size k; 0 for the zero-matrix of size (m X n); 1() for

the unit step function; 1, for the k-vector column with components equal 1. Denote by ) the expected value of the
random number of observations (sample size) provided the true hypothesisis H,,, v € {O, 1}, and by a, B the fac-
I2 02 x N
tual values of error type I and II probabilities for test (9). Also, let N=C, - C_; PV = ( ,(jv)) =|-—— : ——=
R(V) Q(V)
be the matrix of size (N +2)x (N +2) with blocks RY), Q(V) defined by

> SJO(U)—J,(U),jfiPV(U), i,je(C., C,),

Ue AX®

P =] S A(C —i+ g (U)-Jy (V) P (U ie(C C), j=C.
Ue AX*
S 1(Jy (U) -, (U)+i-C.) P*(U), i(C.. C,). j=C,.
Ue AX*

Denote

ﬂ(v):(ngv))’ =3 8 w)- sy P'(U)sie{C+1, ..., C =1,

Ue 4X*
“(CV) =2 SJO(U)le(U),iPV(U)’
i2C, UedX
n(cv,) = Z Z SJO(U)—JI(U),iPV(U)’
i<C_ UedX

S(v) _ IN _ Q(V), B(V) _ (S(V))’lR(V)’ ve {0’ 1}’

and let W(i) means the i column of the matrix W.
Theorem 2. If under the model (1)—(5) ‘S(V)

tial decision rule (9) are calculated in the explicit form
' -1
= (= (5 1y 41, = (<)
Proof. Proof is based on the theory of discrete time finite homogeneous Markov chains. The sequence

C.m =C- 1(_0<>,CL](‘/\")_}—C'+ ' 1[C+a+°o)(A")+An ' l(cf’c+)(A")

is a homogeneous Markov chain with N + 2 states, and C_, C, are the absorbing states.

#0,ve {0, 1}, then the performance characteristics of sequen-

’

B((ZO)) + n(co+), B= ( Tc(l)),B((ll)) + Tc(clz

Case of distorted probability distributions {Pv" ()}

Let P,(U) be the factual probability distribution of the independent observations X;, X,, ... € A*" that

may differ from the hypothetical probability distribution P, (U ) determined by probability distribution (3) due
to some model distortion.
Denote the sequential statistical test of the form (6) and (9) based on the function
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P(U
x(U)zloga[ 1 )J, Ued™,
R (U)
by 8, = (1, d, ), where 1, = inf {n:d, (n) €{0, 1}} is the random stopping moment of the test (random number
of observations used to accept one of hypotheses (5)). Let for this test

a=a(8,)=E, {1_)0 {d,= 1|Tx}}, B:B(SA)ZEI{}_)I {d, = 0|Tx}} (10)

be the factual values of the error type I and type II probabilities, respectively, where E, {} means mathematical
expectation with the probability distribution P,;

=1 (8,)=E,{x,}, ve{o,1}, (11)

is the conditional mathematical expectation of the random size of the sample 7, under the true hypothesis is H,.
Consider the set of performance characteristics {o(8, ), B(8,). (8, ), #(8;)} for the test 3,. Theorem 2
gives expressions for the performance characteristics (10) and (11) of the test §, in case, where the function

A(+) defined by the probability distribution (3) and the sequence of statistics (7) has a discrete set of values, and
there are no distortions (P, = P,). In the general case for the test §, introduce the notations (v =0, 1)

Q(V>=( (/V>) @)= B, (M(X))=j—il i, je{C 1, ..., C.~1},

ij

R(V)z (K(V)), iE{C_+ 1, ceey C+— 1}, jZC_: C+7

=R M(x)<C = ifond) = RAM(X)2 €, i),

v

= (2), w0 = B {n(x) =i} ie{C+ 1, €1

v +

me =B {n(x)=Clmg =R fu(x)2C)

As it follows from the finite Markov chains theory [7], the condition ‘S(V) # 0 is equivalent to the test fi-

niteness: 1'3V {Tx < oo} =1, ve {O, 1}. This condition is satisfied [2] for case of independent identically distributed
random observations, except the case, where P, {A(X;)=0} =1 (in this case B () = B ("))
Let A(U), 2(U): 45— R be some functions, 3,, 5; be the sequential tests based on these functions,

A, = i&(){ )AL= i&(X ;) Denote the Markov stopping moments
=1 =1

so=inf{n:A,<C_}, s;=inf{n:A,>C}, s,=inf{n:A,<C_},

s;=inf{n:A,>C
Denote also
o =o(3;). B=B(8;) a=a(87). B=B(3;)
Y= {U e 4K n(X)e(C -C,, C, - c,)}.
Let ) is used for the mathematical expectation of the random number of observations of the sequential test
based on the function k() under the true hypothesis H,, before stopping and accepting one of the hypothe-
sis (5). Also, let t(v) (SX) and t(v) (SL) are used for similar characteristics for the sequential tests based on func-
tions A(-) and A(-), respectively.
Theorem 3. Let for the sequential statistical test defined above the functions () X() satisfy the conditions
LU)<AMU)SA(U) VU €Y,
and
t(v) < 00, t(v) (SX) <00, t<v) (SL) <o, v=0,1.
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Then
OLSOLS&,BSBSB

and in the asymptotics & —a. — 0, B — B — 0 the following results are valid:

<M< v=01, =T 10(1),

where

T_(O)Zan{El|§1 }"’(1 o{§o|§o<§1}:

o)
T(O) aEy{s;]s;<s0}+(1-Q)Eo{5,15,<5}.

)
T = BE, {s,] 50 <5} + (1-B) By {5115, < 5}

B)E
M= BE1{50|§0<§1}+(1_E) E {s]8,< 50}

Proof. Proof is based on analysis of relations for the introduced Markov moments and for the random
events that are generated by them.

Conclusions

An approach to calculate and analyse the performance characteristics of sequential tests for discrete random
data is proposed. The block structure in the data makes it possible to consider data not entire observation after
entire observation but define the stopping moment on the basis of information available in some blocks only.
The results can be applied to construct robust sequential tests [8] for discrete random data and for the model
of random sequences with a trend [9]. The results are also potentially applicable to the case of more than two
hypotheses [11], complex hypotheses [10] and to the analysis of truncated sequential tests [12].
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BKAIOYEHUE AOCTYIIHOCTHA
BbICTPBIX 3APAAHBIX CTAHLINA B MOAEAD
HA3BHAYEHNUN TOPOACKHNX TPAHCIIOPTHBIX ITOTOKOB
HA OCHOBE AATOPUTMA ®PAHK — BYAB®OA

JY CHYKOY Y, ]I. C. CAPAJKHHCKHH?, J1. B. KATICKHH"-?

1)Befzopyccmit HAYUOHANbHBILL MEXHUYECKULL YHUGepcumen,
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ya. Mockoeckas, 17, 220007, 2. Munck, benapyco

Annomayusn. B cBI3M ¢ pOCTOM HCIIOIB30BAHUS IIEKTPOMOOMIIEH BO3HUKAET HEOOXOAMMOCTh B aJanTaluyl TpaHc-
TIOPTHBIX MOJIEJIEH [UIsl ydeTa Crieln(UKH UX SKCILTyaTauy. Lleapto paboTsl siBIsieTcs MOAN(HUKAIHS KIIACCHYECKOM MOJIe-
JIM Ha3HaYEHHUH TPAHCIIOPTHBIX TOTOKOB Ha OCHOBE anroputMa @pank — Bynbda, mmpoko npuMeHseMoii B TPaHCIIOPTHOM
TUTAHUPOBAHUH, JUISI KOPPEKTHOTO OTPAYKEHUSI IPOLIECCOB 3apsi/IKU AJICKTPOMOOHIIEH B TOPOJICKUX ycaoBHsx. HoBu3Ha nc-
CJIC/IOBAHMS 3aKJIIOYAETCS B Pa3pabOTKe MOIX0/1a, KOTOPBIH, B OTIMYHE OT CYIIECTBYIOMINX MOAXOA0B, KOMIUIEKCHO yUH-
TBIBACT TPH KIIIOUEBBIE OCOOEHHOCTH: TPEOOBAHHE IPOXOKACHHUS MAPIIPYTa MMEKTPOMOOHIIS, Hy KIAOIIETroCs B 3apsilKe,
POBHO 4epe3 OAHY 3apsIHYI0 CTaHLMI0; BO3MOKHOCTb JBUXKECHUS 110 IIYTSAM C LUKJIAMU I OCTYIIA K 3aps,AHbIM CTaHLIM-
SIM ¥ MOCIIEIYIOLIEr0o CIeJOBaHMs K MyHKTY Ha3HAYEHUs B YCIOBHSIX OrPAHUYEHHN TOPOACKON TOPOXKHO-TPAHCIIOPTHOM
CeTH; MOBEICHUECKHUH aCHEeKT OTKa3a MOJIb30BaTENs OT 3apsAKM, €CIIM CyMMapHbIe BPEMEHHBIE 3aTpaThl (BKIIOYAs IBH-
JKEHHUE K CTaHIMU ¥ OKHMJAHUE B OYEPEIN) NPEBBINIAIOT HEKOTOPOE IIOPOTroBOE 3HaUeHHE. B craThe Takxke mpeiaracres
(yHKIMS BpeMEHHBIX 3aTpaT, yYUThIBAIONIAsl CIIeU(UKY Npoliecca 3aps Ky, B TOM YHCIIE O4epey U KOJIMIECTBO 3apsiji-
HBIX MeCT. Pe3ynbraTsl IEMOHCTPUPYIOT, UTO KJIACCHYECKYIO MOJIENb Ha3HAYEHUI TPAHCIOPTHBIX IIOTOKOB Ha OCHOBE aJl-
roputMa ®@pask — Bynbga geficTBUTeIbHO MOKHO MOAM(DUIIMPOBATH JJIsl ydeTa yKa3aHHbIX oco0eHHocTel. OTMedaeTcs,

O0pa3eny UMTHPOBaAHMSA: For citation:

Iy Cuwxoy, Capaxxunckuii /1C, Kanckuii /IB. Bxitouenue no- Du Sizhuo, Sarazhinsky DS, Kapski DV. Incorporating fast
CTYITHOCTHU OBICTPBIX 3apsIHBIX CTAHIMI B MOJAETH Ha3Haue- charging stations accessibility into an urban traffic assignment
HHI TOPOJCKHUX TPAHCIOPTHBIX MOTOKOB HA OCHOBE QJITOPHT- model based on the Frank — Wolfe algorithm. Journal of the
ma ®pank — Bynbba. JKypran Benopycckoeo cocyoapcmeennozo Belarusian State University. Mathematics and Informatics. 2026;
yuusepcumema. Mamemamuxa. Ungpopmamuxa. 2026;1:81-93. 1:81-93. Russian.
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YTO TpeaaracMas MOJIeNIb MOXKET XapaKTepHU30BaThCsI MHOKECTBEHHOCTBIO PAaBHOBECHBIX PACIpe/IeICHUI TOTOKOB, 3a-
BUCSAIINX OT Ha4aJIbHBIX ycIoBUH. [IpakTrdeckast 3HaUMMOCTh pabOTHI COCTOUT B BO3MOXKHOCTH 00JIee TOUHOTO MOJIEIIH-
POBaHMsI TPAHCIIOPTHBIX TOTOKOB M HArPy3KH Ha 3apsiIHYI0 HHPPACTPYKTypy B FOpOIax.

Kniouegvie cnosa: 3nexTpokap; ObICTpas 3apsgHas CTAHIMSA; PACHPEICICHNE TPAaHCIOPTHBIX OTOKOB 110 CETH; paB-
HoBecue Bapapoma; anroputm @pank — Bynsda.

INCORPORATING FAST CHARGING STATIONS ACCESSIBILITY
INTO AN URBAN TRAFFIC ASSIGNMENT MODEL BASED
ON THE FRANK - WOLFE ALGORITHM

DU SIZHUO®, D. S. SARAZHINSKY?, D. V. KAPSKI*"

*Belarusian National Technical University,
65 Niezaliezhnasci Avenue, Minsk 220013, Belarus
®Academy of Public Administration under the President of the Republic of Belarus,
17 Maskowskaja Street, Minsk 220007, Belarus

Corresponding author: D. V. Kapski (d.kapsky@gmail.com)

Abstract. The growing use of electric vehicles necessitates the adaptation of transport models to account for the spe-
cifics of their operation. The aim of this work is to modify the classic traffic assignment model based on the Frank — Wolfe
algorithm, widely used in transportation planning, to accurately reflect electric vehicle charging processes in urban envi-
ronments. The novelty of the research lies in the development of an approach that, unlike existing approaches, compre-
hensively addresses three key features: the requirement for an electric vehicle needing to charge to route through exactly
one charging station; the possibility of routing along paths with cycles to access charging stations and subsequently reach
the destination, considering urban road network constraints; the behavioural aspect of a user’s decision to forgo charging
if the total time costs (including travel to the station and queuing) exceed a certain threshold. The paper also proposes
a time-cost function that accounts for the specifics of the charging process, including queues and the number of charging
spots. The results demonstrate that the classic traffic assignment model based on the Frank — Wolfe algorithm can indeed
be modified to incorporate these features. It is noted that the proposed model may exhibit multiple equilibrium flow dis-
tributions, dependent on initial conditions. The practical significance of the work lies in its potential for more accurate
modelling of traffic flows and the load on urban charging infrastructure.

Keywords: electric vehicle; fast charging station; traffic assignment; Wardrop equilibrium; Frank — Wolfe algorithm.

BBenenue

YcroitunBoe pa3BUTHE TOPOJOB HEBO3MOXKHO 0€3 CO3/1aHuUs SKOJIOTUYHON M KOM(OPTHOHN TpaHCTOPTHON
CHUCTEMBI, IMEIOIICH KaK MOKHO 00Jiee HU3KUU (JKEeJIaTeIbHO HYJIEBOH ) YIIICPOTHBIN cien’'. B cBsi3H ¢ 9TIM, TI0-
MHMO JIPYTHX MEpP, aKTUBHO MTPUMEHSETCS 3aMeHa KiTacCHIeCKUX (OCH3WHOBBIX ) aBTOMOOMIICH Ha TPAHCTIOPTHBIC
CpPeZCTBa, UCMOJB3YIOIINE ATFTEPHATHBHBIE, 3€JICHbIe BUABI YHeprur. HanOombIIyro NOmy IspHOCTD Oy IHITH
AIIEKTPOMOOMIIA B PAa3MNYHBIX BapHaHTaX KOHCTPYKTUBHOTO HCTIONHEHUs. POCT HCTIOIB30BaHUS AIIEKTPOMO-
OmIeH Kak CpPelCcTB O0OECIEUSHHUST TOPOJACKON MOOMILHOCTH M CHEIU(HUKA TaHHBIX TPAHCTIOPTHBIX CPEIICTB
00yCIIOBIMBAIOT HEOOXOAUMOCTH MTEPECMOTPa U3BECTHBIX TPAHCIIOPTHBIX MOJIEJIeH, IPUMEHSEMBIX B TPaHC-
MTOPTHOM IIJIAHUPOBAHWH TOPOIOB. B "acTHOCTH, TpeOyeTcsl BKIIIOYEHNE CBA3AHHBIX C OKCIUTyaTallMeld TaKux
aBTOMOOMIIEH 3aKOHOMEPHOCTEH B IIMPOKO MCIIOJIB3YIONIYIOCS MaKpPOMOJIENh paclpeie]IeHHs TPAHCIIOPTHOTO
Crpoca 1o JTOPOKHOM ceTH (pedub O Hell MoiIeT HIvke).

Hedopmanbro 3amaqy pacnipeneneHus TPaHCIIOPTHOTO CIIpOca MO AOPOKHOM ceTH (B TOM BHJIE, B KOTOPOM
OHa BCTPEYAETCS B TPAHCIIOPTHOM ILIAHUPOBAHUH) MOXKHO OTHCATh CIEAYIOIIUM 00pa3oM: MyCTh UMEETCS
JOPOXKHASI CETh TOPOJ/Ia M U3BECTEH TPAHCIIOPTHBIH CIIPOC, T. €. 00IIee KOTUIECTBO MOE30K, KOTOPHIE KUTEIN
XOTAT COBEPIIUTH 32 OTPEICICHHOE BPeMsI MEX/Ty pa3IMYHBIMU paiiloHaMu roposa. s memneld TpaHCcIopTHOTO
MOJISIIUPOBAHUS 3TU PAHOHBI IPEJCTABISIOTCS IOTIOHUTEIBHBIMHE (CIIEUATBHBIMI) TPAHCTIOPTHBIMHE y3J1a-
MU CETH — UCTOYHUKAMH, OTKYJIa TIOE3]IKM HAYMHAIOTCS, ¥ CTOKAMU, TJIe IMOe3]IKM 3aKaH4YUBatoTCs. Kakapii

'YeroitumBas ropozckas MOBHIILHOCTE: TEOPHS ¥ PAKTHKA pasBuThs : yuebuuk / A. O. Jlobamos [u ap.]. M. ; Bonorna : Hudpa-
nmwkenepus, 2023. 236 c.
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UCTOYHHK TEHEPUPYET 33JaHHOE YHCIIO MOE3/I0K K COOTBETCTBYIONIEMY CTOKY. Kora aToT cripoc peanunsyercs,
OH Q)OpMpreT TPAHCIIOPTHBIC ITOTOKH, KOTOPBIC B MOACIIN MPEACTABIAOTCA MHTCHCUBHOCTAMMA JIBUIKCHUSA
ABTOMOOMJICH M0 Pa3IMYHBIM MapIIpyTaM M CerMEHTaM CeTH (KOJIMYECTBO aBTOMOOWIICH, MPOXOISIINX 10
MapIIpyTy WU CETMEHTY JIOPOKHOW CETH B €AMHHUILY BPEMEHH).

HOCKOJII)Ky OT UCTOYHHUKA K CTOKY ITOYTH BCET/la CYIICCTBYET HECKOJILKO aJIbTCPHATUBHBIX HYTeﬁ, BO3HHKACT
KJTFoueBO# Borpoc: «Kakum 06pa3oM TpaHCIIOPTHBIE TOTOKH (BOAUTENHN ) pacTIpeIeNiATCs 0 STUM MapIIpyTam?»
70 Tak Ha3pIBacMasi 33j1a4a O Ha3HAUCHUU TPAHCIIOPTHBIX MOTOKOB B MapIIPYTHOH (path-based) nocranoske [1].
ITockoNbKY YHCII0 MapIIPyTOB MOKET OKa3aThCsl OYCHB OOJIBIINM, PEIICHUE TaKOH 3a1a4i ObIBAC€T BHIYUCIIN-
TEJILHO CIIOKHBIM M YaCTO HEMPaKTHYHBIM. [10 3TOH MpHUYrHE TaKkKe paccMaTpUBaIOT APYTYIO 33/1auy: MpejcKa-
3aTh CyMMapHbIC TPAHCIIOPTHBIC IIOTOKH Ha OT/IEIBHBIX CETMEHTaX IOPOKHOM ceTH. DTO 3a1a4a O Ha3HAYCHUH
TPaHCIIOPTHBIX MOTOKOB B cerMeHTHOH (/ink-based ) mocranoBke [ 1], KoTopas u OyneT paccMaTpUBaThCsI ajee.

Teneps Oosee hopMarbHO MPEACTABIM JOPOKHYIO CETh B BHJIE POCTOTO OPUEHTHPOBAHHOTO Tpada (oprpa-

¢a) ( V', E °), e V° — BepIInHbI, PEACTABISIONIIE COOO0M TPAHCIIOPTHBIE Y3IIbl ceTh; E°C VX V'°— MHOXeCTBO
JIyT, COOTBETCTBYIOLINX OJJHOCTOPOHHUM CErMEHTaM JO0POKHOM ceTu. ([[BycTopoHHEe ABMKEHHUE 10 yUacCTKY
JIOPOTH MOJICTIMPYETCS apoi MPOTHBOIIOIOKHO HAaNlpaBIeHHBIX AYyT.) Pactimpum atoT oprpad 10 oprpada (V, E )

3a cueT J0OaBIeHNS K HEMY JBYX HETIepeCEeKarOINXCs MHOKECTB BepIIiH — O (MHOKECTBO BEPIIINH, OTBEYAI0-
X UCTOYHUKAM TeHepaIfy TPaHCIIOPTHOTO crpoca) u D (MHOXKECTBO BEPIIHH, COOTBETCTBYIOIIIX CTOKaM),

a Taroke MHOXKeCTB 1yT E, < O x V°u E;, c V"x D. (3ameTum, 4To CIrydaii, KOraa OlH U TOT K€ TPaHCIIOPTHBII

y3€J1 CETH CIIYKUT KaK ITyHKTOM OTITPaBJICHMS, TAK M TyHKTOM Ha3HAYE€HUsI TOE3I0K, MOJIETTUPYETCS 3/1€Ch Mapot
(hopMaJIbHO Pa3IUYHBIX BEPIIMH — OJTHOM BEPIIMHOM U3 MHOXeCTBa O U OTHOM BEPIIMHOM U3 MHOXKeCTBA D.)
[Ton myTeMm, coenUHSIONUM HUCTOYHUK 0 € O U ¢TOK d € D, Oy/ieM MOHUMAaTh KOHEUHYO MMOCIICI0BATE b~

HOCT (€, €y, ..., €, ) AyT e, =(Vv,, v} ) € E Takylo, 4o vy =0, V,=d u v;_ =V, k=2, ..., n. OGo3Ha4uM ue-
pes D MHOKECTBO BCEX TAKHX nyreit. [Tonoxxum, 4To 11 BCAKOM Mapsl (o, d ), KOTOpYIO Takxke Oyaem Ha-
3bIBaTh KOPPECHOHACHIMEN, COOTBETCTBYIOILEE MHOXKECTBO ITyTel HemycToe. C y4eToM BbIIICONPEAETICHHOIO
COOTBETCTBYIOLIMI oprpad 0roBopuMCs Ha3blBaTh OprpadoM JOPOKHOMN CETH.

C kax10i1 KoppecroHAeHINEN (0, d ) CBsDKEM 3HaueHHe ¢, ,; = 0 — TpaHCIOPTHBIN CIIPOC, IPEACTaBIIAIOIINN
c000ii KONMMYECTBO HAYMHAIOIIMXCS B €MHUILY BPEMEHHU MOE3/I0K U3 HCTOYHUKA 0 € O B CTOK d € D.DTH 1I0e311KH,
KaK yKa3bIBaJIOCh paHee, MOPOKIAoT (PU3NUECKUE TPAHCIIOPTHBIE TIOTOKH 110 MapIIPyTaM U CETMEHTaM JIOPOK-
HOH ceTr. B oprpade, MoxenupyomeM J0poKHYIO CETh, HX MOYKHO MPEJICTABUTH Yepe3 MPUMTUCHIBAHNE Y TSIM
U yraM COOTBETCTBYIOIIUX BeJITMYMH HHTEHCUBHOCTEH IBMKEHUs. B mocieayronemM STi BeTuunHbI OyaeM Ha-
3BIBATh TPAHCIIOPTHBIMHU MTOTOKAMH (ITOPOXKICHHBIMHU TPAHCIIOPTHBIM CITPOCOM), a MPOLIEAYPY UX ONPEACTICHUS
Ha OCHOBE TPAaHCIIOPTHOI'O CIIPOCa — paclpeaelIeHueM CIIpoca U MOTOKOB 10 oprpady JopoxHO cetu. [lanee
NPEATOaraeTcsi, YT0 MPOIYCKHBIE CIIOCOOHOCTH CETMEHTOB JOPOKHOM CETH HEOTpaHWYEHHBI, TIOITOMY OT
pacnpezesnieHust crpoca 1o oprpady J0poKHOH ceTu OyJeT TpeOOBaThCs TOIBKO BHIMOJIHEHUE COOTHOIIICHUH,
OTBEUAIOIINX COXPAHEHHIO (DU3NYECKOr0 TPAaHCIIOPTHOTO MTOTOKA.

Jliist BesIKOTO TyTH p € *YP 0603HauNM uepes X, Ty 9aCTh TPAHCIIOPTHOTO CIPOCa, KOTOPast pacmpe/ie/ieHa
Ha p. Torna 3azady 0 Ha3HAYEHUU TPAHCIIOPTHBIX [IOTOKOB B MapIIPYTHOH IOCTAHOBKE MOXKHO NPEICTABUTh
KaK 3a/1a4y NPE/ICKa3aHNs 3HAYCHHIT BCEX X, p € “D o e0,d e D, npu 3agaHHOM HaGope ¢ = (qo J )oe 0.deD’

YroOsl chopMynupoBarh 3a1a4y O Ha3HAYEHUH TPAHCIIOPTHBIX MOTOKOB B CErMEHTHOW IOCTaHOBKE, IS
BCSIKOH IyTH e € E TOIIAaroBo ONpPeAeINM CIIEYIOIIIE BETUIHHBI:

® TPAHCIOPTHBIH TTOTOK 110 jyre Ff,, MopoXaaeMslil pacipeaeneHineM TPaHCIIOPTHOTO CIPOCca Ha IyTh p =
~(ep-.nc,)

"fe =2 %) Begs (D
k=1

rne d,, =1, ecin €'=e, u §,, = 0 B IPOTHBHOM CITy4ae;
® TPAHCIIOPTHBIH OTOK MO yre *“f,, MOposkIaeMblit pacTipeieIeHHEM TPAHCTIOPTHOTO CIPOCa KOPPECTIOH-
nerunn (o, d ) 1o myTsm p e “p:

d .
M= 2N 2)
pe odp
e 00MIMIi TPAHCIIOPTHBIH MOTOK IO JyTe f,:
d
L= 2 “f 3)
0€0,deD
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C y4eToMm 3TOro 3a/jaqy 0 Ha3HAYeHUH TPAHCIIOPTHBIX MTOTOKOB B CETMEHTHOMN ITOCTaHOBKE MOYKHO c(hopmy-
JMPOBAaTh KaK 3aj1a4y MpeacKa3aHus BcexX Odﬁ (160 Tombko f,),e€ E,0 € O,d € D, npu 3aaHHOM 4.

OmHUM U3 KJIACCHYECKUX MOAXO0A0B K PEIICHUIO YKa3aHHOM 3aa4H SIBJISIETCSI TOAXO/, UCIIONIBb3YIOMIUN TT0-
HSTHE PABHOBECHOTO paclpe/elICH s TPAHCIIOPTHBIX MOTOKOB MO JTOPOXKHOHN ceTH [1—3]: MOCKONbKY MOJib-
30BaTCjib BBIHYXJICH IUIATUTH 3a MCPEABUIKCHUE B IIEPBYIO OYCPCIb BPEMCHEM U MMOCKOJIbKY THUIIMYHO BpPEMS
MEepEeIBIKEHHUS [0 CErMEHTaM IOPOKHON CETH 3aBUCHT OT KOJIMUECTBA M0JIb30BaTeleii Ha Hel (TUIOTHBIHM TpaHc-
MOPTHBIN IMMOTOK JIBMIKETCS C MEHBIIEH CKOPOCTHIO), TO MOXKHO pacCMaTphBaTh MepeIBUKEHUE TI0Ib30BaTeIeh
B CETH KaK HEKOOTIEPATUBHYIO UTPY MEKAY HUMHU, TN€ KKIBIH «UTPOK» CTPEMHTCS «BBIMUTPATh» ceOe BpeMsi
3a cueT BbIOOpa Moaxosiero Mapuipyra. Kak ciiefcTBue, eCTECTBEHHO OXHIIATh, YTO €CITU U CYIIECTBYET
CTallMOHAPHOE pacrpeieieHUe TPAHCTIOPTHBIX IIOTOKOB 110 JOPOKHOHN CETH, TO OHO JJOJKHO COOTBETCTBOBATh
M3BECTHOW B TEOPHHU UTP paBHOBECHOM 1Mo Haty ctpaternu. B TpaHcmopTHOMH 0051aCTH HAYKH 3TO COOOpaKeHUE
TPEICTABICHO TIEPBHIM PHHIAIOM Bappomna (IIPHHIKEIIOM paBHOBECHS ToTb30BaTens)” [4]: paBHOBECHOE pac-
MpeeIeHNe TPAHCIIOPTHBIX OTOKOB 110 IOPOXKHOM CETH — 3TO TaKOE pacnpeesieHue, Ipy KOTOPOM HU OJJHOMY
YYACTHUKY JIBMOKCHHSI HE BBITOJHO B OJTHOCTOPOHHEM TOPSIKE U3MEHSATH CBOM MapiipyT. HBIMU clioBaMHy,
JU1st 1F000M Mapbl HCTOYHUK — CTOK O0IIasi CTOMMOCTD JBMIKEHHS I10 JIIOOOMY M3 UCTIOJIb3yEMBIX MapIIPyTOB
SIBIISICTCS] OJIMHAKOBOM M HE MPEBBIIIACT CTOMMOCTH JIBUKEHHUSI 0 JTFOOOMY HEHCITOIb3yeMOMY MapIIPYTY JJIs
3TOM K€ mapsl.

[IpumeuarenbHO, 9TO TP TOBOJIEHO €CTECTBEHHOM BO MHOTHX CHTYAIMAX MPEIOIIOKEHUH, COIIACHO KO-
TOPOMY CTOMMOCTb ITE€PEIBHKEHNUS 110 BCAKON AyTe e € £ 3aBUCUT TOJIBKO OT OOIIEr0 TPAaHCIOPTHOTO MOTOKA f,
o 3TOM ayre (M HE 3aBUCUT OT MOTOKOB 110 APYTHM JAyTam), 3ajady MOKCKa PaBHOBECHOTO paclpeeeHus
TPAHCHOPTHBIX MOTOKOB MOXKHO MPEJICTABUTH B BUJIE 33]1a9K ONTUMH3AINHU. J[aHHOE 00CTOATENLCTBO 00YCIIOB-
JICHO CIICAYIOIMUMH COOOPKSHUSIMH [5].

Ilyctbc, = c, ( f ) — (D)YHKIMSI CTOMMOCTH TIEpEeNIBMYKEHHS 110 IyTe e € E 0T 3aJJaHHOTO Ha Hel 00I1ero TpaHc-

TOPTHOTO N0TOKA f > 0, KOTOpast MOHOTOHHO 3aBucut ot f; a C,( /) :J-ce (u)du — Tax Ha3bIBacMasi HHTETPAIb-

0
Has pyHKUUS CTOMMOCTH (11epBooOpa3Hast QyHKIUU CTOUMOCTH).

aCIpeaAcICHUC TPAHCIIOPTHLIX IIOTOKOB IIO IIYTAM X, P € ,oeU,de ), MOXXHO IPpCACTABUTbL B BUAC
P »PE”P,0e0,deD

BCKTOpa X = (x HEKOTOPOIo JIMTHEWMHOTO MMPOCTpPAaHCTBA L. HO,Z[MHO)KGCTBO 9TOr'0 MMPOCTPAHCTBA,

PJpe®P oc0,deD

KaxJIbli 3neMeHTp KOTOPOT'0 OTBEYAET HEKOTOPOMY PacIpeIelIEeHUIO TPAaHCIIOPTHBIX IOTOKOB, IOPOXKIAEMBbIX ¢,

JIOTOBOPHUMCS! Ha3bIBATb JIOIYCTUMBIM 1 0003Ha4aTh yepes X, Cormaco Gopmynam (1)—(3) Besikuii Bekrop x € X,

onpezensieT BeMYHHbI TPAHCIIOPTHBIX TOTOKOB M0 iyram “f,, Odfe uf,eek,pe “P oe0,de D.Takum o0pa-

30M, MO)KHO TOBOPHTb, YTO 337aHbl (DYHKIIHOHATBHBIC 3aBUCUMOCTH MEXK/Y X U COOTBETCTBYIOIIMMH ITOTOKaMHU.

JIOTOBOPHMCS 3TH 3aBUCHMOCTH 0603Hauath uepes /1, = 71, (x), “f, = */.(x)u £, = f.(x) coorBercTBenHO.
C y4eToM BBIIEU3TI0KEHHOTO PACCMOTPUM MHTETPAIbHYIO (DYHKIUIO CyMMApPHBIX ITOTEPh HAa CETH

Z(x)= Y C(L(x))=XC(L). fo= L), @

ecE ecE
Jiist ymoOcTBa MpOBEICHHUS aHaJH3a Jlasiee OylieM CYMTaTh, YTO BCE BBEJICHHBIE BBITIE (DYHKITHUH OTPEIeIICHBI
cBouMH hopmynamu u st cutyaumii x € L\ X, f<0.
PaccmoTpuM pacnipesiesieHne TpaHCIIOPTHBIX MOTOKOB X*€ X, I0CTaBIAIOLIee MUHUMYM QyHKIMA Z (x).

Kak n3BecTHO, IpH BCSIKOM BapHaluy (MajloM U3MEHEHHH) apryMEHTa B TOUKE MUHUMYMa M3MEHEeHHE (yHK-
IIUH B JIMHEWHOM MPUOIMKEHUH HEOTPUIIATEIbHO. FIcX0ois U3 3TOro, pacCMOTPUM BapHaluio dx € L, COCTOSIIYO

B TOM, YTO YaCTh TPAHCIIOPTHOTO [I0TOKA HEKOTOPO# KOPPECTIOHACHIHH (0, d ) CHIMAETCsl C OIHOTO IyTH p*e odp
¥ [IePeKIIa[bIBACTCS HA APYTOil IyTh p € °*P (3T0 COOTBETCTBYET CHUTYAIHH, KOI/[a GECKOHCUHO Maias 4acTh
MOJIb30BaTeNeH PeIININ U3MEHUTh CBOU Iy Th ¢ p* Ha p). C y4eToM Toro, 4To C;( f ) = ce( f ), MOYKEM 3aIucarb

dz ="y c(f)dfs 1= F(x"). )
ecE

Ho ans paccmarpuBaemoro ciyyast d fe =d ( P fe ) +d (” fe ), a 3HAYUT, CYMMY B BBIpaKeHHH (5) MOXKHO pa30UTh

Ha JIB€ CyMMBbI: 1) CymMMy IO JyraM IyTH p’, COIEP:Kalllyl0 CIaraeMsle C, ( f *)d(l’*f; ); 2) cymmy 1o ayram

*Kancxuii /1. B., Jlocun JI. A. TpaHCHOPT B MITAHKPOBKE TOPOJIOB : yue0.-METOI. MOCOOUE JIJIsI CTYICHTOB crieruanbHocTH 1-44 01 02
«Opranuzanus 1opoxxHoro nemwxeHus» : B 10 4. Y. 1. TpaHcnopTHOE MIaHWPOBaHKE: MAaTEMaTHYECKOE MOJEIHPOBaHUe. MHHCK :
BHTY, 2019. 94 c.
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, A
IIyTH p, BKJIFOYAIOLIYO CJIaraeMsle ¢, ( £, )d (” 1. ) [TockonbKy cOmIacCHO HaIIEMy UCXOHOMY MPETIONI0KEHUIO

IIOTOK CHUMAETCs C IyTH p* U MepeKiIaplBaeTCs Ha My Th p, TO BCE cllaraeMble B IEPBOH cymMMe OyayT oTpHLa-
TEJIbHBIMHY, a BCE CIaraeMble BO BTOPOU CyMMe — IOJIOKUTEINbHBIMUA. BTOPYIO CYMMYy MOKHO TPAKTOBATh KAK
3aTpaThl CMEHUBLINX ITyTh [10JI30BATEIIEH HA HOBOM IIyTH, a IEPBYIO CyMMY — KaK MX 3aTparhl IIPU JIBUKEHUU
10 UCXOHOMY TTyTH. [10CKONBKY cyMMapHOe U3MEHEHHE dZ B TOUKE X* JOJDKHO OBITh HEOTPHIIATEIBHBIM, 3a-
TpaThl HA HOBOM ITyTH OyAyT HE MEHBIIIE 3aTpaT Ha HCXOAHOM ITyTH, YTO COBIAIAET C POPMYITHPOBKON MTPHUHITUIIA
paBHOBecus 1o Bapapomy. TakuM 00pa3oM, MOXKEM 3aKIIIOUUTh, YTO KaXKJas TOUKa MUHUMyMa (QyHKIMU Z
COOTBETCTBYET PABHOBECHOMY I10 Bapapomy pacrpeneseHuro.

W3 npuBeneHHBIX pacCyKACHUI 1 BU1a BEIPa)KCHHUS (5) BBITEKACT, YTO €CJIN AHAJIOTMYHBIM 00pa30M BBECTH

od
BEKTOp f = ( f. )e CE oco. dep © BOTYCTHMBIM MHOKECTBOM F,,, paccmarpuBats opmyity (3) Kak Onpesesnso-

OIyHO0 3aBUCUMOCTDH j; = ]i (f) 1 UCIIOJIB30BAaTh (bYHKLII/IIO

Z(£)=XC(L())=2C(L) £=L(F), ()

eck eck

* v
TO BCsIKasi TOYKAa MUHUMYMA f* € F,, OyzieT COOTBETCTBOBATE HEKOTOPOi TOUKe MUHHMYMA X ™ € X, yHKImH (4).

CrnenoBarenbHO, MOKHO TOBOPUTH O TOM, YTO 3a/laua IOMCKa PAaBHOBECHOTO PACIIPENEIIEHUS TPAHCIIOPTHBIX
MOTOKOB B CETMEHTHON MOCTAHOBKE TaKXe CBOJAUTCA K 3ajade ONTUMHU3aUUU (QyHKIHH (B TaHHOM cllydae
¢dynkmn (6)).

B 110BOJIEHO €cTECTBEHHOM JIJIsi TPAKTUKU NPEAIOTI0KEHHH, COIIACHO KOTOPOMY Z — BBINyKIIasi (QyHKIUS
(AU1s1 ATOTO IOCTATOYHO, YTOOBI BBITYKIOCTHIO 00naana GpyHkuus C,, MOCKOIbKY CyMMa BBITYKJIBIX (DyHKIMiT
SIBIISICTCS BBIITYKJIOH), C y4ETOM TOTO, 4TO MHOXKECTBA X, M F|, SIBISIFOTCS BBITYKIIBIMU (M KOMIIAKTHBIMH B CBKIIH-
JIOBOM METpPHKE), IS TOMCKa MUHUMYMOB COOTBETCTBYIOIINX (PYHKIIMH MOYKHO UCIIONIb30BATh UTEPALIMOHHBIN
anroput™m Opank — Byneda [6—8]. Ero utepanun BKIIOUAIOT CISIYIONNE OCHOBHBIC IIIarH.

Hlar 1. MuauMu3npoBaTh (B mpezenax JOMyCTUMOTO MHOXKECTBA) JIMHEHHYIO almpOKCHMAITHIO 1EIeBOI
(hyHKIINHY, TIOTYYEHHYIO Pa3IoKeHHEeM Teiopa B TEKYIIEH TOUKe.

HTIar 2. CiBuHYThCS O HANpPaBJIEHUIO K HAMJIEHHON TOYKE Ha ILIar, JOCTABISIOIINA MUHUMYM HUCXOJHOU
1eneBol (PyHKIIMK HAa 3TOM HallpaBICHUHU.

[IpumeuarenbHO, YTO B crily BUAa (GyHKIMHU Z IEPBBIH MIAar CBOAUTCS K IPOCTOH U 3 PEKTUBHOM ITpoLeay-

pe — MOUCKY JUTsl KaKJI0M KOpPEeCTOHACHIINN (o, d ) ITyTH MUHUMAaJbHON CTOMMOCTH (Harpumep, ¢ TOMOIILI0
anroputMma JIeHKCTpbl) 1 BpEMEHHOMY PacIpe/ieNICHHIO Ha Hero BCero crpoca ¢, [1].

[Mono6Has peamu3aliys MEPBOTO MIara v cjiejaia 3TOT ATOPUTM (yHIaMEHTaIbHBIM HHCTPYMEHTOM B TPaHC-
MIOPTHOM IUIAaHUPOBAaHUU. IMEHHO JJaHHBIN alrOpyUTM MOKMCKA paBHOBECHOTO PaCIpeiesIeHNs] TPAHCIIOPTHBIX T10-
TOKOB Jlajiee OymeM OTHOCHTS K (KJIacCHUYeCKOM ) MOMIETN Ha3HAUYEHUH TPAHCIIOPTHRIX MOTOKOB dpank — Bynsda.

[Ipu mombITKE MPUMEHNUTH YKa3aHHYIO MOJIETh K CETSM C OBICTPBIME 3apSAHBIMHI CTAHIIUSIMH €€ KITIOUeBbIC
JIOTTYIIIEHUS TIepecTaloT paboTarh, MOCKOIBKY IPOIECC 3apsIKHA BBOJHUT HOBBIE CTPYKTYpHBIE, MAPIIPYTHBIE U T0-
BEJICHUYECKHE OTPaHUYCHHUs, KOTOPbIe HE MOTYT OBITh OTPaXXEHBI B PaAMKax KJIACCHYECKOTO TOAXO/Ia W €T0
W3BECTHBIX BapHaluii. B 9acTHOCTH, BO3HUKAIOT CIIEAYIOIINE 0COOCHHOCTH: TPAHCTIOPTHBIH CIIPOC €CTECTBEH-
HBbIM 00pa3oM pa3buBaeTcs (IT0 MEHBIIIeH Mepe) Ha J[Ba KJIacCa — CIIPOC CO CTOPOHEI MOJIb30BaTeNeH, KOTOPhIS
HYXJAI0TCS B 3apSJKE, U CIPOC CO CTOPOHBI MTOJIb30BATENEN, HE HYKAAIOLIKXCS B 3apslKe. To ke MpOUCXOIUT
U C 3JIEMEHTaMHU JOPOKHOM CETH: CPE/I HUX HAYMHAIOT BBIICISATHCS 0COOBIE AJIEMEHTHI (Y3JIbI WA CETMEHTHI ),
KOTOPBIE aCCOIMUPYIOTCS C 3aPSAHBIMU CTAHIIUSAMHU (TUITUYHO HEAOCTYITHBI JJIsl TIOJIh30BaTeNeH, HE HYKIar0-
Mxcst B 3apsjke). HekoTopbie 3TH 0COOEHHOCTH MOTYT OBITh HAIIPSIMYIO OTPa)KEHBI B KJIACCHUYSCKON MOJICITH
Ha3HAYCHUH TPAHCIOPTHBIX MOTOKOB dpank — Bynbs(da (Hanpumep, ¢ MOMOIIBI0 BapHaHTa MOJECIH MHOTO-
TTOJTE30BATEIHLCKOTO PAaBHOBECHS [5] ¢ IBYMs KilacCaMH TTOJIb30BaTeNel, OTHOMY M3 KOTOPBIX 3alpeIeHo Ipu
TIepeIBMKEHIH MCITOIIb30BATh BHIJICIIEHHBIE AIIEMEHTHI CETH, CBI3aHHBIE C 3aPSTHBIMU CTAHIIUSAMH ), OTHAKO PSIT
0COOEHHOCTEH TpeOyIoT IIepecMoTpa MOJIETTH. YKaxeM HauoOoliee MpUHITUIHAIBFHBIC U3 HUX.

1. IIpu pacnpenenenun o oprpady ITOPOKHOIN CETH TPAHCIIOPTHBIX TTOTOKOB TIOJB30BaTelNei, KOTOPhIE
PENIMIN OCYIIECTBHUTD 3apS/IKy, HEOOXOUMO 00€CIIEUHTh, YTOOBI IyTh Y TAKUX IIOTOKOB BKITFOYAJl POBHO OJIMH
3JIEMEHT CETH, OTBEYAIOLLINI 32 3apALKY.

2. CnenyeT mpeayCcMOTPETh BO3MOKHOCTh PACIPEACIICHISI TOTOKOB MOJIb30BAaTENICH, PEIIUBIINX OCYIIECTBUTh
3apsIKy, Ha MYTH, COMEPrKAIUe UKIIEI (T. €. Ha MyTH, B KOTOPBIX OJJHA U Ta XK€ Jyra MOXET BCTpPEUaThCs He-
CKOJIBKO pa3). JlanHoe TpeboBaHME CBSI3aHO C TEM, YTO B TOPOJICKUX YCIIOBHIX HEPEKO CYIIECTBYIOT OrpaHUye-
HUS Ha JBIKEHUE 10 YIIMIHO-TOPOKHOM CETH K 3apsSAHON CTaHITNH (HAIIpUMep, W3-3a YIIUIL C OHOCTOPOHHIM
JBIDKEHUEM HITH TIEPEKPECTKOB C 3aMPEeIeHHBIMI ITOBOPOTAMH ), KOTOPBIE BBIHYK/IAI0T BOAUTEINEH HCIIOIH30BaTh
LUKINYECKUE MAPUIPYTHI.
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3. TpeOyeTcs y4ecTh, 9TO MOJIb30BATEIN MOTYT OTKa3bIBATHCS OT 3apsAKU (OTKJIAIBIBATE €€ HA TTIOTOM ), €CITH
o011as moTepst BpeMeHH (BKITIOUast IBHKEHNE K MECTY 3apsIIKA M OKAJaHHE B OYePEIN ) IPEBhIIIAET HEKOTOPOe
MTOPOTOBOE 3HAYCHHE.

Kpome Toro, X0Ts 5TO ¥ HE CTOJb MPUHIMITHAIBEHO, HEOOXOJUMO NPEATIOKUTH HOBYIO (PYHKIIMIO CTOUMOCTH
(moTepu BpeMeHH ), yUUTHIBAIOIIYIO ClIen(UKY Tpoliecca 3apsSaKH, a MIMEHHO Ouepen Ha 3apsAAKY, KOMUIeCTBO
3apsAAHBIX MECT Ha CTAHINH U pa30poc BPEMEHHU 3apsi/IKH.

Cpenu nuTeparypHBIX UCTOYHHKOB UMEETCSI JOCTATOYHO MHOTO PaboT, MOCBAIICHHBIX MOJIEITHPOBAHHIO
pacrpeieneH sl TPAHCIIOPTHBIX TTOTOKOB C YY€TOM HeOOXOIUMOCTH 3apsiIku (cM., Harpumep, [9—11]). OnHako
HU OJIHA U3 MU3BECTHBIX aBTOPaM ITyOJIMKAIMi HE OXBAaTHIBAET CPa3y BCE BHIIIECTIEPEUUCIIEHHBIE 0COOEHHOCTH
C X yY4EeTOM B MOJETH Ha3HAUYCHWU TPAHCTIOPTHHIX MOTOKOB @PpaHk — Bynnha. Hanbonee Onm3koit mo pac-
cMaTpuBaeMoi mpoliieMaTHKe K HACTOSIIEH paOboTe aBIsieTcs cTaThs [12], oMHaKO B HEil, BO-TIEPBBIX, HE Y4H-
TBHIBAIOTCS TpeOoBaHus 1—3, a BO-BTOPBIX, HCIONB3YETCsl JOBOJIBHO TPy0ast eHOBasi (PYHKIHS, BKIIOYAIOIIAs
TeXHUYECKHE (He UMEIOIINe COoAepKaTeIbHOM HHTEpITpeTalii) napameTpsl. Kpome Toro, Mosiess npeicTaBieHa
B BUJI€ OOIIEH ONTUMHU3AIIMOHHON 33a9H BEIITYKJIOTO MPOTPAaMMHUPOBAHUS C OTPaHUYCHUSIMH, YTO CTABUT IO
COMHEHHE BO3MOKHOCTP €€ MacIITA0UPOBAHMS Ha CETH OOJIBIIIOTO pa3Mepa (B OTIMYHE OT MOJISIIA Ha3HAYeHU I
TPaHCHOPTHBIX MOTOKOB PpaHk — Bynbda, y KOTOpOii ¢ 3TUM HET NPUHIUIHATIBHBIX IPOOIIEM).

Bce BhImen3noxkeHHOE U JIeNIaeT aKTyaJbHBIM BOMPOC O MOAM(UKAINU (COBEPIICHCTBOBAHUH) MOJICITU
Ha3HAYCHUH TPaHCTIOPTHBIX MOTOKOB ®pank — Bynbda. [{enpio manHO# paboThI sSBIsSETCS pa3paboTKa cOOT-
BETCTBYIOIIEH MOIU(UKAIIIH.

Pa3paborka MmoaupuuupoBaHHOi
MO/1e/IM Ha3HAYEHNH TPAHCIOPTHLIX NOTOKOB PpaHK — Byiabda

B atom pasnerne Mbl, onupasich Ha COOOpaKEHUsI, Ha KOTOPBIX CTPOUTCS KlacCH4ecKasi MOJIellb Ha3HAYCHU I
TPaHCIIOPTHBIX TIOTOKOB Dpank — Bynbda, mpoBenem psia 000CHOBAaHHBIX MOAU(PHUKAIINNA, YTOOBI OTPA3UTh
B HUX TpeOOBaHus 1-3 U3 mpeAbIIyIIero paszena.

[lycTh uMeeTcst Kiaccuueckasi MOJIeIb Ha3HAYCHUH TPaHCIIOPTHBIX MOTOKOB ®PpaHk — Bynbda, kotopas
BKITIOYACT:

® MOJIEIb TPAHCIIOPTHBIX TIOTOKOB, 3a1aHHYIO IOCPEACTBOM oprpada gopoxkHoii cerr (V, E ), Habopa MOHO-

TOHHO Bo3pacTaromux auddepeHunpyembix GpyHKINA CTOUMOCTH IEPEABUKEHHUS C, = C, ( f ), e € E, n nabopa

BCJIMYMH TPAHCIIOPTHOI'O CIIPOCA 11O KOPPECIIOHACHIIUAM § = (qod )o cO.d ED;

e anroput™M Ppank — Bynbda 1 morcka paBHOBECHOTO PAacHpPEAEICHUS TPAHCIOPTHBIX IIOTOKOB B YKa-
3aHHOM MOJIeNH TPAHCIOPTHBIX TOTOKOB.

Bynem MonuduumpoBaTh MoAEIb, YTOOBI YUECTh ONPEACICHHYIO BBILIE CIICHU(HKY, CBSI3AHHYIO C 3apsii-
HBIMHU CTAHIUSAMU.

Moandpukanusi MoeJu TPAHCIIOPTHBIX MOTOKOB. [lycTh MMeeTcs: HEKOTOPOE MHOXKECTBO S, JIEMEHTHI
KOTOPOT'O IIPEJICTABIAIOT 3apsAHble cTaHIuU. OnpeneauM BHayaje olepaluo HHCTANIMPOBAHUS 3apsiAHON
CTaHIMH § € S Ha AyTy € = (v', v") € E xak omnepanuio, Ipearnoaraioilyi cielyolne Iocaea0BaTe/IbHbIe
JeUCTBUS:

DVeru {s} (m06aBHUTH BepIINHY, COOTBETCTBYIOIIYIO 3apSAAHON CTAHIINH S);

NE—EuU {(v’, s), (s, v”)} (106aBHUTH IyTH, BeAyIIHE K 3apsIHOM CTAHINM s U OT Hee);

3) mpumnucarh 100aBICHHBIM AyTaM (QYHKIIHH CTOUMOCTH B COOTBETCTBUH CO CIICAYIOIIIMHE COOOPAKEHISIMH.

Hyra a'= (v’, s), BE/IyIIAs K 3apsiIHON CTAaHIMH, MOJICIUPYET TOABE3/] K caMOi CTaHIMU (Tocie Che3na
¢ o0wIeil Joporu), MO3TOMY HpPEeAyCMaTpPUBAET ABHKEHHE TOJIBKO Il aBTOMOOMJICH, KOTOPBIE HYKIAIOTCS

B 3apsiaaKe. HOCKOHBKy MHTCHCUBHOCTH TAKUX IOTOKOB MPCAINOJIAraroTCs HE CIIMIIIKOM 6OHI>HII/IMI/I, TO MOXHO
HC YUYUTHIBATDH UX BIIMAHNUE HA CKOPOCTH ABUKCHUA 110 IYTC. COOTBGTCTBGHHO, MOXHO pacCMaTpuBaThb 3Ty 4aCTb

MOTCpH BPEMCHU KaK NOCTOSAHHYIO, PABHYTO HeKOTOpOfI KOHCTAHTE ! OT (BpCMSI, HCO6XO)_II/IMOC JJIs1 TOTO, YTOOBI
a
AO0CXaThb A0 CTaHIWU OT y3Jia V'). I[anee K 3TOMY BPpEMCHU HYXKXHO ,I[O68.BI/ITL BpPEMs1, CBA3AHHOC C O6CJ'Iy)KI/IBaHI/IeM

Ha ctaHimu. /1 ero pacuera MOXXHO UCTIOIB30BaTh PE3YJIbTaThl TEOPUU MACCOBOTO OOCITYKUBAHUS JIJISl CUCTE-
™Mbl THnia M/ G/k, a umenHo OyieM OTTalKuBaThCs OT aHajiora hopmysibl [Toiadeka — XuHUKHA JUIS CPEAHETO

M
BPEMCHH OXHJaHUs B ouepenu W, 1ok, HarnpuMep, B NpUOIMKEHNH, OTUCaHHOM B KHHUTe [13]:

b

WqM/G/k N WqM/M/k 1 +2J ? - 1 +2J ?
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k k
" o ST
2 P P
k(1-p) k! (1—p)k'+,§ f

c
e T — CpeaHee BpeMst 00CITy>KUBAHUS OHOTO KaHala (CpeaHee BpeMst 3apsiIKu 3IeKTpomMoons); J = — — Ko-
T

3¢ uUIUeHT Bapruaiui BpeMeHH 00CITY)KUBaHUS (BPEMEHHU 3apsIJIKH) IPU CTAaHAAPTHOM OTKIIOHEHUU G f— HH-
TEHCHUBHOCTb TIOTOKA TPUOBITUS 3asBOK Ha OOCITy)KMBaHUE (MHTEHCHBHOCTH MPHOBITHS dIEKTPOMOOMIIEH Ha
3apszKy); k — KOMMUECTBO MapauIeIbHBIX 00CTYy)KUBAaHUH (KOJTMYECTBO 3apsAHBIX MECT Ha CTAHIIHH).
[Tockonbky WqM IMIK ax (yHKIHS OT f ABISETCS CTPOTO BO3PACTAIONIEH (1 CTPOTO BBIMYKIIOH, KK CIIELyeT U3
WqM /G a0 nemaet mocnea 00 GYHKIIIO
XOPOIINM KaH/JIUJAaTOM Ha UCIIONb30BaHUE B KauecTBe (DYHKIIMU CTOMMOCTH (ITOCKOJIBKY ATH CBOMCTBA rapaH-
TUPYET BBIMYKIOCTh UHTEIPAJIbHON (yHKIMH cTouMOocTH). OTHaKoO OHa He ompenesieHa Ui p = 1, 4To MOXKET
IIPUBOJUTD K HEXKEJIATEIbHBIM MOCIEACTBUAM B UTEPALMOHHBIX AITOPUTMax Hanogobue anropurma dpank —
Byneda. [1o 3T0i mpryurHe TpeTaraeTcs BRITOIHUTD IS HEe POICIYPY PETYIISIPU3AIIH CISTYIONIETO BH/IA.
Ilycth umeeTcs omnpezesnieHHas Ha MOJIyHHTepBaJie [0, 1) HeorpanndeHHas nuddepennupyemas GyHKIHAS

nyonukarmu [ 14]) pyHKIueH, To 370 ke OyJeT CrpaBeATuBBIM U IS

g =g(p). CoorBercTBYyIOLICIH €f IMHEHHO perynspu30BaHHOM nocie ToukH Py € (0, 1) dyHkimei Oyxem Ha-
3BIBATD ONPEICIICHHYIO Ha MOTyHHTepBaie [0, 00) GyHKIMIO BHaA

[ ] ( )_ g(p)a P<poa
!
Po g(Po)+&'(Po)(P=Po)s PPy
OueBuIHO, YTO TaKas PEryspu3alys COXpaHsIeT CTPOrYI0 MOHOTOHHOCTb (1 BBIITYKJIOCTb, XOTS YK€ U He CTPO-
T'y10), a Takxke nuddepeHnnpyeMocTb (DyHKITHH.
C y4eToM cKa3aHHOTO0, BEIOpaB J0CTAaTOYHO Majioe € > 0, OKOHUATeIbHO MOYKHO 3aIHCaTh CIIEAYIOIIee BbI-
pakenue a7 QyHKIUU CTOUMOCTH:

B KOTOPOH MapaMeTpsl T, U G, OTBEUAIOT CPETHEMY U CTAHAAPTHOMY OTKJIIOHCHUIO BPEMEHH 3apsIIKH Ha CTaH-
1M S COOTBETCTBEHHO.

s myru a'= (s, v"), BE/IyILEH OT CTAHIIUHI, UMEET CMBICT YU4eCTh TOJIBKO HE 3aBUCSINEE OT HHTCHCHBHO-
CTH TIOTOKA BPEMSI IBMKCHUS ¢°) U, CIIEI0BATENILHO, TTOJOKHUTh, YTO C ¢( f ) =¢°, (1060 BHECTH Ty KOHCTAHTY
a a a

B BEJIMYMHY #°;, TIOCJIE TTOJIOKHUB, YTO C ¢( f ) =0).
a a

C yueroM 00aBiieHUs] yKa3aHHOM ONepannu BBEJAeM NPOLEAypy MOAU(PHKAIUN MOJEITH TPAHCIOPTHBIX
IIOTOKOB KaK MOCJIE0BaTeNbHOCTD CISIYIOIUX ACHCTBUM:

1) MHCTAITMPOBATH MOJICITUPYEMbIE CTAHIIMH Ha HA3HAYEHHBIX UM TPAHCIIOPTHBIX Ayrax U3 MHOXecTBa E°;

2) JIOTIOIHUTENBHO HHCTAIUTMPOBATh (PUKTHBHBIC CTAHIIMU HA BCEX Jyrax, BEAYIIMX K CTOKaM, T. €. Ha JIy-
rax u3 MHoxectBa Ej, (puc. 1). OTH cTaHIMU BBOJATCSA Ul TOTO, YTOObI CMOJEIMPOBATh HAIMUUE APYTUX,
HAXOJIAIINXCS 32 MPeJIeNIaMK PACCMATPUBACMOM IOPOXKHOM CETH 3apsITHBIX CTAHIIHIA, TOJIh30BAThCS KOTOPHIMH
MOTYT TIPEIIIOYECTh BOTUTEIH, SCITH JOTOTHUTENbHAS TTOTePsT BpeMEeHH (Ha TO, YTOOBI JOOpaThCsS A0 OOBIY-

HOHM CTaHIIUW W Ha4daTh MPOIIECC 3apsAKH) MIPEBBICUT HEKOTOPOE TIOPOTOBOE 3HAUCHHE T ! TIo roit MpUYMHE
JJIA IEHOBBIX (1)yHKI_[I/II71 OTUX AYyT NPCAIoaaracTcsa yCTaHOBKa TaKUX MMapaMETpPOB, KOTOPLIC B UTOI'C ITIO3BOJIAT
MOJIyYUTh PABEHCTBA

¢ f)=T"+%, ¢ (f)=0, (7

rae T, — HEKOTOPOE THIIMYHOE JUI 3apsAHBIX CTAHLUM cpelHee BpeMs 3apaKkH (OTpakaeT OLUEHKY HOTEpH
BPEMEHH T0JIH30BATENSIMHA Ha 3apAIKy Ha TUHITMYHOW CTAHIINN);

3) HayaTh paccMaTpUBaTh HAOOP BEIMYHMH TPAHCIIOPTHOTO CIPOCA MO KOPPECTIOHACHIHSM ¢ = (qo 4 )O 0. g p KaK

c c
n'g=("0u)
0e0,deD q Qod on,deD’
KOTOPBIE COOTBETCTBYIOT CIIPOCY Ha MEPEABHIKEHUE ITOJIb30BaTENIeH ¢ MOTPEOHOCTHIO B 3apsiiKe (THIT TIOJIH30-
BaTeseH e) 1 ToJIb30BaTeNel 0e3 Takoi MoTpeOHOCTH (THII TIOJBL30BATEINICH ¢), MHBIMH CJIOBaMH, HAYaTh TIPEI-

oJIaraTh BBIIIOJIHEHUE PABEHCTBA ¢ = °q + °¢;
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4) st KaxaI0i KoppecroHaeHnH (o, d) BO MHOXKECTBE BCEX ITyTeH D BEIIETUTH MHOKECTBO e(”dP),
BKJIIOYAIOILEE TOJIBKO ITyTH, TPOXOASAIINE POBHO YePe3 OAHY 3apsAHYI0 CTaHIHMIO (IIyTH [ToJIb30BaTelieil Tumna e),
1 MHOXKECTBO (DdP), BKJTIOUAIOIIEe TOJBKO MyTH, HE TIPOXOSIINE HU Yepe3 OAHY 3apsAHYIO0 CTAHIHUIO (IyTH
M0JIb30BaTeNel TUMA ¢) (OTMETHM, YTO 3TH JIBa MHOXKECTBA HE nepeceKaroTcs ). [10710KNUTh, 4TO MOTOKH MOJIb-
30Baresieil ¢ MOTPeOHOCTHIO B 3apsA/IKe MOTYT JBUTATHCS TOJBKO TIO MYTSM M3 MHOXKECTBA E(OdP), a MOTOKU
nojb30Bareneil 0e3 HOTPeOHOCTH B 3apsAKe — TOJIBKO IO My TSIM U3 MHOXKECTBA (”dP).

2 2
s P
rey P
% - R S
Oy o
0\:\\ & >\
T \\\\A
> o
\;w Vo e
&) @ ---->0O
Oe--- CTOK C Ilyroﬁ CTOKa CTaHHI/IH CO CBOMMHU AyraMu

@ --> lICTOUHUK C Tyroil HCTOUHUKA  <---@<--- (DUKTUBHAS CTAHLUS CO CBOUMHU JlyraMu

Puc. 1. Cxema momudukanuu oprpada 10poxKHON ceTH
Fig. 1. Road network digraph modification scheme

Mopudukanus ajaropurma ®@pank — Byabda a1 nmoucka paBHOBECHOr0 pacipeaeJeHnusl TPAHC-
MOPTHBIX MOTOKOB. C y4eTOM BBHITIOJHEHHOW MOAM(PUKAIINN MOAEIN TPAHCIIOPTHBIX IMIOTOKOB Jlajiee B JIN-
HEWHOM MPOCTpaHCTBE L BBIJACIUM MOJMHOXKECTBO Xeq (TTOIMHOXKECTBO ch), KaX /bl AJIEMEHT KOTOPOTO

e
X = (xp )p <P ocO.deD OTBCYACT HCKOTOPOMY pacHpCACICHNUIO TPAaHCIIOPTHBIX IMOTOKOB, MOPOXKACHHBIX ¢

(MOPOKIEHHBIX “q), IpPUUEM x,=0, eciut yThb p HE BXOAUT BO MHOXECTBO e("dP) (HE BXOIUT BO MHOXKECT-
BO C(OdP )). C ydJeToM 3TOr0 pacCMOTPUM MHOXKECTBO X, = Xeq + ch (Tme moHMMAaeTCsI TTOJIEMEHTHOE CJI0-
xenne). HerpymHo BuneTsh, uto X, <, ~ BPITIyKIIOE (¥ KOMITaKTHOE B €BKJIMIOBOM METPUKE) MHOKECTBO, U IS
Hero X, S X, q= °q + °q. CooTBETCTBEHHO, 171 X, ¢, MOKHO IIPOBECTH T€ JKE PACCYIK/IEHNS, KOTOPBIE IPOBO-
JUIIACH BBILIE 11t X, B YaCTHOCTH PUIATHU K BBIBOJY, YTO BCsKas TOUKa X* € X, <> FAOCTABISIONIAS MUHUMYM
byHKIIMYN Z (x), OTIpE/ICIIICT PABHOBECHOE paCHpe/eliCHUE TPAHCIIOPTHBIX MMOTOKOB B MOIU(DUIIUPOBAHHOM
MOJISJIA TPAHCIIOPTHBIX TOTOKOB, IPUYEM JIJIS €T0 TIOMCKA MOXKET MCIIOJIb30BaThes anroputM Opank — Bynbda.

AHaOrMuHO, KaK U paHee, AJisl BEKTOPOB f = ( ”dﬂ ) oo deD MOXKHO BBECTH Ha OCHOBE X, o, lomycTHMoe
ecE,0e0,de

MHOXCECTBO E ° " caeyarb TC K€ BbIBOABI OTHOCHUTCIILHO ITOUCKA PaBHOBCCHBIX pacnpeﬂeneHHﬁ. Bce BrImIC-

M3JI0)KEHHOE 000CHOBBIBAET BOBMOXKHOCTD HCIIOIBb30BAHMUS KJIACCHUECKOTo oxoa (uepe3 aroput™ dOpank —
Bynbda) k moncky paBHOBECHBIX PACIIPEAEICHUI B CUTYaIlNH, yUUTHIBAIOLIEH clIeU(UKY IPOLIECCOB, CBSI3aH-
HBIX C 3apSIHBIMHA CTAHIUSIMH, C OTACIBHBIMUA OTOBOPKAMH, ITPO KOTOPBIE OYJIET CKa3aHO HHXKE.

O0o03HaunM yepe3 M Moau(puIMPOBaHHYIO MOAEb TPAHCIIOPTHBIX IOTOKOB U BBEJEM CIIEAYIOLINE QYHKIHH.

DOyHKIMS OUCKA IyTH MUHUMAJIbHON cTOUMOCTH (shortest path constrained, SPC)

Bxo0: monudunnpoBaHHas MOJIENb TPAHCIIOPTHBIX MOTOKOB M, pacnpe/ieliecHHe TPaHCIOPTHBIX MOTO-
koB feF, ;> KOPPECTIOHICHIINS (0, d), 0€0,de D, tun nyTH K € {e, c}.

Buixo0: kpaTualiinii Mo cyMMapHOH CTOMMOCTH ITyTh p 33JJaHHOTO THIA U3 0 B d TIPH 3aJJaHHBIX pacipere-
JICHUSIX TPAHCIOPTHBIX MOTOKOB B MOJETIH.

Kak n B ncxognom anropurme @pank — Bynbda, 31a hyHKIMS MOXKET OBITh peaiin3oBaHa Ha OCHOBE d(dek-
TUBHBIX JI'OPUTMOB [IOMCKA KPaTYakIIero myTy BO B3BELIEHHOM Oprpade, B YaCTHOCTH, C IIOMOLIbIO aJITOPUTMA
JeiikcTpbl B MOAU(DUIMPOBAaHHON BEPCUH, KOTA JONOIHUTEILHO HAKIIAIBIBAIOTCS OTPAHUYCHUS Ha THII ITyTH,
KOTOPBIM HyHO HalTH. CIenars 3T0 MOXHO, HallPUMEp, 3aMEHsISI B KJIACCHYECKOM aJll'OPUTME IIPOCMOTP HC-
XOZIHBIX BEPILUH Vv oprpada IpocMOTPOM COCTOsIHU (V, k,), Te k, — KOIMYeCTBO BEPLIMH 3apsJHbIX CTAHIUHI,
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BCTPEYEHHBIX Ha ITyTH MUHIMAJIBHON CTOMMOCTH JI0 BEPIINHBI V. JlaHHOE 00CTOSATEIHCTBO TIO3BOJISET HE TOJIHKO
y4ecTh OTPaHWYEeHHS, HO U Peajn30BaTh MOCTPOSHHUE MMyTH C KOHTYPaMH, KOT/J[a TOTO TPeOyeT CUTyaIusl.

@®YHKIOHA MOCTPOCHUSI HAYAJIBHOIO pacrnpeneleHls TPAHCIIOPTHBIX NOTOKOB (initial flow distribu-
tion, IFD)

Bx00: MomuduunpoBaHHas MOJENb TPAHCIIOPTHBIX MTOTOKOB M.

Buixo0: pacnpesiesieHHe TPAHCIIOPTHBIX MMOTOKOB f € F,, »

Br10op peanuzanyu qanHol GyHKIUH B KJIIACCHYECKON MOJIEIH JOCTAaTOYHO pou3BosieH. K Hanbonee npoc-
ThIM BapyaHTaM MOXHO OTHCCTH: 1) BapHuaHT C UCIIOJIb30BAHUCM paClpCACIICHUA TPAHCIIOPTHBIX ITIOTOKOB 110
MIPUHIIAITY «BCE WM HU4YeToy (all-or-nothing assignment), KOrJa BECh CIIPOC PaCIPEISIISICTCS Ha €TUHCTBCHHBIN
MyTh, HAIPUMEP MyTh MUHUMAIIBHOW CTOMMOCTH; 2) BapuaHT ¢ MHKPEMEHTAJIbHBIM pacrpeneieHueM (incre-
mental assignment), KOTJIa ICXOTHBIN CTIPOC Pa30MBaeTCs HAa Mallble YaCTH, JJIs KaKI0U M3 KOTOPBIX IPOHU3BO-
JTUTCSI pacIipe/ielieHne Ha Iy Th MUHIMAaJIbHONH CTOMMOCTH, TIOCTI€ YeTO BBITIOIHIETCS IIepepacyeT CTOMMOCTEH.
[Ipon3BoONBHOCTE BEIOOPa OOBIYHO CBsA3aHA C TeM (haKTOM, YTO €CIIU IieieBasi PYHKITUS CTPOTO BBITyKJIast (Kak
9TO OOBIYHO MPEATIONaraeTcs B KJIaCCHYECKON MOJIEIHN ), TO TOYKA MHHUMYMa SIBIISIETCS € IMHCTBEHHON. OTHAKO
B IIpeyIaraeMoi MOAM(PUKAIIMH U3-32 HATMYUS HE 3aBUCSIIUX OT BEJUYMUH TPAHCIOPTHBIX MMOTOKOB (DYHKIIHA
croumocrteti (7) menesast GyHKIUs Z yxe He OyleT CTPOrO BHIMYKIIOW (XOTS ¥ TMPOIODKUT OBITH BBITYKIIOH).
1o 3T0i1 nprunHe MHOXECTBO Touek Opt (Z ) JIOITyCTUMOI'0 MHOXKECTBA [, JOCTABJISAIOIIMX MUHUMYM LieJie-

BOW (yHKIMHU Z, YK€ HE IOJDKHO COCTOSITH TOJBKO M3 OAHOW TOuKH. bonee Toro, nrepanuonHas npouenypa
aNropuTMa He 00s13aHa 1aBaTh MOCIEI0BATEILHOCTD, CXOJSILYIOCS TOJIBKO K OTHON TOUKE (2 MOXKET AaBaTh I10-

CJIEI0BATEIIbHOCTh, UMEIOIIYIO B KAUECTBE IIPE/IENIbHBIX Cpa3y HECKOIBKO TOUEK U3 MHOXecTBa Opt ), (Z ) [7D).

B cBs131 ¢ 3THM BBIOOP HauaJILHON TOUKU CTAHOBUTCS BasKHBIM. COOTBETCTBEHHO, BEIOOP BapHaHTa peannu3alin
¢ynxumu [FD Taxoke BaxkeH. [1o MEHEHHIO aBTOPOB, B KadecTBe HaUOO0JIEE MPOCTOTO U B TO K€ BPeMsl 41€KBaTHOTO
BapHaHTa MOYKHO pacCMaTPHUBATh BAPUAHT C MHKPEMEHTAIBHBIM PaCIpEeIEHUEM, TIOCKOIBKY OH BO MHOTOM
OTPaXKaeT PeabHyI0 CUTYALUIO C TIOCTEIIEHHBIM POCTOM CIIPOCA B TEYEHHUE CYTOK, HAUMHASL C yTPEHHUX YacCOB.
OpHako B JaJIbHEHIIIEM ATa CUTYALHs 3aCITy’KUBAET OTJEIBHOTO UCCIIE0OBAHUS.

C yyeroM BBeIEHHBIX (DYHKIUI MOXEM ONUcaTh MOIUPUIMPOBaHHBIH anroputm Ppank — Bynbda cie-
JIYFOIIIUM 00pa3oMm.

Aaroputm (MoaupuuupoBanHblii) @pank — Byasda
Bx00: MomuduunpoBaHHasi MOJENIb TPAHCIIOPTHBIX MTOTOKOB M, BEIMYMHA JOIyCKa OTHOCHUTEIBHON CXO-
,Z[I/IMOCTI/I3 €,>0.

Buixo0: (IpHOIIKEHHOE ) PABHOBECHOE PacIpe/IeIeHIe TPAHCIIOPTHBIX [IOTOKOB f € F, o
0
1. 3anare HauanbHOE pacnpeneneHue f '€ F, o

FO«1rD(M).
2. JIns xkaxmoro i =1, 2, ... BBIIOJHATD CIACAYIONINE ACHCTBUS.
2.1. Onpenenuts pacupenenenue y € F, ¢,» 3AIAIOIIIEE HATIPABICHHE MOHCKA, € MOMOIIIBIO MPOLEYPBI pac-

MPE/ICJICHUS] TPAHCIIOPTHBIX MTOTOKOB 110 TPUHITUITY «BCE WJIH HUYETO).
2.1.1. Ionoxwuts, uto y <— 0.

2.1.2. qnsa xaxapix o€ O, d e D,k e {e, c}:
a) HaliTH IyTh MHHUMAJIBHON CTOMMOCTH p:

p <« SPC(M, f(i_l), (o, d), K);

0) mepecuynuTarh y B MPEANOIOKEHUH, YTO HA HAWIEHHBIN yTh p = (el, cee en) JIOTIOJIHUTEJIBHO
pacIpenenuTcsa BECh CIIPOC ¢, , JAHHOTO TUIIA MTOIb30BaTeNeH K, 8 IMEHHO ITOJIOXKHTB, YTO

n
od od
Ve Vet and866k9 eck
k=1

(3mech moIrycKaeTcs MyTh C IUKJIAMH).

3I_IO,I[ OTUM IOHATHUEM 3A€CH NMMOAPA3YMEBACTCA MMOPOTOBOC 3HAYCHUC OTHOCHTEIBHOH OIIHOKHU MEXAY MOCIIEA0BATEIIbHBIMA TIPU-
OJIMKEHUSIMU HCKOMOTO PpeUICHM, IPU JOCTUXKECHUU KOTOPOT'O U HUKE KOTOPOIo I/ITepaLIPIOHHHﬁ IpoUECC CYUTACTCA COLICAIUMCH.

4
AHFOpPITM ABJIACTCA UTEPALlMOHHBIM, TTIOOTOMY BO3BpalliacT l'IpI/I6J'II/I)KeHHOC 3HAQUYCHUE PAaBHOBECHOI'O paCcpeACJICHUS TPAHCIIOPT-
HBIX ITOTOKOB.
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2.2. OnpenenuTts BEJIMYHMHY IIara ale [0, 1] B HalpaBJIEHUHU TOUCKA IyTEM PELIEHUS BCIIOMOIATEIbHOM
3a7a4i OAHOMEPHOM ONTUMM3ALINY:

o =argminZ(£(a)). £ (@)= ' rafy-r)

ote[(),l]

2.3. OGHOBUTH ITOTOKH:
f(")<_ f(i—l)_,_ Ot(i) (y _f(i—l))‘

i i1 .
2.4. Ecnu oTHOCHTENbHAS Pa3HOCTh Z ( f (’)) uz ( f (7 )) 110 a0COJIIOTHON BEJIMYMHE MEHBIIE €,, TO 3aBep-

[IUTH AITOPUTM C BBIBOJIOM B Ka4eCTBE pe3yibTara f @)

Takum 0Opazom, momydeHa MOTUGPHUIIMPOBAHHASI MOJIENIb HA3HAYEHUI TPaHCIIOPTHBIX MOTOKOB dpaHK —
Byneda. Cnenyet OTMETHTD, 94TO B IPUMEHAEMBIX JIJIsI TOPOIOB MOJIEISIX Ha3HAYEHUH TPAHCTIOPTHBIX TOTOKOB
9aCcTO UCIOJB3YETCsI MOAX0/, KOTOPBIHA, TOMUMO CTOMMOCTH JIBH)KEHHS 110 IyTe, 33/1aeT CTOMMOCTh Iepexoaa
(«moBOpOTa») ¢ OAHOM AyTH Ha APYTYIO [5]. OHAKO MOCKOIBKY KaskKAbIH Takoi oprpad ¢ «10BOPOTaAMU» MOXKHO
CBECTH K 00bIYHOMY Oprpady Mo cxeme, MpeICTaBICHHON Ha PUC. 2, TO MOYKHO TOBOPHUTH, YTO BCE COOOPaKEHUS
OTHOCHTEIIHFHO TIOCTPOCHUS MOAU(PHUKAIIMHA MOJIEITA OCTAIOTCS CIPABEIJIMBBIMU U B 3TOM CITyJae.

7%
a

Puc. 2. Cxema cBeneHus oprpada ¢ «IoBopoTaMu» K 00BITHOMY oprpady
Fig. 2. Scheme of reducing a digraph with «turns» to a standard digraph

HNirocTpanysa npuMeHeHus MOAM(PUIMPOBAHHOI
MO/1e/Id HA3HAYEHUH TPAHCIOPTHLIX NOTOKOB dpaHK — Byiasda

B kauecTBe HaIAAHOIO NpUMeEpa IPUMEHEHUS MTPEIOKEHHON MOJEIHN PACCMOTPUM 3a/1a4y OLEHKH 3arpy-
KEHHOCTH 3apsIIHBIX CTAaHIMH JUIs 33laHHOT0 BapraHTa (KOH(PUIypaLln) UX pa3MeLIeHs Ha JOPOXKHOI ceTH,
a MIMEHHO MOJIeJTb TPAHCTIOPTHBIX IIOTOKOB C Oprpad)oM TOPOXKHOM ceTh BUa, Kak Ha puc. 3 (mpoobpas hparmenTa
YIMYHO-TOPOKHOW CETH LIEHTPAIbHON YacTu I. MHHCKa), B BApHAHTE C «IIOBOPOTaMm». Bo n3zdexanue u3nuui-
HEW CIIO)KHOCTHU H3JIOKEHHUS pacCMaTpPUBAEM YIPOUICHHBIN Cllydaid, KOraa BCe IIOBOPOTHI Pa3pelEeHbl, KpOMe
Pa3BOPOTOB; OTEPSIMHU BPEMEHH Ha IIOBOPOTax npeHeoperaeM. st 1yT, HCXOAAIINX U3 HCTOYHUKOB U BEAYILIUX
B CTOKH, YCTaHaBJIMBAETCs HyJeBast ANMHA. /1 BceX TpaHCIIOPTHBIX AYT B KauecTBe (DYHKIIUH CTOMMOCTH HC-
nojb3yercs Tak HazbiBaeMmas pyHkuusi BPR (Bureau of Public Roads, CIIA) [15]:

p
! f
Ce(f) = _e() I+a max ?
Ve Je
rae /, — anvHa nyru; vg — CKOPOCTH CBOOOHOTO JBMKEHUS 10 Ayre (B HamieM npumepe 50 km/4); £, — mpo-

ITyCKHAsI CITOCOOHOCTH TOPOKHOTO CETMEHTA (B HAIIEM ITPUMEPE COOTBETCTBYeT BenmunHe 1800 aBToMoOmITeH
B Yac Ha TIOJIOCY JBMKEHHA); O, [3 — KaTHOPOBOYHBIE IMapaMeTphl (B HallleM MpUMepe BEIOpaHBI THITHYHBIC
COIIaCHO UCTOYHUKY [15] 3Hauenus o = 0,15, f =4).

Bce crannuu umeror crnenyromue napamerpsl: T, =1800 ¢, o, =600 ¢, k,=8. [l Bcex PUKTHBHBIX CTaH-

it 7' = 600 c, T,=1800 c. [ly11 noaBosIUX Ayr CTaHIUH t:T =0.
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[Ipenmomnaraem, 4To 011 OTIB30BATENEH, KOTOPBIE HYK/IAIOTCS B 3apsijIKe, SIBISETCS OIMHAKOBOM IS BCex
KOppEeCHOHACHIMH 1 cocTaBisieT 1 % OT 00Iero TpaHCIOPTHOTO crpoca. Pe3ynbTHpyIomuii TpaHCIOPTHBIN

CIPOC HYKIAIOLIUXCS B 3apsIIKe g = ( eqod) odeb (c coBokymHOM BenmuunHOM 148 aBTOMOOMIIEH B Yac) rpa-
0e0,de

(buyecku npeJicTaBlieH Ha puc. 4 (BETUYHUHBI 00IIETO CIIPOca OBUIX MOTyYeHbI HA OCHOBE M3MEPEHHIA JIJIS YIIO-
MUHAaBIIIEHCS BBITIE YacTh T. MUHCKA B JTHEBHOE BpeMsl), TJ€ IIMPUHA TOJIOC MPONOPIIMOHATHHA BETUYHHE
cIIpoca ISt KaxI0i KOppeCIOHICHITHN.

D

1000 m

A

< A Cokpauenne /15 0603HaUCHNA &

<
et

CokpartiieHue 1151 0003HAYCHHSI %_‘

==+ KOJIUYECTBO MOJIOC AYTH (B JaHHOM CJIydae TPU JyTH)

Puc. 3. TectoBelii oprpad TOpOKHOI ceTn
Fig. 3. Test road network digraph

10 aBTOMOOMIIEH

& A

N pe T

A 4 «
A

Puc. 4. Kaprorpamma ciipoca Ha 3apsiiKy
Fig. 4. Charging demand flow map

IIpu pacuere ncnoms3oBasics BapuadT IFD ¢ mHKpeMeHTaNbHBIM pacIipeieieHneM ¢ KOTnaecTBOM Jacteit 10.
Jlonyck oTHOCUTENbHOM cxogumocTu cocTasisier €, =0,1.

Pacuer 3aBepiuiics nocne 15 urepaiuii ¢ OTHOCUTENLHBIM U3MEHEHUEM (10 TMOCIEIOBATeIbHBIM JIBYM
urepanusaM) 3HadeHni neneBord ¢pynknuu 0,000 08 1 ¢ MakCHMaIBHBIM IO BCEM JyraM aOCOIIOTHBIM H3Me-
HeHueM (II0 TOCIIEIOBATEIBHEIM BYM HTEPALISIM) BEIMYHH [OTOKOB 5 - 107> aBTOMOOHIICH B CEKYHILY, HIA
0,15 aBromMOOMJIs B Uac.
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Oco0bIit HHTEpPEC MPEACTABIIOT CIASAYIONINE TTOTYyUYCHHBIC Pe3yIbTaThI:
® JI0JIs BJICKTPOMOOMIICH, HYKIAIOIIUXCS B 3apsiKe, KOTOPBIC HE BOCIIOJIb30BAIMCh HU OJIHOM M3 CTaHIIUH,

COCTaBJISIET 37 ~ 0,25 (25 %);
148

e pacripezieieHre yPOBHS 3arpyKeHHOCTH (K03 PHIIMEeHTa HCIIOIF30BaHMs) CTaHIUH 110 kBapTHisiM Q1 (25 %),
02 (50 %), O3 (75 %) umeer Bup 0,870, 0,875, 0,880 coOOTBETCTBEHHO.

Hcxonst 13 3T0r0, MOYKHO CJIENaTh CIICAYIONINE BEIBOABI. BUIHO, 4TO 3a/1aHHast KOH(UTYPALIUs pa3MEIICHUs
CTaHIIUN 00ECIIeUNBALT JIOCTATOYHO PABHOMEPHYO HArpy3Ky Ha HUX (MOXHO pacCMaTpUBaTh B Ka4€CTBE MOJIO-
KHUTEILHOTO MOMEHTa). OTHAKO 3Ty KOH(DUTYpAIHIO TPYIHO IPU3HATH ONITHMAIBHOM 10 CICAYIOIIAM NPUYNHAM:
OHa BKJIIOUaeT 16 3apsaHBIX CTaHIMA C 8 3aps/THBIMA MECTaMH, KaXkJI0€ U3 KOTOPBIX CIIOCOOHO (B Ipenerne)
00CITy>)KUBaTh 2 aBTOMOOWJIS B yac. TeopeTnyueckas rmpesensHas IpoIryCKHas ClIOCOOHOCTb TaKOW CeTH CTaHIINH
cocTaBisieT 256 aBTOMOOWIICH B 4ac, 9TO 3HAYUTEIIHFHO OOJIBIIE COBOKYITHOTO cIipoca Ha 3apsaky (148 aBro-
MoOusiei B yac). Cie10BaTelIbHO, TEOPETHUYCCKH BCE HYKIAMOIIUECS B 3apsJIKE JICKTPOMOOWIIA MOTIIA OBITh
00CITy’>KEHBI, HO MOCKOJIbKY ATOTO HE MPOU30ILIo (MMeeM 25 % HeoOCTyKESHHBIX 3JICKTPOMOOHIIEH ), MOXKHO
TOBOPHUTH O TOM, YTO MTOTEHIUAII 3aPSTHBIX CTAHIIMI HE OBUT TIOJTHOCTHIO HCIIOIB30BaH, IIOATOMY UMEET CMBICIT
WCKaTh PyTHE BapUAHTHl Pa3MEIICHHS CTAHITHIA.

3akJroueHue

B nacrosmieit pabore MoguduIpoBaHa Kiraccu4ecKkast MOAENs Ha3HAYeHU I TPaHCIOPTHBIX ITOTOKOB HA OC-
HoBe ayiroputma @pank — Bysnbda. [Ipeanoxennas MoguuKariys O3BOJISIET y4€CTh KIIFOUEBbIE 0COOCHHOCTH,
CBSI3aHHBIE CO CIICHU(HUKON UCTIONB30BaHUS AIIEKTPOMOOMIICH 1 TIpoLiecca UX 3apsiIKi B YCIOBHSX TOPOJCKOM
JIOPO’KHOM ceTu. B yacTHOCTH, MONIEIh UHTETPUPYET TPU NPUHLUIUAIBHBIX aCIEKTa: OrPAHUUCHUE HA MPO-
XOKJICHUE MapLIpyTa POBHO Yepe3 OIHY 3apsiAHYI0 CTAHLHUIO, BOBMOKHOCTh OCTPOCHUS MyTeH ¢ HUKIaMu
JUISL TOCTYIA K CTAaHIUSM IPU HAJIMYUU TPAHCIIOPTHBIX OTPAaHUYEHUM, a TAK)KE IOBEIEHYECKHUM aClIeKT OTKa3a
TIOJTE30BATENS OT 3apSAAKHU P MPEBIICHIH CyMMapHBIMU BPEMEHHBIMU 3aTpaTaMy MTOPOTOBOTO 3HAYEHUSI.

[IpakTuyeckast 3SHAUMMOCTbD MPEIUIOKEHHOM MOJIENIN ObLIa ITPOJIEMOHCTPUPOBAHA B XOJIC BBIYUCIIUTEIILHOTO
JKcIepuMeHTa. Pe3ynbraTsl oKasany, 4To Ja)ke IIPU TEOPETUYECKU JOCTaTOYHOW COBOKYITHOM ITPOITYCKHOM
CIOCOOHOCTH 3apsITHON HHPPACTPYKTYphl 0COOEHHOCTH PaBHOBECHOTO paciipeAesIeHuUs IOTOKOB U IOBEICHYE-
cKkue (paKTOpbl MOTYT IPUBOAMTE K TOMY, YTO 3HAUUTEIIbHAS T0JI SJIEKTPOMOOIIIEH (B paCCMOTPEHHOM TIpUMepe
25 %) He 00CITy>KUBAIOTCS. DTOT BBIBOJI ITOTYEPKUBAECT BAXKHOCTD MPUMEHEHUS MOJIETIEH, CTIOCOOHBIX OTpaXKaTh
mooOHbIe HEMMHEHHBIC Y GEKTHI, IS aICKBAaTHON OIICHKN HArpy3KH Ha HH(DPACTPYKTYDY.

[IpoBenennoe uccnenoBanue OTKPbIBAET MEPCHEKTUBBI I JajdbHEHIINX pa3paboTok. [Ipeanoxennas B jan-
HOU cTaTbe MOAU(UKALIUI MOACTH Ha3HAYCHHI TPAHCTIOPTHBIX TOTOKOB MOYKET CIYXKHTh SPOM JUISL CO3AaHUS
QITOPUTMa TIOUCKA ONTHUMAIILHOTO PACTIONOKEHUS 3apSTHBIX CTAHIUH JUIS SIISKTPOMOOHIICH B TOPO/Iax, B TOM
quclie Meranoiucax. Takoil anropuT™M Mo3BOJIUT HE TIPOCTO OIEHUBATH 3aJlaHHbIE KOH(HUTYparyH, a 1ejeHa-
MIPaBJIEHHO HAXOIUTh PEIIeHNs, MUHIMU3HUPYIONINE KaKk BPEeMEHHBIC 3aTpaThl BOIUTENEH, TaK U JIOI0 HE0O-
CITy’>KEHHOTO CTIpoca Ha 3apsiIKy.
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VIIK 519.17
O XOPOIIO ve-YKPBITBIX N XOPOIIIO ev-YKPBITBIX T'PADAX

10.J1. OPIOBHY Y, H. A. LIYTPO"

1)Eeﬂopyccxuﬁ 2ocyoapcmeennblil yHusepcumem, np. Hezasucumocmu, 4, 220030, e. Munck, Berapyco

Annomayus. ViccnemyioTcst KIacchl XOPOIIO Ve-yKPBITHIX TpadoB 1 XOPOIIo ev-yKphITHIX rpados. ['pad HasbiBaeTCs
XOPOILO Ve-yKPBITBIM (COOTBETCTBEHHO XOPOIIIO eV-YKPBITBIM), €CIIH BCE €T0 HE3aBUCUMbIC MUHUMAJIbHBIE Ve-TOMUHHUPYIO-
e (COOTBETCTBEHHO HE3aBHCHUMbBIC MUHUMAJIBHBIC €v-TOMUHUPYIOIINE) MHOXKECTBA UMEIOT OJMHAKOBYIO MOIIHOCTD.
[TokazaHo, 4TO 3a/1a4M paclo3HaBaHUS PACCMATPHBAEMBIX Ki1accoB rpadoB sBisitoTcs: co-NP-moHbIMu faxke 1i1st He-
KOTOPBIX CYXXEHHUH 3THX KiaccoB. HalifieHsl Xapakrepn3ayuy B TEPMUHAX 3alPEIICHHBIX MOPOXKACHHBIX TTOArpados s
MaKCHMaJIbHBIX HACIIEICTBCHHBIX ITOKIJIACCOB XOPOIIIO Ve-YKPBITHIX Ipad)OB U XOPOIIO eV-yKpBITHIX I'padoB. YeTaHOBICHA
BBIUHCIIUTENbHAS CIIOKHOCTD 3371a4, CBSI3aHHBIX C HANMEHBIINMH HE3aBUCHMBIMH Ve-TOMIHUPYIOIIMMHI 1 HANMEHBIITNMHA
HE3aBHCUMBIMHU eV-TOMUHHPYIOIIIMU MHOXKECTBAMH.

Kniouesvie cnoga: rpad; He3aBUCUMOE Ve-JOMUHUPYIOLIEE MHOXKECTBO; HE3aBUCHMOE eV-IOMUHUPYIOLIEe MHOXKECTBO;
XOPOIIIO Ve-yKPBITHIH I'pad; XOpOIIO ev-yKpBITBIH rpad; HacaeJCTBEHHBIN Kiace rpados; NP-moxHoTa.

ON WELL ve-COVERED AND WELL ev-COVERED GRAPHS
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Abstract. In this paper, the classes of well ve-covered graphs and well ev-covered graphs are investigated. A graph is
called well ve-covered (well ev-covered, respectively) if all its minimal independent ve-dominating (minimal independent
ev-dominating, respectively) sets have the same cardinality. It is shown that the problems of recognising the graph classes
under consideration are co-NP-complete even for some restrictions of these classes. Characterisations, in terms of forbid-
den induced subgraphs, for the maximal hereditary subclasses of well ve-covered graphs and well ev-covered graphs are
found. The computational complexity of problems related to minimum independent ve-dominating and minimum inde-
pendent ev-dominating sets is established.
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Introduction

In this paper, we use graph-theoretic terminology of J. Bondy and U. Murty [1] (unless noted otherwise),
and computational complexity terminology of M. Garey and D. Johnson [2]. For concepts related to domination
in graphs, we follow T. Haynes et al. [3].

Throughout this paper G is a simple (i. e. a finite, undirected, loopless and without multiple edges) graph

with the vertex set V(G) and the edge set E (G) A class of graphs is a set of graphs closed under isomorphism.
A graph is trivial if it has only one vertex. A graph with no edges is called empty. An edge of G is two-element
subset of V(G). Often in the paper, an edge {u, v} will be written uv or vu, dropping the curly brackets. The ver-
tices u and v are called end-vertices of the edge uv.

Let G be a graph. For any vertex v e V' (G), the open neighbourhood of v, denoted by N (v), is defined by

{u € V(G) |uve E(G)} The closed neighbourhood of v, denoted by N[v], is the set N(v)u {v} The neigh-

bourhood of an edge e =uv e E(G) is defined as N (¢) = N (u) U N(v). Clearly, {u, v} = N (e). The degree of v
is defined as |N (v)| A vertex of degree 0 is called isolated. We say that a graph is isolate-free if it has no iso-

lated vertices.
As usual, by P, we denote the chordless path on n vertices, by C, the chordless cycle on n vertices, and by

K, , the star on n+1 vertices, 1. e. the complete bipartite graph with partition classes of cardinalities 1 and n.
Given two graphs — G; and G,, we denote by G, U G, the disjoint union of G, and G,. In particular, for a positive

integer n, the disjoint union of n copies of a graph G is denoted by nG. The complement of a graph G is de-
noted by G.
For a graph G and a non-empty subset S of V' (G), the subgraph G(S) of G induced by S has S as its vertex

set and two vertices — u and v — are adjacent in G(S ) if and only if # and v are adjacent in G. A subgraph H
of a graph G is called an induced subgraph if there is a non-empty subset S of V(G) such that H = G(S )

For a (finite or infinite) set M of graphs, a graph G is called M-free if no induced subgraph of G is isomorphic
to a graph in M.

As usual, the term «minimal» («maximaly, respectively) with respect to the sets having some property means
an inclusion-wise minimal (an inclusion-wise maximal, respectively) set with this property, while the terms
«minimum» and «maximumy refer to the cardinality of a set with a given property.

A subset S < V(G) is an independent set of G if no two vertices in S are adjacent. A subset D < V(G) is
a dominating set of G if each vertex of V(G )\D is adjacent to a vertex of D. If, in addition, D is an independent
set, then D is an independent dominating set. The domination number y (G) of G is the minimum cardinality of
a dominating set in G. The independent domination number i (G) of G is the minimum cardinality of an inde-
pendent dominating set in G, or equivalently, is the minimum cardinality of a maximal independent set in G.
The independence number o (G ) of G is the maximum cardinality of an independent set in G.

It is well known that for any graph G, y(G)<i(G)<a(G). A graph is well-covered if all its maximal in-
dependent sets have the same cardinality, equivalently if every maximal independent set is maximum. In other
words, a graph G is well-covered, if and only if i(G ) = o.(G) is satisfied. The concept of a well-covered graph

was introduced by M. Plummer [4] in 1970. These graphs are of interest because, whereas the independent set
problem is NP-complete for general graphs, the maximum independent set can be found efficiently in a well-
covered graph by using a simple greedy algorithm.

The problem of recognising well-covered graphs is known to be co-NP-complete [5; 6]. It remains co-NP-

complete even for K ,-free graphs [7], for circulant graphs [8], and for {ZPS, K, 10}-free squares of line graphs [9].

However, the problem is solvable in polynomial time for K ;-free graphs [10; 11], for graphs with girth at

least 5 [12], for graphs that contain neither C, nor C; as a subgraph [13], for graphs with a bounded maxi-
mum degree [14], or for chordal graphs [15].
The following two variants of domination in graphs, which are called vertex-edge domination and edge-vertex

domination, were introduced by K. Peters in work [16] and further studied in papers [17-19]. A vertex u € V' (G)
is said to ve-dominate an edge xy € E(G) if either (1) u = x or u =y, that is, u is incident to xy or (2) ux or
uy is an edge in G, that is, u is incident to an edge that is adjacent to xy. In other words, a vertex u ve-domi-
nates the edges incident to vertices in N[u]. An edge uwe E(G) is said to ev-dominate a vertex xe V' (G) if
either (1) u =x or w=x, that is, uw is incident to x or (2) ux or wx is an edge in G, that is, x is adjacent to u
or w. In other words, an edge uw ev-dominates the vertices in N (uw).
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We need some additional concepts about private edges and private vertices (see [20—22]). Let G be a graph
and let S be a subset of the vertex set (G ) of G. A vertex u € S has a private edge xy € E(G) (with respect
to §), if (1) u ve-dominates the edge xy (i. e. u is incident to xy or u is adjacent to either x or y), and (2) no
other vertex in S ve-dominates xy (i. e. for all vertices we S\ {u}, w is not incident to xy and w is not adjacent

to either x or y). It was shown in papers [20; 21] that a ve-dominating set S of a non-trivial connected graph G
is minimal if and only if each vertex u € S has at least one private edge (with respect to .S).

Now let F be a subset of the edge set £ (G) of G. An edge uw € F has a private vertex x € V' (G) (with respect
to ), if (1) uw ev-dominates the vertex x (i. e. uw is incident to x or x is adjacent to either u or w), and (2) no
other edge in F ev-dominates w (i. e. for all edges ab € F'\ {uw}, ab is neither incident to x and neither a nor b
is adjacent to x). It was shown in paper [22] that an ev-dominating set F’ of a non-trivial connected graph G is
minimal if and only if each edge uw € F has at least one private vertex (with respect to F').

The vertex-edge domination number (or simply the ve-domination number) vy,, (G) is the minimum car-
dinality of a ve-dominating set of G. An independent vertex-edge dominating set (or simply independent
ve-dominating set) is a vertex subset that is both independent and ve-dominating. The independent vertex-edge
domination number (or simple independent ve-domination number) i, (G) is the minimum cardinality of an
independent ve-dominating set, and the upper independent vertex-edge domination number (or simply upper in-
dependent ve-domination number) o, (G) is the maximum cardinality taken over all minimal independent
ve-dominating sets of G.

The edge-vertex domination number (or simply the ev-domination number) y,, (G) is the minimum cardinality
of an ev-dominating set of G. An independent edge-vertex dominating set (or simply independent ev-dominating
set) is an edge subset that is both independent (i. e. a matching) and ev-dominating. The independent edge-ver-
tex domination number (or simple independent ev-domination number) i, (G) is the minimum cardinality of
an independent ev-dominating set, and the upper independent edge-vertex domination number (or simply upper
independent ev-domination number) o, (G) is the maximum cardinality taken over all minimal independent
ev-dominating sets of G.

For any graph G, the above vertex-edge domination parameters are related by the following chain of inequa-
lities established in paper [17]: v, (G) <, (G) < ., (G).Let us remark that the empty graph O, on n > 1 vertices

has a unique minimal ve-dominating set, namely, the empty set. So, v,,(0,)=i,.(0,)=a.,,(0,)=0.

Note that only graphs without isolated vertices have ev-dominating sets. It is well-known (see [17]) that if G
is an isolate-free graph, then y,, (G) <i,,(G) < a,, (G ). Moreover, as shown in paper [17], the equality y,, (G) =
=i,,(G) between edge-vertex domination parameters v,, (G ) and i,, (G ) holds for all isolate-free graphs G.

A graph G is well ve-covered if i,, (G) =, (G), i. e. all its minimal independent ve-dominating sets have

the same cardinality a.,, (G) This concept was introduced by R. Boutrig et al. [21]. They proved that the prob-
lem of recognising well ve-covered graphs is co-NP-complete and presented a constructive characterisation of
well ve-covered trees.

In order to characterise the trees 7 with i,,(T)=a,, (T), R. Boutrig and M. Chellali [22] introduced the
concept of the well ev-covered graph, which is similar to the concept of well ve-covered graph but in terms of
the independent ev-domination. A graph G is well ev-covered if i, (G) =a,, (G), 1. e. all its minimal indepen-
dent ev-dominating sets have the same cardinality o, (G) In paper [22], R. Boutrig and M. Chellali proposed
some open problems concerning well ev-covered graphs, among them:

1. Can you recognise a well ev-covered graph in polynomial time?

2. Characterise the well ev-covered graphs.

It has been shown by M. Chellali, in his recent paper [23], that the problem of recognising well ev-covered
graphs is co-NP-complete. This result shows that the property of being not well ev-covered is NP-complete.
Thus, returning to the open problems formulated in article [22], one can note that the existence of a good cha-
racterisation of the well ev-covered graphs is very unlikely.

The remaining part of the present paper is organised as follows.

In the section «Well ve-covered graphsy», we prove that the problem of recognising well ve-covered graphs is
co-NP-complete even when restricted to the class of K, ,-free graphs. This result strengthens the result given in
paper [21], where it is shown that the problem is co-NP-complete for general graphs. We also prove that, under
the same restriction, the problem of recognising a graph that has minimal independent ve-dominating sets of at
most # distinct cardinalities is co-NP-complete for any given integer ¢ > 2.
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The section «Well ev-covered graphs» contains the proof that the problem of recognising well ev-cove-
red graphs is still co-NP-complete even for some graph classes defined by certain forbidden induced
subgraphs. Note that our polynomial transformation in the proof of this result is simpler than that in pa-
per [23] and allow us to reduce the problem from general graphs to connected graphs in a proper subclass of

{C4, K,VCy, K s, 2P4}—free graphs.

In the section «Hereditary properties», we show that the classes of well ve-covered graphs and well ev-covered
graphs are not hereditary, and therefore, they have no characterisations in terms of forbidden induced subgraphs.
As an alternative, we provide finite characterisations for the maximal hereditary subclasses of these classes in
terms of forbidden induced subgraphs.

In the section «Related resultsy», we apply the previous results to obtain new cases where the decision prob-
lems associated with the computation of i, (G), i,,(G) and v,, (G ) are NP-complete. Also in this section we
introduce a concept of a well paired-dominated graph and study the computational complexity of recognising
such graphs.

The section «Conclusions» provides a summary of our results and presents some open problems.

In what follows all decision problems are stated in the standard instance — question format [2].

Well ve-covered graphs

In this section we shall consider the following decision problem.

Non-Well ve-Covered Graph problem

Instance: a graph G.

Question. is it true that the graph G is not well ve-covered? In other words, are there two minimal independent
ve-dominating sets of distinct cardinalities in G?

We first prove that the Non-Well ve-Covered Graph problem is an NP-complete problem and thereby establish
that recognising the class of well ve-covered graphs is a co-NP-complete problem. Then we extend this result
by showing that recognising a graph that has minimal independent ve-dominating sets of at most ¢ distinct car-
dinalities is a co-NP-complete problem for any ¢ > 2. In our proof, we use a transformation from the following
well-known NP-complete decision problem (see [2]).

Three-Dimensional Matching (3-DM) problem

Instance: pairwise disjoint sets X, ¥, Z of some finite cardinality £, and a collection M of three-element sets,
where each member of M includes exactly one element from each of X, Y and Z.

Question: is there a set of pairwise disjoint members of M, whose union is X U YU Z?

We say that the instance of 3-DM problem is solvable if there exists a set of pairwise disjoint members of M,
whose union is XU YU Z

Theorem 1. The Non-Well ve-Covered Graph problem is NP-complete for K, ,-free graphs.

Proof. It can be checked in polynomial time whether a ve-dominating set is minimal, since the property of
being a ve-dominating set is superhereditary (for more details see [3]). Thus, it is obvious that the Non-Well
ve-Covered Graph problem is a member of NP since we can guess subsets D,, D, < V(G) and, in polynomial
time, verify that D, and D, are minimal independent ve-dominating sets of distinct cardinalities.

To establish NP-completeness we start by describing how to construct an instance of the Non-Well ve-Cove-
red Graph problem from one for the 3-DM problem. Let / = (X, Y, Z, M ) be an instance of the 3-DM prob-
lem, where X = {xl, Xy eees xk} and Y= {yl, Va5 ...,yk}. Let {a, b,cli=12,..., k} be a set of 2k+1 new
elements, each of which does not belong to the union X U YU Z. We define M, = {{xi, a} li=1,2,..., k}
and M, = {{yi, bt Ay cli=1,2, ..., k}. Let G(I) be the intersection graph of the subset system S =
=MUMUM,U {{a}}, i. e. the vertex set of G(I ) is S, and two vertices are adjacent if and only if the cor-
responding subsets have a non-empty intersection. It is easy to see that the construction of the graph G([ ) can
be accomplished in polynomial time.

An example of graph G (/) constructed for k =3 and

M= {{xl’ Y25 Zl}’ {x3a Y25 Z3}a {xz, Y1s Z]}’ {xl, Y2 Z3}9 {x3’ Y Zz}a {x2, V35 Z]}}
is given in fig. 1, where ( p, g, r) stands for the vertex {xp, Vo zr}.
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Fig. 1. An example of the graph G(/)

Note that the graph G(I ) is connected and has always a minimal independent ve-dominating set of cardi-
nality k + 1, for example {{a}} U {{yl., b}li=1,2,..., k} is such a set.

To prove the theorem, it is sufficient to show that the following three claims are valid.

Claim 1. The graph G(7) is K| ,free.

Proof. Indeed, since |T | <3 for each T € §, any four sets, each intersecting with 7, cannot be pairwise dis-

joint. This, in turn, means that the graph G (/') cannot contain a star K, , centred at vertex 7"as an induced sub-

graph. The claim is proved.
Claim 2. For any minimal independent ve-dominating set D of G(I ), the inequalities k < |D| <k+1hold.

Proof. Let D be an arbitrary minimal independent ve-dominating set of G (1 ) Since any k£ +2 members of
the subset system S obviously contain an intersecting pair, we have that any independent (in particular, minimal)
ve-dominating set of G (1) contains at most & +1 vertices, and hence [D| <k +1.

Fori=1,2,..., k, define

S :{{y"’bi}’{yi’ci}’{xp’yv 2 %30 2.} €M, 1< p, rgk}.

Let ¢, be the edge of the graph G (1) connecting vertices {y;, b, } and { y,, ¢;}, for1<i < k. Clearly, the edge ¢ can
only be ve-dominated by vertices from S;. Since the set S, is a clique of the graph G(I ), we have that |D N Sl.| =1,
for eachi=1, 2, ..., k. Thus, |D| >k, and the claim is proved.

Claim 3. The instance / = (X, Y, Z M ) is solvable for the 3-DM problem if and only if the graph G(I ) has
a minimal independent ve-dominating set of cardinality £.

Proof. Let the instance I = (X, Y, Z, M ) is solvable for the 3-DM problem, i. e. M contains a subset M of
k pairwise disjoint members, whose union is equal to X U YU Z. Construct a set D < V(G(] )) of cardinality k&
by including in it all the vertices of the graph G(I ) that correspond to elements of M. It is easy to see that D is
independent and ve-dominating set of G (I ) The minimality of the set D follows from the fact that every vertex

{xp, Vs zr} € D has the edge {{yq, bq}, {yq, cq}} € E(G(I)) as a private edge (with respect to D).

Assume now that the graph G (1 ) has a minimal independent ve-dominating set D of cardinality k. For 1 <i < &,
let ¢; be the edge of G (1) between the vertices {y;, b,} and {y;, ¢;}, and let S, be the st defined as in the proof of
claim 2. Then as in the proof of claim 2, we have for eachi =1, 2, ..., k that |D ) S,.| =1, and therefore, the inter-
section of D with the set M, U {{a}} is empty. Suppose that{y,, b,} € D forsomeie{1,2, ..., k}. Then|D n M| <k,
and hence there exists an element x; € X, which does not belong to any member of D n M. But then no vertex

in D, which ve-dominates the edge {{xj, a}, {a}} eF (G(I )), a contradiction since D is a ve-dominating set
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of G([ ) Thus, the intersection of D with the set M, is also empty, and consequently D < M. Since D is an in-

dependent ve-dominating set its vertices correspond to exactly & pairwise disjoint members of M, whose union
is XU YU Z. Therefore, the instance [ is solvable. This completes the proof of the claim.

So, we have obtained a polynomial transformation from the 3-DM problem to the Non-Well ve-Covered
Graph problem within K, ,-free graphs, and the theorem is proved.

Let W, (t) be the class of graphs, each of which has minimal independent ve-dominating sets of at most
t cardinalities. Note that ¥, (1) is the class of well ve-covered graphs and W,, (1) = W, (z+1) holds for ¢ > 1.
Consider the following decision problem.

Non-#-Well ve-Covered Graph problem
Instance: a graph G and an integer number ¢ > 2.

Question. is it true that G ¢ W, (t)? In other words, are there #+ 1 minimal independent ve-dominating sets
of distinct cardinalities in G?

Based on theorem 1, the following result is obtained.

Theorem 2. For any t 22, the Non-t-Well ve-Covered Graph problem is NP-complete even for K, ,-free
graphs.

Proof. It is not hard to see that the Non-#-Well ve-Covered Graph problem belongs to NP. To prove the
NP-completeness, we will use a polynomial transformation from the Non-Well ve-Covered Graph problem,
which is NP-complete by theorem 1. Let G be a non-trivial connected K ,-free graph, which constitutes an

instance for the Non-Well ve-Covered Graph problem. Consider the graph H, which is the disjoint union of
t components G, G,, ..., G,, each of which is isomorphic to the graph G. It is easy to see that the graph H is

K, ,free, and that H can be constructed in polynomial time in the number of vertices of G. To complete the
proof of the theorem, it suffices to show the following.

Claim 4. G e W, (1) if and only if H e W,,(1).

Proof. Assume that G is a well ve-covered graph, i. e. G € W, (1). Let D, and D, be any two minimal inde-
pendent ve-dominating sets of the graph /. The intersection of D,, i € {1, 2}, with the vertex set V(Gj) of the
;™ component G, in H is a minimal independent ve-dominating set of the graph G;. Since G, is isomorphic to
the graph G and all minimal independent ve-dominating sets in G have the same cardinality, we conclude that
|D,|=|D,|. Hence, H € W,, (1), and since W, (1) = W,, (¢) for ¢ > 2, we obtain H e W,,(¢).

For the converse implication assume that He W, (t) for some ¢ > 2. Suppose on the contrary that the graph G
is not well ve-covered. Then there are minimal independent ve-dominating sets Dy and D, in G with |D;|#|D,|.
Without loss of generality let |D1| < |D2|. Fori=0,1,..., ¢, define the set S, by

S, :(DlluDlzu...uDf)u(Dé“uDé*zu...uDé),
where Dlj and Dzj are copies of the sets D, and D, in the ;™ component G, of the graph H, respectively. Clearly,
for eachie{0,1, ..., ¢}, the set S, is a minimal independent ve-dominating set of / and Sl.| = i|Dl| +(1- i)|D2|.
Therefore, for 0< k< /<1, we obtain |S,|~|S;| = (|D,|-|Dy|)(! — k) and, consequently, |S,|>|S,|>...>|S,|. But

this contradicts the fact that H € W, (t), and the claim is proved.

So, we have obtained a polynomial transformation from the Non-Well ve-Covered Graph problem restricted
to K, ,-free graphs to the Non-#-Well ve-Covered Graph problem restricted to K, ,-free graphs, and the theorem
is proved.

Well ev-covered graphs
In this section we shall consider the following decision problem.
Non-Well ev-Covered Graph problem
Instance: a graph G.

Question. is it true that the graph G is not well ev-covered? In other words, are there two minimal independent
ev-dominating sets of distinct cardinalities in G?

We prove that the Non-Well ev-Covered Graph problem is an NP-complete problem and thereby establish
that recognising the class of well ev-covered graphs is a co-NP-complete problem. In our proof, we use a poly-
nomial transformation from the following well-known NP-complete decision problem (see [2]).
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Three-Satisfiability (3Sat) problem
Instance: a collection C={¢,, ¢,, ..., ¢,,} of m clauses over a set X = {x,, x,, ..., x, } of n Boolean variables
such that ‘cj‘ =3for j=1,2,...,m.

Question: is there a truth assignment for X that simultaneously satisfies all the clauses in C?

Recall that a truth assignment for X is a mapping ¢ : X — {O, 1} that assigns a value (p(xi) € {O, 1} to each

variable x; € X. We extend ¢ to the set XU {X, X,, ..., X,} of the literals over X by setting @(X;)=0(x;), i =
=1,2,...,n. Aliteral f € X U {fl, Xy oens )?n} is true under @ if(p(f) =1. A clause over X is a disjunction of some
literals. A truth assignment ¢ for X satisfies a clause ¢; € C if ¢; involves at least one true literal under ¢. A col-
lection C of clauses over X is satisfiable if and only if there exists some truth assignment for X that simulta-
neously satisfies all the clauses in C.

In order to formulate the following result, we need to introduce special notations for some particular clas-
ses of graphs: A is the class of{K1 VCy K s, 2P4}-free graphs, and B is the class of{C4, G, G5, G, Cg}-free
graphs. In fact, it is not hard to see that any graph in 4" B is also C,-free and C ,~free foreachp >10and g > 6,
as well as P -free and P-free for each s > 9 and ¢ > 5.

Theorem 3. The Non-Well ev-Covered Graph problem is NP-complete in the class of graphs AN B.

Proof. It can be checked in polynomial time whether an ev-dominating set is minimal, since the property
of being an ev-dominating set is superhereditary (for more details see [3]). Thus, the Non-Well ev-Covered
Graph problem is in NP since we can guess subsets £, £, c E (G) and, in polynomial time, verify that £, and E,

are minimal independent ev-dominating sets of distinct cardinalities. To show that it is NP-complete, we con-
struct a polynomial transformation from the 3Sat problem. Without loss of generality, we may assume that each
variable appears (as x or X) in at least one clause and no clause in C contains a variable x; and its negation X;
because such a clause is satisfied by any truth assignment and can be eliminated. We also assume that all clauses
are distinct and m = |C | > 2. The proof uses ideas from paper [9].

Given an instance J = (C, X ) of the 3Sat problem, construct the following graph G(J ) Some vertices of
this graph are associated with the parameters of the 3Sat problem and use the same notation, and some vertices
are auxiliary. Specifically, the vertex set of the graph G(J) is the union C" U X', where C'= {cj [j=12,..., m}
and X'= {xl-, Vo Zpn X |1=1,2,..., n}. Edges of G(J) are defined as follows.

1. The set C" induces a clique. .

2. The set X' induces n vertex-disjoint stars Kl” 5, 1=1,2,...,n,each one with four vertices — x;, y;, z; and X; —
and the edges x,y;, ,z; and y,X,.

3. For each clause ¢= (fjl v sz v Ej. ), j=1,2,..., m,introduce the three edges — cjé}, cjﬁjz and cjﬂf —between
C'and X'inG(J).

The graph G(J ) can obviously be constructed in time polynomial in m and n. Figure 2 shows an example
of graph G(J) when X={x, x,, x3, x, }and C = {¢}, ¢3, ¢3, ¢y, ¢5}, where ¢ = (x, v x, v x3), ¢, = (X vV x, v x3),
= ()c1 VX3V )?4), Cy= ()_c2 VX3V x4), Cs= ()_c1 VX3V x4).

Fig. 2. An example of the graph G(J)
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Note that the graph G (J ) is connected and has always a minimal independent ev-dominating set of cardinality
n+1, for example {¢;c,} U{y,z;|i=1,2,..., n} is such a set. Recall that m > 2.

To prove the theorem, it is sufficient to show that the following three claims are valid.

Claim 5. The graph G (J)) belongs to the class 4 N B.

Proof. It is not difficult to show that the graph G(J) does not contain any graph in {Kl Uy, K s, 2P4} )
U { C,, Gy, C5, G, C9} as an induced subgraph. Hence, G (J ) is in the class A M B, as required. The claim is proved.

Let us denote X; = {x,y;, y,z;, %}, i=1,2,...,n.

Claim 6. For any minimal independent ev-dominating set E’ in G(J ), the following statements hold:

(i)|E'(‘\ Xl.|:1fori=1, 2, ..., 01

(i1) |E'm EN(C’)| <1, where EN(C') is the set of all edges in G(J) that have at least one end-vertex in C’;

(iii) |E’| € {n, n+ 1}.

Proof. (i) If E'n X, = for some i € { 1,2,..., n}, then the vertex z; cannot be ev-dominated. Therefore,
|E'm X;| 21 for each i=1,2,...,n. On the other hand, since E' is an independent set of edges and, for each
i=1,2,..., n, the set X, forms the star K| ; in G(J), we have |E'n X;|<1,i=1,2,...,n. Thus, |E'n X;|=1 for
i=12,...,n.

(i1) Suppose on the contrary that the intersection E'n EN (C’) contains two edges — e, and e,. Let u be a pri-
vate vertex (with respect to E') of the edge e,. Suppose that u € X', say u e V(Kf’3) for some ie{1,2,...,n}.
Then by the statement (i) there exists the edge e'e E'm X; such that €’ is distinct from e, and e’ ev-dominates u,
which is impossible. Hence, u € C"Finally, since C'is a clique in G(J)and e,€ E'™ EN(C'), we conclude that e,
ev-dominates u, again a contradiction. This contradiction shows that |E 'm EN (C ')| <1, as required.

(iii) By the statement (i), the set £’ contains exactly n edges of G(X '). Thus, |E ’| > n. The fact that |E ’| <n+l1
follows from the statement (ii).

The claim is proved.

Claim 7. C is satisfiable if and only if the graph G(J ) has a minimal independent ev-dominating set of
cardinality ».

Proo t}“/ First, suppose that there exists a truth assignment ¢ satisfying C. We construct a set E' UT: X by

choosing edges that correspond to the true literals. Namely, for each i =1, 2, ..., n, do the following. If (p(xi) =1,
then the edge x;y; is included in E". On the other hand, if ¢(x;) =0, then the edge y,¥; is included in £" Thus, E’
is of cardinality ».

We shall prove that £’ is a minimal independent ev-dominating set in G (J ) Indeed, since X; N X, = (for
1<i #j<n),we have that E' is a matching, i. e. an independent set of edges. Since ¢ satisfies C, each vertex
of C'is adjacent to an end-vertex of an edge in E’, and hence is ev-dominated by such an edge. Since for each
i=1,2,...,n the set X, form a star K, ;in G(J), we have that each vertex of X' is either incident to an edge in £’
or is adjacent to an end-vertex of an edge in E’, and hence is ev-dominated by such an edge. Therefore, E’ is
an ev-dominating set in G(J ) Finally, the minimality of the set £’ follows directly from the fact that for each
i=1,2,...,n the vertex z; is a private vertex of the unique edge in E’ that belongs to the set .X;.

Conversely, assume that £’ is a minimal independent ev-dominating set of cardinality » in the graph G(J ) By
claim 6 (i), we have that |E'm Xi| =l1fori=1,2,...,n Therefore, E'c E(G(X')) and E' covers at most one of the
vertices x;, X; foreach i =1, 2, ..., n. Since E' ev-dominates every vertex in C’, we can define a partial truth assignment ¢’
satisfying C by deciding a literal /; € {xi, )?,} to be true if the corresponding vertex of C’ is ev-dominated by the
edge (;y; € E'n X;. Itremains to extend, if necessary, @’ to a full assignment. This completes the proof of the claim.

So, we have obtained a polynomial transformation from the 3Sat problem to the Non-Well ev-Covered Graph
problem restricted to the class of graphs 4 M B, and the theorem is proved.

Let W, (t) be the class of graphs, each of which has minimal independent ev-dominating sets of at most ¢
cardinalities. Note that W,,(1) is the class of well ev-covered graphs and W, () < W,,(¢+1) holds for 7 > 1.
Consider the following decision problem.

Non-#-Well ev-Covered Graph problem

Instance: a graph G and an integer number ¢ > 2.

Question: is it true that G ¢ W, (t)? In other words, are there 7 + 1 minimal independent ev-dominating sets
of distinct cardinalities in G?

The following result can be obtained by applying theorem 3 and the same approach that we have used to
prove theorem 2.

Theorem 4. For any t > 2, the Non-t-Well ev-Covered Graph problem is NP-complete even in the class of
graphs AN B.
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Hereditary properties

Let us remind basic notions related to hereditary properties of graphs referring for more details to the mo-
nograph by S. Kitaev and V. Lozin (see [24, chap. 2]).

A class of graphs is called hereditary if every induced subgraph of a graph in this class also belongs to the
class. The family of hereditary classes includes many important classes of graphs, for instance, bipartite graphs,
chordal graphs, planar graphs, line graphs, graphs of vertex degree at most & (for a fixed k), etc.

It is well known that a class X of graphs is hereditary if and only if X is M-free (i. e. every G € X is M-free)
for some set M. In this case graphs in M are called forbidden induced subgraphs for the class X. Generally, for
a hereditary class X the set M of forbidden induced subgraphs is not unique. For instance, M can be defined
as the set of all graphs that are not in X. However, to describe X it is sufficient to find only so-called minimal
forbidden induced subgraphs. A forbidden induced subgraph H for hereditary class X is minimal if / is not in X
but every proper induced subgraph of H is in X. It is known that for every hereditary class the set of minimal
forbidden induced subgraphs exists and is unique.

As noted in paper [25], every (hereditary or not) class X of graphs can be «approximated» by two hereditary
classes as follows: by LX J we denote the maximal hereditary subclass contained in X and by fX —| the minimal
hereditary class containing X. It is known that LX J and [X —| are uniquely defined and that LX J cXc (X —| with
equalities holding if and only if X is a hereditary class.

In order to prove that the classes W, (1) and W,, (1) of well ve-covered graphs and well ev-covered graphs
are not hereditary classes, let us prove the following result.

Theorem 5. For any graph H, there exists a graph G that contains H as an induced subgraph and G is both
a well ve-covered graph and a well ev-covered graph.

Proof. Given a graph H with the vertex set V' (H)={u, u, ..., u, |, n > 1, construct a new graph G as fol-
lows. For each vertex u;, i =1, 2, ..., n,add two new vertices — a; and b;, and join u; to a; and a; to b;, respectively.
More precisely,

V(G)z V(H)u{ai, b li=1,2, ,n} and E(G)zE(H)U{u,»a,-, ab |i=1,2,..., n}
Clearly, by the construction, H is an induced subgraph of G.

Let D be any minimal independent ve-dominating set of G, and letU=DnN V(H ) Then for each vertex
u; e V(H ) \U, the set D contains exactly one of the two vertices — a; or b;, since otherwise the edge a;b; cannot
be ve-dominated. Therefore, D| = |U | + |V(H ) \U | =n, and hence G is well ve-covered.

Now let F'be any minimal independent ev-dominating set of G. It is easy to see that foreachi=1, 2, ..., n, the
set /' contains exactly one of the two edges — u;a; or a;b;, since otherwise the vertex b; cannot be ev-dominated.
By minimality of F, we have FNE (H ) = . Therefore, |F | =n, and hence G is well ev-covered.

The theorem is proved.

By theorem 5 we conclude that both hereditary classes — (er (1)—| and [Wev (1)—| — are coincide with the class
of all graphs.

Now we consider a hereditary subclass of the class W, (1) A graph G is called perfectly well ve-covered if
every induced subgraph of G is well ve-covered. We characterise perfectly well ve-covered graphs in terms of
minimal forbidden induced subgraphs.

In the sequel of this section, the notation y ~ z (y + z, respectively) means that the vertices y and z are adja-
cent (non-adjacent, respectively). For disjoint sets of vertices Y and Z, the notation Y ~ Z (Y +# Z, respectively)
means that every vertex of Y is adjacent (non-adjacent, respectively) to every vertex of Z. In the case when
Y={y}, we also write y ~ Z and y # Z instead of {y} ~ Z and { y} # Z, respectively. Also, for the sake of simpli-
city, a subgraph of G induced by a vertex set {u, u,, ..., u; | =V (G) will be denoted by G (uy, uy, ..., u; ) instead
ofG({ul, Upyores uk})

Theorem 6. For a graph G, the following statements are equivalent:

(i) G is a perfectly well ve-covered graph;

(ii) Gis a {Gl, Gz}—free graph, where the graphs G, and G, are shown in fig. 3.

G G, G;
Fig. 3. The graphs G|, G, and G;
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Proof. We prove first the implication (i) = (ii). It is easy to check that i,,(H)=1and a,, (H)=2 for
He {Gl, G2}. Therefore, both graphs — G, and G, — are not perfectly well ve-covered graphs, and they are mini-
mal. It follows that none of them can be an induced subgraph of a perfectly well ve-covered graph.

Now we prove the converse implication (ii) = (i). Suppose that G is a {Gl, G, }-free graph, but G is not a per-

fectly well ve-covered graph. We may assume that G is minimal, i. e. each proper induced subgraph of G is
perfectly well ve-covered. By definition, there are two minimal independent ve-dominating sets — D, and D, —

in G with |Dl| # |D2 | Without loss of generality, we may assume that |Dl| > |D2 | Since D,, D, are minimal ve-domi-
nating sets and |D1\D2| > |D2\D1 , there are three distinct vertices — u;, u, € D)\ D,, we D,\ D, — and there are
two distinct edges — ab, cd —in E (G), such that the following properties are satisfied: 1) ab and cd are private
edges of u; and u, (with respect to D,), respectively; 2) w ve-dominates both edges — ab and cd.

Claim 8. u, ¢ {c,d},uy& {a,b} and u;+{c, d},u, +{a, b}.

Proof. This is obvious from the definition of a private edge.

In all claims below we use the fact that u; + u,, since D, is an independent set.

Claim 9. The edges ab and cd are not adjacent in G.
Proof. Assume, to the contrary, that ab and cd are adjacent. Without loss of generality, let us suppose that

b=c. By claim 8, u; # { ¢, d } and u, + {a, b}. Hence, b + {ul, uz}. Since u, ve-dominates ab and u, ve-dominates
cd, we have that u;~ a and u, ~ d. If a # d, then {a, b, d, ul} induces Gy, a contradiction. Thus, a ~ d. But then
{a, d, u, uz} induces G;. This contradiction completes the proof of the claim.

Claim 10. The vertex w is not incident to any edge in {ab, cd }.

Proof. Assume, to the contrary, that w is incident to some edge in {ab, cd } By claim 9, edges ab and cd
are not adjacent in G. Hence, taking into account the symmetry, we may assume without loss of generality that
w=b. By symmetry, there are four cases depending on whether or not vertices u; and u, belong to {a, b} and
{c, d}, respectively.

Case 1. uy= a, u, = c. Since w ve-dominates cd, we have b ~ d. Taking into account claim 8, we conclude
that a + d and b + ¢. Thus, {a, b, ¢, d} induces G, a contradiction.

Case 2. uy=a, uy¢{c, d}.By claim 8, a +{c, d} and u, # {a, b}. Since u, ve-dominates cd, we may assume
without loss of generality that u, ~ c. Then b # ¢, otherwise {a, b, ¢, u,} induces G;, which is a contradiction.
Since w ve-dominates cd, we have that b ~ d. But then {a, b,c,d } induces G, a contradiction.

Case 3. u ¢ {a, b}, u, =c. By claim 8, u, # {c, d} and ¢ + {a, b}. Since u; ve-dominates ab, we may assume
without loss of generality that #, ~ a. Since w ve-dominates cd, we have b ~ d. Then a ~ d, otherwise {a, b,c,d }
induces Gj, which is a contradiction. But now {a, ¢, d, ul} induces G, a contradiction.

Case 4. u;2{a, b}, uy2{c,d}. By claim 8, u)# {c, d} and u, # {a, b}. Since u, ve-dominates cd, u, must
have a neighbour in the set {c, d } Due to symmetry, we may assume without loss of generality that u, ~ c. Since
u; ve-dominates ab, u; must have a neighbour in the set {a, b}.

Suppose that u; ~ a. Then a + ¢, otherwise {a, ¢, up, u2} induces G, which is a contradiction. Since w ve-domi-
nates cd, w must have a neighbour in the set { ¢, d }. If w ~ ¢, then { 4, b, ¢, u, induces G,, a contradiction. Hence,
w + ¢ and, as consequence, w ~ d. But then G contains either induced G, = G(a, b,c,d ) (if a +d) or induced
G = G(a, ¢, d, ul) (if a ~d), a contradiction.

Now let us suppose that u; # a. Hence, u; ~ b. But then G contains either induced G, = G(b, c, u, u2) (ifw~c)
or induced G,=G(b, ¢, d, u;) (if w # ¢, w ~ d), a contradiction. Claim 10 is proved.

Claim 11. The vertices u; and u, are not incident to edges ab and cd, respectively.

Proof. By claim 9, edges ab and cd are not adjacent in G, and by claim 10, w ¢ {a, b,c,d } Assume, to the
contrary, that u, is incident to ab or u, is incident to cd. Due to symmetry, there are two cases depending on
whether or not the vertices u, and u, belong to {a, b} and {c, d}, respectively.

Case 1. u;= a, u, = c. In this case b + d, otherwise {a, b,c,d } induces G; a contradiction. Since w ve-domi-
nates both edges — ab and cd, w has at least one neighbour in each of {a, b} and {c, d }

Suppose that w#{b, d}. Then w~{a,c} and, as consequence, G,=G(a, b, ¢, w) and G,=G(a, ¢, d, w),
a contradiction. Hence, w has a neighbour in the set {b, d } Due to symmetry, we may assume, without loss of
generality, that w ~ b. Let w # d. Then clearly w ~ ¢ and, as consequence, {b, ¢ d, w} induces Gj, a contradiction.
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Thus, w~{b, d}. Next, we conclude that w~ {a, c}, since otherwise G,=G(a, b, d, w) or G;=G(b, ¢, d, w),
which again gives a contradiction. But now, the set {a, b, c d, w} induces G,, a contradiction.

Case 2. u;=a, u, ¢ {c, d}. Since u, ve-dominates cd, u, must have a neighbour in the set {¢, d}. Due to sym-
metry, we may assume without loss of generality that u, ~ ¢. In this case b + ¢, otherwise {a, b, c, uz} induces G,
a contradiction. If b ~ d, then {a, b,c,d } induces Gj, a contradiction. Hence, b + d. By considering the subgraph
H= G(a, b, ¢, d, w), one can prove that H contains either G; or G, as an induced subgraph. The proof is similar

to that of case 1 of this claim and hence omitted. Claim 11 is proved.
We now consider the general case, in which a, b, ¢, d, u,, u,, w are seven distinct vertices. Since u; ve-domi-

nates ab, we may assume without loss of generality that #; ~ a. Due to symmetry, we may assume without
loss of generality that u, ~ ¢ (since u, ve-dominates cd ). By claim 8, u; # {c, d } and u, + {a, b}. If a ~ ¢, then
{a, C, Uy, uz} induces Gy, a contradiction. Hence, a + c. Since w ve-dominates both edges — ab and cd, w has at
least one neighbour in each of {a, b} and {c, d}.

If w# {b,d}, then w~{a, c}.In this case we conclude that w ~{u,, u, }, since otherwise G, = G(a, ¢, u;, w)
or G, = G(a, ¢, uy, w), which gives a contradiction. But now, the set { a, ¢, uy, u,, w} induces G,, a contradiction.
Hence, w has a neighbour in the set {b, d } Due to symmetry, we may assume, without loss of generality, that
w~b.If w~ c,then w + a, otherwise we have the previous situation when w ~ {a, c}. But then G contains either
induced G, =G(a, b, ¢, u,) (if b ~ ¢) or induced G,=G(a, b, ¢, w) (if b + ¢), a contradiction.

Thus, we have w ~{b, d} and w #{a, c}.If b ~ c then {a, b, ¢, u,} induces G, a contradiction. Hence, b # c.
Similarly we have a # d, otherwise { a,c,d, ul} induces Gy, a contradiction. Finally, we conclude that G contains
either induced G, = G(a, b, ¢,d) (if b ~ d) or induced G, = G(a, b, d, w) (if b # d). This contradiction completes
the proof of the claim.

Thus, we have contradictions in all possible cases, and the proof of the implication (ii) = (i) is complete.
Theorem 6 is proved.

By theorem 6, W, (1) contains the class of {Gl, Gz}—free graphs. On the other hand, any hereditary subclass
of W, (1) is contained in the class of {G;, G, }-free graphs, since graphs G, and G, do not belong to 7, (1). Thus,
we obtain the following corollary.

Corollary 1. The unique maximal hereditary subclass of W, (1) is the class of {Gl, Gz}—free graphs.

Finally, we consider a hereditary subclass of the class ¥, (1) A graph G is called perfectly well ev-covered
if every isolate-free induced subgraph of G is well ev-covered. The following result can be obtained using
a similar technique as in the proof of theorem 6.

Theorem 7. For a graph G, the following statements are equivalent:

(i) G is a perfectly well ev-covered graph;

(ii) Gis a {Gl, G, G3}—free graph, where the graphs G,, G, and Gy are shown in fig. 3.

By theorem 7, W, (1) contains the class of {Gl, Gy, G3}—free graphs. On the other hand, any hereditary sub-
class of W, (1) is contained in the class of {Gl, G,, G3}—free graphs, since graphs G;, G, and G; do not belong
to 1, (1). Thus, we obtain the following corollary.

Corollary 2. The unique maximal hereditary subclass of W,, (1) is the class of {Gl, G, G3}—free graphs.

As a simple consequence of theorems 6 and 7, we have the following corollary.
Corollary 3. The classes of perfectly well ve-covered graphs and perfectly well ev-covered graphs are re-
cognisable in polynomial time.

Related results

Consider the following decision problem.

Independent ve-Dominating Set problem
Instance: a graph G and an integer .

Question: is i, (G) < k?

The Independent ve-Dominating Set problem is known to be NP-complete for general graphs. Moreover, it
remains NP-complete even for graphs having a specific structure, such as bipartite graphs and chordal graphs [17].
On the other hand, the problem can be solved in polynomial time for trees [17].
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A graph G is said to be 2-ve-indominated if there exists an integer £ > 1 such that |D| € {k, k+ 1} for every
minimal independent ve-dominating set D in G. The proof of theorem 1 implies the following result.

Theorem 8. The Independent ve-Dominating Set problem is an NP-complete problem for 2-ve-indominated
K, s-free graphs.

Proof. The problem of deciding «i,, (G) < k» belongs to NP. Let I =( X, ¥, Z, M) be an instance of the 3-DM
problem. Set k=|X|=|Y|=|Z| For the K, ,-frec graph G(I) in the proof of theorem 1, we have i,, (G([)) >k
and a,, (G(I )) =k +1. Hence, G(I ) is a 2-ve-indominated graph. Moreover, the instance /= (X, Y, Z, M ) is
solvable for the 3-DM problem if and only if i,, (G(I )) = k. Theorem 8 is proved.

Now consider the following decision problem.

Independent ev-Dominating Set problem
Instance: a graph G and an integer k.

Question. is i, (G) < k?

The Independent ev-Dominating Set problem is known to be NP-complete for general graphs. Moreover,
it remains NP-complete for bipartite graphs [17]. On the other hand, the problem can be solved in polynomial
time for trees [17].

A graph G is said to be 2-ev-indominated if there exists an integer £ > 1 such that |E ’| € {k, k+ 1} for every

minimal independent ev-dominating set E” in G. The proof of theorem 3 implies the following result.

Theorem 9. The Independent ev-Dominating Set problem is an NP-complete problem for 2-ev-indominated
graphs in the class of graphs AN B.

Proof. The problem of deciding «i,, (G) <k» belongs to NP. Let J= (C, X ) be an instance of the 3Sat
problem. Set k=n= |X| For the graph G(J) € AN B in the proof of theorem 3, we have ieV(G(J)) >k and
oL, (G(J )) =k+1.Hence, G(J) is a 2-ev-indominated graph. Moreover, there exists a satisfying truth assign-
ment for C if and only if i,,(G(J)) = k. Theorem 9 is proved.

Since v,, (G) =i, (G) for any isolate-free graph G (see [17]), we can use theorem 9 to show that the problem
of deciding «y,, (G) < k» is NP-complete in the class of graphs AN B.

Consider the concept of paired-domination in graphs, which was introduced by T. Haynes and P. Slater [26; 27]
(see [28] for a survey).

A subset Dc V(G) is a paired-dominating set of G if every vertex of ' (G) is adjacent to some vertex
in D and the induced subgraph G(D) contains a perfect matchings (not necessarily induced). Note that every
graph without isolated vertices has a paired-dominating set. It is easy to see that for any paired-dominating
set D of G, the cardinality |D| is even. A paired-dominating set D in G is minimal if no proper subset of D is
a paired-dominating set. The paired domination number of G, denoted by y,, (G), is the minimum cardinality
of a paired-dominating set of G. The upper paired domination number of G, denoted by T, (G) is the maximum
cardinality of a minimal paired-dominating set of G.

The following characterisation of a minimal paired-dominating set is obtained in work [29].

Proposition 1. Let G be an isolate-free graph and D be a paired-dominating set of G. Then D is a minimal
paired-dominating set if and only if any two vertices — x, y € D — satisfy one of the following conditions:

(i) the induced subgraph G(D\ {x, y}) does not contain a perfect matching;

(ii) without loss of generality, x is an end-vertex in G(D) adjacent to y,
(iii) there exists a vertex u € V(G)\D such that N(u) NDc {x, y}.

The following result can be found in paper [23].

Proposition 2. If G is an isolate-free graph, then 2i,,(G) =7, (G)<T, (G)<2a,,(G).

We call a graph well paired-dominated if all its minimal paired-dominating sets are of the same cardina-
lity (cf. [30] for the difference in definitions). That is, all minimal paired-dominating sets are also minimum
paired-dominating sets. In other words, a graph G is well paired-dominated, if and only if y,, (G) =TI, (G) is
satisfied.

Consider the following decision problem.

Non-Well Paired-Dominated Graph problem

Instance: a graph G.

Question: is it true that the graph G is not well paired-dominated? In other words, are there two minimal
paired-dominating sets of distinct cardinalities in G?
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Using theorem 3, one can show that the Non-Well Paired-Dominated Graph problem is an NP-complete
roblem.
b Theorem 10. The Non-Well Paired-Dominated Graph problem is NP-complete in the class of graphs AN B.

Proof. It can be checked in polynomial time whether a paired-dominating set is minimal. This follows
from the characterisation of a minimal paired-dominating set given in proposition 1 and the fact that the gene-
ral perfect matching problem can be solved in polynomial time (see, for example, [31]). Thus, the Non-Well
Paired-Dominated Graph problem is in NP since we can guess subsets D, D, < V(G) and, in polynomial time,
verify that D, and D, are minimal paired-dominating sets of distinct cardinalities. To show NP-completeness,
we use exactly the same arguments as in the proof of theorem 3.

Given an instance J=(C, X) of the 3Sat problem, construct the graph G = G(J)e AN B as in the proof
of theorem 3. Let D be a minimal paired-dominating set of G. Since the cardinality |D| is even, iev(G) >n,
o, (G)=n+1andy, (G)<|D|<T, (G), by using proposition 2 we obtain that |D| € {2n, 2n+2}. The graph G
has always a minimal paired-dominating set of cardinality 27 + 2, for example {cl, cz} U { Vi zi|i=1,2,..., n}
is such a set. Moreover, there exists a satisfying truth assignment for C if and only if iev(G) =n. But since
Yor (G) =2i,, (G) = 2n, we also obtain that there exists a satisfying truth assignment for C if and only if y,, (G) =
=2n, 1. e. if and only if the graph G has a minimal paired-dominating set of cardinality 2n. Theorem 10 is proved.

Conclusions

In this paper, we prove that the problem of recognising well ve-covered graphs is co-NP-complete. We show
that the co-NP-completeness result holds for K| 4-free graphs as well. Also, we prove that the problem of re-
cognising well ev-covered graphs is still co-NP-complete for some classes defined by certain forbidden induced

subgraphs such as {C4, K,uCy, K 5, 2&}-free graphs. We introduce new hereditary classes of graphs, the per-

fectly well ve-covered graphs and the perfectly well ev-covered graphs, and we characterise them by finite sets
of forbidden induced subgraphs, thus obtaining new polynomial-time recognisable classes, where parameters

i (G), o, (G) and i, (G), o, (G) are easy to compute. We prove that the problem of deciding «i,, (G) < k»
(«i,, (G) < k», respectively) is NP-complete even if the graph has minimal independent ve-dominating (minimal

independent ev-dominating, respectively) sets of at most two cardinalities differing by one. Finally, we introduce
anew class of graphs, the well paired-dominated graphs, and we show that recognising a well paired-dominated
graph is a co-NP-complete problem.

An interesting open problem is to investigate the computational complexity of the Non-Well ve-Covered
Graph problem (Non-Well ev-Covered Graph problem, respectively) for K ;-free graphs (K ,-free graphs,

where ¢ € {3, 4}, respectively). Note that our approach does not apply to this case.
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CUCTEMA AETEKTUPOBAHUA ABIMA 11 CABOTAYKA
HA BA3E OAHOITAATHOT'O KOMITBIOTEPA
AAA MOHUTOPUHIA ITOJKAPOB B PEJKUME PEAABHOI'O BPEMEHUA

E. P. AJJAMOBCKHH", P. I. BOoryur"

Yonoykuii 2ocydapemeennoiii ynusepcumem um. Esdppocunuu Ionoykoti,
ya. bnoxuna, 29, 211440, 2. Hosononoyx, benapyco

Annomayus. TlpencrapieHa apXUTEKTypa CHCTEMbI BUICOHAONIONCHNUS C HCTIOIB30BaHUEM MTepU(DEPUIHHBIX BHIUUCICHUI
Juist oOHapy»keHHs JibiMa U caboraka. CUcTeMa COCTOUT U3 MapaijieibHO (YHKIMOHUPYIOMINX MOJYJICH, OTBEYAIOIINX
3a ynpasjieHne KoHpUrypamueid 1 oopadoTKy BUICOAaHHbIX, BKIIIOUAst MX IIPHEM, aHAIU3 U repeaady. Jlerekruposanue
JIBIMA OCYIIECTBIISIETCS C MOMOIIIBIO aITOPUTMOB KOMITBIOTEPHOTO 3pEHUsSI U 0a3upyeTcst Ha MOCIESI0BaTeIbHOM HU3BJIeUe-
HUH €r0 BU3YyallbHbIX PU3HAKOB: HAMPABJICHHS ABHKCHHSI, [[BETOBBIX XapAKTEPUCTHUK U BIHUSHUS HA (OHOBBIC OOBEKTHI.
Cabortaxx 00HAPYKUBACTCS [TyTEM OLIEHKH PE3KOCTH CIEHBI C IpUMeHeHneM (GUIIbTpa JUisl BbIICNICHUS TPaHUI] OOBEKTOB.
O0paboTKa BUAEONOTOKA BBICOKOTO pa3pelleHH s BBITOIHSIETCS C UCTIOIb30BAHUEM OTHOTIIATHOTO KOMIIBIOTEPA, TPU ITOM
IIPOM3BOUTCS pacIpe/ielieHne 3a/1a4 0 sApaM Ha MHOTOSIEPHOM TIPOLECCOPE /TSl MOBBIILICHUS] IPOU3BOUTEIILHOCTH.
Takoe pelnieHne CyIIeCTBEHHO CHM)KAET HArpy3Ky Ha LEHTPAJIbHBIA y3€JI CHCTEMBbI, 0COOEHHO ITpH MacIITaOMpOBAaHHU
Ha OOJIBIIIOE YUCIIO Kamep. Pe3ynbrarsl HKCIIEPUMEHTOB JIEMOHCTPUPYIOT BBICOKYIO TOYHOCTH OOHAPYKEHUS JIbIMA U Ca-
6oTaxka, a TaxKe CTAOMIBFHYIO PAa0OTy apXUTEKTYPHI B PEKAME PEATbHOTO BPEMEHH.

Knrwuesvie cnosa: ACTCKTUPOBAHUEC JIbIMA; KOMIIBIOTCPHOEC 3PpEHUE; CUCTEMbI BI/I)IGOHa6J'IIO)IeHI/IH; OJTHOTLJIATHBIN KOM-

bIOTEP.

OO0pa3en UMTHPOBAHUS:

Anamosckuit EP, borym PII. Cucrema nerekrupoBaHust AbiMa
1 cabotaxa Ha 0a3e OMHOIUIATHOTO KOMITBIOTEpa AJIsi MOHHUTO-
pHYHTa OXKApOB B PEXKUME peabHOro BpeMeHu. JKypran beno-
PYCCKO20 20Cy0apcmeeHHo20 yuusepcumema. Mamemamuxka.
HUngpopmamuxa. 2026;1:108—120 (na anr.).

EDN: WTXHNV

For citation:

Adamovskiy YR, Bohush RP. Smoke and camera tampering
detection system based on single-board computer for real-time
fire monitoring. Journal of the Belarusian State University.
Mathematics and Informatics. 2026;1:108—120.

EDN: WTXHNV

ABTOpBI:

Ezop Pycnanosuu Adamoséckuii — CTaplInii MpenogaBaTeib
Kadeapbl BHIUUCIUTEIBHBIX CUCTEM U ceTel (akysbTeTa nH-
(OPMAIIOHHBIX TEXHOJIOTHIA.

Puxapo Ilempoeuu bozywt — TOKTOp TEXHUYECKUX HAYK, IIPO-
(beccop; 3aBeayronmii kKadeapoil BEIUUCIUTEIBHBIX CUCTEM
u cetell hakynsTeTa HHGOPMAIMOHHBIX TEXHOIOTHH.

Authors:

Yahor R. Adamovskiy, senior lecturer at the department of com-
puting systems and networks, faculty of information technologies.
e.adamovsky@psu.by

https://orcid.org/0000-0003-1044-8741

Rykhard P. Bohush, doctor of science (engineering), full profes-
sor; head of the department of computing systems and networks,
faculty of information technologies.

bogushr@mail.ru

https://orcid.org/0000-0002-6609-5810

108 Crevguansiins «Cw/wwwgw W AHONANL GoturbLL>> AT
2l MY PPN



AHaJIu3 JaHHBIX
Data Science

SMOKE AND CAMERA TAMPERING DETECTION SYSTEM
BASED ON SINGLE-BOARD COMPUTER
FOR REAL-TIME FIRE MONITORING

Y. R. ADAMOVSKIY®, R. . BOHUSH®

*Euphrosyne Polotskaya State University of Polotsk,
29 Blahina Street, Navapolack 211440, Belarus

Corresponding author: Y. R. Adamovskiy (e.adamovsky@psu.by)

Abstract. An edge-based architecture for a video surveillance system with integrated smoke and camera tampering
detection is presented. The system consists of parallel-executing modules responsible for configuration management and
video data processing, including receive, analysis, and transmission. Smoke detection is performed using computer vision
algorithms based on the sequential extraction of discriminative visual features: motion direction, colour characteristics, and
impact on background visibility. Camera tampering is detected by evaluating scene sharpness through an edge-detection
filter. High-resolution video processing is performed on a single-board computer, with computational tasks distributed
across the cores of a multi-core central processor to optimise performance. The proposed approach significantly reduces the
load on the central node of the surveillance infrastructure, which is a critical advantage for scalable deployments involving
numerous cameras. Experimental results demonstrate high detection accuracy for smoke and tampering, as well as stable
real-time operation of the implemented architecture.

Keywords: smoke detection; computer vision; video surveillance systems; single-board computer.

Introduction

Fire detection is a critical task with a wide range of applications, including residential and industrial facilities,
streets, and forested areas. In its early stage, a fire can be easily mitigated; however, its further development and
spread may lead to significant damage. Therefore, monitoring the initial phases of a fire is of considerable interest.
Computer vision algorithms that analyse video data represent a promising approach to early fire detection, inclu-
ding in outdoor environments. Smoke is often the dominant or even the only visible indicator of fire at an early
stage [1]. It propagates faster than flames and occupies a comparatively larger volume of space because it does
not require close contact with the high-temperature region of material combustion. Therefore, when developing
an early-stage fire detection algorithm based on video frame analysis, it is reasonable to focus on smoke detection.

Visually, smoke is characterised by the following features [2]: vertical upward motion of particles that tran-
sitions into chaotic motion; a limited colour range in shades of gray; semi-transparency, which causes blurring
of background objects; a quasi-stable source location; an irregular shape with flickering. These features can
be extracted by analysing video frames obtained from a surveillance system in real time. However, video data
is subject to various distortions and limitations, including limited information due to camera resolution, colour
range, and frame rate; loss of scene depth; sensor noise; optical system effects; variable lighting conditions;
compression artifacts introduced by lossy video codecs. Therefore, when developing a smoke detection algo-
rithm, it is essential to exploit as many of these features as possible through joint spatial and temporal processing
to achieve high detection accuracy (AC) and minimise errors.

When video surveillance systems with smoke detection capabilities are deployed at industrial facilities,
it becomes necessary to rapidly identify anomalies that cause the video signal to lack relevant information about
the monitored scene or about the signal itself, which may indicate tampering. Tampering refers to an inten-
tional action aimed at disrupting the operation of a video surveillance system while preserving the appearance
of normal functionality. Tampering may involve physical interference with cameras, for example by covering
their lenses with opaque or translucent objects, painting over them, or overexposing the image sensor, which
renders it impossible to capture intruder activity or detect visual smoke features. Algorithms for this task must
account for complex conditions encountered in real-world operation [3]: the appearance of new objects in the
scene that occupy a significant portion of the frame; camera motion induced by wind; variations in lighting,
time of day, and weather conditions.

Video surveillance systems are typically large-scale infrastructures equipped with numerous cameras. Conti-
nuous monitoring of the proper operation of a large number of cameras over extended periods can be challenging
for security personnel and operators. Consequently, there is a risk of significant material damage due to either
amissed fire in its early stage or undetected tampering. The large number of surveillance devices results in insuf-
ficient computing resources for centralised real-time processing of the resulting data volumes. One possible
solution is edge computing, which offloads computation to edge devices that operate in conjunction with video
cameras and perform initial analysis and processing of the video stream.
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Related works

The concept of an edge or embedded system for threat detection, including fire and camera tampering, in-
volves processing the video stream directly on the camera or endpoint device, as such devices are often deployed
in remote or hard-to-access locations. Therefore, the computing unit must be compact and energy-efficient,
which inherently limits its computational capacity. Existing implementations typically employ single-board
computers (SBC), such as the Raspberry Pi and NVIDIA Jetson, as the hardware platform.

Fire and camera tampering can be regarded as a complex threat detectable by computer vision techniques
in video surveillance systems. Certain steps in smoke and camera tampering detection algorithms are similar,
as both aim to extract informative features from video frames to determine the presence of a threat.

Smoke detection methods deployed in embedded systems are either adapted to operate on low-performance
hardware or replaced with novel algorithms designed to minimise computational complexity. For instance,
in work [4] the authors evaluate the use of artificial neural networks (ANN) for edge-based fire detection across
several architectures, including VGG19, ResNet18, EfficientNetV2, Vision Transformer (ViT), and ConvNeXt,
on an NVIDIA Jetson Xavier platform. Experimental results demonstrate that model compression techniques,
such as quantisation, pruning, and knowledge distillation, enable these networks to achieve a frame-level clas-
sification AC of 95 % while maintaining processing rates above 30 fps. Nevertheless, the Jetson Xavier sig-
nificantly outperforms and exceeds the cost of typical SBC, suggesting that deploying high-complexity ANN
in resource-constrained edge environments remains impractical.

In article [5] the compact MobileNetV2 model was employed for smoke and flame detection in forest fire
scenarios. The model operated on a Raspberry Pi 5 (further — RPi5), processing an input video stream at 30 fps.
It was trained on a dataset comprising 40 000 images and optimised through quantisation, input cropping, and
conversion to TensorFlow Lite format. The system achieved a processing speed of 1-2 fps, with an F1-score of
94 % on a held-out test set. To suppress false positives, the system generated a class prediction for the current
frame based on the five preceding frames and transmitted the result to the server.

In work [6] a portable smoke detection system based on the Raspberry Pi 4B (further — RPi4B) was de-
veloped. It comprised a Raspberry Pi camera, a video frame processing module, a detector, and display and
notification subsystems. The data processing module included a 5 x 5 Gaussian filter for noise reduction and
histogram equalisation for contrast enhancement. Smoke detection was performed using a cascade AdaBoost
classifier based on local binary pattern (LBP) features, extracted from each video frame via a sliding window
approach. The classifier was trained on a dataset of 6800 image patches of size 35 x 35 and 48 x 48 px using
an NVIDIA GTX 1080 graphics processing unit. The implementation was carried out in Python using the
OpenCV computer vision library. The system processes video frames of 320 x 240 px at 25 fps, achieving
an AC of 94.7 %. The reduced input resolution, resulting from LBP feature extraction, was imposed by hardware
constraints. Output data was saved to files and accessed remotely, while smoke detection alerts were delivered
via email. It should be noted that real-time operation in research [6] relied on low-resolution frames, which
limits the effective detection of small objects. Moreover, temporal information that could have contributed
to improved detection AC was not exploited.

In article [7] a multi-stage smoke detection algorithm is proposed, which includes the following steps: motion
detection using a Kalman filter; saturation segmentation in the HSV colour space; combination of the resulting
binary masks using the logical AND operator; identification of regions of interest (Rol) with a sufficiently large
area and a specified aspect ratio range; classification of the regions using a lightweight convolutional neural
network (CNN) with an input dimension of 50 x 50 x 3 and a detection threshold of 0.7. The model was trained
on a dataset of 14 000 images. To suppress false positives, smoke was considered detected only if its presence
was confirmed continuously for at least 3 s. The implementation was developed in Python using the Keras
machine learning framework. The algorithm was evaluated on NVIDIA Jetson Nano (JN) and Raspberry Pi 3
(further — RPi3) platforms, achieving an average AC of 87.7 % at processing speeds of 55 and 9 fps, respec-
tively, with an input frame resolution of 320 x 240 px. A high false positive rate was observed, which may
result from suboptimal alarm triggering duration or limited generalisation capability of the employed CNN.
Furthermore, the algorithm’s performance on the RPi3 is insufficient for real-time operation. Key features
of the approach include incorporation of temporal context and preprocessing aimed at reducing data volume
and computational load on the CNN.

A CNN was also employed for fire detection based on the YOLOV?2 architecture and implemented on JN [8].
The implementation was developed in MATLAB using CUDA technology. The model was trained on a dataset of
400 images of size 128 x 128 px and achieved an Fl-score of 95.4 % on test videos at a processing speed
of 21 fps. Fires were detected 1-2 s after their actual occurrence. It should be noted that video frames were
downscaled to extremely low resolution, yet real-time processing was not achieved. The algorithm incurs
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significant computational costs and relies on proprietary CUDA technology developed by NVIDIA, which
restricts its applicability to other SBC.

The YOLOVS architecture was employed for fire detection with several adaptations for the Ingenic T41
(further — T41) low-power embedded system-on-chip: reparameterisation, replacement of the SiLU activation
function with LeakyReLU to simplify model quantisation, pretraining on the COCO dataset, fine-tuning on the
domain-specific D-Fire dataset comprising 21 500 images, and minimisation of data merging and splitting
operations [9]. The trained model achieved 79.4 % mAP at a processing speed of 47 fps. Despite these strong
results, it should be noted that the optimisations were tailored to a specific hardware architecture, and their
effectiveness may diminish when deployed on other SBC.

Another approach using YOLO for forest fire detection with unmanned aerial vehicles is presented
in work [10]. The YOLOVS architecture was deployed on the RPi4B with the following modifications:
replacement of the CNN in the backbone with a lightweight ShuffleNetV2 model, network thinning, and
subsequent retraining. The model was trained on a dataset of 24 400 images of size 320 x 240 px using an
NVIDIA RTX 3050 graphics processing unit. The CPU clock rate was increased by 33 %. The system
achieved a processing speed of 9 fps with 92.5 % mAP. Comparison with [9] shows that the modifica-
tions in [10] were less platform-specific, yet delivered lower processing speed despite using smaller in-
put resolution, even though the RPi4B offers superior computing power compared to the T41. This indi-
cates that hardware-aware optimisations can significantly enhance algorithm performance in computer vision
tasks.

An analysis of the YOLO and CNN-RCNN architectures for UAV-based fire detection on the JN was con-
ducted in [11]. The YOLOv8n model was employed for object detection, while a hybrid CNN-RCNN model
performed classification using temporal information. Training was carried out on a dataset of 2947 images
of size 640 x 640 px. The system achieved a processing speed of 12—-20 fps with an F1-score of 88 %. The results
indicate that the use of a sequence of multiple ANN did not yield high performance; however, the approach
demonstrated good AC in smoke detection.

In work [12] tampering detection is performed by evaluating the sharpness of object boundaries in images
using a Canny edge detector. The results are analysed over time, and a Kalman filter is applied to suppress false
alarms. The following tampering scenarios were considered: defocusing, spray-painting, occlusion, and camera
redirection. The precision (P) of the proposed method was 96.6 %.

Video camera tampering detection is performed using deep neural networks in article [13]. The authors employ
the AlexNet, ResNet18, ResNet50, and DenseNet161 architectures. AlexNet achieved the highest AC at 74.9 %,
but generated over 2000 false alarms per hour, which is unacceptable for real-world deployment. The authors
note that incorporating temporal context would improve the results. Moreover, the computational requirements
of the considered neural networks preclude their real-time operation on SBC.

The analysis shows that existing algorithmic solutions for smoke and camera tampering detection are generally
unsuitable for deployment on SBC, when high-resolution video must be processed in real time. Therefore, the
smoke detection algorithms and models employed on these devices reduce the input data size, which improves
performance but may lead to missed detections of small objects. The solutions discussed employ lightweight,
trainable classifiers and modified ANN, the combination of which with classical computer vision algorithms
and hardware-specific optimisations can improve the performance of smoke detection algorithms. To reduce
false positives, some approaches accumulate extracted features over several seconds and base smoke detection
decisions on the aggregated data. However, most methods based on ANN rely solely on information from the
current video frame, thereby neglecting temporal context. Both rule-based and neural network-based methods can
be employed for camera tampering detection. However, the use of ANN is limited by their high computational
complexity. The limited computing power of SBC restricts the number of services that can run simultaneously,
thereby preventing complex video analysis in addition to smoke detection. Therefore, developing an effective
smoke and camera tampering detection system with high performance and low computational requirements for
embedded video surveillance modules remains a pressing challenge.

Efficient real-time smoke
and tampering detection video system
System architecture. The proposed edge-based system for smoke and camera tampering detection comprises
server and client components. The server component includes a SBC, specifically a RPi4B, an IP camera, and
a network switch. The client component consists of an operator workstation equipped with dedicated software,
including video surveillance tools and a web application for interaction with the server. The block diagram
of the system is shown in fig. 1.
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Fig. 1. Edge computing architecture for real-time smoke and camera tampering detection on a RPi4B

The server-side software stack deployed on the SBC comprises three core modules: a control module, a smoke
and camera tampering detection module, and a video stream publishing module.

The functionality of the control module can be divided into interconnected blocks: a client web application
control block, which is essentially a hypertext transfer protocol (HTTP) server, a smoke and camera tampering
detection module control block, and a video stream processing block. The control module loads parameters from
the configuration file, including general settings, operational parameters for the smoke and camera tampering
detection module, and the real-time streaming protocol uniform resource locator of the video stream source.
The web application control block processes HTTP requests and provides file server functionality. These re-
quests include updating the configuration file, serving static web content, transmitting the current video frame,
and delivering archived frames.

The smoke and camera tampering detection module control block launches the detectors, applies the con-
figuration settings, and monitors their operation. The video stream processing block decodes the input video
stream and forwards frames to the smoke and camera tampering detection module. It then receives the processed
frames from this module, encodes them, and transmits them to the video stream publishing module. The smoke
and camera tampering detection module comprises three blocks: a smoke detection block, a camera tampering
detection block, and a control block that manages data exchange between the two.

The processed video stream publishing module makes the frames available for viewing on the operator
workstation using standard video surveillance tools.

System operation algorithm. The proposed system operates using the developed algorithms for smoke
and camera tampering detection. The smoke detection algorithm sequentially applies computer vision methods
to the original video frames to extract discriminative smoke features. The processing order is determined by two
factors: computational complexity and the discriminative power of the feature for smoke. If no features are
detected at a given stage, subsequent stages are skipped, thereby reducing the computational load on the device.
A key aspect of the approach is the division of video frames into a regular grid, with features averaged within
each cell. This strategy simplifies and accelerates computation through uniform processing and parallelisation.

The camera tampering detection block, designed for real-time video processing on the SBC, exploits a charac-
teristic property of video surveillance cameras: their minimum focusing distance is typically tens of centimetres
or more, depending on the lens. Therefore, if the camera is obscured by a nearby object, such as a sheet of paper,
image sharpness is reduced, even if the sheet reproduces the original scene. This reduction in sharpness can
be detected automatically.

The system operation algorithm describes the modules and functional blocks, including the smoke and
camera tampering detection techniques, and consists of the following steps.

1. The control module is launched. The module loads parameters from the configuration file. The HTTP
server is enabled to support the client web application, and initiates periodic broadcast messages on the local
network to allow the operator to discover the RPi4B and access the web application.
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2. The smoke and camera tampering detection module is launched. Its control block loads the parameters
from the configuration file obtained in step 1. In the event of an emergency shutdown of the detectors, the
module automatically restarts. A restart is also triggered if the configuration file is updated via the HTTP server.

3. The video stream processing block receives an input video stream from a source, whose uniform resource
locator is specified in the configuration file, decodes it, and transmits each frame /, to the smoke and camera
tampering detection module. If the input video stream becomes unavailable, the block generates a synthetic
video stream containing an error message and notifies the web application control block.

4. The smoke and camera tampering detection module receives the frame /, as input and launches detectors
that process it according to the described algorithms.

4.1. Operating algorithm of the smoke detection block [14] within the smoke and camera tampering detec-
tion module.

4.1.1. The module is initialised in standby mode upon system startup.

4.1.2. Each frame /, is resised to a fixed spatial dimension for further processing.

4.1.3. The histogram of /, is normalised.

4.1.4. An initial background model B is constructed using the MOG?2 algorithm [15].

4.1.5. The module transitions to operating mode after a background initialisation period 7, required to con-
struct the initial background model.

4.1.6. Cells C,, containing motion are extracted using background subtraction followed by morphological
erosion and dilation as post- processing steps.

4.1.7. The background model B is updated, excluding cells where motion was detected in frame 7, ;. If smoke
is detected, the update is suspended entirely.

4.1.8. Cells C,, ,, exhibiting stable motion over a time window 7, are selected.

4.1.9. Cells C,, whose colour characteristics correspond to those of smoke are selected.

4.1.9.1. Frame I is converted to the HSV colour space, yielding [

4.1.9.2. Threshold binarisation is applied to ] V.S and V channels separately The colour properties of smoke
are more effectively captured in the HSV colour space, enabling robust segmentation [16].

4.1.9.3. Masks obtained in step 4.1.9.2 are combined using the logical AND operator to produce the final
smoke candidate mask C..

4.1.10. Candidate cells C, of the primary Rol are computed by combining the results of steps 4.1.8 and 4.1.9
into a weight array. If a cell in the current iteration exhibits steady motion and matches smoke in colour, its
weight in the array is set to the maximum value. Otherwise, its weight is decremented by a fixed step in each
subsequent iteration until it reaches zero. A candidate cell is defined as any cell in the weight array with a non-
zero value. Further processing is performed only on the /, fragment that encompasses all current candidate cells
within a bounding rectangle.

4.1.11. The selection of cells €, for which a significant drop in the energy of high-frequency compo-
nents relative to the background model B, is detected. For this purpose a two-dimensional wavelet transform
is applied [17].

4.1.12. Cells C,, ,, exhibiting a stable reduction in high-frequency energy over a time window 7, are selected.

4.1.13. Selection of cells C,, for which a sufficient contrast reduction relative to the background model,
is detected.

4.1.14. Candidate cells C, for the secondary Rol are computed by applying the logical AND operator to C,
and the results of the previous steps 4.1.12 and 4.1.13. Further processing is performed only for the fragment /,
that encompasses all candidate cells within a bounding rectangle.

4.1.15. Cells C; exhibiting bottom-up motion are selected using the optical flow algorithm [18] applied to C,
regions in frames /, and /, ;. A cell is selected if its motion vector lies within a specified angular range and
exceeds a predefined amplitude threshold.

4.1.16. Cells C, , exhibiting stable bottom-up motion over a time window 7} are retained.

4.1.17. Sets Cf and C, are combined using the logical AND operator to produce C,.

4.1.18. Cells C, are selected by accumulating C, over time and comparing the accurnulated value with a pre-
sence decision threshold.

4.1.19. A decision on smoke presence is made if at least one non-zero element exists in C,.

4.2. Operating algorithm of the camera tampering detection block: periodic analysis of video frames for
tampering indicators during normal operation.

4.2.1. Frame /, is converted to a grayscale image /, b,

4.2.2. The LaplacranL of I is computed by convolvrng the image with the Lap1a01an kernel. Each element
of L, represents the second- order spatial derivative at the corresponding pixel I (x y)

4 2.3. The standard deviation o for L, is computed and used as a metric for image sharpness assessment.

4.2.4. Camera tampering in the frame is declared if 6 < 5, is met, where o, is a predefined threshold.

4.2.5. The number of consecutive frames N with detected tampering is counted.
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4.2.6. Camera tampering is confirmed if N exceeds the threshold N,

4.2.7. If camera tampering is not detected, then steps 4.2.1-4.2.6 are repeated, otherwise step 4.2.8 is executed.

4.2.8. The module enters tampering mode: smoke detection is suspended, and the output video stream is an-
notated with a tampering alert.

4.2.9. Steps 4.2.1-4.2.6 are repeated until camera tampering is no longer detected.

4.2.10. The control block halts the module. Subsequently, the control block of the smoke and camera tam-
pering detection module restarts it, as described in step 2.

Multi-threaded real-time video processing architecture on quad-core embedded platform. The control mo-
dule is implemented in the Rust programming language. The smoke and camera tampering detection module
is implemented in C++ using the OpenCV library. The stream publishing module is implemented using the
MediaMTX media server.

To improve performance, data processing steps are executed in parallel across the four CPU cores of the
RPi4B with tasks distributed among dedicated threads to ensure efficient operation and real-time processing.

Thus, video stream transmission, encoding, and decoding are performed on CPU cores 0 and 1. On CPU
core 2, thread 0 receives decoded frames in the smoke and camera tampering detection module and executes the
tampering detection. Thread 1 is dedicated exclusively to motion detection using the MOG?2 algorithm, as this
operation is computationally intensive. On CPU core 3, thread 0 executes the remaining stages of the smoke
detection algorithm, and thread 1 transmits processed frames back to the video stream processing module.

The block diagram of the proposed model implementation, reflecting the distribution of tasks across CPU
cores, is shown in fig. 2.

Core 0 Core 2 Core 3 Core 1

Thread 0 Thread 1 Thread 0 Thread 1

~ Colour analyser

———

. Frequenc
‘ Motion detector }—r q 4

‘ RTSP-stream | | Decoded frame |

decoder reciever

=
o_]
2w
g v
2L
e o
S

=

Smoke and tampering detection module control block ’

i i analyser i | )

IP camera | | ! ! .| MediaMIX
i Tampering ! Contrast i E E RTSP-stream :
| detector ! analyser i ¥ publisher | !
| | | Optical flow | i !

: i i analyser ) !
| L s | | Client
i It{ule-bqsed E i \ Rule-based i | Processed frame i
' ampering B smoke classifier | | transmitter !
: classifier i ol ! !
Commands, | Sabotage Commandes, Smoke presence, i
parameters | presence parameters box coordinates |
(start or stop) (start or stop) i

__________________________________________________________________________________

Fig. 2. Block diagram of the distribution of tasks in a model based on a 4-core CPU SBC

Experimental results

Performance evaluation of the smoke detection algorithm. To evaluate the performance of the algorithm,
a dataset comprising video recordings of smoke and smoke-like phenomena at resolutions up to 1280 x 720 px (HD)
was collected from open sources. Additional recordings were captured by the authors to supplement the dataset.

Experimental results show that the proposed smoke detection algorithm achieves an F1-score 0f97.9 % and
processes HD video streams at 25 fps. The use of spatiotemporal analysis and a combination of visual smoke
features reduces the error rate to an average of 2 %, which is lower than that of comparable methods [2].
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Table 1 presents the evaluation criteria for smoke detection methods, and the last row presents the results of testing
the proposed algorithm. The compared metrics include AC, P, false-positive rate (FPR), false-negative rate (FNR) and
F1-score [1]. Additionally, the table specifies the processed frame size, processing performance, and the SBC used.

Table 1
Comparison of smoke detection algorithms in edge-based systems
Method Hard-ware | Frame size, px | FPS Motrics, % Source
AC FPR FNR Fl-score mAP
MobileNetV2 RPi5 224 x 224 1-2 97.9 - — 98.3 — [5]
AdaBoost+ RPi4B 320 x 240 25 94.7 1.1 3.6 - — [6]
Rule-based+ RP13 320 x 240 i 87.7 24.7 4.7 90.6 — [7]
IN 320 x 240 55

YOLOvV2 IN 128 x 128 21 96.8 34 2.9 95.4 — [8]
YOLOv8n+ IN 640 x 640 20 89.0 6.5 2 88.0 - [11]
YOLOvVS T41 672 x 416 47 - - - - 79.4 [9]
YOLOvVS RPi4B 320 x 240 9 - - - - 92.5 [10]
’ lrgfr‘i’tsgg RP4B | 1280x720 | 25 | 979 | 026 | 177 | 975 - | T

Figure 3 shows examples of detection on video frames from a prepared dataset, where detected smoke regions
are indicated by bounding boxes.

Fig. 3. Smoke detection results on video frames produced by the proposed algorithm

Performance evaluation of the camera tampering detection. The camera tampering detection module
was evaluated using a custom dataset comprising video sequences of four scene types: daytime street, nightti-
me street, illuminated indoor environment, and semi-dark indoor environment (fig. 4).

The proposed method was compared with two other approaches based on image entropy estimation: the
Shannon entropy calculation algorithm, which uses the distribution of pixel intensities represented as a histo-
gram, and entropy estimation based on the compression ratio of the Lempel — Ziv — Markov chain algorithm
(further — LZMA). The LZMA is deterministic, has efficient implementations in programming languages and
is used in the 7z archive format. The LZMA compression ratio, defined as the ratio of the original data size
to the compressed size, is inversely proportional to the entropy of the observed scene. Therefore, it provides
a convenient and reproducible means for entropy estimation [19].

Four camera tampering scenarios were tested: covering the camera lens with a light-coloured object, cove-
ring the camera lens with a dark object, covering the camera lens with a translucent object, and illuminating
the lens with a bright light source (fig. 5).
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Fig. 4. Scene types for tampering detection evaluation:
a — daytime street; b — nighttime street;
¢ — illuminated indoor scene; d — semi-dark indoor scene

Fig. 5. Tampering scenarios for detector evaluation:
a — covering the camera lens with a light-coloured object;
b — covering the camera lens with a dark object;
¢ — covering the camera lens with a translucent object;
d — illuminating the lens with a bright light source
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The obtained results are presented in table 2. The ranges of estimated values for individual test video re-
cordings for different types of sabotage are shown.

Table 2
Estimated performance of camera tampering detection algorithms
L. Scene Reference Estimated value in tampering scenarios (see fig. 5)
Criterion (see fig. 4) estimated value a b c d
a 39.20-57.70 | 22.50-24.70 | 19.90-24.20 | 17.10-19.20 -
Sharpness b 19.10-19.90 | 13.80-15.10 - 11.10-12.70 | 12.90-16.20
assessment (G) c 25.0-26.6 16.20-17.60 | 15.70-16.60 13.0-14.0 17.20-20.50
d 20.80-21.90 12.9-16.0 13.50-14.70 9.09-10.2 8.73-9.89
Shanmon a 7.01-7.09 6.56—6.73 6.69—6.86 6.78-6.83 -
entropy b 5.91-5.93 3.96-4.28 - 6.50-6.55 7.52-7.71
estimate (H), c 7.10-7.11 6.04—6.12 6.74—6.81 6.84—6.94 6.39-6.50
bit/px d 5.51-5.54 5.57-5.66 2.74-3.32 5.79-5.97 6.80—7.26
a 2.46-2.57 4.68—4.94 5.02-5.57 8.28-8.85 -
LZMA-based b 431-4.41 11.90-13.50 - 6.01-6.19 3.73-6.72
estimation (8 ¢ 4.67-4.83 841912 | 528-574 | 838-994 | 551-831
d 10.7-12.0 8.55-9.55 16.40-19.40 | 9.63-11.10 8.05-10.60

The reference estimated value in table 2 was obtained from video frames without features of camera tampering.

An analysis of table 2 shows that, for certain scenes, the outputs of algorithms 2 and 3 can be identical in
the presence and absence of tampering. In contrast, the proposed tampering detection method, which is based
on frame sharpness, enables the determination of a scene-specific threshold value o, for unambiguous classi-
fication of tampering presence or absence.

Thermal stability and real-time performance evaluation. The third and equally important stage of the
research is to determine whether a SBC can operate within its thermal limits while maintaining real-time per-
formance. The evaluation was performed under three load conditions of the smoke detection block.

1. No load (mode 1): the observed scene contains no smoke-like objects. Only the initial algorithm stages,
namely motion detection and colour-based object detection, are active.

2. Partial load (mode 2): the observed scene contains smoke-like objects. Smoke regions are either absent
or occupy a small portion of the frame for brief durations. All algorithm stages are periodically active, but
detection events are infrequent and short-lived.

3. Full load (mode 3): the observed scene contains smoke that occupies a significant portion of the frame
over an extended duration, representing the maximum computational load on all algorithm stages.

Video sequences corresponding to the described load conditions were selected from the dataset, and testing
demonstrated that the system maintains a processing rate of 25 fps during extended operation.

The CPU temperature was recorded at 1-second intervals under ambient room temperature conditions, using a de-
vice housed in a case with a passive heatsink and no active cooling. The results were smoothed using a 60-sample
moving average window to reduce noise and are presented in fig. 6.
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Fig. 6. RPi4B CPU temperature under various load conditions
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Figure 6 shows that the initial CPU temperature is 50 °C. The peak temperatures observed during testing
were 58.9 °C in mode 1, 59.4 °C in mode 2, and 60.4 °C in mode 3. The maximum permissible CPU temperature
for the RPi4B is 80 °C, which is not exceeded in any load mode.

CPU core utilisation was also measured across all load modes with tampering detection disabled. The
measurement data is presented in fig. 7 as histograms with core utilisation grouped into 10 % intervals.
The height of each bar represents the number of measurements falling within the corresponding utilisation
interval.
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Fig. 7. RPi4B CPU core load: a — mode 1; » — mode 2; ¢ — mode 3

A comparison of the data in fig. 7 shows that CPU cores 0 and 1 are consistently utilised at 30—60 %, regardless
of the load mode, as they are not employed by the smoke detection algorithm. Core 2 is utilised at an avera-
ge of 30-50 % and executes tampering and motion detection, which is the initial stage of the smoke detection
algorithm and is applied to every frame. The utilisation of core 3 is the most mode-dependent, as it execu-
tes all subsequent stages of the smoke detection algorithm. Its load increases from 10—-20 % in mode 1 to 40 %
in mode 3. None of the cores reaches 100 % load, indicating a balanced distribution of tasks across the cores
and ensuring stable system operation.

To assess the impact of the camera tampering detector on system performance, the CPU utilisation of
core 2 was measured with the detector enabled and disabled. The results show that even in mode 3 (full
load) core utilisation ranges from 31.2 to 48.6 %, which matches the range shown in fig. 7, c. Therefore, the
tampering detector does not adversely affect the stability of the smoke detection algorithm or other system
modules.

The experimental results demonstrate the effectiveness of the proposed smoke and camera tampering detec-
tion architecture. Analysis of the results confirms that both the algorithms and the overall system based on the
proposed architecture, implemented on a SBC, perform robustly across a range of operating conditions.
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Conclusions

This paper presents an edge-based architecture for a video surveillance system equipped with smoke and
camera tampering detection capabilities, enabling real-time processing and analysis of high-resolution video
streams on a RPi4B single-board computer. The system can be seamlessly integrated into existing video sur-
veillance networks. By leveraging decentralised computing, the proposed approach significantly reduces the
computational load on the central node, which is essential for scalable deployments involving a large number
of cameras.

Experimental results confirm correct system operation, high detection AC for both smoke and tampering,
and robust performance during continuous operation. The smoke detection algorithm achieves an AC of
97.9 % while processing high-quality video at 25 fps. The use of spatiotemporal analysis of smoke-related
visual features reduces the total error rate to an average of 2.03 %, outperforming comparable state-of-the-art
methods. Camera tampering detection based on image sharpness assessment via edge-based standard devia-
tion enables reliable threshold selection without degrading the processing speed of the smoke detector or the
overall system performance. Testing of the complete system demonstrated that the developed algorithms do
not disrupt the thermal balance of the single-board computer, enabling deployment of the system in industrial
applications.
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AHAAU3 YIIPABAEHYECKUX PEITEHUN _
C NCITOAB3OBAHMEM MAABIX A3bIKOBBIX MOAEAEN

K. B. AHJIPEHKO", A. A. KPOL[EHKO", B. A. TOJIOBKO", IO. b. KPAIIUBHH"

')Epecmczcuﬁ 20CY0apCmeeH bl MeXHUYeCKUll YHUGEepCument,
ya. Mockoeckas, 267, 224017, e. Bpecm, Benapyco

Annomauyus. IIpeyioxkeH METO/ pellIeHNs 3a1a91 aBTOMAaTHYECKON OLICHKH KadecTBa yIPaBICHYECKUX PEIICHHUH 110
TEKCTOBBIM OTBETaM Ha PYyCCKOM SI3bIKE, COOTHECEHHBIM C NMPOOIEMHBIMI CUTYaIMsIMU, Ha 0a3e HEHpoceTeBOH Moaenn
DistilBERT. HoBu3Ha nccrienoBanus 3akiodaeTcs B pa3paboTKe anropuTMa KOHTEKCTHO 3aBHCHMON KilacCH(UKAIHH,
IPU KOTOPOM BXOJIHBIE JIaHHBIC (POPMHUPYIOTCSI KAK KOHKaTEHAIWsI OMMCAHMsI CUTYallMM U OTBETAa PECIIOHJICHTA, a TAKXKe
B MCIOJIb30BAaHMH METO/IMKH ITOCTOOPaOOTKY ITpeICKa3aHni, peInoararoleil B3auMoCBsI3b Pe3yJIbTaToB ¢ KOHKPETHBI-
MH yTNpaBJICHYECKUMH KOMITCTEHIIMSIMI MJIM KpacHbIMH (raramMu. JJoCTUTHYTHI BBICOKHE NOKa3arenu (accuracy = 0,986 8,
F1-score = 0,987 0) mpu omieHKe yIpaBICHYCCKUX PEIICHHI Ha PYyCCKOM SI3BIKE C HHTEPIIPETUPYEMBIM BBIBOIOM 30H TIPO-
(heccHOHANBHOTO M IMYHOCTHOTO POCTA, B TO BPeMsI KaK M3BECTHBIE Pa0OTHI OPUEHTHUPOBAHBI Ha OOIINIT aHAIN3 TEKCTa
WJIN €ro TOHAJIBHOCTH. [IpenokeH bl MOAX0/ OTKPHIBAET BO3ZMOKHOCTDh IIPMMEHEHUS YKa3aHHBIX alrOpUTMa U METO-
JIMKH TIPU pa3paboTKe CUCTEM aBTOMAaTH3MPOBAHHOM OIEHKH PYKOBOJSIIMX paOOTHUKOB U 10J00pa MepcoHaa, a Takke
MEepPCOHAIM3UPOBAHHOTO PA3BUTHSI YITPABICHUYECKUX KOMIIETEHIINI B IPAKTHKE HaiiMa M KOPIOPATHBHOM OOYYEHHH.
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MANAGERIAL DECISION ANALYSIS
USING SMALL LANGUAGE MODELS

K. V. ANDRENKO", A. A. KROSHCHANKA’, V. A. GOLOVKO?®, Yu. B. KRAPIVIN®

*Brest State Technical University, 267 Maskowskaja Street, Brest 224017, Belarus
Corresponding author: K. V. Andrenko (ksenia.andrenko2002@gmail.com)

Abstract. This paper proposes a method for the automatic assessment of managerial decision quality based on free-
form textual responses to Russian-language business cases using a fine-tuned DistilBERT model. The novelty of the study
lies in a context-dependent classification algorithm with concatenated input (case description + response) and a post-
processing technique that explicitly links predictions to specific managerial competencies or red flags. For the first time,
high-accuracy evaluation of managerial decisions in Russian (accuracy = 0.986 8, F1-score = 0.987 0) with interpretable
competency-based feedback has been achieved, unlike prior work focused on general text or sentiment analysis. The ap-
proach enables the development of automated systems for managerial assessment, personnel selection and personalised
leadership development in human resources and corporate training.

Keywords: small language model; DistiIBERT; management decision analysis; neural network; knowledge distillation.

Introduction

In the era of big data, the integration of artificial intelligence systems into all spheres of life, including
economics, education, culture and management, has become particularly significant [1-5]. Managerial deci-
sion-making requires processing large volumes of both qualitative and quantitative information at various stages
(for instance, such as during recruitment or performance appraisal to identify areas for professional growth).
The sheer amount of unstructured data that cannot be handled manually has created a need for tools capable of
interpreting free-form responses in the context of solving real-life managerial tasks [6]. The automatic evaluation
of the quality of managerial decisions in the form of textual responses when solving case studies is therefore
especially relevant.

Existing research primarily focuses on general text analysis rather than the specific assessment of managerial
decision quality [7-9]. For example, the importance of applying advances in artificial intelligence and natural lan-
guage processing, such as structural topic modelling, in human resources (HR) context is highlighted [10-16].

One of the most promising directions in natural language processing is the use of transformer-based models,
such as BERT (bidirectional encoder representations from transformers) and its distilled variant, DistilBERT.
The advantages of BERT are high accuracy, context awareness, and the ability to fine-tune only a single out-
put layer to create models that solve the task of text sequence classification (for example, the classification of
managerial decisions) [17-21].

DistilBERT preserves the performance of the original BERTModel while requiring substantially fewer com-
putational resources. These features make DistilBERT a suitable model for practical applications demanding
both high accuracy and low latency' [22; 23]. The authors previously investigated the use of distilled language
models for sentiment analysis, demonstrating their effectiveness in that domain [24].

The aim of this study is to develop and evaluate a novel method for the automatic assessment of manage-
rial decision quality based on free-form textual responses to Russian-language cases. To achieve this aim, the
following tasks were addressed:

1) construction of a specialised Russian-language dataset, comprising 760 annotated examples of managerial
cases with paired high- and low-quality responses, enriched with structured competency scores and red flags;

2) fine-tuning of a DistilBERT model for context-dependent binary classification by concatenating case
descriptions and responses as input sequences;

3) comprehensive evaluation of the proposed approach using accuracy, F1-score and stratified cross-valida-
tion metrics, alongside comparisons with existing solutions.

In the present study, the DistilBERT model was fine-tuned for the binary classification of managerial decisions
while explicitly accounting for case-specific context. The input sequence was formed by concatenating the case
description and the respondent’s textual response, thereby enabling the model to capture causal relationships
and pragmatic dependencies between the situation and the proposed solution. The achieved performance metrics

'DistilBERT // Hugging Face : website. URL: https://huggingface.co/docs/transformers/model_doc/distilbert (date of access:
19.12.2024).
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(accuracy = 0.986 8, F1-score = 0.987 0) demonstrates that the proposed context-aware approach delivers ex-
cellent classification accuracy and can serve as a foundation for deployable intelligent decision-support systems
in real-world managerial and HR practices.

Materials and methods

Dataset preparation. A dedicated Russian-language dataset was constructed for the binary classification
of managerial decisions. It comprises 760 annotated examples corresponding to 380 unique managerial cases
(Case ID 1-—Case ID 380). For each case, two contrasting responses were created: one high-quality
response (Is Good = 1) and one low-quality response (Is Good = 0), yielding a perfectly balanced
dataset with no class imbalance.

The responses were initially generated using three large language models (Claude 3.5 Sonnet, Grok 3 and
Gemini 2.0 Pro) and subsequently underwent thorough manual revision and stylistic refinement by a professional
linguist to ensure linguistic naturalness, stylistic diversity, and alignment with real-world managerial discourse.

The cases cover a broad spectrum of managerial domains typically encountered by executives at municipal
and corporate levels, including infrastructure (street lighting, sidewalks, bike lanes, waste containers), social policy
(support for families, elderly citizens and youth), healthcare (service conditions, medical equipment, teleme-
dicine), education (textbooks, extracurricular activities, career guidance), public safety (vandalism, accidents,
theft), ecology (waste separation, urban greening), culture and leisure (festivals, museums, parks), and transport
and housing services (traffic congestion, snow removal, elevator maintenance).

Representative examples include the situation «B paiione ygactuincek ciydan BaHAadM3Ma Ha JETCKHX
wromaakax» («Vandalism on children’s playgrounds has recently increased in the district») and the situation
«B KOMITaHUH COTPYTHUKH KATYIOTCS Ha OTCYTCTBHE rnOKoro rpadukay («Employees are complaining about
the lack of flexible working hoursy).

The dataset is stored in CSV format (semicolon-separated) with the following fields:

e Case ID —unique case identifier (integer);

e Situation —textual description of the managerial problem or situation (string, mean length =78 tokens);

e Response — free-form textual response proposing a managerial decision (string);

e Is Good — binary label (1 — good response, 0 — poor response);

e Scores — dictionary containing two competency scores (scale 3—5 points) for good responses and two
competency scores (scale 1-2 points) for poor responses; stored as string representation of Python dictionary
(e.g., " { ‘MHMLUMaTHMBa ¥ OoTBeTCTBeHHOCTH' : 4, ‘IlyaHMpoBaHMe u opraHmzaumsa’ : 5}7);

eRed Flags — dictionary containing two red flag scores: low values (1-2 points) indicating minimal
shortcomings for good responses, or high values (3—5 points) indicating severe shortcomings for poor respon-
ses; stored as string representation of Python dictionary (e. g., “ { ‘BesznericTBue 1 nepekJyamgsiBaHMe
orBercTBeHHocTu’ : 4, ‘VrHOopMpoBaHMe xajsiob TpaxmaH’ : 3}7).

The inclusion of structured Scores and Red Flags dictionaries enables not only supervised classification
but also direct post-processing of model predictions into interpretable competency-based feedback and perso-
nalised development recommendations — a feature rarely found in existing text-classification datasets.

The key distinguishing feature of the dataset is the integration of structured competency scores and red flags,
which extends its utility far beyond conventional binary classification datasets. This dual structure enables
(1) standard supervised training, (ii) direct post-processing of model predictions into human-readable compe-
tency profiles and personalised development recommendations, and (iii) detailed interpretability analysis. These
capabilities are rarely encountered in publicly available text classification corpora.

Input representation. To ensure context-aware classification, the input sequence was constructed by con-
catenating the case description and the respondent’s textual response, separated by the [ SEP] token:

input text = [CLS] + Situation + [SEP] + Response + [SEP].

Tokenisation was performed using the original DistilBERT tokeniser from the Hugging Face Transformers
library (version 4.41.2) with the following settings: maximum sequence length = 512 tokens,
truncation = True, padding = “max length”. This approach enables the model to capture
causal and pragmatic relationships between the situation and the proposed solution. For illustration, the response
«I will establish a task force» may represent a good decision for the case «Residents complain about poor street
lighting» but a poor decision for the case «Urgent evacuation due to firey.

Training protocol. The DistilBERT model (66 mln parameters) was fine-tuned in Google Colab using
a single NVIDIA T4 GPU (VRAM —16 GB). This hardware configuration provided sufficient memory and
computational performance for the selected hyperparameters.

The dataset (760 instances) was stratified split into training (608 instances, or 80 %), validation (76 instances,
or 10 %) and test (76 instances, or 10 %) sets.
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All random seeds (PyTorch, NumPy, Python random) were fixed at 42 to ensure full reproducibility.

Fine-tuning was performed for three epochs using AdamW optimiser and the following hyperparame-
ters: learning rate 2 - 10~ (linear scheduler with warmup over the first 10 % of steps), batch size 16, weight
decay 0.01, gradient clipping 1.0.

Cross-entropy loss was used as the loss function, which is minimised during training to predict the Is Good
labels:

1< . .
L==—2 [ yilog(5,)+(1-)log(1-5,) ],
i=1
where N is the number of samples; y, is the ground-truth label; y, is the predicted probability of the positive class.
Model architecture. The fine-tuned model consists of the pre-trained DistilBERT encoder (6 transformer
layers: hidden size 768, 12 attention heads) followed by a binary classification head: a dropout layer (p = 0.1)
and a fully connected layer with softmax activation (fig. 1).

BERT DistiiBERT
(batch_size, 1) (batch_size, 1)
‘ Predictive layer ’ ‘ Predictive layer ’
I (batch_size, 512, 768)
(batch_size, 512, 768) (batch_size, 512, 768)

Layer normalisation

‘ Transformer layer 12 ’ ‘ Transformer layer 6 ’
(batch_size, 512, 768)%‘7

Multi-layer perceptron
(768 —3072 — 768)

(batch_size, 512, 768) (batch_size, 512, 768)

Transformer layer 2 Transformer layer 2 Layer normalisation

batch_size, 512, 768 %‘7

(batch_size, 512, 768) (batch_size, 512, 768)  uchsize )

Transformer layer 1 Transformer layer 1 Multi-head self-attention
(batch_size, 512, 768) (batch_size, 512, 768)

1 2 3 12
Embedding 1 Embedding 1
mbe ;ng ayer mbe ;ng ayer 12 x (batch_size, 512, 64)

Tokenised text

Fig. 1. Architectural comparison of BERT and DistilBERT

Each transformer layer includes the standard components: multi-head self-attention, multi-layer perceptron,
layer normalisation and residual connections.

Compared with BERT-base (12 transformer layers, 110 mIn parameters), DistilBERT retains approximately
96 % of the original performance while being 40 % smaller and 45 % faster in inference.

The predictive layer is a fully connected layer with one neuron and a softmax activation function, which
makes the final decision on the evaluation of the decision made by the manager.

Interpretability via post-processing. After inference, predictions were enriched through deterministic
post-processing:

eif Is Good = 1, then the corresponding Scores dictionary is returned, highlighting two demonstrated
competencies with high scores (3—5 points) from the universal competency framework (e. g., “ { ‘MHuunaTrBa
M OTBETCTBeHHOCTH' : 4, ‘lljmauupoBaHme u opraumzauma’ : 5}7);

eif Is Good = 0, then the corresponding Red Flags dictionary is returned, highlighting two critical
shortcomings with high severity scores (3—5 points) from the red flags taxonomy (e. g., “ { ‘BeszneiicTBue
U IepekJiafEiBaHye OTBeTCTBeHHOoCTH' : 4, ‘VrHopupoBaHue xajiod Tpaxnaun’ : 3}7).

Thus, this rule-based post-processing layer transforms raw probabilistic outputs into immediately actionable,
human-readable competency profiles and personalised development recommendations, significantly enhancing
practical utility and interpretability of the system.

The classification head consists of a single linear layer applied to the [ CLS] token representation, followed
by softmax activation. This produces probabilities for the two classes (Is Good = 1 “good decision”;
Is Good = 0 “poor decision”).

124 Cw woabbiie <<Cma7bao”‘u,éa/ w Aol ‘ At >>
?8/0%/ :}W% ?&oﬁxfﬁo Am/ @A«fw Soié/né»



AHaJIu3 JaHHBIX
Data Science

To evaluate the model, two metrics were employed — accuracy (0.986 8 in our case) and F1-score (0.987 0)
calculated using the following formula:

5 precision - recall

Fl1= — ,
precision + recall
.. TP TP .. .
where precision = ————; recall = —————; TP, FP and FN denote the number of true positives, false posi-
TP + FP TP +FN

tives and false negatives, respectively.

The experiments utilised 5-fold stratified cross-validation with data shuffling and a fixed random state
(random_ state=42) to ensure reproducibility. The folds were stratified by the target class Is Good,
maintaining an equal proportion of labels 1 and 0 in each fold. This approach enables a reliable assessment of
the model’s generalisation ability and mitigates the risk of overfitting.

Results and discussion

On the independent test set (76 instances), the model achieved the following metrics: accuracy = 0.986 8,
Fl1-score = 0.9870. The confusion matrix (fig. 2) shows only one misclassification (one false positive), con-
firming the high accuracy of the model. The receiver operating characteristic (ROC) curve (fig. 3) has an area
under the curve (AUC) of 0.998 6, significantly outperforming the random classifier line (0.5), which indicates
excellent discriminative ability.
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Fig. 3. ROC curve
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The average metrics of the 5-fold stratified cross-validation are shown in the table 1. Detailed per-fold metrics
are shown in fig. 4. The lowest performance is observed in the third fold (accuracy = 0.927 6, F1-score = 0.922 0),
possibly due to the distribution of more challenging examples in that subset. Nevertheless, the overall stability
across folds confirms the model’s strong generalisation capability.

Table 1

The average metrics
of the 5-fold stratified cross-validation

Metrics Value
Accuracy 0.9711+£0.0230
F1-score 0.9700+0.0252
Precision 0.9819+0.0130
Recall 0.9605+0.0546
1.0
0.8
i
g 06
L2
g=
[}
= 0.4
0.2
0
Fold 1 Fold 2 Fold 3 Fold 4 Fold 5
Fold

B Accuracy EH@Fl-score B Precision EH Recall

Fig. 4. Metrics across each fold

The histogram of predicted probabilities for the «Good response» class (fig. 5) demonstrates clear class se-
paration: most good responses received probabilities >0.95, while poor responses received probabilities <0.05.
This indicates high model confidence in predictions and a low risk of ambiguous classifications.
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126 Crevpansusni <<Cmmwmw£w woanany gommble >
?S/ow/ :;Wmﬁ:éfnéffw and Dalo Sbfr\i»



AHaJIu3 JaHHBIX
Data Science

Example of model inference for Case_ID 71 (good response)

Input: "B palioHe ydyacTWUIMChb ciyday rpabdmTy Ha oOmecTBEHHEIX 3maHusax. [SEP]
OpI‘aHMSYIO KOHKYPC YJIMUHOI'O MCKYyCCTBa, BBOEJIIO JIeT'aJIbHBEIE CTEHBI M 3allylly IIpo-—
bunaxkTMueckyn paboTy C nompocTkamm.”

Model output: ITs_Good = 1 (probability 0.987)

Interpretation: “Good response. Competencies demonstrated: I[podmunakTura ¥ IOJITO-
CPOUYHHM nonxon (5), VHHOBALUMOHHOCTBL M ONTMMM3aLMa Opoleccor (5).”

Table 2
Test set results

Metrics Value
Accuracy 0.986 8
Fl-score 0.9870
Precision 0.974 4
Recall 1.0000
ROC-AUC 0.998 6

The obtained metrics significantly exceed typical values for contextual text classification tasks in Russian
and approach the upper limits achievable on synthetic balanced datasets. The high accuracy (above 0.97 even
in cross-validation) validates the effectiveness of the proposed context-aware approach with concatenation of
the situation and response. The deterministic post-processing of predictions adds practical value, transforming
binary classification into a tool for generating personalised competency-based feedback. The slight drop in the
third fold highlights a potential improvement area — possibly through data augmentation or model ensembling.

Comparison with existing solutions

The task could also be addressed using the full-sized BERT model. While it may yield slightly higher ac-
curacy, it demands significantly greater computational resources. Due to its larger parameter count (110 mln
versus 66 mln in DistilBERT), both training time and memory consumption are substantially higher.

Modified BERT variants, such as RoOBERTa (employs improved pre-training objectives) or ALBERT (relies
on parameter factorisation and sharing), can offer competitive or superior performance. However, these models
are more complex to fine-tune and generally more resource-intensive than DistilBERT [25; 26].

Traditional machine learning approaches, including support vector machines, random forest and naive Bayes,
remain viable for text classification but require extensive manual feature engineering (e. g., TF-IDF vectori-
sation). In practice, these methods typically underperform transformer-based models (especially on complex
contextual tasks such as evaluating managerial responses) due to their limited ability to capture long-range
dependencies and semantic nuances [27; 28].

The key advantages of the proposed approach are as follows:

1) DistilBERT is approximately 45 % faster and 40 % lighter than BERT while retaining over 96 % of its
performance, making it far more suitable for real-world deployment;

2) the model not only performs binary classification (Is_Good = 0O orIs Good = 1)butalso extracts
demonstrated competencies and critical red flags, thereby delivering actionable insights highly valuable to HR
and training departments — an output rarely provided by standard classification models;

3) the achieved performance metrics (accuracy = 0.986 8, F1-score = 0.987 0, with cross-validation showing
accuracy = 0.9711 £0.023 0 and F1-score = 0.970 0 £ 0.025 2 across 5 folds) are among the highest reported
for this type of task and surpass numerous results obtained with DistilBERT in the literature [29] (for instance,
reference [22] reports a maximum accuracy of 99.41 % on certain benchmark datasets, which our solution
approaches on a significantly more contextually complex managerial evaluation task);

4) concatenating the situational description and candidate response as a single input sequence (Situa-
tion + Response)enables the model to fully account for context, a factor of critical importance in assessing
the quality of managerial decisions.

Among the limitations of the proposed solution are the requirement for a large volume of high-quality labelled
training data and the maximum sequence length constraint of 512 tokens inherent to BERT-based architectures.

Conclusions

The present study demonstrates the high effectiveness of a fine-tuned DistilBERT model for the automa-
tic evaluation of managerial decisions based on textual responses paired with situational descriptions. A key
contribution is the creation of a specialised Russian-language dataset enriched with expert annotations of

Cm wabrbive cm&,\aaomwéw W anoAwy gotmble > 127
?S/oma/ t}mtg:égfooéfﬁo M\j @wfu Smgé»



Kypuaa Besopycckoro rocyraperseHHoro ynusepcurera. Maremaruka. Mudgopmaruka. 2026;1:121-129
Journal of the Belarusian State University. Mathematics and Informatics. 2026;1:121-129

demonstrated competencies and developmental areas (red flags). By incorporating a post-processing layer that
maps model predictions to specific competency scores (e. g., ‘Community engagement’ : 5)and critical
shortcomings (e. g., *Inaction’), the proposed solution transcends conventional binary classification and
significantly enhances interpretability and practical utility of the results.

The achieved performance metrics (accuracy = 0.986 8, Fl-score = 0.987 0) with robust cross-validation
results (mean accuracy = 0.9711 + 0.023 0) establishes a strong benchmark and opens promising avenues for
deploying automated decision-support systems in management training, personnel assessment and HR analytics.
Future research directions include:

1) augmenting the original dataset with real-world managerial cases to improve ecological validity;

2) benchmarking other language models (including multi-lingual and larger Russian-specific models) on
the proposed dataset;

3) extending the competency framework and red flags taxonomy to cover a broader range of managerial
and leadership skills.
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CUCTEMA PACIIO3HABAHUA ITOXOAKHA _
B PEAABHOM BPEMEHMUW HA OCHOBE AETKOBECHOU
ABYXMOAAABHOU OLIEHKHU IIOAOXEHUSA

JIMH AOJH ", HE HIMITHHT ®, A. M. HE/I3bBE/Ib">, B. C. AHOCOB®

YBenopycckuii 2ocydapemeennviii ynusepcumem, np. Hezasucumocmu, 4, 220030, 2. Muncxk, Benapyce
Yoycoyzan-Ilypenckuii yuusepcumem, yi. Ilypen, 8, 310015, 2. Xanuxcoy, Kumaii
DO06veounennviti uncmumym nponem ungpopmamuxu HAH Benapycu,
yn. Cypeanosa, 6, 220012, 2. Munck, berapyco
6-2 20pOO0CKas KIuHuyeckas bonvuuya, yi. Ypaneckas, 5, 220037, e. Munck, Berapyce

Annomayus. Tlpennaraetcs oONETYCHHBIA OAXOI K COBMECTHOMY aHANM3y MOXOAKU B 2D- u 3D-mpocTpaHCTBax.
Peanmsyercst IByXMoiaJIbHasl CHCTEMa PACcIIO3HABAHUS TOXOAKH, 00ECIIEUNBAIOIIAs €€ BHICOKOTOUHYIO OIICHKY B PEalbHOM
BPEMEHH 3a CYET apXUTEKTYpbl COBMECTHON 2D- 1 3D-pekoHCTpyKIMy. B paMkax cHCTeMBbI JUIsl ISTEKIINH KJIIOUEBBIX TO-
YeK ckesieTa B 2D-npocTpaHCTBe U M3BICUECHHUSI ONOMETPUIECKNX METPHUK ITOXOIKH TprMeHsieTcst ondnmoreka MediaPipe.
Jnst TpeXMepHOH OIICHKHM O3Bl CIIOIb3yeTCsl MOIU(HIIMpoBaHHas obneryeHHas apxurekrypa MTSA-former, kotopas
COZIEPXKHUT 2,5 MITH TapameTpoB. JlaHHAsS MOJIeNh peai3yeT KackaiHyto 00padOoTKYy, BKIFOYAIOIIYIO OTACIbEHbIE BDEMEHHBIC
1 IPOCTPAHCTBEHHBIC MOJTYJIH, @ TAKXKE MATPHUILy CMEXKHOCTH, KOTOPasi IIOCTPOEHA Ha OCHOBE TOTIOJIOIMYECKOH CTPYKTYPBI
CKeJIeTa, 4To M03BOJIsIET 3P (PEKTHBHO MOJECIHPOBATH (PU3MUECKHIE OTPAaHIUYCHHUS MEX 1y cycTaBaMu. [IIst JOCTH)KEHHS BBI-
COKOH ITPOM3BOIUTEIEHOCTH IPU COXPAHCHUH BBIYMCIUTEILHOM JISTKOCTH NpeuIaraeTcs THOpHIHAs JJOKIbHO-TII00aTb-
Hasl CTpaTerus MpOCTPAHCTBEHHOTO MOAEIMPOBAHNS, MHTETPUPYIOIIas rpadoBble cCBEpTOUHbIE ceTH. Takoi moxxox ode-
CIEYMBACT TOYHYIO U 3()(PEKTUBHYIO PEKOHCTPYKINIO 3D-1035I B YCIIOBHSX PEATBHOTO BPEMEHH.

Knrouesvie cnosa: ananus IIOXOOKH, OIICHKA 3D-H03H; oOJieryeHHas MOZAECIIb, ABYyXMOOAJIBHOC PAaCIIO3HABAHUE.

bnazooaprocme. Pabota Oblia BhINOJIIHEHA TPU (UHAHCOBOH mojaaep:kke KuTalckoro CTUICHINATIBHOTO COBETa
1 MHHHUCTEPCTBA TPYAOBBIX PeCypcoB U connanbHoro odecrnedenust Kuras (rpantel Ne H20250551 n H20240330).
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Abstract. A lightweight approach for joint 2D and 3D gait analysis is proposed. A dual-modal gait recognition sys-
tem is adopted, achieving high-precision real-time analysis through a 2D and 3D collaborative estimation architecture.
The system employs MediaPipe for real-time 2D keypoint detection and gait metric extraction. An improved lightweight
architecture MTSA-former with 2.5 mln parameters is used for 3D pose estimation. This model utilises cascaded proces-
sing incorporating temporal and spatial modules, along with an adjacency matrix based on skeletal topological structure
to model physical constraints between joints. A local-global hybrid spatial modelling strategy fusing graph convolutional
networks is implemented to achieve efficient 3D pose estimation, attaining high performance while maintaining light-
weight characteristics. This approach ensures accurate and efficient 3D pose reconstruction in real time.

Keywords: gait analysis; 3D pose estimation; lightweight model; dual-modal recognition.
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Introduction

Gait analysis, as a non-invasive method for motor function assessment and clinical diagnosis, holds significant
application value in early screening. For example, Parkinson’s disease patients exhibit typical characteristics
such as shortened stride length, reduced gait speed and shuffling gait, while stroke patients present hemiplegic
gait and limited joint range of motion [1]. These abnormal gait patterns can often be captured through quanti-
tative analysis in the early stages of disease [2].

In fig. 1 the lightweight dual-modal gait recognition system proposed in this study, which balances real-time
performance and accuracy through a 2D and 3D collaborative analysis architecture, is illustrated. MediaPipe
first extracts 2D keypoint sequences from video in real-time, which are then input into the multi-scale temporal
self-attention transformer model (here and further — MTSA-former model). This model captures gait cycles
through multi-scale temporal convolution, reinforces skeletal constraints via spatial graph convolutional net-
work (GCN) and ensures motion continuity through velocity and acceleration loss functions, thereby lifting 2D
coordinates into high-precision 3D poses. Finally, based on the reconstructed 3D joint trajectories (particularly
the lower limb hip, knee and ankle joints), end-to-end real-time gait analysis is achieved. Multi-dimensional
gait features, including joint angle temporal curves, gait symmetry indices and time ratios of stance phase
and swing phase, are extracted [3]. The lightweight design and dual-modal collaborative mechanism of this
study enhance gait parameter measurement accuracy while maintaining computational efficiency [4]. Provi-
ding a novel technical approach for early warning of neurodegenerative diseases and quantitative assessment
of rehabilitation outcomes.

[ Gait video ]
!
Lightweight MediaPipe |
Y
| MTSA-former |

(ZD gait characteristicsj [3D gait characteristicsj
T T
v
[ Gait analysis ]

!

Fig. 1. Dual-modal gait recognition framework
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Methods and principles

2D pose estimation method. MediaPipe utilises a lightweight detector to rapidly localise human body
regions in images. During the pose keypoint localisation stage, the region of interest is cropped and norma-
lised, then input into the pose estimation network to extract 2D coordinates of 22 human body keypoints.
MediaPipe Lite model has approximately 3 mln parameters, achieving inference speeds of 30—60 frames per
second on mobile central processing units and over 100 frames per second on graphics processing units [5].
With a model size of approximately 12 MB, it is suitable for deployment on resource-constrained edge de-
vices. MediaPipe Lite significantly reduces computational cost and storage requirements while maintaining
acceptable accuracy, providing an efficient 2D pose estimation foundation for the real-time dual-modal gait
analysis system in this study [6].

From fig. 2, it can be seen that 11 skeletal nodes were removed from MediaPipe’s original 33 keypoints,
reducing the data dimensionality by approximately 33 %. The 22 core keypoints serve as the foundational
skeletal model for gait analysis, encompassing the major movement joints of the human body, including key
positions of the head, trunk, upper limbs and lower limbs. The most critical joints for gait analysis (lower limb
joints (hip, knee and ankle joints) and trunk joints (shoulder and hip joints)) enable the model to more effec-
tively capture key gait parameters such as periodic movement patterns during walking, joint angle variations
and body center of gravity shifts.

a b
Superior plane Superior plane
0 7 8 0
7. ® .8 o @ [ ]
() °
9 10 9

14

Anterior
plane

Left

Right Posterior
plane 16/ 24

23115 plane plane

Inferior plane Inferior plane

Fig. 2. MediaPipe key skeletal structure:
a — frontal view; b — sagittal view (left lateral)

3D pose estimation method. Traditional 3D human pose estimation models typically require large-scale
annotated data, which poses challenges in clinical gait analysis scenarios due to high data collection costs
for patients with gait disorders and limited sample sizes. This paper proposes MTSA-former model — a light-
weight, highly efficient and rapidly convergent gait analysis-specific model trained on small samples from
Human3.6M dataset, achieving fast training and accurate prediction under few-shot settings (fig. 3) [7].
The model employs depth-wise separable convolution, linear complexity attention mechanisms and para-
meter sharing strategies to significantly reduce model size while maintaining performance. The core of the
transformer uses two main parts: attention and feed-forward network (FFN). The standard GELU function
is used as the activation function.

The model first performs linear projection and positional encoding on the input sequence to obtain spatio-
temporal feature embeddings. Subsequently, within multiple encoding blocks, temporal modelling (utilising
multi-scale convolution to capture short-term and long-term motion variations) and spatial modelling (lear-
ning structural relationships between joints through graph convolution and attention mechanisms) are conducted
simultaneously. Finally, multi-scale pyramid pooling fuses information from different temporal ranges, and
the regression head outputs the 3D human pose. This design effectively enhances the model’s spatiotemporal
perception capabilities and prediction accuracy, demonstrating excellent performance in motion continuity and
smoothness.
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Fig. 3. 3D pose estimation framework using the MTSA-former model

Human skeletal spatial graph convolution. The human skeletal structure can be abstracted as a graph,
where joint points are the nodes of the graph and bones are the edges connecting the nodes. GCN can explicitly
model the physical connections and kinematic constraints between joint points by propagating and aggregating
information across the graph [8]. Each GCN layer updates the feature representation of each node, where the
new feature is a weighted sum of its own features and those of neighbouring nodes. By stacking GCN layers,
the model can learn high-order inter-joint dependencies that conform to human structural priors, thereby ef-
fectively enhancing the physical realism and structural integrity of the generated poses. The composite loss
function formula is as follows:

1 1
H(”l) =G D_EIZI[)_EH(I)W(I) .

Describes the feature propagation and transformation processes in a GCN from layer / to layer / + 1. Here H !)
denotes the node feature matrix at layer /; A represents the adjacency matrix; D is the corresponding degree

matrix; w) represents the trainable weight matrix at layer /.

The model is guided to learn a more comprehensive mapping relationship. It not only learns how to accurately
localise the keypoints but also acquires prior knowledge of human body structure and the dynamic patterns of
motion, ultimately generating highly realistic 3D human poses across spatial, structural and temporal dimensions.
In formula

Lo = Lapipe + 0 Lpone+ 7L +0L

bone velocity acceleration

Ly pipp Measures the average Euclidean distance between the predicted 3D joint positions and the ground-truth
joint positions; £, . constrains the predicted pose to maintain bone lengths consistent with those of the real

human body, preventing unrealistic stretching or compression; £ is used to smooth the motion of joints

velocity
between consecutive frames by penalising abrupt temporal changes, thereby ensuring smooth and continuous
motion.

The 3D human pose estimation results of the MTSA-former model. As shown in fig. 4, the image on the
left depicts the input 2D human keypoint detection, while the image on the right illustrates the reconstructed
3D human skeleton predicted by the model. This method can maintain high 3D reconstruction accuracy in gait
detection scenarios, generating pose estimation results with strong structural consistency and smooth motion.
It demonstrates the effectiveness of the improved model in multi-scale spatiotemporal feature fusion.
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Fig. 4. 3D pose estimation using the MTSA-former model:
a — input 2D human keypoint detection;
b — reconstructed 3D human skeleton predicted by the model

Gait analysis techniques. Both 2D and 3D gait analysis are essential tools for evaluating gait and identi-
fying deviations or abnormalities in movement. Gait analysis plays a vital role in the diagnosis and treatment
of various musculoskeletal and neurological disorders. Using the logical framework motion features — normal
range and abnormality grading — clinical significance, the angular variation parameters commonly observed
during gait are systematically categorised and interpreted [9]. As shown in the table, the maximum ankle dor-
siflexion angle, peak knee flexion during the swing phase and pelvic obliquity at midstance represent the core
lowerlimb motion patterns in the 2D plane, whereas the knee progression angle and maximum trunk lateral
shift reflect integrated manifestations of coordination and balance control in 3D space [10].

Gait analysis features

Feature Expression | Involved Normal range Mild Moderate Severe Clinical
dimension plane & abnormality | abnormality abnormality significance
Maximum oo o Plantarflexion Assess ankle
. . o Dorsiflexion | Dorsiflexion Q. range of
ankle 2D single | Sagittal | Dorsiflexion by 5-9° by 0_4° position or motion and
dorsiflexion plane plane by 10-15° Y o Y o dorsiflexion )
in stan or 1620 or 21-30 by >30° gastrocnemius
stance y tightness
Peak knee . . . Flexion Flexion Flexion Assess fO(.)t.
Lo 2D single | Sagittal Flexion o o o clearance ability
flexion in lane lane by 55-65° | 0Y 4534 by 35-44 by <35 and quadriceps
swing p P y or 66—75° or 76—85° or >85° 4 P
strength
. . Assess hip
Pelylc 2D single | Coronal Drop qf Drop o Drop o Elevation abductor strength
obliquity at lane lane stance side by 2-3 by 0-1 or drop and trunk
mid-stance p p by 4-6° or 7-9° or 10-12° by >12° o
stability
Knee Sagittal Knee External External . Assess lower
. ) . Rotational . .
progression 3D and forward or internal or internal deviation limb rotational
angle at | composite | transverse | direction rotation rotation by 20° alignment and
mid-stance planes by £5° by 6-10° by 11-20° y knee joint stress
. Coronal Lateral
Mixﬁll?m 3D and shift toward 2-3 or 1-2 or <l or Aiiftsr(?la;%ce
.. | composite | transverse | stance side 6—7 cm 8—10 cm >10 cm .
lateral shift energy efficiency
planes by 3-5 cm

In gait analysis these indicators use joint angular variations as the core quantitative diagnostic basis. By pre-
cisely measuring the angular range of specific joints during the gait cycle and comparing it with standard normal
intervals, clinicians can quantitatively assess the severity of issues such as muscle weakness, joint contrac-
ture or neuromotor impairment. For example, an ankle dorsiflexion angle of less than 5° during the stance
phase often indicates tightness of the gastrocnemius or soleus muscles, while a knee progression angle de-
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viating more than £20° suggests potential lowerlimb rotational malalignment or deviation of the knee joint’s
mechanical axis.

In summary, this table establishes an angular-based quantitative classification system for gait abnormalities
and provides a unified, repeatable and comparable set of parametric references for gait assessment in both cli-
nical practice and research. It holds significant value for the diagnosis and therapeutic evaluation of gait using
2D and 3D analysis frameworks.

Experimental results

The lightweight, small-sample MTS A-former model was trained for 2D-to-3D human pose estimation. In fig. 5
the variations and convergence trends of key loss metrics during the training of the improved MTSA-former
model over 23 epochs are illustrated. Both training and validation of mean per joint position error (MPJPE)
exhibit consistent convergence, with validation error decreasing from 90.42 mm to a minimum of 41.12 mm
at 18™ epoch, representing a 54.5 % improvement (see fig. 5, a). The total loss curve demonstrates stable
optimisation with occasional fluctuations at 10™ and 19™ epochs, likely due to learning rate scheduling (see
fig. 5, b). The epoch-to-epoch validation changes reveal that major improvements occur in early training phases
(see fig. 5, ¢), while fig. 5, d, shows that the best validation performance plateaus after 18" epoch, suggesting
model convergence at this point. Overall, plots demonstrate a stable and well-converged training process for
the 3D pose estimation model.

a b
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Fig. 5. Variations and convergence trends of key loss metrics
during the training of the MTSA-former model:
a — training and validation MPJPE; b — total loss;
¢ — epoch-to-epoch validation change; d — best validation MPJPE progress

In fig. 6 the small-sample scenario on the Human3.6 dataset, reflecting the comparative relationship between
model performance (measured by MPJPE) and model parameter size among various pose estimation models,
based on a training set of 40 thsd samples and a test set of 8 thsd samples using the MTSA-former model frame-
work is showed. The MTSA-former model achieves the lowest MPJPE of 41.12 mm with a relatively small
number of parameters, demonstrating performance significantly superior to existing LSTM-based models such
as PoseFormer and MHFormer [11; 12]. This indicates that the proposed method effectively reduces model
complexity while maintaining high-precision pose estimation, showcasing a more optimised structural design
and parameter utilisation efficiency.
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The results of the comparative analysis of models LSTM, PoseFormer and MyModel, illustrating their MPJPE
performance across 17 different joints, are presented in fig. 7. The comparison is used to evaluate variations and
overall trends in spatial localisation accuracy for different parts of the human body. The proposed MyModel
achieves the lowest MPJPE for all joints, significantly outperforming the baseline models LSTM and Pose-
Former. This performance demonstrates that the model possesses clear advantages in local feature aggregation
and global spatial structure preservation, enabling more accurate capture of the hierarchical relationships within
human poses.
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Fig. 7. Comparison of skeletal joints across different models

In gait analysis differences in key biomechanical parameters between healthy individuals and patients with
Parkinson’s disease are further examined (fig. 8). The core indicators, including foot-off events, ankle joint ang-
les, trunk lateral shift and trunk forward inclination, are considered. The time-series analysis of foot-off height
shows that the normal group maintains a stable average of 68.1 mm, whereas the Parkinson’s disease group
exhibits a markedly lower mean of 41.7 mm (A = 26.34 mm), indicating reduced foot clearance and increased
tripping risk (see fig. 8, ). The ankle joint angle distribution reveals a narrow, concentrated pattern in the normal
group, while the Parkinson’s disease group displays a broader, downward-shifted distribution (mean 151.4°),
reflecting diminished mobility and increased rigidity (see fig. 8, b). Trunk lateral shift is minimal and smooth in
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the normal group but increases significantly in the Parkinson’s disease group (amplitude 31.8 mm), accompanied
by high-frequency oscillations (evidence of impaired trunk stability and hip abductor weakness) (see fig. 8, ¢).
The probability density of trunk sagittal inclination indicates a forward shift in the Parkinson’s disease group
(from —89.2° to —81.1°), with minimal overlap between groups, illustrating the characteristic stooped posture in
Parkinson’s gait (see fig. 8, d). The integrated four-dimensional radar plot, encompassing ankle angle, foot-off
height, trunk lateral shift and trunk forward tilt, shows that the normal group forms a balanced, near-boundary
diamond, whereas the Parkinson’s disease group exhibits a contracted, asymmetric shape, visually highlighting
multi-system gait impairment (see fig. 8, e).
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Fig. 8. Evaluation of gait in normal group and Parkinson’s disease group:
a — foot clearance during swing phase; b — ankle angle;
¢ — trunk lateral displacement; d — trunk forward lean;
e — integrated four-dimensional radar plot

The visualisation results of a gait 2D motion analysis system implemented using the lightweight MediaPipe
model, showcasing the capability of deep learning-based computer vision methods to perform real-time ana-
lysis of human dynamic behaviour under low computational cost conditions, is illustrated in fig. 9. The chart
(see fig. 9) presents the dynamic waveform curves generated by the gait event analysis module, corresponding
to the temporal motion variations of different body parts (such as the left heel and right toe). This system not
only visualises the gait cycle but also enables the extraction of key gait features (including cadence, stride length
and stance-to-swing ratio), providing valuable data support for subsequent applications in motor rehabilitation,
behavioural monitoring and human biometric identification.

Cr»& woanbr bt «Cy.,‘&,\m.mwgw w ansNwy gotmbte > 137
?(S}oeow\/ :}W%fooéﬁw M\j @Ajw oi/é/né»



Kypuaa Besopycckoro rocynaperseHHoro ynusepcurera. Maremaruka. Mugopmaruka. 2026;1:130-139
Journal of the Belarusian State University. Mathematics and Informatics. 2026;1:130-139

1 PoseAnalyzer v31.0 - High Performance X

M Real-time Waveforms 4 L]

s191228
Gait Event Analysis

]

Live

Joint Angles

Trunk _Pelvis

Fig. 9. Gait analysis system

A systematic academic analysis comparing healthy gait and Parkinsonian gait, incorporating the medical gait
feature assessment table for quantitative inference, is provided in fig. 10. The analysis covers angular variations,
motion plane characteristics and clinical significance, aiming to reveal differences in functional control and
neuromuscular coordination between the two gait patterns. The normal’s group left and right knee angle wave-
forms are showed mirror symmetry, stable periodicity (approximately one complete cycle per second) and an
amplitude of 55-60°. The 3D kinematic characteristics fall within the normal physiological range, demonstrating
symmetry, strong periodicity and good dynamic balance. In contrast, the Parkinson’s disease group ankle, knee,
hip and trunk exhibit are restricted ranges and markedly reduced amplitudes (around 30-35°). The gait cycle
is irregular, and waveform peaks display noticeable disturbances. According to clinical assessment scales, this
corresponds to a moderate-to-severe gait abnormality.
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Fig. 10. 3D gait analysis, specifically knee joint angle changes (a, ), hip joint angle changes (c, d)
of normal group (a, c¢) and Parkinson’s disease group (b, d) (beginning)
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Fig. 10. 3D gait analysis, specifically ankle 3D coordinate changes,
of normal group (e) and Parkinson’s disease group (/') (ending)

Conclusions

This study presents a lightweight 2D and 3D collaborative gait analysis framework enabling high-precision,
real-time modelling and quantitative clinical evaluation of human gait. The method integrates MediaPipe-based
2D keypoint detection with an enhanced MTSA-former 3D pose estimation network. Despite containing only 2.5 min
parameters, the model achieves superior 3D reconstruction accuracy (MPJPE = 41.12 mm) with real-time efficiency.

Comparative analyses of gait in normal group and Parkinson’s disease group demonstrate the system’s
sensitivity in detecting abnormal variations in key biomechanical parameters, including ankle dorsiflexion,
peak knee flexion, pelvic obliquity and trunk lateral shift. Clinical metrics further confirm its efficacy in distin-
guishing different motor impairment levels based on 2D kinematic and 3D spatiotemporal features. In gait of
Parkinson’s disease group the model identifies typical deficits such as limited ankle motion, inadequate knee
flexion, reduced pelvic stability and impaired balance control.
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MYABTUMOAEABHBIN ITOAXOA, C BEKTOPHBIM ITOMCKOM
B OITEPATUBHOM YIIPABAEHUN KPUTNYHBIM UT-CEPBICOM

B. B. KPACHOIIPOIIIHH", A. A. CTAPOBOHTOB"

YBenopycckuii 2ocydapemeennviii ynusepcumem, np. Hezasucumocmu, 4, 220030, 2. Muncxk, Benapyco

Annomayus. Viccnenytorcs akTyasjibHbIE IPOOJIEMBI, CBSI3aHHBIC € 33/1a4€l ONEPaTUBHOTO YIPABJICHUS KPUTUYHBIMU
UT-cepBucamu. {7l MOBBIIEHUS] KAYECTBA YIPABIECHUS NPEIUIaraeTcsl HOBBIM METOJ, pacIUIMpSIONIMN OAX0 ] JUHAMUYe-
CKOI1 ToKanbHOIT anmpokcuManui. OH peau3yeT CBI3bIBAHNE BEKTOPHBIX MTPE/ICTABICHUI MAaTTEPHOB HArpy3KH ¢ 00ydaeMbl-
MU HEHPOCETEBBIMU MOJIEIISIMH, YTO MO3BOJISIET OIIEPATHBHO CTPOUTH MPEUKTOP JUISt HOBOTO ITAaTTEPHA HA OCHOBE BEKTOPHOTO
TIOMCKa CEMAHTUUECKU ONM3KUX Mojienielt B OnbinoTeke. MznaratoTes opuruHaibHbIe IPUHIHIIBL IPOEKTUPOBAHHS CUCTEMBI
yHpaBIeHHs], KOTOpast s alaNTallii K HOBBIM, CBI3aHHBIM C HEONPEIEIEHHOCTHIO MAaTTepPHAM Harpy3KU UCIONB3YeT ampoK-
CHMAIMIO JAHHBIX, TOJy9aeMbIX B PEKHME PEATLHOTO BpeMeHH. [IpuBOIATCS pe3ynbraThl SKCIIEPHMEHTOB, TOATBEPIKIAI0-
e 3(GEeKTHBHOCTB MPEIOKEHHOTO MOJIX0/[a ¥ TIOKa3bIBAIOIINE, YTO ITPU 00padO0TKe HEPETYISIPHBIX M CIIOKHBIX HArPy30K
rHOpUAHBIE TPOAKTUBHBIC AJITOPUTMBI 110 STy TIOKa3aTesel siBisioTcst Oonee 3 ()eKTHUBHBIMU, UM PEaKTUBHBIEC AJTOPHTMBIL.

Knrouesuvie cnoga: npuHATHE PEIISHUI; MIPOAKTUBHOE yNpaBlIeHNUE; HEONPEAEICHHOCTh BHEIIHEW HArpy3KU; HEHPOH-
Hasl CeTh; MyJIbTUMO/IEIIbHAS CHCTEeMa; ONOIMOTEeKa MOEEH; BEKTOPHBII ITONCK.

MULTI-MODEL APPROACH WITH VECTOR SEARCH
IN OPERATIONAL MANAGEMENT CRITICAL IT SERVICE

V. V. KRASNOPROSHIN®, A. A. STAROVOITOV?
*Belarusian State University, 4 Niezaliezhnasci Avenue, Minsk 220030, Belarus
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Abstract. In the work are investigated current problems related to the task of operational management of critical IT ser-
vices. To improve the quality of management, a new method is proposed, extending the dynamic local approximation
approach. It implements linking vector representations of load patterns with trainable neural network models, which
allows promptly constructing a predictor for a new pattern based on vector search for semantically close models in the li-
brary. Original principles of designing a control system are outlined, which for adaptation to new, uncertainty-related load
patterns uses approximation of data obtained in real-time mode. The results of experiments confirmed the effectiveness
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of the proposed approach and showed that when processing irregular and complex loads, hybrid proactive algorithms in
a number of indicators are more effective than reactive ones.

Keywords: decision making; proactive control; external load uncertainty; neural network; multi-model system; model
library; vector search.

Introduction

Maintaining critical IT services in operational condition with a guaranteed level of service (service le-
vel objective, SLO) is one of the key tasks of the operation of modern digital infrastructure. The dyna-
mic and often unpredictable nature of external load requires the use of complex automatic scaling (auto-
scaling) mechanisms, capable not only of reacting to sharp load changes but also of predicting them [1].

Existing industrial solutions (Kubernetes HPA, AWS Auto Scaling, Azure Autoscale) are often based on
threshold rules, not always effective under complex, non-stationary load profiles. Research approaches, using
machine learning and time series forecasting, show high accuracy, but may require long training and are not
sufficiently prompt in adapting to new, previously unseen load patterns. As an example illustrating the com-
plexity of the load profile in fig. 1 are presented data on user requests to the web server of the NASA Kennedy
Space Centre in Florida on 6 July 1995'.

Number of user requests per minute (06.07.1995, 00:00:00—23:59:59)
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Fig. 1. Example of external load

In previous work [2], the authors proposed a multi-model method DLANNLIB (dynamic local approximation
by neural network models with library). For each system state (determined by the volume of allocated resources)
in real time is built and saved into a library a local neural network model, trained on data of the current load
pattern. Such a mechanism allows accumulating «experience» and using it for predicting the transition of the
model system to other states.

This article develops the indicated approach, proposing to use a vector database for semantic search of models
in the library based on the similarity of load patterns. This idea is applied to solve the key task: to ensure the
proactivity of control at the beginning of a new state, when data for training a new model is still insufficient.
But it is already possible to assess the similarity of the current situation with previously observed ones, select
corresponding models from the library, prepare a predictor, and based on the forecast prepare a control decision.

Method of dynamic local approximation by neural network models
with library and vector search of k-nearest models

The proposed development of the DLANNLIB method consists in the addition of a new component — a vector
database, which helps implement the mechanism of search and selection of models from the library. The name
DLANNLIB _kNM (dynamic local approximation by neural network models with library with k-nearest models
vector search) will be used in the further exposition.

'NASA-HTTP // Internet Traffic Archive [Electronic resource]. URL: https:/ita.ee.Ibl.gov/html/contrib/NASA-HTTP.html (date
of access: 09.09.2025).
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Formation of vector representations. For each neural network model, saved in the library, additionally
is formed its vector representation (embedding). This feature vector is linked to a specific system state S,, the
load pattern on which the model was trained.

The vector can include various statistical metrics of the training dataset (mean, variance, entropy, correlation
dimension, etc.). However, for determining some of them, such as the correlation dimension by the Grassberger —
Procaccia method [3] is required a large number of samples and the calculation process itself can take additional
time, reducing the operational efficiency.

Most naturally to use as a vector the dataset on which the model was trained or its part. Here various options
are possible. The simplest is the use of a vector, built from the first or last samples of the training set, with
dimensionality equal to the number of features in the model (window size).

Vector search for a new pattern. Upon the system’s transition to a new state S, , | and the arrival of the first
utilisation data, before the readiness of a dataset for training a new model, the following actions are performed:

1. Based on these data, the feature vector of the current pattern is determined.

2. A search in the vector database is conducted by the metric of scalar product, cosine similarity, Euclidean,
Manhattan distances and other metrics for finding a certain number of the closest vectors by the nearest neighbours
method (k-NN).

3. Previously trained neural network models, corresponding to the found vectors, are extracted from the library.

Construction and use of an ensemble predictor. The found models are used to construct an ensemble
predictor for the current state. The weights of models in the ensemble can be determined:

¢ by distance (inversely proportional to the distance between the vector of the current pattern and the vector
of the found model);

e quality of the found models (inversely proportional to the errors of the models at the validation stage);

e a hybrid option using both distances and validation errors simultaneously.

The resulting forecast is formed as a weighted sum of the forecasts of individual models of the ensemble.

Training a new model and updating the database. In parallel with the operation of the ensemble predictor,
the system continues to accumulate data for the new state. As soon as a sufficient amount of data (samples)
has been accumulated, the standard process of training a new local model by the DLANN method is launched.
After successful training:

1. The new model together with metadata is saved into the library.

2. For it, a vector representation is determined based on the training sample (sample elements, metadata,
statistical parameters).

3. This vector is added to the vector database and linked to the new model.

Forgetting mechanism. In the process of the system’s operation, new models and data accumulate in the
vector database. A forgetting mechanism can be implemented, which allows limiting the number of semantically
close models, leaving only the best models, with minimal validation error.

Model system

Model system consists of a set of computational modules, on which operate instances of application soft-
ware, between which is carried out balancing of external requests. For request generation is used a load system,
allowing to set load and receive statistics on processed requests. The system supports a scaling mechanism
(state change). In fig. 2 is presented a diagram of the model system. For managing service configurations is
used the Infrastructure as a Code (IaC) approach in which service configurations are described in YAML files.

Model system of critical web services

Compute module 1
(container)

Instance 1 of web service
‘ [REST endpoints]
{i’echo ~GO

Workload generator HTTP | !
© LocusT @ python'| | | queries [ |

L APROXY Compute module N

& docker (container)

\ Instance N of web service
[REST endpoints]

filecho =GO

Fig. 2. Diagram of the model system
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We will describe the main blocks of the model system.

Block of computational modules. As computational modules is used Docker”. This solution allows creating
computational modules (Docker containers), managing them, collecting various utilisation metrics. There are
ready libraries (e. g., Docker SDK for Python), for working with Docker API Engine. Possible use of other
solutions, e. g., Kubernetes clusters, etc.

Block of load balancing. As a load balancer across containers with instances of the application web ser-
vice is used HAProxy®, which allows automatically adding new instances to the load balancing. Previously in
experiments was used load balancing by service name using the mechanism built into Docker, from which had
to be abandoned due to uneven balancing when creating new containers.

Block of application web service. As a web application was decided to implement a microservice, based
on the popular high-performance minimalist web framework Echo®, written in the high-level language Go”.
Service instances implement functionality in the form of REST API, consisting of several REST endpoints,
which process incoming HTTP requests from client systems (external load). Each endpoint is associated with
a specific microfunctionality, which has a varying impact on computational resource consumption.

Block of load formation. As a load generator is used Locust’, written in Python’. Locust has less functio-
nality compared to Apache JMeter®, simple to configure, allows describing load profiles in the form of Python
classes, less demanding on resources, supports distributed configuration of instances, allows setting the load
profile in the form of a function or in the form of pre-prepared data.

Load profiles

For generating synthetic profiles for Locust is written a Python script, which at input receives a description of
stages in the form of a list of dictionaries, in which are defined the durations of stages, target functions, width
of variance, function for changing variance and others. For generating profiles based on real data is implemented
a Python script, which allows forming the structure of stages for launching load for Locust. At the initial stages
of system development mainly were used simple synthetic profiles «rampy, «triangle», «trapezoid» and the
same profiles with noise. It is worth noting that even simple profiles like «ramp» generate a sufficiently complex
dependence of the target metric on time $CPU_Util, for various system states. For example, in fig. 3 and 4
are presented user load profiles «triangle» and «triangle with noise».
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Fig. 3. Load profile «triangle», change the number of users over 1 h

*Docker Compose // Docker Docs : website. URL: https://docs.docker.com/compose (date of access: 09.09.2025).

*HAProxy: the reliable, high-performance TCP/HTTP load balancer [Electronic resource]. URL: https://www.haproxy.org (date of
access: 09.09.2025).

*Echo: high-performance, extensible, minimalist Go web framework [Electronic resource]. URL: https://echo.labstack.com (date
of access: 09.09.2025).

>Go: an open-source programming language supported by Google [Electronic resource]. URL: https://go.dev (date of access:
09.09.2025).

SLocust: an open-source load testing tool [Electronic resource]. URL: https://locust.io (date of access: 09.09.2025).

"Python: programming language [Electronic resource]. URL: https://www.python.org (date of access: 09.09.2025).

f Apache JMeter: open-source software [Electronic resource]. URL: https://jmeter.apache.org (date of access: 09.09.2025).
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Fig. 4. Load profile «triangle with noise», change the number of users over 1 h

After checking the operation of the control system on synthetic profiles, was chosen a reference load profile,
which is often used by other research groups [4]. This profile describes the number of user requests per unit
time (requests per second, RPS) to various endpoints of the web service of the NASA Kennedy Space Centre
in Florida over 24 h from 6 July 1995. The data are presented in public access in the Internet Traffic Archive
repository on the website of the Lawrence Berkeley National Laboratory”.
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Fig. 5. Load profile «<NASA 06.07.1995 4H», change the number of users over 4 h

The original profile was compressed from 24 to 4 h and scaled to 600 users (while the original number of
samples was preserved) and converted into a load profile for Locust. In fig. 5 is presented the resulting user
load profile «NASA 06.07.1995 4H».

Multi-model automated control system

For managing resources of the model IT system was developed an automated control system (ACS), which
in real time receives utilisation data of computational modules and makes a decision on scaling the controlled
system. Uses a combination of reactive and proactive control. In this case, for each state of the controlled system
automatically is formed its own dataset, is trained its own neural network model, is formed a feature vector
of the current pattern based on this dataset, the model and its corresponding vector are saved into the model
library, are performed predictions of resource utilisation parameters by different predictors (based on the trained
model for the state and model selected from the model library using vector search).

“NASA-HTTP // Internet Traffic Archive [Electronic resource]. URL: https://ita.ee.lbl.gov/html/contrib/NASA-HTTPhtml (date
of access: 09.09.2025).
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The ACS compares current data of average load across computational modules and forecast results for a spe-
cific system state and makes a decision on state change (scaling), depending on the achievement of threshold
values of resource utilisation.

Architecturally, the system contains seven main modules, which are presented in fig. 6.

]

Model system of critical web services Combined proactive
i Compute module 1 i management system
(container) ! State change Vector search
Instance 1 of web service || | module module
i 4 [REST endpoints] @ python” | | @) Qdrant @ python %
i flecho  -GO : L} Vector

Monitoring Dispatch and decision- g database

module > making module

Workload generator arTPe i Balancer

Learning module

Iy

| S e 7 . |
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L : (container) ; =
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I \ Instance N of web service | Prediction module |~ Library module
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Fig. 6. Diagram of the ACS and the model system

The model IT serv1ce load system, and ACS are described in detail by the authors in the article [2]. As the
database is used SQLite'’. The approach with vector search adds new components to the scheme — a vector data-
base and a vector search module As the vector database is used either a custom lightweight solution in Python,
or the sqlite-vec extension', or a ready-made vector database Qdrant'>.

Monitoring module. The momtormg module is respons1ble for collecting performance metrics of the sys-
tem’s computational modules, as well as addlng and removing new metrics (when the system state changes).
To correctly collect metrics, the Joblib library'® was used, which allows for parallel queries and timely retrieval
of metric values for all modules.

State change module. The state change module is responsible for sending control commands (which change
the state of the controlled system) and monitoring the correctness of the state change.

Dispatch and decision-making module. The dispatch and decision-making module is the central one. It and
the other modules are implemented in Python. At the initialisation stage, resource utilisation thresholds (system
SLOs) are set, the achievement of which leads to a change in the state of the controlled system. Thresholds for
adding (2) and removing (D) computational resources are set separately. Three control signals are used — the
current value of resource utilisation, the forecast based on the model library, and the forecast based on the model
trained for the current state. The resulting signal is determined as the maximum of the three signals. An acti-
vation mechanism for signals is introduced, which blocks or activates signals in the required sequence. This
process is controlled by the parameters cool reactive, cool proactive,cool proactive lib.
This mechanism determines the number of cycles during Wthh no actions to change the state are performed in
the system and which signals influence the change of the system state. A parameter is set that determines the
number of data accumulation iterations for one state to create a model (M). A lead time (Z) is set — the number of
forecast points into the future. In the main process, after the initialisation stage, a cycle is implemented, at each
iteration of which the set of the computational modules of the controlled system is updated, the current values
of computational module utilisation are obtained, and a decision is made to change the state of the controlled
system. Metrics are collected with a period of ~2 s. Historical data on the utilisation of each computational
module for different system states are saved in the form of CSV files. In RAM, data on module utilisation for the
current state are accumulated in a dictionary. Based on the most recently obtained data, in the main process,
the average value across the set of computational modules is calculated. If the maximum of the three active
signals exceeds the threshold for addition (2), a decision is made to add resources to the controlled system. If it
is less than the removal threshold (D), a decision is made to remove resources. After a decision is made, a com-
mand is sent to the state change block. This process implements mechanisms for non-blocking interaction with
processes that run in parallel to the main process, responsible for creating and training neural networks and

1%SQLite: C-language library [Electronic resource]. URL: https://www.sqlite.org (date of access: 09.09.2025).
"SQLite-Vec: a vector search SQLite extension [Electronic resource]. URL: https:/alexgarcia.xyz/sqlite-vec (date of access: 09.09.2025).
2Qdrant: vector search engine [Electronic resource]. URL: https://qdrant.tech (date of access: 09.09.2025).

BEmbarrassingly parallel for loops // Joblib: running Python functions as pipeline jobs [Electronic resource]. URL: https://joblib.
readthedocs.io/en/latest/parallel.html (date of access: 09.09.2025).
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forecasting utilisation parameters for a specific state with a given lead time. This mechanism is implemented
using the multiprocessing library'.

Training and prediction modules. All modules are implemented using Python, using the PyTorch library"’.
The training module creates neural network models based on datasets for different states of the controlled sys-
tem and saves the models and their corresponding vectors into the neural network model library. Each model
is encoded by a state index. The prediction module loads models from the neural network model library by
index and performs utilisation forecasts with a certain lead time for different states of the controlled system.
When forecasting, we assume that each subsequent term of the series depends on a certain number of previous
elements of the series, i. e. shifted in time previous values of the original series are used as independent autore-
gression parameters. The number of such parameters determines the sliding window for the series. We choose
the window size (tw) equal to 30 elements (determined empirically). We assume that the main contribution
to the approximating function for the next element of the series is made by a combination of the 30 previous
elements of the series.

A neural network with 1 hidden layer and 1 output neuron is used. The number of neurons in the hidden
layer (90) is 3 times greater than the temporal window size. In the output layer, there is 1 neuron, as a sum ele-
ment. A fully connected linear layer nn . Linear is used. The activation function is ReLU. For regularisation,
dropout of part of the neurons is used (dropout with a neuron dropout probability of 0.015). The loss function
used is nn.MSELoss () (mean squared error). The optimisation method is torch.optim.Adam, learning
rate 0.002. Preprocessing of the original series with scaling to the interval [O, 1] is not performed, as it introdu-
ces additional error into the original data and leads to additional overhead for scaling before and after training
(we utilise the property of the original data, which are bounded from below and above). A short time series is
used — 60 samples. The interval between samples is 2 s. The duration of the series is 128 s. The original series
is divided into two datasets — train (42 samples, or 70 %) and test (18 samples, or 30 %). Considering that the win-
dow size (tw) is 30, the number of examples for training is 13. A total of 100 training epochs are used. The batch
size is 1. The training time for a neural network with the specified architecture for a dataset is ~2 s. The speed of
performing a prediction with a lead time of 40 samples is <1 s.

Estimation of management quality

To evaluate the quality of management, we consider a problem, where the target function reflects a trade-
off between optimising computational resource costs and meeting SLO requirements. The problem variables:
Q(t) — dynamically changing external system load with uncertainty; R, (t) — the amount of computational
resources allocated to the system at the k™ step (system resources change discretely, we assume that the k™ step
corresponds to state S, ); Cost(Rk (t)) — the cost of resource usage at the &A™ step; SLO, (#) - the SLO metric
at the k™ step; Violation(SLO & (t)) — the penalty for SLO violation. Cost(Rk (t)) and Violation(SLO s (t)) are

normalised in the interval [0, 1] over all states S,. The target function to be minimised:

arginin(Kg“l Cost(Rk [A(Q(t))]) +(1- X)é Violation(SLOk [A(Q(t))})]

with the constraint on the rate of dynamic resource changes ‘Rk -R,_ 1‘ <v, where v is the maximum allowable
resource change.

As a result, the problem reduces to minimising the target function, achieved by selecting the optimal algo-
rithm A4, which generates N system states under external load Q(t) with uncertainty. An exact solution to this
problem cannot be constructed, so we propose a heuristic algorithm that estimates the target function. From the
set of algorithms, we select the one that minimises the target function.

Experimental environment

The model system, load balancing service and load testing system operate in Docker containers on a virtual
machine running a Linux-based OS — Ubuntu 22.04.1 LTS. The control system is deployed directly in the OS.
Tests were conducted on various physical hardware. Final tests were performed on a virtual machine with the
following parameters: vCPU — 8 cores, RAM — 24 GB.

We evaluate the performance quality of the combined automatic scaling control system using the previous-
ly described methodology. We use the quality metric F with an adjustable weight A to specify the desired

“Multiprocessing — Process-based parallelism // The Python Standard Library [Electronic resource]. URL: https://docs.python.org/
3/library/multiprocessing.html (date of access: 09.09.2025).

SpyTorch : website. URL: https:/pytorch.org (date of access: 09.09.2025).
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cost-to-penalty ratio. A threshold value of 24 ms is used for the response time penalty function. For calculating
maximum cost, we use C,,, = 6.

In experiments, three load profiles are used, in table 1 is presented a brief description.
Table 1

Description of load profiles

Profile name Description Time, h

Profile «triangle» without dispersion. Linear increasing load from 1 to
PROFILE2 600 users over 30 min and linear decreasing load from 600 to 0 users 1
over 30 min

Profile «triangle» with random noise. Linear increasing load with ran-
PROFILE2 DISP20 | dom noise from 1 to 600 users over 30 min and linear decreasing load 1
with random noise from 600 to 0 users over 30 min

APROFILEI Profile «NASA 06.07.1995 4H». Based on real load 4

Control algorithms

Each profile was tested on three different algorithms. In the algorithm name are encoded the main opera-
ting parameters. Decoding of the code is presented in table 2. In each test group, corresponding to a specific
profile, the test with the reactive algorithm is considered as the baseline. The operation of other algorithms is
compared by quality metrics with the baseline algorithm.

Table 2

Decoding of algorithm codes

Algorithm code Type Main operating parameters Value
Addition threshold, $CPU_Util 90
Removal threshold, $CPU_Util 50

A90.50.R60 Reactive
Reactive component activation 60
period, samples
Addition threshold, $CPU_Util 90
Removal threshold, $CPU_Util 50
Hybrid Reacti ivati
A90.50.R60P70F ) eactive component activation
(reactive + DLANN) period, samples 60

Proactive component activation
period, samples

Addition threshold, $CPU_Util 90
Removal threshold, $CPU_Util 50

70

Reactive component activation

. . 60
Hybrid period, samples
A90.50.R60P70L60_70FNNL VECI (reactive + DLANNLIB_KNM) . ' —
- roactive component activation 70
period, samples
Proactive component activation 60

period (library), samples

Let us briefly describe the activation mechanism of control signals for the algorithm with library and vec-
tor model search A90.50.R60P70L60 70FNNL_VECI. A stabilisation period equal to 60 samples (120 s) is
used for forced model formation for each state (also possible is the variant used in earlier versions of the ACS,
where a model is not formed for each state). After the end of this period, in the decision-making mechanism,
signals related to the reactive part (current values of the collected metric) and the forecast based on the model
library are activated, and after 10 samples (20 s), the signal related to the forecast using the model trained for
the current state is activated, and simultaneously the signal related to the forecast based on the model library is
deactivated (we assume that the model trained on data of the current state has greater expertise within this state).
Schematically, the activation mechanisms for the algorithms specified in table 2 are shown in fig. 7.
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Fig. 7. Diagram of control signal activation

In table 3 are presented the results of experiments on the operation of the ACS for three different load pro-
files. Quality metrics were calculated after conducting the experiments, based on the obtained statistics of the
load system and logs of the control system operation.

Table 3
Results of experiments
Normalised values Target function
Profile Algorithm code p— p—
c 4 2F, Fys Fis
0.710 1.077
A90.50.R60 0.367 (+4204.6 %) | (+34.6 %) 0.482 | 0.596
0.403 0.596 1.000
PROFILE2 A90.50.R60P70F (+9.7%) | (+155.8%) | (+24.9 %) 0.468 | 0.532
0.567
A90.50.R60P70L60 70FNNL VECI1 (+54.4 %) 0.233 0.800 0.456 | 0.345
0.705 1.046
A90.50.R60 0.341 (+51.8%) | (4265 %) 0.463 | 0.584
0.398 0.595 0.993
PROFILE2 DISP20 A90.50.R60P70F +16.6%) | (+282%) | (+20.1%) 0.464 | 0.530
A90.50.R60P70L60_7OFNNL_VECI (+06336‘?A) L | oass 0.827 | 0397|0431
0.743 1.076
A90.50.R60 0.333 (+56.6 %) | (+14.4 %) 0.470 | 0.606
0.354 0.673 1.027
APROFILE1 A90.50.R60P70F (+6.3 %) | (+42.0 %) (+9.3 %) 0.460 | 0.567
0.466
A90.50.R60P70L60 70FNNL VECI1 (+39.6 %) 0.474 0.940 0.469 | 0.471

Note. Boldface indicates the best (minimum) normalised value for each profile across the group of algorithms. The values shown
in the table represent resource cost, SLO violation penalty, and their sum, respectively. Values in parentheses show the percentage in-
crease relative to the best (minimum) value within the same group for the corresponding profile.

Figures 8—13 are used as an illustration of the differences in algorithm operation for load profiles PROFILE2,
PROFILE2 DISP20 and APROFILEL. On the graph of average CPU load across computational modules, data
for different states are shown in colour; on the lower graph, the system trajectory (dependence of the number
of computational modules on time) with state numbers is shown.
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Fig. 8. lllustration of the operation of algorithms A90.50.R60 (a, b) and A90.50.R60P70F (c, d)
for profile PROFILE2
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Fig. 9. lllustration of the operation of algorithm A90.50.R60P70L60 70FNNL_VECI (a, b)
and model selection using vector search (c) for profile PROFILE2

Analysis of the results for profile PROFILE2 shows that in terms of the sum of normalised cost and penalty
metric 2F,,, the best was the algorithm with library and vector model search A90.50.R60P70L60_70FNNL_VECI.
It is approximately 34.6 % better than the reactive algorithm A90.50.R60 and 24.9 % better than the hybrid al-
gorithm A90.50.R60P70F. If comparing by individual metrics, the most resource-efficient, as expected, is the
reactive algorithm A90.50.R60, which is 9.7 % more economical than algorithm A90.50.R60P70F and 54.4 %
more economical than algorithm A90.50.R60P70L60_70FNNL_VECI. In terms of penalties for response time, the
best was algorithm A90.50.R60P70L60 70FNNL_VECI, which is almost 204.6 % better than the reactive algo-
rithm A90.50.R60 and 155.8 % better than hybrid algorithm A90.50.R60P70F. For the target function F; ; with a grea-
ter weight towards penalties, the best result was shown by the algorithm A90.50.R60P70L60_70FNNL_VECI,
followed by the algorithm A90.50.R60P70F, which were 73.0 and 54.4 % better than the algorithm A90.50.R60.
Figure 9, ¢, shows which models were selected from the library using the DLANNLIB_kNM method for various
states under load profile PROFILE2. It is interesting to note that up to state 12, various models trained on increa-
sing load were selected. At the beginning, predominantly the model trained for the previous state was chosen.
And only starting from state 12, models trained during decreasing load began to be used.
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Fig. 11. lllustration of the operation of algorithm A90.50.R60P70L60_70FNNL_VECI (a, b)
and model selection using vector search (c) for profile PROFILE2 DISP20

Analysis of the results for the more complex profile PROFILE2 DISP20 shows that in terms of the target
function 2 ,, the best results were again shown by the algorithm A90.50.R60P70L60 70FNNL _VECI. It is
approximately 26.5 % better than the reactive algorithm A90.50.R60 and 20.1 % better than the hybrid algo-
rithm A90.50.R60P70F. If comparing by individual metrics, the most resource-efficient, as expected, is the reacti-
ve algorithm A90.50.R60, which is 6.3 % more economical than algorithm A90.50.R60P70L60_70FNNL_VECI1
and 16.6 % more economical than algorithm A90.50.R60P70F. In terms of penalties for response time, the best was
algorithm A90.50.R60P70L60_70FNNL_VECI, which is almost 51.8 % better than the algorithm A90.50.R60
and 28.2 % better than the algorithm A90.50.R60P70F. For the target function F} ; with a greater weight towards
penalties, the best result was shown by the algorithm A90.50.R60P70L60 70FNNL_ VECI, followed by the
algorithm A90.50.R60P70F, whose results were 35.6 and 23.0 % better than the algorithm A90.50.R60. F1gu—
re 11, ¢, shows which models were selected from the library using the DLANNLIB_kNM method for various
states under load profile PROFILE2 DISP20. It is interesting to note that up to state 6, various models trained
on increasing load were selected. Further, during decreasing load, for states 6, 7 and 8, models trained during
increasing load were also selected, but for state 9, a model trained during decreasing load was already chosen.
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Fig. 12. 1llustration of the operation of algorithms A90.50.R60 (a, b) and A90.50.R60P70F (c, d)
for profile APROFILE1
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Fig. 13. lllustration of the operation of algorithm A90.50.R60P70L60 70FNNL_VECI (a, b)
and model selection using vector search (c) for profile APROFILE1
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Let us consider the results for the most complex profile APROFILE1. Analysis shows that in terms of
the target function 2F),,, the best result was shown by the algorithm A90.50.R60P70L60_70FNNL_VECI.
It is approximately 14.4 % better than the reactive algorithm A90.50.R60 and 9.3 % better than the hybrid
algorithm A90.50.R60P70F. If comparing by individual metrics, the most resource-efficient is the reactive al-
gorithm A90.50.R60, which is 6.3 % more economical than algorithm A90.50.R60P70F and 39.9 % more
economical than algorithm A90.50.R60P70L60 70FNNL VECI. In terms of penalties for response time, algo-
rithm A90.50.R60P70L60 70FNNL VECI is the best, 56.6 % better than the reactive algorithm A90.50.R60
and 42.0 % better than the hybrid algorithm A90.50.R60P70F. For the target function F ; (greater weight to-
wards penalties), the best result is with algorithm A90.50.R60P70L60 70FNNL_VECI, followed by the algo-
rithm A90.50.R60P70F, whose results were 28.6 and 20.2 % better than the algorithm A90.50.R60. Figure 13, ¢,
shows which models were selected from the library using the DLANNLIB kNM method for various states
under load profile APROFILEI. At the beginning, when the library does not contain many models, models for
the previous state are predominantly chosen; with further filling of the library, the choice becomes different.
It is interesting to note that in earlier studies for the most complex profile APROFILEI, the DLANNLIB LM
method (the simplest variant, where the model for the previous state was selected from the library) was only
5 % better than the reactive one.

The obtained results show that, as in previous studies, algorithms that work well on synthetic data seriously
reduce their effectiveness on a complexly structured profile based on real load, but at the same time, new
ideas related to complicating the predictor based on using vector search over a model library allow improving
the result, even when using the simplest version of the algorithm (where only one model from the library is
used to build the predictor, not k-nearest models).

Conclusions

The work proposes a new method, increasing the operational efficiency of the control system. The approach
implements adaptation to new load patterns, associated with uncertainty, through approximation of data in real
time using neural network models. The obtained models are saved into a library together with vector descriptions
of load patterns, which allows subsequently promptly selecting suitable models for new system states using
vector search by semantic similarity and building an ensemble predictor.

The results of experiments show that algorithms that work well on synthetic loads seriously reduce their
effectiveness on a complexly structured profile based on real load. But using a predictor built with vector search
allows improving the result, even when using the simplest version of the algorithm.

In terms of the aggregate of indicators when working with irregular and complex load, hybrid algorithms tur-
ned out to be more effective than reactive ones. At the same time, the best result was shown by the algorithm
using vector search.
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BBIAEAEHUE OFBEKTOB U30BPAJKEHUM
AASL ABTOHOMHOM AOKAAMBALIUU
BECITMAOTHBIX AETATEABHBIX AIITIAPATOB
N ITIOCTPOEHNSA KAPTBI OKPYJXKAIOHIETI'O ITPOCTPAHCTBA
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Annomayusn. PaccMoTpena 3a7a4a aBTOHOMHO# JIOKaIM3aiiy OCCIMIOTHOTO JICTATEILHOTO arniapara U MOCTPOCHHS
KapThl €ro OKpykeHus. [lokazaHa HU3Kast yCTOMYUBOCTD AETEKTOPOB KIFOYECBBIX TOYECK K H3MCHEHHUIO ITOTOIHBIX i BPDEMEH-
HBIX YCJIOBUH (hOPMUPOBAHHSI H300paKEHHUH OKPYIKAIOIIETO MPOCTPAHCTBA M0 CPABHEHHUIO C YCTOWYHBOCTHIO JIETEKTOPOB
JUHAN. J1J1s1 TOBBIIIEHHS YCTOMYNBOCTH JIOKATHU3AIUK OCCITUIIOTHBIX JIETATENbHBIX AlMapaToB B KaueCTBE KIFOYEBBIX
00BEKTOB MACHTU(DHUKAIINH MIPEIOKEHO MUCIIOIH30BAaTh OMHOPOIHBIC TIO SIPKOCTH 00IaCTH M300paKeHUH (CETMEHTEHI).
Pa3paboTaH anroputM CErMEeHTAIUH 10 JTOKAIbHBIM MUHIUMYyMaM IPaJIMCHTA SIPKOCTH MOJTYTOHOBBIX H300paXKeHUH, 1M0-
JIY4aeMbIX U3 MCXOJHBIX BETHBIX H300PKEHUI OKPYKAMOIIETO MPOCTPAHCTBA OECIUIOTHOTO JIETATEILHOTO allapara.
J11is BBIpaBHUBAHUS CKOPOCTEH poCTa 00NIaCTeH JOKATHHBIX MIHIMYMOB TIPEIIOKEH aJTOPUTM BOJTHOBOM CErMEHTAIINU
C aBTOMAaTHYCCKUM OCTAaHOBOM, OCHOBAHHBIN Ha OTPE/ICIICHUU HOBBIX HAYAIBHBIX U JOMOJIHUTEIEHBIX TOUYCK POCTa 00-
JIACTEH C MOMOIIBI0 MOHOTOHHO M3MCHSIIOIICTOCS TIOPOTa, a TAKIKE HA YUETe CKOPOCTH U3MCHEHUS I'PAJMCHTA SIPKOCTH
BJI0JIb TPACKTOPUH POCTA OOIACTH B KPUTEPUH OCcTaHOBA. [I0Ka3aHo, UTO MPEIOKCHHBIC aITOPUTMBI 00SCIICUNBAIOT Oosiee
YCTOMYMBYIO JIOKJIHM3AILUIO 00NacTell TPH M3MEHEHHH MOTOJJHBIX ¥ BPEMEHHBIX YCIOBHI (POPMUPOBaHUS N300pakeHUN
10 CpaBHeHI/I}O C N3BCCTHBIMHU aJ'IFOpI/ITMaMI/I BBIACIICHUS HI/IHIflﬁ 1 KJIFOYCBLIX TOYCK.

Kniouegvie cnosa: omHOBpeMeHHas JIOKAIM3alHs U KapTorpadpoBaHKe; BOJIHOBAs CETMEHTALU M300paskeHUI; BbI-
patBaHue obaacTeil; uaeHTUPUKALHS 00BEKTOB H300paKEHUH; IETEKTOPBI TOYEK; ETEKTOPBI JIMHUH.

bnazooapnocme. Pabora BeinonaHeHa npyu (UHAHCOBOI noiepkke bemopycckoro peciryoiankanckoro honna GpyHia-
MEHTaJBHBIX UccienoBannii 1 HanmonansHoro donna ecrecrBennsix Hayk Kuras (nmpoext T25KU-054 «TexHonorus

MHOTOKaMEPHOH JIOKAIHM3AIMK U TTOCTPOEHUS KapThl OTKPBITOTO MTPOCTPAHCTBAY ).

OO0pa3en UMTHPOBAHUS:

LBetroB BIO, Pabuesny BB, Ma L[3t0ub, 30ppko MU. Brine-
JeHre 00beKTOB H300payKEeHHMIT ISt aBTOHOMHOM JIOKaIN3auu
OeCIMIIOTHBIX JIETaTeIbHbIX alapaToB U IIOCTPOCHUS KapThI OK-
Py KaroLero npoctpancTsa. JKypHan Benopycckoeo 2ocyoapcn-
eennoeo ynueepcumema. Mamemamuxa. Hnghopmamuxa. 2026;

For citation:

Tsviatkou VYu, Rabtsevich VV, Ma Jun, Zorko MI. Detection of
image objects for autonomous localisation of unmanned aerial
vehicles and map formation of the surrounding space. Journal
of the Belarusian State University. Mathematics and Informa-
tics. 2026;1:156—-162.

1:156—162 (una anr.). EDN: OYZDOV
EDN: OYZDOV
ABTOpBI: Authors:

Buxmop IOpusesuu I]gemkog — NOKTOP TEXHUIECKHUX HAYK, IPO-
dbeccop; 3aBenyrouuii kadeapoit HHPOKOMMYHUKALIMOHHBIX TEX-
HOJOrHH (akyibTeTa HHPOPMAIIHOHHOI 6€30MaCHOCTH.
Buonemma Bukmoposena Pabyeguu — nipernoyaBaresb.

Ma I3r01b — accucTeHT Kadeapbl HHOOKOMMYHHUKAIMOHHBIX
TexHoJoruit (haxyapTeTa HHGOPMAMOHHON 0E30IT1aCHOCTH.
Muxaun Heanoeuu 30pbKko — acCuCTEHT Kaenpbl HHPOKOM-
MYHHUKAI[HOHHBIX TEXHONOTHH (akynbTeTa HHOOPMAIIMOHHOM
6€e30IacHOCTH.

Viktor Yu. Tsviatkou, doctor of science (engineering), full profes-
sor; head of the department of infocommunication technologies,
faculty of information security.

visvet@bsuir.by

Viyaleta V. Rabtsevich, lecturer.

rabcevichv@gmail.com

Ma Jun, assistant at the department of infocommunication tech-
nologies, faculty of information security.

majun@bsuir.by

Mikhail 1. Zorko, assistant at the department of infocommuni-
cation technologies, faculty of information security.
m.zorko@bsuir.by

156 Crevpansnini &L <<Cm&momwé» w anANNL qownbr > - a; :
98/"%/ :/Wﬁifwéxﬂ'w Am/ @A«fw o{,é/né»



AHaJIu3 JaHHBIX
Data Science

DETECTION OF IMAGE OBJECTS
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Abstract. The problem of autonomous localisation of an unmanned aerial vehicle and construction of a map of its envi-
ronment is considered. The low stability of keypoint detectors to changing weather and time conditions of image formation
in the surrounding space is demonstrated compared to the stability of line detectors. To improve the stability of unmanned
aerial vehicles localisation it is proposed to use image regions (segments) with uniform brightness as key identification
objects. An algorithm for segmentation based on local minima of the brightness gradient of halftone images obtained
from the original colour images of the unmanned aerial vehicle’s surrounding space has been developed. To equalise the
growth rates of local minima a wave segmentation algorithm with automatic stopping is proposed. This algorithm is based
on identifying new initial and additional growth points of regions using a monotonically varying threshold and taking
into account the rate of change of the brightness gradient along the region growth trajectory in the stopping criterion. It is
shown that the proposed algorithms provide more stable localisation of areas, when changing weather and time conditions
for image formation in comparison with known algorithms for extracting lines and key points.

Keywords: simultancous localisation and mapping; SLAM; wave segmentation of images; region growing; image
object identification; point detectors; line detectors.
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Introduction

Simultaneous localisation and mapping (SLAM) technology is widely used in autonomous mobile robot
systems, allowing for the construction of a map of the environment and spatial orientation [ 1-6]. This technology
is based on the comparison of images generated at different points in time during the mobile robot’s movement,
the binding of objects identified in the images to a digital map of the area, and the identification of objects in the
images and the map. A pressing challenge is to ensure the operation of such systems in open space conditions
with significant changes in weather and time conditions for image recording.

The aim of the work is to increase the stability of localisation of key objects under changing weather and
time conditions for image formation.

Statement of the problem

Basic SLAM methods utilise low-level geometric objects — points extracted by analysing the brightness
gradient of images — for identification [1-6]. Newer SLAM methods [7-9] typically utilise semantic objects,
whose intrinsic identification parameters are less dependent on weather and time conditions during image
formation. However, detecting semantic objects requires significant computational effort. Therefore, relatively
simple detectors that extract less complex, high-level geometric objects — lines and segments — are of interest.
These objects exhibit reduced localisation stability in response to changing weather and time conditions, while
the computational complexity of detection is reduced compared to semantic segmentation.

Segmentation by local minima
of the brightness gradient of grayscale images

To identify areas of uniform brightness that are resilient to changes in weather and time conditions during
image formation we propose a segmentation algorithm based on local minima of the brightness gradient, MinLGS
(minimum local gradient segmentation). This algorithm is based on growing neighbourhoods of local minima
of the brightness gradients of grayscale images obtained from the original colour images of the unmanned aerial
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vehicles (UAV) surroundings using standard colour transformations. This algorithm differs from known segmen-
tation algorithms by taking into account the maximum brightness difference in the neighbourhood of a 3 x 3 pi-
xel as the gradient value for thresholding the smoothest image areas; by identifying not only point-based but
also the most stable area-based local minima as the starting point for segmentation; by ensuring consistency in
the growth rates of the local gradient minima regions. The algorithm consists of the following steps:

1) converting a colour image Ipgs = ||iRGB( ¥, x)”(y: ) of Y x X pixels into a grayscale image

0,Y—1,x=0,X—1
Ly = ”iHT (y’ x)”(y:O,Y—l,x:O,X—l);

2) formation of a gradient image /; = ||z'G (y, x)”(y e e

5 whose pixel values i ( v, x) are calculated

using the expression ig (v, x) = max (|iHT (y+m,x+n)—iyr (v, x)

),mz—l,l,nzT,l;

3) cycle through brightness levels ¢ =0, 255. This step includes search for local minima of gradients in the
gradient image /; at level ¢ using the algorithm proposed in work [10], which identifies not only point but
also stable area local minima, and coordinated growth of regions of local gradient minima by joining existing
regions of pixels, whose brightness gradient value corresponds to the ¢ level;

4) merging adjacent segments with close brightness gradient boundary values. The merged segment inherits
the smallest number among the merged segments;

5) reassigning numbers to segments to ensure continuity and reduce the maximum number row value.

Gradient-wave segmentation of halftone images

In order to improve the accuracy of division into regions of halftone images, containing objects on a uni-
form background, and to simplify the processing by eliminating the stage of preliminary determination of the
initial growth points a Gradient-Wave Region Growing (GWRG) algorithm is proposed. This algorithm is based
on wave growing of regions of local maxima with their selection in the order of decreasing values according
to a monotonically changing threshold and analysis of the intensity gradient in the direction of region growth.
The algorithm differs from known segmentation algorithms in the following way:

1) defining as initial growth points of regions single or groups of adjacent pixels, whose intensities coincide
with the value of a threshold that monotonically changes from the maximum value to the minimum and deter-
mines the iteration of processing new pixels selected for joining to existing regions or forming new regions;

2) matching the growth rates of regions (joining new pixels to regions) by taking into account the values of
the first derivative with respect to intensity;

3) cessation of region growth upon a decrease relative to the threshold of the local value of the second
derivative with respect to intensity, calculated along the growth chain of the region connecting adjacent pi-
xels, namely the base pixel located inside the region, the boundary pixel of the region joined to it at the pre-
vious iteration and the candidate pixel processed at the current iteration for joining to the boundary pixel of
the region.

The algorithm is built on a cycle through brightness levels ¢ (¢ =2% -1, 0) in which the following is per-
formed:

1) determination of significant elements in a matrix of M, = ||m P ( ¥, x)” (y=07 T x=071) pixels (m, (y, x) e

€ [O, 28— IJ , where B is the pixel bit depth) with the size of the ¥ x X relative to the threshold ¢ (function Fy);

2) growing regions (function Fy ) is the formation of a segmentation matrix Mg = ||mS ( v, x)” (v =071 x =0 X

the values of whose elements indicate the numbers of segments ng to which they belong (ng € [1, NS], where
Ny is the number of segments);

3) selection of growth grains of regions — single-pixel and multi-pixel (areal) local maxima (function Fgp ) —
pixels that were not connected to any region at the threshold value g;
4) initial growth of the region (function Fpp(;).

The function F,; is defined by the expression

qSmp(y,x)<q—Aq:>mS(y,x)<—1,y=0,Y—l,sz,X—l.
The function F is defined by the expressions
y<ye (nS’ pc(ns)),xexc(ns, Pc(”s))’ Pc(”s)“pc(ns)_l
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vj, i,k,l(ms(y +j,x+i)=1)/\(m2(k,l,y, X, J, i) >g):
D{ms(y+j,x+i)<—ms(y,x),yc(ns,pc(ns))ey +j,xc(ns,pc(ns))<—x+i,
mD(y +j9x+i)(_m1(ya X, J, i),pc(”s)kpc(”s)ﬁq,
je{-1,0,1},ie{-1,0,1}, ||+ = 0}, ng=2, Ny,

where y. and x, are coordinates of adjacent pixels in matrix M, from the stack sets {Yc(ns)z

o) ot {0l )

(Pc(”s)_ospc(”s)‘l)}( ;

ng =0, Ns)

(Pc(ns)=0. Re(ns) - 1)}(

my(k, 1, y,x, j,i)=m(k,1, j,i)—m(y,x, j,i) is the second derivative with respect to intensity calculated
on the basis of the first derivatives with respect to intensity for pixels mp(y +j, x+i), mp(y, x) and the

ng =0, Ny)

base pixel mp (k,1);my (v, x, j,i)=mp(y, x)—mp(y +j, x+i)is the first derivative with respect to intensity
for the boundary pixel mj (v, x) and the candidate pixel m, (y + j, x+i); m; (k, 1, y, x) is the first derivative
with respect to intensity for the base pixel mp(k,!) and the boundary pixel m,(y, x). For all boundary
mp(y, x) and attached mp(y + j, x +i) pixels m, (y, x, j,i) > Aq is performed.

The function Fgp is defined by the expression

mS(y,x)zlz{NS<—NS+l,mS(y,x)<—NS,yS(0)<—y,xS(O)<—x,pS<—1,

Ve (Ng,0) <y, xc(Ng,0) <= x, pe(Ng) =1, Fopg }, ¥=0,Y =1, x=0, X -1,
where yg(0) and x; (0) are coordinates of the initial point of growth of the local maximum from the stacks of

coordinates Yy = ||yg (s )”( »

and X = |xg (pg )”( o7y Ps is the pointer to stacks Yy and Xj.

s=0=Ps—1) ps=0,Ps—1

The function Fpyg is executed, while pg > 0 and is defined by the expressions
Ps < Ps =1,y < ys(ps) x x5 (ps) Vi, i(my (v, x. . i) = 0) A (mp (., %) = q) =
:{ms(y+j,x+i)<—NS,yS(pS)<—y-|—j,xS(pS)<—x+i,pS <« pg+1,
v (Ns» pe(Ng)) < v+ j.xc(Ns, pe(Ng)) « x+i,
pe(Ng) < pe(Ng)+1, je{-1,0,1},ie{-1,0,1}, | j|+]i+0}.

In contrast to the conventional Region Growing (RG) algorithm [11], which uses sequential segment pro-
cessing, the proposed algorithm expands the boundaries of all regions in a wave-like manner by adding un-
processed adjacent significant pixels, whose brightness satisfies a threshold that is lowered after all significant
pixels have been processed. In contrast to the conventional wave Seed Region Growing (SRG) algorithm and
its modifications [12—14], which determine all growth points during initialisation, the proposed algorithm se-
lects the initial growth points during the segmentation process and is associated with a threshold value that is
gradually reduced from maximum to minimum.

The GWRG algorithm provides incomplete image segmentation into Ng non-overlapping regions, corre-
sponding to objects and the background. The number of regions is unknown in advance and is refined during

the segmentation process by gradually lowering the brightness threshold ¢ (¢ = 2% — 1, 0) with each cycle and
detecting new local maxima, which can be single-pixel or multi-pixel (areal). New local maxima and subsequent
pixels added to existing regions are detected by comparing with the threshold g. Wave-like growth of regions
and weighted separation of regions with smooth boundaries are ensured by monitoring the values of the first and
second derivatives of intensity.

The GWRG algorithm can be effectively used as part of the MinLGS algorithm for segmentation based on
local minima of the brightness gradient to identify homogeneous regions with high localisation stability under
changing weather and time conditions. In this case the initial pixel matrix M, for the GWRG algorithm should

be an inverse gradient image m, ( ¥, x) =255-ig ( ¥, x), calculating the pixel values of the matrix M using the

expression mp (y, x)=255—ig(y, x)for y=0,Y -1, x=0, X - L.
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Evaluation of the stability of geometric objects
to changes in weather and time conditions for image formation

The examples of test halftone images /; and 7, generated from the same angle but at different times are
showed in fig. 1. The images differ in brightness, contrast, shadow distribution and the positions of dynamic
objects. Differences in image generation conditions lead to changes in the number and positions of key objects
identified by the detectors. As a result, many objects in one image are missing at corresponding coordinates in
the other image. As an example, fig. 2 shows the lines identified in images /; and 7, by the Sobel detector [11]
and the developed MinLGS algorithm (based on GWRG).

a

S

V4

L, 1"'

Fig. 2. Lines highlighted in images /, and 7, by the Sobel detector

To assess the stability of geometric objects to changes in weather and time conditions for image formation
dependencies were obtained for the values of the weighted number Ny, of non-conforming objects calculated by
reducing the number Ny = N (1, 2) + N; (2, 1) of non-conforming objects in one N (1, 2) and another Ny (2,1)
images to the total number Ny = N, (1) + N, (2) of objects in one N, (1) and another N, (2) images using the
expression Ny = —&.

The weighted characteristics of the detection results are presented in table 1. The table shows that segments
extracted by the MinLGS algorithm (based on GWRG) are significantly more resistant to changes in weather
and time conditions of image formation compared to points.
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Fig. 3. Segments extracted from images /, and /,
using the MinLGS algorithm (based on GWRG)

Weighted characteristics of the results
of detection of points and lines of images /; and /I,

Detectors N, NE Source
SIFT 1861 0.960 [15]
SURF 626 0.965 [16]
Sobel 1251 0.951
[11]
Canny 1005 0.961
MinLGS ‘
(based on GWRG) 849 0.124 This work
Conclusions

Algorithms for segmenting grayscale images based on local brightness gradient minima and gradient-wave
region growing of local maxima have been developed. It has been established that the developed segmentation
algorithms provide more stable region localisation under changing weather and time conditions for image forma-
tion, compared to existing line and keypoint extraction algorithms, albeit with higher computational complexity.
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ON SHEMETKOV'S PROBLEM
OF DESCRIBING CRITICAL FORMATIONS
IN THE CLASS OF 1-CLOSED c-LOCAL FORMATIONS
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Abstract. The critical t-closed c-local formations of finite groups are studied, where o is some partition of the set of
all primes P, t is an arbitrary subgroup functor. A description of minimal t-closed o-local non-$)-formations is obtained
for an arbitrary o-local formation of classical type, i. e. a o-local formation that has a c-local definition all of whose
non-Abelian values are c-local formations. Thus, the problem of describing critical formations in the class of t-closed
c-local formations proposed by L. A. Shemetkov (1980) is solved.

Keywords: finite group; subgroup functor; t-closed formation; formation c-function; c-local formation; critical c-local
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Introduction

The problem of studying critical formations was posed by L. A. Shemetkov [1] at the 6™ All-Union sym-
posium on group theory. In the theory of local formations, a minimal local non-§)-formation [1] or §),-critical
formation [2] is defined as a local formation § & §), all proper local subformations of which are contained
in the class of groups ). The solution to L. A. Shemetkov’s problem for local formations was obtained by
A. N. Skiba in a series of works from 1980—1993 and culminated in the construction of the theory of critical
local formations. The most general result was the description of minimal local non-)-formations for the case
when § is an arbitrary formation of classical type [3], i. e. a formation that has a local screen all of whose non-
Abelian values are local. The theory of t-closed G-local formations was constructed by A. N. Skiba in the mo-
nograph [4]. Results on critical formations were widely used in studying the internal structure and classifica-
tion of local and t-closed local formations, as well as in studying their irreducible factorisations [4; 5].

The development of the theory of c-local formations has led to the necessity of studying and classifying
critical o-local and functor-closed or, in other words, t-closed c-local formations, where 7 is a subgroup func-
tor in the sense of A. N. Skiba [4]. In this context, following [1; 2], a minimal t-closed o-local non-$H-for-
mation or ) -critical formation is defined as a t-closed o-local formation § & ), all proper t-closed c-local
subformations of which are contained in the class of groups §. It should be noted that L.. A. Shemetkov’s
problem of classifying critical formations in the class of o-local formations was solved in the works [6; 7] for
an arbitrary -local formation $) of classical type. Here, a formation $) is called [7] a o-local formation of clas-
sical type if it has a o-local definition all of whose non-Abelian values are c-local.

The study of $_-critical formations was initiated by the authors in the work [8], where a criterion for mini-
mal t-closed o-local non-$)-formations was proved, and a description of such formations was given for a num-
ber of o-local formations of classical type, in particular, for formations of all g-nilpotent and all c-soluble
groups.

The main result of this paper is the following theorem, which provides a solution to the aforementioned
problem of L. A. Shemetkov in the class of t-closed c-local formations.

Theorem 1. Let §) be a c-local formation of classical type and h be its canonical c-local definition. Then §

is a minimal t-closed o-local non-$)-formation if and only if § = I} form G, where G is a monolithic T-minimal
non-$)-group with monolith P = G®, and one of the following conditions holds:

1) G =P is a simple o;-group such that c, ¢ 0(5’)) and T(G) c {1, G};

2) P is a non-c-primary group and G is a T-minimal non-h(ci)-group with P = Gh(cf)for allc, e G(P);

3) G=PxK, where P=Cj (P) is a p-group, p € 6,, and K is either a monolithic T-minimal non—h(ci)—
group with monolith Q = K" jod q)(K), where G, ¢ G(Q), or a minimal non—h(ci)-group of one of the follo-
wing types:

a) the quaternion group of order 8, if 2¢ ,;

b) an extraspecial group of order q* of prime odd exponent q & G,/

¢) a cyclic g-group, q & c;.
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Notations and definitions

The main definitions, notations of the theory of o-properties of groups and general properties of c-local
formations are presented in the works [9—-16].

Let 6 ={o,|i €1} be some partition of the set of all primes P, i. e. o ={c;|ie I}, where P= Uie]oi and
6,no, = for all i#j, G be a group, § be a class of groups. Then G(G):{oi|oim n(G)# @}; o(F)=
=Ug50(G).

A group G is called [9]: o-primary, if G is a 6,-group for some i; G-nilpotent, if G =G, x...x G, for some
o-primary groups G, ..., G,; o-soluble, if G =1 or G # 1 and every chief factor of G is G-primary.

By &,, N, &, and (1) we denote the classes of all 5-soluble, o-nilpotent, 6,-groups and identity groups,

respectively.
Let § be a non-empty formation. Then for any group G the symbol G® denotes the F-residual of the group G,
i. e. the smallest normal subgroup of G such that the quotient group belongs to the formation §. If § and $) are

formations, then their product §$) is defined as follows: §$ = (G | GeF )
The symbol O, . (G) denotes the (Qici, &, )—radical of the group G (the largest normal (60,-/ &, )—subgroup
of the group G), i. e. O, o,.(G) =Gy .-

A function f of the form f:c — {formations of groups} is called [10] a formation c-function. For every
formation o-function /'the class LF, (1) is defined as follows:

LF,(f)=(G|G=1or G#land G/0, , (G)e f(o;) for all 5,€ 5(G)).

If for some formation o-function f we have § = LF_ (f), then it is said that the formation § is o-local, and f
is a o-local definition of §.
Suppose that to each group G a certain system of its subgroups r(G) is assigned. Then 1 is called a subgroup

functor [4, p. 16], if G € 1(G) and for any epimorphism @: 4 — B and for any groups H € t(4) and T < t(B)

we have H”e t(B)and HY e t(4). A class of groups § is called t-closed, if ©(G) < § for any group G € §.
A subgroup functor t is called [4, p. 16]: closed, if for any two groups G and H € 1(G) we have t(H ) < 1(G);

trivial, if for any group G we have t(G) = {G}; identity, if for any group G we have t(G) is the set of all sub-

groups of the group G.
On the set of all subgroup functors, a partial order (<) is introduced [4, p. 19], assuming that t, < 7, holds

if and only if for any group G the inclusion T, (G) cT, (G) is valid. For any collection of subgroup functors
{t;|i e I} their intersection T = ﬂieITi is defined: 1(G)=(")._ 1,(G) for any group G.

iel’l
Let now 1 be an arbitrary subgroup functor, T be the intersection of all such closed subgroup functors t;, for
which t < t,. The functor 7 is called the closure of the functor t [4, p. 20].

For any set of groups X the symbol S X [4, p. 23] denotes the set of all groups H, such that H e ’E(G) for
some group G € X. It is clear that a class of groups § is t-closed, if S, (3 ) =5

If f is a formation o-function, then by Supp( f ) we denote the support of f, i. e. the set of all o, such that
f (Gi) =J.

A formation o-function f'is called: t-valued, if f(o,)is a t-closed formation for all o, € Supp( f'); integra-
ted, if f(o;) < LF, (f)foralli; full,if f (o,)= &, f(o,)foralli.If fis a full integrated formation o-function
and § = LF ( f ), then f"is called the canonical c-local definition of §. The smallest c-local definition of § is
its o-local definition f such that /(o,) < 4 (o, ) for any o-local definition / of § and all .

Let $) be an arbitrary class of groups. A group G is called [4, p. 38] a t-minimal non-$)-group or a §' -cri-
tical group, if G ¢ $, but every proper t-subgroup of the group G belongs to the class §).

For an arbitrary set of groups X and any o, € ¢ the symbol %(G[) [13, p. 962] denotes the class of groups
defined as follows: X (o, )= (G/Oci,,ci(G) |G e %), if o,€0(X),X(0;)=9,if 0,2 5(X).

The set of all t-closed o-local formations is denoted by /. Formations from /_ are called I -formations. For
any set of groups 2 the symbol /; form 9t denotes the t-closed o-local formation generated by the class of
groups MM, i. e. the intersection of all /;-formations containing 91. In the case when 91 = {G} the formation
[ form G is called a one-generated I -formation.
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Let now {Sj | je J} be some set of t-closed o-local formations. Then we set v, (Sj | je J) =1 forrn(uj s S )
In particular, if $ and § are t-closed o-local formations, then Hv_F =1_ form(ﬁ UK )

Let § be a t-closed o-local formation. The formation § is called an irreducible t-closed c-local formation
%,-) =V (X;|iel), where {X,|i eI} is the set of all proper
t-closed o-local subformations of §. If there exist proper t-closed c-local subformations X and $ of §, such
that § = X v 9, then the formation F is called a reducible t-closed o-local formation or I -reducible formation.

or an [ -irreducible formation, if § # [ form(ul.E ;

Auxiliary results

For the proof of the main result of the paper, we will need the following known facts from formation theory.

Lemma 1[13, lemma 2.1]. Let f and h be formation c-functions and let I1 = Supp( f ) Suppose that § =
=LF,(f)=LF,(h). Then:

()M =0(3);

2)§= (ﬂcien®0§ &, f (Gi)) N &p. Consequently, § is a saturated formation;

(3) if every group in § is c-soluble, then § = (ﬂc.enGGE Gcif(ﬁi)) NGy,

(4) if o,€1l, then Qﬁcl_(f(ci)m%') = Qﬁci(h(ci)ﬁﬁ) 3

(5) § = LF,(F), where F is the unique formation o-function such that F (o, ) = 65,.F(Gi) c § forallo;ell
and F (o;) =@ for all ;€11 Moreover, F (o;) = &, (f((si)ﬂ%)for all i.

Lemma 2 [17, lemma 1.1 (a)]. Let § be a Fitting class and G be a finite group. If N<< G, then Nz = N N Gj.

Lemma 3 [18, lemma 1.2]. Let § be a non-empty formation, K I G. Then the following statements hold:

(1) (G/K) =G K /K,

(2) if G = HK, then HSK = G’K;

(3) if G = HK and K = G, then H K = G®.

Lemma 4 [16, lemma 22]. Let 0N = LF, (m), where m is a formation 6-function such that m(s; ) is a t-clo-
sed formation for all 5, € Supp(m). Then the formation 9M is t-closed.

Recall that Tform X denotes the t-closed formation generated by the class of groups X, i. e. the intersection
of all T-closed formations containing X.

Lemma 5 [15, theorem 1.1]. Let X be some non-empty set of groups, § =1 formX = LF, ( f ) where f'is the
smallest t-valued c-local definition of §. Then the following statements hold.:

(1 o(%)=0(3):

) f(o;)= tform(?i(csi)) = rform(%’(csi)) Sfor all i;

(3)if h is an arbitrary t-valued c-local definition of §, then for all c;e G(%) we have f(cl-) =
=tform(4 | A€ §h(a;), O, (4)=1)

Following [18], we define a partial order (<) on the set of all formation o-functions as follows: if f; and f,
are formation o-functions, then f; < 3, if £,(o;) < f,(o;) for any 5, € o.

The following lemma is a special case of corollary 3.1 from paper [15].

Lemma 6 [15, corollary 3.1]. Let §; = LF; ( Ji ) where f; is the smallest t-valued c-local definition of the
formation §., j=1,2. Then §,C §, if and only if f, < f,.

Lemma 7 [14, lemma 11]. If § = LF, (/) and G/ O, (G) € f(0,)N§ for some 5,€ 6(G), then G € §.

A 1-closed formation § is called [4] an irreducible t-closed formation or a t-irreducible formation, if § #
# rform(uie]%i ), where {Z%ﬁi lie I} is the set of all proper t-closed subformations of §.

Lemma 8 [4, lemma 2.1.5]. Let 4 be a monolithic group with monolith R & d)(A). Then the formation

§ =tform 4 is t-irreducible and it has a unique maximal t-closed subformation I = rform({A /R} u%),
where X is the set of all proper t-subgroups of A.

Lemma 9 [7, lemma 2.1]. Let & #I1 . Then the class & of all I1-groups and the class Ny of all 6-nil-
potent I1-groups are c-local formations and the following statements hold:

(1) &y =LF, (g) where g is the canonical c-local definition of the formation & . Here, g(ci) =8, forall
c,elland g(o;) =D for all ,I1’;

166 CW wanbrbtin g‘? « CMG‘MWML/ W AHANNE ol >
98//:%/ UW?:ZS?&%({-W A/V\OZ @A«fw Smé;i >



MaremaTuueckasi 10THKa, aJIre0pa H TEOPHU YUCe]T
Mathematical Logic, Algebra and Number Theory

(2) Ny =LF, (n) =LF (k) where n and k, respectively, are the smallest and canonical c-local definitions
of the formation Ny Here, n(o,)=(1) for all 5;€T1 and n(c,) =D for all 5,€IT’, k(o,) = &, forallc,ell
and k(o,) =D for all 5,1l

Lemma 10 [13, theorem 1.14]. Let 9 = LF (m) where m is integrated, I = c(i)ﬁ), and let $) be a non-emp-
ty formation. Suppose that either (i) ) = LF_ (h) where h is integrated, or (ii) &, $ < 9 for all 5;€ o \11. Then
MH=LF, (f) where

m(ci)ﬁ, if o;ell,
f(o;)=1h(o;), if o;€c\IL in case (i),
9, if ;€ c\Il in case (ii).

Lemma 11 [8, theorem 3.1]. Let $= LF (h) $=LF, (f) where h is the canonical -local definition of $),
fis the smallest T-valued c-local definition of §. Then § is a minimal t-closed c-local non-$)-formation if and
only if § =1, form G, where G is a monolithic T-minimal non-$)-group with monolith P = G®, such that for all
c,€ G(P) the formation f(()'i) is a minimal t-closed non—h(ci )—formation.

Lemma 12 [5, corollary 7.14]. The set of n-multiply local formations is a subsemigroup in the semigroup

G of all formations.

Lemma 13 [5, lemma 18.8]. If'a group G has only one minimal normal subgroup and O, (G) =1(p is some
prime), then there exists a faithful irreducible F,G-module, where F, is the field of p elements.

Lemma 14 [4, corollary 1.2.23]. Let X be an arbitrary set of groups, M =Sz (X ). Then tform X = form 9.

The following lemma is a consequence of lemmas 1 and 6.

Lemma 15. Let §;= LF, (F,), where F is the canonical c-local definition of i =1, 2. Then §, < §, if and
only if F;<F,.

Lemma 16 [5, corollary 19.14]. A group is nilpotent if and only if all subformations of the formation it ge-
nerates are hereditary.

Lemma 17 [4, lemma 2.2.4]. 4 formation § is a minimal t-closed non-Abelian formation if and only if § =
= tform A, where A is a t-minimal non-Abelian group and one of the following conditions holds:

1) A is a monolithic group with a non-Frattini monolith R = A’;

2) A is the quaternion group of order 8;

3) A is a nilpotent group of class 2 and its exponent is 4;

4) A is an extraspecial p-group of order p> and its exponent is p > 2;

5) A is a nilpotent group of class 2 having a prime odd exponent.

Recall that a group G e R(X [17, p. 264] if and only if G has normal subgroups N,, ..., N, (t > 2) such that
G/N,; e X and m;;l N, =1.The set of all homomorphic images of all groups from X is denoted by HX.

Lemma 18 [4, lemma 1.2.22]. For any set of groups X the following equality holds:
tform X = HR (S+(X).
Lemma 19 [5, lemma 8.12]. Let A € sform G, where G is a finite group. Then the following statements hold:
(1) the exponent of the group A does not exceed the exponent of the group G;
(2) every chief factor of the group A is isomorphic to some chief factor of the group G;
(3) every composition factor of the group A is isomorphic to some composition factor of the group G;

(4) the class of any nilpotent factor of the group A does not exceed the maximum of the classes of the nil-
potent factors of the group G.

Lemma 20 [12, lemma 2.4]. If § = LF,( f'), then § = LF,(t), where t(c,) = f (0;) N § for all ;€ o.

Lemma 21 [8, theorem 4.1]. Let § be a t-closed c-local formation, § & &y, where & #11 6. Then § is
a minimal t-closed c-local non-&y-formation if and only if § =&, = I form G, where G is a simple 6,-group
such that o; & I1 and ©(G) = {1, G}.

Main result
Before we prove theorem 1, we establish the validity of the following lemmas.
Lemma 22. Let § =LF, (f) where fis the canonical c-local definition of § and let $ be a non-empty
formation such that G(f)) c G(S). Then §$) = LF (h) where h is the canonical c-local definition of §9, and
the following statements hold.:
(1) h(c;)=f(0)9. if 5,6 5(F);
(2) h(o;)=D, if 5,2 5(F).
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Proof. First, note that h(csi)g $9 for any o, € G(S). Let9 =LF, (h) By lemma 1 (1) we have c(im) =
=o(3F).
Assume that 9T < §$ and let G be a group of minimal order from 9T\ §$. Then G is a monolithic group

with monolith P = G*°.
First, consider the case when P is a 6-primary group. Then P is a 6-group for some o, € 0(3’ ) and O, (G) =

= Oc,.(G)- Since G € M, we have
G /Oc,.(G) =G /Oci,’ci(G) IS h(ci) :f(csl-)f) = Qjc,.f(ci)ﬁ-
Therefore, G € f (Gi )f_) < §9, a contradiction. Hence, the group P is non-c-primary. Then O, (G) =1 for any

c;ec(P).Consequently, G=G/0O_. _(G)e f(o,)c TH and we again obtain a contradiction with the choice
€o(P) quently. 1.0, ; g

of the group G. Hence, this case is impossible. Therefore, 9T < §9.
Now suppose that §§) < 9T and let 4 be a group of minimal order from §$\ 9. Then 4 is a monolithic

group with monolith R = A™ Since 4 %9, we have 49 € §. Also note that since $ < 9, we have 47 #1.
Therefore, R < 4. Since 4” € §, we have 47/ 0, (Ay’) ef(o;).Since O, (Aﬁ) =0, (4)N 47 by lem-
ma 2, we have

O, (A) 4710, , (4)=4"10,, ,(A) " A°=4°10, ,(4°)ef(c;).

But by lemma 3 (1) we have the equality O, , (4)4”/0, , (4)= (A /10, 5 (4 )ﬁ. Therefore, 4/0, , (4)e
ef(c;)9="h(o;) for any 6, 5(R). Moreover, since 4/ReM and O, , (4/R)=0, , (A4)/R for any c,e
€ G(A)\G(R), we have

A4/0, . (4)=(4/R)/0, ,(4)/R=(4/R)/0, ,(A/R)eh(s;)
for any ,€ 5(4)\o(R). Thus, 4/0, , (4)eh(o;) for any ;€ 5(4). Consequently, 4 € 9. The obtained

contradiction shows that our assumption is false. Hence, §$ < 91 and therefore §$ =LF_ (h) Since f'is the
canonical 6-local definition of the formation §, for any o, the equality

&, h(o;)=8,, (f(Gi)ﬁ)Z(Qjcr,-f(c’i))ﬁZf(c’i)f’zh(ci)

holds. Since also h(o;) < LF,(h)=F$ for any o,, it follows that / is the canonical c-local definition of the

formation §$). The lemma is proved.
Lemma 23. Let G=P x H, where P=Cj (P) is a p-group, p € 6;, and H is a monolithic group with mo-

nolith Q, such that o, & G(Q) and dD(H) =1. And let X be the set of all proper T-subgroups of H. Then § =
=1 formG is I -irreducible and its maximal t-closed c-local subformation $) has an integrated t-valued c-lo-
cal definition h such that h(a;) = <form(X L {H | 0}); h(o; ) = tform(G 10, ., (G)) for all 6,€ 5(G)\ {5}
and h(cj ) = forallc; ¢ G(G).

Proof. Let §=LF_(h), where A is the formation o-function from the condition of the lemma. Then by
lemma 4 the formation ) is t-closed. Let us show that G/P € §. Let 5, € G(G)\ {Gi}. Then P c Oc,.,(G)'
Hence, O, ;. (G/P)= Os,., (G)/P. Therefore, '

G10,,,,(G)=(GIP)/(0,,4, (G)/P)=(G/P)/O,,, (GIP).
But by the construction of # we have h(cj ) = rform(G /0;,.s, (G)) Consequently,
(G/P)/0O,,, (G/P)eh(s;).

Let under the canonical isomorphism H = G/ P the subgroup Q in the group G /P correspond to the sub-
group Q, / P. Then, by the condition of the lemma, ;€ 6(Q, / P). Hence, O,/ P < O, (G/ P). Consequently,
0,/PcO, (G/P)cO, ,(G/P). But

(G/P)/(Q,/P)=H/Qetform(X U {H/Q})=h(s;).
Hence, (G/P)/0,, , (G/P)eh(a;). Thus, for any 6,e5(G/P) we have (G/P)/OG]_,,G,_ (G/P)eh(cj).
Therefore, G/ P € LF, (h)=$. ’

Let us show that / is an integrated c-local definition of the formation . By the construction of the forma-
tion o-function /# we have
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h(o;)=1form(X U{H/Q}), (1)
where X is the set of all proper T-subgroups of the group H. It is clear that in equality (1) one can take as X the
set of all proper T-subgroups from G / P. But, as was established earlier, G/ P € $) and the formation $) is t-clo-
sed. Therefore, X < ). Consequently, /(c; ) = . Now let 5, € 6(G)\{c; }. Then O, , (G)/P =0, , (G/P).
Hence, since G /Oc_/.,, o (G)=(G/P) /0, o, (G/P)and G/ P e $, we have G /OG]_,, o (G) € . Therefore,

h(cj ) = rform(G/Ocj,,Gj (G)) c 9.

Thus, the o-function / is integrated.

Let 991 be an arbitrary proper t-closed c-local subformation of §, m be its smallest t-valued c-local defini-
tion. Let us show that 9t < §).

Denote by f the smallest t-valued o-local definition of §. Then by lemma 5 for every o, € O'(G) we

have f(csj):rform(G/Ocjr’Gl_ (G)) and f(csj):@ for all 6, & 6(G). By lemma 6 we have m < f. Let 6, €
€6(G)\{o;}. Then by the construction of / we have h(cj)zf(cj ) Hence, for all such o, the inclusion
m(cj)g h(cj) holds. Now consider the value of f on o, If m(ci)zf(csi), then G € M. Indeed, since
Oy, (G)=0, (G)and O, (H)=1, then

0, (G)=0, (G)nG=0,(G)~PH=P(0, (G)nH)=P.

Therefore, G/O, (G)=G/0,, , (G)e f(o;)=m(o;). Applying now lemma 7, we conclude that G € .
Hence, § =/ formG < 9. The latter contradicts the definition of 9. Thus, m(c;) < f(o; ). But by lemma 8
rform(% v {H / Q}) = h(cl.) is the unique maximal t-subformation of the t-irreducible formation

/(o;)=tform(G /0, (G))="1form(G/P)=rform H.
Consequently, m (o, ) = rform(.’{ U {H/Q}) = h(o; ). Thus, for all o, we have m(cj)g h(csj). Hence, 9 c §.

Let us now show that )  §. Indeed, by lemma 5 we have
f(o;)=1form(G/P)=tformH.
Hence, X U{H /Q} c f(o;). Therefore, h(o;) < f (o, ). On the other hand, by the construction of the forma-
tion o-function 4 for all 6,€ 6(G)\ {o,} we have h(cj ) c f(csj ) So, for all o; the inclusion h(csj ) c f(csj)
holds. Hence, $ < §. Assume that ) = §. Then ¢ = f, where ¢ is the smallest t-valued o-local definition of $).

Moreover, t < h. But h(o;) = f(o;). All the more 7(o;) < f (o, ). The obtained contradiction shows that § # §.
The lemma is proved.

Recall that for any IT ¢ o the symbol IT’ denotes the set o\ TT.

Lemma 24. Let M be a non-empty formation, & # I1 c . Then the canonical 6-local definition h of =

=& Ny M is such that h(o; )= &, M for all o; €11 and h(o;)=9 forall o;eIl'.

Proof. Let § =&;M;. By lemma 9 (1) the formation &, has a c-local definition ¢ such that t(ci) =6
for all 5,1’ and ¢ (o, ) =@ for all 5; e I1. Moreover, by lemma 9 (2) the formation 91}, has a o-local defini-
tion k such that k (o, ) = &, for all 5, ITand k (o, ) = & for all o, € IT. Hence, by lemma 10 (i) the formation §
has a o-local definition f'such that f (o, ) = &Ny for all ;€ 1" and f(o;) =&, for all 5, € 5. Applying now
lemma 22, we see that §) has a c-local definition % such that /(o; )= f(o,)9M =S8N M, if ;eI and
h(c;)=f(c;)M =&, M, if 5, 1. Since, obviously, f(o;) < Hand h(o;) =&, (o;) for all i, it follows that
h is the canonical c-local definition of §). The lemma is proved.

Lemma 25. Let A be a monolithic group with a non-c-primary monolith P, X be the set of all proper T-sub-

groups of the group A. Then the formation § =1 form A is I -irreducible, and its maximal t-closed c-local
subformation $) has an integrated c-local definition h such that h(ci ) = rform(% v {A / P}) forallc; e G(P),

h(o;)= rform(A 10,5 (A)) forall ;e 5(A)\o(P) and h(c;) =D for all 5,2 c( A).

Proof. Let i be the formation o-function from the condition of the lemma, and = LF_ (h) Then by
lemma 4 the formation §) is t-closed. Let us show that (% u{4 /P}) cHLetGe (% u{4 /P}), c,ec(G).1f
o,€6(P), then h(o;)=form(X U{4/P}) and therefore G/ O, , (G)eh(s;). Let 5,€ 6(G)\o(P). Then
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since G € §, wehave G/ O, (G)e f(o;), where f is the smallest t-valued o-local definition of §. By lem-
ma 5 we have f'(o;)= rforrn(A /10, . (A)) =h(o;).Hence, G/ O, , (G) e h(o;). Thus, for all 5,€ 6(G) we
have G/ 0, (G) e h(o;). This means that G € LF, (h)= $. Consequently, X U {4/ P} < $. From this it fol-
lows that for all 6, € o(P) we have h(c, ) = tform(X U {4/ P}) c $. Leto;e 6(A4)\6(P).Then P O, , (A4)
and therefore 4 /0, , () is a homomorphic image of 4/P.Hence, 4/0,, , (A4) < tform(X U {4/P})c 9.
The latter implies 4(o; ) = $. Therefore, the o-local definition / is integrated.

Now let 901 be an arbitrary proper t-closed c-local subformation of §, m be its smallest t-valued c-local
definition. Let us show that 91 < §). By lemma 6 we have m < f. By lemma 5 for all 5, € 6(4)\o(P) we have
h(o;)=f(o;)- Hence, for all such o; the inclusion m(o;) < h(o;) holds. Let o;€ 6(P). Then O, , (4)=1
and by lemma 5 we obtain

f(o;)= rform(A /10, , (A)) =tform(4).

If f(o;)=m(oc;),then 4 € m(o;,).But m is an integrated c-local definition of 901. Hence, 4 € 901 and therefore
§ =1 form(A4) = 9 < §. Hence, § = 9. The latter contradicts the definition of 901. Thus, m(o;) = f(o;). By
lemma 8 the formation f'(o; ) =tform(4) is t-irreducible and every its proper t-subformation is contained in
tform(% {4 /P}) =h(o;). Hence, m(o,) < h(o; ). Thus, m < h and therefore M < §).

By the construction of the o-function 4 we have 4(o;) < f (o, ) for all o,. Consequently, ) = §. If 5, 5(P),
then (o, ) =tform(X U {4/P})c f(o;). All the more t(c,) = f(o;), where  is the smallest t-valued o-lo-

cal definition of §. The latter means that § — §. Thus, the formation § is [ -irreducible and §) is its unique
maximal t-closed c-local subformation. The lemma is proved.

Lemma 26. Let N be a saturated formation, = 661_, Qicifm. Then § is a minimal t-closed c-local non-$-
Jormation if and only if § =1 form G, where G is a monolithic T-minimal non-$)-group with monolith P = G”,
such that ;€ G(P), and either P is a non-c-primary group and G is a T-minimal non-(@ciim)-group with

P=G™ m, or G=PxH,where P=Cj (P) is a p-group, p € 6, and H is a monolithic T-minimal non—(QSG‘_ Dﬁ)—

group with monolith Q = H m, such that Q & CD(H) and o; & G(Q).

Proof. Let f be the smallest t-valued c-local definition of the formation §, 4 be the canonical o-local
definition of the formation §).

Necessity. By lemma 11 § is a t-closed o-local formation generated by a monolithic T-minimal non-$-

group G with monolith P = G?, such that the formation 1 ( c; ) is a minimal t-closed non-4 ( c; )—formation for
all 5, e 5(P). Since H=, 9, we have 5,e 5(P).

Let P be a non-c-primary group. Then by lemma 25 the formation § is /_-irreducible and its maximal t-closed
c-local subformation 9%, has an integrated t-valued c-local definition m such that m(Gj ) =1 form(% )/ {G / P}),
where X is the set of all proper T-subgroups of the group G for all6; € G(P). But by condition 21,  $. Hence,
m < h. By lemma 24 we have h(o,) =, 9. Thus, (X U {G/P})c &, M. It is clear that G does not belong to
&, M. Hence, G is a T-minimal non—(@ﬁcl_ iDT)—group andG/Pe®; M,i.c. P= G ™

Let P be a o-primary group. Then P is a 6,-group. And let / be a group of minimal order from f (Gi )\ h (Gi )
Since the formation f (o) is t-closed, H is a monolithic T-minimal non-A(o; )-group. Let O be the monolith
of H ThenQ=H Moi) = %™ Let us show that 0 is not contained in ® (H ) Suppose the contrary. Then since
H/Qeh(o;), we have H/®(H)eh(o;). By the condition of the lemma the formation 901 is saturated, and
hence local. Therefore, by lemma 12 the formation /(c; ) =&, 90 is local, and hence /(o ) is saturated. Con-
sequently, H € h(o; ). The obtained contradiction shows that ®(H)=1.

Since /(o;) = &, M, we have O, (H)=1. Consequently, by lemma 13 there exists a faithful irreducible
F,H-module P, where p eoc,. Let F=PxH.Then P=Cp (P) is the minimal normal o-subgroup of F. Since
the -local definition f'is integrated, F € § by lemma 7. It is clear that O, . (F)=0, (F). Moreover, sin-
ce O, (H)=1,we have

0, (F)=0, (F)nF =0, (F)nPH=P(0, (F)nH)=P.
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Denote by /4, the smallest t-valued c-local definition of $,=/;formF. By lemma 5 we have hl(cl. ) =
= rform(F/ 0,5, (F)) =tform(F / P)=tform H.1If ), = §, then by condition $), = . Hence, by lemma 6 we
have the embedding A, < h. The latter contradicts the definition of the group H. Thus, $,=5F, 1. e. § =/: form F.

Suppose that 5, € 5(Q). Since O, (H ) =1, Q is a non-c-primary group. It is clear that H e Fand O, , (H)=
= 1. Suppose that the formation §),=/; form / # §. Then by condition ), c $. Hence, H =H / O, . (H)e
€ h(c,. ), which contradicts the definition of the group H. Consequently, $, = §. Moreover, repeating the above
arguments, we obtain that / is a minimal non—(@s[ E)ﬁ)—group andQ=H Ba, . Thus, we arrive at the situation
already considered. Therefore, o, ¢ 6(Q).

Sufficiency. By lemma 11, to prove that § is a minimal t-closed o-local non-$)-formation, it suffices to es-
tablish that f (o, ) is a minimal t-closed non-/( s, )-formation for all 5, € 5( P).

Let P be a non-c-primary group. Then O, (G) =1forall 5, e G(P). Consequently, by lemma 5 for all
such o, we have f(o,)=1formG. By lemma 8 the formation f (o, ) is t-irreducible and its maximal t-closed
subformation coincides with rform(% v { G/ P}), where X is the set of all proper T-subgroups of G. By con-
dition G is a T-minimal non-(@ci Dﬁ)—group and P =G®™ Hence, if X,=S. (G/P),then X, c h(o;) =8, M.
Therefore, by lemmas 14 and 24 we have

tform(X U {G/P})=1form(X U %) =form(X U X,) c h(c;) =&, M H=h(o,)

for all o, € 6(P)\ {o,}. Since also P=G” = G%™ it follows that /(o) is not contained in / (o, ) for all 5, &
ec(P). Thus, if P is a non-c-primary group, then f'(,) is a minimal t-closed non-/( o, )-formation for all
o,ec(P).

Let P be a ,-group. Then O, , (G) =0, (G). Moreover, since O, (H)=1, we have
N

O,

0, (G)=0, (G)nG=0,(G)nPH=P(0, (G)n H)=P.

By lemma 5 we have
/(o;)=1form(G/0,, , (G))=rform H.

Since H is monolithic and d)(H ) =1, by lemma 8 rform(% U {H / Q}) is the unique maximal t-closed subfor-
mation of f (Gi ), where X is the set of all proper t-subgroups of the group H. Now, as above, one can show that

tform(X U {H / Q}) c h(o;) =&, M.

Thus, f (Gi) is a minimal t-closed non-% (Gi )—formation. Hence, § is a minimal t-closed o-local non-$)-forma-

tion by lemma 11. The lemma is proved.
Lemma 27. Let M be a non-empty Abelian formation, § =&, &, M. Then § is a minimal t-closed c-local

non-$)-formation if and only if § = I form G, where G is a monolithic T-minimal non-$)-group with monolith P =
=GP such that C,€ G(P), and either P=G™"" is a non-c-primary group and G is a T-minimal non-(@cl_i)ﬁ)—
group, or G = Px H, where P=C (P) is a p-group, p € 6;, and H satisfies one of the following conditions:

1) His a monolithic T-minimal ”0”‘(60,. f)ﬁ)-group with monolith Q = H Oa ™ & O(H), such that 5; ¢ (0);

2) H is a minimal non-9-group of one of the following types:

a) the quaternion group of order 8, if 2¢ G;;

b) an extraspecial group of order ¢° of prime odd exponent q & G;;

¢) a cyclic g-group, q & ©;.

Proof. Let f be the smallest t-valued G-local definition of §, / be the canonical c-local definition of §).

Necessity. Let § be an $)_-critical formation. Suppose that § is not contained in (Qéc, &, )‘ﬁ = $,, where N

is the class of all nilpotent groups. Since 9t < 1, we have ((’501_, &, )Dﬁ c (601_, &, )‘ﬁ = $,. Hence, in this case
§ is a minimal t-closed c-local non-$),-formation. Consequently, by lemma 26 we have that § is a t-closed
o-local formation generated by a monolithic T-minimal non-$)-group G with monolith P = G™, such that c, €
€ G(P), and either P is a non-c-primary group and G is a T-minimal non—(@s[‘)"()—group, and P=G"™ m, or
G=PxH, where P=C, (P) is a p-group, p € 6;, and H is a monolithic T-minimal non—(@cim)—group with
monolith O = H%™, such that Q0 & ®(H)and o, ¢ c(0).
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Let P be a non-c-primary group. Then by lemma 25 the unique maximal t-closed o-local subformation 1,
of § has an integrated t-valued o-local definition m such that m(o; ) =1 form(% u{G /P}), where X is the set of

all proper T-subgroups of the group G. By lemma 1 (4), (5) we have m < ¢, where ¢ is the canonical c-local
definition of 91,. Since by condition I, < ), by lemma 15 the embedding m < ¢ < & holds. By lemma 24 we

have /(o;) = &, 9. Hence, (% u{G/ P}) c &, M. Thus, if P is a non-c-primary group, then P = G%™ and
G is a T-minimal non-(@ci im)-group.

Let P be a o-primary group, X be the set of all proper T-subgroups of H. Then, taking into account lem-
ma 23 and reasoning as in the previous paragraph, we obtain that % U {H / Q} c &, E)ﬁ Hence, H is a T-mi-
nimal non- (05 SUI) -group. Since also H/Q € &, M, we have O = H Fa . Thus, H satlsﬁes condition 1).

Note that in both considered cases we have P = G”. Indeed 1f P is non-c-primary, then since G/ P e &, M <
c $H we have G/ P e $.If P is o-primary, then since Q = H %™ and Q is a ,-group, we again obtain G/ P=
=He®, &; M =75 Assume that G € §. Then G € §,, but P = G Contradiction. Consequently, P = G°.

Thus, § =/; form G, where G is a group satisfying the condition of the lemma.

Consider the case when § < $,. By lemma 11 § is a t-closed c-local formation generated by a monolithic
T-minimal non-$)-group F with monolith F°, such that for all SIS (S(F fJ) it holds that f ( ) is a minimal
t-closed non- h( ) formation. Since F/F®e =8, &, M, we have o, € G(F"?)) By lemma 24 the forma-
tion &, M is the value at o; of the canonical o- local deﬁmtlon of $,. Since by our assumption § c $),, we
have f(o,) < &, M. By lemma 5 (3) we have f (o, )= rform(A |de f(a;),0, (4) =1).Hence, f(o)eN,.,
where N is the formation of all nilpotent ,-groups.

By lemma 16 all proper subformations of f ( ) are hereditary. From this and from the fact that every pro-
per t-closed subformation of f(o;) is contained in /(s,) =&, M, it follows that every proper subformation
of f(o;)is contained in M. On the other hand, it is clear that f (o;) is not contained in M. Hence, f(o;) is
a minimal t-closed non-9)i-formation.

Let /(o;) not be contained in 2. Then since 90T = 2, it follows that f'(;) is a minimal non-Abelian for-
mation. By lemma 17 f (csl.) is the formation generated by H, where H is either the quaternion group of order 8

or an extraspecial group of order ¢’ of prime odd exponent ¢. Since f (Gl- ) c N, , in the first case 2 ¢ 5;, and
in the second case g ¢ G;. I

Since in both these cases the group H is monolithic and O, (H ) =1, where p € ;, by lemma 13 there exists
a faithful irreducible F,H-module P. Let G = Px H. Then

0, (G)=0, (G)=0, (G) mPH:P(OG, (G)mH):P,

Oy, O; G;
since H is a o-group. Hence G/0, (G)=H € f(o;). Therefore, G € § by lemma 7. If the t-closed o-local
formation §;, generated by the group G, is different from §, then by condition §; < . But then G/ Os.., (G) =
=He h( ) Consequently, f ( )C h( ) Contradiction. Hence, §, = §. Moreover, obviously, P =C (P)—
=G" Since f ( ) is nilpotent, we have formX < form H = f ( ) where X is the set of all proper subgroups
of H. Since all proper subgroups of H are Abelian and the formation f ( ) is non-Abelian, we have form X
< f(o;). Hence, since f (o, ) is a minimal non-90-formation, # is a minimal non--group.

Let /(o) = A and H be a group of minimal order from f (o, )\ 9. Since f (o, ) is hereditary, H is a minimal
non-21-group. Moreover, because f ( GI-) is a minimal non-9)i-formation, f ( GI-) is the formation generated by
the group H. Since the formation f (Gi) is Abelian, H is a cyclic g-group, where g € 6, € G\{Gi}.

Considering that f (Gi ) c N, , then O, (H ) =1, where p € c,. Therefore, by lemma 13 there exists a sim-
ple faithful £,H-module P. Let G = Px H. Since H does not belong to 91, then, as above, one can show that
§ =1 form G. Moreover, it is clear that P = C (P) =G%and H satisfy condition 2).

Sufficiency. By lemma 11, to prove that § is a minimal t-closed o-local non-$)-formation, it suffices to show
that f (o, ) is a minimal t-closed non-/ (o, )-formation for all 5, € o(P).

Let P be non-g-primary. Then O, . (G) =1 for every 6, € 5(P). Consequently, f (o, )= tformG. By lem-
ma 8 the formation f (o, ) has a unique maximal t-closed subformation, coinciding with tform (% U {G/P}),

where X is the set of all proper t-subgroups of the group G. But by condition G is a T-minimal non—(@cl_ m)—group
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and P=G®™ Hence, X U {G/P}c &, M = h(o;). Consequently, the inclusion form(% u{G /P}) ch(o;)
holds. But form (X U {G / P}) = tform(X U{G/P}).Indeed, if L/ P T(G/P)and L = G, then L € X. There-
fore, L/ P e H(% ) {G/P}). Hence,
S (X¥u{G/P})cH(X U{G/P}).
But by lemma 18 we have
tform (X U{G/P})=HRS; (% U{G/P})=form(S (X L{G/P}))=
= form(H(X U {G/ P}))=form(X U{G/P}).
Thus,
tform(X U{G/P}) < h(o;).
On the other hand, since by lemma 23 for any 6,€ 6\ {c;,} we have (o, )= &, &, M, it follows that for all
such o, the inclusion tform (X W {G/P}) < h(s, ) also holds. Since P =G, it follows that f (s, ) is not contai-
ned in /(o ) for all 6, € 5( P). Thus, if P is a non-c-primary group, then f'(o, ) is a minimal t-closed non-/(c, )-
formation for all o, € cs(G’6 ) Consequently, § is a minimal t-closed c-local non-$)-formation.
Now let P be a o,-group. Then O, . (G)= O, (G) and since O, (H)=1we have

0, (G)=0,(G)nG=0,(G)nPH=P(0, (G)n H)=P.

O;

Consequently, f(o;)= tform(G/ Oy, (G)) =tform H by lemma 5. It is clear that f/(o;) is not contained
in h(o;).

Let H satisfy condition 1). Then by lemma 8 the formation f (Gl- ) has a unique maximal t-closed subforma-
tion M, = rform(% U {H / Q}), where X is the set of all proper t-subgroups of H. By condition H is a T-mi-

nimal non—(QﬁGi im)—group andQ=H Be, . Hence,
tform (X U {H / Q})=form(X U{H / Q}) c h(o;) = &, M.

It is clear that (o, ) is not contained in /(o; ). Thus, f(o;) is a minimal t-closed non-h (o, )-formation, and
hence § is an ), -critical formation.

Now let A satisfy condition 2) and let /7 be the quaternion group of order 8, 2 ¢ 5,. And let 90, be the for-
mation of Abelian groups of exponent dividing 4. Suppose M, & f (csl.) and let K be a group of minimal order
from 90\ f (csi). Then K is monolithic. Consequently, K is a cyclic primary group. Thus, either |K | =4, or
|K | = 2. But the quaternion group of order 8 has cyclic subgroups of orders 2 and 4. Consequently, K € f (O'i).
The obtained contradiction shows that M, < f (o, ). Let $, be an arbitrary proper subformation of f (o, ). Then
by lemma 17 we have ), . Assume that ), < 9,. Let M be a group of minimal order from $,\ 9t. Then M

is monolithic. Since the group M is Abelian, it is cyclic. By lemma 19 the exponent of M divides the exponent
of H. Thus, the exponent of M is 2 or 4. But then, obviously, M € 9t,. The obtained contradiction shows that

every proper subformation of f (csl. ) is contained in 91,. But, obviously, 9, = form(Z 4 ) , where Z, is the cyclic
group of order 4. Hence, 9, < tform X, where X is the set of all proper subgroups of . Thus,

oM, = form(Z, ) = tform X.

Since by condition / is a minimal non-9J1-group, we have 9, 9. Consequently, 1 (Gi ) is a minimal t-closed
non-/( o, )-formation.

Now let H be an extraspecial group of order ¢° of prime odd exponent ¢ ¢ 6,. Then by lemma 17 tform H =
= f(o;) is a minimal t-closed non-Abelian formation. Let M be a maximal subformation of f(o; ). Then M is
an Abelian formation and every non-identity group from M has exponent ¢. Since K is a minimal non—h(cl. )—
group, /( 5, ) contains groups of order ¢. But then M < h(o; ). Consequently, f (o, ) is a minimal non-/( o, )-for-
mation.

Finally, let H be a cyclic g-group, g ¢ c,. Let |H| =¢" and M be a maximal subgroup of H. Then M h(ci ),

but H ¢ h(o;). Hence, f(o;) & h(o;) and form M < h(o; ). Let us show that every proper subformation of
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f(o;)is contained in form M. Suppose that in f (o, ) there is a proper subformation 90 such that M & form M,
and let 4 be a group of minimal order from 9\ form M. Then 4 is monolithic. Since f (Gi) is Abelian, A4 is
a cyclic group of order ¢". According to lemma 19 the exponent ¢” of 4 divides the exponent ¢" of H. If m = n,
then 4= H and then f (Gi)g formAcMc f (Gi). The obtained contradiction shows that m # n. But the
order of M is ¢"~'. Hence, either 4 is isomorphic to some proper subgroup of M, or A =M. This means that
A e form M. Contradiction. Consequently, f (o, ) is a minimal non-4(o; )-formation.

Thus, in all considered cases f (o, ) is a minimal t-closed non-/( s, )-formation. Therefore, § is an $);-cri-

tical formation by lemma 11. The lemma is proved.
Lemma 28. Let h be the canonical definition of $ and G = P x K be a monolithic group with monolith P =

=C; (P) =G —ap-group, p e c,€0, Oy (K) =1. Then G is a T-minimal non-$)-group if and only if K is a T-mi-
nimal non-h ( ; )—group.

Proof. Sufficiency. Let K be a T-minimal non-4 (G,. )—group and M e ?(G) \ {G} Let us show that M € §. If
G = PM, then, obviously, M P=1.Hence, M =M /PN M =MP/P=G/Pe$H.Let PM+# G. Then PM /P e
eT(G/P)\{G/P}.But G/ P =K. Consequently, in K there exists a proper T-subgroup D such that MP / P =
=Deh(o;). So,

M/MNP=MP/Peh(c;)=&, h(o,).

Hence, M € h(o;). Thus, every proper T-subgroup of G belongs to §). Since by condition P = G, it follows
that G is a T-minimal non-$)-group.

Necessity. Let G be a T-minimal non-§)-group and M € T(K)\ {K}. If under the isomorphism G/ P = K the
subgroup M corresponds to the subgroup D/ P in the group G / P, then D € T(G)\ {G}. Consequently, D € §).
Therefore, D/ O, . (D)€ h(o;). Then since

D=DNG=DNPK=Px(DnK), P=C;(P) and O, (K)=1,
we have O, , (D)=0, (D).1tis also clear that O, (D)/P =0, (D/P). Consequently, since D/ O, . (D)e

e h(o;), it follows that M /O, (M) e h(c;)=®, h(o;). Hence, M € h(o; ). Thus, every proper T-subgroup
of K belongs to h(csi ) If, moreover, K € h(csi ), then G € $) by lemma 7, which is impossible. Therefore, K is

a T-minimal non-/ (o, )-group. The lemma is proved.

Proof of theorem 1

Necessity. According to the condition, the formation $) has a o-local definition fall of whose non-Abelian
values are c-local. By lemma 20 we can assume that such a o-local definition is integrated. By lemma 1 (2)
we have

9=(aycoe)Bor s, £ (5,)) " By
Since by condition every proper t-closed c-local subformation of § is contained in §), but § & ), then either
§ is aminimal t-closed o-local non—@c( fJ)—formation, or there exists 6, € 6(55) such that § is a minimal t-closed
o-local non-((’ﬁci, &, f (o ))-formation.

Consider first the case when § is a minimal t-closed c-local non—@c( ﬁ)—formation. Then by lemma 21 we
have § =&, =I; form G, where G is a simple 6,-group such that o, ¢ o($)and t(G) < {1, G}. It is clear that
G is a T-minimal non-)-group and G = G®. Thus, the group G satisfies condition 1) of the theorem.

Now let o, € 5($) be such that § is a t-closed o-local non—(@ci, &, /(o ))—formation.

Assume first that f (O'i) is a o-local formation. By lemma 1 (5) h((sj ) = Qﬁcj f (0 ) ) for any 5. Since by lem-
ma 1 (2) the formation f (Gi) is saturated, by lemma 26 we have § =/ form G, where G is a monolithic group
with monolith P = Gqﬁ“f'h(ci ), such that o, e G(P) and either P is a non-c-primary group, G is a T-minimal non-
h(o; )-group and P = G"%) or G = Px K, where P = C;(P) is a p-group, p € 6;, and K is a monolithic T-mi-
nimal non-/(; )-group with monolith Q = K ") such that 0 & ® (K)and o;¢ 6(Q).
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Denote by 21 the maximal t-closed o-local subformation of §§. Consider the case when P is a non-c-primary
group. By lemma 25 the formation 9 has an integrated -local definition 72 such that m ( o; ) =tform (% ) {G / P})
forallo; e G(P), where X is the set of all proper T-subgroups of G. By lemma 15 we have m < h. Thus, for
all 6; € 5(P) it holds that all proper T-subgroups of G belong to h(cj ) and G/Pe h(cj ) Suppose that there

exists 6, € G(P) such that G € h(csj ) Then since the o-local definition / is integrated, we have
Ge h(csj ) cHCS G, 8, f(o;).

But P = G"(°) = G®%®/(%) The obtained contradiction shows that G is a T-minimal non- ( c; )-group for all
C; € G(P). It is clear that P = G®. Thus, in this case § = I% form G, where G is a monolithic T-minimal non-$)-
group with monolith P = G®, satisfying condition 2).

Let P be a o-primary group. By lemma 28 the group G is a T-minimal non-$)-group. By lemma 23 the for-
mation O has an integrated definition m such that m(o, ) = tform(% U{K/ Q}), where X is the set of all pro-
per T-subgroups of K, m(csj ) = rforrn(G 10,,, (G)) forallc; € o(G)\{o,}and m(cj ) = forallo, ¢ o(G).
By condition 9 < §). Hence, m < h. Since m(cj ) = tform(G /0s,.s, (G)) for all ;€ 6(G)\{a;}, it follows
that for all such o; we have G/0, , (G)e h(cj ) Let us show that G/ O, , (G)=K /O, , (K). Indeed,
since ©; # G;, we have Os,.0, (G)/P= Os..0, (G /P).Consequently,

K/0,,q (K)=(G/P)10, ., (GIP)=(GIP)/(0,,, (G)/P)=G/O, , (G).

Therefore, for all 6,€5(G)\{c;} we have K /O, (K)e h(csj ) Let us show that P = G”. It is clear that
Gg¢ $. If O is a non-c-primary group, then OG,_,, o, (K) =1. Consequently, G/P=K € h(q/)g 9. If O is
ac;-group, then O, , (K)=0, (K).Hence,K /O, , (K)=K/ 0,, (K)e h(Gj ) =&, h(Gj ) Consequently,

J
G/PzKeéicl_h(Gj):h(Gj)gf).
Thus, P = G” and G satisfies condition 3).

Consider now the case when f (Gi) is an Abelian formation. Applying lemma 27, we see that § = /; form G,
where G is a monolithic T-minimal non-(@ci, &, f (o ))-group with monolith P = G?, such that ;€ o(P), and
either P =G /(=) is a non-c-primary group and G is a T-minimal non—(@ci f (Gi ))—group, or G =P x H,whe-
re P=C, (P) is a p-group, p € 6;, and H satisfies one of the following conditions: 1) / is a monolithic T-mi-
nimal non-(@ﬁcl_ f (Gi))-group with monolith Q=H @ /(1) jod d)(H ), such that ¢, ¢ G(Q); 2) H is a minimal
non- f (Gi )—group of one of the following types: a) the quaternion group of order 8, if 2 ¢ 5;; b) an extraspe-
cial group of order ¢* of prime odd exponent g ¢ G;; ¢) a cyclic g-group, g ¢ ;.

Let P be a non-g-primary group. By lemma 25 the formation 91 has an integrated o-local definition m
such that m(cj ) = rform(% U {G/P}) for all 6, € 6(P). By condition 9 < §. Consequently, m < h. Thus,
forallc; e G(P) it holds that all proper T-subgroups of G belong to h(csj) and G/Pe h(cj ) Suppose that
there exists c, € G(P) such that G € h(csj ) Then since the o-local definition / is integrated, we have G € $H =

C &, (o;). The obtained contradiction shows that P = ") for all c,e€c(P). It is also clear that P=G".

Thus, in this case § =/_ form G, where G is a monolithic T-minimal non-$)-group with monolith P = G, satis-
fying condition 2).

Let P be a o-group. Then G is a T-minimal non-$)-group by lemma 28.

Let H satisfy condition 1). Then by lemma 23 the formation 9t has an integrated definition m such that

m(csl.)z rform(% U {H/Q}), where X is the set of all proper T-subgroups of the group H. By condition
M  §. Hence, m < h. Consequently, X U{H/Q} c h(o,) =8, f(c;). If He h(o,), then G/ P=H e h(s;).
Hence,

Ge@cih(ci)zh(ci)gf).

The obtained contradiction shows that / is a T-minimal non-4(o; )-group and H/ Q € h(c; ). Hence, 0 = H (1)
and H satisfies condition 3) of the theorem.
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If H satisfies condition 2), then, obviously, H satisfies condition 3) of the theorem.
Let us show that P=G”. Obviously, G ¢ $. Suppose that G/P ¢ $. Then H ¢ ). Consequently, § =
=1 form G =1} form H. Applying now lemma 5, we see that

/(0;)=1form(G /0, (G))=1form(G/P)=rform H = tform(H / O, ,, (H)).

If the group H satisfies condition 1), then by lemma 8 the formation rforrn(% v { H/ Q}) is the unique maximal
t-closed subformation of tform H, where X is the set of all proper T-subgroups of H. Since Q is a ,-group,
wehave Q< O, , (H).Hence, H/ O, , (K)etform(X U {H/Q}). Thus,
H/O, (H)e tform(% U{H/ Q}) c tformH = tform(H /O, o (H))
Contradiction.
Now let H satisfy one of conditions 2). Then H is a o-primary group, i. €. a 6,-group for some 6, € . Conse-
quently, H=0, (H)=0,, , (H). Hence, f(o;)=1formH = rforrn(H /0.4 (H)) =(1). The obtained con-

tradiction shows that G / P € §. Therefore, P = G™.
Sufficiency. Let f be the smallest t-valued o-local definition of §. To prove sufficiency, by lemma 11 it suf-

fices to establish that f (Gj ) is a minimal t-closed non-h(cj )-formation foreveryo; e G(P).
If the group G satisfies condition 1), then § is a minimal t-closed c-local non-$)-formation by lemma 21.
Let G satisfy condition 2) and 6, € G(P). Then by lemma 5 we have

f(csj): rform(G/OGj,’G[(G)) =tformG.

Let X be the set of all proper T-subgroups of G. Then by condition X U {G / P} = h(c l ) But tform (.’{ u{G/P})
is the unique maximal t-closed subformation of tform G by lemma 8. It is also clear that G does not belong to
h(cj ) Hence, f ( c; ) is a minimal t-closed non-h(cj )-formation.

Now let G satisfy condition 3) and ®(K )=1. Then

/(o;)=1form(G/0, ,, (G))="rformK.

Let X be the set of all proper T-subgroups of K. Then by condition X c h(o;) and K /Q € h(o;). Hence,
tform(% v {K/Q}) c h(csi). By lemma 8 rform(% U {K/Q}) is the unique maximal t-closed subforma-
tion of f(o,)=tformK. Hence, every proper t-closed subformation of f(o;) is contained in A(o;). If
f(o;)<h(o;), then G/ P e h(o;). Hence, by lemma 7 we have G € §. Contradiction. So, f(o;) & h(s;).
Thus, f'(o;) is a minimal t-closed non-/( o, )-formation.

Let K satisfy condition a), i. e. K is the quaternion group of order 8. Then by lemma 17 f (ci ) =1formK is
a minimal non-Abelian formation. Let 971 be a maximal subformation of f (cl. ) It is easy to see that 91 is the

formation of Abelian groups of exponent dividing 4, and 91 is generated by any Abelian group of exponent 4.
Among the subgroups of K there is a proper Abelian normal subgroup of exponent 4. Hence, 9t — form X,
where X is the set of all proper subgroups of K; moreover, the subgroups of K are Abelian and their exponents

divide 4. Consequently, formX < 901. Thus, 9t = form X. But by condition X < /(o; ). Hence, M < k(o). So,
7 (o;) is a minimal t-closed non-4(o; )-formation.

Now let K satisfy condition b), i. e. K is an extraspecial group of order ¢> of prime odd exponent ¢. Then by
lemma 17 tform K = f (o, ) is a minimal t-closed non-Abelian formation. Let M be a maximal subformation of
f (Gi ) Then M is an Abelian formation and every non-identity group from M has exponent ¢. Since K is a mi-
nimal non-/ (o, )-group, (o, ) contains groups of order g. But then M < /(o; ). Consequently, f'(o; ) is a mini-
mal non-4(o; )-formation.

Finally, let K satisfy condition ¢), i. e. K is a cyclic g-group. Let |K | =¢" and M be a maximal subgroup

of K. Then M € h(o;), but K ¢ h(o;). Hence, f(o,) & h(o;) and form M  h(o; ). To complete the proof of
the theorem it is necessary only to establish that every proper subformation of f (Gi) is contained in formM.
Suppose that in f ( GI-) there is a proper subformation 97 such that 9t & form M, and let 4 be a group of mi-
nimal order from 971\ form M. Then A is monolithic. Since the formation f (Gi) is Abelian, 4 is a cyclic group

176 CW wanbrbtin g‘? « CMG‘MWML/ S R
98//:%/ UW?:ZS?&%({-W A/V\OZ @A«fw Smé;i >



MaremaTuueckasi 10THKa, aJIre0pa H TEOPHU YUCe]T
Mathematical Logic, Algebra and Number Theory

of order ¢"". According to lemma 19 the exponent ¢” of A divides the exponent ¢" of K. If m = n, then A =K and
then f(o;) < form A = M < f(o;). The obtained contradiction shows that m # n. But the order of M is ¢" .
Hence, either 4 is isomorphic to some proper subgroup of M, or A =M. This means that 4 € form M. Contra-
diction. Consequently, f (Gi) is a minimal non—h(csi )—forrnation.

By lemma 16 in each of the considered cases f'(o;) is a hereditary formation, therefore f (o, ) is a mini-
mal t-closed non-h(c; )-formation. Applying now lemma 11 we conclude that § is an $);-critical formation.

The theorem is proved.
Recall that a formation § is called 2-multiply c-local [10], if § has a 6-local definition all of whose non-emp-
ty values are c-local. It is clear that every 2-multiply o-local formation is a 6-local formation of classical type.
Corollary 1. Let $ be a 2-multiply c-local formation and h be its canonical c-local definition. Then § is

a minimal t-closed c-local non-$)-formation if and only if § =1 form G, where G is a monolithic T-minimal
non-$)-group with monolith P = G®, and one of the following conditions holds:

1) G =P is a simple 6-group such that c; ¢ G(f)) and ‘C(G) c {1, G};

2) P is a non-c-primary group and G is a T-minimal non—h(csi )—group with P = Gh(c")for all c; e G(P);

3) G=PxK,where P=Cj (P) is a p-group, p € 6,,and K is a monolithic T-minimal non-h(csi )—group with
monolith O = K"*) & ®(K), where 5,2 5(Q).

Corollary 2. Let = LF (h) where h is an integrated c-local definition all of whose non-empty values are
Abelian. Then § is a minimal t-closed c-local non-$)-formation if and only if § =1 form G, where G is a mo-
nolithic T-minimal non-$)-group with monolith P = G®, and one of the following conditions holds:

1) G = P is a simple c;-group such that 6, G(Sﬁ) and ‘C(G) c {1, G},‘

2) P is a non-c-primary group and G is a T-minimal non—h(ci )-group with P = Gh(c")for all c; e G(P),’

3) G=PxK, where P=Cj (P) is a p-group, p € 6;, and K is a minimal non—h((si)-group of one of the

following types:
a) the quaternion group of order 8, if 2 ¢ G;;

b) an extraspecial group of order q° of prime odd exponent q & G,

¢) a cyclic g-group, q € G;.

In the case when 7 is the trivial subgroup functor, from theorem 1 we obtain following corollary.

Corollary 3 [7, theorem A]. Let $) be a o-local formation of classical type and h be its canonical c-local
definition. Then § is a minimal c-local non-$)-formation if and only if § = form G, where G is a monolithic

group with monolith P = G, and one of the following conditions holds:

1) G =Pis a simple 6,-group, ;& 6(5’));

2) P is a non-c-primary group and P = Gh(c")for all o, e G(P),'

3) G=PxK, where P=Cj (P) is a p-group, p €c,, and K is either a monolithic group with monolith
0= k") jod CI)(K), where G, & G(Q), or a minimal non—h(ci )—group of one of the following types:

a) the quaternion group of order 8, if 2 ¢ c;;

b) an extraspecial group of order q° of prime odd exponent q & G,/

¢) a cyclic g-group, q € G;.

In the classical case, when 6 =o' = {{2}, {3}, {5}, } from theorem 1 we obtain following corollary.

Corollary 4 [4, theorem 2.2.10]. Let $ be a formation of classical type and h be its canonical screen.
Then § is a minimal t-closed local non-$)-formation if and only if §=1'formG, where G is a monolithic
T-minimal non-$)-group with monolith P = G®, and one of the following conditions holds:

1) G = P is a group of prime order p ¢ n(ﬁ);

2) P is a non-Abelian group and G is a T-minimal non—h(p)-group with P = Gh(p)for all p e n'(P);

3)G=PxH,where P=Cg (P) is a p-group, and H is either a monolithic T-minimal non-h(p)—group with
monolith Q = q"w jod (D(H) where p does not divide |Q|, or a minimal non—h(p)—group of one of the follo-

wing types:
a) the quaternion group of order 8,

b) a non-Abelian group of order ¢* of prime odd exponent g;
¢) a cyclic primary group.
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If, in addition, 7 is the trivial subgroup functor, then we obtain following corollary.

Corollary 5 [3, theorem]. Let §=LF (h) be a formation of classical type and h be its maximal integrated
local screen. The formation § is an $),-critical formation if and only if § =Ilform G, where G is a monolithic
group with monolith P = G®, and one of the following conditions holds:

1) P= G is a group of prime order;

2) P is a non-Abelian group and P = Gh(p)for all p e n(P);

3) G=PxK,where P=C, (P) is a p-group, and K is a monolithic group with monolith Q = K" (p does
not divide |Q ), such that either (D(K) =1land K"9 cQ forallg e n(Q), or K is a minimal non-h(p)—group of
one of the following types:

a) a cyclic primary group;

b) the quaternion group of order 8;

¢) a non-Abelian group of order ¢’ of prime odd exponent q.
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AHHOTALIMU AEITOHUPOBAHHBIX B BI'Y PABOT
INDICATIVE ABSTRACTS OF THE PAPERS DEPOSITED IN BSU

VAK 51(075.8)

Ipokawesa B. A. Briciiasi MaTeMaTHKA : 3JIEKTPOH. y4e0.-MeToI. KoMIuieke s crett. 6-05-1036-04 «Mexny-
HapozaHas joructuka» / B. A. Ilpokamesa, M. B. Mapron, O. A. Benbko ; BI'Y. Munck, 2025. 284 c¢. bu6-
auorp.: ¢. 281-282. Pexxum mocrtyma: https://elib.bsu.by/handle/123456789/337957. 3ar. ¢ akpana. [en. s BI'Y
02.12.2025, Ne 015002122025. TekcT : 37€KTPOHHBIIA.

DneKTpoHHBIN yuyeOHO-MeTouueckuii komruieke (3YMK) o yueOHo# quctuminHe «Briciias MaTemMaru-
Ka» MpeJHa3HaueH JUIsl CTy/IeHTOB crennanbHocTH 6-05-1036-04 «MexxayHapoanas noructuka». B OYMK
coJieprKaTcs JIEKIIMOHHBIN MaTepual, 3alaHusl Uit MPaKTUYECKUX 3aHATHH, KOHTPOJIbHBIE pabOTHI, PUMED-
HBIW TeMaTHYECKUIl MJ1aH, ColepKaHue yueOHOro Marepuana, BOIPOCHI AJIs TOATOTOBKH K 9K3aMEHY, CIIUCOK
JTUTEPATYPBHI.

VIIK 622.83:519.6(075.8)

Kypaskoe M. A. MexaHMKO-MaTeMaTHYeCKHE MOIeJTH COBPEMEHHOH reOMeXaHUKH : DJICKTPOH. y4eO.-
MeToI. KoMIuieke it cretl. 7-06-0533-06 «Mexanuka 1 MaTemMarndeckoe MoaenmupoBanue» / M. A. )KypaBkos,
C. H. Jlonarus ; BI'Y. Munck, 2025. 70 c. : uin. bubnuorp.: c. 68—70. Pexum noctyna: https://elib.bsu.by/
handle/123456789/338880. 3arn. ¢ skpana. en. B BI'Y 15.12.2025, Ne 015815122025. TekcT : 31€KTPOH-
HBIH.

DNeKTpOHHBIN yueOHO-MeTomuueckmii Komiuieke (OYMK) no yuebHo# aucimuminae «MexaHuKo-MaTeMa-
TUYECKUE MOZCIIN COBPEMEHHOM r€OMEXaHUKW» MPeJHA3HAauYEH ISl CTYIEHTOB cnenuanbHoctu 7-06-0533-06
«MexaHuka U MaTemMaTuieckoe moxeiarpoanue». B DYMK paccMarpuBaroTcs BOIPOCH MaTeMaTudecKoro
U YUCJICHHOTO MOJICIMPOBAHUS FTEOMEXaHMUECKHUX MPOIECCOB C TOUKH 3PSHHS TCOPUH, MOJIXOJ0B U METOIOB
COBpPEMEHHOM MeXaHUKH. [[J1s1 yCrienHoro oBiIaieHus JUCHUIITMHON « MeXxaHMKO-MaTeMaTHYeCKUe MOJIEIIN CO-
BPEMEHHOI TeOMeXaHHUKI» He0OXONMbI 0230BbIC 3HAHUS IO TAKUM JUCIUTLTHHAM, Kak «MeXaHHKa CTIONTHON
cpenbh», «MareMaTniecKue MeTo bl MEXaHUKH J1e(hOPMUPYEMOTo TBEPIOTO Tela U OCHOBBI MEXaHUKHU Pa3py-
HIeHUs, « UMCICHHBIC METOIBI MEXaHUKH CIUIOIIHOM Cpelibl», « BerunciuTenpHas Mexanukay, « KommbrorepHas
MeXaHUKa.

VIAK 517.968(075.8)

Ipomax E. B. UuTerpajbHble YPaBHEHMS : 3JICKTPOH. yueO.-MeTox. kKomiuieke s coem. 1-31 03 02 «Me-
XaHWKa U MateMarndeckoe moaenuposanue» / E. B. ['pomak, B. I. Kporos ; BI'Y. Munck, 2025. 37 c. : un.
bubnuorp.: ¢. 36-37. Pexxum nocrymna: https://elib.bsu.by/handle/123456789/339401. 3ari. ¢ akpana. Jler.
B BI'Y 24.12.2025, Ne 017523122025. TekcT : 371€KTPOHHBII.

OnekTpoHHBIN yueOHo-MeToauueckuii kommieke (OYMK) no yueOHoit nuciumimne «HTerpaibHble ypaBHe-
HUS NIPeTHa3HAYeH I CTyAeHTOB crieruanbHocTu 1-31 03 02 «Mexanuka 1 MaTeMaTH4aeCcKoe MOJICTUPOBAHUEY.
OVYMK conepkKuT TEeKCTHI JIEKIINH, TUTAaHBI IPAKTUYECKUX M CEMUHAPCKUX 3aHATUH, IEPEYeHb KOHTPOJIbHBIX
BOIIPOCOB, CIIMCKH PEKOMEHIOBAHHOM JIMTEPATYPBI.
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VIK 519.6(075.8)

YncjaeHHBbIE METOMBI : SJIEKTPOH. yuel.-MeTo. KoMruieke s crer. 6-05-0533-13 «Mexanuka u mMare-
Matuyeckoe MojaenupoBanue» / O. A. Apxunenko, A. 1. Azapos, M. B. Urnarenko, T. C. SIkuMeHKo ;
BI'Y. Munck : BI'Y, 2025. 91 c. bubmuorp.: ¢. 90-91. Pexxum moctyna: https://elib.bsu.by/handle/123456789/
339452. 3am. ¢ akpana. Jen. B BI'Y 29.12.2025, Ne 017929122025. TekcT : 371€KTPOHHBIH.

OnexTpoHHbIH yaeOHO-MeTonndeckuii komruieke (QYMK) mo yueOHoN aucturuimHe «YUCIeHHbIE METO-
JIbD» Pa3pabOoTaH B COOTBETCTBUHU C 00pa30BaTeIbHBIM CTAHAAPTOM 1-U CTYIEHU BBICIIETO OOpa30BaHMS IS
crrenmmainbHOCTH 6-05-0533-13 «MexaHnka U MaTeMaTHdeckoe MoaenupoBanuey. DY MK mpenHazHadeH
JUTsE TH(POPMAITHOHHO-METOINYECKOT0 00CCIICUCHHUS MTPETIOIaBaHUs TUCIUTUINHBI « UUCIIEHHBIC METOIBD IS
CTYIIEHTOB MaHHOH crieranbHocTH. B D YMK comepKuTcst KOHCIIEKT JICKIIHA, TePeUeHb JIA0OPATOPHBIX 3aHATHI
C MaTepuaIaMHu JJisi padoThI, 3a]JaHHs IT0 YIPABISEMON CaMOCTOSATEIBHOM paboTe.

VIK 51(075.8)(076.1)+51:378.016(075.8)

Jlaykasn A. B. MeToapl kiaccu(puKamuy U perieHnss MaTeMaTHYeCKUX 3a/1a4 : JJIEKTPOH. y4e0.-METOI. KOMII-
nekc s cretl. 6-05-0533-06 «Maremaruka» / A. B. Jlsnxkas, H. B. Bposka ; BI'Y. Munck, 2025. 37 c.: un.
bubmmorp.: c¢. 35-36. Pexxum nocrtyma: https://elib.bsu.by/handle/123456789/339455. 3arn. ¢ skpana. Jler.
B BI'Y 29.12.2025, Ne 018029122025. TekcT : 3ME€KTPOHHBIH.

ONEeKTPOHHBIN yueOHO-MeTonmuecknii komruieke (DYMK) mo yuebHOM mucnumuinae «MeToasl KITacCH-
(UKanMM U peleHnsl MaTeMaTHUECKUX 3a/1au» NpeAHa3Ha4ueH IJsl CTYACHTOB crenuanbHocTH 6-05-0533-06
«Marematukay. OYMK comepXUT TeKCThI JEKIIUHA, TUTAHBI MPAKTUYISCKUX U CEMHUHAPCKUX 3aHATHH, TICPCICHD
KOHTPOJIBHBIX BOIPOCOB, CITUCKU PEKOMEH/IOBAaHHOH JINTEPATYPHI.

VIAK 51(075.8)(076.1)+51:378.016(075.8)

MeTtoabl MpOrpaMMHUPOBAHUS : DIIEKTPOH. y4e0.-MeTo. KoMIuieke s crell. 6-05-0533-07 «MaremaTtuka
u KomnbloTepHbie Haykm» / A. U. KpaBuyk, A. C. KpaBuyk, E. B. Kpemens, 10. A. Kpemens ; BI'Y. MuHck,
2025. 471 c.: un. bubmumorp.: c. 469-470. Pexxum noctyma: https://elib.bsu.by/handle/123456789/340202.
3arn. ¢ akpana. [emn. 8 BI'Y 20.01.2026, Ne 001020012026. TexcT : 271€KTPOHHBII.

DNEKTPOHHBIN yueOHO-MeToamueckiii Komruieke (3YMK) mo yueOHOH TucIuIuiimHe « MeTOoaB! TPOoTpaMMH-
pOBaHUs NpeAHA3HAUYECH IS CTYAEHTOB cueruanbHocTu 6-05-0533-07 «MaremaTika U KOMIIBIOTEPHBIC HAy-
Kkm» (podummsanny «Bed-nporpaMMrupoBaHie 1 HHTEPHET-TEXHOIOTHIY, «MaTeMaTHIecKoe U MporpaMMHOe
obecrieueHre MOOMIIBHBIX YCTPOHCTBY, «ICKyCCTBEHHBIM MHTEIUIEKT U MaTeMaTH4YecKast SKOHOMHKay). JYMK
COZEPIKUT TEKCTHI JIEKIINH, TIAaHBI JTA00PATOPHBIX 3aHATHH, IEPEUCHb KOHTPOIBHBIX BOMPOCOB, CITUCKU PEKO-
MEHIOBAaHHOU JINTEPATYPHI.

VIK 004.432.045C#(075.8)

Kpasuyxk A. . S13b1x nporpammupoBanusi C#. OcuoBbl ASP.NET : snekTpoH. y4e0.-MeToI. KOMITIEKC TS CIell.
6-05-0533-07 «Marematuka u komnblotepHbie Haykn» / A. W. KpaBuyk, E. B. Kpemens, 10. A. Kpemens ; BI'Y.
Mumnck, 2025. 335 c. : min. bubmumorp.: c. 332. Pexxum moctyma: https://elib.bsu.by/handle/123456789/340208.
3ari. ¢ skpana. Jlen. B BI'Y 20.01.2026, Ne 001120012026. TekcT : 2IeKTPOHHBII.

ONEeKTPOHHBIN yueOHO-MeToamdeckuii KomIuieke (OYMK) mo ydeOHOW quCIUIUIHE «SI3BIK TTpOTpaMMu-
poBanusi C#. OcHosl ASP.NET» npennasnaueH ajst cTyneHToB cnenuaibHocT 6-05-0533-07 «Marematuka
Y KOMITBIOTEpHBIE HayKm» (poduim3anus «Bed-mporpaMMupoBanue u HHTEpHET-TexHoJI0run»). DYMK co-
JIEPXKUT TEKCTHI JISKIUH, TUIaHBI Ta00PATOPHBIX 3aHATUH, TIEpeUeHb KOHTPOJIBHBIX BOIPOCOB, CITUCKU PEKOMEH-
JIOBaHHOW JIUTEPATYPHI.

VIIK 004.42(075.8)
Anencxuii H. A. MeToabl NpOrpaMMHUPOBaHUS : 3JIEKTPOH. yue0.-MeToA. KOMIUIEKC s criell.: 6-05-0533-08
«KommproTepHast MaTeMaTHKa M CHCTEMHBIN aHamu3y, 6-05-0533-13 «MexaHuka 1 MaTeMaTHIECKOE MOICTHPO-
Banue» / H. A. Anenckuii, /1. B. ®umumonos ; BI'Y. Munck, 2026. 310 c. bubauorp.: ¢. 309-310. Pexxum noc-
tyma: https://elib.bsu.by/handle/123456789/341588. 3arn. ¢ axpana. [len. B bI'Y 13.02.2026, Ne 002913022026.
TexcT : 37IeKTPOHHBII.

DNeKTpOHHBIH yueOHO-MeToauueckuit kommuieke (QYMK) mo ydeOHol muctuminHe «MeToabl mporpam-
MUPOBaHUs» NpPeAHa3HAYEH JUIs CTYIEHTOB MepBOro Kypca cneruansHocteld 6-05-0533-08 «KommnbroTepHas
MaTeMaTHhKa U CUCTeMHBIN aHanu3» u 6-05-0533-13 «Mexanuka 1 MaTeMaTudeckoe MoeaupoBanuey». DY MK
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BKJIIOYAET TEKCTHI JICKIINHA, TeMbI Ja00paTOPHBIX paOOT, TUTIBI 3aJJaHUH 1 TPeOOBAHMS K MX BBIITOTHEHHIO, TPE-
HUPOBOYHBIE YIPAXKHEHHUS M TECTHI, BOIIPOCH K 3K3aMEeHaM U 3adeTaM, coJiep>KaHhe JUCHUIUIMHBI U CIIHCOK
pEeKOMEHIyeMOH JINTepaTyphl.

VAK 004(075.8)
Anencruii H. A. IIpakTukym no ungopMaTuke : SJIEKTPOH. y4ue0.-MeToI. KoMIuTeke s cretl. 6-05-0533-06 «Ma-
temarukay / H. A. Anenckuii ; BI'Y. Munck, 2026. 89 ¢. bubnuorp.: ¢. 86—89. Pexxum noctyna: https://elib.bsu.
by/handle/123456789/341592. 3ar. ¢ akpana. Jlen. 8 bI'Y 13.02.2026, Ne 003013022026. TekcT : 3JICKTPOHHBIH.
DNeKTpoHHBIN yueOHO-MeToanueckuii komruieke (DYMK) mo yueOHol aucnuruinae «lIpakTukym mo uH-
(hopmaTHKe» MpeJHa3HaueH U CTYJCHTOB YETBEPTOro Kypca cnennanbHoctu 6-05-0533-06 «Marematukay.
OVYMK BKJIFOYaET TEKCTHI JIEKITHA, TEMBI JTA0OPATOPHBIX PA0OT, THUITHI 3aJJAHAN U TPEOOBAHHS K UX BBITIOIIHEHHIO,
TPEHUPOBOYHBIE YIIPAXKHEHUS U TECTHI, BOIIPOCHI K 3a4€TY, COACPIKaHUE AUCLMIUIMHBI ¥ CIIUCOK PEKOMEH1yeMOMH
JUTEpaTyphbl.

VIAK 519.712(075.8) + 004.422.63(075.8)
Cobonesckas E. I1. ANTopuTMBbI U CTPYKTYPbI JAHHBIX : 3JEKTPOH. y4e0.-METO. KOMIIEKC AJISl CIELL.:
6-05-0533-09 «lIpuxmagHas maremarukay, 6-05-0533-10 «udopmarukay, 6-05-0533-11 «Ilpuxnagnas wuH-
hopmarukay, 6-05-0533-12 «Kubepbezomacuocts» : B 3 4. Y. 3/ E. [1. Cobonesckas, B. M. Kotos, A. A. Byc-
naBckuii ; BI'Y. Munck, 2026. 224 c. : ni. bubauorp.: ¢. 223-224. Pexxum noctyna: https://elib.bsu.by/handle/
123456789/342018. 3arn. ¢ skpana. Jlen. B bBI'Y 18.02.2026, Ne 003517022026. TekcT : 21€KTPOHHBIA.
OnekTpoHHBIH yueOHo-MeToanyeckuii koMmruieke (OYMK) no yueOHo# aucuumHe « AITOPUTMBL B CTPYK-
TYPBI TaHHBIX» (4acTh 3) MpeIHa3HAueH IS CTYICHTOB crieranbHocTed 6-05-0533-09 «[pukiagnas matema-
thkKay, 6-05-0533-10 «Mudopmarnkay, 6-05-0533-11 «I[Ipuxnagnas nadopmarukay, 6-05-0533-12 «Kubep-
oe3omacHocThy. B DYMK conepxutcs Mmarepual mmo pazaeny «CrenuanbHble CTPYKTYPhI JaHHBIXY. M3nokeHne
COOTBETCTBYET IIPOTpamMMe yIeOHON AUCIUTUIHHEL.

VIK 517.98(075.8)
DYHKIMOHAJBHBINH aHAJIM3 : JICKTPOH. yueld.-MeTo. KOMIUIeKe uis crell.: 6-05-0533-07 «MaremaTuka
Y KOMITBIOTEpHBIE HayKm», 6-05-0533-06 «Maremaruka» / A. b. Antonesuy, C. I. llItun, A. C. benpunikwii,
M. M. JloruroBckas ; BI'Y. Mumnck, 2026. 213 c. : wi. bubmuorp.: ¢. 212-213. Pexxum nocryma: https://elib.bsu.
by/handle/123456789/342268. 3aru. ¢ sxpana. lem. B bI'Y 23.02.2026, No 004220022026. TexcT : 3MeKTPOHHBIH.
ONeKTpoHHBIH yueOHO-MeToandeckuid koMmiuieke (DYMK) mo yueOHol auctumnnae « OyHKIMOHATBHBIH
aHaIM3» MpeAHA3HAYCH IS CTYACHTOB creruanbaocteit 6-05-0533-07 «Maremaruka 1 KOMIBIOTEPHBIC HAYKI
1 6-05-0533-06 «Maremaruka». B OYMK coneprkarcs TeKIMOHHBIA MaTepual, IpakTUYECKUH MaTepHall, pas-
JieJ1 KOHTPOJIS 3HAaHUK M BCIIOMOTaTeNIbHBINA MaTepuall.

VIIK 517.98(075.8)

Ye6 E. C. DyHKUHOHAJIBHBIN aHAJIM3 : 3JICKTPOH. yue0.-MeTo 1. KoMIuieke /s cnetl. 6-05-0533-12 «Kubep-
oe3onacHocTh» / E. C. Ueb ; BI'Y. MuHnck, 2026. 249 ¢. bubnuorp.: ¢. 248-249. Pexum nocryna: https://elib.
bsu.by/handle/123456789/343253. 3arn. ¢ akpana. [lemn. B BI'Y 04.03.2026, Ne 004826022026. TekcT : 3neKT-
POHHBIH.

DnexTpoHHbBIN yaeOHOo-MeTonuueckuii komruieke (DYMK) mo yuebHol nuctumnHe «DyHKITMOHATBHBIN
aHaJIM3» pacCUMTaH Ha CTYAEHTOB crenuanbHOCTH 6-05-0533-12 «KubepbOe3onacHOCTh», COCTABIIEH B CO-
OTBCTCTBHUHU C O6pa3OBaTeJ'II)HLIM CTaHaapTOM -1 CTYIICHU BBICHICTO O6p330BaHI/IH " np€aHasHa4YCH JId WH-
(hopMaIMOHHO-METOIUYECKOr0 00ECIICUCHUs MPENOAaBaHUs UCIUIUINHBI «DyHKITMOHAIBHBIN aHAIMU3Y» JIJIs
CTY/ICHTOB JlaHHOH criennaibHocTH. B DY MK conepikarcst KOHCTIEKT JIEKIIMH, IepeueHb 1a00paTOPHBIX 3aHITHIH
¢ MaTepHaiamMu JuIst paboThl, 3a/1aHKS [0 YIPABISIEMON CaMOCTOATENbHON paboTe. M310)KeHne COOTBETCTBYET
y4eOHOH TIpoTrpaMMme.

VK 004.434.045S5cala(075.8)

baunos M. H. ®yHKUMOHAJIBLHOE MPOrpaMMHpoBaHue H Scala-TeXHOJOIMH : dJIEKTPOH. y4el.-MeToI.
koMmIutekc s crer. 7-06-0533-04 «Marematuka u komnbioTepHbsie Haykm» / M. H. biimaos ; BI'Y. Musnck,
2026. 171 c. : wi. bubnuorp.: ¢. 169. Pexxum noctyma: https://elib.bsu.by/handle/123456789/343523. 3armn.
¢ skpaHa. [en. B BI'Y 10.03.2026, Ne 006310032026. TekcT : AIeKTPOHHBIM.
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OnexTpoHHbIN yueOHo-MeToanyeckuii Kommuieke (OYMK) no yuebnoit nucrumimie « OyHKIIMOHAIBHOE
porpaMMUpoBaHue U Scala-TeXHOIOTHUy MpeaHa3HaueH JUIsi MAaruCTPAHTOB crienuanbHOCTH 7-06-0533-04
«Maremarrka 1 KOMIbIOTEpHBIE HayKU» (Tpoduim3anus «Bed-nporpaMMipoBaHre U HHTEPHET-TEXHOIOTHIY).
VMK conep:KuT TEKCTHI JIEKINH, MJIaHbl TAOOPaTOPHBIX 3aHATHH, IEpeYeHb KOHTPOJIBHBIX BOIIPOCOB, CITUCKH
PEKOMEHI0BAaHHOM JIMTEPATYPBI.

VIK 004.415.2(075.8)

bnunos M. H. Anaiim3 n npoeKkTHpoBaHue HHPOPMALMOHHBIX CHCTEM : JJIEKTPOH. y4e0.-METOI. KOMIUIEKC
s criert. 7-06-0533-04 «Maremarrka u komibioTepHbie Hayku» / M. H. Briinnos ; BI'Y. Munck : BI'Y, 2025.
96 c. bubnuorp.: c¢. 93—94. Pexum noctyna: https://elib.bsu.by/handle/123456789/343525. 3arn. ¢ sKkpaHa.
Hen. B BI'Y 10.03.2026, Ne 006410032026. TekcT : 271€KTPOHHBIH.

DneKkTpoHHBIN yueOHO-MeTonn4eckwii koMmiuieke (3 YMK) mo yueOHoii muctuiuinae « AHaIU3 ¥ TPOSKTUPO-
BaHHE HHPOPMAIIMOHHBIX CHCTEM» TIpeIHa3HAYCH JJIsl MArHCTPaHTOB crienuanbHocT 7-06-0533-04 «Marema-
THKa ¥ KOMITBIOTEepHBIE HayKn». DY MK cofiepKHUT TEeKCTHI IEKIINH, IIaHbI Ta00paTOPHBIX 3aHATHH, TEPEUCHD
KOHTPOJIBHBIX BOMPOCOB, CIUCKU PEKOMEH/I0BaHHOH JINTEPATYPHI.

VIIK 004.432.045:004.738.5JavaEE(075.8)

bnunos Y. H. Texnonorun JavaEE : anektpoH. yue0.-meroa. komruteke juis crierl. 7-06-0533-04 «Maremaruka
u KomribtoTepHbie Haykuy / M. H. bounos ; BI'Y. Munck, 2025. 480 c. : wi. bubnuorp.: c. 480. Pexxum nocty-
na: https://elib.bsu.by/handle/123456789/343527. 3arn. ¢ skpana. Hemn. B BI'Y 10.03.2026, Ne 006510032026.
TexCT : 21EeKTPOHHBIH.

OneKTpoHHBIN yaeOHO-MeToamueckuii komruieke (3YMK) o yueOnoii muctuminae « Texnonoruu JavaEE»
NpeaHa3HaYeH I MarucTpaHToB creruanbHocT 7-06-0533-04 «MartemaTuka U KOMIIBIOTEPHBIC HAYKM.
OVYMK conepXuT TeKCTHI JIEKITUH, TTaHBI Ta00paTOPHBIX 3aHATHH, TIEpeUeHb KOHTPOILHBIX BOTIPOCOB, CITUCKH
PEKOMEHI0BaHHOM JINTEPATYPBI.

VIK 004(075.8)

Benvko O. A. OcHoBbl HHPOPMALHOHHBIX TEXHOJIOTHUIH : 3JIEKTPOH. y4e0.-METOA. KOMIUIEKC ISl CIICI.
6-05-0312-01 «ITonuronorus» / O. A. Benbko, M. B. Mapron ; BI'Y. Munck, 2026. 128 c. : ui. bubiuorp.:
c. 128. Pexxum noctymna: https://elib.bsu.by/handle/123456789/343580. 3arn. ¢ skpana. en. B BI'Y 11.03.2026,
Ne 006611032026. TekcT : 2IEKTPOHHBIH.

DneKkTpoHHbIH yuyeOHo-MeToamueckuil komrieke (OYMK) o yuebnoit nuctmmumae «OcHOBBI nH(pOpMa-
[IMOHHBIX TEXHOJIOTUI MPEHA3HAYCH IS CTYACHTOB criennanbHocTh 6-05-0312-01 «ITonmutonorus». B OYMK
cozieprKarcs JISKLMOHHbIM Marepual, MiIaHbl 1a00paTOPHBIX 3aHATHH, IPUMEPHbIE 3aJaHus ISl yIIPaBIIsIeMOU
CaMOCTOSITEIBHOM pabOTHI CTYJCHTOB, TECTOBBIC 3a/1aHHsI, KOHTPOJIbHBIE paOOThI, BONPOCHI ISl TIOJTOTOBKH
K 3a4eTy, CHUCOK JINTEPaTyphl.

VK 34:004(075.8)

Mouceesa H. A. Un(popManiuoHHbIE TEXHOJIOTUH B IOPUIHYECKOH 1esITeJILHOCTH : DICKTPOH. yie0.-MeTO.
koMmruiekc Jutst cretl. 6-05-0421-01 «I[IpaBosenenue» / H. A. Mouceesa, O. A. Benbko, O. M. Mareiiko ; BI'Y.
Munck, 2026. 128 ¢. : ui. bubnuorp.: c. 128. Pexxum gocryna: https://elib.bsu.by/handle/123456789/343607.
3ar. ¢ skpana. en. B bBI'Y 12.03.2026, Ne 006711032026. TekcT : 3J€KTPOHHBIH.

DNeKkTpoHHbIH yueOHO-MeTonuuecknil kommieke (QYMK) mo yuebno# nuctmmumne « THpOpManmoHHbIe
TEXHOJIOTMH B IOPUIUYECKON NESITENbHOCTHY MpEeAHa3HAaueH Jisl CTYACHTOB crnenuanbHocTu 6-05-0421-01
«IIpaBoBenenue». B OYMK coneprxarcs TeKIIMOHHBIA MaTepual, IJIaHbl JJab0OpaTOPHBIX 3aHATHIMA, TPUMEpHBIE
3aJjaHus AU YIIPABISIEMON CaMOCTOSTENIbHON paboThl CTYIEHTOB, TECTOBBIC 3aJaHNUs, KOHTPOJIbHBIE PAOOTHI,
BOIPOCHI JJIs1 OATOTOBKH K 3a4€TY, CIIUCOK JINTEPaTypPhI.

VAK 519.2(075.8)

Teopust BeposiTHOCTeli 1 MaTeMaTH4YecKasi CTATHCTUKA : 2JIEKTPOH. y4e0.-MeTOJl. KOMILIEKC ISl CHell.:
6-05-0311-01 «Oxonomuka», 6-05-0311-05 «OxoHOMHUecKas nHpopMaTuka», 6-05-0411-02 «DuHAHCH
u kpeaum, 6-05-0412-01 «MenemxmeHnT, 6-05-1036-02 «OxoHOMHUYECKas 6e30macHOCTEY, 6-05-1036-03
«locynapcrBennsiii aynut», 7-07-1036-01 «MexxayHapoaHasi SKOHOMHUKA U TOPTOBIIS (C yITyOlIeHHBIM H3yue-
HUEeM KuTakickoro si3bika)» / E. U. BacenkoBa, M. B. [/lybarosckas, T. B. Makosenkasi, C. B. Poro3un ; BI'Y.
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Mumck, 2026. 215 ¢. Bubnuorp.: ¢. 205-207. Pexxum noctyna: https://elib.bsu.by/handle/123456789/344513.
3ar. ¢ akpana. [emn. B BI'Y 30.03.2026, Ne 009527032026. TeKCT : 2IEKTPOHHBIMH.

DNeKTpOoHHBIH yueOHO-MeTonudeckuii komruieke (OYMK) npenHasHadeH s CTyI€HTOB SKOHOMUYECKOTO
(hakynsrera BI'Y. Conepxanne DY MK npesnonaraet u3yueHue CJISAYONIINX BOIIPOCOB: IIEMEHTOB KOMOMHA-
TOPHUKH, CIIy4alHBIX COOBITUN W NEHCTBUI HAJl HUMH, CITyYalHBIX BEJIWYNH (OHOMEPHBIX 1 MHOTOMEPHBIX ),
(hyHKIINH CITydaliHBIX BETMYWH, 3aKOHA OOJBIINX YHCEI, IICHTPATLHON TIPEIeTbHOU TEOPEMBI, BEBIOOPOIHOTO
METOJ]a B MaTeMaTU4eCKOW CTATHUCTHKE, TOYSUHOTO W MHTEPBAJIHLHOTO OIICHUBAHUS ITapaMeTPOB, TIPOBEPKHU
CTAaTUCTUUECKUX TUIOTE3, PErPECCUOHHOTO U TUCIIEPCUOHHOTO aHaJIN3a.
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