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BELL[ECTBEHHBH/"I, KOMITJIEKCHBIA
U ®YHKLIMOHAJIbHBIN AHAJIU3

REAL, COMPLEX
AND FUNCTIONAL ANALYSIS

VIIK 517.968.2

NMHTEI'PAABHOE YPABHEHUWE ®PEATOABMA
C PABHOCTHBIM SAPOM,
COAEPXAIINM ITEPUOANYECKNU MHO>XUTEAD

M. T. MYPAJIAH, A. I. MYPAJIAH"

Y Apmsineruii 2ocyoapemeenmbiii skoHoMueckuil yHusepcumen,
yn. Hanbanosna, 128, 0025, e. Epesan, Apmenus

Annomayus. Ha npoMexyTke [0; n] (n — HaTypaJbHOE YHCII0) pacCMATPHBACTCS HHTErpaibHOE ypaBHeHHE Dpenronbpma

¢ aapom Buaa A(x)K(x—1), rae A(x) ects 1-nepuoguueckas dynkuus, a K(x —1) npeacrasiser coboil HHTErpaIbHYIO

CYTNIEpIIO3UIINIO IKCIIOHEHT. [IpeanonaraeTcs, 4To U3BECTHO PELICHUE JAHHOTO YPaBHEHUS Ha OJJHOM NEPUOJIE, U UCXOA
13 3TOTO pa3padaThIBaeTCs PeKypPPEHTHBIH METO/ TIOCIIEI0BATEIFHOTO ITPOJOIKEHHS PELIEHHS Ha BECh PACCMATPHBACMBbIN
MIPOMEKYTOK. YpaBHEHHE C TAKUM SJJPOM OIHCHIBAET IPOIIECCHI IIEPEHOCA, ONITHYECKOH (HIIBTPAIMH, PACIIPOCTPAHEHHUS
BOJIH 1 JIPYTHE SIBICHNS B IEPHOIMUECKH CIOMCTHIX Cpeax (HampuMep, B KpUCTAIIAX HIIH CHCTEMaxX, TI€ CBOHCTBA CPE/IbI
TIOBTOPSIIOTCSI Yepe3 paBHbIE MPOMEXYTKH). [IpeasioxkeHHbI METOI MOXKET CITY)KHTh OCHOBOM yCTOWYHMBOTO BBIUUCIIH-
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BeuecTBeHHbIH, KOMILIEKCHBIA H (PYHKIMOHAJIbHBIN aHAJIM3
Real, Complex and Functional Analysis

TCJIBHOTO aJIroOpUuTMa pECIICHNUA YKa3aHHOI'O MHTETPAJIbHOT'O YPAaBHCHU . HOJ’Iy‘[eHHI:.Ie AIPUOPHBIC OLICHKH o0ecIeuynBaoT
KOHTPOJIb TOYHOCTU U CXOAMMOCTH BbBIYUCIUTEIIBHOI'O IIpoLecca.

Kniouesvle cnoga: naterpanbHoe ypaBHeHne Opearoibma; mepuoIndecknii MHOKHUTEb PA3HOCTHOTO S/pa; MepHOAHN-
YECKH CIIONCTAs CPe/ia; PEKypPPEHTHBIN METO]] PEIICHUS.

FREDHOLM INTEGRAL EQUATION
WITH A DIFFERENCE KERNEL
CONTAINING A PERIODIC MULTIPLIER

M. G. MURADYAN®, A. G. MURADYAN"

*4rmenian State University of Economics, 128 Nalbandjana Street, Yerevan 0025, Armenia

Corresponding author: M. G. Muradyan (maxim_muradyan@yahoo.com)

Abstract. A Fredholm integral equation with a kernel of the form A(x)K(x—7) is considered on an interval [0; ]
(n 1s a natural number), where k(x) is a 1-periodic function, and K(x - t) represents an integral superposition of exponential

functions. It is assumed that the solution of this equation is known for one period, and based on this, a recurrent method
for the successive continuation of the solution over the entire interval under consideration is developed. An equation with
such a kernel describes processes of transport, optimal filtering, wave propagation, and other phenomena in periodically
layered media (for example, in crystals or systems whose properties repeat at regular intervals). The proposed method can
serve as a basis for a stable computational algorithm for solving the given integral equation. The obtained a priori estimates
make it possible to control the accuracy and convergence of the computational process.

Keywords: Fredholm integral equation; periodic multiplier of the difference kernel; periodically layered medium;
recurrent solution method.

BBenenune

B Teopun ontryeckoit pumbrparmn [1; 2], a Takke B 3a7a4ax MepeHoca U3Iy4eHus, HSUTPOHOB, Y-KBaHTOB,
pacnpocTpaHeHHs SIEKTPOMArHUTHBIX U aKyCTUYECKHUX BOJH [3—5] BO3HUKAIOT MHTErpaJIbHbIE ypaBHEHUS BUJA

f(x)=g(x)+k(x)IK(x—t)f(t)dt, 0<x<n, (1)
0
rzie aapo K(x—t) 1omycKaeT HHTErpaabHOE MPEICTABICHUE Yepe3 IKCIIOHEHTEI:

b
K(x—l)zj‘s‘x_t‘dci(s), 0<a<s<h<l. (2)

3zech 6 () — KycouHo-rIaaKue BospacTaroume dpyHkunn, ¢ (s) 6epercs npu x —¢ > 0,a 6 (s)—mpux—7 < 0.
O4eBUIHO, YTO K(x — t) >0.

Ecmu A (x) —nocTosiHHas GpyHKIHA, To ypaBHeHHE (1) mpeBpamaercs B n3BecTHOE ypaBHeHHe Bunepa — Xom-
(hba [6—8], onmchIBaroIIee BIIICYITOMSIHYTBIC TIPOIIECCHI B OHOPOIHBIX Cpe/iax.

Hwxe Bcrogy mpeamnosnaraercsi, 4To }»(x) — KyCOUHO-HENpepbIBHAsI HEOTpHULATENIbHAs | -niepuoaudeckas
hyHKIHS l(x+1) = k(x), a n — HarypalpHOe yucio, # >1. [Ipu aToM ycnoBum ypaBHeHue (1) onmceiBaeT

MPOIIECCHI B TIEPHOJANYCCKH CIIOMCTHIX Cpejiax (HampuMep, B KPUCTAIUIaX WIIH CHCTEMaXx, TJIe CBOHCTBA CPEJIbI
MOBTOPSIOTCS Yepe3 paBHbIC TIPOMEKYTKH).

Bo MHOrMX npuiIoKeHUsIX (WM Ha pa3sIMuHBbIX JTamnax peleHus ypaBHeHus (1)) cBOOOIHBIN YIeH HUMeeT
Ty e CTPYKTYypy, 4TO U s7ipo (cM., Haripumep, [9; 10]):

¢(x)=2(x)| [s*doy(s)+ [ 5" *de(s)
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PaccmoTpum crienyronine HHTerpajbHbIe ypaBHEHHUS ¢ apaMeTpoM s, a < s< b:

¥, (%, 5)=A(x)s" +7»(x)]£K(x—t)yn (¢, s)dt, 0<x<n, 3)
0

Zn(x, s)=7u(x)s"7x +l(x)IK(x—t)zn (t, s)dt, 0<x<n. 4)

Ecin ypasrenue (1) OIHO3HAYHO paspelinMo, To 3HaHue GyHKUMi y, (X, s) 1 z,(x, s) M03BONSET He-
MEJIEHHO HaiTu pemenue ypaBHeHus (1) co cBOOOIHBIM YIEHOM g(x):

by by

a as

Hamr noaxon 3akirodaeTcs B yCTaHOBIEHUH CBSI3U MEXKIY ), (x, S) u yn_l(x, s) (zn(x, s) u zn_l(x, s)
COOTBETCTBEHHO).
[IpeamnonaraeTcs, 4To0 KaKUM-ITHO0 crmocoboMm (cM., Hanpumep, [11; 12]) HaliieHbI pelIeHus CIeayIONHX

YPAaBHEHUIA:
1

»(x, s)z?»(x)sx+7»(x).[K(x—t)yl(t, s)dt, 0<x <1, (5)
0

|
Zl(x, S)z?»(x)sl_x+X(x)jK(x—t)zl(t, S)dt, 0<x<l. 6)
0

Ha ocnoBe ¢yHkiumii y, (x, s)uz(x, s) NpeIaracTCs PeKyppPeHTHBIN CO0CcO0 MOCTENEHHOTO OMpe/iese-
HUS yz(x, s),y3(x, s), s yn(x, s), a TaKkKe zz(x, s), z3(x, s), ooy zn(x, s).

B uwactHOM cityuae, Koraa ¢yHkims A(x) obnanaer coiicteom cummerpun A(1—x)=A(x), a sapo K(x—t)
SIBIISICTCS CAMMETPHYHBIM, T. €. G’(s) = G+(S), nonyyaeM z (x, s) = yk(k -x, s).

Korma mepsr dci(s) TIMCKPETHBI, ypaBHEeHUS (3) 1 (4) SKBUBAJICHTHBI KPACBBIM 3aJ1auaM JIJIsT CUCTEMBI Tr-

(epeHIMaNbHBIX YPaBHEHUN C IEPUOAMYECKUMHU KO PHULIUCHTAMHU.
B paborte [13] nmpemioxkeH MeTo[ penieHus ypaBHeHus (3) B cirydae n = oo,

BOHpOCbI CymieCTBOBaHUSA U €IMHCTBCHHOCTH PEHICHUSA

BCIO)Iy JAaJiee MpeArnojaaracTcs BbIIOJIHCHUC YCIIOBUA

[[ |lns| j |ln§r)}as1, ho = sup A(x). 7

W3 mpencrasieHus sapa cienyeT, 4To

]ZK(x—t)dtzij(x t dt+.erx t ]C.st 'do* (s)]dtJrJ.U. - xdcs(s)]dt:
=jﬁs"’dt]dc +j{ - xdt]dc s d.

HpOCTbIe BBIYUCIICHUA HOK%LIB&IOT, qTo0
n bs"dcf(s) bs"_xdc_(s)
A K d = 8
(’“)£ x=t)dr= [f |lns| f In| J U In| +£ s ) ®)

n b n + b n —
I03TOMY k(x)jK(x—t)dtSoc—8<l, rﬂes:}“o[_[s TES|(S) +IS do (s)]
0 a
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CrnenoBatenbHO, ipu yciioBuu (7) omepaTop
K-=0(x)[K(x—1t)dt )
0

SIBIISICTCSI COKUMAIOIIIAM B TIPOCTPAHCTBE M OTpaHUYCHHBIX HA TIPOMEKYTKE [O; n] (hyHKIINH, TOITOMY HHTE-
rpainpHOe ypaBHeHHe (1) IMeeT eIMHCTBEHHOE OIPaHUYCHHOE PeIlleHUE.

Beenem GyHKIMn (x, s) Uz, (x, s), k=1, 2, ..., n,KaK peUICHUS CICIYIOIINX HHTCTPAJIbHBIX YPaBHCHUN
Ha OTpe3Ke [O; k]:

k

yk(x, s):k(x)sx+k(x)jK(x—t)yk(l, S)dt, 0<x<k, (10)
0
k
zk(x, s)z?»(x)sk_x+ X(x)J.K(x—t)Zk(t, s)dt, 0<x<k. (11)
0

Iycts B u B; — 6aHaxoBbl mpocTpaHcTBa GyHKIUH b(x, §) OT ABYX MEPEMEHHBIX C HOPMAMHU
k k

b + b _
i, =sup L M)y _ ot i)

b
|1n s| |1n s|
COOTBETCTBEHHO.
[IpsimMble BBIYUCIICHUS TIOKA3BIBAIOT, YTO oreparop (9) NeHCTBYeT U SIBISETCS CKUMAIONIMM B MIPOCTPAH-

+ + ~
cTBax B . JlokakeM 3TO AJIA IPOCTPaHCTBa B . JIeHCTBUTENBLHO, UMEEM

() [ K= (1, ) 2 )

<

l(x)jiK(x — 1)y (2, s)dt

b
=sup ins|
+ a

< ||yk(x, s)"+ supk(x)IK(x— 1)dt < (o.— 8)||yk(x, s)||+.
* 0

Jlemma 1. Vpasnenue (10) oonosnauno paspewumo é npocmpancmee B, a ypasnenue (11) — 6 npocmpan-

cmee B, npuuem npu k =1, 2, ..., n cnpaseonusvl nepasencmea
yk(x, s)ZO, zk(x, S)ZO, (12)
||yk(x, S)||+ <1, ||zk(x, s)”_ <1, (13)
B do*(s) ¢ do(s)
_Eyk(x, s) s +£zk(x, 5) s <l1. (14)

HoxazaTtenbcTBo. OnHo3HAYHAS pa3zpemmMocThb ypaBHeHui (10) u (11) cneayeT u3 mpuHITHIIA CKATHIX
O0TOOpaXeHUIA.
PaccmoTpum mocrnenoBaTenbHbIe MPUOIIKEHUS

k
y,i"“(x, s)=7»(x)sx+7u(x)jK(x—t)y,Z"(t, s)dt, y,?(x, s)=0, m=0,1, ...,
0

k
ZZH]()C, s)=7\,(x)skfx +7\‘(x)J'K(x—t)Z,'("(t, s)dt, Z,?(x, s)=0, m=0,1,....
0
Tak kax k(x) >0, K(x— t) >0, TO OYEBHIHO, YTO
y,’{'(x, s)ZO, z,i”(x, S)ZO, m=0,1, .... (15)

JIerko mpoOBEPHUTH TAKXKeE, YTO TOCIEIO0BATEIILHOCTH { yi(x, s)} u {z i (x, s)} BO3pacTaroT 1o m. [10 HHIyKIuH
JokaxxeM orieHku (14). Beenem o0o3HadeHMe

Yk(x) = j.yk(x’ S)

do’(s)

|lns|

dc_(s)

|ln S| ’

+jlzk(x, s)

a
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W3 ypasuenwuii (10) u (11) cnexyer, uto yk(x) YIOBIIETBOPSIET YPABHEHUIO

(s'do(s) warx(x)j'K(x—t)yk(t)dt.

vi(x) =2 () +(x)]

PaCCMOTpI/IM IIOCJICJ0BATCIIbHBIC HpI/I6HI/I)KeHI/I}I

|lns| |1ns|

b x + b k—x - k
melf s*do (s) s “do (s) m m_
Y + (x)_}\,(}C)}[W+7\.(X)‘!;W-F7\.(X)V([K(X—t)yk (t)dt, Y =0. (16)
ITo uHyKIMK TOKAXKEM, YTO y;f(x) <1, m=1, 2, ....IlycTh HEpaBeHCTBO BEPHO /I HEKoTOporo m > 1. 13 no-

clieioBaTeNbHbIX puomKeHu (16) ¢ yuerom ycnosus (7) u popmyisl (8) nMeem

() <00 [£90 ) ) AT L ) Tk i =

|lnS| |lns|
_ do(s) bdo (s)
7‘()‘)[! s J

Taxum o6pa30M, IoCJICA0BaTCIIbHOCTD {y?(x)} MOHOTOHHO BO3pacCTacT U ABJISICTCA OFpaHquHHOﬁ CBCpPXY,

HO3TOMY JUTS JTF000T0 (PMKCHPOBAHHOTO X CYIIECTBYET mpeaen lim y)' (x) = yk(x) <l1.
m —> 0

Hepasenctso (14) nokazano. U3 HepaBeHCTBA y,’c”(x) <1, m=1, 2, ..., HEMEIJICHHO BBITEKAET, UTO MOCIIEIO-
BaTEJIbHOCTH { (. S)} u {z,’("(x, s)} cXOmATCA K QYHKIUSM Y (x, s) uz,(x, s) B pocTpaHcTax B, u B, co-

orBeTcTBeHHO. Hepasenctna (12) cienyroT u3 HepaBeHCcTB (15), a HepaBeHcTBa (13) — u3 HepaBenctna (14).
Jlemma mokazana.

O pemrenun ypasHenus (10)

Paccmotpum cemeiictBo ypaBHeHuii (10). [lombiTaeMcst MOMYyYnUTh CBSI3h MEXKIy (QYHKIASIMHU yk(x, S)

Uy, _1(x, s). 3amensist B ypasaenun (10) x Ha x +1, ¢ yueToMm nepuoJuuHOCTH (HyHKINU k(x) M0JTy4aeM
k-1

Vi(x+1, 5)=sh(x)s" +7L(x)j-K(x+1—t)yk(t, s)dt+x(x) J. K(x—1)y,(t+1, s)dt.

Taxum obpazom, y, (x+1, s) YAOBJIETBOPSIET TAKOMY K€ YPABHEHUIO, YTO U yk_l(x, s), HO CO CBOOOJHBIM

1
YJIEHOM sk(x)s’C + l(x)J‘K(x +1- t) yk(t, s)dt. W3 npencrasnenns sapa cieayer, 4To
0

1 b 1
IK(x +1—=1) (1, s)dr = jpxchr(p).[pl_’yk(t, s)dt.
0 a 0

VY4uThIBas OAHO3HAYHYIO pa3pelIMMocTh ypaBHeHHi (10), momyyaem

b
yi(x+1, 8) =5y (x, s)—i—ij (P, )yi_i(x, p)do™(p), 0<x<k—1, 17)

|
rae M, (p, s) = J.plftyk(t, s)dt.
0
Hauwa Gmikaiimas ness — BbIpasuts y, (x, s) uepes y,(x, s)u z(x, s). 3annwem ypasrenue (10) B Bune
k !
yk(x, s) = l(x)sx + X(x)IK(x— t)yk(t, s)dt + k(x)jK(x— t) yk(t, s)dt, 0<x<l1. (18)
| 0

U3 npencrasnenus sapa K(x—7) npu 0 < x <1 umeem

k

jK(x—t)yk(t, s)dt = jiyk(t, s)jip'_xdc_(p)dt = jzpl_xdc_(p)jip’_lyk(t, s)dt.

10
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Orcrona BugHO, 9TO ypaBHeHue (18) spusercs ypaBHeHHeM Buja (5), (6) co CBOOOTHBIM YWICHOM

k( )s +k J-p1 xJ-p’ lyk t, s)dtdcs( ),

a
IMO3TOMY HMX CPABHCHUC MMPUBOJUT K COOTHOILIECHUTO

b
yk(x, s)= y](x, s)+'[Wk(p, s)zl(x, p)dc_(p), 0<x<1, (19)

1

rae W, (p, Ip yk(t s)dt Beenem 0603HaquHHM p, Ipl ’yk Z, s)dt Ql(q, ) j.qlfle(x, s)dx,
0

Lk(q, s)zjquk(x, s)dx, k=12,...,n-1.
0

VmHOxast coorHomenne (17) Ha g%, a coorHomenue (19) Ha ¢' ¥ u WHTETPUPYS TI0 X HA MPOMEKYT-
Kax [0; k- 1] i [0; 1] COOTBETCTBEHHO, [10JIy4aeM JIMHEHHYIO CUCTEMY UHTEIPAJIbHBIX YPABHEHUN OTHOCUTEIIBHO

byuxuuit W, n M,:
b

W(q, s)=sL;_\(q, s)+J.Lk71(q, p)M(p. s)ds*(p),
b ¢ (20)
Mk(q, s) =M1(q, s) +IQ1(q, p)Wk(p, s)dcs*(p), k=2,3,....

Cdhopmynupyem Terneps CIeAyOIIUi aaropuT™ HaX 0K ICHHSI yn(x, s). [ycts k = 2. Kak ObUTO CKa3aHO BEI-
we, npeanonaraercs, 4ro Gynkuun y,(x, ) u z,(X, §) U3BECTHBI, MOITOMY H3BECTHbI Takxke QyHKunu L,(g, s)
u Ql(q, s). Pemus cucremy (20), Mbl onpenenum ¢yukiuu W, u M,. Teneps u3 cootnomenus (19) naiinem
yz(x, s) IIpU X € [O; 1]. Jls 3HaYeHUH X € [1; 2] yz(x, s) HaxOJIUTCS U3 cooTHoIeHus (17). 3aTeM aHAIOTHY-
HBIM ITyTE€M ITOCIIEI0OBATEIBHO ONPEENAIOTCS (VyHKITHN y3(x, s), ces Yy (x, s), TP 3TOM OTCYTCTBYET HEO0XO-
JIUMOCTD B OIIPEJICIICHUN (YHKIIHI Zz(x, s), 23(x, s),

O0ocHoBaHHEe MeTOAA

JoxkaxeM pasperminmocts cuctemsl (20). CHavana paccMoTpuM citydail k = 2. OueBuaHo, uto W, ynosier-

BOpSIET yPaBHEHUIO
b

Wz(q, s)=sL1(q, s)+J.M1(p, s)Ll(q, p)dc+(p)+

+J(_[Q1 (p,v)Li(q, p)ds” ( )] W, (v, s)dcs_(v). (21)
BaezieM 6aHaxoBbI mpocTpaHcTBa £ yHKImi W( J2 s) (a <p,s< b) C HOpMOit

S)|d6i(S)
[In s

|

b w ,
= sup|1np|f| (v
p a

Jlemma 2. Vpasnenue (21) umeem eduncmeennoe pewenue ¢ npocmparcmee E.
Jdoxka3zarenbcTBo. PaccMorpum oneparop

G- j(jQ p,v)Li(q, p)ds*(p )]dcs_(v)

W JIOKaXKEM, 9TO OH JEHCTBYET B MpocTpaHcTBe E' U sBisercs cxumarommmM. Paccmorpum HepaseHcTBo (14)
nput k = 1. YMHOXas 06e 4aCTH 3TOro HEPABEHCTBA HA p'~* H MHTEIPUPYS 110 X HA IIPOMEKYTKE [0; 1] , IOIIy4aeM

do'(s) do(s) -p
IIns| "~ |inp|

TMl(p, 5) +TQ1(p, s)

11
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b N

Ha ocnHoBe 3THX HEPAaBCHCTB UMECM

rae y = sup Iyl X, S)|l |d0( )

0<x<l1
N3 storo HepaBeHCTBa HEIIOCPEICTBEHHO CIEAYET, UTO ||GW2 || < y||W2 || W3 HepaBeHcTBa (14) BBITEKAET, YTO
0<y<1,T.e. oneparop G- ABIAETCS CKMMAIOIIUM B IIPOCTPAHCTBE £ . YTBEPIKIEHHUE IEMMBI TETEPD CIELYET

W3 TIPUHIIATIA CKATHIX OTOOPAKEHHH.
Jlemma 3. Cnpaseonusv nepasencmea

b b dc ) I-p
W, —
{ () o |lns| j ) s <y

a

He BnaBasicb B TeXHUYECKHE noz{po6H00TH, OTMETHUM, YTO JOKA3aTeJIbCTBO OCHOBAHO HA METOAE MOCIIENO-
BaTeJIbHBIX MPUOIMIKEHHIH:

b
W5 (4. 5)=sLea(a )+ [ L p. s)ds"(p), W3 (g, 5)=0,
b
Mg, s) +J‘Q1 p. s)ds (p ),Mg(q, 5)=0.
W3 meMMBI 3 CIeayIoT MOJIe3HBIE OIICHKH:
7., of - <1 (22)

O pemenun ypaBHenus (11)

CoBepIlleHHO aHAJIOTHYHBIM MyTeM pernaercs ypaBHenue (11). TIpuBesieM TONBKO HEKOTOpPBIC KITFOUYEBBIC
MOMEHTBI. AHAJIOTUYHO cooTHOMEHUM (17) u (19) momydaroTcsi COOTHOIIEHUS

b
zi(x+1, 8)=2z,_,(x, s)+IA;[k(p, $)yi_i(x, p)do’(p), 0<x<k-1,

a

b
Zk(x,s =s IW D, S zlx p dc( ),OSxSI,

A qu “zi(x, s)dx, W, (p, s) jpx_lzk(x, s)dx.
|
Oynximn M ( s)ul(q, s) yHOBneTBopﬂIOT CcIIeTyIoNIel CHcTeMe HHTErPaIbHBIX yPaBHEHHIL:
Wk(qa s)= Lk (g, s .[Lk i\4g, P )Mk(p’ s)dos*(p )
(23)
Mk(qa S) Ql q, S IQI q, p VVk(pa )dci(p)’
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Kax u B paznene «O pemennn ypasaenus (10)», 3mech Taxke MOXXHO JI0Ka3aTk, 4To cuctema (23) onHo-
3HAYHO pa3pelrmMa B MPOCTpaHcTBe £ ™. DTy cucTeMy MOKHO PELIMTh IyTeM HTEPaIfii, KOTOPblE MOHOTOHHO
BO3PACTAIOT, SBJIAIOTCS HEOTPHLATEIFHBIMH M OTPAaHUYCHHBIMU CBEPXY 110 HOPME.

3aKkI4YnTeIbHbIC 3aMeYaHuA

Pesromupyst monmydeHHbIE Pe3yNIbTaThl, MOXKHO CHOPMYIUPOBATh CIEAYIONIHI 000CHOBAHHBIN aJITOPHTM
pemeHus ypaBHeHuUH cemerictsa (2), (3), (7) mpu yciaoBuu, yTo QyHKIIAN yl(x, s) u zl(x, s) W3BECTHBI.

Hlar 1. 13 ypaBuenuii (20) npu k = 2 onpenenstorcs yHkuuu W, u M,.

Ilar 2. U3 cootnowmenus (19) npu k =2 Haxogurcst yz(x, s) IIpH X € [0; 1].

Ilar 3. U3 cootnomenus (17) npu k =2 HaxoquTes yz(x, s) JUIsl 3HAUEHUH X € [1; 2].

Hlar 4. 13 ypasuenuii (20) npu k = 3 onpenenstorcsa pyHkuuu Wy n M.

Hlar 5. U3 coornomenwii (17) u (19) npu k =3 Haxoaures y3(x, s) IIpH X € [1; 3].

Ilar 6. AHaJOrMYHBIM MYTEM [TOCTENEHHO ONPEeIIOTCS (PYHKINT y4(x, s), ooy yn(x, s).

Taxoii 5xe anropruT™ MOKeT ObITh CHOPMYIMPOBAH | IS PEILICHHS YpaBHEHHH ceMeiicTBa (4), pHYeM B TOM BaX-
HOM uacTHOM ciy4ae, korma A(1-x)=A(x) n o (s)= o*(s), nmeer mecto paBerctBO Z(x, 5) = ¥y (k—x, ).

CrnenyeT mom4epKHyTh, uTo ypaBHeHus (10) u (20) umerot pa3nuyHyto npupoy. B mporecce muckpeTu3anuu
sinpa ypaBHeHue (10) cBoguTCS K KpaeBoi 3ama4e sl CHCTEMBI OOBIKHOBEHHBIX TP EPEHIINAIBHBIX ypaBHE-
HUH ¢ TIepHoIuIecKUMU K03 duirenTamMmu, Torna kaxk ypasHeHus (20) IpUBOAAT K CHCTEME anreOpandecKux
YpaBHEHHUH.

[Ipencrasisiercs, YTO MPEUIOKEHHBI METOJ MOXET CIIy>KUTh OCHOBOH YCTOHUYMBOTO BBIYHCIUTEILHOTO

aJTOpUTMa peIIeHNs HHTerpanbHOoTro ypaBHeHus (1). [lomyuennsie anpuopusie oreHky (12)—(14) u (22) obec-
MICUMBAIOT BO3MOXKHOCTh KOHTPOJISI TOUHOCTU U CXOJMMOCTH BBIUMCIIMTEIBHOTO MpoIiecca.

OnMCaHHBIH BBILIE IIPOLECC BHMUCIEHHS Y, (X, §) 1 z,(x, §) MOKET ObITb CymmecTBeHHO yckopeH. Ha nep-
BoM miare, ucxons u3 Gysxunmit y,(x, s) n z/(x, s), onpenensem Gynkuun y,(x, s) u z,(x, ) Ha MHTEpBa-
ne x€[0; 2]. lpunnmas 5T GyHKUMK B Ka4eCTBE CXONHBIX U Moaras nepuon ¢pyHkuun A(x) paBHbIM 2,
Ha criejytolleM mare monydaeM v, (x, s)u z,(x, s), 3atem yg(x, s)u zg(x, s)u 1. 1. Taknum oGpasom, Kakas

WTEepalys yaBauBaeT JINHY HHTEpBaJia, Ha KOTOPOM OIPEIEIAeTCs pelIeHne, YT0 00eCeunBaeT HKCTIOHEHITH-
aJbHOE YCKOPEHHE BBIUMCIUTEIHHOTO MpoLecca.
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O KAACCUOUKAIIVY C TOYHOCTBIO AO N30TOIINU IMTPOCTBIX
3-MEPHbBIX KOMMYTATUBHbBIX AATEBP HUAB-PAHTA 1

B. H. ITTH3BYPI'Y, C. B. TYEJHHI[EB?
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Annomayus. JIokazaHo, 4To JIFOOBIC IBE TPOCTHIC 3-MEPHBIC YHUTAIbHBIC KOMMYTATHBHBIC AJIT€OPBI HUITb-paHTa | n3o-
TOITHbI, €CJIN OCHOBHOE TI0JIE SIBIISIETCS are0panuecky 3aMKHYTBIM M HIMEET XapaKTepUCTHKY, OTIINYHY0 OT 2 1 3. Takum
00pa3om, 3aBepineHa KiacCu(MUKAIUs ¢ TOUHOCTBIO JI0 U30TOMHU MPOCTHIX 3-MEPHBIX YHUTAJIbHBIX KOMMYTATHBHBIX

anre6p, COoACPpIKAMNX HUJIb-3JIEMCHTBI MHACKCA 2.

Kniouegvie cnoga: nipoctas 3-MepHas anreOpa; KOMMyTaTHBHAsS anredpa; HUIb-3JIEMEHT; HAJIb-PAHT; H30TOII.

bnrazooaprnocms. Pabora BeinonHeHa npu ¢puHaHCOBOM noxaepxkke Mccnenosarensckoro ¢onna mrara Can-Ilaymy
(FAPESP) (rpanT Ne 2023/01159-5). ABTOpHI BEIpaxatot npmHatenbHOCTh U. b. Kaiiropomosy, A. I1. [Toxxumaesy u U. I1. Ilec-
TaKOBY 3a MOPaJIbHYIO MOJIePkKKy, a Takke O. B. I1lamkoBy 3a BcecTOpOHHEE COEHCTBHE M HOMOIIb B 0(DOPMIICHUH CTAThH.

O0pa3en NUTHPOBAHMA:

Imu36ypr BU, [Muenuaues CB. O knaccuukanmy ¢ TO4HOCTHIO
JI0 M30TOTINH MPOCTHIX 3-MEPHBIX KOMMYTATHBHBIX ajreOp HUIIb-
panra 1. JKypnan benopycckozo 2ocydapcmeennozo ynueepcu-
mema. Mamemamuxka. Unghopmamuxa. 2026;2:14—27 (Ha aHriL.).
EDN: ARAJQP

For citation:

Glizburg VI, Pchelintsev SV. On classification up to isotopy of
simple 3-dimensional commutative algebras of nil-rank 1. Jour-
nal of the Belarusian State University. Mathematics and Infor-
matics. 2026;2:14-27.

EDN: ARAJQP

ABTOpBI:

Buma Ummanyunosna I'nuzoypez — kannunar Gpusnko-mMarema-
THYECKHUX HAyK, JOKTOP ITeJarOTHIECKHX HayK, JOIIEHT; Ipodec-
COp ZemapTaMeHTa MeTOUKN 00ydeHust MHCTUTYTa MeJaroruku
U TICHXOJIOTUU 00pa30BaHusl.

Cepzeit Banenmunoesuu Iluenunyee — 1oxTop (Hu3nKo-mare-
MaTH4eCcKuX Hayk, mpodeccop; npodeccop kapenpbl Marema-
THKH U aHaJIM3a JaHHBIX (akynbTeTa HHPOPMALMOHHBIX TEX-
HOJIOTHI U aHaJm3a OOJBIINX JaHHBIX.

Authors:

Vita I. Glizburg, PhD (physics and mathematics), doctor of sci-
ence (pedagogy), docent; professor at the department of teaching
methods, Institute of Pedagogy and Psychology of Education.
glizburg@mail.ru

https://orcid.org/0000-0003-1230-6931

Sergey V. Pchelintsev, doctor of science (physics and mathema-
tics), full professor; professor at the department of mathematics
and data analysis, faculty of information technology and big
data analysis.

pchelinzev@mail . ru

https://orcid.org/0000-0001-7857-9532

14



MaremaTuueckasi 10THKa, aJIre0pa H TEOPHU YUCe]T
Mathematical Logic, Algebra and Number Theory

ON CLASSIFICATION UP TO ISOTOPY OF SIMPLE
3-DIMENSIONAL COMMUTATIVE ALGEBRAS OF NIL-RANK 1

V. I. GLIZBURG S. V. PCHELINTSEV®

*Moscow City University, 4 Vioroj Selskohozjajstvennyj proezd, 1 building, Moscow 129226, Russia
®Financial University under the Government of the Russian Federation,
49/2 Leningradskij Avenue, Moscow 125167, Russia

Corresponding author: V. I. Glizburg (glizburg@mail.ru)

Abstract. 1t is proved that any two simple 3-dimensional unital commutative algebras of nil-rank | are isotopic if the
ground field is algebraically closed and has characteristic different from 2 and 3. Thus, the classification up to isotopy of
simple 3-dimensional unital commutative algebras containing nil-elements of index 2 is completed.
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Introduction

Everywhere below it is assumed that the main field is algebraically closed and its characteristic is different
from 2 and 3.

An algebra with unit 1 (neutral element under multiplication) is called unital. An algebra is called simple if it
has the non-zero multiplication and does not contain its own ideals. Algebra is called isotopically simple if
every its isotope is a simple algebra.

The interest in the study of isotopically simple algebras is associated with Bruck’s theorem on composition
series [1]: every finite-dimensional algebra 4 has the isotope B, in which there is a composition series

B=B,>B >B,>..>B,=0,

where B, , < B; (ideal) and factor algebras B, /B, ,,,i =0, k—1, are either isotopically simple or 1-dimensio-
nal algebras with zero multiplication.

In the same work [1] R. H. Bruck proved that there are no 2-dimensional isotopically simple algebras.

Studying of 3-dimensional isotopically simple algebras is quite a difficult task.

It is known [2] that every simple 3-dimensional anticommutative algebra is isotopic to Lie algebra s/, se-
cond-order traceless matrices.

Work [2] provides a fairly complete list of papers related to the study of isotopes.

A significant number of publications are devoted to the study of isotopes associated with automorphisms of
commutative associative algebras (see [3]).

Papers [4—6] studied isotopes of alternative, (-1, 1) and Jordan algebras. In work [7] it was shown that among
the isotopes of Jordan algebra of a symmetric bilinear non-degenerate form on an infinite-dimensional vector
space there are both simple algebras and algebras containing ideals with zero multiplication.

A non-zero element a is called a nil-element of index 2 if a* = 0. The maximum number of linearly inde-
pendent nil-elements of index 2 is called the nil-rank of the algebra. In publication [8] is given a classification up
to isotopy of simple 3-dimensional unital commutative algebras of nil-rank 2. It turns out that every such algebra is
isotopic to Jordan algebra .J of a symmetric bilinear non-degenerate form on 2-dimensional vector space.

This work is devoted to proving an analogue of the above result for algebras of nil-rank 1. Let’s describe
its contents.

Let C be a simple 3-dimensional unital commutative algebra of nil-rank 1 and a € C be a nil-element of
index 2. Then the operator R, is either nilpotent or there exists 0 # b € C such that ab =b. In the first case
we say that C is of Engel type, and in the second case that it is regular.

First we prove that an algebra of Engel type is isotopic to some regular algebra. Then we classify up to iso-
morphism the regular algebras and define the conditions under which a regular algebra has nil-rank equal to 1.

The work considers the commutative algebra, which we called special,

D=<1, x, y|x*=0, xy=y, y2=1>,
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and the main result is proven in the work: every simple 3-dimensional unital commutative algebra of nil-rank 1
is isotopic to the special algebra D.

It can be proved that all unital commutative isotopes of Jordan algebra J and special algebra D are standard,
and, therefore, they have the same nil-rank as the original algebra.

Thus, taking into account the publication [8] and the made remark, the classification is obtained accurate to
isotopy of the simple 3-dimensional unital commutative algebras, containing nil-elements of index 2.

Every such algebra is isotopic to one and only one of the following three algebras depending on its nil-rank 7:
cyclotomic algebra for » =3 ([2], theorem 5), Jordan algebra of non-degenerate bilinear symmetric form for
r =2 ([8], theorem 1), or special algebra for » =1 (see lemma 6 and theorems 2 and 3).

Albert isotopes

In 1942 A. A. Albert [9] introduced the concept of isotope. Let’s remember that the linear algebras (A, ) and
(B, o) over the main field F are called isotopic, if there is a triple A = (o, y, &) of linear isomorphisms 4 — B,
satisfying the condition x?o y¥ = (x . y)é for any x, y € A. In this case, the triple of isomorphisms A is called

isotopy. The isotopy relation is a broader equivalence relation than the isomorphism relation.
Let f, g: A— A be the linear automorphisms of the additive structure of algebra (A, ) Let us define

the algebra 4" = AY® on the same linear space 4 with respect to the new multiplication x * y = x/y¢ for any

x, y € A. Algebra A" is called the main isotope of algebra 4.

It is known (see [4] or [9]) that two algebras are isotopic if and only if one of them is isomorphic to the
main isotope of the other. In particular, if the algebras 4 and B are unital and isotopic, then the main isotope B”
is also unital.

Albert theorem. If isotope A™ = A g unital, then there are elements g, h € A such that R, = yL,=1,.

A short proof of this theorem can be found in paper [4].

Definition 1. An element a of the algebra 4 is called R-invertible, if the operator R, : x = xa of right mul-

tiplication by the element « is invertible (non-degenerate). Note that the inverse operator R;l, generally speaking,
is not a right multiplication operator (see, for example, [8]).

Let’s denote the set of non-zero scalars from F as F". The following two lemmas, proven in publication [8],
are valid.

Lemma 1. Let A be an algebra, o, 1€ F* and 1=1,. Then the isotope A=A

ration a*b = (Ga)(’tb) and the algebra A are isomorphic.
Definition 2. An isotope of the algebra C of the form C*= C°*®) & e F* is called standard.
Lemma 2. The algebra C and its standard isotope C*= C (0 9) pave equal nil-ranks.

(oL <) yigh respect to the ope-

Simple algebras of Engel type

Throughout below, unless otherwise is stated, the term «algebra» means that we are talking about the
3-dimensional unital commutative algebra C over an algebraically closed field F of the characteristic different
from 2 and 3.

Definition 3. An element a # 0 of the algebra C is called nil-element of index 2 if a* = 0.

Definition 4. The algebra C is called the algebra of Engel type, if for some nil-element a of index 2, the
operator R, is nilpotent.

If C is a simple algebra of Engel type and its nil-rank is 1, then the nilpotency of the operator R, holds for
any nil-element b of index 2, since a and b are proportional.

Lemma 3. /n any simple algebra C of Engel type it is possible to choose the basis (1, X, y) so that x* =0,
xy =1. Moreover, the operator R is nilpotent of index 3.
Proof. Let’s note that if(l, X, y) is the basis and x* = 0, xy =1, then

1R’ =0, xR =0, yR> = x, yR =0.
Let a be a nil-element of index 2. Then the elements 1, a are linearly independent.

Let’s consider the subspace U = <1, a), generated by elements 1, a. It is invariant under R,, which means

that on the one-dimensional space C /U the nilpotent operator R, has zero effect. Then there is b ¢ U such that
ba =M\ +pa for some A, peF.

Note that the elements (1, a, b) form the basis of the algebra C. If A =0, then ba =pa and <a> is a proper
ideal in algebra, which contradicts the simplicity of the algebra C. This means A # 0. Therefore, (b - ul)a =\l
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and (b - ul)(?fla) =1. Then after the replacement x:= X 'a, y:=b—ul we obtain a basis of the algebra C of

the required form. The lemma is proven.
Let’s note that by virtue of lemma 3 it is necessary to know the expansion of the vector y* in the basis

(1, x, y)to describe the structure of the algebra C. Let
C=<1, X, y|x2= 0, xy=yx=1, y2= rll+12x+r3y>.

Lemma 4. Under the conditions of lemma 3 in the algebra C we can choose the basis (1, X, y) so that
x*=0, xy =1 and one of the conditions is completed.:

() y*=x;

(ii) y* =tx+y, where 1€ F.

Proof. According to lemma 3 in the algebra C we can choose the basis (1, X, y) such that x? = 0, xy =1
Let y':= y+px. Then

xy'=xy+px’=xy=1,
Y= (y+px)2 =y +2pxy =(2p+1)1+1x+ 13

So, choosing p so that 2p+ 1,= 0, we can assume that the basic elements 1, x, y satisfy the following

equalities:
x*=0, xy=1, y*= T,X+ T3 ).

Let’s make one more replacement: x' == px, y":=p"'y. Then
X?=0, xy'=1, Wy? =y = x+ 1,y =,u X + T,y

Multiplying both sides of the last equality by p > we get

12 -3 -1
Vi=nuTx ey
Let’s consider two cases:

(i) T3 =0. Then y'* = 1,ux’ and, putting u* = 1,, we get y'> = x';
(ii) T3 # 0. Then, putting p =14, T=1, >, we have y'? = tx'+ )"

Reduction to regular algebras

Definition 5. The simple algebra C is called regular if it is possible to choose the canonical basis (1, a, b)
such that a®= 0, ab =b.
Remark. Let C be a regular algebra with canonical basis (1, a, b). Then the operator R, is not nilpotent.

Conversely, if a” = 0 and the operator R, is not nilpotent, then it has an eigenvector b corresponding to a non-
zero eigenvalue A, that is ab = Ab. It is clear that b ¢ <1, a>. Replacing the vector a by the vector a'= A ™'a, we
obtain the canonical basis (1, a b).

Let’s now prove the following result.

Theorem 1. 4 simple algebra of Engel type has a regular isotope.

Proof. Let’s consider two cases of algebras of Engel type indicated in lemma 4.

(i) Let in the algebra C the following relations be satisfied for the elements of the canonical basis (1, X, y):

x*=0,xy=1, y’=x
Let us set ¢ :=1+y and show that the operator R, is invertible:
lc=c=1+y, xc=x(1+y):1+x, yc:y(1+y)=x+y.

This means, that by identifying, as usual, the operator and its matrix, we have

101
R.=|1 1 0}, det(R,)=2#0.
01 1
Let’s put
| 11 -1
q;:Rc‘zE -1 1 1
1 -1 1
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Let’s consider the elements
a=1+x, b=x+y, e=c*=1+x+2y.
Then we have

11 -l
a®=(1,1, o)-% -1 1 1]=(0,1,0)=nx,
-1 1
11 -l
b* = (0, 1,1)-% -1 1 1]=(0,0,1)=y.
1 -1 1

Let’s consider the isotope C*= C (9) Where u*v = u®v®, and the products in it

e*v=cv"’=v((pRc)=v, a*a=a%"=xx=0,
a*b:a‘pb(":xy:l:%e+%a—b, bxb=b""=y*=x=a-1.
Let’s put a'= —a, b'=b—le. We have a'*a’'= a*a =0 and
a'*b'=—a*(b—%ejz—(%e+%a—bj+%a=b—%e=b’.

It’s clear that the operator R, is not nilpotent.
(i1) Let the following relations be satisfied in algebra:
x*=0, xy=1, y*=1tx+y.
Let us assume that t+2 # 0. Let’s put ¢ :=1+ y and show that the operator R, is invertible:
le=c=14+y, xc=1+x, yc=y(1+y)=rx+2y.

It means that,

1 01
R.=|1 1 0], det(R.)=1+2#0.
0 t 1
Let’s put
|
@::RL,‘I:L 2 2 1],
T+2
Tt -t 1
a=1+x, b:=1x+2y, e=c*=1+1x+3).
Then
. 2 0t -1
a®=(1,1,0 -2 2 1 (=(0,1,0)=x,
(R (0.1,0)=x
T -1t 1
. 2 1t -1
b*=(0, 1,2 -2 2 1 (=(0,0,1)=y.
(0% 2)— (0,0.1)=>
T -t 1
Let’s consider the isotope C*= C'* ®) where u *v = u®*
We have
e*v=cv‘p:v((pRc):v, a*a=a%"=xx=0,
1
a*b=a""=xy=1= et——a- 3

a .
T+2 T+2 T+2
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The operator R, of right multiplication by the element « in the algebra C” is not nilpotent, since the vector

e+ wa —3b is an eigenvector of R, corresponding to the eigenvalue A =— 43—2 :
T
a*(e+—(3t_l)(1+2)a—3bJ+ 3 [e+ (31_1)(T+2)a—3bj =
3 T+2 3

Ca3geps 3 [e+(3r—l)(1+2)a_3b):
T+2 3

:a—?{ ! +—a- 3 b)+ 3 (e+(31_1)3(r+2)a—3bJ=0.

a
T+2 T+2 T+2 T+2

Let now t=-2 and the following relations hold in the algebra:
x*=0, xy=1, y2: —2x+y.
Let’s put ¢ :=1-y and show that the operator R, is invertible:

le=c=1-y, xc:x(l—y):—1+x, yc:y(l—y):2x.

Then
1 0 -1
R=|-1 1 0|, det(R,)=2=0.
0 2 0
Let’s put
0 -2 1
(pzzRglzl 0 0 1],
2
2 21
a=-1+x, b:=2x, e::c2:1—2x—y.
Then
0 -2 1
a‘pz(—l,l,O)-% 0 0 1|=(0,10)=x,
2 21
0 21
b= (0,2,0)- 3/ 0 0 1)=(0,0,1)=y.
2 21

(0, @)

Let’s consider the isotope C*= C'* ¥, where u * v =u®v®. We have

exy=cy?= v((pRC)zv, a*a=a% " =xx=0,
1
a*bzawb‘p:xy:l:—a—i-ab.
The operator R, of right multiplication by the element a in the algebra C” is not nilpotent, since it has an
. . . 1
eigenvector 2a — b, corresponding to the eigenvalue A = 5:

a*(2a—b)—l

(Za—b)z—a*b—a-i—lb=—(—a+lbj—a+lb=0.
2 2 2

The theorem is proven.
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Classification of regular algebras up to isomorphism

Special algebra D. Let us define a special algebra.
Definition 6. Let’s call a special the commutative algebra of the form

D=<1, x, y|x*=0, xy=y, y2=1>.

Lemma 5. The special algebra D is regular.
Proof. Let a=al+px+ vy be a nil-element of index 2 in the algebra D. Then

0= (ocl +Bx+ ](y)2 = (oc2 + y2)1 +20PBx+ 2(0L + B)yy.
Since the elements 1, x, y are linearly independent, then
a’+y>=0, aPp=0, (oc+|3)y=0.

Let’s prove that o = 0. Let, by contradiction, o # 0. Then 3 =0 and y =0, which implies o = 0.

So, o =0, but then y =0, which means that the elements @ and x are proportional, that is the nil-rank of the
algebra D is 1.

Further, the operator R, is not nilpotent, since y is its eigenvector, corresponding to eigenvalue 1.

Let us show now that the algebra D is simple. Let / be a proper ideal in D.

1. Let’s first prove that / cannot contain any of the basis vectors 1, x, y. Obviously, 1¢ I. If y €/, then
l1=y?’e I.Ifxel, then y=xyel.

2. Let’s prove now that / cannot contain a vector of the form ol + x +7yy, where exactly two of the three

scalars a, B, y are non-zero. [f x+yy € [ and y # 0, then yy = x(x + yy) € I, which is impossible due to the item 1.

If1+Bxel, then x= x(l +[3x) € I, which is also impossible. I[f 1 +yy e [, then x+vyy = x(l +yy) € I, which is
impossible due to the previous one.
3. Let’s prove that / cannot contain a vector of the form u =1+ Bx +vyy with non-zero scalars B, y. If u € /,

then /> ux = (1 +Bx + yy)x = x + 7Yy, which contradicts the item 2.
The lemma is proven.
Basic types of regular algebras. Let’s consider the unital commutative algebra

D(p17 pZ: p3):=<17 a, b|612= 07 ab:b: b2= p11+p2a+p3b>,

where p;e F, i=1,2,3and p, # 0.
Note that every regular algebra has the indicated structure. The algebra D(O, [ p3) is not simple, since

(a, b)is its ideal.
Lemma 6. The regular algebra D(pl, Py, p3) is isomorphic to one of the algebras:

D(py, p3, 1), D(py, 1, 0), D(py, 0, 0).

Moreover, D(pl, 0, O) for p, # 0 is isomorphic to the special algebra D.
Proof. Letb'=Ab, A #0.Then ab’'=b" and

A= b= pl+p,a+pb=pl+pa+p, LD

After multiplying both sides of this equality by A% we get b = A*p,1+A*p,a + Ap;b'.

If p, # 0, then for a suitable A we have Ap; =1, hence the algebra D(pl, Py, p3) is isomorphic to the al-
gebra D(pj, ph, 1) for some scalars pj, pj.

If p; # 0, then in the algebra D(pl, Py, 0) we have b* = p;1+p,a. Let us assume that p, # 0. Then for
b'=Ab, L %0, we have ab'= b’ and b'>= A?p,1+A*p,a. Let’s choose A so that A*p, = 1. Then the algebra
D(pl, Pys O) is isomorphic to the algebra D(pi, 1, 0) for some scalar pj.

If p, = p; =0, then the algebra D(pl, 0, O) satisfies the following relations: ab =b, b* = p,1. Since p, # 0,
then, similar to the previous one, the algebra D(p,, 0, 0) is isomorphic to the algebra D(1, 0, 0), which coin-
cides with the special algebra D. The lemma is proven.
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Nil-ranks of the algebras D(p,, p,, 1) and D(p, 1, 0). Let’s prove the following lemma.
Lemma 7. The following statements are true:

(i) the nil-rank of the algebra D(p, 1, O) is equal to 1 if and only if p # —%;

(ii) the nil-rank of the algebra D(pl, Py, 1) is equal to 1 if and only if (Zp1 +p, )2+ p; = 0.

Proof. Let us assume that z=Ba+vb is a nil-element of index 2 in the algebra D(pl, Pys p3), where
p;#0.Then 0=z =(Ba+ yb)2 = 2Byb+7> (py1+pya+psb).

Since the elements 1, a, b are linearly independent, then yzpl =0 and y =0, that is the elements z and a are

proportional. So, without loss of generality, we can assume that the nil-element of index 2 has the form
z=1+Pa+vybh.

(i) In the algebra D(p, 1, 0) we have
0=2z2=(1+Ba+yb)’ = 1+v*b> + 2Ba +2yb+2Byab =
=(1+y2p)1+(2[3+y2)a+2y(1+[3)b.
Since the elements 1, a, b are linearly independent, then
1+v°p=0, 2B+7y* =0, 2y(1+B) =0.
From here we get y #0, B=-1, 2Bp =1, which means p = —%.
(i1) In the algebra D(pl, Pys 1) we have
0=z2= (1+Ba+yb) = 1+y*h* +2Ba+2yb+2Byab =
:1+y2(p1 +p2a+b)+2Ba+Zyb+ 2Byab =

=(1+7°p 1+ (2[3 + yzpz)a +(2B+y+2)yb.

Note that y # 0 and the following equalities are true:
1+y%p, =0, 2B+7°p, =0, 2B+7+2=0.

From the first two equalities we obtain

0= (1"‘sz1 )pz _(ZB+Y292)91 =p, —2Bp;.

2
Therefore, = 2p_2 and y=-2B— P2 Then the equality 1+ yzpl = 0 takes the form 1+ p, (_p_z - 2] =0.
1 P P

After multiplying both sides of this equality by p, we have (Zpl +p, )2 + p; #0. The lemma is proven.

Standard isotopes of the algebra D

Definition 7. Let E (oc, [3) denote the unital commutative algebra with the basis (1, X, y) and the multi-
plication table

x*=0, xy=c,1+0,x+0,y, yr= 71+ Tx+ 13,
where

o =—P5, 0,=20P3, oy=(p’+1)3,
7 =(a+1)8, 1, =-2a(a+1)d, 1;=—2p8,
=

5=(a—p*+ap’+1) .

Lemma 8. The algebra E(OL, B)for any scalars a, B, satisfying the condition o.—B*+ ap®+ 10, is iso-
topic to the special algebra D.
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Proof. Let o, p e Fand o —B*+ ap?+ 1 0.In the special algebra D, let’s consider the element ¢ == 1 + a.x + By
and calculate the operator R:

le=l+ax+By, x''=xc=x+py, y’:=yc=Bl+(1+a)y,

Il a B
R=[0 1 B | det(R)=58"=a-p*+ap’+1.
B 0 1+a

Let’s assume e :=c? = 1 + B*1+ 20x + 2By + 20Bxy = (1+B2, 2a, 2(0L+ I)B)
1+p> 20 2(a+1)B

Since| 0 1 B d=1, thene, x', y" are linearly independent.
B 0 o+1

a+l —-o’-a of-PB
Let’s put :=R.'=8| B° —p’+oa+1 —B | Note that x*=x, y’*=y. So (e, x', ') is the basis

B of 1

of the isotope D* = D9 4%y = u%'v". We have

exv=y, x'*x'=0, x'*y’:xy:yz—B8e+2B8x'+(B2+ 1)6y',

V*y' =y*=1=(a+1)de—20 (o +1)5x' - 28y,

the last two equalities are checked directly.
Thus, it is proved that the algebra D" is isomorphic to the algebra E (o, B). The lemma is proven.

Main results
Isotopes of the algebra D(p, 1, 0). Let’s prove the following theorem.
1
Theorem 2. Algebra of the type D(p, 1, 0) forp# -3 is isotopic to the algebra D.

Proof. By lemma 8 it is sufficient to understand that in the algebra E (OL, 0) there are elements such
that the equalities are satisfied
a’=0, ab=b, b’=pl+a, (1)
provided that p # ——. Note that for 5 =0 we have the following parameter values, participating in the defini-
tion of the algebra E(OL, 0):
1

6,=0,=1;=0, G3=6=m, =1, 1,=-2a.

Multiplication in the algebra E(a., 0) is given by the table
x*=0, xyzLy, y2= 1-2ax.
I+a
We will look for elements a, be E (oc, O) that satisfy relations (1) in the form

a=(oc+1)x, b=0y.
We have 0=ab—b=(a+1)8xy -0y :(a+1)6%y—6y:0,
+a
Ozbz—(p1+a):62y2—(p1+(a+1)x):
=92(1—2(xx)—(p1+((x+1)x)=(62—p)l—((x+1+2920c)x.
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So, in order relations (1) to be satisfied, it is necessary and sufficient to fulfill the equalities 6% = p,
. 1 . .
oc(1+262)+1:0 or 0°=p, a(1+2p)+1: 0. Since p# — then the last system is solvable with respect

to the unknowns o and 0. The theorem is proven.

By virtue of lemmas 2 and 7 (i) the restriction p # - in theorem 2 is essential.

Isotopes of the algebra D(p,, p,, 1). Let’s prove the following theorem.

Theorem 3. Algebra of the type D(pl, Pas l)for (2p1 + p2)2 + p, # 0 is isotopic to the algebra D.

Proof. By virtue of lemma 8, the algebra D is isotopic to the algebra £ (a, [3). Let’s prove that the algeb-
ra D(pl, Pas 1) is isomorphic to the algebra £ (oc, B) for some a, B, and B # —1. Recall that the commutative
algebra E (o, B) has the basis (1, x, y) and the multiplication table

=0, xy= o,l+o,x+05y, y = 71+ Tx+ 14,
where
o,= P8, 6,=2aps, o;=7'3,
1 =(a+1)d, 1,=20(a+1)d, 1;=-2p3,
-1 -1
y=(B*+1) , d=(a-p’+ap’+1) .
It is enough to understand that in the algebra £ (a, [3) there are elements a, b, which

a*=0, ab=b, b*=p,1+p,a+b. 2)
0 1 0
The operator R in the algebra E (OL, [3) has the form R, =| 0 0 0 |. Its characteristic polynomial is
G, O, O,
0 1 O
equal to ¢ (t—o03), this means that its Jordan form is a matrix of the form| 0 0 0
G, ©, O,
Let’s check that the Jordan basis of the operator R, consists of the vectors 1, x, b, where

+
b=01+0,x+y, 6,= ﬂ’ 0,= O, (272(53 '
03 03
Note that o; # 0 and check the equality bx = o;b:

bx=(01+0,x+y)x=0x+ xy =0, x+0,1+0,x+0;y =

G, ©,+0,0
=c511+(91+62)x+03y=03(—1+1—223x+yj=

O3 G3

2

+
=0, [ﬂ+mx+y]=63(611+92x+y)=63b.
O3 O3

Vectors a, b of the form a:= ix, b=0,1+0,x+ y satisfy the first two relations (2). The validity of the

O3
first equality a” = 0 is obvious. Let’s check the second equality ab = b:
abzix . b=L . bx=L - o3b=0.
O3 O3 O3

Note that the following equalities are true:
x=03a, y=—0,1-0,0;a+b. 3)
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It remains to understand that according to the given scalars p,, p, it is possible to choose a, B so that the
third equality from relations (2) is satisfied. We have

b* = (0,1+0,x+y)* = 0] +20,0,x +20,y +20,xy + y°=
= 612 +20,0,x+20,y + 20, (011+62x+G3y)+('cll+12x+r3y):

= (07 +20,0, +1, )1+ (20,0, + 20,0, + T, ) x+(20, + 20,0, + T3 ) .
Let’s put
EJ = 291 + 29203 + T3. (4)

Later we will show that for a suitable choice of scalars o, p the relation & # 0 holds. Continuing the cal-

culation of b2 due to equalities (3) we have
b= (912 +20,0,+ 1, )1 +(26,0, +26,0, +1,)osa+Ey =

= (07 +20,0,+ 1, - £0, )1+ (20,0, + 20,0, + 1, ~ £0,)5ya+ &b,

that is
b*= A1+ ha+Eb, (5)

where
A =00 +20,0,+1,—£0,, A,=(20,0,+20,0,+1,-E0,)0;.
Setting b =&b', due to relation (5) we have 25> = A1+ A,a + &b, hence,
a*=0, ab'=b', b*=LE21+N,Ea+D.

To prove the isomorphism of the algebras D(p;, p,, 1) and E(a., B), it is sufficient to establish the validity

of the equalities
Pi=ME” py=2gE” (©)

Let us prove that it is possible to select the scalars ((x, B) so that equalities (6) are satisfied. Let us present

the corresponding reasoning in the form of a sequence of points.
1. Let us show that & = 2([32 - 3)By8. Consistently we have

0,= 2L =c,0;' =5 - 15" = By,
G;

2=20L[38 - y87'= 20y,
O3
1% _ _B5-20B8 - 15 = —2apys,
G3
=00 L L Oy %y iy dapy =y + 2apy,
C3 O3 O3 G

0,0, =L +0,=20B5—Pr.
O3

Let us now transform the following expression:

457+ 2(20-1)y " = —4(a—BP+ apP+ 1)+ 2(2a—1)(p’+ 1) =

=—40+ 48"~ 4o’ - 4+4ap’- 287+ da-2=2(p*-3).
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Due to formula (4) we have
£=20,+20,0,+ 1, =—2By-2By+4aP6-2Bd =
=—4By+2(20~1)B5 = (45 "'y +2(20-1))B3 =

= (~457"+ 2(20- 1)y )pyd =2(p* ~3)pya.

2. Let us show that A, = y* Using the equalities o1 —Bvy and %1% _ g B*y3, we have
G3 C3

2
0,0,= [iﬁ-'_&}jl - [ﬁj + 2% (By)z— 2ap*y8=Pp*y(y —20d).

O3 O3

Let us now transform the following expression:
40y (o )y 2+ 2(B - 3)B7 = —aap (B2 1)+ (+ 1) (B2 1) + 2(B2 - 3)pR=
=—4ap*- 4o+ o+ 20+ a+ B+ 2B+ 1+ 2B - 6p°=

=—30B*~ ap’+ o+ 3p* - 4p7+ 1=—(3p7- 1)(a—[32+ ap?+ 1)= —(3;32— )57
Completing the calculation of ,, we obtain

Ay =07 +20,0,+7,— €6, = (By)"+ 2B’y (v—208) + (ot +1)3+ 2(B* - 3)B*y’5 =

=3(By)’- 4aBPy5+ (o +1)8+2(B° - 3)p*y%5 =

=3(By)"+ (—4aBy "+ (ar1)y 2+ 2B 3)B)y0 =3(By) - (387~ 1)y =7

3. Let us show that &, = ~2(a+2B*+ ap?)y’3.

-1
Let’s first consider the expression y =2, (y28) :

-1

-1
x="2(1%8) = (20,0, +20,0, + 1, - £6,) 04 (1)
N 25\ cls 251 -3 3_ B
ote that o, (y 8) =y 0y "0 =y . Hence, yy'= 20,0, +20,6,+1,-E0,.
Because 6, =y, 0,= —By*87'+ 2a.By, G, =209, then
1y’ =87 (8a’B7y5’— 8y’ + 287y + EBY + 7,0 — 26 Byd).

Let’s note that
Y=p+q+r,

where p:=y>8" (8oczl32y82— 8al Bzyzé), qg=y>8" (2B2y3 + éBﬁf), ri=y78" (1,0 - 26aByd).
Let us calculate the values p, ¢, r, taking into account that
-1

y=(B+1) ) 5=(a—P+api+l) .
Firstly, p =8ap*y™> (oc8 - y) = 8(1[32([34 - 1)8. Secondly, using & = 2([32 - 3)[3y8, we have
q=By'5" (2By+£) =257+ (B~ 3)) =28 (B’ + 0 2).
Finally, thirdly, the following equalities are true:
r= y_3 (12 - 2@(1[33() =—2ay_3((0,+1)8 + E)By) =

=20 (B +1)(c 4B+ 33* + 20+ a B’ + 1)3.
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Theny=p+q+r= —2((1 +2B% + aBz), hence, A, = —2(a +2B% + aBz)yzé, and item 3 is proven.
4. Using equalities (6) and items 1-3, we get the system

pP1= 7“1&\72 = YZEIZ = iKz (Bz - 3)_2 672,

(7
P N -2 2 2\ -1
pa=haf 7= =B (B -3) (o427 +ap?)s
P __ 2 2 ing o= P2
where = 2(0L+2[3 + of ).Assumlng p:=—=, we have
Pi P
p(oc—B2+ ocB2+1):—2(oc+2ﬁ2+ ocﬁz),
therefore, if p+2 # 0, then
L i
a=f(B*)=— =) ®)
(B +1)(p+2)
If p=-2, then 1-3B%=0.
Let’s note that system (7) is equivalent to the system
1. 2 _
pi=B7(p*-3) 87
4 (€))

p(a B2+ ap+ 1) =—2(0c+2[32+ 0([32).
5.1f1-3p%# 0, then p+2 # 0 and equality (8) holds.
6. With the value o. = f ([32) specified in equality (8), we calculate 8 ' and &:
2

B(B*-3)
57— (1738%) EL = (P+2) s
) 52 ) Bl A

7. Parameter 3 must be chosen so that & := (2pl +p, )2 +p, #0.

Let’s assume that £k = 0. Then (2p1 +p, )2 =-p,and 2p, +p, = —i\/p_l. By virtue of equalities (6) and item 2
we have 2y + k2§_2 =—iy, 2y°+ Ay+ iyE? = 0. Using now the equalities A, = —2(a +2B% + ocﬁz)yzé and
€= 2[3([32 - 3) Y9, proven in items 3 and 1, respectively, we get

—2y2(8(oc+3i[3+2[32— i+ aﬁz)—l) -0,
taking into account that y # 0, we have
o +3iB+ 28— i+ ap? =57, o(1+p°)+3ip+2p°— ip’= 57"
By virtue of equality (8) and the representation 8~ from item 6 we obtain
~4p+ p(B*-1)
p+2

+3iB+ 27— ip® = p—iz(l—sﬁz),
—4B2+ p(Bz— 1)+(p+z)(3iﬁ+2ﬁz— iB3)=2(1—3B2),
(p+2)(—i[33+ 3B+ 3ip —1) =0, (B+i)' =0,

8. We must prove the existence of a solution to system (9) provided that k£ # 0. Let us choose 3 as the root
of the equation

(1- 3t2)2= pr(p+2) (- 3)2,
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—4p°+ (B~ 1
where p = &, except numbers 0, iL +\/§, i Let’sput o= ( )

Py V3T (B*+1)(p+2)

is the solution of system (9) and k # 0, hence, the algebras £ (OL, [3) and D(pl, [ 1) are isomorphic. The theo-
rem is proven.
By virtue of lemmas 2 and 7 (ii) the restriction on parameters p,, p, in theorem 3 is essential.

. Then a pair of values (a., B)
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EQUIVALENCE TRANSFORMATIONS OF FAMILIES
OF SECOND-ORDER QUASI-LINEAR HYPERBOLIC EQUATIONS
OF A TWO-VARIABLE FUNCTION

D.S. ZHALUKEVICH®

Institute of Mathematics, National Academy of Sciences of Belarus,
11 Surganava Street, Minsk 220072, Belarus

Abstract. In this work, we search for infinitesimal equivalence transformations of four families of second-order
quasi-linear hyperbolic equations of a two-variable function, i. e. transformations of dependent and independent variables
that transform each equation of a given family into another equation of the same family. We also calculate the infinitesimal
point symmetries of these equations. We conduct a comparative analysis of the obtained symmetry algebras of different
families of second-order quasi-linear hyperbolic equations.

Keywords: differential equation; Klein — Gordon equation; quasi-linear hyperbolic equation; point symmetry; equi-
valence transformation.

BBenenune

B nanHo# paboTe uiyTces mpeoOpa3oBaHysi 3KBUBAJICHTHOCTU CEMEHCTB KBa3MIIMHEHHBIX TUIIEPOOTMIESCKUX
ypaBHEHUI BTOPOTO MOpsiika (PyHKIMH JBYX MIEPEMEHHBIX, T. €. TAKUE MH(OUHUTE3UMAJIbHBIC IPe00pa30BaHuUs
3aBUCHMOH M HE3aBUCUMOH IIEPEMEHHBIX, KOTOPHIC OCTABIISIIOT HA MECTE BCEe CEMEHCTBO ypaBHEHHH, TpeoOpasyst
Ka)KJ10€ YpaBHEHHE CEMENCTBA B, BOBMOXHO, HEKOTOPOE IPYTO€ YPABHEHUE 3TOTO KE CEMENCTBA. YKa3aHHbIN
KJIaCC CUMMETpU ObUT BBeZIeH He3aBucuMo B paborax Jx. Kunrcrona u K. Codoxneyca [1-3], 4. JI. Llec-
muHckoro [4—7], a takke H. X. MOoparumoa, M. Toppucu u A. Banentu [8; 9]. B crathsax /. Kunrcrona
u K. Codoxneyca naHHBIN B CHMMETPHI HOCUT Ha3BaHUE ITPeoOpa3oBaHusi, COXpaHsIoIero ¢opmy, a B pa-
6orax H. X. M6parumosa, M. Toppucu u A. BanenT nmeHyeTcs mpeoOpa3zoBaHieM SKBUBAJICHTHOCTH U UCTIONb-
3yeTcs JUIs IPEJIBAPUTEIILHON Kiaccu(ukanuu ypaBHeHuid. B myonukarusx xke f. JI. lecaunckoro Takue
CUMMETPHUH Ha3BaHbI PACHIMPEHHBIMU CUMMETPHSIMU M UCTIONB30BaHbI JJIS TOMCKA CIIEKTPAJILHOTO apaMeTpa.

Hacrosmast paboTa mocesiieHa CHCTEeMaTHueCcKOMY HCCISJOBAaHHIO MTOJOOHOTO pojia CHMMETPHIA IS pas-
JUYHBIX CEMEHCTB KBa3WIMHEUHBIX TUMEPOOTUUECKUX YPABHEHUI BTOPOTO MOPSIKA, BKIIOYAS YPABHCHUS
B U30TPOIHBIX OAHOPOJHBIX M aHU30TPOIHBIX HEOTHOPOIHBIX CPEax, ¢ BO3MYILEHHSIMHU U 0e3 BOSMYILCHUH.
[IpeobOpazoBanust IKBUBAJICHTHOCTH CEMEHCTB KBa3HIMHEHHBIX THIIEPOOIIMIECKUX YPAaBHEHUH HAXOAATCS Me-
TOJIOM, MIPEAIOKEHHBIM B myOnukamusix [ 1-9]. [leTanu 3Toro Metona m3naraiorcs B paszene «BreraucieHue
MHQHUHUTE3NMAIBHBIX PeoOpa3oBaHMii IKBUBAJICHTHOCTH CEMEHCTB ypaBHEHHUIT» TaHHOH CTaThu.

Kpome Toro, B HacTosiiel paboTe MPOBOIUTCS] CPABHUTEIBHBIN aHAIN3 TOJTYYSHHBIX TpeoOpa3oBaHui
9KBUBAJICHTHOCTH Pa3IMYHBIX CEMEHCTB KBa3WIIMHEWHBIX TUIIEPOOIMUYECKIX YPaBHEHHI, a TAK)KE COMOCTaBIIE-
HUE UX C TOUCYHBIMUA CUMMETPHUSIMU ITUX K€ CEMEHCTB ypaBHEHUNH. CTOUT OTMETUTH, YTO METO]T HAXOXKICHUS
KJIACCHMUYCCKUX (TOYCUHBIX) cuMMeTpuil nuddepeHInaabHbIX YPAaBHEHUH ¢ YaCTHBIMH MTPOU3BOIHBIMHU SIBJISI-
eTcs Xopoulo uzyyeHusm [10—-13].

3anumem o0IMid BU KBa3WIMHEHHOTO TUTIEPOOIMYECKOTO YpaBHEHHS B TIEpBOW (hopMe BTOPOTO MOPSIKa
(bYyHKIMH JBYX NTEPEMEHHBIX:

u = f(t, x, u, u,, u,). (D)

Cpenu ypaBHeHnH (1) MOXKHO BBIZICTIUTH CIIEAYIOIINE YaCTHBIC BUBI YPABHEHHIA: BOITHOBOE YpaBHEHNUE, YPaB-
nenue Kieitna — ['opnona, ypasaenue JluyBuins, ypasaenue Luteiiku, ypaBHerne cunyc-l opaona (vmu borne)
(cm. [14—17] m mpuBeieHHBIE B HUX CCHUTKH). J|aHHBIE ypaBHEHHS IPUMEHSIOTCS B PA3TMYHBIX O0JIACTIX HAYKH
Y TEeXHHUKH, TAKUX Kak AuQQepeHanibpHas TeoOMeTpHsl, KBAHTOBAsI TEOPHS MO, KOCMOJIOTHS, THIIPO- U Ta30-
TMHAMUKA, CBEPXIIPOBOIUMOCTb, IUCIOKAIHS KPUCTAIIIOB, BOIHOBBIE TIPOIIECCHI B (heppOMarHUTHBIX MaTepHa-
Jax, HeIMHeWHas ONTHKa, (PM3MKA IIa3MBbl, (PU3UKa HU3KHUX TeMneparyp u ap. 1o 3Toli npudrHe BhIIeyKa3aHHbIE
ypaBHEHUS U3yYaJINCh U MTPOIOIDKAIOT H3Y4aThCsl BHYTPU CAMOW MaTEeMAaTHKH U B €€ MIPIIIOKEHUSAX C TTIOMOIIBI0
Pa3TUIHBIX METOIOB, B TOM YHCJIE METOIOB TPpyIIIoBoro anaim3a [10—-13].

B paGore [9] Haiinena anreOpa SKBUBAICHTHOCTH HEIMHEIHBIX BOJIHOBBIX ypaBHEHHI u,, — . = f(u, u,, u,),

aBcraresx [18; 19] nomyyensl u npumenens! quddepeHipanbHble HHBAPUAHTHI AJIsI CEMEHCTBA STHX YPaBHEHHH.
3anaya rpynnoBoi knaccuduxaumu ypapuenuii u,, = (¢, x, u), f,, #0, v u,. = f(1, x, u, u,) pewena
B paborax [20—23]. Kpome Toro, B yKa3aHHbIX MyOIMKaIUsIX HalACHBI aIreOpbl CHMMETPHH 9TUX YpaBHEHUI
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Y B U'TOTE BBIJICJIEHBI YPABHEHUS C TIITUMEPHOI are0poii CHMMeTpHid, KOTOpast sIBJISIETCSl MaKCUMaJIbHOM cpein
KOHEYHOMEPHBIX aireOp, a TakKe YpaBHEHHSI C OTHOMEPHBIMH, TBYMEPHBIMH, TPEXMEPHBIMHU M YEThIpeXMep-
HBIMH ajreOpaMu cuMMeTpuid. [ MakcuManbHOM anreOpsl U ee moaaiareOp npoBeaeHa peryKIus 1 HalJeHo
CEeMEMCTBO pelIeHUH.

B crarpe [24] HaiineHbl KOHTaKTHBIE cUMMeTpuH ypaBHeHus (1). i1t ;anHOoTO Kitacca ypaBHEHHH TOueyHbIe
1 KOHTaKTHBIE TPYIIBI SKBUBAJICHTHOCTH COBIIA/IAIOT.

B paborax [25; 26] pelueHa 3aja4a rpyInoBoii knaccudukanyuu ypassennit u,, = f(u), f,, # 0, HaiizeHbl

anreOpsl CHMMETPHUH dTHX yPaBHEHHUH U B UTOTE BBIACIICHBI yPABHEHUS C YeTHIPEXMEPHOH anreOpoit CHMMETpHH,
KOTOpasi SIBJISIETCS MAaKCUMAIIbHOM, a Tak)Ke ypaBHEHUS C TPEXMEPHBIMU U O€CKOHEYHOMEpPHBIMHU anredpaMu
cuMMeTpuil. [ MakcuManbHO# anreOpsl U ee moganreOp MmpoBeleHa peyKIHs U HallIeHbl HEKOTOphIE pe-
LICHUS] ypaBHEHUH.

CTOHT OTMETHTD, UTO B ImyOnmuKarusax [20—23; 25; 26] BEIYUCISIINCH KJIACCHUECKHE (TOUYSUHBIC) CHMMETPHH,
TOT/Ia KaK B JIAHHOM CTAThe MPOBOIUTCS IPYIIIOBOM aHAIN3 AHAJIOTHYHBIX CEMENCTB YPABHEHUH 110 OTHOLLIEHUIO
K CUMMETPHUSIM CEMEICTB ypaBHEHHII, a HE KayKA0ro ypaBHEeHHUs B otAeabHoCcTH [1-9; 18; 19].

B nacrosimield pabote BBIMOIHIETCS CPABHUTENBHBIN aHanu3 anreop JIu ToyeyHbIx cuMMeTpuil u uHGU-
HUTE3MMAJIbHBIX IPe00pa30BaHUIl 3KBUBAJICHTHOCTH CJIEIYIOIINX YEThIPEX KIACCOB HEJIMHEHHBIX BOITHOBBIX

ypasuenuit: u, = f(u, u,, u.), u,. = f(u,, w.), u,= f(u, w.), u,= f(u). O ypaBHEHNS BO3HUKAIOT B He-

KOTOPBIX 3a/1auax Maremaruueckoil pusuku [16; 27].
Borunciienne HHPUMHUTEZUMAJIBHBIX TOYEYHBIX CUMMETPHUIi
[IpeoOpa3zoBanus SKBUBAJICHTHOCTH CeMeiCTBa ypaBHeHHH (1) UMEIOT BT
i=T(t, x,u, ¢), =X(1, x, u, ¢,
u= U(t, X, u, 8), sz(t, X, u, u, u,, f, 8),

rae € € R. Mbl npennonaraemM, 4To npeoOpa3oBaHusi SKBUBAICHTHOCTH (2) SBISIOTCS (JIOKAJILHOM) OJHOTIapa-

2

METPUYECKON TPYIION peoOpa3oBaHUil MPOCTPAHCTBA C JIOKATBHOW CHCTEMOW KOOPAMHAT (t, X, U, u, U, f )
JlelicTBHE 3TOM OAHONIAPAMETPUYECKOM IPYIITBI HA KOOPAWHATAX U,, U ONPEIEIAETC ECTECTBEHHBIM 00pa3oM
C TIOMOIIBIO OTlepanyu NpoonkeHnss. OTMETHM, YTO B OTVIMYHE OT KJIACCHYECKUX CUMMETPHH MBI ITOJIaraeM,
9to (pyHKIMS f Takke mpeoOpa3yeTcs U BHICTYIAET KaK He3aBUCHMAasi KOOpPIUHATA.

[Toctpoenue rpynmsl mpeoOpa3oBaHni SKBUBAIEHTHOCTH CBOAUTCS K ONPEAETICHUIO €€ HHOUHUTE3UMalIb-
HBIX TTpeoOpa3oBaHM

i =t+et(t, x, u)+o(e),
g),
€),

(
i=u+en(r, x, u)+o(

f(f, X, U, iy, ﬁx) = f(t, x, u, u, u ) +e®(t, x, u, u,, u,, f)+o(e). 3)
UnduHUTE3NMATBHBIE TPE0OPa30BaHMs IPOU3BOHBIX U, , U W U, IMEIOT BHJL

i; =u,+ el +o(e), 4)

i =u.+ el +o(e), (5)

fiz = u,+ el +o(g). (6)

SIBHBIE (hOPMYITBI TIPOIOIDKEHUS T MH(WHUTE3UMAIIBHBIX TTPe00pa3oBaHN TPOU3BOIHBIX (4)—(6) 3amu-
CBIBAIOTCS B BHIIE

I =D¢(n)—Dt(T)u;—Dt(§)ux: @)
l—‘l :Dx(n) _Dx(r)ut _Dx(&)ux’ (8)
1_‘01 = l)tx(n) - l)tx(‘c)ut _Dx(r)utt_ l)t(r)utx_ Dtx(i)ux - Dx(&)utx_Dt(g)uxx’ (9)
rae
D,=0,+u,0,, (10)
D.=o6.+ud, (11
D, =0, +u,0,,+u,0, +uo, + utuxauz' (12)
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Jlemma 1. Mngpunumesumanvvle npeodpasosamus S5K6UBA1IEHMHOCIY CeMelcms ypasHerui u, = f (t, X, u, U, ux)
npunadnexcam cieoyrouell (beckoneuHomepHotl) areeope Jlu 6exkmopnvix nonei.

0 0 0
XZ’E(Z‘)E'F%()C)a'FT](t, X, U)%,

2oe r(t), &(x) n(t, X, u) — NPOU3BONbHBLE PYHKYUU.

HoxazarenscTBo. Tak kak ypaBHeHue (1) COTEPKHUT TOITHKO BTOPYIO YACTHYIO IPOU3BOTHYIO U, , TO B BBI-

(2%
paxenn (9) KodDGULUHEHTSI IPH U,,, U, paBHEI HyIIO, T. €. D,(t1) =1, + 1,7, =0,D,(&) =&, +u,&, = 0. 3uaunr,
1, =1,=¢&,=¢&,=0.CnenoBarenpHo, umeeM QyHKIHU ’C(t), ﬁ,(x), n(t, X, u). Takum 00pa3zom, JeMMa JioKa3a-
Ha. XoTs (pOpMaIbHO NMPOU3BOJHASA U, HE BXOAUT B YPABHEHUE, HEIIb3sl UCKIIOUUTh, UTO OHA TOXKJIECTBEHHO
paBHa HYJIIO U1l BceX peteHuil. OnHaKo 3T0 HEBO3MOKHO, TaK KaK ypaBHEHHE JIOIyCKAET PELICHHUE C IPOU3-
BOJILHOM 3aBUCHMOCTBIO OT X (Harmpumep, B 3agaue I'ypca), cienoBaTenbHo, u,, He 00paIaeTcs B Hylb TOXK/Ie-
CTBEHHO, ¥ KOA((UIMEHT IPH u,, B ONIPEAEIIAIOIIEM yPAaBHEHUU JEHCTBUTEIBHO JOJIKEH ObITh PaBEH HYIIIO.
Ucxons u3 nemmsr 1, Beipaxenus (7)—(9) nns ypasaenus (1) mpuHUMAOT BU

l"oth(n)—tu,, (13)
FI:Dx(n)_élu)ﬂ (14)
For=D,(n) - (1+8)u,. (13)
[TepBoe u BTOpOE MPOIOIDKEHHSI BEKTOPHOTO OISt X iist ypaBHeHHH (1) mMeroT Buj
xV-xer, L2, (16)
ou, Ou,

(@) _ O 0
X=X+ T —. (17)

ou

Ix

IToneiicTBoBaB oneparopom (17) na ypaBnenune J =u,, — f (t, X, u, u,, ux), T.e X (2)(J ) =0, momyuum ompe-
JeJIAI01Iee ypaBHEHHE JIJI TOYEYHBIX CUMMETPHIA

Tp=tf+&fitnfu+ Lo fy, + T o (18)
[Tocne moacranoBku BeipakeHnuit (13)—(15) B onpenenstomniee ypaBaenue (18) mmeem
D) =(1+8&)u, =+ Efe+ns,+(D(n) = 2w ) £, + (D(n) ~Eu, ), (19)

IToncrasus Bepakenus (10)—(12) u ypasuenue (1) B hopmymny (19), moayanm
Nex T Nty + Ny U TN, U U+ (nu -1- Ej)f =
=tfi+&fi+nfy+(n+ (= t)u )+ (e +(n,—8)u ) /. (20)

PaccmoTrpum Oonee eTanbHO YeThIpE Kilacca YPaBHEHUH, OMMCAHHBIX BO BBEJICHHUH.
1. Hyers £ = f(u, u,, u_). B o1om cinydae 1s Beipakenus (20) Hy»KHO MOI0KHUTE, uTo f = f. = 0.3Hauur,
t X t X
n,=n, =71 =£&"=0. Torga pemenne onpeneistoniero ypapuenus (18) umeer Bua

T=c eyt @1)
E=c,+cyx, (22)

n=p(u), (23)

B u_ + (;3“)— 5 04) f=Bf+ ([3(1) - c3)ut I+ (B“) - c4)ux Ji (24)

Ha ocHoBanuu jjemmsbl 1 u BeipakeHuit (21)—(24) chopmysupyem Clieayromiee mpeioKeHIe.

Hpenaoxenne 1. Hnugunumesumansrvie moueunvie cummempuu ypasHenus u,. = f (u, u, ux) npuHaoie-
aicam credyrowell (beckoneunomepHotl) aneedope Jlu sekmopmvix nonet.
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X = (c1 + C3t)%+ (e + c4x)a—i + B(u)a%,
20e ¢;=const, i = 1, 4, — u 6bLOCTIOMCA 6 HEll DONOTHUMETbHBIM YCLOBUEM B(z)u,u)C + (B(l)— 03—04)f=
=B, +(BY =3 Ju g, + (8- 4 Ju £,

2. lyers f=f (u,, ux). B stom ciyuae nis BeipaskeHus (20) HyKHO MOJOXKHTE, uTo f, = f, = f, = 0. 3Ha-

4urT, M,, N,, N, =const, T =&"= 0. Torna pemrenne onpexnenstomero ypasuenus (18) nmeer Bux (21), (22) u
n=ou+PB,x+p,t+PBy, &, By, By, B, =const, (25)
(a—cs=cy) f=(Bi+ (a—cs)u, ) £, + (By+ (a—cy)u, ) £ (26)

Ha ocnoBannu nemmet 1 1 Beipaxkenuii (21), (22), (25) u (26) chopmyrupyeM cieayroliee IpeaiosKkeHue.

Ipennoxenne 2. Mnpunumesumanvrvle moveunvle CUMMemMpuu ypasuenus u, = f (ut, ux) npunaonexcam
credyioweti anzedope Jlu 6eKkmopHuIX noueii:

0 0 0
X =(¢+ c3t)5+(cz + C4x)a+(au+ﬁzx+ﬁlf+ﬁo)£’

20e c;=const, i =1, 4, o, By, By, B, = const, — u evidenstiomes 6 neii dononnumensioin yerosuen (0 —cy—cy ) f=

:(B]‘F ((1—03)1/{, f”z + (Bz+((x—c4)ux)fux_

3. Mycr f=f (u, ux). B otom ciydae st Beipakerust (20) HyKHO MOTOXKHTE, 9TO0 f, = f, = f, = 0. 3Ha-
4uT, M, = MN,, = 0. Torna pemenue onpenenstomero ypasaenus (18) umeer sua

n=o(t)u+p(1, x), (27)
Bt G+ (a—t—8)f = (au+P)f, +(B+ (a—&)u, ) f;. (28)

Ha ocnoBannu nemmel 1 1 BeipakeHuit (27) u (28) chopmynupyem clieayromniee mpeuioKeHue.

Ipenaoxenne 3. Hupunumesumanvhvlie moueunvie CuMMempuu ypagrenus u,, = f (u, ux) npunaonexcam
creoyrowelti (beckoneunomeptoll) areeope Jlu exmopHvix noueti:

X= t(t)§+§(x)%+(a(t)u+ B(c, x))a%

— u 6bI0eIAIOMCs 6 et donoarumenvholm ycaosuem P, + o+ (a—t—E&') f = (au+P)f, +(Bx +(0—&)u, )fu .

4. Ilycts f = f (u) B atom ciyuae st BeipakeHust (20) Hy)KHO TONOXKNTS, 9TO f; = f, = f, = f, = 0.3Ha-
9UT, M,, = Ny, = N, = 0. Torna pemenne onpenensroniero ypapuenus (18) umeer Bun

n=ou+p(t, x), o= const, (29)

N/ (148 -a)f - B,=0. (30)

Hatinem neranpHOE onricaHue 3Tou anreOpbl JIu TOueUHBIX CHMMETPUI B 3aBUCUMOCTH OT QYHKIMHU f = f (u)
df

Ipu o # 0, mpeobGpasosas ypasuenue (30) K Buay N——+ Af + B =0, moIyunM CIIeAyIONIHE Ba CIoy4as:
_ _ _ dn
ecciu A=0, B#0,10 f=—Blnn+c;

eccmn A #0, E;tO,TofzcmfAj—j

[Ipu o =0, B # 0, mpeoOpazoBas ypaBuenue (30) k BUIY Z—f + Af + B =0, 0Iy4nM CIICAYIONIIE BA CIIyHast:
— u
ecctu A=0, B#0,10 f =—Bu+c,;

eeciu A#0, B#0, 10 fzclefg"— %
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Ipu o = 0, B = 0, mpeoGpasosas ypasuenne (30) k Buny Af + B = 0, monyunm, uro ecnu A =B =0, 10 f (u) -
nr00as PYHKIHSI, He PaBHAS MPEIBIIYIIIM CITydasiM.

Takum 06pa3oM, BEIYUCIEHHE CHMMETPHI B 3aBUCUMOCTH OT (QYHKIMHA | (u), paccMaTpUBaeMOii ¢ TOYHOCTHIO
JI0 3aM€eHbI a + bf (u) , pa30uBaeTCs Ha CIICIYIOIINE CITydau:

1) f(u) =const;

2) f(u)=u;

3) f(u) =u", n+0,1;

4) f(u)=e", k=0;

5 f (u) =Inu;

6) Bce ocTasibHbIe (DYHKITUH, HE paBHBIE cirydasM 1)—5).
[loncraBuB ciryuaun 1)—6) B cuctemy (29), (30), momyanm:

a) ipu f'(u) = const

0 0 0
X=1(t)—+ —+ +B(4 x))—, 31
o(1) o, +&(x) o+ (o +B(e, x)) (31
rae (t+&'—a)f—B,=0;
0) pu f(u)zu
0 0 0 0 0 0
Xi=—, X,=—, Xj=t——x—, X,=u—, X5=B(t, x)—, 32
=g Kam gy Mmigmagn Xamugl Xo=Bl Xy G2
rae B, = B;
B) pu f(u)=u", n#0, 1,
v =2 x,-9 x-St 9y o0, u O (33)
ot Ox ot 1-nou Ox 1-nodu
r) mpu 1 (u) =M k=0,
0 o 1 0
X = t)—+ ___.+’_, 34
w(1)5 805~ 480, G4
rae r(t), &(x) — IIPOU3BOJIbHBIC (PYHKIIUH;
1) TIPH BCEX OCTAIBHBIX (PYHKIHSAX, HE PABHBIX CIIy4asM a)—T),
0 0 0 0
X,=2, X,=—, Xy=t——x—. 35
o T T w Tax G

Hpennoxenne 4. Herunetinoe ypasnenue Knetina — Iopoona euoa u,, = f (u) umeem:

® OECKOHEUHOMEPHYIO aneebpy moueyHvlx cummempuil ¢ eenepamopamu (31), (32) u (34) ons ¢ynxyuil
f(u) = const, f(u) =uu f(u) = ek”, k # 0, coomeemcmeenno,

® uembIPEXMEPHYI0 aneeOpy MoHeuHblX cummempuil ¢ eenepamopamu (33) onst hyukyuu f (u) =u", n+0,1;

® MpexmMepHyIo aneedpy MOYeUHbIX CUMMempull ¢ 2cenepamopamu (35) 011 cex 0CManbHbIX QYHKYUIL.
[lonmy4eHHBIE pe3yIbTaThI IPEUIOKEHNS 4 COTTIACYIOTCS C aHATIOTUIHBIME YTBEPIKACHUSIMHU U3 padoT [25; 26].

Borunciienne HHPUHUTE3UMAJIBHBIX NPe00Pa30BaAHUI
IKBUBAJIEHTHOCTHU CeMeiiCTB ypaBHEHUI

[epeiinem Tenephb K OMUCaHUIO HHOUHUTE3UMATLHBIX MPEOOPA30BAHII YKBUBATCHTHOCTH CEMEHCTB ypaB-
HeHuit (1) U pacCMOTPEHHBIX BBIIIE KJIaccOB ypaBHeHHU. Ha ocHoBaHuu nemwmbl 1 1 Beipaxkenuit (13)—(16)
3aIUIlEM BEKTOPHOE MOJIe [T TPeoOpa3oBaHus SKBUBAICHTHOCTH CEMEUCTB ypaBHeHu (1) B Bue

y=xV+ol,
of

IJle BEKTOPHOE T10J1e X OTpejieNeHo B iemMe 1, a
® = ntx+ NuYs + LIPS + Moo YU Uy + (nu -1 _g/)f'
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Torna Mmoxxem nepedopMyIHpoBaTh JeMMy | cleyromumM 00pa3oM.
Jlemma 2. Mnghunumesumansruvie npeobpazosaniis 3k6UBANEHMHOCMU CEMENCE YPaGHEHU U, = | (t, X, u, u,, ux)

nOpOJfC()CZIOWIC}Z BEKMOPHBIMU NOJAMU
0

YZT(I)g-i-EJ(X)%-‘rT]([, X, u)a_au—i_(ntx—i_nxuut +ntuux +nuuutux +(nu —'.C—él)f)g-l‘

. 0 , 0
+(m+(m—f)%)£+(nx+(m—é )%)E
t X

2oe r(t), &(x) n(t, X, u) — NPOU3BONLHBIE (YHKYUU.
[Iponomkenne BEKTOPHOTO OIS ¥ HAa MPOCTPAHCTBO 1-cTpyit pyHKIMA [ (t, X, U, U, u )I/IMeeT BH]I

1 7x
y-vi0, 20,2 ro, L e, o, O

o ot e e T e (0

e
cDl = Ny T Mo Uy + Ny U + Ny YUy + (ntu - T)f+

+ (m— 2;5_5.31)/(1 _ntfu —(nn+ (nm - ;C.)ut)fz;, - (ﬂzﬁ T]m“x)fu

b
"
(D2 = Myxx + nxxuut+ M Yy + Mocpin YU + (nxu - & )f+

(N, = t=28) fi = fo = (Mot Mt ) £, = (Mt (= €)1t ) s

D3 = Ny, Mty + M+ Mot + M S = (T+8E) S, =
~ (Mt M) £, = (Mt Mot ) i
Oy =Ny + Ny =&y,
(DS =Nyt Ny Yy — :Cfux’
PaccmoTpum itst ceMeiicTB ypaBHeHu#t (1) Te jke KIIacChl ypaBHEHHH, YTO ¥ TS TOUCYHBIX CUMMETPHA.
1. ycte f=f ( u, u,, ux). B sToMm ciydae juis BeKTOpHOTo 1ojist (36) HyXKHO HOJNOKUTh, 4To f; = f, = 0.

Orciona cnexnyet, uto @, = @, = 0. 3naunt, N, =1, =T=_E"= 0. Torga perenue onpenesIOMEero ypaBHeHHs

IJIs1 CEeMEUCTB ypaBHEHUH u,, = f ( u, u, ux) umeet Buj (21)—(23) u

o= B(z)utux + (B(l)— s —c4)f, (37)
Fo=(B"= s Ju, (38)
r= ([3(‘)— c4)ux. (39)

Ha ocnoBanum Beipakerwit (21)—(23) u (37)—(39) chopmynupyem ciieayromiee cieaCTBHUE.

CaencrBue 1. Hngpunumesumanvroie npeobpazosamiis sk6USANEHMHOCIIU CeMeLCme ypasHeHuli u, .= f (u, u, ux)

I’lOpOJiCdCZIOWlC}Z BEKMOPHbIMU NOJAMU

0 0 o .o @ o .o @
=2 =2 =1Ly %y =l O
o e B T e T e T o

_(u)-2 (g2 )9, g0, 9 g0, O

Vo =B(u) o+ (B, + B f)af+[3 g B

20e B(u) — NPOU3BONLHASL PYHKYUSL.
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2. Ilycts f = f (u,, ux). B sToMm ciydae st BekTOpHOTO 11oJst (36) Hy»KHO MONOXKHUTH, 4To f, = f. = f, = 0.
Orciona cienyert, urto @, = @, = @, = 0. 3HaunT, 1,,= N, =N,y = Ny = Ny = N, = ¢ =& =0. Torna pemenne

OIPEIENAIOIIEr0 yPaBHEHHUS I CEMENCTB ypaBHEHHH u,, = f (ut, ux) nMmeet Bux (21), (22), (25) n

O=(a-c;—¢,)f, (40)
I =B1+(oc—c3)u,, (41)
=8, +(OL—C4)1/IX. (42)

Ha ocnoBanuu Beipaxennii (21), (22), (25) u (40)—(42) chopmynupyem clieayromiee CieCTBHE.

CaencrBue 2. Mngpunumesumanshvle npeoopazosaniis IKUEANEHMHOCMU CeMelicms YypagHeHull U, = f (u,, ux)
ROPOANCOAIOMCSL BEKMOPHBLMU NOTSAMU

po Oy 0y 0 g0 8, 0 0 0, 2
ot 0x ot ~ of ' ou, ox ~ of Ou, Ou
Y6:ti+i, Y7:xi+i, Y8:u£+fi+uti+uxi.
Ou Ou, Ou Ou, ou ~ Of  Ou, Ou,

3. Mycre f=f (u, ux). B sTOM ciydae juis BeKTOpHOTO 1105ist (36) HYXHO MONOKHTS, 4T0 f; = f. = f, = 0.
Orcrona cnenyer, uto @, = @, = &, = 0. 3naunt, N, =n,=1n,,= 0,7 = &" = 0. Torna pemenue onpenesiomero
ypaBHEHHs JUIs CeMeHCTB ypaBHEHUH u,, = f (u, ux) nmeet Buz (21), (22), (40) n

n=ou+p, o, p=const, (43)
I =(a-¢)y, (44)
I =(a—cy)u,. (45)

Ha ocHoBanuu Beipaxenunii (21), (22), (40) u (43)—(45) chopmynupyem clieayromiee CieCTBHE.
CaeacrBue 3. Unghunumesumanshvie npeodbpazosaniis SK6UBALEHMHOCIU ceMelicms YypasHeHull U, = f (u, ux)
NOPOACOATOMCSL BEKMOPHBIMU NOTAMU

B N SIS S B SPL S
ot Ox ot "~ of Ou, ox ~of Ou,
Yzi, Y6=ui+fi+uti+uxi.
Ou ou ~ Of  Ou, Ou,

4. Mycts f=f (u) B stom cirydae mist BeKTopHOTO 1oist (36) HyXKHO TONOXKHTE, 4TO f, = f. = f, =
= f, = 0. Orcrona cienyer, uro @, = @, = ®,= O = 0. 3Haunt, M, =M,, =N,,= 0, N, — %f—n,f(l): 0, a Taxxe
N — & — NS M= 0. Torna pelLICHHE ONPECIISIOIEro YPABHEH s Ul CeMEIiCTB ypaBHeHuii u,, = f(u) nveer

Buz (21), (22), (40), (43)—(45). CnenoBarenbHo, 1J1s1 CEMEUCTB ypaBHEHUH u, = f (u) anredpa UHPUHUTE3H-
MaJTbHBIX TTpeoOpa30oBaHmil SKBUBAJIECHTHOCTH COBITaaeT ¢ anredpoit JIu u3 ciencraus 3.

CrnenuajbHble NPeodpa3oBaHUs IKBUBAJTEHTHOCTH

IIpennonoxum Teneps, 4To CD(t, X, u, U, U, ) B BeIpakeHuH (3) He 3aBucHT OT f. HazoBeM Takue npeoo-

pa3oBaHMsI SKBUBAJICHTHOCTH HHPUHUTE3UMAIBHBIMHU CIICLIHAIbHBIMU PEOOPa30BaHUSIMU SKBUBAICHTHOCTH.
OHM MHIYUUPYIOT IPe0o0pa30BaHus MapauICIbHBIX IEPEHOCOB

f= f+CD(t, X, U, u,, ux)s
Ha ceMeiicTBe ypaBHeHHH (1). Jpyrumu cioBamMu, B JaHHOM CTydae MBI OTPaHIHYHNBAEMCS TAKUMHU CUMMETPUSIMHI

cemelicTB ypaBHeHuil (1), koTopbie coxpasitoT 1-popmy df Ha cemeiicTBe 5THX ypaBHeHu#. Torna Ha ocHOBa-

HHY JIEMMBI 2 1 YCIIOBHS 1, = T+ &' MOJIy4NM CIIeIyIONIyIo JIeMMY.
Jlemma 3. HupunumesumanvHole cneyuaibHble npeodpa308anis IK8UBALEHMHOCMU CEMelCE YPAGHEHULL

u, = f(t, x, u, u,, u,) nopoorcoaromes eexmopHvLMU nOMMU
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0 0 L 0 " .. 0
Y= r(t)a+§(x)a+((t+§ )u+B(t, x))£+([3tx+ Eu,+ rux)5(+

0 0
pa ’ ” .
+(Bt+ tu+§ut)—+([3x +& u+rux)—,
Ou, Ou,
20e t(t), ﬁ,(x) B(t, x) — NPOU360IbHBIE PYHKYULL.
PaccmoTrpum Te ke yacTHBIE Cilydan ceMeicTB ypaBHeHUH (1), uTo u B pazaene «Berancnenne nHbUHUTE-
3UMaJIBHBIX [TPe00pa30BaHNil SKBUBAJICHTHOCTH CEMEHCTB YPaBHEHHID.

1. Iycts f = f (u, u,, ux). B sTOM Ciy4ae 1 BEKTOPHOTO MOJIS JIEMMBI 3 Hy’KHO MOJIOKHTB, 4To f, = f. =0.
Orcrona cienyet, uro @, = @, = 0. 3naunr, n,=n,=1=&"=0, n,= T+&" Torna pemenus onpenesronero
YPaBHEHHMs JUId CEMEICTB ypaBHEHHH U, = f (u, u, ux) nmerot Bux (21), (22) u

n=(c;+c,)u+p, p=const, (46)
® =0, (47)

Iy =cyu,, (48)

I =cu,. (49)

Ha ocnoBannu Beipaxenuii (21), (22) u (46)—(49) chopmynupyem clieayroliee CieCTBHE.
CuaencrBue 4. Ungunumesumanvhvie cneyuanvhvle npeoopaz0eanus d9K6USANEHMHOCU CEMELCNE Ypas-
Henuti u,, = f (u, u, ux) NOPOIACOAIOMCSL BEKMOPHBLMU NOTAMU

leg, Y2=i’ Y3=t£+ui+uxi,
ot Ox ot Ou Ou,
Y, :xi+ui+uti, Yszi
Ox Ou ou ou

t

2. lyers f = f (ut, ux). B sTOM city4ae 1U1st BEKTOPHOTO OISt IEMMBI 3 Hy’KHO IOJI0XKUTS, UTo f, = f, = f, = 0.
Orcrona cirenyer, uto @, = @, = ®, = 0. 3Hauur, M, =N, =N, =Ny=N,x =N, =t =8&"=0,1,=1+&" Torna
pELIEHHs OIIPEIeIISAIOIEr0 YpaBHEHU U1l CEMEUCTB ypaBHEeHU u,, = f (ut, ux) umerot Bux (21), (22), (47) u

n=(c5+c, )u+PB,x+Pit+Py, o, By, By, B, = const, (50)
Lo =By +cqu,, (51)
I =B,+c5u,. (52)

Ha ocnoBanuu Beipaxenuii (21), (22), (47) u (50)—(52) chopmynupyem cieayroliee ciaeCTBHE.
CaencrBue S. Mnpunumesumanvtoie cneyuanbHie npeodpas08anius SK8UBANEHMHOCHIU CeMeliCE YPAGHEeHUT

u,. = f(u,, u,) nopoocoaromes eexmoprLmu norsimu

leg, Y2=i, Y3=tg+ui+uxi, Y4=xi+ui+uti,
ot Ox ot Ou ou, ox  Ou Ou,
Yszi, Y6:ti+i, Y7:x£+i_
Ou Ou Ou, Ou Ou

X

3.Mycrs f = f (u, ux). B 510M Ci1y4ae 1t BEKTOPHOTO IOJIst ICMMBI 3 HYXKHO IIONOXKHTS, 410 f, = f, = f, = 0.
Ortcroza crenyert, urto @, = @, = @, = 0. 3naunr, n,=n,=n,,=0,n,=1+&, T = &"=0. Torna pemenue onpe-
JEJAIOUIEr0o ypaBHEHHs Ul CEMENCTB ypaBHEHUH u, = f (u, ux) nMmeeT Bua (21), (22), (46)—(49). Cnenosa-
TEJIbHO, JJISl CEMENCTB ypaBHEHUH u,, = f (u, ux) anredpa MHPUHATE3NMAIIFHBIX CIICIHATBHBIX TTPeodpazo-
BaHMI SKBUBAJICHTHOCTHU COBIAAaeT ¢ anreopoit JIu u3 cienactsus 4.

4. Tlyers f=f (u) B 910M cityuae it BEKTOPHOTO TOJIS ISMMBI 3 HY)KHO TIOJIOXKHUTS, 410 f; = f, = f, = f, =0.

.. 1 1

Orcrona cienyer, uto @, = @, = ®,= O, =0.3naunr,n,=1n,,=n,,= 0,M,,— f — ntf( )= 0,n,,—&"f- nxf( )= 0,
n, = T+&". Torna perieHne onpeaessIoNnero ypaBHeHus JUlsi CeMeNUCTB ypaBHeHUH U, = f (u) umeert Buf (21),
(22), (46)—(49). CnenoBarenbHoO, 1711 CEMEICTB ypaBHEeHUH u,, = f (u) anredpa HHPUHUTE3UMAIIBHBIX CIIe-

OraJIbHBIX Hp606p3.30BaHI/II>'I OKBHUBAJICHTHOCTHU COBIIAAACT C anre6p0171 JIn u3 CIICOCTBUSA 4,
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3akjaueHmne

TTokazaHo, Kak mepexo1 K BHIYUCIECHUI0O CUMMETPU CEMENCTB YpaBHEHUH JJa€T BO3MOKHOCTh PaCIIUPUTD
Habop mpeoOpa3oBaHU, COXpAHIIOMNNA TaHHOE ceMeicTBO. [lonmydueHHbIe HHQUHNTE3NMATHFHBIC CHMMETPUN
TTO3BOJISTIOT MTPOBOIUTH MIPEABAPUTENBHYIO KIIACCH(PHUKAIINIO YPAaBHEHHI ¥ IX CHMMETPUHHYTO PETyKITHIO. BbI-
YHCJICHUE TPYTIIT SKBUBAJICHTHOCTH SIBIISIETCS OOJIee TIPOCTHIM U B OTIIMYHE OT BBIYMCIICHHUS TOYEIHBIX CHMMETPHIA

He TpeOyeT pacCMOTPEHHS Pa3INuHbIX MOJCTYYaeB B 3aBUCMMOCTH OT KOHKPETHBIX QYHKIHUN [ (t, X, U, u,, ux).

IIpennokeHHBIM MOAXO0 NPOJEMOHCTPUPOBAH HA CIEAYIOIUX YETBIPEX CEMENWCTBAX yPAaBHEHHM: U, =

= f(u, u,, ux), u, = f(u,, ux), u, = f(u, ux), u, = f(u)
JIOTIOJIHUTENBHO BBIYUCIEHBI TIOAAATe0phl B anredpax CHMMETPHI TaKUX CEMENUCTB ypaBHEHHH, KOTOPBIE
WHIyLUPYIOT MPe00pa3oBaHus MapaiebHbIX IEPEHOCOB Ha JAHHOM CEMENCTBE.

OTMeTHM, YTO anre6pbl 9KBUBAICHTHOCTH ceMeiicTB ypaHennii u,, = f(u), u, = f(u, u ) wu, = f(u, u,)
(cm. cnenctBue 3), a Takke anreOpsl CIICIIHATBHBIX TIPe0Opa3oBaHUil YKBUBAJICHTHOCTH CEMEHCTB ypaBHECHUH

= f(u),u,= f(u,u), u, = f(u, u)nu, = f(u, u, u.) (cm. crnexacrue 4) coBnazgaror.

bubauorpaguueckue cCblIKU

1. Kingston JG, Sophocleous C. On point transformations of a generalised Burgers equation. Physics Letters A. 1991;155(1):15-19.
DOI: 10.1016/0375-9601(91)90500-8.

2. Kingston JG, Sophocleous C. On form-preserving point transformations of partial differential equations. Journal of Physics A:
Mathematical and General. 1998;31(6):1597-1619. DOI: 10.1088/0305-4470/31/6/010.

3. Kingston JG, Sophocleous C. Symmetries and form-preserving transformations of one-dimensional wave equations with dissi-
pation. International Journal of Non-Linear Mechanics. 2001;36(6):987-997. DOI: 10.1016/S0020-7462(00)00064-0.

4. Cieslinski JL. Lie symmetries as a tool to isolate integrable geometries. In: Boiti M, Martina L, Pempinelli F, editors. Nonlinear
evolution equations and dynamical systems. Proceedings of the 7™ International workshop (NEEDS’91); 1991 June 19-29; Gallipoli,
Italy. Singapore: World Scientific; 1992. p. 260-268.

5. Cieslinski J. Group interpretation of the spectral parameter in the case of nonhomogeneous, nonlinear Schrédinger system.
Journal of Mathematical Physics. 1993;34(6):2372-2384. DOI: 10.1063/1.530122.

6. Cieslinski J, Goldstein P, Sym A. On integrability of the inhomogeneous Heisenberg ferromagnet model: examination of a new
test. Journal of Physics A: Mathematical and General. 1994;27(5):1645—-1664. DOI: 10.1088/0305-4470/27/5/028.

7. Cieslinski JL, Zhalukevich DS. Spectral parameter as a group parameter. Symmetry. 2022;14(12):2577. DOI: 10.3390/sym
14122577.

8. Ibragimov NH, Torrisi M, Valenti A. Preliminary group classification of equations v, = f (x, UX)L)XX+ g(x, UX). Journal of
Mathematical Physics.1991;32(11):2988-2995. DOI: 10.1063/1.529042.

9. Torrisi M, Tracina R, Valenti A. On equivalence transformations applied to a non-linear wave equation. In: Ibragimov NH, Torri-
si M, Valenti A, editors. Modern group analysis: advanced analytical and computational methods in mathematical physics. Proceedings
of the International workshop; 1992 October 27-31; Acireale, Italy. Dordrecht: Springer Science + Business Media; 1993. p. 367-375.
DOI:10.1007/978-94-011-2050-0_39.

10. Hydon PE. Symmetry methods for differential equations: a beginner’s guide. Cambridge: Cambridge University Press; 2000.
XII, 214 p. (Cambridge texts in applied mathematics).

11. Bluman GW, Kumei S. Symmetries and differential equations. New York: Springer Science + Business Media; 1989. XIII, 413 p.
(Applied mathematical sciences; volume 81).

12. Olver PJ. Applications of Lie groups to differential equations. 2" edition. New York: Springer-Verlag; 1993. XXVIII, 513 p.
(Graduate texts in mathematics; volume 107).

13. OBcannukos JIB. [ pynnosoi ananus ougghepenyuanvuvix ypasuenuii. Mocksa: Hayxka; 1978. 399 c.

14. Dodd RK, Eilbeck JC, Gibbon JD, Morris HC. Solitons and nonlinear wave equations. London: Academic Press; 1982. X, 630 p.

15. Fox D, Goertsches O. Higher-order conservation laws for the nonlinear Poisson equation via characteristic cohomology. Selecta
Mathematica. 2011;17(4):795-831. DOI: 10.1007/s00029-011-0063-1.

16. Fushchich WI, Shtelen WM, Serov NI. Symmetry analysis and exact solutions of equations of nonlinear mathematical physics.
Dordrecht: Springer Science + Business Media; 1993. XXIV, 435 p. (Mathematics and its applications; volume 246). DOI: 10.1007/978-
94-017-3198-0.

17. Polyanin AD, Zaitsev VE. Handbook of nonlinear partial differential equations. 2" edition. Boca Raton: CRC Press; 2012.
XXXVI, 1876 p.

18. Tracina R. Invariants of a family of nonlinear wave equations. Communications in Nonlinear Science and Numerical Simulation.
2004;9(1):127-133. DOI: 10.1016/S1007-5704(03)00021-2.

19. Torrisi M, Tracina R, Valenti A. On the linearization of semilinear wave equations. Nonlinear Dynamics. 2004;36(1):97-106.
DOI: 10.1023/B:NODY.0000034649.74389.09.

20. Boyko VM, Lokaziuk OV, Popovych RO. Realizations of Lie algebras on the line and the new group classification of
(1+ 1)-dimensional generalized nonlinear Klein — Gordon equations. Analysis and Mathematical Physics. 2021;11(3):127. DOI: 10.1007/
$13324-021-00550-z.

21. Lahno V, Magda O. The group classification of one class of nonlinear wave equations. arXiv:math-ph/0310049v2 [Preprint].
2003 [cited 2025 May 17]: [8 p.]. Available from: https://arxiv.org/abs/math-ph/0310049v2.

37



Kypuaa Besopycckoro rocyrapcrBeHHOro yuusepcurera. Maremaruka. Magopmaruka. 2026;2:28-38
Journal of the Belarusian State University. Mathematics and Informatics. 2026;2:28-38

22. Lahno V, Zhdanov R. Group classifiation of nonlinear wave equations. Journal of Mathematical Physics. 2005;46(5):053301.
DOI:10.1063/1.1884886.

23. Lahno V, Zhdanov R, Magda O. Group classification and exact solutions of nonlinear wave equations. Acta Applicandae Mathe-
maticae. 2006;91(3):253-313. DOI: 10.1007/s10440-006-9039-0.

24. Popovych RO. Point and contact equivalence groupoids of two-dimensional quasilinear hyperbolic equations. Applied Mathe-

matics Letters. 2021;116:107068. DOI: 10.1016/j.am1.2021.107068.
2
25. Lie S. Diskussion der Differentialgleichung dddz = F(z). Archiv for Mathematik og Naturvidenskab. 1881;6(1):112—124.
xay
26. Azad H, Mustafa MT, Ziad M. Group classification, optimal system and optimal reductions of a class of Klein — Gordon equa-
tions. Communications in Nonlinear Science and Numerical Simulation. 2010;15(5):1132-1147. DOI: 10.1016/j.cnsns.2009.05.045.
27. ®ymny BU, Hltenens BM, Cepos HU. Cummempuiinviii ananuz u mounvle peutenus HeAUHeunblX YPagHeHUll Mamemamuyeckou

¢usuxu. Kues: Haykosa mymka; 1989. 336 c.

Ilonyuena 23.07.2025 / ucnpasnena 11.02.2026 / npunsma 24.02.2026.
Received 23.07.2025 / revised 11.02.2026 / accepted 24.02.2026.



rEOMETPI/I}I N TOITOJIOT'UA

GEOMETRY AND TOPOLOGY

VK 515.12

Ob NHOUMYME IMTPOKCUMAABHBIX TOIIOAOTUHN
TNITIEPITPOCTPAHCTBA

A. C. BEJPHLKHH", B. I. THMOXOBHY"

YBenopycckuii 2ocydapemeennviii ynusepcumem, np. Hezasucumocmu, 4, 220030, 2. Munck, Berapyce

Annomayusn. VI3ydarorcsi CBOMCTBa TONOJIIOTHI Ts(inf)> sBIsToneiicss nHGUMyMoM ceMeiicTBa Ty BCeX P-IPOKCHMAIb-
HBIX TOIOJIOTHii T5(p) Ha THIIEPIPOCTPAHCTBE METPH3YEMOTO TOMONOTHYECKOTO MPOCTPAHCTBA. Kak ocHOBHOW pe3ynbrar
HAXOAUTCSl HEOOXOMMMOE U JOCTaTOUHOE yciaoBue copmajenus inf 7g = T5(p) (T. €. yCiIOBHE JAOCTHKEHUSI HHPUMYyMa).
Kpowme Toro, uccnenyercs CBsi3b TONOJIOTHH T5(inf) napuMyMoM cemelictsa Ty, Bcex Tomonoruii Balicmana, ¢ nudumy-
MOM ceMeiicTBa 7;; BCceX TOIOJIOTHI, IIOPOXKACHHBIX MeTpuKaMu Xaycnopda, a Tarke ¢ Tonosnorueil dema. Bo Bropoi
YacTH CTaThbH PAcCCMaTPHUBAIOTCS HEMPEPhIBHOE OTOOpaxeHue X — SYuero TPOJIOTDKEHHE €XPyiny) xX—L> €XPjs(ing) Y
Ha TUIEPIPOCTPAHCTBA eXp X, expY, CHaOXKCHHBIC TOIONOTHEH T5(inf)> DA 7(F )= [ f( F)]Y ([.]Y — OIEpATop 3aMblKa-

HUS B IpocTpaHcTBe Y). [l oToOpaxeHus f morydeHo JOCTaTOYHOE YCIOBHE HETIPEPHIBHOCTH, KOTOPOE SBIISETCS TAKKE
1 HEOOXOJMMBIM YCIIOBHEM, €CITH Y — JIOKaJbHO KOMIIAKTHOE MPOCTPAHCTBO CO CYETHOM 0a30ii.

Knrouegvie cnosa: runepripocTpancTBO; P-IIPOKCHUMaIIbHASI TOTIOJNIOTHsT; Toroorus Balicmana; metpuka Xaycnopda;

I/IHq)I/IMaJ'IBHaﬂ TOITOJIOI'Hs.
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ON THE INFIMUM OF PROXIMAL TOPOLOGIES
OF THE HYPERSPACE

A. S. BEDRITSKIY?, V. L. TIMOKHOVICH"

*Belarusian State University, 4 Niezaliezhnasci Avenue, Minsk 220030, Belarus

Corresponding author: A. S. Bedritskiy (bedrickias@bsu.by)

Abstract. We investigate properties of a topology Ts(inf)> which is the infimum of a family 7 of all p-proximal topolo-
gies Ty(p) O the hyperspace of a metrisable topological space. As a main result a necessary and sufficient condition of a coin-
cidence inf 75 = T5(0) (i. e. the condition of existing the minimum) is found. Besides the relations between the topolo-
&Y T(inf) and the infimum of a family 7y, of all Wijsman topologies, the infimum of a family 7;; of all Hausdorff metric
topologies, and the Fell topology are studied. In the second part of the article we consider a continuous map X — sy

and its extension CXPg(in) X L)expwnf) Y on the hyperspaces exp X, expY, endowed with the topology Ts(inf)> where
fFR)=[f(F )], (], is a closure operator in the space Y). For the map 7 we’ve got a sufficient condition of its continuity.
This condition is also necessary, if Y is a locally compact space with countable base.

Keywords: hyperspace; p-proximal topology; Wijsman topology; Hausdorff metric; infimum topology.

BBenenue

[©
Bcesikoe MHOTO3HAaUHOE OTOOpaxkenne X —— Y (00pa3 CD(x) TOYKH X € X — HEITyCTOe 3aMKHYTO€ MHO)KECTBO

B TIPOCTPAHCTBE ') MOKHO pacCMaTpUBATh KaK OJJHO3HAYHOE 0TOOPaKEHUE U3 MMPOCTPAHCTBA X B IKCIIOHEHTY
(rumepnpocTpaHcTBO) exp ¥ mpocTpaHcTBa Y. 3TO 00CTOATENBCTBO U MOTPEOHOCTH COBPEMEHHOTO aHalu3a,
IJie MHOTO3HAYHOE OTOOpakeHHUE SIBJISICTCS OMHUM M3 OCHOBHBIX MOHATHH [1; 2], MOTUBHPYIOT POBEICHUE
HCCIIEIOBAHUI TOMOJIOTUYECKUX CBOMCTB 3KCITOHEHTHI, B YaCTHOCTH TAKMX TOMOJIOTMYECKUX CTPYKTYp Ha eXp X,

OTJIMYHBIX OT KJIACCHYECKHUX Tomonornit Beeropuca 1y [3; 4] n tononoruu t; merpuku Xaycnoppa p [4; 5],
KaK CXOAMMOCTb o Baiicmany u Tononorus Baiicmana TW(p) [6—8], Tononorus ®emna 1, [8—10], p-npoxcu-
MaJIbHast TOTIONOTHS Ty, [7; 8] u np. B mpemmaraemoit pabote paccMaTpuBaeTCs P-TIPOKCUMAIbHAS TOIOJIO-
THS Ty ,) Ha exp X W yCTaHaBIIMBAIOTCS €€ HEKOTOPhIC, B YACTHOCTH (PYHKTOpPHAILHBIC, CBOWCTBA.

Kparko paccmoTpuM uctonb3yemble NOHATHS 1 0003HaueHus. [Ton npocTpancTBoM OyeM MOHUMATh TOTIO-
noruyeckoe I)-nipoctpanctso. Ilycts X — mpoctpancTBo ¢ Tononorueil 1, 4 < X, x € X, p — HeKoTopast METpUKa
Ha X. bynem nucats 4 < X (A4 < X), ecnmi MHOXX€CTBO 4 OTKPBITO (3aMKHYTO COOTBETCTBEHHO) B MIPOCTPaH-

op c

ctBe X. Beezem crenyromme o6osnauenms: [A], (4], [A]p) — 3aMBIKaHHE MHOXecTBa 4 B poCTpaHCTBe X
(OTHOCHTEIBHO TOTIONOTHH T, OTHOCHTEIEHO METPHKH P COOTBETCTBEHHO); B (X, €)= { yeX|p(x,y)< 8},

D, (x, 8) = {y eX| p(x, y) < 8} u BP(A, 8) = UABp(a, 8) — OTKPBITHIN ¥ 3aMKHYTBIN ITAPHI U €-pa3ayTHE MHOXKeE-

cTBa A OTHOCHUTENIFHO METPHUKH P COOTBETCTBEHHO (€ > 0); exp X = {F cX|D#F < X } — DKCIIOHEHTA (TUIep-
C
MIPOCTPAHCTBO) MpOCTpaHcTBa X (Kak MpaBHIIO, C HEKOTOPO Tomosnoruei); X = {{x} eexpX|xeX } — KaHOHM-

yeckuil 00pa3 mpocTpaHCcTBa X B 9KCIIOHEHTE exp X; A = {F eexpX|FnA=# @}, A= {F eexpX|Fc A},
A= {F cexpX| Bp(F, g) C A 1 HEKOTOpOro € > 0} (A++(p) MIPY HEOOXOIUMOCTH YTOYHEHHS ), (A], e An> =

'
n n
- ' ! .
= UA:' N ﬂAi W, 8)={F€ exp X | FN D,(x,&') =@ ms HeKoTOPOro & >8} (e > 0); Q; — MHO-
i=1 i=1
JKECTBO BCEX JIOMYCTUMBIX (T. €. COTJIACOBAHHBIX C TOTIOJIOTHEH) MeTpUK Ha X.
0
[MocnenoBaTenbHOCTD (an )n:1 B IIPOCTPaHCTBE X Ha30BeM A-TIOCIIEIOBATENIBHOCTBIO, €CIIH d,, # a; TIPU 1 # k
1 MHOKECTBO {an |neN } 3aMKHYTO M IUCKPETHO (KaK IOAIPOCTPAHCTBO). byeM roBopuTh, 4TO MOCIE0Ba-
© 0
T G (b,),_, mazwronktHer, ecnn {a, [n e Nyn{b,|ne N} =. Yepes a,——>x (a,——>x)

Oyaem 0003HaYaTh CXOJMMOCTh OTHOCHTEIBHO TOTIOJIOTHH T (METPHKH P COOTBETCTBEHHO).
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Jmsti pe Qy, F, P exp X BBesieM cienyronue 0bo3Hadenus: e (F, P)= sup{p(x, P)|xeF } — OTKIIOHE-
HHe (excess) MHOKECTBA F' OT MHOXKECTBA P OTHOCHTEBHO METPHKH P; P (F it P) =max { ep(F it P), ep(P, F )} =
=inf {g >0 BP(F, 8) SDPu BP(P, a) OF } — MeTpuka Xaycaopda Ha exp X, COOTBETCTBYIOIIAs METPUKE P
(BO3MOXHO, P (F R P) =00 JIJIs1 HEKOTOPBIX F, P € exp X, UTO HE BAUSAET HA ONPEACIIEHUE TOIOJIOTUN rﬁ).

Hanomuum, uto Tononorust Beeropuca Ty, Tononorust demna Ty, Tononorus Balicmana Tw(p) X P-TIPOKCH-
MaJIbHast TOTIOJNIOTHS Ty(,), T/E P € Q,, 3anar0Tcs npeadazaMu, COCTOSIMMH U3 MHOXKeCTB Buna U™ u U™,

meUc X, mat,;, U nVimneUc X,Vc X u X\V xomnaktro, qis Tp; U™ n Wp(x,e—:), rne U c X,
op op op op

xeX me>0, g, U nU  rne Uc X, nns T5(p)- @361 TONONOTHIE Ty M Tp COCTABIIOT MHOMKE-
op
n
CTBa BHA (Ul, ey Un>, rae Bce U; OTKPBITH B X, IS Ty; <Vl, ey V;,), rae Bce V; oTKpbIThI B X 1 X\ UK
i=1

KOMITaKTHO, IJIA Tg. JlokanbHas 0a3a JUISL Fe CXpX B TOIIOJIOTHH TW(p) mpeacTaBJIiCHa MHOXKXCCTBAMHU BUa

n m n
ﬂl B (x.€) [N ﬂ Wp(yj, Sj) , & B TOTIONIOTHH Ty, — MHOXECTBAMH BHJIa B (F, 8)++ A ﬂ B (x.,€) |,
i= j=1 i=1

tnee>0,{y, ..., ¥, CX\F,0< 3, < p(yj, F) u{x, ..., x,} © F B 060uX Ciydasx.
IIpocTpanctBa (exp X, rv), (exp X, rﬁ), ... Kparko Oyzem 0003Ha4ath yepe3 expy X, exps X u T. 1. Taxke

Gy/eM HCTIONb30BaTh COKpariennbie 3amicH, nanpumep [H ], mecro [H] , [H], Bmecto [H] (H cexp X),
N TF

F,———F Bmecro F,——> FurT I
no3(p) T5(p)

HyCTI) Jajiee MMpOoCTPaHCTBO XMCTpI/IByeMO Hupe QX' OCHOBHBIE COOTHOIICHHMS MCKAY TOIIOJIOI'UAMU Ty, Tﬁ’

: 81 > a2 > D
T5(p)? Tw(p) 1 Tr XOPOIIIO H3BECTHDI [7; 8]: Ty = T5(p) (re.tyD 1:5(9)), Tp 2 To(p) 1 To(p) = Tw(p) = Trs KaKIO€ 13

p)

COBIANCHUH Ty = T\ U Tg( ) =T ABHOCHJIBHO IOJIHOM OrPaHHYEHHOCTH METPHKH P, COBIIAJCHHUE Ty \ =T
s b= To(p) M To(p) T Tw(p) P p PHIH P A 8(p) T °F

PAaBHOCHUIIBHO KOMIIAKTHOCTH IPOCTPAHCTBA X, COBINAAEHHE Ty, = T5(p) BO3MOKHO TOIJIA H TOJIKO TOT/IA, KOTIA
p — MeTpHuKa AIym (T. e. p(F , P) > 0 1 MOOBIX TM3BIOHKTHEIX F, Pe exp X [8; 11]), a coBmazenue Tw(p) = T
PaBHOCHIILHO BBITIOIHEHHIO U MeTpukH p ycinoBus (NCB) (nice closed balls), cormacHo KoTopoMy Jt000H
3aMKHYTBINA L1ap Dp(x, 8) B IIPOCTPAHCTBE X, OTIIMYHBII OT BCEr0 NPOCTPAHCTBA, KOMIIAKTEH.

Tot ¢haxT, 4TO [1s BCAKOTO HEMYCTOTO MOoIceMeiicTBa 7 B YaCTUYHO YHOPSI0YSHHOM MO BKITFOUSHHUIO CEMEii-
CTBE Bcex Tonosioruit Ha exp X onpenenenst inf 7 (inf 7 = m{t lteT }) u sup 7 (tononorusi sup 7 3amaercs npes-
6asoii U{¢| t € T }), BbI3Bas HHTEPEC K HCCIEAOBAHMSM HHMUMABHBIX H CyPEMabHBIX TOIONOTH, BOSHHKAF0-
IHMX Ha eXp X COOTBETCTBEHHO ceMelcTBaM 7y = {rﬁ lpe Q) }, Ty = {Tw(p) lpeQy }, Ts = {Ts(p) |peQ)y }  IIp.

Kak okazanock, 00e Tononoruu T5(sup) = SUP Tsu Tw(sup) = SUP Ty coBmajaiot ¢ Tononorueii Beeropuca ty, [7],

sup)

a TOMOJIOTHS Tyy(g,,p) = SUP 7}, COBMAaeT C JIOKAIbHO KOHEYHOM TOIOJIOTHEH Ty, IPe10a3y KOTOPO COCTABIISIOT

sup)
muoxectsa Bua U™ u (o) = {F e exp X | FN V# & nns moboro V € o}, rae U C X; 0 — JIOKAIbHO KOHEYHOE
op

CEMENCTBO OTKPBITHIX B IpocTpaHcTBe X MHOKeCTB [12]. CBoiicTBa HH(MUMATIBHBIX TOTIOIOTHHA T(inf) = inf 7,
u Tw(inf) = inf 7Ty, uccnenoBanuce B padorax [13—16]. B uactHOCTH, ObIIN HallIEHBI HEOOXOIMMBIE U JOCTATOU-
HBIE YCIIOBHS TOCTHKEHUSA HHPUMyMa (T. €. COBIAACHUM T(int) = T [13;14]n Tw(inf) = Tw(p) [16], tne pe Q2y).
B nacTosmieil pabote B KaueCcTBE OCHOBHOTO OOBEKTa M3YUEHHUSI paccMaTpuBaeTcsl MH(UManbHas TOMO-
TOTHSL Ty = inf 75 = m{rﬁ( p)| peQy }, YCTaHaBJIMBAIOTCSl €€ HEKOTOphIC, B YACTHOCTH (DYHKTOPHAJIbHBIE,

CBOMCTBA U COOTHOIIICHUS C APYTUMHU S3KCNOHCHIHUAJIbHBIMHU TOMOJIOTUAMU.

HocTuxenne uHpumyma. Ciryyan coBnajieHus
Paccmorpum Merpuzyemoe nipoctpancTBo X. [Ipexkie Bcero oTMETHM, YTO KAaHOHHYECKAsT OUEKITHS

Xox—{xjeXc expy )X (oKCIIOHEHIMATBHbIE TO-

X sBIsIeTCsl BJIOKEHUEM IIPOCTPAHCTBA X B XD (int

inf)
MOJIOTHH C TAKUM CBOWCTBOM HA3bIBAIOT AOMYCTUMBIMU [4]) 1 X S €XDj(in) X.
C
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Jlanee HaM MOHAO0ATCS CJIETYIOIINE ONPEIETICHUE U MPETOKECHUSL.
Omnpeaenenne 1 [17]. HomycTumast METpHUKA p HAa HE KOMIIAKTHOM MPOCTPAHCTBE X HA3bIBACTCSI YIJIOTHSIIO-

1iei, eCIIM COOTBETCTRYIOIIEE MOMONHEHHE X — KOMIIAKT ¢ OXHOTOYCUHBIM HApocToM X \ X.

Ipennoxenne 1 [17]. Mempusyemoe ne komnakmmnoe npocmpancmeo X oonyckaem ynjiomHusaouyio Mempuxy
moeoa u moabKo mo2od, ko20a X A6isAemcs 10KAAbHO KOMNAKIMHBIM U UMeem CYemuylo 0a3y.

Hpennoxenne 2 [14]. Jonycmumas mempuka p Ha He KOMRAKMHOM npocmparncmee X A61semcs yniomusiio-

% o o0 o0
wetl mo2oa u mobko moaoa, Ko2oa 0l I1H00bIX 08YX NOCIE008AMENIbHOCHEN (an )ni1 u (bn )n_l, He UMeowux

8 X npedenbHblx mouex (MoYKa HA3bI8Aemcsl NPedeibHOlU 011 NOCIe008aAMeNbHOCIU, eCll T00as ee OKpecm-
HOCMb codeporcum OecKOHeUHO MHO20 Y1eHO8 IMOU NOCAe008AMENbHOCTIL), p(an, bn) — 0.

Mpenaoxenne 3 [18]. Ecau npocmpancmeo X mempuszyemo, & # F < X u py—mempuxa na F, coenacosan-
C

Has ¢ UHOYYUPOBAHHOU mononozuell, mo cyujecmgyem mempuka p € 2y, cosnaoarowas na F ¢ mempuxoti p,.
[Ipu paccMoTpeHNH MOCIENOBATEIFHOCTEH, HE IMEIOITUX TPEISTbHBIX TOUEK, OKa3bIBACTCS TIOJIC3HOM Cie-
JYFOIIast JIeMMa.

o0 o0
Jlemma 1. Ilycmo nocredosamenvrocmu (a ) u (b ) 6 npocmpancmee X He umerom npeoeibHbiX
n/n=1 n/n=1

mouek, pe Qy u p(an, bn) >¢ (e=const, € >0) dns 106020 n € N. Tocoa modxcho evibpams nociedosamens-
€ .
HOCMb HOMePO8 N, < N, < ... mak, umodel a, # a, ,b, #b, upla,, b, |= 3 npui # j.
i J i J i J

o0 o0
JHoka3zaTtenbcTso. CHauana BEIOEpPEM MOCIIEN0BATENIEHOCTH (an_ ) M (bn_) 1 (n,< n,<...) TaK, 4TOOBI
iJj= 1)j=
ay, # a, ., b, # bnj_ ua, # b, npui# j.Ionaraem, uto n, = 1.Ilycts BeIOpabl 1, < 1, <...< nyua, # d, , b, # bnj
. . o0 o0
wa, # b, npul<i< j <k Iockomsky nocnenosarenbroctu (a,) _ w(b,) _, He ConEpKaT CTaIIMOHAPHBIX TTO-
i il = =
TOCIIEI0BATEILHOCTEH (IT0C/IE0BATEIbHOCTD HA3bIBACTCSI CTALMOHAPHOM, €CJIN BCE €€ WICHBI — OJ[HA U Ta XKe TOY-
Ka), TO HaiiIeTcss HoMep m > 1y, TAKOM, 4To a, & {anl, e ank}u{bnl, . bnk} u bp ¢ {anl, e ank}u{bnl, . bnk}

nns Bcex p > m. Ilonaraem, 4to n; = m.
Hanee, He HapyIIas OOIIHOCTH, MOKEM CUUTaTh, YTO 4, # ay, b, # b, u a, # b, npu n # k. Paccmorpum
CIIE/LYIOIINE CIyYau.

. €
1. Haiinercst Touka z € X Takas, 4To IIap Bp (z, —j COAEPKUT OCCKOHEYHO MHOTO WICHOB (T. €. TIOAOCIIeI0-

o o € =
BaTCNbHOCTh) XOTs Obl O/IHOM M3 mociezoBarenbHocTe. [lycTs, Hanpumep, B, [z, gj D (an‘_ )i:I (n<ny<..).
b <& b .T b )< APE
Homnycrnm, uto p| a,,, b, |< 3 Jusl HeKOTOpbIX a, u b, . Tornapla, , b, |1<pla,, a, )+p|a,. b, |< 5 + 3" €,

YTO MPOTHBOPEUNUT HEPABEHCTBY p(an‘ , b, ) e
J J
. €
2. lnst mro6oit Touku z € X wap B | z, 3 COIECPKUT He OoJiee KOHEYHOTO YUCIa WICHOB 00EeHX IOo-

cnenoparenbHocTeil. Ilonaraem, uto n,=1. Ilycts BeIOpaHsl 1< 1, <...<n,. Ilo ycnoButo Haiinercs Ho-

k k k k
Mep m > ny Takow, 4to a, & UBp(an,-’ gj ) UBp(bn,-’ gj ub,¢ UBp(an,-’ g] ) U Bp(bni, %)
i=1 i i=1 i=l

i Beex p = m. Ilomaraem, 4rto n; | = m.

0 0
O‘IGBI/I,Z[HO, 4qTo BBI6paHHBIC TaKUM o6pa30M IOAIOCICA0OBATCIIbHOCTH (an_). | n (b ) . YAOBJIICTBOPAKOT
i=

.
1 i= 1
ncxoaHOMy TpeboBaHuto. JleMMa ji0kazaHa.
[Ipu paccmoTperuH 7151 *HPUMAIIBHBIX TOTIOJIOTHH Ti(inf)> T (inf) ¥ Tw(int) BOTIPOCA O IOCTHKCHIH UHpUMY-

Ma (inf = min) cTout 0O6paTuTh OTAEIbHOE BHUMAHUE HA TPUBUAIBHBIA B JaHHOH CUTyalMu cilydail, korga
BCC TOIOJIOTHH BUJIA Ty (1:5( o) Tw( p)) coBnajawor (1. e. cemeiicta 7y, 75 u Ty, OHOIEMEHTHBI).

pennoxenue 4. /{11 mempuzyemozo npocmpancmea X sxeusaienmuul credyiowue yciosus: (1) ece mo-
nonoz2uu 6uoa T PE Qy, cosnaoarom; (2) ece mononozuu euoa Ts(p) peQ,, coenadarom; (3) 6ce monono2uu

suda Tw(p) PE Q,, cognaoarom; (4) npocmparcmeo X KoMnakmHo.
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HoxkazartenbcTBo. [JokazarenscTBo ummumukanuii (4) = (1), (4) = (2) u (4) = (3) odeBugHBIM 00pa-
30M CIEIYET U3 COOTHOUIEHUH Ty = T(p) = Tw(p) = T M COBIAICHUH Tg =Ty [4] U Ty = Ty, BOSHUKAIOLIUX TIPH

KOMIIAKTHOCTH IIPOCTPAHCTBA X.
JomycTtum aajee, 4To NPOCTPAHCTBO X HE KOMIIAKTHO U, CJIEJOBATEIbHO, OHO CONEPKHUT TU3bIOHKTHBIC
3aMKHYTBIE M JTUCKPETHBIC (KaK MOANPOCTPAHCTBA) MHOXKeCTBA A = {an |ne N} uB= {bn |ne N} (a,#a,

u b, # b, npu n # k). [lpemnoxenue 3 no3BossieT BLIOPaTh JOMYCTUMbIE METPUKHU P, G U L TaKHE, UTO p(an, ak) =

p(b,, bk)=|n—k , p(a,, b,)=1up(a,, b)=1 s mobeix n, keN; o(a,, a,)=|n—k| n o(a,, b”):%;

v(a,, a,)=|n—k|, v(b, a,)=n, v(by, bn):% npu n>1. Jlanee GyaeM HMCMOJb30BaTh 0603HAYEHUE

N

A,=AU{b,}. Hecnoxuo nposeputh, uto &(A4, A,)<— M, CIe10BATEIBLHO, 4,——4, Ho p(4, 4,)=1

s mroboro n e N; Anw)—)A, HO A, ¢ BP(A, 1)++ nst moboro n € N; An—ﬁw(c) A,HO0 A, & W, (bp %j TSt

mo6oro 7 € N. [lomydennsie nporuBopeuns ¢ ycnosusmu (1), (2) u (3) mokaspBaror umrmutukamn (1) = (4),
(2) = (4)u (3) = (4) (3xBUBaNeHTHOCTH (3) < (4) mokazaHa Taxxke B padore [7]). [Ipennoxenne nokazaHo.
Teopema 1. [Tycmw p — donycmumas mempuxa Ha ne Komnakmuom npocmparcmee X. Cognadenue Ts(inf) = Ts(p)
uMeem Mecmo mozoa u MmoAbKo mo2od, K020a MempUKd P YRiomHsIOuasl.
HNokazaTtenncTBo. Jocmamounocms. J{is 10Ka3aTenbLCTBa IOCTATOUHOCTH TIOKAXKEM, UTO €CITH METPHKA P
YIUIOTHAIOMIAS, TO Ty ) > Ty ) VLA m060# MeTpukH 6 € Q. JIJ1 3TOro 10CTaTO4YHO IPOBEPUTD, YTO JUIS T0O0TO0

MHO’KECTBA BHa Bp(F , 8)++, rae e exp X u g > 0, MoxxHO 110100path & > 0 Tak, 4T00bI BG(F , 8)++ c Bp(F i 8)++

5 1 ++

JlommycTHM OT NPOTHBHOTIO, YTO [UIsl Kaxaoro n € N HalinyTea P, € exp X takue, uto P, € BG(F , ;j (m, cireno-
1 1

BaTeIbHO, P, C BG(F, —j), HO P ¢ B (F g)++ (u, cnemoBarensHO, B (Pn, —j ¢ B (F, 8)). DT0 00CTOSATED-

n AN p n P

CTBO IIO3BOJISIET BBHIOPATh TOUKK X, € F, y, e B U z, & BP(F i s) TakK, YTOObI

o5 7)< (1)
1

P2 20) < )

p(x,, z,) ¢ 3)

o 0 0 0
JIIA moboro ne N, HCHO, YTO €CJIM XOTs OBl OJJHa M3 I10CJICA0BAaTCIIbHOCTCH ()Cn )n -1 (yn )n -1 u (Zn )n -1 HUMECT

o0
MpeAeNTbHYIO0 TOUKY, TO B cuiTy HepaBeHCTB (1) u (2) MOKHO BBIOpaTh MOJIOCIEI0BATEILHOCTH (xn.)

i=1

0 0
( ynA) o ( zn_)A |» CXoafIHecs K 9TON TOUKE, YTO MPOTHBOPEUYUT HepaBeHcTBaM (3). MTak, nmocnenoBareis-
i i)j=

i=
o0 o0
HOCTHU (xn )n:1 )51 (Zn )nzl HE UMCIOT MPEACIBbHBIX TOYCK. Ho IMMOCKOJIBKY METpPHUKA P YIUIOTHAOLIAA, TO B CUITY

NpeIoKeHus 2 p(xn, zn) — 0, 9TO OIATH K€ MPOTUBOPEUHT HepaBeHCTBaM (3). JlocTarouHoCTh HOKa3aHa.

Heobxooumocmo. JlomycTiM OT IPOTHBHOTO, YTO METPUKA P HE YIUIOTHSIOMIAs. Torna B CHITy Tpemsio-
JKEHHS 2 ¥ IeMMBI | B TipocTpaHcTBe X CYIIeCTBYIOT AM3IBIOHKTHBIE 3aMKHYTHIE W AWCKPETHBIE MHOXKECTBA

A={a,|neN}uB={b,|neN} raxue, uro a, #a, n b, #b, upn n+k u p(a,, b,)> & npu mobsix n, ke N,
. 1

rze € = const, € > 0. [Ipennoxenne 3 Mo3BosAeT BEIOPATh METPUKY G € Q ., I KOTOPOi cs( a,, bn) =—. Benem
n

_ ++
oGosnauenne A, =AU{b,}. Jlerko npoepuTh (paccMarpuBas IeMeHTsI npenbasel Buga U u By(4,¢) ),
00
410 A,———> 4. OnHaKo nocieg0BaTeIbHOCTh (An),,:1 HE CXOIUTCA K A B TOMOJIOTUU Ty(p)> TIOCKONBKY

3(o)

-
A, € B,(4, &) npn mo6om 1 € N, 4T0 IPOTHBOPEUHT COOTHOMICHHIO Ts(o) = To(p): TEOPEMa JlOKa3aHA.

Teopema 1 u npeasnioxenne 1 BIEKyT HIKEITPUBEICHHOE CIIEACTBHE.
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CaenctBue 1. Tononozus T3(inf) 1 IKCNOHEHME MEMPU3YEMO20 He KOMNAKMHO20 NPOCHMPAHCMEA X cos-
naoaem ¢ monoinoaueil 8udd Ts(p) e0e pe Qy (ungumym oocmueaemcs), moz0a u moabko mozoa, ko2oa X

ABNAENCSL TOKATbHO KOMUAKMHBIM U UMEeen CUemHYI0 0as3).

Teopemy 1 u cnencTBre 1 MOXKHO JONOJTHHUTD CIEAYIONUME aHAJOTHYHBIMA YTBEPKICHHUSMI.

Teopema 2. /[ donycmumou mempuku p Ha He KOMHAKMHOM npocmpancmee X cognaoenue T(int) = T
uMeem Mecmo mo2oa u moibKo mozod, Ko20d Mempura P YniomHsiowdsl.

JokazartenbcTBo. JJocTaTrouHOCTh JTI0Ka3aHa B padotax [13; 14]. lokaxkem HeoOxomumocTh. [lycTh
T(inf) = Tp- JomyctuM OT IPOTHBHOTO, YTO METPHUKA P HE YIUIOTHsIoMas. Toraa cormacHo MpeaioKeHuto 2

b

u eMMe 1, Kak ¥ IpH J0Ka3aTesIbCTBE HEOOXOIMMOCTH B TeopeMe | (CUTyalus Ta jxe), B IpOCTpaHCTBE X MOXKHO
BBIOpaTh TE K€ MHOXKECTBA A = {an |ne N}, B= {bn |ne N}, A,= Au{bn} U METPUKY G € Q,, I KOTOPBIX

p(a,, b)=¢ (e=const, £>0) u o(a,, b,)< 1 npu 1106bIX 71, k € N. OueBuano, uto (4, 4,)< l, OTKyzIa
n n

A,—>A,H0p (A4, A,)=¢ nns Beex n € N, 4TO IPOTHBOPEUT COOTHOLICHHIO Ty > T5. Teopema noKa3aHa.
G P

CaencrBue 2 [13; 14]. Tononocus Tii(inf) 74 OKCNOHEHIME MEMPUZYEMO20 He KOMNAKMHO20 NPOCPANCIEd X
cosénadaem ¢ mononoauei 6uod Ty, 20e p € Qy (UHGUMYyM docmuzaemcs), mo2oa u Monbko mo2od, Ko2od

X siensemces 10KAIbHO KOMAAKMHBIM U UMeem CuemHuyto 0a3zy.

[Tockonbky mro6ast yIIOTHSIOMAs METPUKa BITOJIHE OTPaHUYEHA, a JJIs BIIOJHE OTPAaHWMYEHHON MeTpu-
KU p € () TONOJIOIUU Ty(p) U Tp COBIAZIAIOT [7], To Teopembi 1 u 2 M03BOJISOT CHOPMYITHPOBATH HIKEITPUBE-
JIEHHOE CIIE/ICTBUE.

CaencrBue 3. Eciu mempu3syemoe He KOMAAKMHOE NPOCMPAHcmEo X A611emcs 1OKALIbHO KOMNAKIMHbIM
u umeem cuemuyro 6azy, mo monoio2uu Ts(inf) Y Thi(int) H9 exp X coenadaiom u mempusyemvl Mempuxou Xayc-
oopga p, 20e p € Qy u Mempuka p ynioOmHAIOUWAs.

HeoOxoammMoe yciioBre cCOBIafeHNs TOOIOTHI T5(inf) ¥ T(inf) AT CIIE/IYIONIEE MPE/UIOKEHHE.

inf
pennoxkenue S. Eciu mononozuu To(inf) ¥ Th(inf) 4 OKCNOHEHME exp X mempuzyemozo npocmpancmea X

cosnadaiom, mo npocmpancmeo X umeem cuemmnyio 6asy.
Joka3zarenbcTBO. JIOMyCTUM OT IPOTUBHOIO, YTO BeC IpocTpaHcTsa X HecuereH. Torga X conepkut

3aMKHYTO€ JUCKPETHOE MHOXKECTBO A = {ak | A < 0)1} (a, # agpn o < ff <), TI€ @) — HEPBbI HECUCTHBIN Op-
auHan. Beenem o6o3HaueHue 4, = {aa o< X} ,H= {Ax| A< col}. dukcupyeM IPOU3BOIBHYI0 METPUKY p € .

) 1, KaK CIICACTBHE, A € [’H]B(mf). [Iycts F e [H]B(p)
CTBO MHO)KeCTBa F.

1. Jomyctum, uto F & A. Beidepem Touky x € F'\ 4 u ee okpectHocth U Tak, yto0bl U N 4 = J. OueBun-
Ho, uT0 Fe U, H0 U™ N 'H =, 4T0 NPOTUBOPEYUT COOTHOLICHUIO F € [H]a(p)' Urak, Fc A.

HecoxHo npoBeputs, uro A € [H] . iccnenyem ycerpoii-

2. domyctum, uto F > ag, F#a, n a<B<o. Bbsbepem €>0 Tak, 4ToOsl Bp(aa, s)m A= {aa},

++ -
Bp(aﬁ, s)mA = {aB}, U OJIOKHUM, 4TO G = Bp(F, 8) N Bp(aﬁ, 8) . Scno, uto Fe G, no GN'H =. Buosb
nonydaeM nporuBopedne. Takum obpasom, eciu F'> ag, 10 F'D {aa o < B} U, CIIe0BaTENbHO, MO0 F = A,
mubo F = A, g HekoToporo A < o,. Utak, [H]a(p) = HU{A}. B cuity npounsBonbHOCTH BBIOOpa METPUKU
p € Q, MHOXECTBO H U {A} 3aMKHYTO OTHOCHUTEIIHHO JIFOOOI TOIONOTHH BHUA Ty(p)> & 3HAUHT, H OTHOCHTEITBHO
TOTIOTIOTHHU Ty ¢ YuuThIBas COOTHOIIEHNE A € [H]S(inf) (cM. BBIIIE), TOTyYaeM PaBEHCTBO [H] 8(inf) = HO {A},

a TIOCKOMBKY Ty(jnp) = Tyy(jng)» TO M PABEHCTBO [H]H(mf) = HU{A}. CBolicTBa TOIMOJOTUHU T(in)> B TACTHOCTH
o0
€€ CEKBEHIMAIBHOCTh (CM. [14]), TO3BOJSIOT BBIOpATh MMOCIIEI0BATEIILHOCTh (Ax ) |» CXOLAIILYIOCS K A OTHO-
n/p=

o0

CHTEIIBHO Tyyj,), 33TEM TOJTIOCIIE/IOBATETBHOCTE (AM) | METPHKY p & Qy, 11 KOTOpoi AM,—f))A' Hanee

i
buxcupyem opauHai y < o, ¥ > A, 1uid Bcex n € N, u BeiOupaeM € >0 Tak, 4T00bI Bp(ay, 8) NA= {ay}. SlcHo,
qTo BP(AM’ 8) 2 A, oTKyma Ax,, & Bﬁ (A, 8) 11t mo0oro # € N, 9TO MPOTUBOPEUUT CXOAMMOCTH Akni—ﬁ)A‘
IIpennoxxenue nokasaHo.

3ameuanue. YKa3aHHbIC BBIIIC YCIOBHUS COBIAJICHHS TOMOJIOTHIMA T5(in) ¥ Thi(inf) (mocrarouHoe ycioBue
B CJIC/ICTBUU 3 U HEOOXOAMMOE YCJIOBHE B IIPEJIOKCHHUH 5 ), BEPOSTHO, MOTYT OBITh YTOYHEHBI (B HAIPABICHUN
0CJTA0JICHUSI TOCTATOYHOTO U YCHIICHUST HEOOXOTUMOTO YCIOBHIA).
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Janee paccMOTpUM BOIPOC O BOBMOKHOCTH COBIAJICHHN Ta(inf) = Tw(inf) ¥ To(inf) = TF-

Teopema 3. /[na mempuzyemozo npocmpancmea X saxeusanrenmuul creoyrougue yciogus: (1) To(inf) = Tw(inf)’
2) Ts(inf) = T (3) npocmparncmeo X komnaxmmo.

HoxazarenscTBo. [JokazarenscTtBo umrumnkanuii (3) = (1) u (3) = (2) crneayer U3 COOTHOIIEHUHN
Ty 2 Ty(inf) = Tw(inf) = T¢ ¥ COBIIAJICHHUS TOHOJIOTHH Ty U Tp IPU KOMIAKTHOCTH IPOCTPaHCTBA X.

[penmonoxum jgasnee, 4TO MPOCTPAHCTBO X HE KOMITAKTHO, H PACCMOTPUM 3aMKHYTOE JHCKPETHOE MHO-
xectBo A={ay, a;, a,, ...} € X (a,#a, npu 0<n<k), MmHOXKeCTBA A, = {ao, a,, a,. | } U MHOMECTBO
H={4,|neN}cexpX. fcuo, ato 4,——>{a,} (T. €. OTHOCHTEILHO TOMONOTHH Tg), OTKYIA {dq} € [H],.
Ilycte BeexpX u Be [H]F. PaccMOTpyUM BO3MOXKHBIE BApUAHTBI PACIIONIOKEHUSI MHOXKECTBA B.

1. B¢ A. Torna naiinyres b € B\ A u okpectHoctb U Touku b Takas, uto U N A =O. [lockonsky Be U™,
Ho UN A, = nnsa moboro ne N, a cienosarensHo, U™ N 'H =(J, To noiaydaeM IpOTUBOPEYHE C COOTHO-
meHueM B e [H]F. Uraxk, B c A.

2. ay ¢ B. Beenem o6osuaucnne G = (X \ {ao})+. OueBujHO, 4T0 Be G € 1y, HO A, & G nis moboro n e N,

a creoBarenbHo, G N H = J. OnaTh noityyaeM IpOTUBOPEUNE C COOTHOIIEHUEM B € [H]F. Hrak, a, € B.
3. Baa,(n>1),H0 B3 a; 111 HekoToporo k > n. Beibepem oxpectHocTs U ToUKH a,,, 17151 KoTopoit UM A = {an },
_ +
M TIOJIOXKUM, uTo G =U"N (X \ {ak }) . ScHo, uto B e G, Ho G N 'H =J. CHoBa nonydaem npotuBopeune. Utak,
eciu Baa, (n=1), 10 Boa, 1 Beex k > n.

Taxum o6pasom, B ={a,} um B € H, otkyzna ['H]F =HuU {{ao}}.

TTockonbky T5(p) > T5(inf) > Tw(inf) > Tp, I1e p € ., TO MHOXECTBO H U {{ao}} 3a3MKHYTO B TOTOMOTHAX Ty iy
Ts(inf) M To(p)- 3aMeTUM Takxke, 4To A”W { ao}, OTKyZa [H]W(inf) =Hu {{ ao}}. JlefcTBUTENBHO, BBIOPAB,
HOJb3YSACh IPEIUIOKEHUEM 3, METPUKY p € (2, U1 KOTOpOH p(an, a ) = |n - k| (0<n< k), monyyaem cxoau-
MOCTB Anw{ao}, a CIIEIOBATENBHO, U CXOJMMMOCTh Anw{ao}.

PaccmoTpum manee okpecTHOCTB Uy TOYKH a,), 111 KoTopoit Uy N A= {ao}, ¥ MHOKeCTBO G =U, +p)
B €XPg () X, e p € Qy. OueBuHO, UTO {ao} €@, Ho GN'H =J. Takum 006pa3om, MHOXKECTBO H 3aMKHY-

TO BO BCCX TOIIOJIOTHAX BHIAA ‘CB(p)’ a CJICAOBATCIIbHO, U B TOIIOJOTHH TES(inf)’ T. €. [H]E( ): H. I/ITaK, npu

inf
HAIlleM JIOMYIIeHUH (IIPOCTPAHCTBO X HE KOMITAKTHO) HHU OJJHO M3 COOTHOIIEHHH Ts(inf) = Tw(inf) ¥ To(inf) = TF

HeBO3MOXKHO. [Tonmydyennbie nmpotuBopeuns ¢ HepaBeHcTBamH (1) u (2) mokaseiBarorT umruinkanmu (1) = (3)
u (2) = (3). Teopema nokasana.

Tomosnorust © U 0TOOpaKeHHUs

d(inf)

HanomuuMm, uto otoOpakenue exp X —E— exp ¥ Ha3bIBAOT NPOIODKEHHEM (Ha SKCTIOHEHTHI eXp X nexp Y)
oto6paenns X —L Y, ecnu g({x}) = { f (x)} 115t mo60it Touky x € X. [Iponomkenne g Ha3bIBAIOT KAHOHH-
YeCKUM M 0003HAYAIOT Yepe3 7‘, eciau g(F ) = [ f (F )]y Juis kaxaoro I e exp X. Borpoc 0 HenpepbIBHOCTH IIPO-
JoJbKeHus f paccmarpuBalics B padotax [15; 19; 20]. B wactHocTH, B cTathe [ 15] onpeneneno ycnoBue (TUC)
(topologically uniformly continuous), Ipu BEITOTHEHUH KOTOPOTO TSI OTOOPaKSHUS X — Y (mpoctpanctBa Xu Y
METPHU3YEMBI) COOTBETCTBYIOLIEE KAHOHUUYECKOE MTPOIOJIKEHNE €XPy(inf) X —?—>epo(inf) Y nenpepsbIBHO.

Omnpenesenne 2 [15]. HenpepreiBHOE oToOpaxenne X —/ 5 Y HaspiBator TUC-oToOpaxeHneM, WiH 0TO-
OpakeHHeM, YIOBIECTBOPSIOIINM yCIOBHUIO (TUC), €CIIU Ul JII000H METpHUKH p € 2y CyIIECTBYET METPU-
Ka G € (), IpH KOTOpOi 0TOOpakeHHe (X , p)%(Y , G) PaBHOMEPHO HENPEPBIBHO.

[IpuBenem nomyvenHsie B padore [15] pe3yabrarsl.

Teopema 4 [15]. Eciu omobpascenue X Ly y0081emeopsiem YCi08uio (TUC), mo npooonxcerue
XDy inf) X L)epo(inf) Y nenpepuisno.

Teopema 5 [15]. Ecau npocmpancmeo Y 56151emcs 10KAIbHO KOMNAKIMHBIM U UMeent CYemHYIo 6a3y, a omoopadice-

HUE EXPy(in) X '—f>eXpH(inf) Y nenpepuieno, mo omobpasicenue X —L 5y yoosnemaopsiem yClo8uio (TUC).
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Kpome toro, B pabote [15] ormMedeno, uto MeTpusyembie ipoctpancTBa u TUC-0ToOpakeHusT 00pa3yroT

Kareropuio (0603HaUCHA Yepe3 (M , TUC)), 1 C yUETOM BBINIEYKa3aHHBIX TEOpeM C(HOpMYITHpOBAHO HIKETIPH-
BEJICHHOE CIIC/ICTBHE.
CaencrBue 4 [15]. Omobpasrcenue €XPy(ing) U3 Kamezopuu (M , TUC) 6 kamezoputo Top, (kamezopus

T,-npocmpancme u HenpepbleHLIX OMOdPadICeUll), cmassaujee 6 coomeemcmeue Kaxcoomy mopgusmy X Ly

S
U3 Kkamezopuu (M , TUC) €20 HenpepvleHoe NPoooIiCceHUe CXPy(in) X > €XPyying) Y, asnaemca kosapuanm-

HbIM (DYHKIMOPOM.

[IpoBenem aHanOTHYHBIE PACCMOTPEHHS] OTHOCUTEIHHO TOIIOJIOTHH T5(inf)" [To-mipexxHemy mpocTtpaH-

inf
cTBa X u Y MeTpu3yembl, oToOpaxenue X —L 5y HenpepbiBHO. HaM moHamo0uTCs foka3zaHHasi paHee BCIIo-
MoraTeibHas JIeMMa.

Jlemma 2 [15]. IIycme peQy, c€ Qy, (an)::1 u (bn):;l — nocneoosamenbHocmu 6 npocmparcmee X
u p(an, bn) — 0, Ho G(f(an), f(bn)) > ¢ ona mobozo ne N, ede € =const, € > 0. Toeoa cywecmgyem makas

0 0
nocie008amenbHOCb HOoMeEpOoeB Ny < n, <...,umo nocie008amenbHOCmu (Clnv) | u (b ) lﬂgﬂﬂ}OH’lCﬂ OUBBIOHKIM--
)i i=

i= nj
©

HulMu A-nociedosamenbHocmsamu, a Ok Rapbl COOMEEMCMBEYIOWUX NOCLeO08AMEbHOCTEN ( f (an_))
i/]i=1
0
u ( f (bn_)) BbINONHAECMCsL 0O0OHO U3 caedyrowux ycnosutl. (1) xoms 6v1 00Ha U3 nociedosamenbHocmell
i/)i=1

(f(an‘_ ))il u (f(b”i))il cxooumcs 6 npocmpancmee Y, u Hatioemes & > 0 maxoe, umo G(f(an‘_ ), f(bnj )) 29

ona noowix i, jeN; (2) (f(ani ))'00:1 u (f(bn,. ))il — dusvronkmuvle A-nociredosamenvrocmu, u Hatioemes d >0

makoe, 4mo G(f(ani), f(bnj))ZS ons mobvwix i, j € N,

Teopema 6. IIycmov p € Qy, 6 € Q. Omobpadicenue eXPy( p)X L)expB(G)Y HenpepvleHO mMo20d U Moilb-

Ko moeoa, ko2oa omoopaicenue (X , p)—f—>(Y , cs) PABHOMEPHO HenpepvlHO.

JdokaszartenbcTBoO. [Jocmamounocmb. PUKCUpPyEM IIPOU3BOJIbHBIE ['€ exp X U okpecTHOCTH V'~
, 30(7(}7)’ 8)++ (B expB(G)Y) MHOXKECTBA /_‘(F), rae VOC Y, € > 0. Ilockonpky V' M f(F) # (J, TO MOXKHO BBI-
Opate yelV N f (F ) u x € F takue, uto y = f (x), 3aTelxi OKpeCTHOCTb U TOYKH X, AJIsl KOTOPOi f (U ) V.
Scro,uto FeU ,mecmm Pe U™, T0 7(P) eV, oTkyna 7(U_) cV.

— 1 A — ++
Homycrum panee, uro f| B, (F , ;j Z B, ( f (F ), 8) s Beex n € N. Torna, yuuTsIBasi COOTHOILLIE-

Hue B ([A]Y, 8) = BG(A, 8), cripaBeUIHBOE Mpu JTH000M J # A C Y, mst kaxaoro 7€ N MOXHO BBIOparh

1

1
P, e exp X Tak, uto0b! P, € BP(F, —), HO Bc(f(Pn), —
n n

jQBG(f(F), s). Bsibepem Touku z, € Bc(f(Pn), lj\
n

\Bc(f(F), 8),3aTeM y.€ f(P,),x,€ P,ua,e F, us xoropeix f(x,)=,,

1

G(yna Zn)<;7 (4)
1

p(an’ xn)<;’ (5)

u BBezieM 0603HaucHue b, = f'(a, ). Ilockonbky b, € f(F), T0
o(b,. z,)> . (©)
HepasencTsa (5) M paBHOMEpHasi HEIPEPBIBHOCTb OTOOPAXKEHHUS f BIEKYT cXxoaumocth 6(b,, v,)—> 0.
Onnako u3 HepaseHCTs (4) u (6) cuenyer, uto o(b,, ¥, ) >§ JUIS BCEX 71, HAYMHAS C HEKOTOpOro Homepa. I1o-

Jy4WIId IpoTHBOpedre. JlocTaTouHOCTh JJOKa3aHa.
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Heotxooumocms. JlonycTum OT poTHBHOTO, uTo otobpaxenue (X, p)—L—(Y, o) ne apnsercs pas-

HOMEpPHO HenpepbiBHBIM. Torna, UCrosb3ys JIeMMy 2, B IPOCTPAHCTBE X MOXKHO BBIOPATH JAU3BIOHKTHBIE
o0 o0

A-nocnenosarenshoctu (a,)"_ u (b,)”_ Tax, uto6er p(a,, b,) =0, o o(f(a,), f(b;))28 wia moGex

n, keN, rae &= const, >0. Beenem obosnauenns A={a,|neN}, 4,= AU{b,}. Jlerko nposeputs, 4T0

— ++
AnWAv HO f(bn)eBc(f(A ) ([f :| ) OTKyL[af(An)EBG(f(A), 8) nipu Jirooom n € N,
[omyunnu nmpotuBopeune. Teopema 10Ka3zaHa.
Crenyromue TeopeMbl aHAJIOTHYHEI IOKa3aHHBIM paHee TeopemMam 4 u 5.
Teopema 7. Ecau omobpasicenue X—L>y Y0081emeopsiem YCio8U0 (TUC) mo npooondicerue

eXpﬁ(mf) X_—)expg(mf) Y HEenpepwvlBHO.
HAoxasarenbcrso. Ilycts G expy) Y, H = 7" (G). Hokaxewm, uro H EXPjinp) X - PHKCHpPYEM
op op

HpOI/I3BOJ'H>HLIe FeHupeQ,. Yenosue (TUC) H03BOJISIET BHIOpATh METPHKY G € Q) TaK, 4TOObI 0TOOpaXxeHue

(X p) (Y , G) OBLJIO PAaBHOMEPHO HENPEPBIBHBIM. 3aTeM BbIOEpEM OKpecTHOCTH V (B exp Y) MHOXe-

CTBa f (F'), OTKPBITYIO B TOIIOJIOTHH T5(c) U CONEPHKAUILYIOCH B MHOXKECTBE G. Tlo Teopeme 6 oTOOpaXkeHHE f
HETPEPBIBHO U, CIEJ0BaTelIbHO, cyliecTByeT okpectHOCTh O (B exp X) MHOXeCTBa F, OTKpPBITask B TOMOJO-
THH Ty (), U151 KOTOpOH j_‘(O) < V. Ho nockoneky V < G, To O < H. UTak, nokazaHo, 4T0 MHOKECTBO H OT-
KPBITO B JTFO00# TOMTONIOTHA T(p) TAE P E Qy, a CIIEeN0BATENBEHO, MHOXKECTBO H{ OTKPBITO U B TONOJIOTUH Ty (inf)"
Teopema nokaszana.

YTBepkaenue, o0paTHoe Teopeme 7, CIPaBeJIuBO TP TOMIOTHUTEIILHOM YCIIOBUM Ha IPOCTPAHCTBO Y.

Teopema 8. Eciu npocmpancmeo Y a6nsiemcs 10Ka1bHO KOMAAKMHBIM U UMeem cuemuyio 6asy, a omoopaice-
HUC €XPy jny) X L)expa(inf) Y nenpepuigrno, mo omobpasnicenue X Ly y0081emeopsem ycio8uio (TUC).

HoxazarenbcTso. JOIMycTUM OT IPOTUBHOIO, YTO CYLIECTBYET METpPUKa p € (), TaKasi, 4To [IPpU JIF0O0H
METpHKeE G € {2y, 0TOOpaKeHue (X , p)—f—>(Y , G) HE SBJSETCSA PAaBHOMEPHO HenpepbIBHBIM. DukcupyeM yka-

3aHHYIO METPUKY P, 3aT€M METPUKY G € (), IPON3BOJILHBIM 00Pa30M, €CIIH IPOCTPAHCTBO Y KOMIIAKTHO, U KaK
YIUIOTHSIIOILYIO METPHUKY, €CJIM IIPOCTPAHCTBO Y HE KOMIAKTHO (cM. mpeanioxenue 1). B oboux ciyyasx To-

II0JIOT U TS(inf) Ha exXp Y COBITIAJACT C TOIIOJIOTUCH ‘CB(G) (CM. MMpEAJIOKCHNC 4n TeOpEeMy 1) Hamme A0NyIICHUC
o0

o0
H JIeMMa 2 HO3BOJISIOT BBIJACJINTL B IPOCTPAHCTBC XZ[I/IS’I)}OHKTHLIG A-HOCJ’IG}IOB&TGJ’[LHOCTI/I (an )nfl nu (bn )n71

TaK, 4to6sl p(a,, b,) —> 0, Ho G(f(an ), £ (b )) > § s mobbix 1, k € N, rie 8 = const, § > 0, mpuuem 6o obe

0 o0
TI0CTIeI0BATeNEHOCTH ( f(a, )) o ( 7(b, )) | ABILIOTCS A-TIOCIIENIOBATENBHOCTSMH, JIMGO0 OJIHA 13 HUX, HAIpH-
n= n=
0
Mep ( f(a,)) s exourest. Tlepaetii ciryuaii HEBO3MOMKEH, TAK KaK B CHITY IPEIUIOKEHNS 2 G( f(a,). f(5,))—0,
o=
YTO MPOTMBOPEYHMT HEPABEHCTBAM G( f(a,), f(b )) > 8. Bo Bropom cityuae BBenem o6osHauenns A ={a, | ne N},

A4, = Au{bn}. [Tockonbky A T)A, TO U A T“f))A CJIC/IOBATEJIbHO, B CUJIY HENPEPBIBHOCTH [
uveeM f(A,)———> —@n £(4), a8 cuny conanenus Ts(inf)= To(o) (HA €Xp V) momyaenm f(4 )Wf(A)
Ho B, (]_’(A), 8) =B, (f( ), 5) 2 f(b,), otkyna f(An) ¢ B, (f(A), 6)+ npu mooom 7 € N. Tlomyyusu npo-
THBOpeune. TeopeMa J0Ka3aHa.

Teopema 7 BiieUeT CIEACTBUE, AaHAJIIOTUYHOE CIICACTBHIO 4.
CaeactBue 5. Omoopasicernue €XPj(ing) U3 Kame2opuu (M , TUC) 6 kamezoputo Top,, cmaeswee 6 co-

omeemcmeue kasxicoomy mopgusmy X —L Y us Kamezopuu (M , TUC) €20 HenpepvlBHOe NPOOOJIICEHUE

expa(mf)X—f—mxpa(.

inf) Y, senaemcs kosapuanmmuvim gpynkmopom.

B 3aBepuienue paccMOTPHUM BOIPOC 00 yCIOBHHM KaHOHHYHOCTH HENPEPHIBHOTO IPOJODKCHHUS
€XPs inf) X —)expé( )Y otTobpaxennst X —L— Y, npu BEITONTHEHHH KOTOPOTO g = f.

Teopema 9. Henpepuisnoe npodosnicerue €XPjinf) X —>exp5(mf) Y omobpasncenus X —L Y cosnaoa-

em ¢ KaHOHU4eCKUM npooondicenuem f moeoa u moibko moaod, ko20d g(A) =f (A) 07151 1106020 KOHEYHO20
muoxcecmea A X.
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JoxkazaTtenbcTBO. HeoOxommmocTs oueBraHA. JloKaskeM TOCTaTOYHOCTh. VICTIONB3yeM COOTHOIICHUS
g
Ty = T in) 2 1. Eciiu oroOpaxeHue CXPs in) X > XDy (i) Y HempephIBHO, TO HEMPEPHIBHO U OTOOpaXKe-

uue expy X —E—>expy ¥, u s mobbix F € exp X u okpectHoctr G (B expy Y) MHOKeCTBa g(F ) HalJeTcs
OKPECTHOCTH BHIA <U, s ens Un> (B expy X)) MHOXKeECTBa F, 1151 KOTOPOi g((U, s e U, >) < G. Paccmorpum

CIEYIOIIHE CITyYaH.
1. f(F)zg(F), e. [f(F)}Y ¢ g(F). Hockonsky g(F) - Y, 10 f(F) g(F) n, cnenosarensHo,

MOYKHO BBIOpaTh TOYKH ) € f(F)\g(F) uxekl,tne y :f(x). ITonoxxum, uro G :(Y\{y})+, 3aTEM BbI-

OepeM Touku a; € U, N F u BBerieM o0o3HaueHHe 4 = {x, a, ..., an}. OueBunHoO, uTO 4 € <U1, U, >, HO

g(A4) =f(4) ¢ G. Homyunmu nporusopeune.

2.g(F)z 7(F), T. €. g(F)\[f(F)}Y # &. [onoxum, uto V = Y\I:f(F):'Y n G =V", 3aTemM BBeneM 060-
3HAYECHUE Az{al, oo an}, rae a;€ U, N F. Kak u Boiue, 4 e(Ul, e Un>, HO g(A) =f(A) ¢ G. CHona 110-
nyunsu npotusopedne. Urak, g(F) = [ f(F )]y Teopema noKazana.

3ameuanue xk npednosicenuto 5. B pabote aBTopoB «O COBNAJICHUN HEKOTOPHIX WHPUMATIBHBIX TOMOIOTHH
AKCIIOHEHTHI MeTpu3yeMoro npoctpanctBay (Tpynsr MacTuTyTa MaTemaruku HAH bemapycu. 2026. T. 34, Ne 1.
C. 125-130) noka3sbiBaeTcst (cM. TeopeMy 3.9), 4TO HaJIM4YKMEe CYCTHOM 0a3bl B POCTPaHCTBE X SBIISCTCS HE TOJb-
KO HCO6XOI[I/IMI>IM, HO U I1OCTATOYHLIM YCJIOBHUEM COBIIAACHUA TOTIOJIOT U TB(inf) n TH(inf)‘ IlosiBnenue YTOYHCHUA

MIPEIUIOKEHIST 5 paHbIIIe CaMOTO MPEIOKEHUSI 5 00yCIIOBIIEHO OoJiee TIO3THEH ITyOIMKaIiel HaCTOSIIIEH CTaThH.
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Annomayus. Viccaenyrorcst cBOOOHBIE MaJIble KOJIeOaHUs CUCTEMBI U3 N MapajieIbHO OPHEHTHPOBAHHBIX HAHOOAIOK
€ yueToM cuJl B3aumoeiicTeust Ban-nep-Baasnbca. PaccmarpuBaeTcst BapuaHT IpaHUYHBIX YCIIOBUHM, KOTa HUKHUE Kpast
0aJyoK 3amieMIICHBI, a BEpXHHUE Kpasi cBoOOoaHBI. CructeMa N HenMHEHHBIX quddepeHnnanbHbIX YpaBHEHNH B YaCTHBIX
IIPOM3BO/IHBIX PACILIEIISIETCS Ha JABE CHCTEMbI — HEJIMHEHHYIO CHCTEMY, KOTOpasi OIIPEIeNsIeT cTaTHiecKoe 1e(hopMUpo-
BaHME BCEX OAJIOK MOJ ACHCTBUEM MEXMOJICKY/ISIPHBIX CHJI, U CUCTEMY YPaBHEHHUH C MEPEeMEHHBIMH KO3(PHUIIMEHTAMH,
OTIMCBHIBAIONIYIO CBOOOIHBIE MaJIbIe KoJIeOaHHsI B OKPECTHOCTH 3TOTO 1e(hOpMUPOBAHHOTO cocTosiHMS. [TokazaHo, uTo st
paccMmarpuBaeMoil MEXaHHYeCKON CUCTEMBI CYIIECTBYIOT MOJIbI MAJIBIX KOJIEOAHH, COBIA/IAIOIINE C MOJAAMH OJHOM CBO-
00IHOI KOHCONBHOM Oanku. JleTanbHO H3y4eHB! CBOOOIHBIC MaJIbIe KOJICOAHHS IBYX KOHCONBHBIX YIJICPOIHBIX HAHOTPYOOK
(HaHOMMHIIETA), @ TAK)KE TPEX HAHOTPYOOK, (POPMBI KOJIeOaHN T KOTOPBIX CHMMETPHYHBI OTHOCUTEIBHO CPEANHHOM JIMHUH
cucreMbl. OTMEUEHO, UTO JaHHBIE MOJIbI CHIIBHO 3aBUCST OT CHJI BaH-zep-Baanbca: ymeHbIIeHNE 3a30pa MEKAY TpyOKamMu
MIPUBOANT K pocTy cuil Ban-nep-Baanbca u, kak ciencTBue, CHIKEHHUIO (DyHIaMEHTaIbHOM 4acTOThI CUCTEMBI, a IIPH J10-
CTHKCHUUN KPUTUYECCKU MAJIOT'0 3HAYCHHU A 3a30pa UMECT MCCTO SIBJICHUEC HCyCTOfI‘IPIBOCTH THIIA B3AaMMHOI'O BTAT'MBAHUA HAHO-
KOHCOJIEH.

Knrwouegvie cnoga: cucrema HaHOOAJIOK; HAHOTIMHIIET; cyulbl Ban-nep-Baanbca; cBoO01HBIE MalIble KOJIEOAHUSL.
bnazodapruocmes. Pabota BoinosiHeHa Ipy pUHAHCOBOM MOAEPKKE XapOWHCKOT0 NOJINTEXHUIECKOT0 YHUBEPCUTETa

(rpart Ne AUGAS5710012624), a Takke B paMKax TOCYIapCTBEHHOI MpOrpaMMbl Hay4dHBIX nccienoBannii «Konsep-
reanusi-2025» (3aganme 1.7.01.2).

FREE SMALL VIBRATIONS
OF A SYSTEM OF PARALLEL-ORIENTED NANOBEAMS
CONSIDERING VAN DER WAALS FORCES
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Corresponding author: G. 1. Mikhasev (mikhasev@hit.edu.cn)

Abstract. Free small vibrations of a system of N parallel-oriented nanobeams are studied, taking into account
van der Waals interaction forces. A boundary condition variant is considered where the lower edges are clamped and
the upper edges are free. A system of N nonlinear partial differential equations is split into two systems. The first non-
linear system determines the static deformation of all beams under the action of intermolecular forces, while the se-
cond one with variable coefficients describes free small vibrations in the vicinity of this deformed state. It is shown
that for the mechanical system under consideration, there exist small vibrations modes coinciding with the modes
of a single free cantilever beam. Free small vibrations of two cantilever carbon nanotubes (nanotweezer), as well as
three nanotubes, whose vibrations modes are symmetrical about the system midline, are studied in detail. It is no-
ted that these modes are strongly dependent on van der Waals forces: a decrease in the gap between the tubes leads
to an increase in van der Waals forces and, as a consequence, to a decrease in the fundamental frequency of the
system, and when a critically small gap value is reached, the phenomenon of pull-in instability of nanocantilevers
occurs.

Keywords: system of nanobeams; nanotweezer; van der Waals forces; free small vibrations.
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BBenenue

CewmeiicTBa mapamiebHO OPUCHTHPOBAHHBIX HAHOTPYOOK, B3aMMOJICHCTBYIONUX JPYT C APYTOM IO-
CPEICTBOM IOJICH MEKMOJIEKYJISIPHBIX CHJI, TPEACTABISAIOT COOOM YHUKANIbHBIE OOBEKThI, KOTOPBIC Ha-
XOASAT IPUMEHEHNE B Pa3JIMYHBIX MUKPO- U HAHOPA3MEPHBIX 3JIEKTpOMeXaHndeckux cuctemax (MOMC
1 HOMC cooTBeTcTBeHHO). B yacTHOCTH, HAHOAATYMKH JaBICHUS COCTOST U3 «JIeCa» BEPTUKAIHHO OPUEH-
THPOBAHHBIX yTIEPOIHBIX HaHOTPYyOOK (YHT), KoTOphIe yITakoBaHBI MEXIY ABYMs THOKUMH MeMOpaHa-
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mu [1; 2]. [Tapa KOHCONBHBIX TAapaJUIeIbHO PACIIOIOKEHHBIX HAHOTPYOOK, B3aMMOJICHCTBYIOIINX MEXITY
co00H Kak JBa OMCTAOMJIBHBIX 3JIEKTPOAA, SIBISCTCS OCHOBHBIM JIEMEHTOM HAHONMHIIETOB, UCIIOJIB3YyEMBIX
B COBPEMEHHOW MHUKPO- ¥ HAHOXMPYPTUU I MAaHUITYISALUN Ha KJIETOYHOM ypoBHE [3; 4]. OTu u npyrue
YCTpOHCTBa Ha OCHOBE HAHOTPYOOK 00JIaaloT CBEPXBBICOKOH UYBCTBUTENBHOCTBIO, YTO MO3BOJISIET MHTE-
rpupoBath ux B paznuaasie MOMC u HOMC, npumensieMble B METUITMHE, TPOMBIIUIEHHOCTH W Hay4HBIX
HCCIICIOBAHUSIX.

Mesxmonekysipasie cuitbl (cuitel Kazumupa, Ban-nep-Baanbca), aelicTByromue Mexxay OIU3KO pacriosio-
JKCHHBIMH HAaHOTPYOKaMH, OKa3bIBAIOT pellaloliee BIMsSHUE Ha MEXaHUIECKOE MTOBEIeHHE MOCIeNHuX [5; 6].
B gactHOCTH, TIpM TOCTAaTOYHO MaJIOM 3a30p€ MEK/y 3aXBaTaMHU HaHOMMHIIETa CHIbl Ban-nep-Baansca moryT
BbI3BIBATh IOTEPIO YCTONUMBOCTH TUIIA BTSTUBAHUS, KOTOpasi IPUBOIUT K B3aUMHOMY IPWJINIIAHUIO 3aXBaTOB
Y TPYITHOCTSIM C X 0CBOOOXKIeHHEeM [3; 7—9]. AHAIIOTHYHOE SIBJICHUE MOYKET IMETh MECTO MPU MPOSKTUPOBAHUT
WM DKCIUTyaTalli¥ HAaHOBBIKJIIOUATENs], COCTOSIIETO 3 KOHCONBHOM 3JIEKTPOCTaTHYECKH aKTHBHUPYEMOH Ha-
HOOAJIKH, TTO/IBEIIEHHON HaJ] HETIOIBHKHBIM AJIEKTPOIOM-TIOJIONKKOM; TP MaJIOM 3a30p€e MEX/IY AIEKTPOoIaMHu
WM KPUTHYIECKH OOJBLION JJIMHE HAHOKOHCOJIM BO3MOXKHO BTSTMBaHKE MOCICIHEN U NaJleHUE Ha TOMJIOXKKY
0e3 NPUII0KEHHOT0 3IEKTPUYECKOT0 HANPSLKEHUS 1T0J] ASHCTBHEM JIMIIb MEXMOJeKysipHbIx cui [ 10]. Kak mo-
Ka3aHo B cTrathe [11], nefictBue cun Ban-nep-Baanbca MokeT 3HAYMTEIBHO YCHITUBATBCS, €CITH HA CBOOOIHBIX
MTOBEPXHOCTSIX HAHOKOHCOJIM UMEIOT MECTO OCTAaTOYHBIE TOBEPXHOCTHBIE HAMPSKEHUS, YTO MOYKET IPUBOJIUTH
K KOJIIAICy Aake Mpu OOJIbIIOM 3a30p€ MEXIY HJIEKTPOAAMHU.

B ciydae mozmaum 3neKTpUUECKOTO HANPSIKCHUS TOABHMKHBIN JIEKTPO WM Mapa B3auMOJCHCTBYIOLINX
MOIBMYKHBIX JIEKTPOIOB 1e(hOPMHUPYIOTCS, a IPH BHE3AITHOM CHITHHU HANPSKEHHUS BOZMOXKHBI KOJieOaTeIbHbIC
(hOpMBI X JIBIKEHHUST, KOTOPbIC BBH/Y HEIMHEHHOCTH MEKMOJIEKYIISIPHBIX CHII MOTYT TIPUBOJIUTH K THHAMHYE-
ckoif HeycToruuBocTH [ 12—14]. KoppekTHoe MoaenupoBanre ruHaMukn mogo0Hsx MOMC n HOMC npenro-
JaraeT npeiBapuTeIbHbINA aHATN3 AMHAMUYIECKUX XapaKTEPUCTHK, BKIIIOUasi COOCTBEHHBIC YaCTOTHI CBOOOAHBIX
KoJIe0aHuii U UX (POPMBI C YUETOM JCHCTBHUS MEKMOJICKYSPHBIX CUJ MpUTshKeHus. B pabote [15] nerans-
HO HCCIIeIoBaHbl ()OPMBI MaJIbIX COOCTBEHHBIX KOJICOAHHMH AIIEKTPOCTAaTHYECKH aKTUBHUPYEMON KOHCOJIBHON
HaHOOAJIKH, MOABEIICHHON HaJl HETIOJBHKHBIM 3JIEKTPOIOM, B OKPECTHOCTH €€ Ae(hOPMUPOBAHHOTO COCTOSHUS
ron nerictBueM cwit Kasnvupa n Ban-nep-Baansca. OTMedeHo, 9TO yUeT MEeKMOJICKYIISIPHBIX CHIT TTPUBOIUAT
K CHIDKCHHUIO COOCTBEHHBIX YacTOT KoJeOaHUH, MPH ATOM JaHHbIN 3 dekT okazpiBaeTcsi Hanboee 3aMeTHBIM
JUIsi HAUMEHBIICH YacTOThI KoJieOaHUH. AHAIIN3 JTUTEPATyPhI IIOKA3bIBAET, YTO MTO0OHBIC HCCIICIOBAHNS TMHA-
MHUKH CEMEHCTBA MapauIeIbHO OPUEHTHPOBAHHBIX HAHOTPYOOK C YYETOM HX B3aUMOJICHCTBHUS MTOCPEICTBOM
oJIel MEKMOJIEKYIIIPHBIX CHUJI HE IPOBOAMIIUCE.

Lenbro qanHO paboTHI SABJISIETCS ONpeiesIeHHE COOCTBEHHBIX YaCTOT CBOOOIHBIX KOMIUIAHAPHBIX HU3KOYAC-
TOTHBIX KOJIEOAHUI CHCTEMBI IapaJlIeIbHO OPUEHTUPOBAHHBIX HAHOTPYOOK, MOAEIMPYEMbIX HaHOOAIKaMH,
B paMKax KJIaCCHYECKOTO0 MOAX0Aa — JIOKaJIbHOW Teopru ynpyroctu. lIpeamnonaraercs, 4To pacCTOSHAE MEXIY
HaHOOAJIKaMM OCTaTOYHO MaJlo, 3TO IPUBOAUT K IOSBICHUIO MEXMOJICKYJISIPHBIX CHJI B3aumoaencTaus. Pac-
CMaTpUBAeTCs ClIyyail, KOTza HIKHUE Kpasi HAHOOAJIOK 3alleMIICHBl, @ BEPXHUE Kpasi CBOOOIHBI, UYTO COOTBET-
CTBYET MEXaHHUECKOH cHCTeMe THIIa «JIecay HAHOTPYOOK, BBIPAIIIMBAEMbIX Ha HEMOABMKHON MoAIoKKe [16], min
HOMC THna HaHOMMHIETA, COCTOSILETO U3 IBYX MOJIBM)KHBIX KOHCOJBHBIX HAaHOOa0K. CrcTeMa HelTMHEHHBIX
muddepeHInaNbHBIX IMHAMAYECKUX YpaBHEHUH, 3aicaHHas B 0e3pa3MepHOM BUE, pacILeIUIsieTcs: Ha ypaB-
HEHHS, ONPEACISIONINE CTaTHUECKYI0 Ae(opMalnio Moa ASHCTBHEM MEXMOJICKYIAPHBIX CHJI, U YPaBHEHUS,
OIMCBHIBAIOIIME MaJIble KOJIEOaH!s CHCTEMBI OKOJIO Ae(hopMHPOBAaHHOTO cocTosHus. [lokazaHo cymiecTBoBaHue
MOJI CBOOOHBIX MaJIbIX KOJI€OaHUH, HE 3aBUCALLINX OT MEXKMOJIEKY/IpHbIX cuil. [logpoOHo paccMoTpeHa 3a1aua
0 cBOOONHBIX KosebaHuax cuctembl u3 AByX YHT (HaHommHIleTa), MMeEroIIas MpHIoKeHHe B COBPEMEHHOM
MHUKpPO- 1 HAHOXUPYPTHUH.

ITocTaHoBKa 3aga4H

Paccmotpum miockyro cuctemy u3 N napamielbHO OpHEHTHPOBAaHHBIX OqHOCTeHHBIX Y HT mnwHoii / ¢ BHemI-
HUM PaJIIlyCoM F, CTOSIIIIUX Ha KECTKOW HEMOABIDKHOM moztoxke (puc. 1). Paccrostane mexay cocemaumu YHT
B X OCHOBAaHUH OJJMHAKOBO M PaBHO g. BepxHwue kpas TpyOOK CBOOOTHBI, @ HIKHUE Kpasi )KECTKO 3aI[eMIICHBI,
XOTSI IpyTve BapHaHThl TPAHUYHBIX YCIOBUN HE MCKIIIOYAIOTCS M3 paccMorpeHus. Ciydaid, Korja Bce Kpas
TPYOOK >KECTKO 3alleMJICHbI, UMEET MECTO B HaHOAaTYMKax jaasieHus [1; 2]. [eomeTpruueckue napaMeTpol
u Mexannueckue cBoiicta Bcex YHT mpeamnonaratorcst oquHakoBbIMH. B nanbHeiieM HaHOTpYOKH Oymem
MOZEIMPOBATh B paMKaX KOHTHHYAIbHOW TEOPUHU YIPYTOCTH SKBUBAJICHTHBIMU HaHOOAJIKaMH TUIIAa Dinepa —
Bbepnymnu [17], koTopsie xapakTepusytoTcs 3ppexTuBHbIME MoayieM FOHTa £, MOMEHTOM WHEPIIUHU TIOTIepey-
HOTO CeYeHUs /, TUTOIAabI0 TIOTIEPEYHOT0 CeYeHHs S M MIIOTHOCTHIO MaTepuaa p, 3aBUCSIINMHI OT pajuyca »
u xupansHocta YHT [18;19].
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Puc. 1. TInockas cuctema u3 N mapajuieibHO OPUEHTHPOBAHHBIX HAHOTPYOOK
noj eficteueM cui Ban-nep-Baanbca

Fig. 1. Plane system of N parallel-oriented nanobeams
under action of van der Waals forces

O6o3HaunM uepes Un(xn, t) riepeMelieHHe TOYKU CPEJIMHHOM JIMHUM n-i HaHOOAJIKH, T X, — KOOpAUHATa
TOYKH, OTCUYUTHIBAEMast BIOJIb OCH OAJIKH OT €€ OCHOBAHMS, a / — BpeMs. Y UNTHIBas OJMHAKOBYIO JIJTMHY OaI0K
1 UMesl HAMEPEHHUE HUCCIIeI0BAaTh MaJIble CBSI3aHHbIC KOJIeOaHUs IIOCPEACTBOM MEKMOJICKYIISIPHBIX CHJI IIPUTS-
’KEHMs, Jajiee IPUHUMAEM eIMHYI0 CUCTEMY KOOPIUHAT AJIsl BCEX HAaHOOAIOK, TaK 4To X, = X.

VYpaBHeHHs ABHKCHUS 1-i HaHOOANKK Diinepa — bepHysu uMeroT Bua

4 2
ElaU”+pSa = F,(x), (1)
ox* or’
rae F, (x) — paBHOJICHCTBYIOMIA MEKMOJIEKYIISIPHBIX CHII, IEWCTBYIONIUX HA 71-F0 HAHOOAJIKY CO CTOPOHBI CO-
CEeIHMX HaHOOAJIOK.

Kak nokasano B pa6ore [20], npu 3a30ope mexay YHT g > 20 HM npeBaIMpyOITUMU SBJISFOTCSI CHIIBI
Kaszummpa, a mpu 3a3ope g < 20 HM cieayeT MpuHAMAaTh BO BHUMaHUE CUiIbl BaH-nep-Baansca. [lamee
OyzeM mccie[oBaTh KojuebaHne MEXaHMIeCKOW CHCTEMbI C YUETOM JISHCTBHS CHIIBI PUTSDKEHUsT BaH-1ep-
Baanbca. Kak nHTerpasnbHast XapakTepuCTHKA MEKATOMHOTO B3aUMOIEHCTBHS JIBYX [TapajlyIeIbHO OPUEHTH-
poBannbix YHT, Haxonsmuxcst Ha GUKCUPOBAHHOM PACCTOSTHUM g, TaHHAsI CHJIa ONPEAEIISICTCS] COOTHOIIIe-

HEeM [5; 8]

34h* 20r 14072
Fow=——535|1-7-+—=>5 | )
sz 3g 3g
256r2g?

rae A — nocrosiHHas ['amakepa; h, — b dexrusHas ronmuna YHT. B pesynbrare neifctsus cun (2) nse cocen-

HUE HaHOTPYOKU nedopmupyrores. [Tycts g —( u-u,.,, )f 3 heKkTUBHEIHN 3a30p MeXy n-i U (1 + 1)-i1 HaHO-
TpyOkamu. Torna npu r < g cuiia B3auMOACUCTBHS MEXK]Ty 3TUMU HAHOTPyOKamMu Oy/IeT HAaXOAUThCSI 110 (hopMyJie

34h?
E:,n+1: 3 L 5

256r2] g =(U, = Uyt ) P
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Komrranapras nuHamuka ceMeicTBa u3 N mapaiiensHo opueHTHpoBaHHEIX Y HT OyneT onuchiBaThCs Cric-

TeMoii ypaBHenuii (1) amst 6anoxk, rae n=1, 2, ..., N, a cuisl F, HaxonaTcs 1o Gopmynam
Fl = Fl,z’ E1 :F;'l,n+1 - El—l,nﬂ Fy= _FN—I,N'
[lepeiinem k Oe3pa3MepHBIM BeTMUNHAM
T 1
l]n:gl/Vn’ les, r=—, Ei,n+1: n,n+1° fn,n+1: 50
o, S
|:1_(Wn_ Wn+1):|
EI 3 34h]1° y
e o, = S XapaKkTepHasl 4acToTa KoJIeOaHuil CUCTEMBI, 8 0L = —————— — Oe3pa3MepHBIii mapameTp

p - -
256E1Ir?g?

Ban-nep-Baansca.
Crenys noaxony, mpeasioxkeHHOMY B pabore [15], mpeacraBum 6e3pazmepHoe nepemenienue W, B Bue
CTaTUYECCKON M TUHAMHYECKON COCTABIISIOIINX:

W, (s, t)=u,(s)+w,(s, 7). (3)
Janee OyneM Hccie10BaTh MaJible KoJIeOaHUs B OKPECTHOCTH 1e(pOPMHPOBAHHOTO CTATUYECKOTO COCTOSIHUS
CHUCTEMBI, JUIsl KOTOPBIX BBHINOIHSIIOTCS CUIIbHbIE HEPaBEHCTBA

wn—wn+1<<1—(un—un+l), n=1,2,..., N. 4)
[Toxcrasum opmyiy (3) B cucteMy ypaBHeHuii (1) u pasnoxum 6e3pasMepHbIE CUIIBL f, , .| B PSIbL 11O
w,— W,
CTETeHsIM ﬁ Torna, ynepskuBasi B 3THX psiiaX JIMIIb IIEPBBIE ClIaraeMble, IIPUXOANM K CIEeAyIoLIei
U T Uy
CHCTeMe ypaBHEHHH B Oe3pa3MepHOM BHJIE:
d*u, 3 o B _64w1 S5a N *w,
ds* R " z(wl Wz) ot
[1—(u1—u2)]2 2[1—(u1—u2)]2
d*u, B o N o B
ds’ > B
|:1_(un un+1):|2 |:1_(un l_un):| (5)
__54Wn+ Sa (W W )_ Sa (W W )_62Wn
as4 % n n+1 ; n—1 n 8r2 5ty
2[1—(un—un+l)] 2[1 (unfl—un)}
d*uy o *wy Sa *wy
+ =- - Wyn_1— Wy |——5
ds* > os* z ( A N) ot

[1—(uN,1—uN)]5 2[1—(uN,1—uN)]2

YpaBHenus (5) JODKHBI TOXKASCTBEHHO YIOBIETBOPSTHCS IS JTIOOOTO MOMEHTa BPEMEHH, B TOM YHCIIe
1 B CIlydae CTaTHYEeCKOTO paBHOBeCHs cucTeMbl. OTCIoNa MoTyvyaeM JBe cucTeMbl auddepeHnnanbHbIX ypaB-
HEHUH, U3 KOTOPBIX HEJIMHEHHbIE YpaBHEHUS

AT < =0, ...
ds’ [1—(u1—u2)]§
4
dd;"— ¢ -+ ¢ ==0, .., (6)
|:1_<un_un+1)j|2 |:1_(un—1_un):|2
d4
pE 0
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MO3BOJISIIOT HAWTH JIe)OpMUPOBAHHOE COCTOSTHUE CHCTEMbBI HAHOOAIIOK ¢ y4eToM JieHcTBUsE cuil Ban-nep-Baanbca,
a cuctema N THHEWHBIX T epeHITnaTbHBIX YPaBHEHUH ¢ TIEPEMEHHBIMA K0P UTTHESHTAMI

*w, Sa *w
— (w—w)+ 120,...,
5 1 (- wy) ]2 Lo
A 2
aa:‘v‘n - = z(Wn‘ Wn+1)+ - 7(Wn1‘wn)+aa? =0 @
2|:1_(un_un+1):|2 2[1_(un—1_un):|2
4 2
aa:;’v + S0 Z (WN_l_WN)"'aaWzN =0

2[1—(uN_l—uN)]5 f

OTIMICHIBAET CBOOOTHBIC MaJIble KOJIeOaHMsI HAHOOAIOK B OKPECTHOCTH CTaTHIECKOTO Ae(hOpPMHUPOBAHHOTO CO-
CTOSTHUSL.

VYpaBuenus (6) u (7) caenyeT NOMOIHUTH TPAHUYHBIMH YCIOBUSMU. J[JIs1 KECTKO 3aIeMICHHBIX HUKHUX
KpaeB 0ajok (s = 0) npuHUMaeM

!
u, = u,=0, @®)
a JuIs CBOOOIHBIX BEPXHHX KpaeB 0anok (s = 1) momaraem, 4to
" "
up=u=0. ©)

Jlist nuHaMudecKuX ypaBHeHUH (7) IPUHUMAIOTCS aHAJOTHYHBIE YCIIOBHUS C 3aMEHOU CTaTHIECKOTO Iepe-
Metennst u,,(s) Ha IMHAMUYECKOE MepeMelerne w, (s, ).

B wrore MbI mpunuIH K IBYM KpaceBBIM 3aaadaM Il ypaBHEHHH (6) u (7), KOTOpBIE pemaloTces MOCIeno-
BaTEJIFHO: CHAYasa ompenessercs 1e(h)OpMUPOBAHHOE COCTOSIHUE CHCTEMBI (HaXOoaITcs (GYHKINH U,,), @ 3aTeM
HCCIIEMYIOTCS COOCTBCHHBIC KOJICOAHUS U3 PEIICHUS ypaBHEHUH (7).

DopMbI MAJIBIX KOJIeOaHUH,
He 3aBucsIUe OT cuil Ban-nep-Baanbca
Cucrema ypaBHeHuii (7) IMeeT perieHne, KOTOpoe He 3aBUCUT OT HA4aIbHOTO 1e€()OPMHUPOBAHHOTO COCTOS-

HUS, HAIEHHOTO U3 ypaBHeHwi (6). B camom gene, cyMMupys Bce ypaBHEHUS CUCTEMEI (7), IPUXOAUM K Kiac-
CHUYECKOMY YpaBHEHHIO HaHOOANKH Ditnepa — bepuymmu

4 2
0wy 0wy _

os* o1’

0 (10)

N

OTHOCUTEIIBHO CYMMAapHOTO MIEPEMEIIEHUS Wy = z W,. AHaJIOTMYHBIE YPaBHEHUS NOTy4aeM I 10001 QyHK-
n=1

U W, (s, ’C), ecnuw,=w,, s Bcexn=1, 2, ..., N.

VYpasuenue (10) mo3BosieT HAWTH COOCTBEHHBIE YaCTOTHI CBOOOAHBIX MAJIBIX KOJIeOaHUI CICTeMbI HAaHOOA-
JIOK, KOTOPBIE HE 3aBUCAT OT MEXMOJIEKYJIIPHOTO B3aMMOeHCTBHs. Ha Takux 4acToTax CHCTeMa COBEPIIAeT
MaJble KoeOaHusl, SKBUBAJICHTHbIE KOJIEOAHUSIM OHOM OT/IENbHO B3ATOH Oanku. B wacTHOCTH, U1 CHCTEMBI
KOHCOJIBHBIX HAHOOAJIOK TTOJJOOHBIE MOJIBI €CTh COOCTBEHHBIC (PYHKIIH KpaeBoii 3ana4u (8)—(10) (cMm. yuebnoe
nocobue M. M. Babakosa'):

1 1 1 1
I : 3 R RI
W =216 ch| @2s |—cos| ®2s ||+c,| sh| o2s |—sin| @25 ||pe',

. k
rme i =+/—1, a 6e3pa3zMepHbIe COOCTBEHHBIC YaCTOTHI ot
1 1

cho?cosm?+1=0. (11)

— 3TO KOPHHU YpaBHEHHS

'Babaros H. M. Teopwust koneOanHwmii : y4ed. mocoOue U CTYJCHTOB BBICIIL. TEXH. y4e0. 3aBeJieHui. 3-¢ u31., crep. M. : Hayka,
1968. 560 c.
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3aMeTHM, OTHAKO, YTO YKA3aHHOE CBOMCTBO O HAJHUYHMH MOJI C YACTOTAMHU, HE 3aBUCAIIUMHU OT MEXMOJIe-
KYJSIPHBIX CHJI, SIBTISICTCSI CIIEACTBUEM JIMHEAPU3AINN HCXOTHON HETMHEHHON CUCTEMBI ypaBHEHHUH TIPU YCIIOBUU
BBITIOJTHEHUST CUJTHHBIX HEPABEHCTB (4).

Janee Ha npuMepe CUCTEMBI U3 IBYX U TPEX HAHOOAJIOK pacCMOTPUM cilydau, Korna cuibsl Ban-nep-Baanbsca
OKAa3bIBAIOT 3HAYUTEBHOEC BIMSHUE HA COOCTBEHHBIE YACTOTHI MAJIBIX KOJICOAHHIA.

CoOcTBeHHbIE KOJIe0aHUA HAHOMUHIIETA

PaccMoTprM MexaHHYECKYIO CHCTEMY U3 JIBYX HaHOOaIo0K (N = 2), n300pakeHHbIX Ha puc. 2. JlaHHyIO cHc-

TEMY MOXHO pacCMaTpUBaTh KaK yIPOIIEHHY MOJIEb HAHOIIMHIETA, KOTOPBIH, KaK IPaBUJIO0, COCTOUT U3 IBYX
KOHCOJIBHBIX 3aXBaTOB, M3rOoTOBJIEHHBIX U3 YHT nmrbo n3 kpeMHusl.

Puc. 2. Mexannueckast Mozelnb J1e(hOpMUPOBAHHS HAHONMHIIETA,
COCTOSIIIIEr0 U3 JBYX HAHOOAJIOK, MOJ JelicTBueM cuil Ban-nep-Baanbca
Fig. 2. Mechanical model of deformation of a nanotweezer
consisting of two nanobeams under action of van der Waals forces

Ha HmxHmx KpasX pacCMarpuBacM yCJIOBUA JKECTKOM 3aACJIKHU, BEPXHUC Kpas NpeaArnojaracm CBO6OI[HI)IMI/I.
q)OpMLI KOJ'Ie6aHHﬁ, HEC 3aBUCAIINEC OT CHUJI BaH—;:[ep—BaanLca, JUIs1 KOTOPBIX W, = W,, PaCCMOTPCHBI BbIIIIC IJIs

clly4ast pou3BOIBbHOTO N. 31ech n3ydnM Gopmbl KolieOaHni, CHMMETPUYHBIE OTHOCUTEIBHO CPEIMHHON JINHHHY,
paszaenstomieii 3azop. s Takux Gopm KonedaHui

U=uy, uy=—u, u;—u,=U=2u, a*=2a.
Torga cucrema ypaBHeHUH (5) BRIPOKAAETCS B OJJHO MU PepeHIInaIbHOE YpaBHEHUE
d‘vu o’
————=0. (12)
ds 2
(1-U)>
s popm kosieOaHuii B OKPECTHOCTH J1e(hOPMUPOBAHHOTO COCTOSIHHSI BBUIY CUMMETPUH MOJI KOJIeOaHUH
CJIE/IyeT PUHSTh, YTO W = W; = —W,. Torlia BMECTO CHCTEMBI JIByX ypaBHeHU (7) momydaem oxHo auddepeH-
1 2 y
[IMAIbHOE YPaBHEHHE C MIePEeMEHHBIMH KO PHUIIMEHTAMU

o*w B 5a* o*w

w2 =0, (13)
o' Z[I—U(s)ﬁ o
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AHaau3 1e)opMHPOBAHHOIO COCTOSIHUS cUcTeMbl. YpaBHeHue (12) He mongaeTcss TOYHOMY PEmIeHUIO
1 ABJSIeTCS 0OBEKTOM MHOTOUMCIIEHHBIX NCCIIEIOBAHNH (CM. aHAJIN3 TUTepaTypsl B yonukanusax [9; 11]), B ko-
TOPBIX MPEAIATAIOTCS Pa3IUYHbIC TPUOIMKEHHBIE METO/IbI HHTETPUPOBAHUS M OTIPEIeIICHHS] KPUTUIECKOTO
3HaueHusl mapamerpa Bau-mep-Baanbca o = o,. OcTaHOBHMCS Ha MOIXO/E, MPEUIOKEHHOM B cTarhe [11],
COIVIaCHO KOTOpoMy Oe3pa3mepHas cuwia Ban-nep-Baanbca

¥

o

fls)=——=
(1-U)2
ANMPOKCUMHUPYETCS CTEIIEHHON (PyHKITHEH
Hls) = 7(0)+[£(Ur) = 1(0)J5", (14)
rae
1(0)=a, f(U)=—"—, (15)
(1-Uy)2

U, — nepemenieHre CBOOOIHOTO Kpast KOHCOJH (s = 1), a m — MOIOKUTENFHOE BEeIIeCTBEHHOE Yuciio. 3aeck Uy,
m — TapaMeTphbl, TOUIeKAIINE OIPEACIICHUI0. 3aMEeTHUM, YTO MOJIENIb, OCHOBaHHAs Ha armpokcumManuu (14),
SIBIISIETCS] 0000IIIEHIEM paHee pa3padoTaHHBIX U XOPOIIIO apOOUPOBAHHBIX TMHEWHON U KBaIPaTUIHON MoJIe-
neit [9; 10], B koTopbIX m =1 ¥ m = 2 COOTBETCTBEHHO.
Ecmu npunste 06000mennyro Moaens (14), (15), To pemenue ypaBaeHus (12) HaXoAuTCs B BUJIE TIOJIMHOMA
613 3 612 2

f(UT)_f(O) m+4 f(O) 4
(i) (mi2)m3)mid) 24 et T2t (0

U(s)=U,(s; Up, a’)=

A€ KOHCTAHTBI d,, d; OIPCACIIAIOTCS U3 I'PAHUYHBIX YCJ'IOBI/II\/'I JJI1 KOHCOJIN M COCTAaBJISIFOT

_1 S(Gp)-£0) o f(Ur)-£(0)
=5 O+ T a==1(0) m+l
Torz[a IJIA HepCMeH_[CHI/ISI CBO6OI[HOFO Kpaﬂ 6aJ'IKI/I HOJ'IyLIaCM HCABHOC ypaBHCHHe
Up = U, (1; Up, o) = /()= /() REAC) NS (17)
(m+l)(m+2)(m+3)(m+4) 24 6 2

VYpasuenue (17) n0MmKHO OBITH IOTTOJHEHO YCIIOBHEM paBEeHCTBa CHil BaH-1iep-Baanbca, neficTByonux Ha Oajiky
B KaKOH-11M60 MpoMexyTodHO# Touke 0 < s*< 1:

() =r[un()] 09

B wactHOCTH, IpH $*= % ypaBaenue (18) ¢ yaerom dhopmyin (14) u (15) mpuHUMAET BT

—
+
|
|
—
Il

5 5
(I_UT)2 1- Um(;’ UT: a*j ’

B urore mbl npunum k cucreme AByx ypaBHeHui (17), (18) oTHocuTenbHO MoKa3arens CTeleHu m(oc*) U ne-
pemenienus Uy (oc*) CBOOO/IHOTO Kpasi KOHCOJIH, PELICHHE KOTOPOH MapaMeTpHYecKH 3aBUCUT OT KOOPJHHA-

ol " [Iporeiypa peanusannu JaHHOTO METO/a OCJIOKHEHA OTCYTCTBHEM KPHUTEPHs KOPPEKTHOTO BHIOOpPA
TOYKH § = §". B KauecTBe TAKOBOTO, B 4aCTHOCTH, MOYKET BBICTYIATh YCIOBHE MUHUMYMa CPEIHEKBAIPATHYHOM
MOTPENIHOCTH BBINOIHEHUsI ycnoBus (18) B qpyrux Toukax, oTiau4yHbIX oT s =0, s* 1. JleranbHas pazpaboTka
JTAHHOTO KPHUTEPUsl, YCIIOBHUE BBIMOIHEHUSI KOTOPOTO 3aBUCUT OT MHOTHX (DaKTOPOB (F€OMETPHUYECKUX pa3Me-
OB KOHCOITH, 3a30pa, MOPsI/IKa HEIMHEHHOCTH B YPABHEHUH B 3aBUCIMOCTH OT THIIA MEKMOJICKYJISIPHBIX CHIT),
BBIXOJIUT 32 PAMKH JIAHHOHM CTaThl U MOXKET OBITh MPEIMETOM JATbHEHINX UCCIICOBAHNI. 3aMETHM ITHUIIIb,
910 B cTaThe [10] mpu u3ydeHnn SBICHUS BTATUBAHUS HAHOPAa3MEPHON KOHCOIHHOW OalK{ CO CTOPOHBI HE-

1 .
MOABUIKHOI'O 3JICKTPOAa BCC PACHCTHI BLIIIOJIHAINCH IPH s'= 5 3,HGCI> OrpaHMYuMCA peain3danuceu 4aCTHOTrO

ciydas mozenu (14), (15), a MIMEHHO KBaJJpaTHYHOM MOJICIH, COMJIACHO KOTOPO# CTEIeHb m = 2 (PMKCHPOBAHA.
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B sTom ciyuae ypaBaeHue (16) MOXKET ObITh PELICHO YUCICHHO C JIF000H CTEIEHBIO TOYHOCTH OTHOCUTEIBHO
nporu6a Uy py 3a[aHHOM 3HAYEHUH [TapaMeTpa o', OHAKO IPH 3TOM ycioBue (18) OymeT BBITOIHSITHCS IPH-
OMIKeHHO. 3aMeTHM, YTO JaHHAast MOJIENb XOPOIIO ceds 3apeKOMEeH 10BajIa IIPH UCCIIe0BAaHIH Je(pOPMUPOBAHUS
KoHCOMbHOU BycTeHHON Y HT mox melicTBreM MeXMOIeKyIIpHBIX cil [10] 1 mokasana yIoBIeTBOPUTEIEHOE
COBIIaJIeHHE C Pe3yJIbTaTaMU aTOMUCTHYECKOTO MojiennpoBanus [21].

Ha puc. 3 nokasana 3aBucumoctsb nepemenienns Uy or 6e3pasmepHoro napamerpa Ban-nep-Baansca o,

HalileHHas B paMKax KBajpaTuaHoi moxenu (mpu m = 2). Kak Bunno, Uy (oc*) — MOHOTOHHO BO3pacTaroIas
¢ynkuust napamerpa o* takast, uro Uy (a*) — +oo pu oL —> o, & 1,323 8. HeorpaHu4eHHBII pocT mepemeriie-

HUsA UT ((X*) O3HA4YacT, 4TO IpHU JOCTUXKCHUU KPUTUYCCKOI'O 3HAYCHUS 3a30pa MCIKAY 3aXBATaMU HAHOIIUHICTA

N 34n%1*
8 = —t3 (19)

1280, EIr?

UMEET MECTO SIBJICHHE B3aMMHOT'O BTSTMBAaHHsI HAHOKOHCOJICH, IIPUBOJISIIEE K KACAHHIO UX CBOOOJHBIX KOHIIOB.
OTMeTHM, 9TO KPUTHYECKOe InCIio O, ~ 1,323 8 HaxoauTCst U3 yCIOBHSI Ha SKCTPEMyM OOpaTHOM (yHK-

wun o*(Uy ).

0,35

e

0,30
0,25

0,20

o, =1,324 :
=

2uy
T T T T T T T T T

Do v v b v e e
0 0,2 0,4 0,6 0,8 1,0 1,2 1,4
o'=20a

Puc. 3. Ilepemerienne KOHUNKA 3aXBaTa HAHOIIMHIIETA
Kak QyHkims 6e3pa3mepHoro nmapamerpa Bau-mep-Baansca

Fig. 3. Displacement of the nanotweezer gripper tip
as a function of a dimensionless van der Waals parameter

[asee Oynem ucciieioBarh CBOOOIHBIC MaJIbIe KOJICOAHUSI HAHOMTUHIIETA TIPU OL < oczr, T. €. Tpu g > gjrL
AHaan3 cBOOOTHBIX MAJIBIX KoJledaHumil. Pa3pickuBas pernenne ypaBHenus (13) B Buge w = y(s)e"‘", e

® — BcKoMasi Oe3pazMepHas 4acToTa COOCTBEHHBIX KOJIeOaHMi, TPUXOANM K OOBIKHOBEHHOMY JU(depeHIInab-
HOMY YPaBHEHUIO C TIepeMEHHBIMH K03 DUIIHEHTaMU

d*y 5a0*
T 7+ Aly=0, (20)
2[1-U(s) |2
B KoTOpoM (yHkiust U (s) CUMTACTCS U3BECTHOM U HaxoauTcs 1o Gopmyie (16) st J1ir000ro GUKCUPOBAHHOTO
napamerpa o. COOTBETCTBYIONIME IPAHUYHbIE YCIOBHS HMEIOT B

y(0)=y'(0)=y"(1)=»"(1)=0. (21)
57




Kypuaa Besopycckoro rocyrapcrseHHOro yuupepcurera. Maremaruka. Magopmaruka. 2026;2:49-61
Journal of the Belarusian State University. Mathematics and Informatics. 2026;2:49-61

Pemenne kpaeBoit 3amaun (20), (21) Ha cOOCTBEHHBIC 3HAYCHUS A = ®° MOXeT GbITh HANJCHO YHCIICHHO METO-
JIOM TIPOTOHKH, MOJJOOHO TOMY Kak 3TO cjieliaHo B ctarke [15]. Ha puc. 4, a, ¢ ucrions3oBanueM orapudmu-

. k .
YEeCKOM IIKaJIBI PEACTABICHBI 3HAYEHUS TTEPBBIX TPEX COOCTBEHHBIX UHCEI A0 kax ¢yHKIMit mapamerpa o,
a Ha puc. 4, 6, I300pakeHa armmPOKCUMAIIHS TIEPBOT0 COOCTBEHHOTO 3HAYCHUS HETPEPBIBHON (DYHKITHEH.

1
Kak u cnenoBano oxxuaare, ¢ poctoM napamerpa Ban-gep-Baanbca HanmeHbInasi coOOCTBEHHAS 4acTOTa )
HAHOTMHIIETa OBICTPO YOBIBACT, CTPEMSICh K HYIIO IpU O —> Oy, ~ 1,323 8. TeHmeHIMs K YMCHBIIICHHIO BTOPOTO,
TPETHETO U MOCIEAYIONMX COOCTBEHHBIX 3HAYCHHUN ¢ POCTOM mapamerpa o.° MeHee 3ameTHa. OTMETHM, YTO

k
A0 st k> 2, eciid mapamerp o IOCTHraeT KPUTHYECKOTO 3HAYEHHs, COOTBETCTBYIOIIETO dPdeKTy TmoTe-
pY YCTOWYHMBOCTHY THIIA BTSTUBAHHS.

ala o/b
5000 T T T [ T
® 6 6 6 4 6 4 6+ 6 9+ o+ o 12 _\ ]
1000 10k . \
500 = = == == I
8 - - 1 I
< 100 ol
50 i
4 i
ole—® o e * o o 4 5 r
® o 2+
5 - L
. [
Lo by by by by by b 0_I|||I||||||I||||||I|||||
0 0,2 0,4 0,6 0,8 1,0 1,2 0 0,2 0,4 0,6 0,8 1,0 1,2
o'=2a o'=20a
o [lepBoe cobcTBEeHHOE YNCIIO = Bropoe cobcTBeHHOE YnCIIO + Tperbe cobcTBEHHOE YNCIIO

Puc. 4. 3aBucuMOCTb COOCTBEHHBIX 3HaUCHHI KpaeBoi 3amaun (20), (21)
ot Ge3pasmepHoro napamerpa Ban-nep-Baasbca: a — 3HaueHUs IEPBBIX TPEX COOCTBEHHBIX YHCEI;
6 — anIPOKCUMAIIHS IIEPBOTO COOCTBEHHOTO 3HAYEHHS HETIPEPHIBHOM (yHKITHEH

Fig. 4. Dependence of eigenvalues of the boundary value problem (20), (21)
on a dimensionless van der Waals parameter: a — the first three eigenvalues;
b — approximation of the first eigenvalue by a continuous function

IMpu a* = 0 3agaua (20), (21) umeeT COOCTBEHHBIE 3HAYCHUSI

21(0) =(c0(1))2 ~ 12,3600, A2(0) :((0(2))2 ~ 485,481,

x“)(o):(m(”)zz 3807,02, ...,

rae o) - KOPHH TPaHCIICHACHTHOTO ypaBHeHus (11), cooTBeTCTBYIONIME MOAaM, HE 3aBUCSIIUM OT cul Ban-
nep-Baanbca. Takum 06pa3zom, ipu 11060M GUKCHPOBAHHOM 0" # 0 CIIEKTp COOCTBEHHBIX YaCTOT HAHOITHMH-
ueta popMupyeTcs U3 AByX dacteil. [lepBas 4acTh COOTBETCTBYET COOCTBEHHBIM 3HAYCHMSIM KpaeBOM 3aa-
un (20), (21), naiiensbiM npu o # 0, a Bropasi 4acTh — COOCTBEHHBIM 3HA4YEHUsIM KpaeBoi 3axaun (8)—(10).

. k
[Tpu 5TOM HOMEpP COOCTBEHHOW YaCTOTHI HAHOMMHIIETA HE COBIMAJACT C HOMEPOM COOCTBEHHOTO YHCIIA Al
kpaeBoit 3amaun (20), (21) umu ¢ HOMepoM coOCcTBeHHOTO 3HaueHUS 3amadn (8)—(10). OTMeTuM Takxke, 9To
npu o*# 0 pyHIaMeHTaIbHOM (HAUMEHBILEH) COOCTBEHHON YaCTOTOM MEXaHUUECKOM CHCTEMbI CTAHOBUTCS

4acTora O, = k(])(a*), KOTOpasi MEHbIIIE 7»(1)(0) ~3,516.

PaCCMOTpeHHaﬂ 34€CHh MOACIIb HAHOIIMHIICTA ABJISACTCA ynpomeHHOﬁ. Ona HUTHOPUPYCT HeﬁCTBHC DJICKTPOCTA-
TUYCCKUX CUJI, AKTUBUPYIOLIUX Z[e(i)OpMI/IpOBaHI/IG FHOKHX 3aXBaTOB. KpOMe TOro, 1aHHas1 MOACIIb HC YYUTBIBACT
PpCaJIbHYIO TECOMETPULIO 3aXBATOB, KOTOPLIC MOT'YT UMETh IICPEMCHHOC CCUCHUC. Tem He MeHee Hpe}.‘LJ’IO)KCHHBIﬁ
3A€CHh METO UCCIICAO0OBAaHUA CBO60,[[HBIX MaJIbIX KoJeOaHu MOKET OBbITh HCIIOIL30BaH AT U3yYCHUS HUKHETO
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CIIEKTpa COOCTBEHHBIX YaCTOT HAHOMMHIIETA C O0JIee CIIOKHOM reoMeTpueit 3axBaroB. /s onpeneneHns Bbic-
ITUX YaCcTOT C TEOMETpHEH 3aXBaTOB, OJIM3KON K peaIbHON TeOMETPHH, MOJKET OBITh HcTois30Ban BKb-tioaxom,
MOJI0O0OHO TOMY Kak 3TO CJellaHO B paboTe [22] mpu HcciIe0BaHNN KOJIe0aHWi HAaHOOAIKHA TIEPEMEHHOTO ce-
yenwust. OJIHAKO OJJHOW M3 HEPEIICHHBIX MPOOJIEM OCTaeTCsl KOPPEKTHOE ompejieicHue cuil Ban-aep-Baanbca
MEX]Iy HAHOKOHCOJISIMHU C ITEPEMEHHBIM BJIOJIb OCH CEUECHUEM (HarpuMep, ¢ KOHUYSCKUM MPOo(HIIeM 3axBaTa).

Kosie6anus Tpex u 0oJiee
napaJuieJibHO OPUEHTHPOBAHHBIX HAHO0AJIOK

PaccmoTpum MexaHUYECKyIO cucTeMy U3 Tpex HaHoOamok (N = 3). BBuay npuHITONH CUMMETPUH MEXaHU-
YECKOM CHUCTEMBI

U=u=-us, u,=0
U TPH CTaTUYECKUX ypaBHEHUs (6) BRIpOXKIAOTCS B O1HO AuddepeHIanbHoe ypaBHEHHE
du__o
4 5
ds (1 _ H)E
KOTOpOE COBMagaeT ¢ ypaBHeHHEM (12) ¢ ToUHOCTBIO A0 MmapaMmerpa Bau-nep-Baansca (B ypaBHeHuu (12)
o"=2a). Takum 06pa3oM, HOCTPOEHHAs HA PUC. 3 KPUBasi, KOTOPas OMUCHIBAET IIEPEMELIEHUE CBOOOIHOTO

KOHI[a 3aXBara HaHONuHIETa (Kak QyHKIUK mapamerpa o), MOXKeT ObITh MCIIOIb30BaHA JJIsl ONPEIEIICHUSI
TepeMeIIeHni CBOOOAHBIX KOHIIOB MEPBOI U TPEThel HaHOOAIOK, YTO MO3BOJISIET HAMTH CTaTHYECKOe Iepe-

:0,

MeIlleHuEe HaHO0AI0K u(s) no ¢opmysie (16), e BMecto o ciemyer Oparh o. B 1aHHOM cilyyae KpUTHYECKOE

3HaueHue 3a3opa Mexay YHT, mpu KOTOpoM NporCXOAUT MOTEPst yCTOMYMBOCTH (B3aMMHOE BTSATHBAHHE U Ka-
CaHME BEpXHHUX KPaeB), COCTABIISIET

L 34hM* B

cr 3 8er»

2560, EIr?

rie g, Haxonutes no popmyie (19), coorBercTyroueii HanonuHieTy. Kak BuHo, npucoenunenue K nape YHT
TpeTbel HaHOTPYOKH MPUBOAUT K YMEHBIICHNIO KPUTHYECKOTO 3a30Pa.

Bce Bo3MokHBIE (OPMBI MJIBIX COOCTBEHHBIX KOJIGOAHUH CHUCTEMBI U3 TPEX HAHOOAJIOK B OKPECTHOCTH
1e(OPMUPOBAHHOTO COCTOSIHUS ONMCHIBaIOTCS ypaBHeHUsAMH (7) mpu N = 3. PaccMOTpuM ocecuMMETpHYHBIE
(bopmbl KonebaHuil, Ha KOTOPbIE CUIBHO BIUSAIOT CUilbl Ban-nep-Baanbca. Jlns takux popm w=w, = —wy, w, =0
U cucTeMa ypaBHEeHHUH (7) BEIPOXKIaeTcs B OJHO ypaBHEHHE

o'w Sa o*w

- w+
os’ 2[1—u(s)]% ov’

KOTOPOE C TOYHOCTBIO JIO CTaTHYECKOTO NIepeMelleHusl u apamerpa BaH-nep-Baanbca upeHTHYHO ypaBHe-
auto (13). 3 aToro ciiemyeT, 9TO MaHHBIC, TPEACTABICHHBIC Ha pUC. 4, 6, MOTYT OBITH MCITOH30BAHBI JIJIS
oTIpezieNieHus] COOCTBEHHBIX YaCTOT CHCTEMBI U3 TpeX Mapajuie]bHO opueHTHpoBaHHBIX YHT c yuetom cun

=0,

1
Ban-nep-Baanbca. [IpuniMas BO BHUMaHKHE PaBEHCTBO 0" = 20 U YCTAHOBJICHHYIO 3aBUCHMOCTh Al )( OL*) Ha

puc. 4, 6, MOXXHO CJIeNaTh BBIBOI, UTO MprcoeanHeHue K mape YHT monomHuTesHON HAaHOTPYOKH IPHUBOAMT
K TIOBBIIIIEHUIO (PyHIaMEHTAIIEHOM YaCTOTHI CHCTEMBI, KOTOPOE MOXXHO OOBSICHUTD YBETHUECHHEM O0IIEH KeCT-
KOCTH CUCTEMBI.

Pemrenue 3anauu nipu N = 4 conpsiKeHO cO 3HAYUTEIBHBIMU TPYAHOCTAMU. Tak, npu N = 4 HadaibpHOE CTa-
THYecKoe JIe(hopMHpOBaHHE HAHOOAIOK OMPEIEISIETCS] CHCTEMOM JBYX YpaBHEHHH

d*u, o

@’ [1 _(”1 - ”2)]2 _

du, o o

[1- 2“2]% [1 ~(u - “2)]%

0,

ds*

=0, uy=—uy, uy=—u,,
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a JTMHAMHUYCCKUC YpaBHCHUS, KOTOPBIC OMMMCBIBAIOT CBO60):[HLIC MaJibI€ KOHeGaHI/IH, CUMMETPUYHBIC OTHOCHU-
TCIIBHO CpeZIHHHOﬁ JIMHUM MEXaHUYECKOM CUCTCMbI, IPUHUMAIOT BHU/]

o*w, Sa(w—w,)  d'w
os* - 7 ot =0
2[1—(u1—u2)}2
. 3 2
0w, _ Sow, n 50((W1 wz) + 0w, =0, w, =-w, wy=-w,.

4 7 7 2
os - - 0Ot
(1=2uy)2 2[1—(u—u,) |2
Perienust 5TuX 3aa4 MOTYT OBITh HAMIEHbI C KCIIOIb30BAHUEM MIPUOIMKEHHBIX TOIXO0I0B, HCIIOIb30BAHHBIX
BBIIIE JJI1 HAHOIMHIIETA.

3aKiIroueHmne

BrimonHena mocTaHoOBKa 3339l O CBOOOIHBIX MaJIBIX KOJIEOAHHSIX PACMOJIOKEHHOW B OJHOW TUIOCKOCTH
cucTeMbl U3 N NnapajieIbHO OPUSHTHPOBAHHBIX HAHOOAJIOK C YYETOM CUJI MpuTshHkeHus Ban-nep-Baanbca.
Brisesiens! n8e cuctemsl nuddepeHnnanbHbpIX ypaBHEHUH, TTepBast U3 KOTOPBIX CITYKHT IS ONIPEIeIICHUs Ha-
YaJIbHOTO CTaTHYECKOTO JIe(hOPMUPOBAHHUS O] ICHCTBUEM MEKMOJICKYIISIPHBIX CHJI, @ BTOpast OIMChIBACT MaJIbIe
KoJIe0aHuUs B OKPECTHOCTH JIe(OPMUPOBAHHOTO cocTosiHUSA. [oka3ano Hammuue GpopM KoneOaHui, He 3aBUCSIINX
oT cui Ban-nmep-Baansca, mpu KOTOPBIX Best ccTeMa 0allok KojieOreTes Kak omHa 0aika, CBOOOIHAS OT dTUX
cwit. [TogpoOHO HeceI0BaHbI CAMMETPUYHBIC (POPMBI KoJIeOaHuit cucTeMbl 13 AByX U Tpex Y HT, miist koTophix
BIIMSTHAE MEXMOJIEKYIISIPHBIX CHII SIBIISIETCS 3HAUUTENbHBIM 1 TIPUBOUT K CHMYKEHHUIO BCEX COOCTBEHHBIX Yac-
TOT CUCTEMBI OAJIOK 110 CpaBHEHHIO C popMaMu KoieOaHH, HE 3aBUCSIIMMU OT CHJI B3AUMHOTO IIPUTSIKCHHUS.
Ha npumMepe HaHOMUHIETa ITOKA3aHO, YTO YMEHBIIICHNE 3a30pa MEXIY 3aXBaTaMH MPUBOJAUT K CHIDKECHHUIO
(yHIaMEHTaIbHON YaCTOThI KOJICOAHUH CHCTEMBI, a MPH JOCTUKCHUH KPUTHICCKOTO 3HAUYCHUS 3a30pa MEXK Ty
3axBaTaM¥ HaOJIOACTCS SIBICHUE B3aMMHOTO BTSITUBAHUS 3aXBATOB, COMPOBOXKIAOIIEECS KACAHUEM MX CBOOO/I-
HBIX KOHIIOB. Takkxe 0OHapyke€HO, YTO BIABICHHAS (DYHKIIMOHAJIHHAS 3aBICUMOCTh HANMEHBIIIEH COOCTBEHHOMH
4acTOThl CUMMETPHYHBIX KOJICOaHUI HAHOMUHIETa OT Oe3pa3MepHoro mapamerpa Ban-nep-Baansca moxer
OBITh UCTIONB30BaHA IS ONpEeNIeHUs] HAUMEHBIIIEH 9acTOThI COOCTBEHHBIX CUMMETPHUYHBIX KOMITJIAHAPHBIX
KOJICOAHUH CHCTEMBI U3 TPEX HAHOOAJIOK.

Pa3paboTanHbIil METOJ UCCIIEIOBAHMS MaJIbIX KOJIGOAHHUN JBYX HaHOOATIOK MOXKET ObITH 0000IIEH I Ha-
HOTIMHIIETA C 0OJIee CIIOKHOM T€OMETpPHUEH 3aXBaTOB, a TAKXKE C yUETOM JIEHCTBHS IEKTPOCTATHICCKUX CHUT
u cuit Kasumupa. BeINOTHEHHBIE TOCTAHOBKH 33J1ad MOTYT CTaTh OCHOBOW JUISI JAJbHEHINEr0 YUCICHHOTO
MOJIEITMPOBAHHS KOJIEOAHNH «J1ecay HaHOTPYOOK, BRIpAIIUBAEMBIX Ha MMOUTOXKKe. KpoMme Toro, mpeanonaraercs
JaJIbHEHIIIee PAa3BUTHE METO/a, OCHOBAHHOTO Ha alIpPOKCUMAIIMKH PABHOJCHCTBYIOIICH MEKMOJICKYISIPHbBIX
Y AIIEKTPOCTATUIECKHUX CHII, JICHCTBYIONINX Ha 0aIKy, CTeTIEHHOH (D)YHKIIMEH MPOU3BOILHOTO MOpsiaKa. JlaHHBIH
METOI IO3BOJIUT C OO0JIbIIEeH TOYHOCTHIO OMPEIENIATh CTATHYECKOE Ae(POPMUPOBAHIE HU3KOPA3MEPHOH KOHCOIH
KaK CEHCOpPHOTO 3JieMeHTa BceBo3MoxkHbIX MOMC n HOMC.
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TPEXIIAYH>XEPHOTO TAPABATYECKOTO HACOCA
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Annomayus. Ilpencrasien npouecc pa3padoTku MU(poBOro JBOHHNUKA TPUIIIIEKCHOTO TUTyHXEPHOTO Hacoca. B ero
OCHOBY TOJIOKEHA MaTeMaTH4eCKast MOJIEIIb, TOCTPOCHHAs Ha (PM3UYECKHX MPUHIIMIIAX Pa0OThI pACCMATPUBAEMOTO YCTPOIi-
cTBa. Moziesb yUnuThIBaeT paboyre napamMmeTphl 1 B3auMO/IeiicTBIE KOMIIOHEHTOB BHYTpH Hacoca. J{i1st 00y4eHust cucTeMbl
IIPOTHO3UPOBAHNUS UCIIOIB30BAHbI JAHHBIE O TPEX KIIFOUEBBIX TUMAX HEUCTIPAaBHOCTEN. PaccMaTpuBaeMbIMU OTKa3aMH SABJIS-
I0TCSI YTEUKH, 3aKyIOPKH BXOHOTO KaHajla ¥ M3HOC MOALIMITHHKA, a TaKKe UX KoMOuHamu. LlndpoBoii 1BOHHUK 1103B0O-
JISIET BBISIBIISITH XapaKTEPHBIE MPU3HAKH 3apOJKIAIOIINXCS OTKa30B HA paHHEH CTAANHU U HAXOANUTh KOHKPETHYIO TIPHUIHHY.
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Abstract. This paper presents the development and modelling of a digital twin of a triplex plunger pump. Its mathematical
model is based on the physical process. The model takes into account the operating parameters and interaction of com-
ponents inside the pump. Data on three key types of malfunctions are used to train the prediction system. The faults consi-
dered are leaks, inlet channel blockages, and bearing wear, as well as combinations thereof. The digital twin allows the
characteristic signs of incipient failures to be identified at an early stage and the specific cause to be found.

Keywords: digital twin; plunger hydraulic pump; fault simulation; predictive model.

Introduction

Digital twin technology, a key enabler of digital transformation and data-driven decision-making across
industries, has undergone substantial evolution over the past two decades. In the current era of digital transfor-
mation, digital twins have emerged as an essential technology, offering virtual counterparts of physical systems,
processes, or products throughout their entire life cycle.

A digital twin is defined as a comprehensive set of virtual information constructs that fully describe a potential
or actual physical object. Provided it is developed with sufficient fidelity, a digital twin can yield the same
insights as direct examination of the manufactured physical product'.

This technology is particularly valuable for modelling complex systems that interact with their environment
in multiple ways, making long-term performance difficult to forecast. Examples include large-scale mining
equipment and aircraft engines. When a physical asset is deployed, its digital counterpart can monitor and eva-
luate wear, fatigue, or specific stress patterns. The information generated can inform future design improvements
and maintenance strategies [1].

Modelling and simulation are fundamental to digital twin development. They produce virtual representations
of physical systems, enabling analysis, optimisation, and informed decision-making [2]. Techniques such as
multiphysics modelling, finite element analysis, and computational fluid dynamics are commonly employed.
Digital twin models generally fall into three categories: physics-based, data-driven, and hybrid models [1; 3].

Physics-based models use mathematical principles and physical laws to describe system behaviour and are
widely applied in engineering disciplines like structural and fluid dynamics analysis. In contrast, data-driven
models leverage machine learning and statistical methods to predict behaviour by analysing historical and
real-time data. Hybrid models integrate both approaches, marrying the accuracy of physics-based modelling
with the adaptability of data-driven techniques.

A core aspect of the digital twin concept is simulation that facilitates real-time, bidirectional interaction bet-
ween the virtual model and the physical object. Unlike the conventional modelling, this approach incorporates
real-time data gathered from the physical system via Internet of Things (IoT) technology. Parameters in the
physical world can be estimated using image recognition and laser measurement, while control is managed
through electrical, programmable, embedded, and networked systems [4].

Data forms the cornerstone of any digital twin. Implementing a digital twin requires the selection and in-
tegration of various data acquisition tools, including sensors, RFID tags and readers, cameras, and scanners.
This data must be transmitted in real or near-real time. The significant volume, velocity, and variety of this data
present challenges for the cloud transmission. Edge computing offers an effective solution by pre-processing
data locally, reducing network load, and mitigating data leakage risks. Simultaneously, 5G technology facilitates
an efficient real-time data transfer. Data mapping and fusion technologies, such as the commonly cited XML,
are also crucial for interpreting the collected information.

'Allen B. D. Digital twins and living models at NASA [Electronic resource]. URL: https://ntrs.nasa.gov/api/citations/20210023699/
downloads/ASME%20Digital%20Twin%20Summit%20Keynote_final.pdf (date of access: 27.08.2025).
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The 10T plays a pivotal role in advancing digital twins by supplying real-time sensor data from physical
assets. [oT devices collect diverse parameters like temperature, pressure, vibration, and humidity, which are
then transmitted to the digital twin platform for analysis [5]. This continuous data integration allows digital
twins to deliver precise and timely insights into system performance.

As an example of industrial application, one can refer to the mining enterprise digital twin components
previously developed by the authors [6; 7].

This study focuses on the development process of a digital twin for a three-plunger hydraulic pump.

Method modelling

A plunger pump is classified as a volume pump, where the working chamber’s volume changes periodically
due to the reciprocating motion of the plunger within the hydraulic cylinder. In terms of structure, the working
chamber is isolated from the external environment by a sealing mechanism. During operation, the mechanical
energy from the piston pump is converted directly into the pressure energy of the liquid [8; 9].

Figure 1 shows the crank OA rotating with uniform angular velocity of u#, when the crank rotating angle
¢ =0 ~ m, is the suction stroke, the crank rotating angle ¢ = ~ 27 is the discharge stroke. When cross head is
at the left of crank, crank is rotating along clockwise.

Top dead centre

Cross head Piston Bottom dead centre

Fig. 1. Working principle of the plunger pump

Plunger displacement formula is stated as follows:
[rresegin')
s=r 1+coscpEsm 0|
Plunger velocity formula is of the form
( : A J
URTO sm(p+551n o |
The relation between the output pressure p and pump supply (productivity) O can be stated as follows:

pmax’When Q< Ql’

POA heno<0<0,..

Q

Here p,,, is the maximum pressure, and it doesn’t change with the increase in the supply O up to some va-
lue O,. Above that value, the output pressure declines non-linearly down to Q... A4 corresponds to the maxi-
mum useful power of the plunger pump [10].

Specification of the model

The basis for the pump model was the stainless-steel plunger pump model 1051 from CAT pumps. The ma-
nufacturer provided open-source CAD models of the pump, which were imported into Simulink. This was
utilised to create a mechanical model of the pump for 3D multibody simulation. To accurately represent the
dynamic behaviour of the system, the pump was enhanced with hydraulic and electric components. Certain
parameters required for developing a digital twin, such as bore, stroke, and shaft diameter, were available in the
manufacturer’s data sheet”.

?Data sheet: 15 frame plunger pumps // Cat Pumps : website. URL: https://www.catpumps.com/sites/default/files/2020-09/1051 _
G_0.pdf (date of access: 27.08.2025).
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Working principle of the triplex plunger pump digital twin

The principle of operation of the pump in question is as follows. The motor drive rotates the crankshaft,
after which the motion is transmitted to three plungers that create pressure. Each plunger, as it moves backward,
draws fluid from the container through the inlet valve. Before the liquid from the container enters the inlet valve,
it passes through a 5 m long, 3 cm radius tube.

Hydraulic pump subsystem

The hydraulic pump subsystem contains three identical plunger models, the housing and the crank. Cam-
shaft has the radius of 5 cm and width of 1.5 cm, while radius of crankshaft is 3 cm and its length is 4.6 cm.
In the housing, the centre-to-centre distance between the plungers is 3.2 cm and the distance between the
bearings is 20.75 cm [11].

First plunger subsystem

Consider the subsystem that represents the functioning of the first plunger. This subsystem consists of the
plunger, the cylinder, the connecting rod, the hydraulic actuator, and the check valves that manage the flow to
the intake and exhaust manifolds. The plunger, constructed from metal with the density of 7750 kg/m’, measures
7.5 cm in length and has the radius of 1.2 cm. The cylinder is 11.8 cm long, with the outer radius of 2.25 cm.
The gap between the plunger and the cylinder wall is 0.5 mm. The piston stroke is 0.03 m. The connecting
rod measures 7.25 cm in length. Its width at the pin is 8 mm, while at the crank it is 15 mm. The height of the
piston along the radius is 1.14 cm.

A hydraulic actuator functions as a mechanical device that transforms the pressure of hydraulic fluid into
a mechanical motion, which can be linear, rotary, or oscillatory. It operates using a piston inside a cylinder to
apply force and generate movement. The model of the hydraulic actuator can be characterised by the following
equations:

F=A4,p,— Appp — F,

qq4=A4v, qp=A4pv,

ds _
d

V:VR—VC,

(x—xE)KPS, if x>x;,v>0,
F. = (x—xR)KPS, if x <xp, v<O,

0 otherwise,

Xp=S8—-Xy, Xp=—X

where F is the force developed by the cylinder; v is the cylinder rod velocity; v, and v, are absolute velocities
of the cylinder rod and the cylinder case, respectively; 4, and 4, are piston areas at port 4 side and port B side;
q, and g are flow rates through port 4 into the cylinder and trough port B from the cylinder; x is the piston
position; x, is the initial distance between the piston and cap 4; F is hard stop force; x; is the distance the
piston can travel to fully extend from the initial position; x, is the distance the piston can travel to fully retract
from the initial position; S is the piston stroke.

The purpose of the check valve is to permit the flow in one direction and block it in the opposite direc-
tion.

Ap=p, - Pp-

The valve stays closed as long as the pressure difference across it is below the cracking pressure (fig. 2).
Once the cracking pressure is achieved, the valve control element (such as a spool, ball, or poppet) is pushed
off its seat, creating a path between the inlet and outlet. If the flow rate is sufficiently high and the pressure
keeps increasing, the passage area will expand further until the control element reaches its maximum position.
At that point, the valve passage area is at its fullest.
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Ap

| Perack Pmax 77

Fig. 2. Dependency between the valve passage area 4
and the pressure differential across

The opening area of the valve is set as a function of pressure
A=A(p).

The flow rate through the valve is determined according to the following equations:

2 p

(P*+ P2 )
Ajeqi 101 P < Peracrcs
A(P) =4 At * (P = Perack) T Peracic < P < Proax
A forp>p. ..
Amax = Aieak

J = ~Zmax
Prax ~ Perack

2

Ap=p,— Pps
Re. 9 Y
p ecr
Pa=7= ’
2\ c,D,

Dy =44
1

Here ¢ is the flow rate, p, and p, are gauge pressures at the block terminals, C;, is the flow discharge coef-
ficient, 4 is the instantaneous orifice passage area, A( p) is the pressure-dependent orifice passage area, A

max
is the fully open valve passage area, 4, is the closed valve leakage area, p_,,, is the valve cracking pressure,
Pmax 15 the pressure needed to fully open the valve, p,, is the minimum pressure for turbulent flow, Re,, is
the critical Reynolds number, D,, is the instantaneous orifice hydraulic diameter, p is the fluid density, 9 is the
fluid kinematic viscosity.

For the model developed the following parameters were assumed: maximum passage area A,,, =1+ 107 m?,
cracking pressure p_.,, = 50 000 Pa, maximum opening pressure p,_ .. =140 000 Pa, flow discharge coefficient
C,, = 0.7, leakage area 4, = 1-10"*m? The block positive direction is from port 4 to port B. This means that
the flow rate is positive if it flows from A4 to B, and the pressure differential is determined as Ap =p, — pg.
The opening of the valve is directly proportional to the difference in pressure. Factors such as inertia, friction,
springs, and other loads on the valve are not taken into account.

Model validation

Parameter estimation. As already mentioned, some of the parameters required to create a digital copy
of the pump are known from the model description supplied by the manufacturer. However, some of the data
may differ from model to model and may be specified as gaps and ranges. In this case, the digital model has to

66



Teoperuyeckasi  NPHKJIATHAS MEXAHUKA
Theoretical and Practical Mechanics

be validated based on measured data from a real sample. For our model the unknown parameters are upper and
lower pressures at which the three check valves feeding the outlet will open and close. Since these pressures
depend on the temperature of the fluid transported, we don’t have the exact values for them.

To start the validation of our digital twin we can roughly estimate the values of lower pressure boun-
dary when the outlet is closed and the upper pressure boundary when the outlet is opened: p,,,, = 50 000 Pa,
Pyp = 140000 Pa.

As we can see with these numbers being chosen as values of pressures, the simulated results of the model
don’t perfectly align with the measured ones (fig. 3). That’s why we need to start the process of parameter es-
timation. We select parameter values, run a simulation, and calculate the difference between the simulated and
the measured curves. Using this information, we adjust the parameter values and execute another simulation.

WA

~

(%)

S
T

~

N

(9)]
T

Pressure, bar
~J
=
W
T

—— Measured data
—— Simulation .

I I 1 I Il Il Il | I
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10
Time, s

Fig. 3. Simulated output pressure compared with the measured pressure

Sum of square errors method. For the parameter estimation the sum of square errors method (SSE) is used.
SSE is a part of one of the general methods most commonly used in the estimation of parameters — the least
squares method. The method can be described as follows.

Consider the following variables and parameters: Y is the response or dependent variable, X is the auxiliary or
independent variable, 4 and B are the parameters. The response variable is linear with the parameters Y = 4+ BX.

The objective of the method is to estimate the parameters of the model, based on the observed pairs of values and
applying a certain criterium function (the observed pairs of values are constituted by selected values of the auxi-
liary variable and by the corresponding observed values of the response variable), that is observed values x; and y,

for each pair /, where i=1, 2, ..., i, ..., n. Values to be estimated are 4 and B, and (Yl, Y,, .., Y, .., Yn)
for n observed pair of values.
Object function (or criterium function)

Z 2
o=> (y-Y).
i=1
In the least squares method, the estimators are the values of 4 (a) and B (b) which minimise the object
function. Thus, one has to calculate the derivatives Z—j), %‘;, equate them to zero and solve the system of

equations in 4 and B.
The solution of the system can be presented as

x Z%ZXJ_/Z%Z%
S = 2(x=%)(x=%), 5, = 2 (x=¥)(y-7),

b S y —bx
= , a=y—bx.
S y

XX

Notice that the observed values of y, for the same set of selected values of X, depend on the collected sample.
For this reason, the problem of the simple linear regression is usually presented in the form y =4+ BX +¢,
where ¢ is a random variable with expected value equal to zero and variance equal to 6°. So, the expected value
of y will be Y or A+ BX and the variance of y will be equal to the variance of ¢.
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The terms deviation and residual will be used in the following ways. Deviation is the difference between

Yaobserved and Ymean (.)_/)5 L. c., deviation = (y _.)_})
To analyse the adjustment of the model to the observed data, it is necessary to consider the following cha-

racteristics: total sum of squares of the deviations of the observed values [12]
—\2
S0=2(y-7)-
The less is the difference (i. e., error), the better the chosen values are the better the correspondence between

the real model and the simulated one.
After several iterations the proper values of p,,, = 30000 Pa, p,, =120 000 Pa can be obtained. Now the

simulated model can reproduce results that are consistent with the measured ones (fig. 4).
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Fig. 4. Simulated output pressure compared with the measured pressure after parameter estimation

Thus, with a validated pump model, it is now possible to run simulations and obtain values for outlet volu-
metric flow rate, pump speed, and outlet pressure (fig. 5).
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Fig. 5. Volumetric flow rate at output (a) and pump speed (b) of the pump with default configuration
The faults considered in this paper are categorised into three types: seal leakage, blocked inlet, and worn

bearing.

Fault modelling. Seal leakage. The modelling of typical pump faults, such as seal leakage, is a critical step
towards the predictive maintenance, which has been actively researched for hydraulic systems [13; 14]. Consider
the first case. Seal leakage — fluid escapes through the seal gap between plunger and cylinder. The seal leakage
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is defined by a certain parameter (hereinafter referred to as the leakage parameter). The leakage is modelled by
changing this parameter in one of the pump cylinders. The leakage parameter is represented as a fraction of the
maximum cylinder area. In other words, to simulate leakage, we reduce the area of the cylinder bore through
which the liquid passes by taking away a fraction of it — the leakage parameter.

The formula for the leakage flow rate is written as follows:

/2AP
Qleak = CdAleak Ta

Aleak =4

where Q,.,, is the leakage flow rate, m*/s; C, is the discharge coefficient; 4, is the leakage orifice area, m’;
AP =P, — P, is the pressure difference in the cylinder and in the leakage area; 4, is the maximum orifice
area without leakage; n,., is the leakage fraction in inlet cylinder.

After running the simulation with a leak in the seal, the following results were obtained. From the graphs above,
it can be seen that the volume flow rate at the outlet drops compared to the model without any faults (fig. 6 and 7).

Also, the cylinder pressure drops in the system and the piston stroke becomes insufficient.
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Fig. 6. Volumetric flow rate at output (a) and pump speed (b) of the pump with seal leakage
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Fig. 7. Output pressure of the pump with seal leakage
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Fault modelling. Blocked inlet. A blocked inlet is an inlet restriction where fluid flow is impeded due
to a gap, cavitation, or a blocked valve. The case of blocked inlet in this model is realised by reducing the
maximum area of the inlet valve with a coefficient of n,; .

Aleak =4

From these graphs it is easy to see that when the inlet is blocked, the flow and pressure in the pump drop
dramatically (fig. 8 and 9). The pump itself becomes intermittent and there is a lack of fluid in the cylinder.
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Fig. 8. Volumetric flow rate at output (a) and pump speed (b) of the pump with blocked inlet
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Fig. 9. Output pressure of the pump with blocked inlet

Fault modelling. Worn bearing. A worn bearing is modelled through the coefficient of viscous friction.
Rotational friction can be described by the following law:
T=bw,
where 1 is the resisting torque; b is the viscous friction coefficient; o is the angular speed of shaft rotation.
If the bearing is worn, the coefficient of viscous friction increases. This in turn requires more torque to maintain
the same speed. If the shaft rotates slower, this will cause the pistons to pump less fluid. Irregularities in the
shaft rotation can also result in changes in the torque transmitted, changes in the hydraulic system pressure,
and vibration of the housing or rotor (fig. 10).
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Fig. 10. Volumetric flow rate at output («) and pump speed (b)
of the pump with worn bearing. The speed has increased

Creating a predictive model

Design of experiments. Conducting these simulations is a part of design of experiments. The design of
experiments is a special technique for planning, conducting and analysing experiments, using which we have
the opportunity to study the influence of various factors (variables) on the result (output characteristic) as effi-
ciently as possible. In other words, the design of experiments is a systematic way of testing in which we decide
in advance what to change and how to do it. From this we can subsequently understand which parameters affect
the system and estimate how much they do. This will allow us to build a mathematical model of the behaviour
of the system and find the optimal settings for it [15; 16].

In our case, the parameters used in the design of experiments are the cylinder leakage fraction, inlet blockage
area, and viscous friction coefficient. By utilising the simulation data to create pressure data for the pump across
all potential fault conditions, a large number of scenarios can be created for the digital twin. To avoid random
errors in the sensor, each scenario must be simulated a large number of times. To model a large number of
simulations, an approach can be used in which the simulation takes some time before reaching a steady state.
The part where the system reaches steady state is simulated only once, after which each subsequent simula-
tion starts from the point where the system reached steady state. In this way, up to two-thirds of the computation
time can be saved (fig. 11).
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Fig. 11. Sweep test of faults (individual and combination)
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Data pre-processing. The large number of simulations performed allows the creation of a large data set,
which is one of the key factors for creating an adequate digital twin model, since it is on the basis of this data
that the predictive model is trained. The more data on the flow rate, pressure, and pump outlet speed are ob-
tained in different configurations of sample behaviour, the better the model will be able to predict the mecha-
nism behaviour. However, it is important to keep in mind that when collecting data from sensors, or modelling
them, the phenomenon of noise — short-term spikes that are atypical for the model in question and beyond the
sensitivity of the sensor — can often appear. Therefore, before loading data into the model for its subsequent
training, it is important to process the information received from the sensors, to get rid of noise and gaps. After
this procedure, the processed data can be used to train the predictive model.

Having collected the leakage output pressure data at the first plunger, we load this data into the MATLAB
environment for further processing.

As shown in fig. 12, the following problems can be seen in the raw data. There is noise in the graph, which
shows up as spikes that exceed the maximum sensor sensitivity of 9 bar. There are gaps in the data (points
where the output pressure has not been measured). The data is time-shifted — even though the traces are the
same duration, the traces are preceded by different measurement delays.

Now it is necessary to process the information obtained: we get rid of outliers (values at the sensor limit)
and fill in the gaps where the data has not been measured. To do this, we remove all areas where the output
pressure exceeds the maximum value of 9 bar. We fill in the gaps using linear interpolation

_ +(y2—y1) Y_x
Y=M0 _(xz_x1)( 1)7

where time is used as the independent variable x and the dependent parameter y is the output pressure (see fig. 12).

One can see that the noise and gaps are now absent from the processed data plot. Having tested the data
processing steps on a single trace, we will apply these operations to all collected data. The graphs below show
all the output pressure data before and after processing (fig. 13).
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Fig. 13. Output pressure measurements for multiple simulations depending on processing:
a — data is not processed; b — data is processed
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Display the sensor data for different pump faults and combinations of faults. We can compare how the be-
haviour of a triplex plunger pump changes as the parameters in the pump degrade. The cyclic nature of the time
domain signal provides unique signatures for each fault and their combinations (fig. 14).
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Fig. 14. Output pressure measurements for multiple simulations depending on processing

Machine learning algorithm

Fourier transforms. Once the sensor data has been processed, the patterns and distinguishing features of
each fault need to be extracted from it. This information will be used as the input data for the machine learning
algorithm. The signal under consideration is periodic, so we will apply Fourier transforms [17; 18].

Signal y(tl. ), given at discrete points in time ¢, is translated to a uniform time grid

tk:kAt,
where k=0, 1, ..., N—1; At = Lend ’
N-1

Yintp (%) =interp1(tl., y(1,), tk).

To reduce spectrum leakage, Hamming window function is applied [19]

2nk
where w, are the coefficients of Hamming window.
Then the discrete Fourier transform is performed
_ 2mnk
N n=0,1,...

N-1
y oL

= , N-1.
Nk=0

v (t)e
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Spectrum modulus (amplitude at each frequency)

B =1, |=Re(¥, ) + Iy, )’

Corresponding angular frequency

2nn
®,=—01H,
NAt

n=0,1, ...

In our case we consider only frequencies from the range o, € (20, 500) rad/s. For these frequencies, the sig-
nal amplitudes at these frequencies are returned. By computing Fourier transforms for all fault simulations,
we can observe how the faults progress in the frequency space (fig. 15).
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Fig. 15. Frequencies for different fault scenarios

The FFT results for every fault scenario are compiled into a table that includes the faults introduced, as well as
the recorded frequencies and signal magnitudes. Consequently, the number of parameters to take into account
is fairly limited. Now we can use Machine Learning Toolbox to import there all the necessary data for training
the fault detection algorithm. We will use a subset of the generated data to validate the trained algorithm.

Extraction algorithm. The algorithm for extracting features from the pressure signals obtained from the
pump model for subsequent training of the machine learning model can be described as follows. By performing
Fourier transforms, the algorithm extracts the main peaks of the amplitude spectrum and also reads the mean
values of the signals [20].

Definitions:

e N, —number of points to analyse (time window);

o T; (1) — time axis for the j ™ simulation;

* P(¢) - output pressure in the j ™ simulation;
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o S;(f) — signal amplitude spectrum P,(¢);
e f;—frequency vector corresponding to S, (f);

om = 958 - 3 —nominal speed multiplied by 3 steps.
1. Converts a signal in the time domain to the frequency domain. For each test j [21]

=|F{ P (e)w(r)}

where F {} — discrete Fourier transform; w(t) — Hamming window. Speed standardisation

norm f/

2. Extraction of peaks in the spectrum. From the spectrum }A’j( f ) peaks with a threshold of prominence
(height relative to neighbours) are selected

{(];.,1, Aj,l), o (];.71{, Aj,K)} =findpeaks(l3j(f), prominence > 0.000 5),
where K — number of peaks found. The found peaks are converted to relative frequencies
Tk

nom

b

-1

of, =

and sorted by proximity to the fundamental frequency f,,:
sort(8f, ) = 5 closest peaks are selected.

3. Calculation of average pressure values:

N

L Z
N, =
As a result, a string of features is formed for each test ;

xj:[sﬂ,lﬂAj,l’ . 0f 55 4 5 j:la

where 8f; , is the frequency of the k™ peak relative to the main peak; ; ; 1s the k™ peak amplitude; }_’J is the
average pressure.

Subsequently, we import the trained algorithm that has achieved maximum accuracy in detecting pump
faults based on measured data into a digital twin. Validation using seven test cases shows that the algorithm is
able to reliably detect these seven scenarios.

-

Conclusions

The article focuses on uncovering the significance of digital twins in various areas of human endeavour.
Thus, this work has successfully developed a digital twin of a triplex plunger pump with an integrated predicti-
ve model capable of diagnosing and predicting failures based on the analysis of system input and output data.
The model was trained on three separate fault cases: leakage, closed inlet, and worn bearing, as well as various
combinations of them. This allowed the model to effectively recognise the characteristic signs of failures, forming
a stable knowledge base for accurate prediction of the equipment’s technical condition.

The resulting system demonstrates high application relevance for practical implementation in predictive
maintenance strategies. Predictive maintenance reduces downtime and prevents equipment failures by enabling
maintenance planning based on actual demand rather than a predefined schedule. By automating data analysis
and the model’s ability to adapt, the digital twin can respond quickly to changes in the operating environment.
This approach forms the basis for intelligent condition management and contributes to more sustainable and
reliable operation of engineering systems.

The novelties of this investigation are:

1. A system stabilisation approach was used to accelerate computation. The simulation took some time to
reach a steady state. This part of the system was simulated only once, after which each subsequent simulation
started from the point at which the system reached steady state.

2. Fourier transforms were used to extract the key data needed to train the predictive model. The signal
was transformed from the time domain to the frequency domain, after which peaks — maximum values — were
extracted from the frequency spectrum.
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Abstract. We investigate a single-server queuing-inventory system with a hybrid replenishment policy. Customer arri-
vals follow a Poisson process and service times have a phase-type distribution. A hybrid inventory replenishment policy is

defined as follows: when the inventory level falls to s, the (s, Q) policy is applied, provided that the number of customers
in the system is less than a threshold 7; if at this point the customers quantity is greater than or equal to 7, the (s, S ) policy

is applied. The mathematical model of the investigated queuing-inventory system is constructed as a multi-dimensional
continuous-time Markov chain. The stability condition is established, and steady-state distribution is calculated using the
matrix-geometric method. Numerical results are presented.

Keywords: queuing-inventory system; hybrid replenishment policy; phase-type service distribution; matrix-geometric
method.

Introduction

Many real-world systems can be modelled using queuing-inventory systems (QIS), which combine the pro-
perties of both queuing and inventory systems. These systems have been intensively studied by various authors
in the last three decades (see the review papers [1-5]). One of the main topics encountered in the QIS models

is to determine the replenishment policy (RP). In practice, policies (s, S) and (s, Q) are usually used as a RP.
In (s, S ) policy, when the inventory level drops to the reorder point s, 0 < s < .S, an order is placed and upon re-
plenishment the inventory level becomes S, where S denotes the maximum warehouse (storage) capacity of
the system. The policy states that the replenishment quantity varies in order to fill the maximum capacity of the
inventory when the reorder is placed. This RP is also commonly referred to as «Up to S» policy. In (s, Q) policy,

when the inventory level drops to s, s < %, an order quantity of 0 =S —s is placed and upon replenishment

the inventory level becomes a sum of the current items in the inventory and order quantity, i. e. (s, Q) policy
states that the replenishment quantity is always fixed.

Above-mentioned policies do not take into account the current number of customers in the system. There-
fore, these policies can lead to increasing the reorder rate or unreasonably high levels of inventory that have
no buyers. In both cases, the key performance indicators of the QIS under study deteriorate. QIS models with
queue-independent RPs are discussed in detail in a large amount of available literature (see, for example, recent
works [6—12] and their bibliography).

Clearly, RPs that take into account both the current queue length and the inventory level are more efficient
than state-independent policies. In recent years, some authors have begun to study QIS models, in which the type
of RP changes only depending on the current inventory level, i. e. they do not take into account the number of
customers in the queue (see [13—17] and their bibliography). To the best of our knowledge, QIS models under
queue-dependent RPs have received little research. The first work devoted to the study of the QIS model, in which
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the RP type changes depending on both the current inventory level and the queue length, is paper [18]. In that
paper, the QIS model was considered under simple Poisson/exponential assumptions. This work is an extension
of the model considered in paper [18] for the case of phase-type distribution (PH-distribution) of service time.

Model description

Customers arrive to the system according to Poisson process with parameter A. Upon arrival, customers line
up in one infinite queue. Customer service is carried out in the order of their arrival, and after servicing a cus-
tomer the inventory level decreases by one item. We define the threshold parameter r, » > 0, for the number of
customers in the system. The hybrid RP is defined as follows: (i) if the inventory level drops to s and the num-

ber of customers in the system is less than 7, then (S, Q) policy is applied; (ii) when the inventory level drops
to s and the number of customers in the system is more or equal to r, then (s, S ) policy is applied.

q
The service times follow PH-distribution with parameters (B, 7'). The service rate is given by p = [B(—T )714

and T° is a column vector satisfying Te+7°= 0. Formulas for computation of other characteristics of the
PH-distribution can be found in papers [19-21].

The customer arriving at the moment when the warehouse is empty is lost and permanently leaves the system.
When inventory levels drop to zero, customers in the queue begin to lose patience, i. e., at these moments, only
one customer (at any point in the queue) becomes impatient, regardless of the length of the queue. The impa-
tience time is assumed to have an exponential distribution with parameter .

Lead times follow exponential distribution with parameter 6, for (s, Q) policy (with parameter 0, for

(s, S) policy).
Our goal is to determine the key performance measures of the QIS under study.

Steady state analysis

Let N (t), 1 (t) and J (t) denote the number of customers in the system, the inventory level and the phase
of the service process at time ¢, respectively. The process {(N (¢), 1(2), J (t)), t> O} is a continuous-time
Markov chain and the state space is given as follows:

Q={(0,1):0<i<S}U{(n i, j):n=21,0<i<S, 1< j<m}.

The level {(0, i):0<i< S} of dimension (S+1) corresponds to the case when there are no customers in

the system and the inventory level is i. The level {(n, i, j) n21,0<i<8,1<5< m} of dimension m(S+ 1)
corresponds to the case when there are n customers in the system, the inventory level is i and the service process
is in one of m phases.

The generator matrix of the system has a block-tridiagonal matrix structure, which is given by

B Al )
C, B 4
C B 4
0= C B 4 ™)
C B, 4
C B, 4

The upper-diagonal matrices in (1) are 4, with dimension (S+ 1)><m(S+ 1) and A with dimension
m(S+1)xm(S+1)are given by
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The lower-diagonal matrices in (1) are C, with dimension m(S+1)x(S+1) and C with dimension
m(S+ l)x m(S+ 1) are given by
Te,, (7
T° 0 T 0
CO = t. t. ’ C = .
7° 0 T%B 0
The main-diagonal matrices in (1) are B, with dimension (S + l)x(S +1), B, and B, with dimension
m(S+1)xm(S+1)are given by

-9, 0,
—(8,+1) 0,
B, = —(6,+2) 0, |,
-\
-\
—(6,+1)1 0,/
d, 0,/
B, = d, 0,/
T—-A\l
-\l
with dy =T—(0,+1)1,
—(0,+1)1 0,/
d, 0,/
B, = d, 0,/
T-A\
T-n\
with d, =T—(8,+14)1.
Stability condition
Let n:(no, Ty vees Mgy Tg gy ones ns) be the steady-state probability vector of the finite generator
D = A+ B, +C. This matrix is given by
-0,/ 0,/
T8 T-0,1 0,7
D= T8 T-0,1 0,1 |.
T8 T
T T
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The probability vector &t satisfies the following balance equations:
nD =0 and me=1. (2)
We can rewrite the equations in (2) as follows:

~1,0,] +m,T°B=0,

m,(T—6,1)+m,

i+1

T°8=0,1<i<s,

nT+m,, TB=0, s+1<i<S—1, 3)

(mg+...+7,)0,] +mgT=0,

with the normalising condition

iniezl. “4)
i=0

Adding the first three equations in (3), we obtain the following equality:

S-1 K S
ST m0,l->mTB=0. (5)
i=1 i=0 i=1

The equality given in (5) is first multiplied by the matrix 7" and then by the column vector e,, on the right
to obtain the following equation:

s-1 s s
Zniem - ZniGZ (_T)ilem = ZniTOB(_T)ilem‘ (6)
i=1 i=0 i=1

We obtain

nge, = iniez (—T)_lem
i=0

by multiplying the last equality in (3) by the matrix 7~' and the vector e, respectively. Using the obtained

-1
equation and the service rate p = [B(—T )_le} , the equation in (6) becomes as following:

s s
uZniem = Zn,.TO. (7)
i=1 i=1

Finally, by using the normalising condition in (4), we can rewrite the equality in (7) as follows:

s
u(l—noem)=ZniT0. (8)
i=1
According to paper [22], the system is stable if and only if nde,, < nCe,,. That is,

s
k(l—noem)<m0em+2niTO. )
i=1

From (8) and (9) we conclude that the following theorem is true.

Theorem 1. The queuing-inventory system under study is stable if and only if the following condition is
satisfied:

A< u+ M .

1-mye,
By solving the system of balance equations in (3), (4), the probability vector m, can be obtained.
Let x =(x0, Xps Xgs eees Xy X,y 15 ) be the vector of steady-state probabilities of the generator mat-

rix O in (1). That is, the vector x satisfies the following balance equations:
x0=0 and xe=1.
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(S + 1)-dimensional row vector x, is partitioned into components represented as

Xy = [xO(O), xo(l), ey xO(S)}.
Here x, (i ) gives the probability that there are zero customers in the system and the inventory level is i, 0 <i < S.
The row vector x,, of dimension m(S + 1) is partitioned into components represented as

X, =[xn (O), X, (1), cee xn(S)], nxl.
Here x,, (i ) of dimension m gives the steady-state probabilities that there are n customers in the system, the
inventory level is i, 0 <i < S, and the service process is in one of m phases.
The following theorem can be used to calculate the probabilities of the system (see [22]).

Theorem 2. Under the stability condition given in theorem I the steady-state probability vector x is obtained
by solving the following system of linear equations:

xyBy+x,Cy=0,
xgAy+xB,+x,C=0,

x, A+x,B/+x, ,C=0, 2<n<r-2,

X, _,A+x,_[B+RC]=0

r

with s

Xoe+ ) xpe+x, | (I—R)_le =1,
n=1

where the rate matrix R is the minimal non-negative solution to the matrix quadratic equation
R’C+RB,+A=0.

The QBD structure of the generator given in (1), under the stability condition, yields a modified matrix-
geometric solution. So, the probabilities of non-boundary states are given by

_ n+1
X,,,=x,_R"",nz0.

The performance measures
Below there are the key performance measures of the system:
o the expected loss rate of customers due to no inventory
0
ELR, = hx,(0)+1) x,(0)e;
n=1

o the expected loss rate of customers due to impatience

ELR, = ern (O)e;
n=1
e the expected number of customers in the system
r—1

EN=Ypx,etx, R r(I=R) + R(I-R)” |e;
n=1

o the expected inventory level

El=FEl + EI,,
r-1 8§ o S
El = Z Zixn(i)e, El, = Z Zixn(i)e;
n=0i=1 n=ri=1
o the expected order size
ES =ES,+ES,,

ES1=(S—s)§ gxn(i)e, ES,=3 3 i (S-i)e:

n=ri=S-s
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e the expected replenishment rate

r—1 s 0 5
ER:@IZ an(i)e+92z an(i)e.
n=0i=0 n=ri=0

Numerical study

Here we examine how some performance measures behave in different scenarios. For the service times the
Erlang distribution (ERLS), exponential distribution (EXPS) and hyper-exponential distribution (HEXS)
are considered. Each of the distributions has the same mean of 1, but qualitatively different. The values of the
standard deviation of ERLS, EXPS and HEXS are 0.707 11, 1 and 2.244 72, respectively. The distributions are
normalised at a specific value for the service rate .

ERLS:
-2 2
B=(1 0),T:(0 _2}
EXPS:
p=(1). T=(-1)
HEXS:

B=(0.9 0.1), T=(_1'9 0 ]
0 -0.19

The tables and figures in this section give the behaviour of some performance measures when the arrival
rate A changes and when the service rate pu changes. For this purpose, we fix some parameter values in all

tables and figures. That is, the replenishment rate when the system operates under (s, Q) policy is 0, =1, the
replenishment rate when the system operates under (s, S ) policy is 0, =1.5, the impatient rate is t=2, and

the maximum inventory level is S =20. In the examples given in tables and figures, when the service rate
changes, the arrival rate is fixed as A = 2 and when the arrival rate changes, the service rate is fixed as pu =4.

The way the expected number of customers in the system EN changes when there are different service time
distributions by varying the threshold value as » = 4, 8 and the reorder point as s =3, 7 is given in table 1 when
the values of A are increased and in table 2 when the values of p are increased. When the arrival rate of customers
increases, the traffic intensity increases, i. €. more customers are expected to be in the system. This observation
is represented in table 1 for all scenarios. It is seen more clearly in the dense system that the coefficients of
variation (CV) in service time distributions have an effect on EN values. The value of CV is 1 in EXPS, less
than 1in ERLS and greater than 1 in HEXS. Table 1 shows that when the value of CV increases, the values
of EN also increase. This increase is less in the system with lower dense (i. ., see the case of A = 2.2) and more
in the system with higher dense (i. e., see the case of A =3.8).

Table 1

The expected number of customers in the system for arrival rate

r=4 r=28
ERLS EXPS HEXS ERLS EXPS HEXS
2.2 1.015 1.174 2.455 1.013 1.171 2.443
2.6 1.471 1.752 3.990 1.462 1.738 3.958
3 3.0 2.247 2.754 6.756 2.211 2.709 6.681
34 3.908 4.921 12.785 3.791 4.791 12.629
3.8 10.051 12.842 33.803 9.696 12.503 33.502
2.2 1.044 1.209 2.539 1.042 1.207 2.531
2.6 1.529 1.824 4.180 1.522 1.815 4.156
7 3.0 2.373 2.916 7.213 2.347 2.884 7.155
34 4.271 5.400 14.189 4.186 5.307 14.064
3.8 12.756 16.399 43.311 12.496 16.149 43.058
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As the speed of customer service increases, the traffic intensity decreases, meaning that fewer customers
are expected to be in the system. This behaviour of EN is given in table 2 for all scenarios. The effect of the CV
on the values of EN is seen more clearly in the dense system. Table 2 shows that when the value of CV increases,
the values of EN also increase. This increase is less in the system with lower traffic intensity (i. ., see the case
of u=3.8) and more in the system with higher traffic intensity (i. e., see the case of p =2.2). In all scenarios,
comparing with other service time distributions, it is clearly seen that the expected number of customers in the
system is the largest in the HEXS case, especially in a dense system.

Table 2

The expected number of customers in the system for service rate

r=4 r=38
ERLS EXPS HEXS ERLS EXPS HEXS
2.2 6.969 8.831 23.143 6.815 8.678 22.991
2.6 2.565 3.158 7.816 2.526 3.112 7.749
3 3.0 1.603 1.918 4.419 1.591 1.903 4.386
34 1.177 1.377 2977 1.173 1.371 2.959
3.8 0.935 1.075 2.197 0.933 1.072 2.188
2.2 7.630 9.814 26.827 7.583 9.763 26.754
2.6 2.670 3.301 8.314 2.656 3.283 8.279
7 3.0 1.654 1.983 4.614 1.648 1.976 4.595
34 1.209 1.417 3.082 1.207 1.414 3.072
3.8 0.958 1.102 2.264 0.957 1.101 2.258

s u

In this model a customer loss is considered to occur in two different scenarios: (i) if there are no items
in the inventory when a customer arrives, the customer does not enter the system (the customer is lost) — ELR ;
(i1) if the number of items in the inventory is zero when the customer in the service receives service and leaves,
a customer in the queue shows impatience and leaves the queue at a certain rate (the customer is lost) — ELR,.
Changing on both of the expected loss rates of customers when the values of A are increased and also when the
values of u are increased are given in table 3. It illustrates two service time distributions, the threshold value
r =4 and the reorder point s = 3.

Table 3
The expected loss rate of customers
because of no inventory and impatient
N " ELR, ELR,
ERLS HEXS ERLS HEXS
1.4 - 0.0216 | 0.0249 | 0.0045 | 0.006 5
2.2 - 0.081'1 | 0.0880 | 0.0189 | 0.0252
3.0 - 0.1682 | 0.1758 | 0.0458 | 0.0580
3.8 - 0.2208 | 0.2511 | 0.0826 | 0.1044

- 2.2 0.0356 | 0.0498 | 0.0217 | 0.0365
- 3.0 0.0559 | 0.0639 | 0.0186 | 0.0268
- 3.8 0.0618 | 0.0683 | 0.0149 | 0.0205
- 4.6 0.0642 | 0.0698 | 0.0122 | 0.0161

The more customers come to the system, the more likely the system will have zero inventory. So, as expected,
as the values of A increase, both ELR, and ELR, values increase. As customers arriving at the same constant
rate receive faster service (as | increases), the probability of the number of items in the inventory being zero
increases. Consequently, the case at which an incoming customer encounters zero items and therefore does
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not join the system, in other words ELR |, increases as p increases. The situation where the inventory level is
zero when a customer receives service is expected to increase as [ increases. However, since an increase in
u will also cause the decrease of the number of customers in the system, it is seen that the expected loss rate of
customers due to impatience ELR, also decreases in table 3.

As the arrival rate increases (as the traffic intensity increases), the expected number of items in the in-
ventory EI decreases until the system reaches a certain density and then increases (fig. 1). This behaviour
is valid for both threshold values of r, but at large » values the change point is seen when the system is

denser.

r=4 r=8
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Fig. 1. The expected number of items in the inventory versus the arrival rate

(s, Q) policy is followed until the value of EN reaches r. In other words, the size of orders arriving in the
inventory is constant up to the threshold value  (as much as S —s = Q). While the system operates in this policy
the expected number of items in the inventory is represented by EI,. (s, S ) policy is followed when the value

of EN becomes r and more. Namely, after the threshold value is reached, the number of items in the inventory
will always be at the maximum level S with the orders coming. As the system operates in this policy the expected
number of items in the inventory is represented by EI,. As the arrival rate of customers increases, the expec-
ted number of customers in the system also increases. Therefore, fig. 1 shows that the increase in the arrival rate

causes the values of E/, to decrease and the values of EI, to increase. In other words, when the traffic intensity
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is low in the system, the system operates more in (S, Q) policy, and as the intensity increases, the frequency of
operation in (s, S ) policy increases. It is clearly seen from fig. 1 that the CV has an effect on the values of E1.

In the cases where the variation in service times is 1 and less than 1 (in ERLS and EXPS cases), the va-
lues of £ are almost the same, especially at low arrival rates. Compared to ERLS and EXPS service times,
the values of ET are higher in HEXS service time with high variation. When looking at £/, and EI, parts in
fig. 1, the values of these performance measures in the case of HEXS are apart from the others.

As the service rate p increases, the expected number of customers in the system decreases and so the value
of EI decreases (fig. 2). The behaviours of EI, and EI, values are seen to be exactly the opposite of that in fig. 1.
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Fig. 2. The expected number of items in the inventory versus the service rate

As the number of customers entering the system increases, the expected order size ES is supposed to in-
crease. This increase occurs rapidly until the system reaches a certain density, but after the system reaches
a certain density, it remains almost the same (see A = 3.4, 3.8). This result is observed in fig. 3. As previously
commented, the inventory policy applied changes depending on the values of A. If customers arrive with a low

A rate, the system is not of high density and (s, Q) policy is followed more. So, the values of ES, are expected

to be larger. For example, when looking at the case of A =1.4, the values of ES, are almost zero while the values
of ES, are around 1.5. On the other hand, if customers arrive with a high A rate, the system is of high density

and (s, S ) policy is followed more. For example, when looking at the cases of A =3 and more, it is seen that
the values of ES| decrease and the values of ES, increase.
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Fig. 3. The expected order size versus the arrival rate

Conclusions

A new queue-dependent hybrid replenishment policy is developed in the QIS model with PH-distribution
of service time. It is based on the combined use of known replenishment policies (s, Q) and (s, S). When
the inventory level drops to the reorder point s if the number of customers in the system is less than a threshold
value r, then (s, Q) policy is applied, and if the number is more or equal to 7, then (s, S ) policy is applied.

To calculate the performance measures of the proposed replenishment policy, a matrix-geometric approach is
used. Numerical examples performed in different scenarios demonstrate the behaviour of the system perfor-
mance measures. As directions for further research, we can point out the study of a similar QIS model with
MAP arrivals and solving optimisation problems for such models.
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CTAILIMOHAPHOE PACITPEAEAEHUE 3AMKHYTBIX CETEN
C OTPAHUYEHUWEM HA BPEM{ IIPEBBIBAHUSA 3AABOK

10. B. MAIMHKOBCKHH ", C. 10. EBMEHEHKO"

DTomenvcruii 2ocydapemeennviii ynusepcumem um. @panyucka Cropunbt,
ya. Cosemckas, 104, 246028, e. ['omensv, berapyco

Annomayusn. PaccMarpuBaeTcs 3aMKHYTasi CETh MACCOBOTO OOCITYKUBAHHUS C OHOJIMHEHHBIMHU Y3JIaMH U OTpaHHue-
HHUEM Ha BpeMsi IpeObIBaHNUs 3asBOK B y371ax. [Ipennonaraercs, 4Tto BpeMst 00CITyKUBaHUs 3asBKU €IMHCTBEHHBIM IIPUO0-
POM i-T0 y311a, a TAKXKE HOMHHAJIBHOE BPEMsI €€ TPEObIBAHMUS B yKAa3aHHOM Y3JI€ 3aBUCAT OT TEKYIIIETrO YHCIIa 3aBOK B TOM
y371e. 3asBKH, HOMHHAIBHOE BPEMsI IIPEOBIBAaHNS KOTOPBIX B y3JI€ 3aKOHYMIIOCH, MTHOBEHHO W HE3aBHCHUMO OT JPYTHX
3a5IBOK [IEPEMEIIAI0TCS 110 y371aM B COOTBETCTBHH C MATPHIIEH, OTIIMYHON OT MaTPHUIIBI MAPIIPYTH3AINH 00CITY’)KeHHBIX 3a5IBOK.
Jloka3bIBaeTCsl HETYBCTBUTEIBHOCTD CTAIIMOHAPHOTO PACIIPE/ICIICHHS BEPOSITHOCTEH COCTOSTHHIN CeTH K (hopMe pacrpeie-
JICHUS! JUINTEIBHOCTEH 00CITyKNBaHMS 3asIBOK NPH (PMKCHPOBAHHBIX ITEPBBIX MOMEHTAX.

Kniouegvie cnoga: Teopust MACCOBOTO OOCITYKMBAHMS; CTOXaCTHIECKUI TPOIECC; TEOPHUS BEPOSITHOCTEH; 3aMKHYyTast
CeTb 00CITY)KUBAaHUSL.

STEADY-STATE DISTRIBUTION OF CLOSED QUEUING NETWORKS
WITH A LIMIT ON CUSTOMER SOJOURN TIME
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Abstract. A closed queuing network with single-server nodes and a constraint on the sojourn time of requests within
nodes is considered. It is assumed that the service time of the request by a single device in the ™ node, as well as the nominal
sojourn time, depend on the current number of requests in this node. Requests whose nominal sojourn time in a node has
elapsed instantly and independently of other requests transition between nodes according to a routing matrix distinct from
the one governing the movement of requests upon service completion. It is proven that the steady-state distribution of net-
work state probabilities is insensitive to the shape of the service time distribution, provided the first moments remain fixed.
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BBenenue

Certu maccoBoro oociyxuBanus (CeMO) ¢ orpaHudeHHEeM Ha HOMHHAIBHOE BpeMs MpeObIBaHUS — 3TO
MaTeMaTUu4€CKUe MOACIIN, UCITIOJIL3YEMBIC U1 aHa/In3a CUCTEM, B KOTOPBIX 3adBKU O6CJ'Iy)KI/IBaIOTC$1 KaHaJ1aMu
(mpubopamu, cepBepamMu ), HO TIPH STOM CYIIECTBYET OTpaHNIECHHE Ha MAKCHMAIBHOE BpeMs HAXOXKACHUS 3asBKU
B cucteMe. Eciti 3T0 Bpemst PEeBHINIEHO, 3asBKa MOKHU/IAET CUCTEMY 0e3 3aBepIIIeHus 00CTy)KuBaHus. Takue Mo-
JIeJTH HIMPOKO MPUMEHSIOTCS B TEIEKOMMYHHUKALIUSIX, TPAHCIIOPTHBIX cUcTeMaX, toructuke, UT-undpactpykrype
" apyTux obmactsax. B padorax [1; 2] ycTraHOBIIeHAa HHBAPUAHTHOCTE CTAIIIOHAPHOTO PACTIPECIICHUS BEPOST-
HocTel coctossHuit CeMO ¢ HECKOIBKUMU THITAMH 3asSBOK B TIPEATIOIIOKEHUH, YTO PACIIpeIeNICHHS [UTUTEIILHOC-
Tel 00CITy)KUBaHUSI UMEIOT pallMOHaJIbHbIE peodpa3oBanus Jlamiaca — Ctuntbeca. B myonukanusx [3—5] npu-
BEIICHBI (yHIaMEHTAJbHBIC PE3yIbTaThl, Kacaromuecs naBapuanTHOCTH CeMO. CoBpeMeHHBIE Pe3yIbTaThl
OTHOCHUTEIIEHO HEUYBCTBHUTEIILHOCTH CTAIIMOHAPHOTO PACTIpe/IeNIeHNs TIOTyYeHbI, HanpumMep, B padote [6]. CeMO
C OrpaHUYCHUCM Ha HOMHWHAJIbHOC BpEMs HpCGBIBaHI/Iﬂ MO3BOJIAKOT MOACIUPOBATL PCAJIbHBIC CUCTEMBI, I'IC
BaXHO YUYHUTHIBAaTh BPEMEHHBIE OTPaHUYCHUS. AHAIIN3 TAKUX CHCTEM TIOMOTAaeT ONTHMHU3NPOBATh MPOIECCHI,
MUHUMH3UPOBATh MIOTEPH U MOBBICUTH A (HEKTUBHOCTH paOOTHL. B cTaresax [7; 8] mpeacTaBieHbl pe3yabTaThl
1uist cetelt JkekcoHa ¢ OrpaHMYeHHEM Ha HOMUHAJIBHOE BpeMsi TpeObIBaHUSL.

B pab6ore [9] mokazano, uto st otkpeiToit CeMO ¢ qucnutummaol obcmyxknBanus LCFS-PR u orpanndennem
Ha HOMHUHAJIBHOE BpeMsI MPEObIBAHUS 3a5IBOK B y3JIaX CTAIIMOHAPHOE pacIpe/ie]IeHHe BEePOsSTHOCTEH COCTOSTHUN
CCTU HC 3aBUCHUT OT KOHKPCTHBIX 3aKOHOB pacClpeCaACICHUA IlHI/ITCJ'II)HOCTCfI O6C.Hy)KI/IBaHI/I$I§ JA0CTAaTOYHO JIHIIb
3aKCHPOBaTh MaTeMaTHIECKOE OKMAAHWE TIPU YCJIOBHH, YTO HOMUHAIBHBIE BpeMeHa MPEObIBaHUS 3aSBOK
B y3J1aX [TOJYUHSIOTCS SKCTIOHEHIIMATIHLHOMY 3aKOHY pacrpenenenus. B cratpe [10] q0ka3aHa HHBapUaHTHOCTh
CTaIMOHAPHOTO pacrpeneeHus MoauduipoBanHbix cetell [Ixexcona u [opnona — Herosmna. Panee B pamkax
WICCIIEZIOBAaHUI TOMENBCKON HayYHOM IIKOJIBI B 00JIACTH MYJTBTUIUINKATHBHBIX CETeH aHAIOTHYHAS HHBAPUAHT-
HOCTb ObIIa ycTanoBieHa 1t CeMO, TomycKaronux HaTHIHe «OTPULIATeTbHBIXY 3asBOK [11].

B nactosmieii padote paccmarpuaetcs 3amkayTast CeMO ¢ 0nHOMUHEHHBIMA Y3J1aMU, SKCITOHCHIIUATEHBIM
OTpaHWYEHUEM Ha BpeMs PeObIBaHI 3asIBOK B y3J1aX 1 MPOU3BOIBHBIM PACTIpe/IeIeHHEM JITUTEIFHOCTEN 00CITy-
KUBaHMSA 33asBOK. Jl0Ka3pIBaeTCSl HEUYBCTBUTEIHHOCTD CTAIIMOHAPHOTO PACTIPEIENICHHsI BEPOITHOCTEH COCTOSHHUN
ceTH K (hopMe pacrpeieieHus JJTUTSILHOCTEH 00CTyKUBAHNUS 3asIBOK ITPH (PUKCUPOBAHHBIX IEPBBIX MOMEHTAX.

MapkoBckuii ciyyai

3amkHyTas CeMO cocTouT u3 N OJHOIMHEHHBIX y3II0B (crcTeM). B ceTn MupKyImupyeT moCTOSHHOE YHCIIO
3as1BOK K, MO3TOMY YHMCIJIO MECT Il OKUIAHUSI MOXKHO CUUTATh PaBHBIM K.

COCTOsHHE CETH B MOMEHT BpeMeHH { omuceisaetcs Bektopom n (1) =(ny(1), ..., ny(¢)), te n,(¢) - xonn-
YeCTBO 3a/1a4 B i-M y3Ji€ B MOMEHT BPEMEHH Z.

JUnTenbHOCTH 06CIy KUBaHIS 3asBOK B Y31aX HMEIOT IIPOM3BOJIbHYIO (QYHKIMIO pactpenenenus B(n;, t),
IPUYEM MaTeMaTHIECKOE OXKU/IaHue (PUKCUPOBAHO C TIOMOIIBIO PABEHCTBA

(1, (n))" =+f (1 B(m. 1)) d, 0

rae y; (ni) — MHTCHCHUBHOCTbB ITIOTOKA 3asBOK, ITIOKUAAIOIIHUX i-n Yy3€J13a CUCT OKOHYaHUs BpEMCHU O6CJ'Iy>KI/IBaHI/IH.

TIpu paccMOTPEHHH MapKOBCKOTO CiTydas GyIeM CUHTaTh, 4TO YCIOBHOE PacIpe/ieleHie BpEMEHH 00CITy KH-
BaHUs 3a5BKM ¢IMHCTBEHHBIM IPUOOPOM i-I'0 Y3J1a, KOTJIa B HEM HAXOIHUTCS 71; 3asBOK, SBJISETCS MOKA3aTEIbHBIM
¢ napamerpoM i, (#;) (i =1, N), 3aBHCSIIMM OT YKCIA 3a5BOK 71; B i-M y31e, T. €. B;(n;, 1) =1—exp {—ui (ni)t}
(t > O). Ipennonoxum, 4to Y, (0) =0, y, (ni) >0 i n; >0.

Bpemsi ¢ MOMEHTa MOCTYIUIEHH)S 3asBKHU B y3€Jl IO TOTO MOMEHTA, KOT/Ia OHA OKMHET y3ell He B Pe3ylbTare
obcImyKuBaHus, OyJleM Ha3bIBaTh HOMHHAILHBIM BpeMeHeM npeObiBanus. HoMUHAIBHOE BpeMs NpeObIBaHus
Ka)kJI0l 3agBKH B i-M y3JI€ TPEJCTaBIseT co60i CIydaiiHyl0 BEIUUUHY, YCIOBHOE pachpe/ieeHue KOTopoit

. vi(m) . —
(eciu B i-M y3Jle HAXOMHUTCS 1; 3a5BOK) ABIAETCS SKCTIOHEHIMATIBHBIM ¢ napamerpoM ——= (i =1, N). Homu-
n.

i
HaJBbHOC BpCMs HpC6BIBaHI/I$I 3asBKH B Yy3JIC HC pCAIM3YCTCA (O6HYJ'I$I€TC$I), €CJIM B TCUCHUC D3TOTI'0O BPCMCHU

3aKOHUYHUTCS ee oOcimykuBaHue. TakuM 00pa3oM, YCIOBHAS BEPOSTHOCTH TOTO, YTO HOMHHAJIBLHOE BpeMs Tpe-
OBIBaHUS KAXKIIOM 3asiBKU B i-M y3JI€ 3aKOHYHUTCS B MPOMEKYTKE [t, t+ h), €cJM B MOMEHT BPEMEHH ! B y3Iie

v.(n.
HaXOAMJIOCh 1, 3aBOK, paBHA Mh +0(h) pu i1 — 0, a yciaoBHas BEpOATHOCTh OKOHYAHUSI HOMHHAIb-
n

1
HOIO BPEMEHH NpeGbIBaHMs XOTs Obl OJHON M3 9THX 3asBOK paBHa V; (n;)h+o(h). Ipeanonaraercs, 4ro

v;(0)=0, v, (n;) >0 wist n; > 0.
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[TomoxuM, 4TO JUINTENTFHOCTH O0CITYKUBaHNS 3asIBOK 1 HOMUHAJIbHBIE BpeMeHa MpeObIBaHM 3asIBOK B y3J1aX
SIBIISIIOTCS. B3aHMHO HE3aBHUCHMBIMM CTy4YalHBIMU BETUUNHAMM.
Huctunnunaa oocmyxuBanus 3asBok — LCFS-PR. 3asBka, moctynaromias B y3ei1, BBITECHSICT 3asBKY C IIPHU-
Oopa ¥ HaYMHAET 0OCITYKUBAThCs (MO3KUIMA #; + 1), a BBITECHEHHAs 3asBKa CTAHOBHUTCS IEPBOM B 0YEpen Ha
J000CIyKUBaHUe (TTO3ULU 7, ), CIIBUTasi CTOSIINE B ouepeaH 3asiBKU. [Ipy MOBTOpHOM NOCTYIIEHUH Ha IpUOOp
3asiBKa MPOAOIDKACT JOOOCTYKUBATHCS OcTaBIIeecs: BpeMs. TakuM o0pa3om, MOCTyMaronas B y3el 3asBKa
uMeeT abCONMIOTHBIN MPUOPHUTET MEPel BCEMH OCTAILHBIMU 3asiBKAMU, HaXo[sIIUMuUcs B y3ie. Hymepanus
3a51BOK B 04€PEIN Ha KayK/IbIH y3€JI OCYLIECTBISIETCS OT KOHLA ouepenu K npudopy. Ecnu ciyuaiinas BemuunHa v —
BpEMsI OT Havaja J0 3aBeplIeHus 00CITyKUBaHUS 3asiBKH, & i — BpeMsl OT Havyaja 0OCIY)KUBaHUs 3asBKHU JIO €r0
NpepbIBaHus, TO IPH BO30OHOBICHUH 00CITYKHBAHHUS 3asIBKE OCTAETCsl 00CITY)KUBAThCS B TCUCHUE BPEMEHH V — /1.
3asiBKa, 00CIY)KCHHAsl B i-M y3JIe, MTHOBEHHO M HE3aBHCHMO OT JIPYTHX 3asBOK C BEPOSTHOCTBIO pj; Tepe-
N

XonuT B j-i y3en (i, j =1, N, Z p; =1, p; =0). 3asBKa, HOMUHAIIHOE BPEMsi IPEOBIBAHMS KOTOPOH B i-M y3-
j=1

Jie 3aKOHYHIIOCh, MTHOBEHHO M HE3aBHCHMO OT APYIUX 3asBOK C BEPOSTHOCTBIO 7;; HANIPABIACTCS B j-i y3el

N
(ivj:17N7 zl/;]:Lr”:O)
=1

BBenem croxacTudeckue KBaJIpaTHBIC MATPHUIE P = ( pij) u R= ( ) mopsaka N (i, j =1,N ), KOTOpEIe
HA30BEM MaTpUIlaMH MaplIpyTH3alHU OOCITY)KEHHBIX U TPOCPOUCHHBIX M0 HOMUHAIBHOMY BPEMEHH Ipe-
ObIBaHUSI 3asBOK COOTBETCTBEHHO. OUYEBUIHO, YTO MaTpuyHasi (PyHKIUS S( ) (s,]( ) i j=1, N) rae

s (n, :Hi( )le+\/( l) i
i (m) () + v, (n;)

JIe, TaKXKe SIBIISIETCS CTOXaCTUYECKON MAaTpHIIEH U 10 CMBICITY YIIPABIISCT JBMKEHUEM 3asSBOK MEXKIY y3Ja-
mul, 2, ..., N 6e3 yuera MpUIHHBI, IO KOTOPOH 3asBKa MOKUAACT y3el (OKOHIAHHME BPEMEHH OOCTYKUBAHUS
WJIM HOMHHAJIBHOTO BpEeMEHH TpeObiBanust). JleficTBuTensHO,

S s (n) = — £ :
jz“:lsy(ni)_“i(”i)""’i(”i) Zpl] Z

—~ a (m)+v;

, S”( 1) O SJIEMEHTEHI -’ CTPOKH KOTOpOI/I 3aBUCAT OT 4YMCJIa n; 3a5BOK B I-M y3-

( )(ui(n,.) +Vi(ni)) =1.

bynem HazpIBaTh 3Ty MaTpuity S (n) MaTpUIEH MapIIpyTH3AIIH.
O06o3Ha9nM yepe3 si(ni) YCJIOBHYK) MHTEHCUBHOCTH IOTOKA 3asBOK, BBIXOISIIETO U3 i-I'0 Y3I1a, KOTOPBIHA

HaxoouTCs B COCTOSHUU 7; (l = 1, N ) Tak Kak 3asiBKU HE POXIAAOTCA U HE TCPAIOTCA IPU IIPOXOXKACHUHN Y3JI0B,
TO B CTAITMOHAPHOM PEXUME BBITIIOJIHACTCSA CJ'IeILyIOH_II/Iﬁ 3aKOH COXpPaHCHUA:

-= Zs n)s;(n;+1), j=1, N, ne X. )

i=1
Janee mpenmonaraercs, 4to Marpura S (n) mpu 1000M n € X HenpuBoauMma. J{si ee HENMPUBOAMMOCTH
JIOCTaTOYHO (HO HE HEOOXOJMMO), YTOOBI HEMPUBOAUMOMN ObLTa XOTs Obl OfHa W3 Matpuil — P uiu R. Torna
ypaBHeHue (2), koTopoe OyZeM Ha3bIBaTh ypaBHEHHEM Tpaduka, Mpu (PUKCUPOBAHHBIX N € X, ui(ni), \ (ni),

i=1, N, Oyner uMeTh €AMHCTBEHHOE C TOYHOCTBIO JI0 OCTOSHHOTO MHOKUTEIS MOJOKUTEIBHOE PEIICHHE.
Ecnu n3aMeHsATh 3TN mapamMeTpsl, TO pelieHns ypaBHeHus Tpaduka (2) OymyT ABIAThCS (QyHKIUSIME OT HUX.

Iycts { p(n),neXx } — IpezieIbHOE 3PTOAMUECKOE paclpeneeHue e Mapkosa n(7), KOTopoe B 3ToM
ciydae Oy/IeT eIMHCTBEHHBIM PEIIEHHEM yPaBHEHHS I100aTbHOTO PABHOBECHS
N N N
p(0) (i (m) +vi(n) =2 X (p(n+ e —e))(m (m +1) i+ v, (m,+1) 15 ). 3
i=1 im1 /=1

YAOBIETBOPSIOLIAM yCIIOBHIO HOPMHUPOBKH Z p(n) =1. 3nech e, — eAMHUYHBII BEKTOp i-IO HallpaBJICHUs,
neX
MPUYEM MPEINOIAraeTcs, 4To p (n) =0 npu n ¢ X. Pazo0ObeM ypaBHeHHE II00aILHOTO paBHOBecHs (3) Ha ypas-

HCHUS JIOKAJIbHOT'O PABHOBECHS, KOTOPBIC MOJYUYArOTCA, €CIIN IJId KaXXJ10Iro y3Jjia IPUPABHATE NHTCHCUBHOCTD
IIOTOKa BEPOATHOCTH U3 COCTOAHUA N 3a CHET yXO4a 3a4BOK U3 O3TOTO0 Yy3Jia U UHTCHCUBHOCTD IMOTOKA BEPOAT-
HOCTHU B COCTOSIHHE Il 32 CUCT MOCTYIIJICHUA 3aBOK B I[aHHLIfI Y3 U3 Apyrux y3JjoB:

p(0)(w;(n) +vi ()= ip(‘” & =)k (m 1) by + v, (m+ 1)1 ). “)
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Tak kak ypaBHeHHE (3) MOIydIaeTcs B pe3yinbTaTe CyMMUPOBaHUS ypaBHeHUH (4) 110 i =1, IV, TO BCSKOE pereHue
YpaBHEHUI JTOKAJILHOTO paBHOBeCHsI (4) OyAeT SBISITHCS pelICHUEM YpaBHEHHS TII00abHOTO paBHOBecHs (3).

Wzonupyem i-i y3en OT ceTH, moMeas ero B GUKTUBHYIO Cpely, OTIMYAIOILYIOCS OT yCIOBUH (QYHKINO-
HUPOBAHMS y3J71a B CETH TOJBKO TEM, YTO B HETO MOCTYNAET MOTOK MOMEHTOB IOCJIEOBATEIEHBIX CKAaYKOB

MPOLIECCa YMCTOTO PASMHOKEHIS C HHTCHCHBHOCTBIO POXKICHHUS €, (7, ), 3aBUCSILC OT 4KCIIa 3a5BOK 1; B 3TOM
yane. [lomydaeTcs nporiece pa3MHOKEHHUS U THOEIN ﬁi(t) C UHTEHCUBHOCTSIMU POXKICHUS si(n,.) n,=0,1,..)
u uHTeHCHBHOCTIMH TuOenn W, (n;)+v;(n;) (n,=1, 2, ...). TIpi 9TOM CTaIMOHapHbIEe BEPOSTHOCTH Liemi Map-
KoBa 71, (1), eCIM OHH CYILECTBYIOT, YIOBICTBOPSIOT CIEAYIONNM YPABHEHUSM PABHOBECHS! JUIsl BEPTUKAIBHBIX
ceueHui B rpade MEPEXONOB MPOLECCA PA3MHOKEHHS U THOEIIH:
b; (”i - 1) _ Mi(ni) +V; (nl)
Pi (”z) g; (”i - 1)

U3 ypaBHCHI/Iﬁ (4) JICTKO MMOHATB, YTO CTALIUOHAPHBIC BEPOATHOCTU COCTOSIHUM H30JIMPOBAHHOIO y3J1a UMCIOT BU/]

pi(ni)==pi(O)Jf!I;f%géfi%%yj,i==1,fv, (6)

(n,=1,2,..), i=1, N. (5)

e

U, KPOME TOTO, YTO yCIOBUE

ZH )+V(1)<+oo

ny=11=0 w (7
ABJIAETCA HEOOXOJUMBIM M JIOCTATOYHBIM ULl 3PTOJUYHOCTH IPOLECcCa Pa3MHOKEHUS U THOEIH 71; (t)
JlokaxkeM, 4TO BEPOSTHOCTH

)=[C(V, K)] " 2 (m) pa () . (1), (7)

e C(N, K) — HOpMHUpYIOLIas MMOCTOSAHHAA, YAOBJICTBOPAOT YPABHCHUAM JIOKAJIbHOT'O PABHOBECHUA (4), a 3Ha-

YHT, ¥ ypaBHEHHUAM TJI00anbHOro paBHoBecus (3). B cuimy oqHOpOIHOCTH ypaBHEHHI JIOKAJILHOTO paBHOBE-
cus (4) npu oAcTaHoOBKe Mpou3BeaeHHs (7) B ypaBHEHHS (4) MOJKHO HE YUUTHIBATH HOPMUPYIOIINI MHOXKUTEIb

[C(N, K )]_1. IIpexne Bcero orMeTuM, uto u3 hopmyn (5) u (7) cremyer, 4to
p(n+e —e) _¥ (7 +1) pi(n-1) _ g(m)  w(n)+vi(n)
p(n) () pi(m) e (m=1) wy (e 1) vy (1)

ITpoBepumM, uTo nmpoussenenue (7) ynosieTBopsaeT ypaBHeHUsAM (4). Eciu n; =0, To 04eBHIHO, YTO ypaBHe-

ecau n; # 0. ()

Hus (4) npespainatorcs B Toxaectso 0 = 0. Eciu ke n; # 0, T0, pa3nenus ypaBHeHus (4) Ha p(n) U MOACTA-
BUB B NOJIy4eHHBIE paBeHCTBa (popmydsl (7) U (8), a 3aTeM HCIO0Ib30BaB ypaBHeHHE Tpaduka (2), moxydnm

“"(n")Jrv"(n"):im(“f(”j“)l%+Vj(”j“)rﬁ):

-t r(n)

1), (0 +1)5)-

_ wi(n) + v (m;) i 8j(nj)

g (n-1) Pty (n +1)+v (nj+1
(

)(“j(”f“)pﬁ+Vj(”f+1)’3"’)=

j ni_l) j=1

=Wi gj(nj)sji(nj+ 1) =i () + v, (m),

T. €. ypaBHEHUsI (4) IpeBpaILAOTCsI B TOKIECCTBO.
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ITo spromnueckoit Teopeme MapkoBa Lierib MapKoBa ¢ HENPEPBIBHBIM BPEMEHEM U KOHEYHBIM UYHCIIOM
COCTOSTHUM 3PTOIMYHA TOTJIa M TOJIBKO TOI/IA, KOr/ia oHa HenpuBoguMa. [IpocTpaHncTBo coctosiHuii ienu Map-
KOBa n(t) KOHEYHO B CHUJTY BBIMIOJIHEHUS YCIIOBUS nl(t)+ nz(t)+...+ nN(t) =K, a eec HEIPUBOAUMOCTb, OYe-
BUJIHO, 9KBUBAJIEHTHA HEIPUBOJUMOCTH MaTPUIIbI MAPIIPYyTU3ALMY [IPU KAXKIbIX (PUKCUPOBAHHBIX 77;.

N3 ycnoBust HOpMUPOBKHU Z p(n) =1 HaxX0AUM HOPMHPYIOILYIO MTOCTOSHHYIO

nelX

C(N, K)= 2 pi(m)pa(ns) . oy (ny)- 9)

neZﬁ/:n1+n2+...+nN:K
Teopema 1. Eciu mampuya mapwpymuzayuu Henpusoouma, mo yens Maprosa n(t) apeoouuna, a ee
eounHcmeenHoe cmayuoHaproe pacnpeoenenue umeem gopmy npousgedenus (7) ¢ muoscumenamu (6), 20e
{81- (ni), i= I,_N} — peutenue ypasnenust mpaguxa (2); C (N, K ) — HOpMUPYIOWast ROCMOSIHHASL, ONpedenlenHas

¢ nomowbro pagencmeda (9).
Takum 00pa3om, Kak U B 00bI4HOM ceTn ['opona — Hproamia, B cTallHOHAPHOM PEKUME B KaXKIbIi (PUKCH-

POBAHHBIIi MOMEHT BPEMEHH ¢ COCTOSIHHSI Y3108 71,(2), 1,(1), ..., ny(¢) 3aBUCHMBI, YTO SBISCTCS OYECBHIHBIM
CIE/ICTBHEM IMHEHHOM 3aBucuMocTr ny(1)+ n,(1)+...+ ny (1) = K xoopauHar ciyuaiiHoro Bekropa n(?).

JdanTenbHOCTh 00CYKUBAHUSA 3aIBOK,
HMeIAs POU3BOJbHYIO (DYHKIHIO pacipeleeHust
Teniepp OyaeM mpenosararb, 4To JUIMTEIBHOCTH OOCTYKHBAaHUS 3asBOK B y3JIaX UMCIOT MPOU3BOJIEHYIO
(byHKIHMIO pacTpeieneHus B,-(n,-, t), MpUYeM MaTeMaTHYeCKoe OXKHJaHue (PUKCHPOBAHO C TIOMOIIBIO paBEH-
ctBa (1). B aTOoM cimydae mporrecc n(t) HE SIBIIsIETCSl MapKOBCKUM. Jlanee Joka)xeM, 4To JIJIsl TAaKOro mpoliecca

CIIpaBeIMBA CIIEAYIOIIasi TeopemMa.
Teopema 2. Crnyuatinolii npoyecc, onucbl8aiowull YUcio 3asa80K 8 3aMKHYMOU cemu 8 MOMeHm 8pemeH t,
umeem uHaIbLHOE CMPO20 NOLOACUMENbHOE pacnpedenenue 8 hopme npouzgederusi (7) ¢ muoxcumensimu (6),

20e g; Haxooamcs u3 ypasuenus mpaguxa (2), a C (N, K ) onpeoensemcsi ¢ nomowwbio pasencmaa (9).

HokazarenbcTBo. [lycts ‘Eik(l‘) — OCTaTOYHOE BpeMsl OOCIy>KMBaHHUS 3asBKHU B i-M y3Jie¢ C MOMEHTA
BpPEMEHH / JIO MOMEHTA OKOHYAHUSI BPEMEHHU 00CITYKHBaHWUsI, TJIe kK — HOMEp MO3UIINHU, HA KOTOPOU HAXOIUTCSI
3asiBKa, OT KOHIa ouepean K npuoopy. [Tonokum, 4Tto BEKTOP ‘ri(t) COZICP)KUT OCTAaTOYHBIC BpeMeHa 00ciy-
JKUBAHUSI 3asIBOK, HAXOMSIIUXCS B i-M y3iie. [lockoibKy, BOOOIIEe TOBOPSI, POIECC n(z‘) HE SIBJISIETCS] MAPKOB-
CKHM, paCCMOTPUM MAapKOBCKHI MpoIiecc ﬁ(t) = {n(t), 'r(t)}, 100aBIsist K N (¢) HENPEPBIBHYIO KOMIIOHEHTY
t(£)=(7,(¢), To(¢), ..., Ty(¢)). BBenem obosnauenme

F(n, x):F(n, X1 oes X s X g5 ees Xg s vees Xy 15 ooes xN,nN)z
=t1ir11 P{n(t)zn, (1) < x; 1 ...,ti,ni(1)<x,.,ni, i=1,N}.
—>+00

ITo sprogunueckoii Teopeme MapkoBa cily4aiiHbIi poLECC n(t) B MapKOBCKOM city4ae 3progudes. Mcnosb-
3yst Teopemy Cmurta [12] Ui pereHepupyoIuX MPOoIecCoB, MOXKHO JI0Ka3aTh, UTO CYIIECTBYIOT (PMHAJILHBIC

BEPOSITHOCTH F' (n, X).
Tak kak n( t) — MapKOBCKHH IpoLecc, CyIIEeCTBYET CTallMOHAPHOE 3PTOANYECKOE paclpeesieHue npoLec-

can(r), a cenoBarensHo, B 06wmem ciryuae u npouecca (), Tak kak () nomyuaercst us n(¢) noGapnennem
HETIPEPHIBHBIX KOMIIOHEHT.

TTonoxkum, 4To [ X; | — BeKTOP, Bee 2IIeMEHTBI KOTOPOTO COBNAMAIOT C YIEMEHTAMH BEKTOPA (X, X,, ..., Xy ),
a Ha MECTE i-TO 37IEMEHTa HAXOIUTCA JIEMEHT X,, 1 [i:i, )EJJ — BEKTOP, BCE DIEMEHTHI KOTOPOTO COBMAAIOT
C 9IEMEHTaMH BEKTOPa (X;, X,, ..., Xy ), @ HA MECTE i-I0 W j-TO IEMEHTOB HaXOIATCs HeMeHTHl ¥, i X, cooT-
BETCTBEHHO. 1

HecnoxkHo noka3ats, 4to npu p,(n;) <+o0 (i =1, N) cylecTBytor koHeuHble peensl F(n, X) = lim F(n, 7, X),

t—>+0

e F(n, By Xy qs eees Xi s X gs oees X s eees Xy g5 e xN’nN) =P{n(t)=n, Ti,l(t)<xi,l’ ---,Ti,n,(t)< Xi n>

i:l,N}.
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[lycts h — monoxxuTenbHas Maias BelnnduHa. PaccMoTpuM BepOsSTHOCTH COOBITHS

F(n,t+h, x)=P{n(t+h)=n, ri,l(t+h)<xi’1, (t+h)<x

ln’

i~ W)

OIKCHIBAsI BCE CIIOCOOBI MOSABJICHUS JAHHOTO COOBITHS IIPH PA3IMYHBIX THIIOTE3aX B MOMEHT BPEMEHU 1.
Cnoco6 1. XoTst ObI B OTHOM M3 y3JIOB, CKQKEM j-M y3I1e, ObLIIO Ha OJTHY 3asBKY OOJIBIIIE, YeM B COCTOSHUH N,
a B KAKOM-TO JIPYTOM Y3Jie, CKaKeM i-M y3J1e (j # i), ObIJIO Ha OJIHY 3asSBKY MEHbIIIE, YeM B COCTOSIHUY N. 3a Bpe-
Msl 7'y 3as1BKH, HAXOMSWIEHCS B j-M y3/I€ Ha TIO3ULMHU 71, + 1, 3aKOHYHMIIOCH BPEMsL O0CITY)KMBAHHS B j-M y3JI€ M OHa
nepeuuia B i-i ysen (BepOsTHOCTb p;; ). 3@ OCTaTOMHOE BPEMsl 3as1BKa HE yCIiena MOKMHYTb i-H y3el 3a cuer

OKOHYaHUS BpEMEHHU 00CITyKUBaHUsI (BEPOSATHOCTh Bi(ni, X, + Olh)). BeposiTHOCTB oIucaHHOro crocoba

F(n+e e, 1, [ 1 s X hy X; 15 +ees xl.,nﬁ]})Bi(ni,xi,niJr Glh)pji,

3aech u ganee 0< 0, <1.
Cnoco6 2. Xots ObI B OTHOM U3 Y3JI0B, CK2XKEM j-M y3J1e, ObLIO Ha OJIHY 3asBKY OOJIbIIE, YEM B COCTOSIHUH N,
a B KaKOM-TO JIPYTOM Y3JIe, CKaKeM i-M y371e (j # i), ObLIO Ha OfTHY 3assBKy MEHBIIIE, YeM B COCTOSTHHM n. OcTarouHOe

BpeMs 00CITy)KUBAHUS 3asBKH, HAXOAAIICHCS B j-M y3JIe Ha TO3UIIUT n;+ 1, BXOMIJIO B IHAIIa30H [h h+x. e 1}

3a BpeMsi /1 y 3TOM 3asiBKM 3aKOHYMIIOCh HOMHUHAJILHOE BpeMsi TPEOBIBAHUS B j-M y3JI€ M OHA Iepelilia B i-i y3el
(BEepOSITHOCTH (V- (n -+ l)h + o(h))r.i). 3a ocraTodHOE BpeMs 3asBKa He ycresa 00CITyKUThCS B i-M y3J¢e (Be-

POATHOCTD B, (n .+ 0 h)) BeposiTHOCTB OmEICaHHOTO CIIOCO0a

Xj,ny» xj’nj+1+h, X 15 vees xi,ni_l])B(n,,xl +0 h)( (n +1)h+o(h)) ry—

—F(n+ej—ei, Z, [xj,l, s X s hy Xiq5 eee xi,ni_l})B( qt 0 h)( (n +1)h+0(h)) T

Cnoco6 3. Cetb Haxoaujaachb B COCTOAHUM N, U 3a BpEMA h 3asIBKU HE IIOKHaaJIn i-i Yy3€J1 HU 3a CUCT OKOHYAaHUA

l)

F(n+ej—e,, t,[ Xi 15 o

BpEMEHHU 00CITyKUBaHHs (BEPOSTHOCTh Bl.(ni, X, + 93h)), HU 32 CYET OKOHYAHHUs HOMHHAJIbHOTO BPEMEHH IIpe-
> 1
ObiBanust (BepOSTHOCTD 1—V,(n;)h+o0(h)). BeposiTHOCT ONMCAHHOTO CIIOCO6A
F(m, 1, X)(l —v;(n;) h+ o(h)) Bi(ni, Xi ot 63h).
Cnoco6 4. Cetb Haxomusach B COCTOSIHUM N. OCTaToOYHOE BpeMs OOCTYKMBAHUS 3asIBKU, HAXOAAIIEHCS
B [-M y3JI€ Ha IO3ULUH #1;, BXOAMUJIO B INUANAa30H [h, h+x; n_]. BeposTHOCTE OnMcaHHOTO criocoba

F(n, t, [xi’l, . xl.’nl_+h])—F(n, t, [xl.’l, coos Xi s h])

Takum 00pa3oM, MOTYYHM CIICAYIONIYIO CUCTEMY AU(QepeHIINATLHO-PA3HOCTHBIX YPaBHEHUIM

N N
F(n, t+h, X)ZZ ZF(n+e —e, 1, [ s s X h, X s s xi’ni71:|)Bi(ni7xi,ni+e]h)ljji+
A;:l]\;:l
n z ZF(n+ef —e, 1, |:xj,1’ s X s xj,nf+1+h, Xi 15 +ees xi,n[_lJ)x
i=1j=1 | |
xB,(n.x,,+0 h)( () +1)h+o(h)) =
N N
A
i=1j=1
xB( .0 h)( (n +1)h+0(h))rﬂ+
N
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Paccmarpusas F (n, z, X) Kak CJIOKHBIC QYHKIUH OT ¢ ¥ TIPEAToarasi, YTo y HUX CyIIECTBYIOT YaCTHBIC TIPOU3-
BOJIHBIE NIEPBOTO MOPAKA [0 IEPEMEHHBIM £, X; , U X, , , |, 3AIIHIIEM Pa3jioKeHue 3THX QyHKIHi 1o Gopmyre
Teitnopa:

OF (n, 1, x)
ot

hy X; 15 e xl.’nl_fl}):
8F(n+ej—ei, t, [xj,l, vy X

F(n,t+h, x)=F(n, t, x)+ h+0(h),

F(n+ej—ei, t, [xj’], s X;

/s”j,

R | AT A })
_ o 2 T o),

ox;

Joni+1

Bi(”i» Xin T eih) =Bi(”w xi,n,.)a

F(n+ej—ei, Z, [xjyl, ces X o xj’nﬁl—i—h, Xiqs eens xi,n,—l]):

:F(n+ej—ei, , [xj,l, oo Ko Xjpats Xils oo xi’n,_l])+

X

8F(n+e.—e. t [x . Xi gy eeny X; })
j i b joni+10 Vi1 > Miyn—1
! h+0(h),

i e X

J>np
axj,anrl

+

OF (m, 1, x)

ox; ,

> M

6F(“’ ! [xi,l’ o X 1> 0])

F(n, t, [x,-,l, oo xi’nl__l,hJ)z ™ h+o(h).

i,n;

Fn, 6, [%0 o0 x, +h]) = F(n, 1, %)+ h+o(h),

HpI/IBO,Z[SI HOI[OGHBIC cJiara€MbIC, ICJIA 00e yactu MOJIYYCHHOTO COOTHOIICHHA Ha hun yCTpeMiIAad hx HYIIIO,
Iojxy4acm

N oo Xip - u
ot ZZ Ox; 0x _ZF(D’ L, X)Bi(ni’xi=”i)vi(ni)+

i,n i=1

8F(n+ej—ei, t, [xj 1 e X 0, X; 15 «ees xi,n;—l})B

N N
+Z Z : o i(niﬂxi,ni)pji_'-

Jj=1i=1 jomi+ 1

N N
+ Z ZF(nJrej—ei, t, [xj’l, s X X1 Xigs s xi’”‘_fl})Bi(ni,xi’m)vj(nj+ 1)rji.

j=li=1
Tak xax npenenbHble GyHKIUU HE 3aBUCAT OT BPEMEHH, UMEEM
N N 8F(n, [xi,l, coes Xi 1 0]) oF (m, x)
ZF(n, X)Bi(nl.,xi n_)vi(ni) + — =
4 > T 4 ox. ox.
i=1 i=1 i,n; in
N N 8F(n+ej—ei, [xj’l, s Xy s 00 X1 s xi,nl_fl])
=22 P Bi(ni,xi,n,)pﬁ *
j=li=1 Xjonj+1
N N
+Y ZF(n+ej—ei, [xj’l, ceor Xy X 15 Xi 1 e xi’ni_l})Bi(ni,xi,ni) vj(nj+ 1)1;,.. (10)
j=1li=1 ‘
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HerpynHo yOenuTbes, 4T0 HEOTPHIIATEIBHBIM a0COIIOTHO HEMPEPHIBHBIM 110 X pEIlIEHHEM ypaBHEHUS SIB-

JseTcs
N n Xig
F(n, X):P(H)H H“i(k)_[[l_Bi(”v“)]d”’ (11
i=1 k=1 0
rae p (n) — CTallMOHAPHAsl BEPOSITHOCTH COCTOSIHUS N B ITpoLiecce n(f) B MapKOBCKOM citydae. [leficTBUTENbHO,
nozactapisist peienue (11) B ypasuenue (10), nemnst 06e 4acTu MOITy4E€HHOTO COOTHOIICHUS Ha F (n, x) Bl.( n;,X; n.)
Xi, n;
1 YMHOXas Ha p(n) I [1 - B, (nl., u)} du, mony4yaeM ypaBHEHHE INIOOAILHOTO PABHOBECHS JJISI MAPKOBCKOTO
0
ciryyast (2), 4TO JOKa3bIBaET TEOpeMy 2.

3aKjaoueHue

Jia 3amkHyTEIX CeMO ¢ pon3BOIBHBIM pacrpeiesieHHeM JUTUTeIbHOCTeH 00CTyKMBaHNUs 3as1BOK B y3J1ax
JI0Ka3aHa HeYYBCTBUTEIBHOCTD CTALMIOHAPHOTO paclpeaeieHus K (opMe pactpeaesieHus ATUTeNbHOCTeH 00-
CIIy’KUBAHUS 3asIBOK IPU (PUKCUPOBAHHBIX MEPBBIX MOMEHTAX.

[Ipornecc mpoekTupOoBaHNS HOBBIX X MOJICPHU3AINH YKE CYIIECTBYIOIINX CETel TpeOyeT KOMIUIEKCHOTO MO/~
X0/Ia, a TaKKe yyeTa MHOKECTBa (PaKTOPOB, TAKUX KaK MPOITyCKHAsS CIIOCOOHOCTbD, 0€30MaCHOCTb, Ha/IE)KHOCTH,
YCTOMYMBOCTH K BHEUIHUM BO3JIEHCTBUAM U JIpyrHe TEXHUUECKHe napameTpbl. IMEHHO 371ech pe3yibTaThl,
MOJTy4YEHHBIC B paMKax JaHHOH paOOThl, CTAHOBATCS Ba>KHBIM HHCTPYMEHTOM JJIsl HHKCHEPOB U CIIELUAIUCTOB
B 00J1aCTH TETIEKOMMYHHUKAITHH.

Kpome Toro, nmpeacraBieHHbIe pe3ylbTaThl MOTYT OBITh HCIIONIB30BAHbI TPH NPUHATHH 000CHOBAaHHBIX pe-
LICHUI Ha PasJIMUHBIX CTAAUSAX )KM3HEHHOTO IHUKJIA CETeBONH MH(PACTPYKTYPHI — OT BBIOOPA TEXHOJOTHI /10
UX BHEIPEHUS U AajbHEHIIEH SKCIUTyaTaluuu. DTOT MOIXO0A OCOOCHHO BayKEH B yCIOBHUSX MOCTOSHHOTO POCTa
00BEMOB TMepeIaBaeMbIX JAHHBIX, a TAK)KE B KOHTEKCTE CTPEMHUTEIHLHOTO Pa3BUTHS HOBBIX TEXHOJOTHI, TAKUX
kak 5G, unrepner Beuiei (IoT), oOnauHble BEIYMCIEHUS U T. JI., ”HBIMH CJIOBaMH, BCEX TEX TEXHOJIOTHI, KOTOpbIE
TpeOYIOT OT ceTell BBICOKOH TMOKOCTH M MacIITaOMpyEeMOCTH.

He mMeHee BaKHBIM SIBIISIETCS] IPUMEHEHHUE TTOJTyYEHHBIX JAHHBIX IS ONTUMH3ALNH YK€ AEHCTBYIOIINX Ce-
TEBBIX pereHnii. MoiepHu3aIus CymecTBYIONMX HHPOPMAIIHOHHO-BBIYHUCIUTENLHBIX CETEH U CeTel mepenadn
JIAHHBIX HaIlpaBJieHa Ha MOBBIIICHUE UX 3()(DEKTHUBHOCTH, CHIKEHUE DKCIUTyaTallMOHHBIX 3aTpart, yay4dlleHUe
KayecTBa 00CITyKMBAHUS M CHHKEHUE PHCKOB, CBA3aHHBIX C BO3MOKHBIMH COOSIMHU MJIH yTEUKaMH JaHHBIX. B aTOM
KOHTEKCTE 3HAaHUs, TOJyUYCHHBIE B XO/I€ HCCIICIOBAHUI, TIOMOTAIOT HACHTU(HULIPOBATH CJIa0ble MECTAa B TEKYILIHX
CHCTeMax M HaXOAWUTh IyTH UX YCTPAHEHUsI C YI€TOM COBPEMEHHBIX CTaH/IaPTOB U TEXHOJIOTMYECKUX TEHACHITHH.
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AHAAU3 MHOTOAVMHEMHOW CUCTEMBI
C MAPKOBCKHM BXOAHBIM ITIOTOKOM
N AMHAMUWUYECKUM IIEHOOBPA3OBAHUEM

0. C. IVAHHA", C. A. JYIHH"

l)Eejzopycamll 2ocyoapcmaennulil ynugepcumem, np. Hezasucumocmu, 4, 220030, 2. Munck, benapyco

Annomayusn. Viccnenoana MareMaTnieckasl MOJIEIb MHOTOJIMHEHHON CHCTEMBI MacCOBOTO OOCITY)KMBAaHHUS C Map-
KOBCKHMM BXOTHBIM TporuieccoM (Markovian arrival process, MAP) n MexaHH3MOM aIallTHBHOTO YIIPABICHUS TOCTYTIOM,
OCHOBaHHBIM Ha JTMHAMHYECKOM [[EHOOOPa30BaHUM U TTOJUTUKE «OTITYCKOB» Ipudopos. [ToBeneHne cucteMbl OmiucaHo
TPEeXMEpHOI1 [Ienblo MapkoBa ¢ HepepbIBHBIM BPEMEHEM, BBITTUCAH e HH(PUHUTE3UMANIBHBII reHepaTop. [IpuBeeHbI SBHbIC
(OpMYITBI U151 OCHOBHBIX XapaKTEPUCTHK IIPOU3BOIUTEIILHOCTH, BKIIIOUAsl CPEIHEE YHCIIO AKTHBHBIX U 3aHSTBIX TPUOOPOB,
BEPOATHOCTH MOTEPh. UNCICHHBIC SKCIEPHUMEHTHI ITOKA3bIBAIOT, YTO MCIOJIb30BaHIE JMHAMUYECKOTO IEHOOOpa30BaHMs
U yIIPaBICHUS peCypcaMy HMeeT pellaoliee 3HaueHue Ut OajlaHca MeX 1y Ka4eCTBOM 00CTyKMBAaHUS U ONEPALIOHHOM
s¢dexruBHOCTEI0. KpoMme Toro, onpeneneHa onTUMalibHast CTpaTerus IeH000pa30BaHus, KOTOpasi MAKCUMHU3HPYET KO-
HOMHYECKYIO IPUOBUIb CHCTEMBI 33 CYET YIIPABICHUS OaTaHCOM MEX/Ty Heperpy3Koi  OTKa3aMi KJIHEHTOB.

Kniouesvle cnosa: nunamudeckoe HEHOOOPa30BaHUE; MAPKOBCKUI BXOAHOHU MPOLECC; YIPABIEHUE AOCTYIIOM; II0-
JIUTHKA «OTITYCKOB» MPUOOPOB; CITy’K0a TaKCH.

ANALYSIS OF A MULTI-SERVER SYSTEM
WITH MARKOVIAN ARRIVAL PROCESS
AND DYNAMIC PRICING

O.S. DUDINAY, S. A. DUDIN?
*Belarusian State University, 4 Niezaliezhnasci Avenue, Minsk 220030, Belarus

Corresponding author: O. S. Dudina (dudina@bsu.by)

Abstract. This paper presents a mathematical model of a multi-server queuing system which integrates a Markovian
arrival process (MAP) with an adaptive admission control mechanism based on dynamic pricing and a comprehensive
server vacation policy. By formulating the system dynamics as a three-dimensional continuous-time Markov chain,
we derive its infinitesimal. We provide explicit formulas for key performance measures, including average numbers of active
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and busy servers, and loss probabilities. Numerical experiments demonstrate that the synergy between dynamic pricing and
resource management is crucial for balancing the quality of service and operational efficiency. Furthermore, we identify an
optimal pricing strategy that maximises the system’s economic profit by managing the trade-off between congestion and
customer rejection.

Keywords: dynamic pricing; Markovian arrival process; admission control; server vacation policy; ride-hailing platform.

Introduction

Modern digital platforms for passenger transportation are complex dynamic ecosystems whose functioning
relies heavily on the ability to effectively manage the real-time balance between the supply and demand under
conditions of high uncertainty. The operational efficiency of such aggregators is directly determined by the
quality of the analytical tools employed, which must adapt to the stochastic nature of incoming trip requests and
the constantly shifting availability of resources on duty. In this study, the operation of a taxi service is modelled
as a multi-server bufferless queuing system, where identical vehicles act as the service units. The absence of
a waiting buffer in this model reflects the specific nature of mobile ride-hailing applications: if no free vehicle
is available in the immediate vicinity at the moment of the request, the potential customer is typically unwilling to
wait, abandons the search, or switches to a competitor’s service, resulting in an immediate and permanent loss
of the request for the system.

A key feature of the proposed approach is the detailed consideration of the human factor and economic levers
for the demand management. Unlike classical models, this framework accounts for the variable presence of
drivers on duty: they may temporarily leave the system for breaks and return to work based on the current fleet
workload and the platform’s operational strategy. This mechanism allows for an accurate representation of the
flexible work schedules typical to modern aggregators. Simultaneously, the model incorporates an adaptive
admission control mechanism through dynamic pricing. It is assumed that a potential customers decision to
join the system depends on the offered fare: as the current price increases, the likelihood of the user confirming
the trip request decreases. Consequently, the system does not merely distribute requests passively but actively
regulates the incoming traffic intensity, balancing between profit maximisation and the risk of customer rejec-
tion due to excessive pricing.

The literature on queuing systems with dynamic pricing is already quite extensive; therefore, we do not aim
to provide a comprehensive survey, citing only a few key works instead.

Paper [1] is frequently cited as the pioneering work on optimal dynamic pricing policies. The author considers
the problem of maximising the expected reward in an M/M/s-type queue, where the service cost is adjusted to
encourage or discourage arrivals. The price is selected from a finite set at each moment the number of users in
the system changes. Assuming all underlying distributions are exponential, the study employs the theory of
semi-Markov decision processes. It is shown that the optimal strategy is monotonic, specifically, the optimal
price is a non-decreasing function of the number of users. Furthermore, a computational algorithm for deter-
mining the optimal strategy parameters (thresholds) is provided.

In work [2], a rental firm with two classes of users, contract and walk-in, is analysed. Contract users are
managed via an admission policy, while walk-in users are controlled through pricing. The authors demonstrate
that optimal policies are monotone with respect to the system parameters. A similar model is analysed in pa-
per [3], which shows that if the revenue from walk-in users is sufficiently large, optimal policies are not always
monotonic relative to the number of contract users. In publication [4], a general framework for investigating
how optimal policies vary with system parameters is proposed within the context of event-based dynamic pro-
gramming (see, for example, [5]).

The study by [6] is one of the few to consider non-constant arrival and service rates, assuming them to be
bounded, periodic functions of time. Using the Markov decision processes approach, the authors show that
under both infinite-horizon discounted and average reward criteria, the optimal pricing and admission control
strategies are non-decreasing in the number of users for any fixed time. They propose a pointwise stationary
approximation and a heuristic to improve its implementation, demonstrating its utility through numerical ex-
periments. Additionally, paper [7] considers an inventory model with an MMPP (Markov-modulated Poisson
process) demand flow under three pricing policies: static, state-dependent (based on the MMPP), and stock-
dependent. Given the similarities between inventory and queuing models, hybrid queuing-inventory systems
have become a prominent research subject.

Various aspects of the dynamic pricing in ride-hailing platforms are discussed in works such as [8—14]. Among
these works, only paper [14] deals with correlated arrival flow of customers. This paper proposes a novel pre-
dictive dynamic pricing mechanism, where decision moments coincide with the transition epochs of the MAP’s
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underlying process. The authors analyse a multi-server retrial queuing model, where customers’ decisions to join,
balk, or postpone the service (enter an orbit) depend on the current price. The system’s behaviour is described by
a multidimensional Markov chain with state-inhomogeneous transitions. The main disadvantage of paper [14]
is the assumption that the number of available cars is constant and does not change in time. In modern ride-
hailing systems like Uber, the number of active cars is never static and fluctuates in real-time. The prima-
ry engine behind this is dynamic pricing. Because drivers operate as independent contractors, they have the
freedom to choose when to log on or off. When the demand spikes during heavy rain, major events, or rush
hour, the system automatically raises fares to attract more drivers start work. Drivers are naturally more mo-
tivated to work during these peak hours because the earning potential is significantly higher. This creates
a self-regulating cycle: as prices go up, the supply of active cars increases to meet the demand. Once the rush
subsides and the extra incentives disappear, many drivers head home, and the number of active vehicles drops.
In this paper, we eliminate this disadvantage by considering a queuing model with variable number of active
servers.

Our goal is to develop a comprehensive analytical model that allows calculating the key performance mea-
sures of the service. These include the probability of service denial due to a lack of available cars on the line
and the average number of active drivers on duty. The model integrates a dynamic pricing mechanism that
adjusts the flow of incoming requests based on vehicle availability. This not only optimises the aggregator’s
total profit but also helps in balancing the overall workload of the fleet. The results of our paper can be applied
to determine the optimal pricing policy.

Beyond the passenger transportation sector, this mathematical framework can be effectively adapted to
describe other shared-resource systems. Specifically, it is well-suited for cloud computing environments, where
virtual servers are switched to energy-saving modes during periods of low demand. Furthermore, the model is
highly relevant for next-generation wireless networks, where base stations dynamically adjust the number of
active communication channels, and for modern call centres, where operators join the service or take breaks
based on the current density of incoming calls.

Mathematical model

We consider the operation of a taxi service as a multi-server bufferless queuing system with N identical
vehicles (servers). The structure of the system is illustrated in fig. 1.

Active servers
M,
O
Arrival process Accepted? Q g
MAP v,, 120 (D,, D)) q\(}")(fv(’l)) §
AF
3|
J ]2
21| =
Bv <
g
(=}
o,
Loss
(probability l—qf,”))
o
Servers on vacation

Fig. 1. The structure of the queue

The flow of incoming trip requests is modelled by a Markovian arrival process (MAP) defined by the matrix
pair (D,, D,) of the dimension W x W. This process is controlled by an irreducible underlying Markov chain v,,
t > 0, with the state space {1 s 20 e, W}, which represents the current demand state (e. g., peak hours, weather

conditions, or traffic density). D, contains the intensities of transitions that do not result in an arrival, and
D, contains the intensities of transitions accompanied by a request generation. The fundamental arrival rate A of
trip requests is calculated using the formula
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A=0D,e,

where 0 is the stationary state vector of the underlying Markov chain with generator D = D, + D), satisfying
the equations

0(D,+D,)=0, Be=1,

where 0 is a row vector of zeros, and e is a column vector of ones. A more detailed description of the MAP can
be found in paper [15].

The average arrival rate A, when the process v, is in the state v, v=1, W, is defined as A, = (Dl)v e, where
(Dl)v is the v row of the matrix D,. We assume that the states of the MAP are numbered in the increasing or-

der of intensities A, 1. €., A, S A, <. <Ay,
To manage the fleet workload and maximise the efficiency, the platform implements dynamic pricing (surge

pricing). If a request arrives when the city is in demand state ve{l, 2, ..., W} and there are ne {1, 2, ..., N}
active drivers on the line, the request is accepted for service with the probability q("). This probability depends

v

on the pricing coefficient fv("). Otherwise, with the probability 1— q&") the request rejects the price and leaves
the system. As the surge multiplier fv(") increases, the acceptance probability q(") decreases, reflecting the cus-

tomer’s decision to reject the trip due to high cost. If all active vehicles are already occupied, the request is lost.
The number of available vehicles is dynamic, reflecting the behaviour of drivers who may switch between
being on-duty and taking a vacation state.

1. Post-service vacation: upon completing a trip, a driver enters a vacation state with the probability p,,

v=1, W. Otherwise, with the probability 1 - p, , they remain active and ready for the next ping.
2. Idle-to-vacation transition: an active but idle driver (waiting for an order) may go offline with the intensi-

ty B,, v=1, W. This mechanism models drivers logging off during low-demand periods.

3. Recovery: a driver currently on vacation returns to the active fleet with the intensity a,, v=1, .
The trip duration (service time) follows an exponential distribution with rate p,,, which accounts for the
average travel speed in the current demand state v.

Process of system states
The behaviour of the system is described by a regular irreducible continuous-time Markov chain

& ={n,m, v}, 120,
defined on the state space

Sz{(n,,mt,vt):OSntSN,OSm,Sn,,lSvtSW}, (1)

where at the time ¢, >0, n, is the number of available active servers (active drivers); m, is the number of bu-
sy servers (occupied vehicles); v, is the state of the underlying process of the MAP (the current demand state
of the city).

By enumerating the state space (1) lexicographically, we group individual states into macro-states (n, m),
where the first two components are fixed. The set of states characterised by a fixed value 7 of the first compo-
nent is defined as level n.

Theorem 1. The infinitesimal generator Q of the process &,, t 20, has a block-tridiagonal structure

QO,O Qo,1 o .. 0] 0]
Ql,o Ql,l Ql,2 o 0
Q= 0 Q2,1 Qz,z 0 o |
O O O ... Oyyx Ovn

where non-zero blocks Q, ,,|n—k| <1, n, k=0, N, are defined by the following expressions.

1. Server recovery block (k=n+1):
Qn,n+l :(N_n)fn®A’ I’IZO,N—I,
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where

100 00
010 00

I,=/0 0 1 0 0
00 0 o 1 0), 1

2. Server vacation block (k=n—-1):

Qn,n—1:A2®B+Q;®MIP, n=1, ]\/y

where

B=diag{B,, v=1, W} M=diag{p,, v=1, W} P=diag{p,, v=1, W},

n 0 .. 0 00 ... 0
0 n-1 ... 0 1 0 ... 0
S L Q=02 .. 0
o o0 .. 1 A
0 0 . 0) ., 0 0 oo 1)y

3. Diagonal block (k=n):
Qo.0=Dy+ D,— NA,
0 n=1,®Dy+1,®(I,~Q,)D+(1I,.,~1,)®D,+
+Q, @ M(I,, -P)+Q, ®Q,D, -
-C,®M~(N-n)l,,,® A-B,®B, n=1, N,

where

Q, =diag{q5"), v=1, W}

00 ... 00 000 ..0
010 00 0 0 0
I,= : : C,=/0 0 2 0 ,
0 0 Do
0 0 00 1yx(nen) 000 s 1)x(n+1)
n 0 0 00 0 0 00
0 »n-1 0 ... 00O 00 00
B,=|: i i i , Q=1 T ,
0 O 0 0 1
0 0 00 (n+1)x(n+1) 0 0 (n+1)x(n+1)
00 ... 00
1 0 0
Q=0 2 ... 0
0 0 ... n

0 (n+1)><(n+l)
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Here the notation diag { . } denotes a diagonal matrix with the diagonal elements listed in brackets.

Proof. The block-tridiagonal structure of the infinitesimal generator Q arises from the fact that in an infi-
nitesimal time interval, the number of available active servers n, can change by at most one unit.
The off-diagonal blocks are derived as follows.

1. Server recovery (n — n +1): with (N - n) servers currently on vacation, each returning to the active state
at the rate o, the transition rate is (N — ) a.,. Since the number of busy servers m remains constant during this
=(N-n)l, ® A.

transition, the expansion matrix fn is applied. Thus O, ;=
2. Server vacation (n — n—1). This transition occurs in two cases:
e idle server vacation: an active but idle server moves to the vacation state with the intensity f3,. With (n - m)
idle servers, this is captured by the term A, ® 15;
e post-service vacation: a busy server completes the service (at the rate p, ) and enters a vacation state with

the probability p,. This is captured by Q, ® MP.

The resulting block is O, , ;= A, @ B+Q, & MP, n=1, N.

The diagonal entries of the block matrices O, , are negative, and their absolute values represent the total
exit rates of the process &,, ¢ > 0, from the corresponding states. A transition out of the current state may occur
due to the following events.

1. Change in the state of the underlying process v,: the exit rates are determined by the absolute values of

the diagonal entries of the matrix 7, , , ® D, for n =0, N. Note that the process v, may transit to the same state
upon a customer arrival if the customer is either: rejected and leaves the system (is lost), or lost due to the lack

of available active servers. In this case, the change does not occur. The intensities of these events are given
by the diagonal entries of the matrices I, ® (I, -9Q,)D, and (In -1, ) ® D,, respectively.

2. Service completion: the corresponding transition rates are determined by the diagonal elements of the
matrix C, ® M.

3. Server activation: one of the (N - n) servers currently on vacation returns to the active state. The transi-
tion rates are given by the elements of the matrix (N —n)1,,, ® A.

4. Transition to the vacation state: one of n idle active servers moves to the vacation state. The intensities of
these transitions are defined by the elements of the matrix B, ® 5.

The non-negative off-diagonal entries of the diagonal blocks Q, , represent the transition rates of the Mar-
kov chain &, £ >0, that do not result in a change in the number of active servers n. These transitions occur
in the following cases.

1. Transitions of the underlying process v,:

(1) the process v, changes its state without generating a customer;

(i1) a customer arrival occurs, but the customer is lost due to rejection by the admission control mechanism
or the absence of available active servers;

(ii1) an arriving customer is accepted for service.

The intensities are determined by off-diagonal entries of the matrix 7, , , ® D, for case (i), the entries of the

matrix /, ® (Iy-9Q,)D,+ (In+l -1, ) ® D, for case (ii) and the entries of the matrix QF ® Q, D, for case (iii).
2. Service completion: a server finishes the service but remains in the active state. The intensities are provided
by the off-diagonal elements of the matrix Q, ® M (1, — P).

Combining these parts, we obtain the complete expression for the diagonal block for Q, . The proof is
complete.

Once the block-tridiagonal structure of the infinitesimal generator Q is established (see theorem 1), we
proceed to determine the stationary probability distribution of the process &,, ¢ > 0.

Let (n, m) be the row vector of stationary probabilities:

ﬂ:(n, m)z(n(n, m, 1), n(n, m, 2), ey Tc(n, m, W)),

where 0<n< N, 0<m<n. Each component Tc(n, m, v), 1< v <W, represents the steady-state probability

that there are n active servers, m busy servers, and the underlying process v, is in the state v. Since the
Markov chain &, ¢ >0, is irreducible, regular, and has a finite state space, the stationary distribution exists
for any system parameters.

Subvectors z, corresponded to the state space level, where 7 active servers are present are structured as follows:

m, =(7t(n, O), n(n, 1), ey ﬂ:(n, n)), n=0, N.
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Let 7 be the stationary probability vector, partitioned according to the number of active servers n as follows:
T =(7I0, TC], ooy nN).
The vector 7 is the unique solution to the system of equilibrium equations
nQ0=0, me=1. (2)

The block-tridiagonal structure of the generator Q facilitates the use of numerically stable methods,
such as the stable algorithm from paper [16], to solve system (2).

Performance measures

Once the stationary probability vector m,, n=0, N, is obtained, the following performance measures
can be calculated:
e the average number of active servers (active drivers)

N
E.= Znnne;
n=1

e the average number of busy servers (occupied vehicles)

N n
By = z Zmﬂ:(n, m)e;

n=0m=1

e the average intensity of the output flow of requests (average trip completion rate)

N n
Aow = D, > mm(n, m)Me;
n=lm=1
e the probability that an arriving customer is rejected due to all active servers being busy upon the arrival

(«no cars are available» probability)
N

1
Ierfloss = X ZTI!(}’Z, n)Dle;
n=0
e the probability that an arriving customer decides not to join the system despite the presence of idle active
servers because the current surge price is too high (surge price rejection probability)

1 N n-1
Pjoin—loss = x Z Z R(I’l, m)(l_ Qn)Dle;
n=1m=0
e the total loss probability: the probability that an arriving customer is rejected due to either all active
servers being busy or the dynamic pricing mechanism

1 N ([ n—-1
Ploss :X Z( 70“(’7’ m)(]_Qn)Dl+n(na n)DlJe—i_n(O’ O)D]e = Bm'—loss + ]?oin—loss

n=1\'m

or
A

Ross =1-—
The two distinct formulas obtained for the loss probability A,
calculated stationary state probabilities;

o the average intensity of active servers going into a vacation state (average driver log-off intensity)

R, = i Zn:ﬂ:(n, m)[ (n—m)B+mMP e,

n=lm=0

s can be used to verify the correctness of the

e the average activation intensity of servers from the vacation state (average driver log-on intensity)

n

Ri=S S (N n)e(n, m)Ae.

n=0m=0
Remark. Since the system operates in a steady state, the following relation holds:
Rvac = Ract‘
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Numerical examples

This section evaluates the performance of the proposed model within a real-world taxi aggregator scenario.
We analyse how dynamic pricing strategies (surge pricing) and driver work-rest cycles impact the platform’s
service quality and overall profitability.

We consider a regional fleet of N =150 vehicles. The incoming demand for rides is modelled as a MAP
with the following fundamental matrices:

-3.08203 0.0308203 0.0154101 3.0358 0 0
D,=| 0.154101 -7.70507  0.154101 |, D,= 0 7.396 87 0
0.154101 0.0770507 -15.4101 0 0 15.179

The MAP has the fundamental arrival rate A =35, ¢, = 0.207 8 and c,,, = 1.742 1 and represents three dis-
tinct city states.

1. State 1 (low demand): A, = 3.035 8 requests per minute (e. g., late night or early morning).

2. State 2 (moderate demand): A, = 7.396 87 requests per minute (e. g., standard business hours).

3. State 3 (peak demand): A, =15.179 requests per minute (e. g., rush hours or bad weather).

The average trip durations are 10 min (p; = 0.1) in low traffic, 12.5 min (p, = 0.08) in standard city traffic
and 16.7 min (p, = 0.06) during peak hours due to congestion.

The recovery intensity regulates the rate at which drivers rejoin the active car fleet from breaks, varying from
200 min (o, = 0.005) during low demand, 125 min (o, = 0.008) in moderate periods and 83.33 min (o; = 0.012)
during peak hours to maintain system stability.

The idle vacation intensity represents the rate at which active but idle drivers (those waiting for an order)
choose to log off, varying from 200 min (3, = 0.005) during low demand, 333 min (3, = 0.003) in moderate
periods and to 1000 min (B, = 0.001) during peak hours as they prefer to stay online when the likelihood of
receiving a request is higher.

The post-service vacation probability defines the likelihood of a driver logging off immediately after a trip
completion, which decreases from p, = 0.07 (7 %) during low demand, p, = 0.05 (5 %) in moderate periods to
p;=10.02 (2 %) in peak periods as higher earning potential and surge pricing incentivise drivers to stay online.

. L . n) A
We assume that the system implements the dynamic pricing based on the load coefficient R(V )= —,

— ny,
n=0, N. The pricing coefficients fv(") are defined by formula

£ if R <07,
fM=trif 07<RM <15,
finif R >15.

The corresponding acceptance probabilities q(") are calculated as follows:

0.98, if £ = £,

" = 0.5 0.5

min< 0.98, max{0,7fv(”), 1}+(fv(n))2 otherwise.

We set f; = 1and vary the pricing coefficients f, and f; within the intervals [1, 3] and [ f;, 3], respectively,

with a step of 0.1. These coefficients directly determine the request acceptance probability q&"), where higher

prices lead to a lower probability of customer admission to the system. Then we investigate the influence of
pricing coefficients f, and f; on the key system performance metrics.

Figure 2 illustrates the dependence of the average number of active servers, E, ,, on the pricing coefficients f,
and f;. It can be observed that E,

.t depends only slightly on these parameters. In this specific case, E,, increases
as f, and f; rise, reaching its maximum when the pricing coefficients are at their peak. However, this trend

may change if different values for the intensities B, and probabilities p,,, v=1, 2, 3, are selected.
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834 7Y ' 830
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f 23 30 1.0
Fig. 2. The dependence of E,, on f, and f;

Conversely, fig. 3 depicts the impact of the pricing coefficients on the average number of busy ser-
vers E, ... The plot shows a clear downward trend, where E, , decreases as f, and f; grow. This result confirms
that the adaptive admission control mechanism effectively regulates the number of busy servers by discoura-
ging customer arrivals through increased pricing during periods of high demand, thus preventing system con-
gestion.

3.0 1.0

Fig. 3. The dependence of £, on f, and f;

Figure 4 illustrates the dependence of the probability that an arriving customer is rejected due to all active

servers being busy, denoted as P, _, .., on the pricing coefficients f, and f;. The plot reveals a consistent de-

crease in P, as the values of f, and f; increase. This downward trend is explained by the fact that higher

arr — loss
prices lead to a lower acceptance probability qE"), which reduces the overall number of requests admitted to the
system. As a result, the active servers are less likely to be fully occupied, decreasing the probability that a new
arrival finds no free server available.

Figure 5 shows the dependence of B, ., the probability that a customer decides not to join the system
due to the dynamic pricing mechanism despite the presence of idle servers, on the coefficients f, and f;. This
probability exhibits a significant upward trend as the pricing coefficients grow. Since the admission control

mechanism intentionally reduces the acceptance probability q&") as the price increases to manage congestion,
the likelihood of a customer being rejected by the pricing rule rises accordingly. This behaviour confirms the
effective operation of the adaptive admission control, which uses higher prices to discourage arrivals during
high-load periods.

Figure 6 demonstrates the dependence of the average intensity of the output flow of requests, denoted as
Aoy On the pricing coefficients f, and f;. The plot reveals that A, decreases as f, and f; rise. This is a direct

consequence of the adaptive admission control mechanism: higher pricing reduces the acceptance probabili-

ty qE"), which results in a smaller number of requests being admitted and subsequently processed by the system
per unit of time.

105



Kypuaa Besopycckoro rocyrapcrseHHoro ynusepcurera. Maremaruka. Mugopmaruka. 2026;2:97-109
Journal of the Belarusian State University. Mathematics and Informatics. 2026;2:97-109

0.14
0.12F
0.10
0.08
0.06
0.04
0.02

1jarr — loss

0.40
0.35
0.30

, 0.25

1020

7 0.15

0.10
0.05

in — loss

Joi

The total loss probability as a function of the pricing coefficients is depicted in fig. 7. It is observed that
increases significantly as f, and f; grow. Although higher prices lead to a decrease in the probability
of rejection due to all servers being busy (£, _,..), the sharp rise in rejections caused directly by the pricing
) dominates the overall behaviour. This leads to an increase in the total probability that an
arriving customer is rejected, either due to the system congestion or the dynamic pricing strategy.
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Figure 8 illustrates the average intensity of active servers transitioning into the vacation state R, , in
relation to f, and f;. This intensity also slightly depends on f, and f;. In this case, the intensity decreases
as the pricing coefficients increase. However, a different choice of intensities and probabilities may alter this
trend.

.//./ ey d
“ 0.40
0.40 35
035 0.30
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0.30F 0.20
o 0.15

f 2.5 1510

Fig. 7. The dependence of A on f, and f;
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Fig. 8. The dependence of R, on f, and f;

To evaluate the system’s economic efficiency, we define the expected system profit per unit time as follows:

N n-1 -
J:az_:l Zon(n’ m)QnDldlag{-fv(n)’ I’Z=1, W}e_blkparr—loss_b27\‘fj)oin—loss7

where a is the revenue earned per successfully served customer excluding price coefficients; b, and b, are the

penalty cost per rejected customer due to either all active servers being busy or due to the lack of available
active servers.

N n-1
The first term, az Zn(n, m)QnDl diag{ A ("), n=1, W} e, represents the expected revenue earned by

n=lm=0

the system per unit time while the second term, b, P,

rr — loss

+b2}\‘Pj0in—loss9 quantifies the economic impact of

service denials. The optimisation problem is to find the optimal vector of controllable parameters fv("), n=1,
that maximises the objective function J.

Seta=1, by=2and b, =0.5.

Figure 9 illustrates the behaviour of the expected system profit J as a function of the pricing coefficients f,
and f;.

N
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Fig. 9. The dependence of the cost function J on f;, and f;

The 3D surface plot in fig. 9 demonstrates a clear non-monotonic relationship, indicating the existence of an
optimal pricing strategy. Initially, as £, and f; increase, the profit J rises due to the effective congestion control
and balanced request acceptance. However, beyond the optimal point, further increases in pricing lead to a sig-
nificant rise in the probability B, ., which negatively impacts the total revenue. According to the nume-

rical analysis, the maximum profit J* = 4.1816 is achieved at the optimal values fz* =1.4 and f; =2.1.

Conclusions

In this paper, we have developed a comprehensive mathematical model of a multi-server queuing system
with a MAP, adaptive admission control and a complex server vacation policy. The qualitative analysis of the
proposed model reveals that the synergy between dynamic pricing and server management is essential for
maintaining a balance between quality of service and operational efficiency. The adaptive admission control
mechanism, which regulates a request acceptance based on the current load, proves to be a highly effective tool
for the congestion management. It ensures system stability by discouraging new arrivals during peak periods,
thereby preventing the exhaustion of active resources. Simultaneously, the inclusion of both post-service and
idle server vacation policies allows the system to significantly reduce the energy consumption and operational
expenditures during periods of low traffic intensity.

Our investigation into the system’s economic efficiency further suggests that the pricing coefficients must
be carefully optimised to maximise total profit. While increased pricing reduces the probability of loss due
to busy servers, it simultaneously increases the likelihood of requests being rejected by the admission control
mechanism. The existence of an optimal pricing strategy indicates that resource providers in cloud data centres
and next-generation communication networks can fine-tune these parameters to achieve the best economic
outcome.

The findings of this paper can be extended to the case of a phase-type service time distribution (see [17]).
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BBEJICHUS HECKOJIBKUX JTOTOJHUTEIBHBIX ITAPAMETPOB: JABYCTOPOHHETO OTKIOHEHMS OT Kypca, COOMIOAeHUs o0Ieit
TPACKTOPUH, KOHTPOJIS M3MECHEHUS KPUBU3HBI M MTOJABICHHUS PHIBKOB MpHU JBIKCHUU. OHU WHTETPUPOBAHBI B CIUHYIO
(DYHKIIMIO OLIEHKH, KOTOpasi CIIOCOOCTBYET OoJiee MIaBHOMY, 000CHOBAaHHOMY W IMHAMHUYECKH MOBTOPSIEMOMY CO3JJaHUIO
tpaextopun. st npoBepku 3G PEeKTHBHOCTH NpeIaraeMoro MeTo/ia IPOBOAUTCS CEPHUs IKCIIEPUMEHTOB C IIPUMEHEHUEM
Pa3IMYHbIX KapT, BKIKOUYAIOLIUX KaK IIPOCTOE, TAK U CI0KHOE OKPY>KEHUE. YCOBEPLIEHCTBOBAHHBIM METOJ] CPAaBHUBAETCS
C KJIACCUYECKUM METOJI0M JUHAMUYECKOTO OKHA U HECKOJIBKUMH €T0 yIy4IlIeHHBIMH BapUaHTAMU. YCTaHABIUBAETCS, YTO
npeuIaraeMblii METOJI IOCTUraeT 0osee BHICOKUX XapaKTePUCTHK C TOYKHM 3pPEHUsI KauecTBa IyTH, O€30IMacHOCTH U 00-
el HaJe)KHOCTU [JIAHUPOBAHUS, IEMOHCTPUPYSI YAYUIIEHHYIO aJallTUBHOCTh U HA/IEKHOCTh MIPU PEILIEHUU CIOMKHBIX
HaBHUTallMOHHBIX 3a]1au.

Knroueswie cnosa: MeTo] TMHAMUYECKOTO OKHA; MJIAHUPOBAHHE MECTHOTO IyTH; ONITUMU3ALIMS I MHOXKECTBA Mpe-
MATCTBUH; TII00aIbHas M JIOKaJIbHAs KOOPAWHAIIWS; IUTABHOCTH TPAGKTOPHH; ABTOHOMHBII 00X0 MPETIATCTBHM.

Bknao aemopos. V1 Tan BBITOTHIII OCHOBHYIO YacTh HMCCIEIOBAaTENBCKON pabOTHI, BKIIOUas pa3paboTKy an3aiiHa
MIPOEKTA, MIPOBEJCHUE IKCIIEPUMEHTOB, aHAJIN3 JAaHHBIX W TOJArOTOBKY YepHOBOrO BapuaHta pykomucu. J1. FO. Ilepues
OCYIIECTBIISUI HAyYHOE PYKOBOJICTBO MCCIIEI0BaHHUEM, JIaBaJl [IEHHbIE PEKOMEHIaI[M1 Ha BCEX dTarax paboThl U TIIATEILHO
OTpeIaKTHPOBAJ PYKOMHCH, TOBBICUB €€ HAYYHBIM YPOBEHb U JOTHYECKYyIo cTpoitHocTh. J{. B. Kympusnosa Baecna psan
MIPAaBOK B UEPHOBOW BapHAHT CTaThbH M y4acTBOBAJIA B pa3paboTKe qu3aiiHa UCCICAOBAHUSL.
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Abstract. The limitations of the traditional dynamic window approach in local path planning, including poor trajec-
tory smoothness, unstable control performance and insufficient global navigation guidance, are examined. An improved
multi-constraint dynamic window approach is proposed as a solution. This method enhances the trajectory evaluation
by introducing several refined constraint metrics: dual-angle heading deviation, global path adherence, curvature varia-
tion control and jerk suppression. They are integrated into a unified multi-objective scoring function that promotes
smoother, more reasonable and dynamically feasible trajectory generation. To verify the effectiveness of the propo-
sed approach, a series of experiments is conducted across various representative map scenarios, including both standard
and complex environments. The enhanced algorithm is compared with the classical dynamic window approach and
several of its improved variants. It is established that the proposed approach achieves superior performance in terms
of path quality, safety and overall planning robustness, demonstrating improved adaptability and reliability in solving
complex navigation tasks.

Keywords: dynamic window approach; local path planning; multi-constraint optimisation; global-local coordination;
trajectory smoothness; autonomous obstacle avoidance.
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Introduction

Due to the continuous development of intelligent and automation tools, mobile robots are being increa-
singly applied in various fields such as industry, healthcare and logistics. As a core component of autonomous
navigation, path planning has become one of the most critical research topics in the field of robotics. The goal
of path planning is to generate an optimal path from the robot’s starting position to its target destination that
is safe, collision-free and meets performance requirements. It concerns not only the safety of robot motion,
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but also addresses the challenge of optimising navigation in complex and dynamically changing environments
to ensure efficient and reliable task execution [1].

Path planning algorithms are usually divided into global path planning and local path planning. Global
path planning assumes complete knowledge of the environment and generates a globally optimal path ba-
sed on a pre-constructed map. Classical algorithms such as A" and Dijkstra are widely used and are well-suited
for static and well-structured environments [2]. In contrast, local path planning relies on real-time perception
of the environment, enabling the robot to dynamically adjust its motion strategy during execution in response
to environmental uncertainties and obstacle changes. In practice, mobile robots are often encountering dynami-
cally changing environments and incomplete sensor information. In such conditions the flexibility and real-time
adaptability of local path planning are particularly crucial, especially in tasks involving dynamic obstacle
avoidance and path reconfiguration [1]. As a result, local path planning serves as an essential foundation for
ensuring safe navigation and successful task completion for mobile robots.

The dynamic window approach (DWA) is a classic local path planning algorithm, first proposed by D. Fox,
W. Burgard and S. Thrun in 1997 [3]. This method generates possible short-term trajectories by simulating
the robot’s motion in the velocity space in real time and selects the optimal trajectory to execute based
on a scoring function applied to the possible trajectories. However, the traditional DWA algorithm has limi-
ted consideration of the robot’s kinematic and dynamic characteristics during trajectory generation. At the
same time, factors such as trajectory smoothness, stability and curvature variation are not properly taken
into account. As a result, the robot may experience abrupt turns or sudden velocity changes during motion,
which can negatively affect the stability of the control system and reduce the reliability of trajectory. To this
end, the researchers have proposed various improvements from different perspectives. As for the target
guideline, X. Gong and his colleagues [4] introduced a fuzzy control mechanism based on the distances
to the target and surrounding obstacles, which allows to dynamically adjust the velocity and heading weights
within the DWA. This approach has improved the adaptability of the algorithm to various environments.
However, because it is based on manually developed fuzzy rules, it lacks a systematic mechanism to guide
the path shape effectively, especially in dynamic and time-varying scenarios. To solve the problem of deviation
from the global path, A.-Z. Liu, C. Liu, L. Li, R.-C. Wang and Z. Lu [5] proposed a function for estimating
the similarity of trajectories based on dynamic time warping to enforce shape consistency between local
trajectories and the global path. However, this method aligns the trajectories only geometrically, without
considering motion smoothness or control continuity, which can lead to unstable execution in high-curvatu-
re regions. To improve control stability, Z. Wang and G. Li [6] introduced constraints on trajectory curva-
ture variation and jerk (i. e., the derivative of linear and angular velocities), enabling more continuous and
stable command outputs. However, their approach embeds these constraints as additional cost terms without
unified coordination within the evaluation framework, which can lead to conflicts with other objectives and
degrade the overall quality of planning. In addition, Y. Lu and C. Da [7] combined an improved ant colo-
ny optimisation algorithm with DWA, incorporating a direction angle cost function and velocity sampling
optimisation to improve obstacle avoidance and simultaneously improve directional attraction to the target.
However, due to the slow convergence of search based on the ant colony optimisation algorithm, this method
remains limited in highly dynamic environments. Integrated strategies combining global and local planning
have recently attracted increasing attention. W. Sang, Y. Yue, K. Zhai and M. Lin [8] proposed a two-stage
planning framework that integrates an improved A" algorithm for global path generation and DWA for local
execution. The nodes of the global path are used as dynamic sub-goals for the DWA, and the cubic B-spline
is used to smooth the global trajectory. Although this method works well in structured static environments, it
suffers from fixed parameter settings that can lead to delayed responses and trajectory deviation in complex
and dynamic scenarios.

In summary, although the existing studies have proposed various improvements to the DWA, several li-
mitations remain. These include insufficient consistency of local and global paths, which can cause the robot
to get stuck in local minima during navigation; insufficient consideration of trajectory smoothness and dynamic
stability, which can lead to sudden motions and reduced task performance; simplified mechanisms for attracting
targets, which are often ineffective over long distances, resulting in detours or reduced navigation efficiency.
To address these issues, this paper proposes an improved multi-constraint dynamic window approach (MC-DWA).
The proposed method introduces multiple evaluation dimensions and constraint mechanisms, constructs a unified
multi-objective scoring model to enhance the global rationality, local smoothness and control stability of the
planned path. The key improvements are the following.

1. Enhanced heading guidance and target alignment. A dual-angle deviation evaluation mechanism is int-
roduced to assess the angular deviation between the predicted trajectory endpoint and both the target direction
and the global path orientation. Then a weighted course evaluation function is created. This mechanism enhances
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the robot’s directional alignment toward the goal and its coordination with the global path, reducing deviations
from the intended navigation route.

2. Global path adherence constraint. During local planning, a segment of the global path near the robot’s
current position is dynamically extracted. The average minimum distance between predicted trajectory points and
this local path segment is computed and used as a path adherence score. This design ensures spatial consistency
between local and global paths, prevents the robot from entering densely obstructed regions and improves the
overall rationality and safety of path planning.

3. Trajectory smoothness and dynamic stability control. To ensure continuity and dynamic feasi-
bility, MC-DWA includes constraints on trajectory curvature variation and jerk (i. e., the rate of change
of linear and angular velocity). Curvature variation reflects the geometric smoothness of the path, while
jerk quantifies the smoothness of control commands. The combined control of these two indicators effec-
tively suppresses trajectory fluctuations and sudden speed changes, thereby improving path stability and
control robustness.

4. Unified trajectory scoring model. MC-DWA establishes a comprehensive trajectory-scoring model
that combines multiple evaluation indicators (heading consistency, path adherence, smoothness and stabili-
ty, target attraction) using weighted fusion. This enables multi-dimensional assessment and quality control
of the trajectory within a unified decision-making system.

With these enhancements, the MC-DWA algorithm significantly improves global-local coordination, tra-
jectory smoothness control and adaptability to difficult obstacles, while retaining the real-time performance
advantages of the original DWA. As a result, it provides a more robust and efficient path planning solution for
autonomous navigation of mobile robots in difficult conditions.

Multi-constraint dynamic window approach

Basic principles of the classical DWA algorithm. The classical DWA algorithm is a real-time local path
planning algorithm. Its core concept is to sample multiple pairs of linear and angular velocities within the ve-
locity space based on the robot’s current state. By evaluating the predicted short-term trajectories corresponding
to these velocity combinations, the method selects the optimal control command to effectively avoid obstacles
and direct the robot to the goal. The set of selected velocity pairs in the velocity space must satisfy kinematic
constraints, dynamic constraints and safety constraints [3].

1. Kinematic constraints ¥;,. The robot’s velocities must comply hardware limits, including the allowable
ranges of linear velocity v and angular velocity ®. Assume that the minimum and maximum values of the linear
velocity are v,;, and v, .., and the minimum and maximum values of the angular velocity are o, ;, and ®

max?
respectively. Then the set of velocities that satisfy the kinematic constraints can be calculated as follows:

Vkin = {(V9 (D) |V € [Vmin7 Vinax ]’ 0e [mmin’ (’Omax ]}

'min max >

Typically, the robot is unable to move in the opposite direction (v,,;, = 0), and the allowable angular velocity
is symmetrical in both directions, i. ., ®,;, = —®, .-

2. Dynamic constraints V3 ,. Due to the robot’s limited acceleration capabilities, the change in velocity
within a single control time step At is also limited. Let the current linear and angular velocities be v, and ®,),
respectively, and let the maximum allowable linear and angular accelerations be a,* and a**. Then the set
of velocities satisfying the dynamic constraints can be expressed in equation:
ve [Vo —a)™At, vy + af‘a"AIJ
~1(v, 0) .
®e [030 —a, At ©)+ a;)na"At]

3. Safety constraints ¥,;.. The robot must ensure that it does not collide with any obstacles. Assume that

the robot is moving at the current velocity v, and applies the maximum deceleration of braking a, . (here

_max

2
Apraie = —a, ), the required braking distance d, . can be calculated using d, ;. = 2|a—‘|. A possible veloci-
brake

ty is considered safe only if the minimum distance to obstacles d,;, along the predicted trajectory, is bigger

than the sum of d,,,. and safe margin d,. Thus, V.

I/svzalfe = {(V, ('0) | Ve < \/2|abrake|(dmin_ dsm)}'

1s calculated as follows:
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Then the final dynamic window is defined as the intersection of three sets of constraints:
Vo=V V,.NV

dyn safe*
Each velocity pair (v, ) € ¥}, is forward-simulated over a short time horizon 7, generating a corresponding
trajectory. The quality of each trajectory is then evaluated using a weighted evaluation function:

w

G = - heading + B3 - clearance + y - velocity.

In this formula, the heading term measures the angular alignment between the trajectory endpoint and
the target direction, promoting goal-oriented motion. The clearance term is the shortest distance between the
predicted trajectory and nearby obstacles, which provides safer paths. The velocity term prefers trajectories
with higher speeds, which contributes to the efficient use of time. The weights o, 3, y are tuning parameters
used to balance these three objectives according to the task requirements. The detailed formula is given in
paper [3].

Multi-constraint enhanced DWA. Although DWA has significant advantages in terms of real-time per-
formance and dynamic obstacle avoidance, it still faces significant challenges in complex or highly dynamic
environments. Firstly, its evaluation function is relatively simple and usually takes into account only basic fac-
tors such as goal direction, velocity and obstacle proximity, while lacking effective integration of global path
information. As a result, the robot may deviate from the planned global path during local planning and become
trapped in local minima. Secondly, in densely cluttered environments, improper weighting of the obstacle
distance term may result in excessive deviation from the route or unnatural avoidance behaviours, deteriorating
the quality of the path and travel efficiency. Furthermore, the conventional DWA does not sufficiently take into
account the smoothness of the trajectory or dynamic controllability; it lacks restrictions on acceleration, curvature
variation and other dynamic characteristics, which can lead to movement jitter, increased energy consumption
or even control instability during execution.

To effectively eliminate these limitations in trajectory generation, this paper proposes a redesigned trajectory
evaluation function, resulting in MC-DWA. By introducing constraint terms with clear physical meaning and
engineering applicability, MC-DWA enhances global consistency, control stability and dynamic adaptability
in difficult environmental conditions, while maintaining the real-time benefits of the original algorithm. Specific
improvements are described in details below.

Enhanced heading guidance and target alignment. To improve the robot’s directional control capabili-
ties during navigation, MC-DWA implements a dual orientation consistency evaluation mechanism, including
target orientation consistency and global path orientation consistency. In particular, let the terminal orientation
of the predicted trajectory be 6,4, the orientation of the target point be GgoaI: and the terminal orientation of the

global path be 6, . Figure 1 shows a diagram of orientation angles in MC-DWA. In addition, the orientation
deviations between them are calculated using the following expression:

A8, =0

9

pred egoal

0

final

ABfipq = ‘9

pred
Based on this, the heading consistency score is calculated by the formula

AL
H(v, ®)=}, " . goal Lo,

T — ABpp
2 B

where A, and A, are weighting factors to balance the contributions of goal direction and path direction align-

ment, respectively (here we set A, = A, = 0.5).

However, when the robot is far from the target, heading-based scoring alone may be insufficient to pro-
vide strong attraction toward the goal [9]. To solve this problem, a goal distance factor is included in the
evaluation function. The exponential attraction function is used to introduce a non-linear response to dis-
tance variations:

Gyl(v, ©)= —exp(ocdg(v, (o)),

where dg(v, co) represents the Euclidean distance between the predicted trajectory endpoint and the goal, and
o =0.51s a configurable parameter to control the strength of the attractive force. Therefore, the heading guidance
and target alignment evaluation function is denoted as O(V, 0)):

O(v, ®) =H(v, ®)+G,(v, ®).
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Fig. 1. lllustration of orientation consistency angles

Global path adherence constraint. To solve the problem in classical DWA, where local path planning
may deviate significantly from the global reference path, which causes the robot to fall into local minima,
we are introducing a global path adherence constraint. Specifically, let the global path generated by a global
planner (e. g., A') be denoted as Py, ={R, B, ..., B}, where each P, =(x,, y;) represents a waypoint on
the global path. At each control cycle the algorithm first identifies the index i* of the global path point closest
to the robot’s current position X, = (x,, , ). Alocal segment P, of the global path is selected, consisting of M
consecutive nodes starting from P Then given the predicted trajectory consisting of 7" points, denoted as

global*

Tea= {t), 1,, ..., ty}, the path adherence metric is defined as the maximum deviation between the predicted

trajectory and the selected local global path segment. The calculation process is described in equations

o .
1= argmmls:’sL“Pi - X,

2’

Boa = {Ber Brypo oo By

D(v, ®)=—max, ;. y min

t-p,

Here ||||2 indicates L, distance (Euclidean distance). By focusing on path consistency within the local range and
avoiding interference of distant path points in the local evaluation, the accuracy and stability of the local tra-
jectory can be significantly improved.

Trajectory smoothness and dynamic stability control. In classical DWA the lack of temporal continuity
in decision-making often leads to abrupt changes in velocity and steering, resulting in trajectories intermittent
and unstable robot motion [4]. To solve this problem, MC-DWA introduces a penalty term based on the va-
riation in motion state from the previous time step during candidate velocity selection. In addition, MC-DWA
enhances the trajectory evaluation function by incorporating constraints on trajectory curvature variation and
jerk (i. e., the rate of change of acceleration), optimising trajectory smoothness and dynamic stability from both
spatial and dynamic perspectives. Specifically, the curvature variation is defined as the average absolute se-
cond-order difference of consecutive trajectory points in the lateral direction, serves as a lightweight yet highly
effective heuristic proxy for lateral oscillation:

Yisa= 2N+ ‘

1 N-2
Cvar(v’ m):_N—Z Z 2 2
i=l (xi+1 _xi) + (yi+1 - yi) +e
where € is a small constant to prevent division by zero. This expression captures the local bending intensity

of the trajectory. Furthermore, jerk metrics, which are introduced for both linear and angular velocities to sup-
press control shocks during execution, can be calculated as follows:

PER

ocal

b

a,iv1— 4,

1 N-2
M o)=-573 ;| At

b
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Its design limits sudden changes in velocity commands, improving trajectory control and smooth execution,
especially for mobile platforms that require high trajectory continuity. The overall smoothness and stability
evaluation function is denoted as S (v, u)):

S(v, ®)=Cyp(v, @)+ (v, @)+, (v, 0).

var

Jy(v, ) =—

|a

At the same time, dynamic stability control is especially important during high-speed cornering. For mobile
platforms with significant velocity or centre of mass height (e. g., differential-drive robots or automated forklifts),
a sharp turn at high speed can cause skidding or even rollover. To mitigate this, MC-DWA includes restrictions
on the radius of curvature and lateral acceleration during the velocity space filtering stage. Specifically, the
maximum allowable angular velocity at a given linear velocity is limited based on the lateral acceleration thre-
shold a,,,, as formulated in equation

at

Nat = {(v, co)|voo< alat}.

This constraint ensures that the resulting centrifugal force during turning does not exceed the platform’s
stability limit, thereby enhancing dynamic controllability and operational safety. Accordingly, in MC-DWA the
admissible velocity space of the dynamic window is defined as

Vaw= N N N

mn
Unified trajectory scoring model. In order to effectively integrate the aforementioned constraints, MC-DWA
creates a complex trajectory evaluation function:

N VN K,

w yn safe

score(v, @) =w,O(v, ®)+wpD(v, ®)+wsS(v, o).
Here w,,, w, and wy are weighting factors that can be changed to adapt to specific applications. In this pa-

per, all values are 1. The final scoring function with multiple metrics acting synergistically, allows the robot
to generate smooth, robust and goal-oriented feasible paths in complex environments.

Experiments and results

Experimental environment and parameter settings. The improved DWA algorithm framework was imp-
lemented on the MATLAB R2024a platform. To systematically evaluate the effectiveness of path planning
performance and control stability, 50 two-dimensional grid maps were designed, covering typical navigation
tasks such as dense obstacle regions and long corridor intersections. Each map includes a defined start and goal
point with a guaranteed feasible global reference path.

All evaluation metrics were obtained statistically based on these 50 representative test scenarios, which are
characterised by different map structures, obstacle densities and dynamic obstacle patterns. This diverse task
setup ensures strong generalisation and a realistic level of complexity, thereby providing a more objective and
comprehensive verification of the proposed method’s robustness and adaptability in difficult dynamic conditions.
The robot’s control and physical parameters used in the simulation are shown in table 1.

Table 1
Simulation parameters

Name Symbol Value
Time step At 0.1s
Horizon T 20s
Max step — 500
Maximum linear velocity Vinax 2.0 m/s
Minimum linear velocity Vinin 0m/s
Maximum linear acceleration a,™ 0.4 m/s’
Minimum linear acceleration amn —0.4 m/s’
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Ending of the table 1

Name Symbol Value

Robot radius - 0.4

Safe margin dg, 0.2
Maximum lateral acceleration Ay 1.0 m - rad/s’
Maximum angular velocity ®pax 1.57 rad/s
Minimum angular velocity Opin —1.57 rad/s
Maximum angular acceleration ag™ 0.78 rad/s’
Minimum angular acceleration amn —0.78 rad/s’

Comparison of the proposed MC-DWA algorithm with other improved DWA algorithms. To compre-
hensively evaluate the practical performance of the proposed MC-DWA algorithm, we conducted a systematic
comparison with the classical DWA algorithm as well as three representative improved variants: energy efficient
DWA (EDWA) [10], fuzzy adaptive DWA (fuzzy-DWA) [11] and predictive DWA (pred-DWA) [12].

To ensure fairness, all algorithms were tested under the same initial conditions and map configurations,
and a unified evaluation framework was adopted to quantify performance across multiple dimensions. Specifi-
cally, the evaluation metrics include minimum safe distance (MSD), which measures the minimum distance
between the robot and obstacles along the path and reflects the safety margin; time step (TS), which denotes
the total number of control cycles required to achieve the goal and indicates the efficiency of time use; path
length (PL), which evaluates the overall compactness and rationality of the planned trajectory; path curva-
ture (PC), which quantifies trajectory smoothness and dynamic controllability based on the average curvature
variation. Taken together, these metrics provide a comprehensive overview of each algorithm’s performance
in terms of path safety, efficiency, smoothness and control stability. Table 2 provides a comparative analysis
of the proposed MC-DWA against the classical DWA and three representative improved variants for four key
performance metrics.

Table 2
Comparison of the proposed MC-DWA algorithm
with other DWA algorithms
Method MSD PL PC TS
Classical DWA 0.20 35.67 0.706 357
EDWA 0.19 30.41 0.513 304
Fuzzy-DWA 0.16 35.15 0.792 352
Pred-DWA 0.22 33.04 0.763 330
MC-DWA 0.53 37.97 0.323 380

Overall, the MC-DWA demonstrates excellent performance in terms of path safety, trajectory smoothness
and control stability, which confirms the effectiveness of its multi-constraint fusion mechanism.

As for MSD, MC-DWA provides a minimum obstacle clearance of 0.53, which is significantly higher than
other algorithms, indicating improved obstacle avoidance safety and greater navigational redundancy. This im-
provement is mainly due to the introduction of restrictions on compliance with the global path, which ensures that
local trajectories remain closely aligned with global navigation goals and allows you to effectively bypass areas
with dense obstacles. For PC, MC-DWA gives an average change in curvature equal to 0.323, which indicates
a high degree of trajectory smoothness. In contrast, classical DWA, pred-DWA and fuzzy-DWA have curvature
values exceeding 0.7, suggesting more pronounced oscillations in their paths. This result directly reflects the
effectiveness of the curvature variation constraint and jerk suppression mechanisms used in MC-DWA, which
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help to soften sharp turns and sudden velocity changes, thereby improving trajectory executability and control
system stability. As for PL, MC-DWA produces a trajectory length of 37.97, which is slightly longer than some
other methods such as EDWA and pred-DWA, but comparable to classical DWA and fuzzy-DWA. This result
is closely related to the dual heading guidance mechanism implemented in MC-DWA, which improves the
stability of the robot’s directional consistency and goal orientation, while reducing oscillations and heading
deviations. Although the path is a bit longer, this compromise is acceptable, given the substantial gains in safety
and controllability. In terms of TS, MC-DWA completes the navigation in 380 control cycles, which is slight-
ly higher than classical DWA and fuzzy-DWA, while EDWA is the most time-efficient. Although MC-DWA
is slightly behind in time efficiency, the smoother and safer trajectories it generates make it more suitable for
dynamic or high-risk environments, emphasising the balance between control stability and trajectory quality.

Thus, MC-DWA surpasses existing algorithms in several key performance metrics, in particular, in trajectory
smoothness and obstacle avoidance safety. These improvements stem from its trajectory evaluation mechanism,
which integrates multi-dimensional control constraints and global guidance strategies. This design effective-
ly eliminates the limitations of traditional DWA in trajectory continuity and dynamic feasibility, significantly
improving the algorithm’s robustness and adaptability in complex dynamic environments and providing a more
practical and reliable solution for high-quality path planning in real-world applications for mobile robots.

Visualisation. To further provide an intuitive comparison of the path planning performance across different
environments, the experimental results were visualised. Figure 2, a, and figure 2, b, illustrate the paths generated
using the proposed MC-DWA algorithm, classical DWA and improved A" algorithm under normal and dense
obstructed environments, respectively. To avoid visual clutter, only these three representative algorithms were
selected for comparison.
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Fig. 2. Visual comparison using classical DWA algorithms and the global A" algorithm on different maps:
a — normal environment; b — dense obstructed environment

From the visualisation, it can be seen that under normal conditions, although the classical DWA is able
to successfully reach the target, its generated path tends to closely follow the boundaries of static obstacles,
which creates a higher risk of collision. In more difficult environment with dense obstacles the classical DWA
often fails to complete navigation, which often leads to an interruption of the path or a complete stop of the
robot due to the lack of effective global guidance and dynamic obstacle avoidance strategies.

In contrast, the proposed MC-DWA successfully completes the navigation task in both environments. Its ge-
nerated trajectories ensure good adherence to the global path and constant maintenance of a safe distance from
surrounding obstacles throughout the motion process (greater than the predefined minimum safety distance),
demonstrating excellent adaptability to difficult environmental conditions and increased path safety.

Furthermore, figure 3 shows a visual comparison of the proposed algorithm and several representative al-
gorithms in two typical complex environments. The purpose of this experiment is to evaluate the robustness
and planning capability of each algorithm when solving problems such as long-distance obstacle interferen-
ce and densely cluttered obstacle fields.
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Fig. 3. Visual comparison using different DWA algorithms in complex environments:
a — environment with a distant obstacle; b — environment with densely distributed obstacles

As shown in fig. 3, a, the scenario involves a distant obstacle that creates a critical impediment to the planned
path. The results demonstrate that, except MC-DWA, all other algorithms fail to navigate around the obstacle and
eventually become stuck. Further analysis reveals that this problem is primarily related to the lack of effective
target-oriented guidance, causing traditional algorithms to lose directional cues near the obstacle. In contrast,
MC-DWA uses an exponential attraction mechanism in trajectory estimation, which enhances the goal-directed
driving force while maintaining safety, allowing the robot to traverse complex terrain and move smoothly toward
the target. Figure 3, b, shows an extremely complex environment consisting of densely distributed obstacles.
In this scenario classical DWA and other improved methods are generally limited by local information and tend
to fall into local minima, halting progress. However, MC-DWA introduces a global path keeping constraint,
which allows for better alignment of local planning with global navigation objectives. This mechanism allows
the robot to avoid local traps and successfully reach the goal. Throughout the entire process, the generated path
maintains safe distances from obstacles, while demonstrating good continuity and dynamic stability.

Figure 4 illustrates the dynamic behaviour of various path planning algorithms during execution. The left part
of the fig. 4 shows the trajectory followed by each method, demonstrating their obstacle avoidance performance
and convergence behaviour near the goal. The right part depicts the time-series variations of linear and angular
velocities throughout the planning process, which serve to assess motion continuity and control smoothness.

30

25

20

15

10

Il
0 5 10 15 20 25 30 ' 50 100 150 200 250 300
QO start EDWA Step
© Goal - - - Fuzzy-DWA — MC-v  — Classical-v ~ — E-v Fuzzy-v ~ —— Pred-v
— MC-DWA - Pred-DWA ---MC-@ --- Classical-0  --- E-0 Fuzzy-o - - - Pred-o

— Classical DWA e Dynamic obtacles

Fig. 4. Dynamic behaviour of various path planning algorithms during execution: @ — comparison
of path planning algorithms; b — visualisation of changes in linear and angular speed during the planning process
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Among the compared methods, all algorithms except EDWA successfully completed the navigation task.
Notably, fuzzy-DWA achieved the fastest arrival by taking advantage of the flexibility provided by fuzzy rules.
However, it exhibited frequent and irregular fluctuations in both linear and angular velocities, indicating the
absence of effective constraints on control smoothness and revealing limitations in the fuzzy rule base’s tuning
capability. This unstable velocity jumps the reliability of the movement. Classical DWA and pred-DWA suf-
fered from pronounced oscillations, particularly during the deceleration phase near the goal, where significant
jitter was observed in both velocity profiles. This instability suggests that these methods are unable to provide
smooth braking and precise goal alignment, which may negatively impact docking precision and overall cont-
rol robustness. In contrast, the proposed MC-DWA exhibits significantly smoother transitions in both velocity
and steering control. The performance improvement is primarily due to the inclusion of jerk penalties (for
linear and angular accelerations) in the evaluation function, which effectively suppresses abrupt control varia-
tions. As a result, MC-DWA provides improved motion continuity and system stability during trajectory exe-
cution. In addition, MC-DWA has become the second fastest method to reach the goal, which indicates a good
balance between efficiency and control quality. Also the trajectory visualisation on the left side of fig. 4 shows
that MC-DWA consistently maintains a safe distance from both static and dynamic obstacles throughout the
entire execution process, without any incidents of near-collision or critical proximity. This highlights the me-
thod’s reliability in ensuring safety, especially in complex environments.

Discussion

The experimental results demonstrate that the proposed MC-DWA is superior to classical DWA and its ty-
pical variants across multiple key performance metrics. Whether in terms of trajectory smoothness, minimum
obstacle distance or overall path length, MC-DWA has greater robustness and environmental adaptability.
This performance gain is primarily due to the integration of several fine-grained constraint designs within the
trajectory evaluation mechanism, dual-angle heading deviation, global path adherence assessment, curvature
variation control and jerk suppression. Collectively, these improvements significantly enhance the rationality,
continuity and feasibility of planned trajectories, while maintaining the real-time responsiveness inherent in the
original DWA framework.

Despite promising results in rule design and trajectory quality, MC-DWA remains, in fact, a manually de-
veloped heuristic method. Its evaluation function and weighting parameters are set manually, which makes it
impossible to dynamically adjust in various environments and task scenarios. In practical applications, this
often requires manual parameter settings for each new context, which limits the algorithm’s generalisability and
deployment efficiency. Moreover, heuristic methods are inherently difficult to model complex, multi-dimensio-
nal and temporally dynamic features of real-world environments. In particular, in conditions associated with
numerous dynamic obstacles or high-dimensional state input data, the performance limit of traditional methods
becomes obvious [13].

To address these challenges, recent advances in deep reinforcement learning (DRL) have provided new
perspectives for path planning. DRL offers end-to-end learning capability, allowing agents to autonomously
learn optimal navigation strategies through continuous interaction with the environment, thereby eliminating
the need for explicit modeling and hand-written rules [ 14]. Compared to traditional methods, DRL-based plan-
ning approaches have superior adaptability, policy expressiveness and cross-task transferability, making them
particularly suitable for dynamic, uncertain or frequently changing environments.

Based on this understanding, future research may explore the possibility of using the MC-DWA heuristic
framework as an initial policy or hybrid guidance model for DRL-based navigation systems. By integrating the
experience of creating rule-based paths into the training process of deep neural networks, it is possible to effec-
tively combine heuristic knowledge with data-driven learning. This hybrid approach potentially preserves the
interpretability and stability of traditional methods, while increasing the intelligence and generalising capabi-
lities of path planning algorithms. This could pave the way for the development of highly reliable and robust
intelligent mobile robotic systems capable of navigating complex real-world scenarios.

Conclusions

This article proposes an improved MC-DWA to address several limitations of the traditional DWA in local
path planning. By introducing multi-dimensional trajectory constraints and a fused estimation mechanism, the
proposed method comprehensively optimises trajectory evaluation in terms of heading consistency, global path
adherence, trajectory smoothness and control stability. Specifically, MC-DWA includes a dual-heading guidance
strategy to improve goal alignment, uses a path adherence constraint to increase consistency between local plan-
ning and global navigation intent and integrates curvature variation and jerk constraints to improve trajectory
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smoothness and dynamic feasibility. A unified weighted estimation model has been developed to support multi-
objective trajectory decision making.

To confirm the effectiveness of the proposed method, comparative experiments were conducted on a series
of simulation maps with varying environmental complexity. Three representative improved DWA algorithms
were selected as baselines. All experiments were performed on a unified simulation platform using evaluation
metrics such as navigation time, path length, curvature smoothness and minimum obstacle distance. The results
show that MC-DWA outperforms both classical DWA and several improved variants in planning efficiency,
trajectory quality and obstacle avoidance safety, demonstrating excellent robustness and practical applicability.

The source code for the MC-DWA function and the maps used for the simulation is published and available
for free non-commercial use'.

Future work will focus on extending MC-DWA to the ROS2 and Gazebo simulation platforms to further
evaluate its generalisation ability and engineering adaptability in dynamically modeled environments. Further-
more, we plan to deploy the proven MC-DWA algorithm on a real mobile robotic platform to conduct physical
experiments in real-world scenarios, facilitating its practical application in industrial and service robotics.
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MATEMATHUYECKWUE MOAEAU
PASMEIIEHUA 1 MUT'PATIITUU BUPTYAABHBIX MAIIINH
HA T'ETEPOTEHHBIX ITAAT®OPMAX BUPTYAAUSAILINN

B. Il. KOYHH", A. B. IIAHI[OB"

YBenopycckuii 2ocydapemeennviii ynusepcumem, np. Hezasucumocmu, 4, 220030, 2. Munck, Benapyce

Annomayusn. OnpenencHa HEOOXOAUMOCTh IPUMEHEHHUST TETEPOrSHHBIX MIAT()OPM BUPTYATU3AIMH, BIACICHBI OC-
HOBHBIC NIPEUMYIIIECTBAa UX HCIOJIb30BaHus. PaccMoTpeHa npobiemaruka obecredcHus 3G GEeKTUBHOTO pa3MEeIICHHS
Y MUTPAIMU BUPTYaJIbHBIX MAIIMH HAa TeTepOreHHoH atgopme. O60CHOBaHA TOTPEOHOCTH B (hOpMATU3AIMH TPOIIECCCOB
pasMEIICHNA U MUTPALlMU BUPTYaJIbHBIX MaIlluH. HpeﬂnomeHa MareéMarn4yeckasa MOJC/Ib PasMCIICHU BUPTYaJIbHBIX Ma-
IIMH, OCHOBaHHAs Ha HA0Opax TPeOOBaHMI BUPTYabHBIX MAIIHH U HA0OpPE PeCcypCcoB, MPEAOCTABIACMBIX MIaT(HOpMOi
BupTyanu3anuu. OnpeesieHo OrpaHuueHre B Pa3MELIeHHH BUPTYaJIbHBIX MAIIMH Ha X0CTaX MI1ar()OpMbl BUPTYaTH3aLHH.
[pennoxxena MateMarnueckasi MOJICJIb MUTPALIMK BUPTYJIbHBIX MAIIMH, Peau3yoas ONTUMHU3AIHIO 3aTpar Ha (QyHK-
LIMOHMPOBAHME BUPTYaJIbHBIX MallIMH. Pa3paboTaHbl aIrOpUTM M MaTeMaTHyecKasi MOZE/b JMHAMHYECKOW OalaHCUPOBKU
BHUPTYyaJbHBIX MalllMH Ha rereporeHHoi rardopme Bupryanusanuu. [IpeacraBnenHas mareMaTudeckas MOJEIb y4uH-
TBIBACT TPEOOBAHUSI K 3arPyKEHHOCTH XOCTOB IIAT(OPMBbI BUPTYaIHU3ALMH, IPEIOCTABISIET ONTHMAIIBHBIH BEIOOP HAOOPOB
BUPTYAJIbHBIX MAIIWH U LEJIEBBIX XOCTOB AJIsI OCYIICCTBICHUA 6aHaHCI/IpOBKI/I.

Knrouesvie cnosa: I/IH(l)OpMaIII/IOHHLIe TCXHOJIOI'UH; oOauHbIe BBIYUCIICHUS; T€TCPOrCHHAsA HJ'IaT(l)OpMa BUPTyaJIU3alvu.

MATHEMATICAL MODELS
OF VIRTUAL MACHINE PLACEMENT AND MIGRATION
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Abstract. The necessity of using heterogeneous virtualisation platforms has been determined, and the main advantages
of their use are highlighted. The problems of ensuring the efficient placement and migration of virtual machines on a he-
terogeneous platform are considered. The need to formalise the processes of virtual machine placement and migration is
substantiated. The mathematical model for the placement of virtual machines is proposed, based on the sets of requirements
of virtual machines and the set of resources provided by the virtualisation platform. A limitation has been defined in the
placement of virtual machines on virtualisation platform hosts. The mathematical model of virtual machine migration is
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proposed that implements cost optimisation for the operation of virtual machines. The algorithm and the mathematical model
of dynamic balancing of virtual machines on a heterogeneous virtualisation platform have been developed. The presented
mathematical model takes into account the requirements for the workload of virtualisation platform hosts, represents the
optimal choice of virtual machine sets and target hosts for balancing.

Keywords: information technology; cloud computing; heterogeneous virtualisation platform.

BBenenune

TexXHOIOTUY BUPTYaIH3aIMH SBJISIFOTCS HEOThEMIIEMOM YaCThIO0 COBPEMEHHOW BBIYUCIUTEILHOW HH(DPACTPYKTY-
pbl, obecrieunBast 3pPEeKTHBHOE UCIOIB30BAHUE PECYPCOB, CHIKEHHE 3aTPaT U MOBBIIICHUE OTKA30yCTONYHUBOCTH
uHppacTpyKTypsl. OIHAKO MO Mepe YBETHYCHHS MaciiTaba ¥ CIOKHOCTH BUPTYaIU3UPOBAHHBIX CPEI pacTeT Mo-
TpeOHOCTH B (hOpMaTU3aIUH IPOIIECCOB YIPABJICHUsI, 0COOCHHO B YaCTH paclpe/ieliCHUs] Harpy3KH Ha 00JaqHON
miaropme. be3 4eTko omnpeneneHHBIX MPOLEAyp CYIIECTBEHHO BO3PACcTACT PUCK HEPAIMOHATIBHOTO MCIOJNb-
30BaHUS PECYPCOB, CHIDKCHUS TIPOU3BOUTEIBHOCTY ¥ BOHUKHOBCHHUS YS3BUMOCTEH HHPpACTpyKTyphI [ 1-3].

[ToBBICHTH THOKOCTD M OTKa30yCTOHYMBOCTH coBpeMeHHbIX U T-undpactpykryp, a Takxke 3QeKTHBHOCTh
yIpaBlIeHUsI UMH TTO3BOJISIET MPUMEHEHHE TETEPOTeHHBIX TuIaTGopM BUpTyanuzanuu. OTHAKO Ui peannsa-
[IMH BCEX MPEUMYIIECTB TeTEPOTeHHON MIaTdopMbl BUPTyalu3auyd HeoOxoquMa (hopMar3anus IpoieccoB
ynpasieHHs 1aTGopMoi, B 4aCTHOCTH MPOIIECCOB Pa3MEIICHHUS, MUTPALUU U IMHAMHYECKOH OaaHCHPOBKU
BUPTyaJbHBIX MamuH (BM).

HpenMymeCTBa NMPUMEHEHUSA
reTeporecHHbIX l'[.]'[aT(l)OpM BUPTYaAJIM3alUH

[IpumeneHne reTeporeHHbIX MIaTGopM BUPTyalIU3alMy HAPaBIeHO Ha MOBBIIIEHHE TMOKOCTH U yCTOM-
yuBoCcTH U T-HHPPACTPYKTYphI U OKa3bIBACT CYIICCTBEHHOE BIIMSIHAE HA 3alIMIICHHOCTh 00padaThiBaeMbIX
pecypcos. ['ereporennast margopma BUPTyalH3auy BKIFOUAET B ceOst J1Be U OoJiee TIOICUCTEMbI BUPTYyajli3a-
IIUH, TOCTPOEHHBIE Ha PA3INYHBIX TUTIEPBU30paX, 00bEAMHEHHBIX B OJIMH BRIYMCIUTEIbHBIHN Ki1acTep [4]. [Ipu-
MEHEHHE reTepOreHHBIX MIaT(GOopM BUPTyaIU3alUK HMEET PSIJI CyIIECTBEHHBIX TpeuMy1iecTB. OCHOBHBIMU U3
HUX SBJISIIOTCS CIIeIyIOIINe TPEUMYIIeCTBa.

1. TToBbIIeHHE THOKOCTH U COBMECTUMOCTH. [ eTeporeHHble aTgopMbl BUPTYTU3AIMH TIPEAIIONararoT
WCTIOJIH30BAHNE PA3IMYHBIX THIIEPBU30POB, APXUTEKTYP U allapaTHbIX perieHnii B paMkax onxoit UT-undpa-
CTPYKTYpBI, UTO, B CBOIO OYepE/lb, TO3BOJISIET:

® UHTEIPUPOBATH YHACIICAOBAHHBIC U COBPEMEHHBIC MH)OPMAIIMOHHBIE CHCTEMBI,

® aJanITUPOBATHCS MO/T KOHKPETHBIE 33]]aul U CEPBHUCHI, UCTIONB3Ysl HanOoiee MOAXOSIINE TEXHOIOTHH
B KaXJIOM CJIyd4ae.

2. MuHuM#3aIMs pUCKOB 3aBUCUMOCTH OT OHOTO BeHopa (vendor lock-in). IlpuMeHeHEe HECKOIBKHX TIIAT-
(dhopm Buptyanusanuu (Hanpumep, VMware ESXi, Microsoft Hyper-V, Kernel-based Virtual Machine (KVM),
Xen, OpenStack u fip.) CHUKAET 3aBUCUMOCTE OT OJTHOTO IMOCTABIINUKA U 00ECTICYNBACT:

e cBO0OO/TYy BHIOOpA M KOHKYPEHIIMH MEXKIy BEHIOPaMH, UTO BIUSET Ha KOHEYHYIO CTOUMOCTH 00CITyKUBa-
HUSI TUTATQOPMBL;

® THOKOCTbH NP CMEHE TUIaTPOPMBI, HATPUMED, B CIIydae M3MEHEHUs! JINIICH3UPOBAHMSI MJIH MTOJUTHK BEH-
zopa;

® BO3MOKHOCTh MUTPAIIMU MEX/TY IUIaThopMamu 6e3 MOoIHOH peKoH(pUTypalui HHPPACTPYKTYPHI.

3. Onrumwu3anys 3aTpat | KCIOIb30BaHHE CYIIECTBYIONINX pecypcoB. [IpruMeHeHne pa3nuuHbIX miarhopm
BUPTYaIM3allii MOXKET OBITh ONITUMU3UPOBAHO [0 COOTHOIICHHIO IIEHBI U TIPOU3BOAUTEIHLHOCTH B 3aBUCHMOCTH
OT KOHKPETHBIX 3a/ia4. Harpumep, A1st TECTOBBIX cpel U HHPPACTPYKTYPHI MIIaTGOPMEI 11esieco00pa3Ho uc-
MIOJIb30BATh OECIIIATHBIE PEIIEHHUS C OTKPBITHIM UCXOIHBIM KojtoM (K VM, Proxmox), a IUist KpUTUYIHBIX OU3HEeC-
MIPUIIOKEHUI — KOMMEpUYECKHE PEIeHus, TPEI0CTABISAIONINE paCIIUPEHHbIE BOZMOKHOCTH yIipaBieHus u SLA
(VMware ESXi, Microsoft Hyper-V).

4. IToBblIICHUE YCTOWYUBOCTH U OTKa30yCTOMYMBOCTH. [ eTeporeHHast CTpyKTypa miaT(opMbl CHIKAET PUCKU
pu cO0sIX Ha YPOBHE TUIIEPBU30pa MIIM CHCTEMHOTO MMPOTPaMMHOT0 o0ecrieueHus. B ciydae ecnu ogHa miar-
(hopma BUpTyaIH3alluK ysI3BUMa K ONPe/ICIICHHON aTake WM MojBEep:KeHa cO0siM, pyrast rardopma ocTaeTcst
B pab0OTOCIIOCOOHOM COCTOSTHUU. Takke KpUTHUECKHE MOJICUCTEMbI MOXKHO U30JIMPOBATh MO Pa3HBIM TUIIEPBH-
30paM, 4TO MOBBIIIAET 3AITUIIEHHOCTh BCEH apXUTEKTYPHI.

5. Iopnepskka THOPUAHBIX U MYJIBTHOONAYHBIX CTpaTeruil. [ereporeHHbie miaThopMbl BUPTYATH3AHH
0COOEHHO aKTyaJbHBI TIPH WHTETPAIIMY YACTHBIX, TyOIMYHBIX ¥ NEepUPEPUITHBIX 00TaKOB, UTO MO3BOJISIET pas-
BepThIBaTh BM B pa3HBIX cpefax ¢ pa3iuYHBIMHU THIIEPBU30PAMH U CEpBUCAMHM (Ha MyOIMYHBIX, HAlIpUMEp
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Microsoft Azure, Amazon Web Services (AWS), Google Cloud,  yacTHBIX 00IIa4HBIX pecypcax) U 0CyIIeCTBISTh
HEHTPATM30BaHHOE YIPABICHHUE U OPKECTPAIUIO C TOMOIIBIO KPOCC-TIaT(hOPMEHHBIX HHCTPYMEHTOB (HaIpu-
mep, Kubernetes, Terraform, Ansible, OpenStack).

MaremaTrnueckue MoaeIu
pa3MelneHusi, MUrpaunu u dasancuposku BM

Pa3Butne 001a9HBIX BRIYUCICHHUN U MYJIBTHOOIAYHBIX CTPATET U IPEIIIPUATHI TTPUBEIIO K HEM30€KHOH Te-
TEPOTCHHOCTH MPOTPAMMHEIX TIaTGopM BUpTyann3anun. COBpeMEHHBIE IICHTPHI 00pabOTKH JaHHBIX BCE Yallle
BKJIFOYAOT B ¢€0s1 y3J1bl, HCIIOJIB3YOINE pa3inuHbie runiepBu3opsl (VMware ESXi, KVM, Microsoft Hyper-V)
U KOHTeWHepHbIe cpensl (Docker, Firecracker, Kata), ynpasiisembie uepe3 pasHopoaabie APl u oOnaunbie op-
kectparopsl. Takas cpena oOecrieuuBaeT rHOKOCTh, HO OJTHOBPEMEHHO MOPOXKIAET MHOKECTBO TEXHUYCCKHUX,
SKOHOMHUYECKUX W OPTaHN3aIIMOHHBIX BBI30BOB.

MaremaTrdeckoe MOJIETHPOBaHNE Pa3MENIeHHst © MUTpaliud BM B yKa3aHHBIX YCIOBHUSX CTAHOBHUTCS HE-
OTBHEMIIEMBIM 3JIEMEHTOM HMHTEIIEKTYaIbHOTO YIIPABIEHHS PecypcaMiu EHTPOB 00pabOTKH JaHHBIX U obec-
IICYUBACT:

©® OIITUMAJIBHOC UCITIOJIb30BaHUEC BBIYUCIUTCIIBHBIX MOHIHOCTCI\/'I, CHHMIXCHUEC I/I36I)ITOLIHOCTI/I 1 IpOCTOA Y3JIOB;

® COKpallleHUE JINIIEH3UOHHBIX PACcXO0B 3a CYET OAJIAHCUPOBKU MEKIY KOMMEPUYECKUMHU TuIaThopMamMu
1 OecIIaTHRIMHU TUTaTGOPMaMHK C OTKPBITBIM UCXOIHBIM KOJIOM (open-source);,

® [10/1/IEP>KaHKUE BBICOKOTO YPOBHS OTKa30ycTounBocTd U SLA nake mpu AMHAMUYECKOM Iepepacnpese-
JICHUH HATPY3KH;

® yMEHbBIIICHHE BPEMEHH U CTOMMOCTH MUTPAINi, 0COOCHHO NPH KPOCC-TUIAT(GOPMEHHBIX MEPEX0/ax;

o (hopManM3aIKIo ¥ aBTOMATU3AIMIO TIPOLIECCOB, YTO KPUTUUHO A1l Macmtadupyemocti UT-undpacrpyk-
TYpbl 1 MUHUMU3AIUH YEJIOBEUECKOTO (haKTopa.

be3 cucremarnyeckoro moaxo/a K MiIaHUPOBAHUIO pa3MenieHrst BM B yCIOBHSAX reTepOTreHHON BUPTyalH-
3aIiy OpraHU3aIlHsl OKa3bIBAETCs MEepe] TPYIHOPA3PEITUMBIMU KOMIIPOMHUCCAMH MEX Ty 3aTpaTaMH, IIPOU3BO-
TUTETHFHOCTHIO U HA/ICKHOCTHIO alllapaTHBIX PECYPCOB.

Takum 006pa3om, UccIeJOBaHHS B JAHHOW 00JIACTH UMEIOT HE TOJIBKO TEOPETHUECKYIO, HO M BBICOKYIO MPH-
KJIQJIHYI0 LEHHOCTh — OT CO3JaHusI d9HEProd(M(EKTUBHBIX 00JIAKOB /10 MMOCTPOCHUS CTPATETnii MUTpALlMK Ha
1aT(OPMBI C OTKPBITBIM UCXOAHBIM KOJIOM C MUHUMAJIbHBIMU 3aTpaTaMU U PUCKAMHU.

Hanwuue nByx wmim Oosiee TUIIOB THIIEPBU30POB TETEPOTEHHON TUIATPOPMBI BUPTYATH3AIMH HaIaraeT Tpe-
OoBaHUs K (popManm3anyy IPOIEeCCOB pa3MelieHns U Murpaiuu BM. @opmanuzaius mporeccoB pazMeriie-
Hus BM npeamnonaraer pa3paboTKy CTPOTHX aJTOPUTMOB M KPUTEPUEB, OMPEIEIIAIONINX BEIOOD (hH3HIECKOTO
xocTta Juist kaxaoi BM [5]. Otor moaxon obecneyrBaeT Mpeicka3yeMoCTh, MACIITa0UPyeMOCTh U aBTOMATH-
3UPYEMOCTh YIPABJICHUSI TETEPOTeHHOMN TIaThOpMOid. AJITOPUTMBI POPMATTU30BAHHOTO PA3MEIICHHUS YUUThI-
BaroT HabOp TpeOoBaHUH K pa3menieHr0 BM (koiauuecTBO EHTPANIbHBIX IPOLIECCOPOB, 00BEM ONEPaTUBHON
MaMsTH, 00BEM JINCKOBOTO TIPOCTPAHCTBA, MPOIYCKHYIO CIOCOOHOCTh CETH, YHEPronoTpeOIeHue H JIp.), 03-
BOJISIL TEM CaMbIM JIOCTHYh MaKCHMaIbHO 3(pdexTrBHOTO pazmenienuss BM Ha xocTax muiaTopmel.

Ilycts P= { D1 pz} —Habop mnatdopm BUpTyanuzanuu, H = {h{‘, hlz‘, ey h,];} — MHOXECTBO (pu3nye-
CKHMX XOCTOB, KOTOpBIC MPUHAIICKAT IiaThopme k € {1, 2}, V= {vl, Vyy oens vn} — MHOXXecTBO BM, a R=
={CPU, RAM, Disk, ...} — pecypcsi, norpebsembic BM.

Kaxxnas BM v, € V xapakrepusyeTcs BEKTOpoM TpeOOBaHU K pecypcam

’71' :(r'CPU KRAM r'Dlsk’ )

[ | > N1

Kaxaplii xocT h}‘ € H xapaxkTepu3yeTcsi BEKTOPOM JOCTYIHBIX PECYPCOB
7 _ [ fCPU  RAM ,Disk
,fj - (ﬂ > ,fj > ,fj 5+ -)5
a TaK)Ke BEKTOPOM CBOOOHBIX PECYPCOB

- CPU RAM Disk
c—(cj LG, G ,)

BekTop cBOGOIHBIX PECYPCOB C; XOCTa h}‘ B MOMEHT BPEMEHHU ¢ OTpeeIsieTCs KaK
n
&(1)=1-27,
i=1

r1e n — konuuectso BM, pa3menieHHbIX Ha XOCTe hj’.‘ B MOMEHT BPEMEHHU L.
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Mogens pasmenienust BM Ha mutatdopme onpezensercs paaoM yciaoBuil. HeoOXoauMbIM yCIoBHEM pas-
MemeHuss BM sBisiercst Hamnuue CBOOOJHBIX peCypcoB Ha Xocrte. YcioBHe pasmenieHus BM v, Ha xocrte h;‘

B MOMEHT BPEMEHH ¢ OIpeIeNsieTcsi ONHAPHOHN MepeMeHHON xij(t), 3HaueHHE KOTOPOH MPHCBAUBAETCS UCXOAS U3
- - k.
CpaBHEHHsI BEKTOpa n0TpedieHns pecypcoB BM 7 ¢ BekTopoM CBOGOAHBIX PeCypeoB ¢; XocTa A;':

x;(1) =

JlonoTHUTENhbHBIMHA YCIIOBUSIME pa3MenieHns: BM sBisttoTcst o0ecnieueHre 3a1aHHOT0 YPOBHsI 00CTY )KUBaHHUS
u obecrieueHre Tpebyemoro ypoBHs 3amuiieHHocT BM. Jlns obecniedeHns TpeOyeMOoro ypoBHs 3alllUIICH-
Hocth BM MokeT Ha3HadaThes onpeseneHHas miardopma p,. B TakoM ciaydae 3HaueHHE NEpPEMEHHOM xij(t)
TIPUHUMAET BU]T

1, ecom 7 < ¢ (1),
& (1).

0, ecu 7; > & ()

1, ecmu 72 <G (1) A v € py,
(t)vvep,.

x;(1) =

Obecnieuenue 3aJaHHOTO YPOBHS 00CITYKMBaHHS YacTO TPeOyeT OJHOBPEMEHHOTO pazMenieHust Habopa BM
Ha OTHOM (PH3MYECKOM XOCTE B LIEISIX MUHUMH3ALMH MTOTEPb B IPOU3BOIUTEIHLHOCTH U 3a/IepPiKeK B 00padoT-

G
0, ecmu 7, > G

K€ JaHHBbIX. HCO6XOZ[I/IMOCTL COBMCECTHOTO pa3MCIICHUS ITOAMHOXECTBA BM V;n = {Vl, Vo, eeny Vm} N3 MHOXC-

ctBa Bcex BM V Ha omHOM (U3HYECKOM XOCTE h;‘ 1aT()OPMbI BUPTYaJIM3alluK P, B MOMEHT BPEMEHH / OlIpe-
JesIeTCsl OMHAPHOM IMmepeMeHHOM

1, ecm

x,(t) = '

0, ecn

o

=6(1),

1

>

Il
—_

75 (1)
1
IIpenioskeHHass MoeTh 00ECTICYNBACT CHCTEMHBIN TIOAXO0J K PEIICHHIO 3a7adu pasMenieHus BM 3a cuet
BBeJIeHHs (hOpMAIIM30BaHHBIX KPUTEPHEB, OCHOBAHHBIX HA BEKTOPHOM TIPE/ICTABICHUN PECYpPCHBIX TpeOoBa-
HUt BM 1 pecypcHBIX XapakTepHUCTHK (PU3NIECKIX XOCTOB. MOJIesb TI03BOJISIET YUYUTHIBATH HE TOJIBKO arapar-
HbIE OTPAaHUYCHUS, HO U IOTIOTHUTENIbHBIE TPEOOBaHUS — YPOBEHb O0CITYKMBAHHMS, aCTIEKThI HH)OPMAITMHOHHOM
Oe3onacHocTH. BBeieHre OMHAPHBIX IEPEMEHHBIX, OTPAKAIOIINX pazMenieHust BM, ¢popManu3yer J0ruKy mnpu-
HATHA PEIICHUH U CO3/]aeT OCHOBY IS pa3pabOTKM aJTOPUTMOB aBTOMATH3UPOBAHHOTO YIIPABIICHHUS PECYPCaMH.
Dopman30BaHHBIE TIOIXOBI TAFOT BO3MOXXHOCTh PEaTN30BaTh aBTOMATH3UPOBAaHHbIE CHCTEMBI MUTpannu BM
MeX]ly THIIepBU30paMu. MuUrparysi UCTIONb3yeTCs A1l OaTaHCUPOBKH HArpy3KH, TIOBBITICHUs SHEProdhhek-
THUBHOCTH, TEXHUUECKOTO 00CTYKUBaHHS XOCTOB M 00CCIIeUeHHUsT HEMPEPhIBHOCTH MPEIOCTABISIEMBIX CEPBUCOB
NpH BO3HUKHOBeHHH cOoeB. Mcrnonbp3oBanne popMaibHBIX MPABUII TO3BOJISIET MPEAYCMATPUBATE CLICHAPUH
cboeB, obecrieunBasi aBTOMaTu4ecKoe repepacrpe/ielieHle Harpy3Ku, pe3epBUPOBAHNE U COOIIOICHNE 3a/1aH-
HOTO ypoBHSI obcyxuBanus 1yt BM [6].
[lycts ¢ — nuckpeTHOE Bpems, xij(t) — craryc pasMmelnenus BM v, Ha xocte h]’f B MOMEHT BpemeHu ¢, M (t) -

MHOKE€CTBO MUI'PALI B MOMEHT BPEMEHU /.
Murpanus BM onpenensieTcss OWHaApHOM MepeMeHHOH

(t 1, ecau v; nepemellieHa Ha h]].c B MOMEHT BpeMeHU 7 +1,
x;(1)=
0 B MPOTUBHOM Cilyuae.
OrpannyeHue Murpauuu 1 kaxxao BM umeet Bua
‘xl.j(t+1)— xl-j(t)‘ <l1.
Torma nepeMeHHas MUTPALIUU OIPEICISIETCS KakK
my(t)= ‘xij(”l)_ xu(’)‘

OO1miee KOIMYeCcTBO MUTPALIUii 3a1aeTcst POPMYIIOit
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PaccMmoTpum npuMeHeHre Mojiend Murpanud BM Ha npumepe onTUMH3aIiy SHEPTronoTpeOieH s TeTepo-
reHHo# raTdopmbl. ONTUMH3ALKUS TPOLIecca BKIIOYAET yUeT SHEPronoTpeOIeHus] BCEX XOCTOB IIaT(hopMbl
u 3arpar Ha murpanuo BM. Torna MuHuM#3anus oOLKX 3aTpar IPUHUMAET BT

m
min Z P] uj(t)+ kM(t),
j=1
k
rie B, — sHepronorpebnenue xocra f;,

(t 1, ecin xoT1s1 661 omHa BM nepemeliieHa Ha hj,
Uu. =
/ 0 B mMpOTUMBHOM cllyyae,
a A — BecoBOi KO3(UIMEHT MUTPALIUH.

[anee Ha OCHOBE aJITOPUTMOB ONTHUMH3ALUU [7] MOXKHO pacCUMTaTh ONTUMAaJbHOE pazMenieHue BM npu
MHHHUMAJIEHOM KOJIMYECTBE MHUTPAITHH.

dopmanm3aIys nporecca OaTaHCHPOBKH HATPY3KH TE€TEPOTEHHOM IIIaTGOPMBI BUPTYaTH3AIIUN TI03BOJISICT
MpeaycMaTpuBarh ClieHapuu cO0eB, HapyIlIeHuid 1 Kubeparak [8], obecrieunBasi aBToMaTuieckoe rnepepacrpe-
JICJICHUE HATPY3KHU U PE3EPBUPOBAHKE, B XOJI€ KOTOPBIX OCYIIEeCTBIsIeTCs iepeHoc BM ¢ ofHoro husnueckoro
y3J1a Ha Jpyroi 0e3 OCTAHOBKU MPEI0CTABISIEMbIX CEPBUCOB. AJITOPUTM JMHAMUYECKOH OaIaHCUPOBKY MPEJI-
CTaBIISIET COOON 3aMKHYTHIHN IHKII, COCTOSIIHMIA U3 YETHIPEX ATAOB (CM. PHCYHOK).

( Hauaio )

Y

Xoct Xoct

HarpyxeH IIposepka HEIOIPYKEH
3arpyKEHHOCTH

XocTa

Xoct
TeperpyxeH

Bri6op BM
JUISE METPAIUN

Y y

IToaroToBKa LEIeBOro Ha3nauenune xocra
XocTa st MI/IrpaL[I/II/I UCJICBBIM ISl MUT'pAlliN

Brimonaenue MUrpanuu

AJITOpUTM AMHAMUYECKOH OalaHCUPOBKH
Dynamic balancing algorithm

Oman 1: poBepka 3arpy>keHHOCTH XocTa. OCYIIECTBIIETCS MMPOBEPKA 3arpyKEHHOCTH KaXKIOTO XOCTa
reTeporeHHoN TIaTopMbl BUPTyau3auu. [Jis 3TOro BEIYUCIISIECTCS 3arpy3Ka XOCTa 10 3aJJaHHBbIM KPHUTE-
pUsM, TAKMM KakK HCIIOJIb30BaHUE LIEHTPAIBHOIO MpoLeccopa, ONepaTuBHON MaMsITH, JUCKOBOTO MPOCTPaH-
CTBa U JIp.:
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CPU RAMP* Disk!*

J

‘total ? ‘total ? - 1, total > *°"
CPU ; RAM ¥ Disk ]

Loadj = max

[lomumO BbIMHCIIEHHs. METPUK HAarpy3ku Load,;, Iuist KaXI0ro XocTa ONpeiensoTes HOPOroBbIe 3HAYEHHS
METPHK 0,4, 1 Oy

e cciu Load; > 6y, TO XOCT cumuTaeTCsl EperpyKeHHbIM 1 BOSHUKACT HEOOXOAMMOCTb B MUrpaumn BM;
e ccin 6y, < Load; < 6y, TO XOCT HAXOAUTCs B HATPYKEHHOM COCTOSIHUM 1 GaJlaHCHUPOBKa He TpelyeTcs;

e ccam Load; <6
cs1 BM.

Aman 2: Be160p BM g murpanuu. Beimonasercs mouck BM ¢ onTuManbHBIMU KPUTEPUSIMH JJIST MATPaA-
1y, J{Jis 3TOro Ha KaX<JioM IepErpy>keHHOM XOCTE OCYILIECTBIISIETCSI COPTUPOBKAa BM 110 pecypcoeMkocTu:

v, =w,CPU; + w,RAM, + wy Disk +...,

lows> TO XOCT CHMTACTCs HCAOTPY?KCHHBIM U HAa HCTO B ClIydac H€O6XOJII/IMOCTI/I TMEPEHOCAT-

r7e w — BecoBbIe KOA(PUITUEHTHI IS IIEHTPAILHOTO MPOIeccopa, OTIEPATHBHON MaMSITH, TUCKOBOTO IIPO-
CTPAHCTBA.

ITocne BBITTOTHEHUS COPTHUPOBKHU OCYUICCTBIIACTCH BBI60p MHHHUMAJIBHBIX ITOJIMHOXKCCTB V*C V TaKuXx,
4TO mocie ux yaanenus 0, < Load; <0y,

B ycnoBusx reteporenHo# miargopmMbl BUPTYaIn3alii HEOOXOIUMO YUUTHIBATH BO3MOXXHOCTH BPEMEHHON
HEJOCTYITHOCTH XOCTa, BRI3BAHHOMW CETEBOU JAeTpajannei, 0TKa30M TUIIEPBU30PA, TEXHUISCKUM OOCTYKUBa-
HUEM, KHOepaTakoi MM HapyIIIeHHEM IeIOCTHOCTH CPEIbI BHITTOTHEHHUS.

Jnst opManu3auy JaHHOTO COCTOSIHHS BBEJIEM OMHAPHYIO IIEPEMEHHYIO JOCTYITHOCTH XOCTa

(t 1, eczm XOCT /; JOCTYTIEH B MOMEHT BPEMEHH 7,
a. =
0, ecnm xocCT hj HEIOCTYTIEH.

Torz[a MHOKECTBO JOCTYITHBIX XOCTOB B MOMCHT BPCMCHU t OIMpeACIACTCA KaK
av _ _
H™(t)={h;e H|a,(t)=1}.

Oman 3: MOATOTOBKA 1IEJIEBOTO XOCTa JUId MUrpanuu. OcymecTBIsIeTCs: MPOBEpKa JOCTYIHOCTH HEOOXO-
JUMBIX PECYpCOB Al epeHoca BM.

Br160p 11€71€BOT0 X0OCTa JJIs MUTPALIMU BBITTOIHIETCS TOJIBKO CPEeId MHOKECTBA FH av(t). YcnoBue gomycTu-
MocTH pasmenieHus BM v, na xocte hj JIOTIOJIHSIETCSL OTPAaHUYEHUEM JJOCTYITHOCTH

5(0)<a(0).

Ecmu mst BeiOpanHOit BM OTCYTCTBYIOT JTOITyCTHMBIC XOCTBI BO MHOXECTBEe H aV(t), aKTUBUPYETCS MPO-
1enypa OTIIOKEHHON MHUTPALINH:

* BM nomeriaercst B 04epesb OXKUIAHUS Qo

® BEITIOTHAETCS TIOBTOPHAS TTOTIBITKA BRIOOpA Yepe3 MHTepBall Af;

® [IpH MIPEBBIIICHAN TOPOTOBOTO BPEMEHH OKHJIaHUS HHULIMUPYETCS aBapHifHas MUTPAIU Ha PE3EPBHYIO
miatdopmy.

Hns xaxnaoin BM v, € V" BBINOIHSCTCS OLCHKA Habopa MOIXOISAIINX XOCTOB M BRIOMPAETCST XOCT COTIACHO
3aJIaHHBIM KPUTEPHSM IIaT()OPMEI.

[}

ny

T={h]

<7 ——_used
i SC 7) .

=5

Oman 4: BRITIOTHEHNE MUTPAITUH.

INepen Hagamom nmepeHoca MPOBEPSIOTCS:

® JI0CTYIIHOCTb HCXOJIHOTO X0CTa ag(1);

® IOCTYIHOCTb LIEICBOTO X0CTa ayy(7);

e ceTeBast CBA3HOCTb MEXITY HUMH.

Ecnu B nporiecce Murpanuyu 00HapyKUBaeTCs MOTeps JOCTYITHOCTH LIEJICBOTO XOCTA, BBIMOIHIETCS OHA
U3 CIEAYIOIIUX OllepaLuii:

e otkar (rollback) x NCXOMHOMY COCTOSHHIO IIPH UCIIOJIB30BAHUM MEXaHN3Ma IPEABAPUTEIBLHOTO KOHPO-
BaHus (pre-copy);

® IIEPEKIIF0YCHHIE Ha aJIbTePHATHBHBIN XOCT M3 MHOKECTBA JOIYCTUMBIX XOCTOB.
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B ciryuae nonHO# HEJOCTYITHOCTH UCXOTHOTO XOCTa HHUITUUPYETCS POLeTypa aBapuitHOTO BOCCTAHOBIIC-
Hust BM u3 nocrenHeit KOHCUCTEHTHO! Touku (checkpoint), 4To MOXeT ObITh (POPMAaTH30BaHO KaK

v, (7 +1) =restore(v;, backup, ),

rae backup, — nocnenHss KoppekTHas pesepBHas konus BM.
Takum 00pa3zoM, aaropuTM AWHAMUYECCKOM OaJaHCUPOBKM pacIIMpsieTCs A0 OTKa30yCTOMYMBON MOJEIH,
YUUTHIBAIONIECH YaCTHUHBIC H BPEMEHHBIC COOM DJIIEMEHTOB T'eTEPOTreHHON TIIAaT()OpMBI.

I[anee JUIsL Ka)KI[Of/i HallIcCHHOM napbl (Vi, h]) OCYHICCTBJISICTCA IPOBEPKaA CETCBOU JAOCTYIIHOCTH U BBIIOJI-

HSIETCSI MUTPAIINS, KOTOPAs BKIIFOYAET:

® (DOHOBYIO CHHXPOHM3AIUIO NaMATH (KOIHMPOBAHHUE COACPIKUMOTO OIEPATUBHOM MaMsITH Ha HOBBIH XOCT
C MUHUMAJIBHBIM BO3JICHCTBUEM Ha PEAIU3yEMBbIC POIICCCHI);

® KPaTKOBPEMEHHYIO MPUOCTaHOBKY BM, niepeHoc ocTaTouHOM naMaTH U 3aIlyCK Ha HOBOM CEpPBEpE;

© OOHOBIIEHHE CETEBBIX MaPIIPYTOB (COXpaHEHHE CETeBOW MIIeHTUYHOCTH BM npu cMeHe (pu3nyuecKkoro
MECTOIIOJIOKCHHS ).

[Tocrne BbIMONHEHUST MUTPALIMK BBITTOTHSAETCS BO3BpAT K dTamy 1.

3KCHepHMeHTaJ'II)HbIe HCCJICA0BaAHUSA

Llenbro 3KCIEpUMEHTAIBHBIX UCCIICIOBAHUH SBIISUIACH OLIEHKA 3 (EKTUBHOCTH NPEJIOKEHHBIX MaTeMaTHIe-
CKHMX MOJIeJIeH pa3MeLIeH s 1 JUHaMu4Yeckol OanancupoBku BM Ha rereporeHHOH miar¢opMe BUPTyaIu3alum
0 CJIEAYIOIIHUM KPUTEPUSIM:

® YPOBHIO SHEPIONOTPEOICHUS XOCTOB;

® CpellHEN 3arpy3Ke pecypcoB;

® KOJIMYECTBY MUTpALUii;

® YCTOMYMBOCTU K BPEMEHHOI HEOCTYIHOCTH y3JI0B.

Kondurypauusi tecroBoii miarpopmsbl. MozaennpoBaHue IpoOBOAWIOCH JUISl TE€TEPOTEHHOIO KI1acTepa,
BKJTFOYAOIIETO 6 (PM3MYECKUX XOCTOB, 2 THTA TUTIepBU30pOoB (THN A U Tril B) 1 48 BM ¢ pa3nu4HbIME TIpO-
¢unssmu Harpysku. [lapaMeTpbl XO0CTOB MpUBEACHBI B Ta0. 1.

Tabnuua 1
ITapameTpbl X0CTOB
Table 1
Host parameters
[Tapametpst 3HaueHue
CPU 32 vCPU
RAM 128 T6
Disk 4T6
3Hepr(():1$§f;:gneHHe 420 Br

BM 6511 pa3zesneHsl Ha TpH Kiacca.

1. Compute-intensive (BbICOKas Harpy3Ka Ha ICHTPAIBLHBIN IMPOIIECCOP).

2. Memory-intensive (BbICOKO€ TIOTpEeOICHNE OIIEPAaTUBHON TTAMSITH).

3. Mixed workload (cMemiannas Harpyska).

Harpy3ka monenupoBanack Kak TUCKPETHBIH BPEMEHHOMU Mpoliece ¢ marom Az = 5 MUH B TeueHnue 24 d.

CpaBHuBaeMble aJropuTmbl. st oneHkH 3(h(HEKTUBHOCTH NPEATIOKEHHON MOIEIHN CPAaBHUBAINUCH TPH
MoJaX0/1a.

1. Cratnueckoe pa3merenue (baseline) — nepBoHavanbHOE pazMelieHue 0e3 mociaeayroeil 0anaHCHPOBKH.

2. Kimaccuyeckast banancupoBka 0e3 yuera JIOCTYITHOCTH XOCTOB — IepepacrpeielieHHe Mo MOPOroBbIM 3Ha-
YEHUSIM Harpy3KH.

3. [IpemyioxenHas Moaens — opmanu3oBaHHas 0aJaHCUPOBKA C yYETOM JOCTYIMHOCTH XOCTOB M CTOMMOCTH
MUTPALUH, a TAKKE C YIETOM MEXaHM3Ma OTJIOKEHHON M aBapUITHON MUTPaLIUH.

Pe3yabrarhl 3kcniepuMenTa. B X0/e SKCIIEpUMEHTANBHBIX HCCIICAOBAaHUN OBLTH MOTYYCHBI CIICIYIOIIUE
Pe3yNbTaThI.

1. Duepromnorpebienue. JlaHHbIe O cpeTHECY TOYHOM HEPronoTpeOIeHNH KlacTepa NpUBeIeHbI B Ta0II. 2.
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CpeaHecyTo4HOe YHEPronoTpedieHne Kiacrepa

Average daily energy consumption of the cluster

Tabnuma 2

Table 2

Cpennee 3HepromnoTpedieHne

Ionxon 5 cyTim, kBT - N3menenue, %
Cratudeckoe pa3MeleHue 60,5 -
Kiaccuueckast 6amancupoBka 54,2 -10,4
[Ipennoxennast Moienb 49,8 -17,7

CHmXeHHe YHEPTOTOTPEOICHHUS TOCTHTAETC:

® 32 CYCT KOHCOJIUIAITAN HATPy3KH;

® OTKJIIOUCHHUSI HEJTOTPYKEHHBIX XOCTOB;

® MUHUMU3AIUH U30BITOYHBIX MUTPAITUH.

2. KonmuectBo murpanmii. Kak crnemyer u3 tadin. 3, CHIKeHHE KOIWYeCTBA MUTpamuii coctaBuio 36,8 %,
9TO TTOATBepkaaeT 3(HEeKTUBHOCTH BBEACHHOTO MITpadHOTO KodhdumueHTa A B meneBoi GyHKITHH.

Ta6nauna 3
CpennecyTouHoe KOJHYECTBO MUTPALUIi
Table 3
Average daily number of migrations
IMomxox CpenHee 4nCIIO MUTpaLUi
B CyTKH
Knaccuueckas 6anaHCHpOBKA 38
IIpennoxxeHHast MOIETH 24

3. banancupoBka Harpy3ku. J[aHHBIE O CpeTHEKBAPAaTHIHOM OTKIOHEHNHW 3arpy3KH IEHTPAIBHOTO MPO-
1eccopa 1o XocTaM MpHUBEeHBI B Ta0I. 4.

Tabnuma 4

CpenHeKBapaTHYHOE OTKJIOHEHHE
3arpy3KH HEHTPAILHOTO MPOIEeccopa Mo X0CTaMm

Table 4

Root mean square deviation of CPU load across hosts

[Monxon o(CPU), %
Cratudeckoe pa3MenieHue 18,4
Knaccnueckas 6amaHCHpOBKa 9,7
[Ipennoxkennas Mmoaenb 7,2

W3 tabmn. 4 BUAHO, YTO NpeIoKEHHAs: MOZENb o0ecrieunBaeT 0oliee paBHOMEPHOE paclpe/ielieHue Harpy3KH.

4. O6paboTKa BpeMEHHOM HEOCTYITHOCTH X0CTa. B sKcIiepuMeHTe MOAEINpPOBAIOCh BPEMEHHOE OTKIIIOUCHHE
OIIHOTO X0cTa Ha uHTepBaje 2 4. [lomyudeHsl cienyronye pe3yabTaThl:

® B KJIaCCHUECKOH Mozenn Habmoganack moreps 3 BM 10 BoccTaHOBICHUS y371a;

e B IpeUIOKeHHOM Mozenu 2 BM Obiin aBToMarnuecku nepenecessl, a | BM BoccTanoBnena u3 nocies-
HEll KOHCUCTEHTHOM TOUYKH, IIPU 3TOM BpeMs Ierpafallii CEpBHCca COKpaTHiIoch Ha 41 %.

Takum 00pa3om, pacIIupeHHe alrOpUTMA TUHAMUYECKON OalaHCUPOBKU MEXaHU3MaMHU KOHTPOJIS JOCTYII-
HOCTH CYIECTBEHHO TOBBILIAET YCTOHUUBOCTD IIIaT(OPMBI.

[IpoBeneHHbIC SKCTIEPUMEHTBI [TOKA3aJIi, YTO MPEATIOKEeHHAs: (OpMaIn30BaHHAs MOJIEJIb 00ECIICUNBACT:

e cHIDKEeHUE sHepronorpednenus Ha 17-18 %;

® yMEHbBILICHNUE KOJIMUECTBA MUTpannii 0ojee 4eM Ha TPETh;

e OoJiee paBHOMEPHYIO 3arpy3Ky PecypcoB;

® [IOBBIIIEHHE YCTOMYMBOCTH K BPEMEHHOM HEAOCTYITHOCTH Y3JI0B.

Haubonpmmii 3gdexr gocturaercst B CLHEHAPUIX NEPEMEHHOM HArpy3KH M NPU HAJIMYUHM Pa3HOPOAHBIX
npodureir BM.
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3aKjaoueHune

B ycnoBusx ctpeMuTenbHOM I pOBU3aNINHT, POCTa KOJTHMYeCTBA pabounx Harpy30k u ycmoxaerws UT-apxu-
TEKTYp MPUMEHEHNE TETePOTeHHBIX TTaT(GOPM MO3BOJISAET THOKO aAaTHPOBATHCS K COBPEMEHHBIM TPEOOBAHUSM,
CHIKATh OTIEpalMOHHBIE PUCKH, ONITUMHU3HPOBATH 3aTPATHI M TOBHIIIATH YPOBEHB 3AIUIIEHHOCTH aKTHBOB. Dopma-
JU3aIus mporieccoB pasmenieHuss BM, BHenpenne 3¢ GeKTHBHBIX MEXaHM3MOB MUTPAITUH 1 OaTaHCUPOBKH Ha-
Tpy3KH, KOMIUIEKCHOE obeciiedeHne 0e301acHOCTH SIBIISIOTCS KPUTHYECKH BAYKHBIMH aCTIEKTaMH TIOCTPOCHUS
HA/ICXKHBIX U YIIPABIISIEMBIX BUPTYATN3NPOBAHHBIX HHPPACTPYKTYyp. B ycroBusx mocrosnHoro pocra uncia BM
1 YCIIO)KHEHUS aTaKyIOIINX METOJ0B TOJIBKO CHCTEMHBIN M (DOPMAaTM30BaHHBIIN MTOIXOI MOXKET 00E€CTICUNTh
YCTOMYHUBOCTE M 3PPEKTUBHOCTH HH(POPMAIIMOHHBIX CHCTEM, pa3MEIICHHBIX Ha TETEPOTEHHBIX TIaT(opmax.

bubnauorpaduyeckne cCblIKU

1. Kounn BII, IlannioB AB. KomiutekcHast cuctema 3amutsl nHGopManun obnadHbx pecypcoB. B: Hayuno-nccnenoBarensckuit
WHCTUTYT TEXHUYCCKOH 3amuThl HHPpopManuu. Kovniexchas sawuma ungopmayuu. Mamepuanvt XXVI nayyno-npakmuueckoii KoH-
Gepenyuu; 25-27 maa 2021 2.; Munck, benapyce. Munck: Baagumup Cuuukos; 2021. c. 332-334.

2. Kounn BII. Mogenb Cl10XXHBIX MHTETPUPOBAHHBIX cucteM. JKypran Benopycckozo eocydapcmeennozo ynusepcumema. Mame-
mamuxa. Ungpopmamuxa. 2024;1:71-78. EDN: NANGXU.

3. Kochyn VP, Zherelo AV. Designing a secure fail-safe cloud repository of paperworks of students and employees of educational
institutions. Journal of the Belarusian State University. Mathematics and Informatics. 2021;3:104—108. DOI: 10.33581/2520-6508-2021-
3-104-108.

4. Kouun BII, HlantoB AB. I'ubpunublii pesxiumM GyHKIMOHUpoBaHUs obnadnbix miatrdopm. B: Pomanos OA, penaxrop. Hugpop-
MAYUOHHO-KOMMYHUKAYUOHHbLE MEXHOL02uU. docmudicenust, npoonemsl, unnosayuu (MKT-2022). Céopnuk cmameii I Mesicdynapoo-
Holl HayuHo-npakmuueckou koHgepenyuu, 30-31 mapma 2022 e.; Ilonoyx, benapycwy. HoBomomouk: [Tomomkuii rocynapcTBeHHBII
yauBepcuteT umenn EBppocunnu [Momorkoit; 2022. ¢. 189-193.

5. ConosbeB BII, Yronuenko AO. MeTox miIaHUpOBaHMS pa3MEIIEHHs TPYIIbl BUPTYAIbHBIX MAIIUH C IepepacrpeneieHHeM
pecypcoB. [Ipoepammuvie npodykmul u cucmemwi. 2012;1:134—-138.

6. AnexcankoB CM. Mozenb IMHAMHYECKOH MHIpAllMU BUPTYalbHBIX MAIIUH C THOPUIHBIM MOAXOAOM. Hayuno-mexnuueckuil
6ECTHUK UHDOPMAYUOHHBIX mexHono2ull, mexanuxu u onmuxu. 2017;17(4):725-732. DOI: 10.17586/2226-1494-2017-17-4-725-732.

7. Bacunsena FOO, Kocrenko BA, Uynaxun AA. BrustHUE MOTUTHK pa3MEIIeHHs BUPTYaIbHBIX MAIIWH HA 3()()EKTUBHOCTD UCTIONb-
30BaHMs PECYPCOB LIEHTPOB 00pabOTKM JaHHBIX. M36ecmus Poccuiickoil akademuu nayx. Teopus u cucmemut ynpagnenus. 2020;3:95-100.
DOI: 10.31857/50002338820030166.

8. Bopoxmuos AC, Tyroa HB, TyroB AB. /lnHamMmudeckoe pacnpe/ielicHie BEIYUCIUTEIEHBIX PECYPCOB IEHTPOB 00paObOTKH TaHHBIX.
T-Comm. Tenexommynurxayuu u mpancnopm. 2016;10(7):47-51. EDN: WINJQL.

Honyuena 26.05.2025 / ucnpaenena 08.03.2026 / npunsma 09.06.2026.
Received 26.05.2025 / revised 08.03.2026 / accepted 09.06.2026.

130



Teopernueckue 0CHOBbI HH(POPMATUKH
Theoretical Foundations of Computer Science

VIIK 003.26:004.056.55

CTETAHOTPAOUYECKAS CTOI‘/'IKO“CTI)
PACTPUPOBAHHBIX TEKCTOB-KOHTEMHEPOB
K CTATUCTUYECKUM ATAKAM

II. I1. YPEAHOBHY " >, M. I. CABEJIBEBA", H. II. LIYTHKO"

YBenopycckuii 2ocydapemeennviii mexronozuyeckuti ynusepcumen,
ya. Ceeponosa, 13a, 220006, 2. Munck, Berapyco

2 Tio6nuncruti kamonuueckui yuueepcumem um. Hoanna Ilasna 11,
an. Paynasuyxe, 14, 20-950, 2. Jhrobnun, Ionvwa

Annomayun. AHaTN3UPYETCs CTOMKOCTh PACTPUPOBAHHBIX TEKCTOB-CTETOKOHTEHHEPOB € Pa3MEIICHHOH B HUX CKPBITOM
nH(popManneil K OCHOBHBIM BUIaM CTaTHCTHIECKHX aTak (3P PEKTUBHOCTD CTErOaHam3a). YKazaHHOE pa3MeIeHIe TIpo-
U3BOJUTCS IyTeM cTeraHorpaduyeckoil Moau(pUKAIMU OTYTOHOBBIX OTTEHKOB OTIEIBHBIX MUKCENCH, (OPMHUPYIOINX
CHMBOJIBI TEKCTA. AHAJIN3 BHITOIHSIETCS C IIOMOIIBIO U3BCCTHBIX U CIICHMAJIBHO pa3pa60TaHH1)1x IMPpOTrpaMMHBIX CPEACTB,
B KOTOPBIX Pean30BaHbl HEKOTOPbIE IMPOKO U3BECTHBIE, a TAKIKE ITPE/IOKEHHbIE paHee aBTOPAMH JJAHHOM CTaThU METO/IbI
MIPSIMOTO ¥ 00PaTHOIO CTeraHoOrpauuecKoro Mpeodpa3oBaHus pacTPUPOBAHHBIX TEKCTOBBIX JTOKYMEHTOB-KOHTCHHEPOB
Ha ocHoBe Mozienn RGB 1 Ha ocHOBe MOxM(UKAIMK TTOTYTOHOBBIX OTTEHKOB. [l CpPaBHUTEIIFHOIN OLICHKH M aHAJIN3a
CTETOCTOMKOCTH K aTaKaM Pa3JIMYHbIC THIIBI TEKCTOBBIX CTETOKOHTEHHEPOB IOABEPTAOTCS IPOBEPKE MOCPEACTBOM TaKHUX
Han0oJIee U3BECTHBIX METOJOB CTATHCTHYECKOIO CTEr0aHaIN3a, KaK aTaka y-KBaJpar, peryIapHO-CHHTYISPHBINA aHAIIH3,
araxa 1o o0pasiam map. YCTaHaBIUBACTCS, YTO BCE EPEUUCICHHbIE METO/IbI PEaIN3aLI1 aTaK Ha PACTPUPOBAHHBIE TEKC-
TOBBIE CTETOKOHTEHHEPHI (PacTPOBBIE TEKCTOBBIE M300pakeHus) B popmare PNG natoT cpaBHUTENBHO (10 OTHOIIEHHIO
K pacTpoBBIM KapTHHKaM B TOM ke (popmaTe) BHICOKHI YPOBEHbD «JIOKHOW TPEBOTM»: MOKA3bIBAIOT HAINYNE BIOKCHHON
MHPOPMALUK B UCXOIHOM (ITycToM) JoKyMeHTe. CaMylo OOJBIIYI0 IOTPEIIHOCTh JIaeT METO]] «aTaka y-KBaapar». JlBa
JPYTUX METOZa CTEroaHalli3a XapaKTepH3y0TCsl IPIMEPHO OANHAKOBOH TOYHOCTHIO. Pa3paboTaHHbIe HHCTPYMCHTAIBHBIE
CpEICTBa Pealn3aliy aTak Ha CTerOKOHTEHHEPHI MO3BOJISIOT PEIaTh Pl NPAaKTHYECKUX 3a/1ad, CBA3aHHBIX C aHAIU30M,
BBISIBJICHUEM U OIICHKOW O€30IMaCHOCTH CKpPBITOW MH()OpPMALMK B paCTPOBBIX M300pakeHusiX. [lyTeM monennpoBaHus
pa3nUHBIX aTak (BU3yaJbHBIX, CTATUCTUYECKUX, aTaK C M3BECTHBIM HCXOAHBIM N300paKEHHEM U CTETOKIIIOUYaMU) MOKHO
BBISIBJISITH CIa0ble MECTa CO3/1aHHbBIX CTEraHOTPa()UUECKUX aJITOPUTMOB.

Knrouegvle cnosa: creranorpadus; creraHorpadMuecKiil aHaIn3; aTaka; pacTPUPOBAHUE; MOTYTOHOBBIE OTTEHKH;
cTeraHorpaguyueckasi CTOMKOCTb; IPOTPaMMHBIE CPECTBA.
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Bnazooaprnocmos. ViccnenoBanne BBIIOTHEHO TpU (UHAHCOBOI moaaepkke [IpaBurenscTtBa PecnyOnuku bemapych
B paMKax Hay4YHO-HCCJIEI0BaTEILCKOTO MPoeKTa « MeTo/Ibl, allrOPUTMBI M IIPOrPaMMHOE 00ecredeHue Uil pa3sMeNeHUs
HEBUIMMOH MACHTH()NKAIMOHHON MH(OPMAINH B IEKTPOHHBIX KapTaX W TEKCTOBBIX JIOKYMEHTaX Ha OCHOBE CTETaHO-
rpaduu 1 U30BITOYHOTO KOJMPOBAHUSY.
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Abstract. The resistance of rasterised text stego-containers with hidden information placed in them to the main types
of statistical attacks (steganalysis efficiency) is analysed. This embedding is performed by steganographic modification of
halftone shades of individual pixels that form text symbols. The analysis is carried out using well-known and specially deve-
loped copyright software, which implements some well-known, as well as previously proposed by the authors of this article
methods of direct and reverse steganographic transformation of rasterised text documents-containers based on the RGB
model and on the basis of modification of halftone shades. For comparative assessment and analysis of steganographic
resistance to attacks, various types of text stego-containers are tested using most well-known statistical steganalysis me-
thods, such as y-square attack, regular singular analysis, sample pair attack. It is established that all the listed methods for
implementing attacks on rasterised text stego-containers (rasterised text images) in PNG format give a relatively (in relation
to rasterised images in the same format) high level of «false alarm»: they show the presence of embedded information in the
original (empty) document. The most painful error is given by the x-square attack. The other two steganalysis methods
have approximately the same accuracy. The developed tools for implementing attacks on stego-containers allow solving
a range of practical problems related to the analysis, identification and assessment of the security of hidden information
in raster images. By simulating various attacks (visual, statistical, attacks with a known source image and stego-keys), it is
possible to identify the weaknesses of the created steganographic algorithms.

Keywords: steganography; steganographic analysis; attack; rasterisation; halftone shades; steganographic resistance;
software.
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Introduction

As is well known, the security of information systems and processes in cyberspace encompasses a set of legal
norms governing liability for unlawful actions in the information sphere, methods and means for preventing,
detecting and stopping unauthorised access to information resources or their use for various purposes [1]. An ef-
fective means of protecting electronic documents from illegitimate transactions is the use of steganographic
hidden data transfer or storage channels [2—6]. However, the covert channels (stego-channels) may be used for
criminal purposes [7—8].

The peculiarity of a covert channel consists in hiding the fact that a message (M) is transmitted or stored
by placing it in another information (container or carrier, C). In essence, container C with secret data M con-
tained within it creates a stego-channel or stego-container (). At the same time, as in cryptographic systems,
to implement direct steganographic transformation (creation of §) and the corresponding inverse transformation
(extraction of M from §) it is necessary to generate and use the corresponding stego-key (K). This compo-
nent of the stego-system depends on the type of container selected, the type of data placed in it, the methods

of direct (F) and reverse (F™") stego-transmission, selection of elements or parameters of the container, which
will be modified at transmission F and will be analysed at transmission F . Therefore, the key is usually
multi-component [9]: K = {Ki}, i= [2, n]; n can in practice take a value not exceeding 10 (if additional types
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of transformations of M before executing F are considered as part of the key; for example, interference-resistant
encoding, encryption, compression, etc. [10—12]).

Formally, F and F ! transformations for specific M, C and K usually appear as Cartesian products:
F: S« MxCxK, (1)

F™': (M, C)« SxK. )

The relative simplicity of expressions (1) and (2) does not mean that the practical implementation of the
respective operations is trivial. Moreover, the conversion effort (2) for a third party (illegitimate user or ste-
ganalyst) must be as high as possible. The degree of this workmanship determines one of the main characte-
ristics of each particular stego-system: resistance to attacks or stego-resistance. By concreteness the following
is meant:

1. Data types that make up the basis (format) of file-container C: images (monochrome images should
be separated into a separate subclass), text documents, audio, video and network protocols.

2. Methods and algorithms for embedding M in C. These can be divided into three classes:

1) a class of methods in which embedding is carried out by modifying the spatial domain of a container
(spatial domain class). The approach covers many methods, including:

e simple modification of the least significant bit of pixel codes by least significant bit (LSB) method and its
variations, histogram analysis methods and many others [13; 14];

e modification of the spatial and geometric parameters of text-containers C (created from MS Word processor)
or individual groups of text characters [2; 15];

e monochrome image modification: grey level modification (GLM) methods based on the variation of grey
shadow levels in images with grey gradations (the image is converted to reduce the range of binary pixel encoding
values, e. g., from 0-255 to 0—15 or 0—17 (possibly used in combination with LSB methods)); methods based
on using the mean value between two neighbouring pixel codes in the image (mid position value, MPV) (com-
pared to GLM can also be applied to individual colour channels (e. g., R — G — B)); methods based on the varia-
tion of the difference between the brightness values of neighbouring pixels with sharper differences in intensity
(pixel value difference, PVD) [16—18];

2) a class of methods based on the insertion of M into conversion factors (or frequency components) of ima-
ge C (transform domain class). Discrete cosine transform (DCT) and discrete wavelet transform (DWT) are
commonly used as transformations [13; 19; 20]. LSB-embedding can be used directly in DCT or DWT ratios,
which combines the simplicity of LSB with the robustness of the transformed methods;

3) a class of adaptive domain methods [21], also known as masking techniques. These methods are based
on using dynamic pixel selection to integrate data and assess the permissible bits that can be hidden within
an object-carrier. The basis for implementation of methods is artificial intelligence technologies [22].

When planning our research (focusing primarily on rasterised text), we proceeded from well-known pos-
tulates: the initial histogram of pixel colour coordinate distribution (from 0 to 255) of a «clean» image is cha-
racterised by smoothness with soft transitions and natural noise; the possibility of detecting an embedded
message based on the LSB modification of pixel codes is masked by natural noise or gradients; the false
alarm probability (establishing the fact of embedding when it is absent) is determined by the presence of
monotonous areas in the image (clear sky, green grass, etc.) or by the features of computer graphics. At the
same time, the distribution histograms for rasterised text are close to binary or oligochromatic (black letters
and a white background). The emergence of «dirty» phantom pixels around or inside the letters and against the
background, associated with steganography, becomes obvious. In this regard, it is logical to assume that
the probability of false alarms for text stego-containers must be significantly higher than that for image stego-
containers (hypothesis).

The main objective of our research is the investigation and analysis of the stego-resistance of several types
of strained document stego-containers of the text type, whose stego-transformation methods we have previously
proposed [17; 18] in comparison with other methods, which belong to the spatial domain and transform domain
classes.

Materials and research methods

Brief description of the investigated methods of raster graph and developed applications for their
implementation. Raster text is essential for maintaining an accurate visual representation of content without
editing it. This is especially important for official documents, certificates and contracts. The format provides
a cross-platform compatibility, ensuring an identical display on any device and in any application, regardless
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of the installed settings or software version. It is essential for digitising archival materials and paper docu-
ments, preserving the original look of the text after scanning. The format is also effective for protection against
automatic copying, as text in the form of an image complicates the work of parsers and bots. In graphic design,
raster text is easily integrated into various layouts, banners and promotional materials. Many organisations
require documents to be provided in exactly the same form, especially when it comes to scanned signatures
or legally significant copies. In addition, raster images serve as the source material for text recognition.

As basic objects of the study, two types of electronic files in above-mentioned PNG format were chosen:
web-documents, in which a stego-conversion based on raster graphics and RGB model (method 1) is made [17],
and documents based on half-tone modification (method 2) [18].

It is worth noting that the PNG format is characterised (in comparison, by default, with JPG, TIFF, BMP
formats) by a higher resistance to digital noise and a good balance between the size of the stego-container and
the preservation of embedded data. For example, the letter «a» (11 size) is shown in fig. 1 in a larger scale
in PNG and JPG formats. At high compression quality (see fig. 1, b) the noise level is still weak, while at low
compression quality (see fig. 1, ¢) image noise is evident.

As usual, in a two-dimensional raster a given pixel corresponds to the coordinates x, y (x € [1, X ], ye [1, Y ]);

X and Y are the dimensions of the image (one-solution) horizontally and vertically, respectively.

a b c

Fig. 1. Enlarged images of the rasterised letter «a»:
a — document element in PNG format; b — document element in JPG format with low compression;
¢ — document element in JPG format with high compression

To implement M into C (text elements of web-pages based on raster graphics and RGB model; conditional-
ly — method 1 [17]) you must select a pixel array (Z) for which the coordinates of one or two colour channels
match. In images with a large number of half-tons, monochromatic or black and white images it is advisable
to select the pixels in which the implementation will take place using two colour channels.

The principles for forming array Z, selection of colour channels, whose codes can be modified, when im-

plementing a secret message M, constitute the elements of the stego-key K. Formally K = (Kg, K p). Here K,
are keys to generating the message M in binary form (M , M ) taking into account possible preprocessing

methods (encryption, compression, interference-stable encoding); K, are keys that set M, integration or ex-
traction algorithm.

An important feature of stego-conversion by the method described in paper [18] (method 2) is to determine
and use keys from a set of K ;: K, = (Kpl, K, K, Ky
in the individual pixel encoding colour model used; K, is related to the base pixel or some of its parameters
(e. g.,xand y); Ky determines the order of pixel conversion or shift, when they are selected to insert the message
M, symbol, meaning a shift in focus for steganographic transformation from the base pixel to the removed pixel
(Ax, Ay) from the base; K, sets the pixel colour change limits when information is embedded. The pixels that
will enter Z array must be characterised by equal K, and K ,,. The high degree of randomness in the selection
of Z array elements for stego-conversion is intended to ensure a high level of resistance of the container to attacks.

For the implementation of the described steganographic methods (insertion or extraction of M and statisti-
cal processing of a ), a specialised application (StegZool; it is registered in the State Register of Information
Resources of the Republic of Belarus under No. 1202544521) based on the Python programming language with
using Kivy framework and Pillow libraries for image processing.

). Here K | determines the selected colour channel
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To implement the information embedding process according to expression (1) based on the above-described
methods LSB, GLM, MPV, PVD, DCT and DWT a console application is developed (in Python, working
name — CryptoPolygraphy), which can also perform certain types of attacks on the stego-container with ana-
lysis of the results.

Basic settings of the stego-methods under analysis are as follows:

e LSB: colour order — grayscale (8-bit); depth and order of bit embedding — 1 bit/pixel, random; scanning
order — row-by-row, left-to-right;

e GLM: colour — grayscale (8-bit); grouping — pair of pixels (2 in a row); capacity — ~1 bit/pixel (but with
grouping by 2); random change direction (+1/-1);

e MPV: colour — grayscale (BGR — GRAY conversion); block size — 2 x 2 pixels; used pixels — 3 (lower
right is passed); modification — %1 to pixel value; scan order in block — (0, 0) — (0, 1) — (1, 0) — pass (1, 1);

e PVD: block size — 2 x 2; pairs used — horizontal (p,—p,) and vertical (p,—p5); reference pixel p, not changed;
horizontal pair handled first;

e DCT: embedding message bits into smaller bits of DCT image coefficients after discrete cosine transfor-
mation; block size — 8 x 8 pixels; channel — red (index 0);

e DWT: direct additive embedding into DWT coefficients with a fixed step; method changes the coefficients
without considering their significance; Haar wavelet; decomposition level — 1.

Extraction of hidden information, steganalysis and attacks on stego-systems. In general, operations
on stego-containers S of any format can be performed by legitimate users (according to expression (2)) or
by a third party. In the first case, this user may be the creator (author) of object S (for proof of copyright on do-
cument C) or another person to whom the information M transmitted by covert channel is intended. In the se-
cond case, such users may be subjects, performing steganalysis operations or organising an attack on the stego-
system.

Technically, several different objectives are pursued in the analysis of attacks and their implementation.
The steganalyst tries to detect the presence of hidden data (detection), determine the type of embedding method
used and in some cases decrypt hidden content. Similar tasks are also relevant to the above-mentioned field
of digital forensics. The main objectives of the attacks are to compromise the stego-system, to carry out de-
structive actions and to obtain accurate data on individual (or all) components of the stego-system: M, C and K.
However, the general scheme of third-party actions in both cases is practically identical.

Types of attacks on stego-systems. The following types of attacks [23] can be identified (by analogy with
attacks on cryptographic systems) depending on the available input information:

e zero-knowledge attack (an attack without assumptions) is the most difficult and time-consuming situation
for an attack source (denoted by /), as the stego-container still needs to be detected;

e stego only attack (an attack on a known cover image S or a variant of an attack with partial knowledge) when
1 knows that this object contains the message M; most common case;

e known cover attack (an attack on a known carrier C) when / knows a container; here compared to the
previous case the problem may be complicated by the fact that the same stego-image can have different cha-
racteristics on different display devices;

e known cover and stego attack (S and C are known) when for message extraction available online stegana-
lysis tools or specialised utilities can be used;

e known message attack (M is known) when a message is known to / and can be used for operations with
the stego-object S. This seemingly trivial situation allows one to verify whether the specific message is indeed
contained within the stego-object, which also helps in detecting forgeries or confirming authenticity. Know-
ledge of M and S helps to understand the implementation algorithm, which can lead to compromise of keys
or implemented strainer methods, which in turn can be used (including the tasks of steganalysis) to train
systems for the automatic detection of hidden information (including artificial intelligence based) or to test
their effectiveness;

e chosen stego attack when a stego-object and stego-algorithms are available for analysis. / chooses or ob-
tains access to a specific stego-object S in which M is assumed to be embedded. This type of attack is often
used to assess the system’s resistance by means of verification, how easily a message can be detected or retrie-
ved from specific media;

e chosen message attack when a normal message is selected and transformed into a stego-message for further
analysis. The result can be used to develop methods for detection or extraction of M from C;

e known stego attack when S, C and implementation stego-algorithm for embedding M in C are available
for analysis. This allows an attacker to analyse the differences between some S; and S;:

S; < M;xCxK', S; < M;xCxK'
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with M; # M and some stego-keys K " (K' may be a partial or complete match to K). The presence of a specific

stego-object allows for more precise and powerful analysis methods to extract M, as well as to assess the vul-
nerabilities of the steganographic system in which the possibly known intruder stego-method is used.

This brief analysis indeed confirms the commonality of approaches in methods of implementing attacks
on stego-systems and steganalysis.

Methods and means of steganalysis. Keeping in mind the purpose of our research, we will briefly describe
the main methods and techniques for steganalysis of images and identify which of them will be used in our
research. The vast majority of published research findings in steganography and steganalysis are related to ima-
ges (e. g., sources [14; 15; 18-32]). It is important to note the specifics of rasterised text images compared
to rasterised picture images. The first are characterised by high-contrast boundaries (text background); a clear
reproduction of the outlines is required, and the pixels should not form «blurred» transitions. The second have
more complex colour transitions; in this case, a more precise pixel grading is required.

The constantly expanding set of methods for analysing stego-objects can be divided into the following
classes [21-32], corresponding to the above-mentioned classes of generating stego-containers:

o statistical methods based on the identification of anomalies in the statistical properties of an image, ana-
lysing histograms of brightness, distribution of colour channels and correlations between neighbouring pixels
and pairs of colour channels (e. g., R — G, R — B, G — B); deviations from expected statistical characteristics
(unusual patterns) may indicate that data are embedded;

e methods of frequency characteristic analysis based on the analysis of the frequency characteristics of a con-
tainer using Fourier transform, DCT, wavelet transform, etc.;

o artificial intelligence based methods and algorithms (including machine learning, deep learning, peer-to-peer
neural networks and genetic algorithms) which have been widely used recently in steganography studies.
Modern neural network methods in steganography often utilise statistical features as a part of their input data
for training. However, these methods are capable of detecting complex non-linear patterns that are difficult
to identify using traditional statistical steganalysis techniques (analysis of this phenomenon was not within the
scope of this paper).

Statistical methods and attack tools. Since the main objects of our study are text files-containers in which
spatial parameters are exposed when embedding modification information [17; 18], it is advisable to limit our-
selves to the most well-known methods of statistical steganalysis: y-square attack, regular singular analysis
(RSA or often just RS), sample pairs attack (SPA).

The method of y-square attack was proposed by A. Westfeld and A. Pfitzmann [23]. The attack is based
on statistical analysis of deviations in the distribution of pixel colour code bit values of an image from the
expected even distribution. To compare the observed frequency of different code combinations in a selected
plane with the theoretically expected frequency, the Pearson criterion y is used. Results of using the method
to analyse images (pictures) [14; 23; 27; 29] show that the effectiveness of the attack decreases if the bits of
M are randomly embedded into the array of pixels making up C, based on the LSB. This type of attack is not
only used for LSB steganography [14]. The results of the analysis of container resistance in the form of strained
texts to y-square attacks by the authors of this article are not known.

The idea of RS-attack was proposed by J. Fridrich, M. Goljan and R. Du [33] to detect LSB-embeddings
in half-tone images. The method uses groups of 4 pixels (blocks 2 x 2). For each group, a special flipping
procedure is applied whereby each group falls into one of three types: regular, singular and unused. The RS-
attack algorithm is based on the assumption that the number of regular and singular pixel groups in the original
image and in the image after the use of flipping should be approximately equal. If the number of such groups
changes significantly during the process of flipping, it means that the image being studied is a filled container.
In articles [14; 29] it is argued that RS-attack is more effective compared to y-square attack on stego-images
with LSB-embeddings. There is no such data in the transmission of processed text-containers.

The method of SPA proposed by S. Dumitrescu, X. Wu and Z. Wang [24] and based on the analysis of pi-
xel pairs of the image. It is most effective at detecting LSB-embeddings. The attack is based on a probabilistic
model that takes into account the expected distribution of pair relationships in the original image and the cal-
culated degree of deviation of the actual distribution from the theoretical one.

The SPA and RS methods are based on the same hypothesis and are almost similar.

All types of attacks discussed in this section are implemented using the CryptoPolygraphy application
we created and above-mentioned. And the attack algorithm x-square is implemented by us, and the codes
of RS and SPA algorithms are integrated into CryptoPolygraphy from the source GitHub'. Figure 2 shows
one of the application windows with the results of all the listed attacks.

'StegMachine // GitHub : website. URL: https://github.com/Panda-Lewandowski/StegMachine (date of access: 09.07.2025).

136



Teopernueckne 0CHOBbI HHPOPMATUKHU
Theoretical Foundations of Computer Science

CryptoPolygraphy (2)\CryptoPolygraphy\img\.src\1.png"

7] Calculating rs esti
17] It will take a

RS estimate for C:\Users\Use p\CryptoPolygraphy

Calculating spa beta for C H User\Desktop\Crypto
5] SPA estimate for C:\Users\Use sktop\CryptoPolygrap

y (2)\CryptoPolyg
yptoPolygraphy\im

-- Applying attack: chi ---
(Chi-Square):|27.81%

Steganographic Capac

-- Applying attack:
Correlation map mean:
Correlation map

Processing complete.

Fig. 2. Dialog window of the CryptoPolygraphy application,
displaying the results of attacks on one of the stego-containers

Experimental results

Single-page (A4 format) rasterised texts, which are part of articles, were used as containers: C, is the article
start page [17]; C, is the article second page [34]; C;_, is the article start page [18] copied from the journal web-
site in which this article is published; C; _, is the same page as in the previous case, but borrowed from the final
version of the article [18] that the authors received from the journal editorial board by e-mail; C; _5 is the same
page as in the last two cases, but being part of the author’s version of the article (after last edit). The original
format of all these documents is PDF. Adobe Photoshop CC 2017.1.1 was used to convert them to a PNG file.
Additionally, for comparative assessment (relative to the mentioned text images), a graphic-type file-contai-
ner — a well-known Baboon image (C,) — was subjected to analysis.

The total volume (number of pixels forming the image) of containers (N = X xY) for C, is 7 292 357, for C,
is 6 795 705, for C;_, is 6 761 014, for C;_, is 6 754 748, for C;_;1is 6 761 014, for C, is 6 760 000.

Using the above-described CryptoPolygraphy application, attacks were carried out on each of the specified
containers, which did not contain any secret message. The steganalysis we performed can be attributed (with
known conditions) to one of the types of above-described attacks: zero-knowledge attack, stego only attack
or partial knowledge attack, known cover attack.

In each case, the steganalyser detected the presence of M while setting a certain number of pixels (P,) that
had allegedly undergone steganographic modification. These cases are known as «false alarm». Table 1 shows
the results of this part of the experiment.

Table 1
Results of attacks on «empty» containers
Conditional size of the message «detected» as a result of the attack
Container RS-attack SPA %x-Square attack

R % P % R %

C, 180 121 2.47 229709 3.15 2 028 004 27.81
C, 310 564 4.57 349 299 5.14 2 820 897 41.51
G, 219 057 3.24 229 198 3.39 2 728 745 40.36
G, 328 281 4.86 313 420 4.64 2700 548 39.98
Cs_;4 219 057 3.24 229 198 3.39 2 728 745 40.36
C, 153 234 2.27 94 777 1.40 6017752 89.02

Metrics in the last table column (% =27.81 %j and the corresponding numerical values in fig. 2 (last row;

obtained from scipy.stats library in Python) are usually expressed as the degree of deviation from the pure,
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non-distorted text or as a percentage (as in our case) deviation from the reference sample. Typically, if the result
is close to 0 %, the image is considered steganographically «clean» (or contains no visible signs of hidden in-
formation). In turn, the same type of attack on stego-text and stego-image (C,) results in a significantly higher
error rate in the second case. However, it has been confirmed that RS-attack and SPA lead to approximately
the same result.

Next, 4 binary messages of different length were implemented in each container (the second row of the table
header), that is conversion F' (1) was executed. The relative steganographic capacity calculated for each case
(AC —ratio of length M in bits to N) is given in table 2.

Table 2
Relative steganographic capacity of stego-containers
Container AC, bitpixel
1 2 3 4
C, 6.86- 107" 2.06-107 137-107 1.37
G 736107 222-107 1.47-107 1.47
Gy 7.35-10" 222-10° 1.48-107 1.48
G, 7.40- 107" 222-107 1.48-107 1.48
G 7.35-107" 222-107 1.48-107 1.48
G 7.39-10" 222-10° 148107 1.48

The attack results (relative number of detected pixel modifications (P,)) for each of the created stego-containers
(S, «C,, ..., S4 « C,)are presented in the form of histograms in fig. 3. Here the first horizontal row below the

histograms specifies data for different volumes of the embedded message (as in table 2), the second horizontal
row — the steganalytic method. The throughput of several methods (MPV, method 1, method 2) does not allow
for the correct embedding of 1 Mbit message M (corresponding to the data in the right column of table 2) into
the selected stego-container C. The explanatory information below the respective histograms indicates this.
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Fig. 3. Results of attacks on stego-containers S; (beginning):
a—S;b-S,
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Figure 4 shows the Fs ratio, reflecting the attack relationship on empty (C) and filled containers (S)
with message M. We should note an interesting fact: the stego-transformation of a strained text image based
on LSB, GLM, MPV and PVD methods leads to the fact that in attacks of type RS and SPA a document
container with a secret message causes less suspicion than empty one. In the second case there is a «false
alarmy.
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Fig. 4. Relationship between the effectiveness of attacks
on a stego-container and an empty container in the form of rasterised text
for different types of attacks

The presented results confirm the assumption that the techniques for steganographic transformations of pro-
cessed image-pictures and text-based images should be developed and used taking into account the specific
differences between these two types of documents. These differences are due primarily to the fact that text
images have a much less complex colour transition.

Conclusions

The main result of the presented study is the demonstrative confirmation of the necessity to consider structural
and chromatic differences between grayscale images and text images when addressing the tasks of covert com-
munication or copyright protection based on steganography. The first images are characterised by more comp-
lex colour transitions, which requires a fine and smooth pixel gradation for accurate representation. The latter,
however, feature sharp, distinct boundaries between the text and the background; in such cases, it is important
to convey the outline accurately so that the pixels do not create a «blurring» effect. Because of this, the traditional
methods of steganalysis (statistical attacks) developed for image-painting when applied to detect embedded
information in text documents give a relatively high degree of error, which can be interpreted differently: gray-
scale text images are characterised by a higher level of steganographic robustness against statistical attacks.

However, we have confirmed that for both types of stego-containers under analysis with a high degree
of randomness in the placement of secret messages in containers, the y*-based steganalysis method is the least
effective among the three most well-known statistical methods (-square attack, RSA, SPA).

The result concerning different levels of stego-resistance of the same text stego-image, different font layout
and conversion procedure of the original version from DOC to PNG format (produced by different applications;
see fig. 3, c—e) is remarkable.

It has also been found that the stego-resistance of methods developed earlier by the article’s authors (me-
thod 1 and method 2) is on a par with many known methods based on similar algorithms. In the discussion plan
it can be noted that with the practical use of these solutions, as with other similar, characterised by a multi-key
character of stego-transformations, difficulties may arise in reconciling key information between two parties
(as well as in symmetric cryptography) stego-systems. One solution could be to use the neural network tech-
nology based on the so-called tree parity machines [34].
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AHHOTAIINU AEITOHVUPOBAHHBIX B BI'Y PABOT
INDICATIVE ABSTRACTS OF THE PAPERS DEPOSITED IN BSU

VIIK 519.876.5(075.8)

Jlasposa O. A. CucTeMHasi ITMHAMUKA U aTeHTHOE MOJIeJIMPOBAaHUeE : 3JICKTPOH. Y4€0.-METOA. KOMITJIEKC /ISt
creu. 7-06-0533-04 «Maremaruka u komnblotepHbie Haykn» / O. A. Jlaposa ; BI'Y. Munck, 2026. 68 c. : ui.
bubmumorp.: ¢. 67-68. PexxuMm mocrtyma: https://elib.bsu.by/handle/123456789/344565. 3ar. ¢ sxpana. lem. B BI'Y
31.03.2026, Ne 009631032026. TekcT : 2J1€KTPOHHBIH.

OnexTpoHHbIH yueOHO-MeToanueckuit komrieke (QYMK) no yueOno#t muctmminie «CructemMHasi TuHa-
MHKa ¥ areHTHOE MOJCIHPOBAHUE)» MpeaHa3HaueH IS MaruCTPaHToB crennansaoctu 7-06-0533-04 «Ma-
TEMaTHKa U KOMITBIOTepHBIE HayKu» (mpodunuzanus «KoMnbroTepHas MaTeMaTHKa ¥ CUCTEMHBIN aHAIU3)).
B ODYMK cozaepskarcs TEKCTBI JEKLHMH, IaHbI JIAOOPATOPHBIX 3aHSATHH, IUTaHBI MPAKTUYECKUX 3aHATHH, Iepe-
YeHb BOTIPOCOB U MIPAKTUYECKUX 3aJaHNH K IK3aMeHY, CIICKH PEKOMEHIOBAaHHO! JINTEPATyPhI U AIIEKTPOHHBIX

pecypcoB.

VIK 004.6(075.8)

Crakyn B. B. Ba3bl JTaHHBIX : DJICKTPOH. y4e0.-MeTO. KOoMIUIeKe s cretl.: 6-05-0533-05 «Pamnodus3nka
1 uH(pOpMaLUOHHBIE TeXHONIOrHW», 6-05-0533-11 «IIpuknaanas uadopmaruka», 6-05-0533-12 «Kubepbeszo-
nacHocTh» / B. B. Ckakyn ; BI'Y. Munck, 2026. 193 c. : un. bubnuorp.: c. 193. Pexum nocryma: https://elib.
bsu.by/handle/123456789/344633. 3armn. ¢ skpana. Jlem. B bI'Y 31.03.2026, Ne 009731032026. Tekcr : aymext-
POHHBIN.

ONeKTpOHHBIH yueOHO-METOANYECKHUI KOMILIEKC 110 YueOHOH nucuuiuinae «ba3bl JaHHBIX» IpeAHa3HaYeH s
CTYACHTOB crieranbHocTel 6-05-0533-05 «Pagnodusnka n mHGOpMAITHOHHBIC TEXHOTOTHIY, 6-05-0533-11 «I1pu-
knagHast nuadopmaTtukay u 6-05-0533-12 «KubepbezonacHocts». B OYMK coznepxarcss 0CHOBHbBIE TOHSI-
THSI 1 CBOMCTBA TEXHOJIOTUH 0a3 JaHHBIX X MOZICJIMPOBAHMS JAHHBIX, ONIMCAHUE U XaPAKTEPUCTUKHU PEIIILIHOHHON
MOJENN JaHHBIX, S3BIKA TPOTPAaMMHUPOBAaHUS 3arpocoB SQL, MeTomomoruu NHGOIOTHISCKOTO U TaTaIOTH-
YeCKOTO MOJICIIMPOBAHUS, apXUTEKTYPbl MHOTOIOIB30BATENbCKAX U paclpee/iCHHbIX 0a3 NaHHBIX, a TaKKe
CBeJIeHHs 10 TIporpammupoBannto 6a3 ganHbIX B CYBJ] MS SQL Server u MS Access.

VK 004.42:004.738.5(075.8)

3unuenxo /. H. Bed-cepBuCHI : 21IeKTpOH. y4ue0.-mMeTo]. komruieke st cretl. 1-31 03 08 «Maremaruka u uH-
(hopMartmoHHbIe TeXHOJIOTHH (110 HarpasieHusM)» / J1. H. 3uruenko ; BI'Y. Munck, 2026. 79 c. : ni. bubmauorp.:
c. 79. Pexxum nocryna: https://elib.bsu.by/handle/123456789/345082. 3ar. ¢ akpana. Jlern. B BI'Y 08.04.2026,
Ne 010307042026. TekcT : 21EKTPOHHBIH.

OnexTpoHHbIH yueOHo-MeToamdecknii komruieke (3YMK) mo yuebnoit nuciummae «Bed-cepBucen» pas-
paboTaH B COOTBETCTBUHU ¢ 00pa30BaTEIbHBIM CTaHJAPTOM MEPBOI CTYNEHH BBICIIETO 00pa30BaHUs IS CIie-
muansHocTH 1-31 03 08 «Maremarnka 1 HH(OPMAMOHHBIE TEXHOJIOTHH (TI0 HAIIPABJICHUIM)» (HalpaBieHNE
crrerranbHOoCcTH 1-31 03 08-01 «Bebd-mmporpaMmMupoBaHre U HHTEPHET-TEXHOJIOTHNY). DY MK mpenHasHaueH
JUTs1 MH(OPMAIIMOHHO-METOJUECKOTO 00eCTIeUeHUs MPENoJaBaHusl TUCIUTUINHBI «BeO-cepBuChD) cTyieHTam
JaHHo cnenuanbHocTH. DY MK comepKUT TEKCThI JEKIMH, IaHbl Ja00paTOPHBIX 3aHATHH, IEpeYeHb KOHT-
POJIBHBIX BOTIPOCOB, CITUCKH PEKOMEH/IOBAaHHOH JINTEPaTyPhI.
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VK 004.42:004.738.5(075.8)

Kpasuyk A. U. NET TexXHOJIOTHH : IEKTPOH. yueOd.-MeTo/1. KoMIUIeke it cretl. 7-06-0533-04 «Marematuka
1 KOMITBIOTE€PHBIE HayKi», Tpoduu3anys «Bed-mporpaMmmupoBanne u HHTepHET-TeXxHONMOTHN / A. . KpaBuyk,
E. B. Kpemens, 1O. A. Kpemens ; BI'Y. Munck, 2026. 141 c. : wi. bubnuorp.: ¢. 139. Pexxum nocryna: https:/elib.
bsu.by/handle/123456789/345090. 3aru. ¢ skpana. [en. B BI'Y 08.04.2026, Ne 010407042026. Tekcr : 31eKt-
POHHBII.

OnexTpoHHbIN yueOHo-MeToamuecknil komruieke (OYMK) no yuebHoi aucuuminae «. NET Texnomorum»
MpeHa3HaueH JUIsl CTYIEeHTOB crernuanbHocT 7-06-0533-04 « Maremarrka U KOMIBEOTEPHBIC HAYKHY» (TIPO-
(nnmmanmst «Bed-mporpaMMUpOBaHIE W HHTEPHET-TEXHOIOTHINY). DY MK comep»KUT TeKCTHI JSKIIHH, TIITaHbI
71a00paTOPHBIX 3aHATHH, TEPEUeHb KOHTPOJIHHBIX BOIPOCOB, CIUCKH PEKOMEH/I0BAHHOH JINTEPATYPHI.

VIAK 517.958(075.8)
Jlomosyes @. E. YpaBHeHHsI MaTeMaTH4YeCKoii PU3UKH : DJICKTPOH. yu4e0.-METO. KOMIUICKC JIUTSI CITetl.
6-05-0533-07 «MaremaTtuka u komibstoTepHbie Haykn» / @. E. Jlomosriies, /1. A. Bynsino ; BI'Y. Musnck,
2026. 196 c. bubnuorp.: c. 195-196. Pexxum noctyna: https://elib.bsu.by/handle/123456789/345206. 3ar.
¢ skpana. [emn. B BI'Y 10.04.2026, Ne 011010042026. TekcT : 351eKTPOHHBIN.

OneKkTpoHHBIH yueOHO-MeToanueckuid komruieke (Y MK) npenHazHadeH Jyisi CTYICHTOB CIICIUAbHOCTH
6-05-0533-07 «MaremaTrka U KOMIBIOTEPHBIE HAYKH.

B ODYMK coneprkarcs TeKIIMOHHBIN MaTepral, TabopaToOpHBIH MPaAKTUKYM, BOIIPOCHI JIJIs ITOATOTOBKH K 3a-
YEeTy, CITUCOK JIUTEPaTyphbl.

VAK 519.876.5(075.8) + 004.8.032.26(075.8)
Tonybesa JI. JI. HelipoHHble ceTH M TeHeTHYecKue ajaroputmbl ¢ Wolfram Mathematica : anextpoH.
yue0.-MeToj1. KoMIuieke s cretl. 6-05-0533-08 «KommnbroTepHas MaremMaTuka u cucteMHsblii anau3y / J1. J1. To-
nybeBa, A. D. Manesud ; BI'Y. Munck, 2026. 134 c. : wir. bubmumorp.: ¢. 131-134. Pexxum gocryma: https://elib.
bsu.by/handle/123456789/345333. 3arn. ¢ axpana. [emn. B BI'Y 16.04.2026, Ne 011716042026. TexcT : 2meKT-
POHHBIN.

DnexTpoHHBIN yueOHO-MeTonndeckuil komruieke (DYMK) no yueOno# muctummnHe «HelipoHHble ceTu
U TEHETHUYECKHE aJITOPUTMBDy TIPEIHA3ZHAYCH JIJIS CTYICHTOB crieruanbHOCTH 6-05-0533-08 «KommeroTepras Ma-
TEMaTHKa M CUCTEMHBIH aHamu3». DYMK oxBarbIBaeT ueThlpe pasnena aucuuiuinsbl: «Kinaccudukanus
U KJactepuzanusy, «MeToa omopHbIX BEKTOPOBY, «MeToa 00paTHOTrO pacipoCTpaHEeHUs! OLIMOKNY, « IBOJIIO-
[IUOHHBIE U TeHeTHYeCcKue anroput™Mel»y. B OYMK coneprkarcst TeKCTHI JEKINH, TIaHbl Ja00paTOPHBIX 3aHA-
THUH, 3aJ]aHus 7151 YIPaBISIEMON CaMOCTOSITEIBHOM PadOThl CTYACHTOB, IIEPEYCHb BOIIPOCOB K 3a4€Ty, CIIUCKU
PEKOMEHI0OBAHHOM JIMTEPATYPbI U JIEKTPOHHBIX PECYPCOB.

VAK 004.438(075.8)

y6pos b. M. CtarucTuyeckuii anam3 u si3bIK R : a1exTpoH. yue.-metoa. komuieke 114 cren. 1-31 03 08 «Ma-
TeMaTuka 1 HH()OPMAITMOHHbBIE TEXHOJIOTHH (TI0 HAIpaBJICHUAM )», HanpasiaeHue crerl. 1-31 03 08-01 «Beo6-
nporpaMMHpOBaHue 1 HHTepHeT-TexHonorun» / b. M. Jlyopos ; BI'Y. Munck, 2026. 29 c. : wn. bubnuorp.: c. 29.
Pexxum gocryna: https://elib.bsu.by/handle/123456789/345339. 3arn. ¢ akxpana. [en. 8 bI'Y 17.04.2026,
No 011916042026. TekcT : 3IEKTPOHHBIH.

OnexTpoHHBIN yueOHo-MeTouueckuii komruieke (OYMK) no yuebHoi auctmminHe « CTaTUCTHYECKUI
aHanmu3 u s3Ik R» pa3paboTaH B COOTBETCTBUM ¢ 00pa30BaTeIbHBIM CTaHAAPTOM MEPBOM CTYIIEHH BBICIIETO
obpazoBanus st cienpanabHOCTH 1-31 03 08 «Maremarrnka 1 HHGOPMAITHOHHBIE TEXHOJIOTHH (IT0 HarpaBJie-
HIsIM)». DY MK nipennaznaueH s HHPOPMAITHOHHO-METOIMUECKOTO 00ECTICYeHUS MPEToIaBaHusl TUCIIATLIN-
Hbl «CTaTucTHYECKUi aHan3 U s13bIK R» cTynentam nannoii cnennansHoctu. B OYMK conepxarcs kparkuid
KOHCIEKT JICKLIHH, IepevueHb JIAO0PATOPHBIX 3aHATHH ¢ MaTepuaaMu Ui padoThl, 3alaHUsI 110 YIPaBIIsieMON
CaMOCTOATEIFHOM padore.

VIAK 004.75(075.8) +004.415.2(075.8)

Ilyopos b. M. ApxuTeKkTypa pacnpenejeHHbIX NPUI0KEHHUI : DJICKTPOH. yue0.-MeTO . KOMIUIEKC VIS CTICTI.
7-06-0533-04 «Maremaruka 1 KOMITBIOTEPHBIE HayKu», ipoduim3anus «Bedo-nmporpaMMupoBaHue 1 MHTEPHET-
texnonorum» / b. M. Jlyopos ; BI'Y. Munck, 2026. 41 c. : wi. bubnuorp.: c. 41. Pexxum noctymna: https://elib.bsu.
by/handle/123456789/345574. 3armn. ¢ sxpana. Jler. B BI'Y 17.04.2026, Ne 012016042026. TekcT : 27eKTPOHHBIH.
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OneKTpoHHBIN yueOHO-MeToaudecknii komruieke (OYMK) no y4ueOHoi auctuIuiiae « ApXUTEKTypa pac-
MIPEJICIICHHBIX TPUIOKEHUN» pa3paboTaH B COOTBETCTBUU C 00pA30BATEIBHBIM CTaHIAPTOM BTOPOU CTYIICHU
BEICIIIEr0 0Opa3oBaHus i cnenuaibHocTh 7-06-0533-04 «Matematnka 1 KOMIBIOTEpHBIE HayKny. JYMK
MpenHa3HaueH It HHPOPMAITMOHHO-METOANIECKOTO 00ECIIeUeHNUS MPETIOAABAHUS TUCITUTUIUHEI K APXUTEKTYpa
pacmpeneeHHbIX TPUIOKEHU CTyaeHTaM JaHHOH crienuanbHocTi. B OYMK comepikarcst KOHCTIEKT JISKIIHIA,
MepedeHp T1ab0PaTOPHBIX 3aHITHI ¢ MaTeprallaMy JJis paboThI, 3a/IaHus TI0 YIPaBIAEeMON CaMOCTOSTeTbHON
pabore.

VAK 514.7(075.8)+515.1(075.8)

Juddepenunanbuas reoMeTpUs M TOMOJOTHS : IEKTPOH. y4ed.-MeTo. komruieke s crerl. 6-05-0533-08 «Kowm-
MBIOTEpHASI MAaTEMaTUKA U CUCTeMHbIH aHamu3y / B. B. banamenko, I. O. Kykpax, B. H. Kynuna, B. JI. TumoxoBud ;
BI'Y. Munck, 2026. 55 c. : win. bubnuorp.: c. 54. Pexxum nocrtyma: https://elib.bsu.by/handle/123456789/345579.
3arn. ¢ akpana. [en. B bI'Y 17.04.2026, Ne 012216042026. TekcT : 21€KTpOHHBIH.

OnekTpoHHbIH yueOHo-MeTonnueckuil komrieke (OYMK) no yue6Ho# aucnuminne «/Iuddepenuunansaas
reOMETPUS U TOMOJIOTHS Pa3paboTaH B COOTBETCTBUH € 00pa30BaTeIbHBIM CTAaHIAPTOM OOIIEro BhICLIEro 00-
pasoBanus ais crienuanbHocTH 6-05-0533-08 «KommbroTepHast MareMaTuka M CUCTEMHBIH aHann3». DYMK
MpeaHa3zHaueH il MHPOPMaLMOHHO-METOAMYECKOro o0ecedeHns npenojaBanus AMCUUIUIHHBL «Judde-
peHLuaIbHasi FEOMETPUS U TOIOJIOTUS» CTYAEHTaM JaHHOH crienuanbHocTH. B OYMK copepxarcst kpaTkuit
KOHCIIEKT JICKIUI, MaTepuasbl K MPaKTUYECKUM 3aHATHSAM, MaTepHalIbl JJIs YIPaBIsIeMOl CaMOCTOSTeTbHON
paboTHI.

VIAK 514.7(075.8)+515.1(075.8)
Juddepennnaabuasi reoMeTpus H TOMOJOTHUSA : HIIEKTPOH. yueO.-MeToJI. KoMIuieke st crent. 6-05-0533-07 «Ma-
TeMaTHKa ¥ KOMITBIOTepHBIE HayKm», Tpodmmzars «Maremarukay / B. B. banamenxo, I. O. Kykpak, B. H. Ky-
nuua, B. JI. Tumoxosuu ; BI'Y. Munck, 2026. 62 c. : ui. bubnuorp.: c. 61. Pexxum fgocryma: https://elib.bsu.by/
handle/123456789/345580. 3aru. ¢ akpana. Jlern. B BI'Y 17.04.2026, No 012316042026. TekcT : 3IeKTPOHHBIM.
DneKkTpoHHbIH yueOHO-MeToamuecknii komruieke (Y MK) mo yuebnoi quctmmnae «lnddepennmansaas
TeOMETPHUS U TOMOJIOTH» pa3paboTaH B COOTBETCTBUHU C 00pa30BaTENbHBIM CTAHAAPTOM OOIIETO BBHICIIETO
oOpaszoBanust Jy1si crienuaibHocT 6-05-0533-07 «Matemarnka U KoMIbloTepHble Haykn». OYMK npen-
Ha3HA4YeH 11 MH(OPMALMOHHO-METOINYECKOr0 00ECIeUeHNs IPeroiaBaius AMcuuIInabl «/Juddepen-
HUaJTbHAS TEOMETPHS M TOIOJIOTHS CTYICHTaM JAaHHOU cnenuanbHocTH. B OYMK conepskarcss kpaTkuit
KOHCTIEKT JICKIIMH, MaTepralibl K 1aOOpaTOpHBIM 3aHITHSIM, MaTepHalbl A YIPABISIEMOH CaMOCTOSATEbHON
paboTsI.

VIAK 514.7(075.8)+515.1(075.8)

Juddepennnanbuasi reoMeTpusi 4 TOMOJOTHS : AJIEKTPOH. yue0.-MeTo 1. KoMIuIekc i crerl. 6-05-0533-07 «Ma-
TeMaTHKa W KOMITbIOTEPHBIE HayKm», mpodunuzanus «cKyCcCTBEHHBIH MHTEIJIEKT U MaTeMaTH4YecKas dKO-
Homuka» / B. B. banamenko, I'. O. Kykpak, B. H. Kynunna, B. JI. Tumoxosuy ; BI'Y. Munck, 2026. 59 c. : un.
bubmmorp.: c. 58. Pexxum noctyma: https://elib.bsu.by/handle/123456789/345581. 3arn. ¢ axpana. [len. B bBI'Y
17.04.2026, Ne 012416042026. TekcT : 2I€KTPOHHBIH.

OneKTpoHHBIN yueOHo-MeTonudeckuit komiuieke (OYMK) mo yueOHoit nucnurmnune «luddepeniu-
albHAsi TEOMETPHSI M TOTIONIOTHS pa3padOTaH B COOTBETCTBHH C 00pa30BaTENbHBIM CTAaHIAAPTOM OOIIETO
BBICIIETO 00pa3oBaHus Jis crenuaibHocTh 6-05-0533-07 «MartemaTnka U KOMIIBIOTEpHbIC Haykny. DYMK
npegHasHadeH Uil HHPOPMALMOHHO-METOAMUYECKOro 00ecedeHrsl npenogaBanus Jucuuiuimabl «dndde-
peHUuMaIbHasi TEOMETPUS U TOMOJIOTUSDY CTyAeHTaM JaHHOU cnenuanbHocTi. B OYMK conepxarcst kpaTkuit
KOHCIIEKT JICKIIMH, MaTeprabl K 1a00paTOPHBIM 3aHATHSIM, MaTepUaibl Uil YIPaBIsIeMON CaMOCTOSITETbHON
paboTHI.

VIK 514.7(075.8) +515.1(075.8)

Juddepenunaapnas reoMeTpusi 1 TOIMOJOTHS : HIIEKTPOH. YueO.-MeTo. KomIuieke s crel. 6-05-0533-06 «Ma-
temarukay / B. B. banmamenko, I'. O. Kykpak, B. H. Kynnma, B. JI. Tumoxosud ; BI'Y. Munck, 2025. 61 c. : ni.
Bubmorp.: c. 60. Pexxum nocrymna: https://elib.bsu.by/handle/123456789/345582. 3ar. ¢ akpana. [len. B BI'Y
17.04.2026, Ne 012516042026. TekcT : 2IE€KTPOHHBIH.
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OneKkTpoHHbIH yueOHOo-MeTonnueckuii komruieke (QYMK) o yueOHo# auciupmmnae «Juddepennmansaast
TEOMETPHsI U TOTOJNIOTUSD» pa3padoTaH B COOTBETCTBUH C 00pa30BATEILHBIM CTaHJAPTOM OOLIETO BBICIIETO
obpazoBaHus 1 crienuaabHOCTH 6-05-0533-06 « Maremarukay. DY MK npennaznaver s HHGOPMaIMOHHO-
METOIMIECKOTO 00eCTICYCHUSI IPETIOaBaHuUs IMCIUILIHHBI «nppepeHimanbHas reoMeTprst ¥ TOTOIOTHSD) CTY-
JeHTaM JaHHoi cnenuansHocTu. B OYMK coneprkarcst kpaTkuii KOHCIEKT JISKLUH, MaTepuaibl K 1a00paTopHbIM
3aHSATHSAM, MaTEPHUAJIBI IS YIIPABIIEMON CaMOCTOSTENTFHONW PaOOTHI.

VK 339.138:004.735.8(075.8)

Hazopnoui 1O. E. MapKeTHHT U MOUCKOBAsi ONTHUMM3ALMSA : DJICKTPOH. y4e0.-METO/I. KOMIUIEKC JIJIS CTIeTl.
1-31 03 08 «Maremarnka 1 UHPOPMAIIMOHHBIC TeXHOJNOTHH (TI0 HampaieHusm)» / FO. E. Haropnsiii ; BI'Y.
Munck, 2026. 81 c. : wi. bubmuorp.: c. 81. Pexxum noctyma: https://elib.bsu.by/handle/123456789/346247. 3arn.
¢ skpana. [emn. B BI'Y 05.05.2026, Ne 013005052026. TekcT : 31eKTPOHHBIMH.

OnexTpoHHbIN yueOHO-MeToandeckuit komruieke (OYMK) no yueOnoit qucuurinae « MapKeTHHT U TIoncC-
KOBasi ONITUMH3ALIUS pa3paboTaH B COOTBETCTBHHU € 00pa30BaTeIbHBIM CTaHAAPTOM MEPBO CTYIIEHH BBICLIETO
oOpazoBanus s cnenuanbHocTh 1-31 03 08 «Maremarnka n HHPOPMAIIMOHHBIE TEXHOIOTHH (TI0 HarpaBie-
HusM)». DYMK npegnazHaden 1 HHOOPMAITMOHHO-METOINYECKOTO 00ECTICUCHUS TIPETIOIaBaAHMSI TUCITUTI-
JTUHBI «MapKeTHHT U TIOMCKOBasi ONTHUMU3ALMsD) CTyAeHTaM JaHHOH crienuanbsHocTH. B OYMK conepxarcs
KOHCIEKT JICKIIUH, IepeueHb JIAOOPATOPHBIX 3aHATHH ¢ MaTepuaaMu JUisd padoThl, 3a1aHUsI 110 YIPaBIIsieMON
CaMOCTOSATETFHOM padore.

VIK 004:378.147.091.313(075.8)(075.8)

losusk FO. B. Y4eOHo-Ucc/IeA0BaTeIbcKasi padoTa CTyIeHTa : 3JICKTPOH. yued.-MeTo. KOMIUIEKC C KPeaTuB.
KOMIOHEHTOM it criett. 6-05-0533-07 «Maremaruka u komnbiotepHbie Haykn» / FO. B. [To3usik, . A. CbsiHOB;
BI'Y. Mumnck, 2026. 12 ¢. bubmuorp.: ¢. 12. Pexxum noctyna: https://elib.bsu.by/handle/123456789/346265. 3aru.
c okpana. [len. B BI'Y 05.05.2026, Ne 013705052026. TekcT : 371€KTPOHHBIH.

DNeKTpOoHHBIN yueOHO-MeTonnueckuii koMruieke (OYMK) o yueOHo# qucuurinae « Y 4e0HO0-Hucciie0Ba-
TeNbcKast paboTa CTy[eHTa» pa3paboTaH B COOTBETCTBUHU C 00pa30BaTebHBIM CTAaHIaPTOM BBICIIETO 00pa3o-
BaHUS TS cienraibHoCcTh 6-05-0533-07 « MaTtemarruka U KOMIbIOTEpHBIC Haykuy. DY MK npennasnadeH miis
MH(POPMALMOHHO-METOANYECKOTO 0OecneueH sl MpernoJaBaHus AUCHUILUINHBL « Y 4eOHO-HCcCIe10BaTeIbCKas
pabota cTyleHTa» CTyleHTaM AaHHOU crnennaabHocTH. B OYMK conmepikarcst Marepuaisl sl OpraHu3aiiu
MPAKTUYECKUX 3aHATUH, 3a/1aHUS TI0 YTIPABIIIEMOM CaMOCTOSTENFHON padoTe.

VAK 004.42(075.8) + 004.432.045C++(075.8)

Tankun M. M. MeToabl NPOrpaMMHMPOBAHUS : 3JIEKTPOH. yuel.-MeToA. KOMITIeKe s crierl.: 6-05-0533-06 «Ma-
Temarukay, 6-05-0533-07 «Maremartuka u KoMmbrorepHbie Hayku» / M. M. Iankun ; BI'Y. Munck, 2026. 122 c. :
Wi, Tabn. bubmmorp.: c. 121-122. Pexxum noctyma: https://elib.bsu.by/handle/123456789/346287. 3arn. ¢ skpaHa.
Hen. B BI'Y 06.05.2026, Ne 013906052026. TekcT : 271€KTPOHHBIH.

DOneKTpoHHBIN yueOHO-MeTonudeckuii komruieke (DYMK) mo y4yeOHoii aucuuruinae « MeTobl mporpam-
MHPOBaHUS» IPEIHAa3HAuUCH JUIsl CTYAEHTOB MEPBOro Kypca cneuuaibHocTed 6-05-0533-06 «Maremarukay,
6-05-0533-07 «Maremarnka 1 KOMITbIOTEpHBIE HayKn» (podummsanmn «MartemaTtnkay, «VICKyCCTBEHHBIH HH-
TEJUIEKT ¥ MaTeMaTH4YecKasi 3koHOMHKa»). DY MK comepKUT KOHCTIEKTHI JISKIIMH, TEMBI JJA00PaTOPHBIX 3aHSATHH,
IepedeHb KOHTPOJIbHBIX BOIIPOCOB U CIIMCOK PEKOMEHIyEMOM JINTEPaTyphl.

VIAK 512(075.8)+511(075.8)

Aomupanosa A. H. AnreGpa v Teopusi YHCeJ : HIEKTPOH. y4e0.-MeTo . KoMIuTekc i cretl.: 6-05-0533-06 «Ma-
Tematuka», 6-05-0533-07 «MaremaTrrka n KOMIBbIOTEpHBIE HAyKn», 6-05-0533-08 «KommbioTepHast MaTeMaTnKa
U cUCTeMHBIN aHamu3y : B 3 4. Y. 1 / A. H. Anmupanosa, B. B. bensi-Kpusen, C. B. Tuxonos ; BI'Y. MuHck,
2026. 151 c. : wi. bubnmorp.: ¢. 150—151. Pexxum noctymna: https://elib.bsu.by/handle/123456789/346326. 3arn.
c okpana. [len. B BI'Y 07.05.2026, Ne 013105052026. TekcT : 371€KTPOHHBIH.

OnexTpoHHbIN yueOHo-MeToanuecknii komiuieke (OYMK) no yueOHo# aucuumuinae « Anredpa v Teopust 4u-
cem» (4acTh 1) mpemHa3HaueH is CTYAEHTOB crieruaibHocTei 6-05-0533-06 «Maremarukay, 6-05-0533-07 «Ma-
TeMaTHKa W KOMITbIOTEpHBIE HayKm», 6-05-0533-08 «KommproTepHass MareMaTuka U CUCTEMHBIN aHAIIN3.
B OYMK conepkuTcs IEKINOHHBIN U paKkTUUECKUI MaTepHall, 3y4arolluiics B IEPBOM CEMECTPE MEPBOTO
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kypca. Coneprxxanue OYMK npeamonaraet n3yueHue CICIYIOMNX BOIPOCOB: OCHOB TCOPHUH YNCEN, CPABHECHUH,
KOMIIJIEKCHBIX YHCEN, MaTPHII, IEPECTAHOBOK U MOACTAHOBOK, OIPEEIUTENEH, MHOTOWICHOB OT OJIHOH mepe-
MEHHOI.

VIK 512(075.8) +511(075.8)

Aomupanosa A. H. Airedpa v Teopusi Yuce : 3IEKTPOH. y4e0.-MeTo . KOMIUIEKC [yt criell.: 6-05-0533-06 «Ma-
TeMaTukay, 6-05-0533-07 «Maremarrnka 1 KOMIBIOTEpHBIE HAyKu», 6-05-0533-08 « KoMmproTepHas MaTeMaTnka
Y cUCTEeMHBIN aHanmu3y : B 3 u. Y. 2/ A. H. Anmupanosa, B. B. bensm-Kpusern, C. B. Tuxonos ; BI'Y. MuHck,
2026. 137 c. : wi. bubmuorp.: c. 136—137. Pexxum noctyna: https://elib.bsu.by/handle/123456789/346337. 3arn.
c akpana. [em. B bI'Y 07.05.2026, Ne 013205052026. TeKcT : 2IeKTPOHHBIMH.

OnekTpoHHBIH yueOHO-MeToanueckuii koMmiueke (OYMK) mo yueOHo# qucuummimae «Anredpa U TEOpHs YuCemD)
(dacTh 2) mpeqHa3HAuCH IS CTYIEHTOB crieruanbHocTel 6-05-0533-06 «Maremarukay, 6-05-0533-07 «Ma-
TeMaTHKa U KOMITBIOTEpHBIe HayKm», 6-05-0533-08 «KoMmproTepHas MaTeMaTHKa W CHCTEMHBIM aHATU3».
B DYMK copaeprkaTcs TeKIMOHHBIN U MPAKTHIESCKUN MaTepual, U3yJaroIIHiicsl BO BTOPOM CEMECTPE IEPBOTO
kypca. Conepxanne OYMK npearnonaraet u3ydeHre CIeayoIX BOIPOCOB: BEKTOPHBIX IPOCTPAHCTB, TEOPUU
CHUCTEM JINHEWHBIX YPaBHEHUH, THHEHHBIX 0TOOpaKEHUI BEKTOPHBIX TTPOCTPAHCTB.

VAK 512(075.8)+511(075.8)

Aomupanosa A. H. Anredpa v Teopusi 4HCeJ : AIEKTPOH. y4e0.-MeTo 1. KoMIUTeKe s crietl.: 6-05-0533-06 «Ma-
Temarukay, 6-05-0533-07 «Maremarnka U KOMIIbIOTEpHBIE HayKm», 6-05-0533-08 «KommbroTepHas marema-
THKa U CUCTEeMHBIN aHanmu3y» / A. H. Aamupanosa, B. B. bens-Kpusen, C. B. Tuxonos ; BI'Y. Munck, 2026.
181 c. : mn. bubmuorp.: c. 179—-180. Pexxum nocryma: https://elib.bsu.by/handle/123456789/346382. 3aru. ¢ akpaHa.
Hemn. B BI'Y 07.05.2026, Ne 013305052026. TekcT : 271€KTPOHHBIH.

ONeKTpoHHBIH yueOHO-MeToauueckuit komiuieke (OYMK) no yueOHoOU nuciuminie «Anredpa U Teopust
grcem» (4acTh 3) mpeaHa3Ha4ueH /IS CTYIEHTOB crieranbHocTei 6-05-0533-06 «Maremarukay, 6-05-0533-07
«MareMaTnka 1 KOMIIbIOTepHBIC Haykm», 6-05-0533-08 «KoMmmproTepHas MaTeMaTuka U CUCTEMHBIA aHATI3.
B OYMK conepxarcs TeKIIMOHHBIN U MPaKTHUECKUNA MaTepHall, U3y4aroluics B TPETHEM CEMECTPE BTOPOTO
kypca. Conepxanrne OYMK mnpennonaraet u3ydeHue CIeAyONIHX BOIPOCOB: OMIMHEHHBIX U KBaIPATUIHBIX
(hopM, eBKIIMJIOBBIX TIPOCTPAHCTB M JIMHEWHBIX OMEPAaTOPOB 3TUX MPOCTPAHCTB, OCHOB TEOPHUHU TPYIII, KOJIEI]
1 ToJIei.

VIIK 512.624.95(075.8)

bensw-Kpusey B. B. llpakTudeckasi kpuntorpadus : 3JIeKTPOH. yued.-MeTo/1. KOMILIeKC s crierl. 7-06-0533-
04 «Maremaruka u komnbtoTepHsie Haykn» / B. B. bensm-Kpusen, A. 1. Kackesuy, C. B. Tuxonos ; BI'V.
Mumnck, 2026. 99 c. : un. bubmuorp.: ¢. 98—99. Pexxum moctyma: https://elib.bsu.by/handle/123456789/346384.
3arn. ¢ skpana. Jlen. B BI'Y 07.05.2026, Ne 013405052026. TekcT : 31€KTPOHHBIH.

DNeKTpoHHBIN yueOHO-MeToaudeckuii komruieke (DYMK) o ydeOHo# aucturune «lIpaktnyeckas
kpunTorpadus» MpeaHasHadeH I CTYACHTOB criennairbHOCTH 7-06-0533-04 «MaremaTrnka U KOMIIBIOTEp-
Hble HayKu» (mpodunmzanus «KommnbroTepHas MaTeMaTHKa U CUCTEMHBIH aHaiu3»). B OYMK coxepxur-
cs JIGKUMOHHBIA U mpakTuueckuil marepuai. Cogepxkanue OYMK mnpeamnonaraet u3ydeHue CleayIOMINX
BOIIPOCOB: ajre0pandecKuX U TEOPETHKO-YHCIOBBIX OCHOB, DJUIMIITHYECKUX KPUBBIX, AIITOPUTMOB (PaKTo-
pHU3alU U IPOBEPKH YHUCIIA HA MPOCTOTY, KPUINITOCHCTEM C OTKPBITHIM KJIFOYOM, JIEKTPOHHOH nudpoBoit
MOJIIUCH.

VIIK 512.624.95(075.8)

benaw-Kpusey B. B. TeopeTHKo-4Hc/I0BbIe AJITOPUTMBI HHGOPMANMOHHONH 0€30MACHOCTH : 3JIEKTPOH.
y4e0.-mMeTo1. KoMrutekce i crett. 7-06-0533-04 «Maremaruka u kommbproTepHble Hayku» / B. B. bersim-Kpuser,
B. 1. Kackesud, C. B. Tuxonos ; BI'Y. Mumnck, 2026. 100 c. : un. bubnuorp.: c. 99—100. Pexxum mocrty-
na: https://elib.bsu.by/handle/123456789/346402. 3arn. ¢ skpana. [en. B BI'Y 07.05.2026, Ne 013505052026.
TexcCT : 31MEeKTPOHHBIH.

OnexTpoHHBIN yueOHo-MeToandeckuit komreke (OYMK) no yaebnoit auciumnnae « TeopeTnko-4rcioBbie
aITOpUTMBI HHOOPMALIMOHHON O€30I1aCHOCTHY TPEeAHA3HAYEH ISt CTYAECHTOB crieruansHoct 7-06-0533-04 «Ma-
TEMaTUKa ¥ KOMIBIOTEPHBIC HAayKn» (mpoduiuzanun «BeO-nporpaMMupoBaHrie U WHTEPHET-TEXHOIOTUN,
«Marematukay). B 3YMK comepxutcs TeKITMOHHBINA U TpakTudeckuii Mmarepuai. Cogepxanue OYMK npen-
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moJlaraeT U3y4eHUE CICAYIOIINX BOIIPOCOB: anreOpandecKuX U TEOPETUKO-UYNCIOBBIX OCHOB, DJTUIITHICCKUAX
KPUBBIX, aJITOPUTMOB (PaKTOPH3AIMK U TPOBEPKH YHCIA HA POCTOTY, KPUITOCUCTEM C OTKPBITHIM KITFOUOM,
JIEKTPOHHOMN MU(PPOBOH TOAITHCH.

VIK 51(072)(06) + 004(072)(06)

IIpo0nembl npenonxaBaHus BbICHIeH MaTeMaTHKHA M HH()POPMATHKH B YCJIOBUSX HOBOI 00pa3oBaTeIbHOI
nmapaaurMel : MaTepraasl MeXayHap. Hayd.-TIpakT. koHd. (MuHCK, 14 Mas 2026 1.) / BI'Y ; [penxon.: C. A. Ca-
Malb (O0TB. pen.) u 1p.]. Munck, 2026. 118 c. : un., Tadn. bubnuorp. B Tekcre. Pesxum poctyna: https://elib.
bsu.by/handle/123456789/346415. 3ar. ¢ skpana. den. B BI'Y 08.05.2026, Ne 014308052026. TekcT : 371eKT-
POHHBIH.

B cOopHuke mpencTaBaeHbl MaTepHraibl JOKIAI0B, BKIIOYEHHBIX B TPOrpaMMy MesKayHapoaHONH HayqHO-
MPAKTUYECKOH KOH(PEPEHIMU, KOTOpasi IPOBOAUTCS Kadeapoii 001el MaTeMaTuKH 1 HH(POPMATHKU MEXaHUKO-
MaremaTrndeckoro (akynsrera benmopycckoro rocynapcTBeHHOTO yHUBEpCUTeTa. TeMaTtinka cOOpHUKA OXBaThI-
BAaeT IIUPOKHIA CIIEKTpP MPOOJIeM COBPEMEHHOTO YHUBEPCHTETCKOTO 00pa3oBaHus, MpodiaeMbl 3 dekTuBHOTO
MpEenolaBaHusl MaTeMaTUKU U MH(POPMATUKH ISl CTYJCHTOB Pa3JIMUHBIX CIIEIMATBHOCTEH BBICIICH ILIKOJIBI.
B aBTopckoi pegakiuu.

VIK 519.2(075.8)

Teopusi BeposiTHOCTEH U MaTeMaTH4YeCKasi CTATHCTHKA : 3JICKTPOH. yue0.-METO. KOMIUIEKC JUIsl CIeLl.:
6-05-0533-07 «MaremaTrKa 1 KOMIIBIOTEPHBIC HayKu», 6-05-0533-08 «KoMIibroTepHas MaTeMaTHKa U CHCTEM-
ueiid ananmuz» / A. I T'yrop, H. B. Jlazakosuy, C. I1. Cramynénok, C. JI. Illtun ; BI'Y. Munck, 2026. 193 c.
bubmmorp.: c. 185-187. Pexxum noctyma: https://elib.bsu.by/handle/123456789/346436. 3ari. ¢ skpaHa.
Hen. B BI'Y 08.05.2026, Ne 014408052026. Texcr : 3JIeKTPOHHBIH.

OnekTpoHHbIH yueOHO-MeToandeckuit kommieke (OYMK) npeanazHadeH Al CTYJCHTOB CIIeHHaIbHOCTEH
6-05-0533-07 «MaremaTrka 1 KOMITbIOTEpHBIE HayKu» (rpodum3arus «Martemarukay), 6-05-0533-08 «Kom-
NBIOTEpPHAsT MATEMaTHKa ¥ CUCTEMHBIN aHAIN3Y.

B DYMK conepskarcs TeKIMOHHBIN MaTepHal, 1a00paTOpHbII MPaKTUKYM, IPUMEPHBIC 3a1aHHS IS yIIPaB-
JSIEMOM CaMOCTOSITENIbHOM pabOoThl CTYACHTOB, 3a1aHMUsI OTKPBITOTO TUIIA, BOIIPOCHI IJIS1 TIOATOTOBKH K 3a4€TY,
TEMBI MPOEKTOB, CITUCOK JINTEPATYPHI.

VIIK 004.415.53(075.8)

Hlumanckuii E. B. Tectupoanue I1O : anmexTpoH. yueb.-MeToa. KoMmruieke s cretr. 6-05-0533-07 «Matema-
THKa ¥ KOMITBIOTEPHBIC HayKu» (mpoduiinsaiuu «BeO-nporpaMMUpoBaHie U MHTEPHET-TEXHOIOI UMY, «Ma-
TEMaTHYEeCKOe U MPOTpaMMHOE oOecrieueHne MOOMITbHEIX yeTpoicTBy) / E. B. lllumanckwii ; BI'Y. MuHCk,
2026. 53 ¢. : wi. bubmuorp.: ¢. 51. Pexxum mocryma: https://elib.bsu.by/handle/123456789/347304. 3aru. ¢ skpaHa.
Hen. B BI'Y 15.05.2026, Ne 014615052026. TekcT : 27eKTpOHHBII.

DnekTpoHHBIN yueOHO-MeTonudeckuii komrieke (DYMK) o yueoHol nuctuuimie « TectupoBanue [10»
MpeIHa3Ha4ueH ISl CTYICHTOB criennaabHOCTH 6-05-0533-07 «Maremarnka u KOMITBIOTepHBIC Haykm». DY MK
COJICPKUT TEKCThI JICKIIUH, TUIaHbI J1a00PATOPHBIX 3aHATHH, IEPEUCHb KOHTPOJIBHBIX BOIIPOCOB, CITUCKU PEKO-
MEHJIOBAaHHOU JTUTEPATYPHI.

VIIK 005.52:004(075.8)
lumanckuii E. B. CucreMbl 0U3HeC-aHATMTHKH : JICKTPOH. yueO.-MeToJ1. KoMIuieke it crerl. 6-05-0533-07 «Ma-
TEMaTHKa W KOMIBIOTEPHBIE HAayKm», npodumuzanus «Bed-mporpaMMupoBaHue W WHTEPHET-TEXHOJIOTHID /
E. B. lllumanckwuii ; BI'Y. Munck, 2026. 101 c. : wn. bubmmorp.: c. 99. Pexxum goctyma: https://elib.bsu.by/
handle/123456789/347306. 3ar. ¢ akpana. Jlern. B BI'Y 15.05.2026, Ne 014715052026. TekcT : 31I€KTPOHHBIH.
OnexTpoHHBIN yueOHO-MeTonndeckuii komruieke (OQYMK) mo yueOHoi qucuuminae «CucTeMbl Ou3Hec-
AHAJIUTHKIY TIPEIHA3HAYCH IS CTYICHTOB criennanbHoctu 6-05-0533-07 «MaTtemarnka U KOMITBIOTEPHBIS
Haykm». DY MK conepuT TeKCThI JIeKLUH, ITaHbl 1a00PaTOPHBIX 3aHATHH, IEpEYCHb KOHTPOJIBHBIX BOIIPOCOB,
CIIUCKHU PEKOMEH/IOBAaHHOH JINTEPATYPHI.

VIIK 004.6(075.8)
Kywnepos A. B. Ba3bl TaHHBIX : AJIEKTPOH. yueb.-MeTo1. KomIuieke s criell. 6-05-0533-08 «KommnbroTepHas
MaTeMaThKa W CUCTeMHbIN aHanmu3» / A. B. Kymuepos ; BI'Y. Munck, 2026. 144 c. : un. bubmuorp.: c. 144.
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Pexxum nocrtyna: https://elib.bsu.by/handle/123456789/347507. 3arn. ¢ skpana. [len. B BI'Y 25.05.2026,
Ne 015225052026. Teket : 2IeKTPOHHBIH.

DNeKTpoHHBINA yaeOHO-MeTonndeckuit komruieke (3YMK) mo yuebnoit auctiumuimae «ba3sl TaHHBIX) TTpeT-
Ha3Ha4YeH IS CTyACHTOB crieruanbHoCcTH 6-05-0533-08 «KoMIibroTepHas MaTeMaTHKa M CHCTEMHBIN aHaTN3y.
B DYMK copepskarcst TEKCTHI JIEKIUH, TUIaHBI TaOOPaTOPHBIX 3aHITUH, IUIAHBI IPAKTUYECKUX 3aHSATHH, IIepe-
YeHb BOIIPOCOB U MPAKTHYECKUX 3aJaHHH K SK3aMeHY, CITUCKN PEKOMEHIOBAHHOM JINTEPATYPHI U AIEKTPOHHBIX

pecypcos.

VIIK 004.415.2(075.8)

brunos M. H. AHAIU3 U IPOEKTUPOBAHNE HH(POPMAIMOHHBIX CHCTEM : 3JICKTPOH. y4e0.-METOI. KOMILIEKC
st crient. 6-05-0533-07 «MaremaTnka 1 KOMIIBIOTEpPHBIE HayKu, poduim3anun «Beb-nporpammupoBanne
Y MHTEPHET-TEXHOJIOTHIY, «MareMariieckoe 1 MporpaMMHOe o0ecTieueHrne MOOMIbHBIX ycTpoicTy / W. H. bru-
HOB ; bI'Y. Munck, 2026. 83 c. : w1 bubnmorp.: c. 80. Pexxum moctyma: https://elib.bsu.by/handle/123456789/
347666. 3ar. c akpana. len. B BI'Y 28.05.2026, Ne 015328052026. TekcT : 271€KTPOHHBIH.

OnexTpoHHbIN yueOHO-MeToaquyeckuii kommieke (OYMK) no yueOHoM TucuuIInHe «AHATU3 U IPOSKTHPO-
BaHHE HHPOPMAITMOHHBIX CHCTEM» TIPEIHA3HAYCH IS CTYACHTOB crieraibHoCcTH 6-05-0533-07 «MaremaTrka
1 KOMIIBIOTEpHBIE HayKm» (mpoduimzanin «Bed-nmporpaMMupoBaHue U MHTEPHET-TEXHOIOTUNY, «MaTeMaru-
YeCKOoe U MPOrpaMMHOE 00ecIiedeHrne MOOMIILHBIX YCTPOUCTB ).

OYMK conmepXUT TEKCTHI JEKIINH, IJIAHBI JIA0OPATOPHBIX 3aHATHH, ITePEICHh KOHTPOJIBHBIX BOIIPOCOB,
CIHCKU PEKOMEHIOBAaHHOM JIUTEPATyPHI.

VAK 004.42:004.738.5(075.8)

bnunos Y. H. PazpadoTka BeO-NPHIIOKEHHUI : DJIEKTPOH. yued.-MeTo 1. KoMIutekc iyt crert. 6-05-0533-07 «Ma-
TeMaTuKa ¥ KoMIbloTepHbie Haykm» / WM. H. biimuoB ; BI'Y. Munck, 2026. 178 c. : wi. bubnuorp.: c. 176. Pexum
nocryma: https:/elib.bsu.by/handle/123456789/347669. 3arn. ¢ sxpana. Jlemn. B BI'Y 28.05.2026, Ne 015428052026.
TexCT : 21eKTPOHHBII.

OnexkTpoHHBI yueOHO-MeToanueckuil kommieke (QYMK) mo yuebnoit nuciuminune «PaspaboTtka BeO-
NPUIOKEHUI» MPEAHAa3HAYEH JUIsl CTYIEHTOB crienuaibHOCTH 6-05-0533-07 «MaremaTika u KOMIIbIOTEPHbIE
Haykn». DY MK conepuT TeKCTHI JeKIHA, TUTaHbI TAO0OPAaTOPHBIX 3aHATHI, TIepedeHb KOHTPOIBHBIX BOIIPOCOB,
CIIMCKH PEKOMEH/I0BaHHOM JINTEPaTypPhI.

VIIK 004.42(075.8)

bnunos Y. H. TexHOI0THM IPOrPAMMHUPOBAHHUS : JJIEKTPOH. yue0.-MeTo1. KoMmIuieke s cretl. 6-05-0533-07 «Ma-
TeMaTUKa ¥ KOMITBIOTEpHBIC HAyKW», Ipoduian3anun «Bed-nmporpaMMUpoOBaHUe U WHTEPHET-TEXHOIOTHI,
«Maremarudeckoe U mporpaMMHoe obecriedeHrne MOOMITBHBIX yeTporicTBy / WM. H. brunaos ; BI'Y. Mumnck, 2026.
277 c. : wn. bubnuorp.: c. 277. Pexum nocrymna: https://elib.bsu.by/handle/123456789/347670. 3aru. ¢ akpaHa.
Hen. B BI'Y 28.05.2026, No 015528052026. TekcT : 31€KTPOHHBII.

ONeKTpOHHBIA yaeOHO-MeToamdeckuii koMruieke (3YMK) o yueOHOM mucrutuinHe « TeXHOIOTHH Mpo-
rpaMMUPOBaHU MpeAHa3HaYeH Uil MaruCTPaHTOB crienuaibHocTH 6-05-0533-07 «MaTtemaTika 1 KOMITbIO-
TEPHBIC HAYKM».

B ODYMK conepskarcs TEKCTHI JISKIHHA, TUIAHBI 1a00PaTOPHBIX 3aHATHH, IEPEYCHb KOHTPOJIBHBIX BOIIPOCOB,
CIHMCKU PEKOMEH/IOBAaHHOM JIUTEPATyPHI.

VIIK 004(075.8) +519.6(075.8)

Huxumun A. B. UH¢opManoHHbIe TEXHOJIOTHH : SJIEKTPOH. yue0.-MeToI. KoMIuTeKc i cretl. 6-05-0533-13 «Me-
XaHHMKa U MaremMarndeckoe mojenupoanue» / A. B. Hukutun ; BI'Y. Munck, 2026. 163 c. : wi. bubauorp.:
c. 161-163. Pexxum noctyna: https://elib.bsu.by/handle/123456789/347793. 3ar. ¢ sxpana. Hen. B BI'Y 03.06.2026,
No 016303062026. Texcr : 37IeKTPOHHBIH.

DneKkTpoHHbIH yueOHO-MeTonnueckuil kommieke (3YMK) mo yuebnoit nucummummne « MTHpopManoHHbIe
TEXHOJIOTUW» pa3paboTaH B COOTBETCTBUHU C 00pa30BaTeIbHBIM CTaHIAPTOM MIEPBOI CTYIIEHHU BBICIIETO 00pa-
30BaHUS s criennanbHOCTH 6-05-0533-13 «Mexannka u MaTeMatndeckoe MoaenupoBanue». OY MK npenna-
3HaueH A7l ”HPOPMAIIMOHHO-METOUYECKOT0 00ecIieueH s TPeroiaBaHus JUCUUIUTUHBI «H(popManoHHbIE
TEXHOIIOTUWY CTyICHTaM JaHHOH ciennaibHocTH. B DYMK coneprkarcs KOHCTIEKT JIEKIIUH, TIepeueHb 1adopa-
TOPHBIX 3aHATHI C MaTepruajIaMu Ut paboThI, 3aJaHHs 110 YIPABIIEMON CaMOCTOATEIBHOM padoTe.
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VIIK 519.6(075.8)
/lyopos b. M. Maremarudeckue MoaeJ i B MHGPOPMAIMOHHBIX TEXHOJIOTHUSX : 3JCKTPOH. y4e0.-MeTOI.
KoMmIutekc s cren. 7-06-0533-04 «MatemaTtrka u KOMIBIOTEPHBIE HAyKW», poduinzaunu «Bed-mporpam-
MHUPOBAaHUE U HHTEPHET-TEXHOJIOTHNY, «MaremaTnkay, « KommnprorepHas MaTeMaTHKa U CUCTEMHBIN aHaIu3» /
b. M. lyopos ; BI'Y. Munck, 2026. 28 c. : un. bubaworp.: c. 28. Pexxum noctyma: https://elib.bsu.by/handle/
123456789/348049. 3ari. ¢ akpana. [emn. B BI'Y 05.06.2026, Ne 016804062026. TeKCT : 2IEKTPOHHBIH.
OnexTpoHHBI yueOHO-MeToanuecknii komiieke (OYMK) mo yueOHoi nuctuminnHe « MaremMaTudeckue
MOZIETT B MHPOPMAIIMOHHBIX TEXHOJIOTHUSIX» pa3paboTaH B COOTBETCTBHH C 00pa3oBaTeNbHBIM CTAHAaPTOM
BTOPOU CTYIIEHH BhICIIEro oOpa3oBanus s crenpanbHoct 7-06-0533-04 «Maremaruka U KOMIIbIOTEPHBIC
Hayku». OYMK npennazHaueH st HHPOPMALIMOHHO-METOIMYECKOr0 00eceyeHrs pernojaBaHusl TUCIIHII-
TuHbI «MaremMaTniyeckue MOAEIH B MHPOPMAIMOHHBIX TEXHOJOTHSX» CTYJEHTaM JaHHOW CIIEHHaJbHOCTH.
B DYMK conpepxarcst KOHCIIEKT JISKIIHHA, IepEUIeHb JJa00OPaTOPHBIX 3aHATHH ¢ MaTepHalaMA IS paboTHI, 3a-
JTAHWS 110 YIPABIISIEMON CaMOCTOATEIBHON paboTe.

VK 004.738.5:004.92(075.8)

Jlykvsinosuu U. P. Bed-qu3aii : 31eKTpOH. yue0.-MeToJI. KoMIuieke s crerl. 6-05-0533-07 «Maremaruka
Y KOMIIBIOTEPHBIE HAYKW», podmmm3aniu «Bed-nmporpaMMupoBaHie U HHTEPHET-TEXHOIOTHI», «Marema-
THYECKOE M TIPOTpaMMHOE oOecTieueHrne MOOMIBHEIX yeTpoiicTy / U. P. JlykbsaoBud ; BI'Y. Mumnck, 2026.
32 ¢. bubnuorp.: ¢. 22-23. Pexum nocryna: https://elib.bsu.by/handle/123456789/348053. 3aru1. ¢ sxpana. Jler.
B BI'Y 05.06.2026, Ne 017105062026. TekcT : 2MeKTpOHHBIM.

OnexTpoHHbIH yueOHOo-MeToaudeckuil komrieke (Y MK) mo yuebnoli qucnuminne «Beb-nu3aitny» npeana-
3HAUEH JUIs CTYACHTOB crennansHocTH 6-05-0533-07 «MaTtemarnka 1 KOMIIBIOTEpHBIE HayKi» (MTPOoQHIN3aLuu
«Beb-mmporpamMmmMupoBaHe U HHTEPHET-TEXHOJIOTHI», «MareMarndeckoe U MporpaMMHOE 00ecTiedeHrne MO-
OWIBHBIX YCTPOHCTBY). DY MK comep>kuT miiaHsl JSKIINH, OMTUCAHNS JIA00PAaTOPHBIX 3aHATHH, TepeueHb KOHT-
POIBHBIX BOMIPOCOB, CITUCKH PEKOMEHI0BAHHON JIUTEPATYPHI.

VIIK 519.6(075.8) +004.6(075.8)

Kpemenv FO. A. Ananans u BU3yaau3anus IaHHbIX : SJICKTPOH. yue0.-MeToAI. KOMILIEKe 1y cretl. 6-05-0533-06 «Ma-
temarukay / 10. A. Kpemens, E. B. Kpemens ; BI'Y. Munck, 2026. 173 c. : un. bubmuorp.: ¢. 172. Pexxum nocryna:
https://elib.bsu.by/handle/123456789/348055. 3ari. ¢ axpana. Jlen. B BI'Y 05.06.2026, Ne 017205062026.
TeKCT : ANEeKTPOHHBIN.

OnekTpoHHBIH yueOHO-MeTonuueckuit kommieke (9YMK) no yueOHoH AuCIHIUINHE « AHAJIN3 U BU3yalln3a-
WS TaHHBIX» MIPEAHA3HAYECH JIs CTYACHTOB crienuainbHocTu 6-05-0533-06 «Maremaruka». 9YMK cogepxut
TEKCTBI JICKLIUH, ITaHbl 1a00PaTOPHBIX 3aHATHH, IEPEYEeHb KOHTPOJIBHBIX BOIIPOCOB, CIIUCKU PEKOMEHI0BAHHON
JUTEPATYPBL.

VIK 531.011(075.8)

Meosedes /. [T AHAJIMTHYECKASI MEXaHUKA : YIEKTPOH. yue0.-MeTo. KoMIUIeKC s crerl. 6-05-0533-13 «Me-
XaHHWKa ¥ Maremarndeckoe monenuposanue» / Jl. I. Mensenes, /1. E. Mapwmbim, H. I'. Uymak ; BI'Y. MuHck,
2026. 55 c. bubmuorp.: ¢. 55. Pexxum nocryna: https://elib.bsu.by/handle/123456789/348832. 3ari. ¢ skpaHa.
Jen. B BI'Y 19.06.2026, Ne 019219062026. TekcT : 2I€KTPOHHBII.

OnekTpoHHBIN yueOHO-MeToandecknii komruieke (OYMK) mo yueOHOlH aucuummimae « AHATATAYECKAs
MeXaHUKa» pa3padoTaH B COOTBETCTBHHU C 00pa30BATEIbHBIM CTAHIAPTOM IIEPBOH CTYIIEHH BBICIIETO 00pa-
30BaHMs IS crienuanbHoCTH 6-05-0533-13 «Mexanuka u MaTemarndeckoe moaenuposanne». DYMK mpen-
Ha3Ha4YCH AJIsd I/IH(bOpMaHI/IOHHO-MCTOI[I/ILIGCKOFO OGGCHCLICHI/I}I npenoaaBaHust AUCIUITIINHBL «AHaJIMTHYECKAS
MEXaHUKa» CTyICHTaM JaHHOU crnenuaibHocTu. B OYMK conepxarcs KOHCIIGKT JICKIHi, TepeYeHb J1abopa-
TOPHBIX 3aHIATHI C MaTepUaIaMHu Ui PadOThI, 3aJJaHHs IO YIPABIIEMON CaMOCTOATENBHOM paboTe.

VAK 519.1(075.8)+510.6(075.8)

Bonukosa I’ I1. IluckpeTHasi MaTeMAaTHKA U MaTeMaTH4YecKasl JIOTHKA : DIIEKTPOH. Y4e0.-MEeTO/[. KOMIUIEKC

st crietl.: 6-05-0533-09 «[pukiiagnas maremarukay, 6-05-0533-12 «KubepoeszonacHocts» : B 6 4. U. 2/

I T1. Bomrukosa ; BI'Y. MuHck, 2026. 96 c. : wn. bubmumorp.: ¢. 95-96. Pexum nocryna: https://elib.bsu.by/handle/

123456789/348832. 3arn. ¢ skpana. emn. B BI'Y 25.06.2026, Ne 019725062026. TekcT : 3ME€KTPOHHBIH.
OnexTpoHHbIH yueOHO-MeToamdecknit Komruieke (Y MK) o yuebHol auciumuinae «J{uckpeTHas MaTeMaTHKa

U MaTeMaTH4ecKas JJOTHKa» (JacTh 2) mpeHa3Ha4ueH ISl CTYJICHTOB crieruanbHocTelt 6-05-0533-09 «lIpuknagnas
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MaTtemarukay, 6-05-0533-12 «KubepoesomacHoctb». B 9YMK comepskarcst JISKITMOHHBIH MaTepHalr 1o TeMe
«MHOXeCTBaY, 3a1aHusI IS TPAKTHUSCKUX 3aHsTHI, HAOOPHI TECTOB IS TPOBEPKH 3HAHUI, CITCOK JINTEPATYPHIL.

VIK 004.432.045C++(075.8)
Cepuxosa H. B. IlporpamvupoBanue Ha C++ : 3JIeKTPOH. yue0.-MeTo1. KOMILIeKC st crietl. 6-05-0533-15 «u-
TeseKTyaabHast anekTponukay / H. B. Cepuxosa, C. H. Cemenosuu ; BI'Y. Munck, 2026. 205 c. : 28 Ta6n. bu6-
morp.: ¢. 202-205. Pexum nocryma: https://elib.bsu.by/handle/123456789/349570. 3arn. ¢ axpana. Jlen. B BI'Y
25.06.2026, Ne 020025062026. TekcT : 21€KTPOHHBIH.

OnekTpoHHbIH yueOHo-MeTonnuecknii kommieke (OYMK) no yuebnoit qucunmninune «I[IporpammupoBanue
Ha C++» TpefHa3Ha4YeH JUIs CTYIEHTOB (aKyinbTeTa paguo(u3uKi U KOMITBIOTEPHBIX TexHoioruid bI'Y cre-
uuanbHOCTH 6-05-0533-15 «MuTennexryanbpHas snekTponnkay. B OYMK conepixarcst 0CHOBHBIE TEOpETHUECKHE
cBeZeHus 110 536Ky C++ ¢ mMpuMepaMu IporpaMM, IEPEUNCIISIOTCS CPEACTBA JUArHOCTUKY 3HAHUH, TPUBOASTCS
3aJjaHus 110 JIAOOPAaTOPHBIM padoTaM AMCLUILIMHBI, BOIPOCH! Ul MIOATOTOBKH K 3a4€Ty U 9K3aMEHY, CIIMCOK
JTUTEPATYPhI ISl U3YUCHUSI.

VIK 004.056.5(075.8)
Ilepesz Yepros A. X. KpunToTexXHOJ0rHH : SIIEKTPOH. yued.-MeTo1. Komruieke i cnei. 7-06-0533-04 «Ma-
TEMaTukKa M KOMIBIOTEPHBIE HAayKn», npodunuzanus «BeO-nporpaMMupoBaHrie 1 HHTEPHET-TEXHOJIOTUNY /
A. X. Ilepes Uepnos ; BI'Y. Munck, 2026. 85 c. : wit. bubnuorp.: ¢. 83—84. Pexxum noctymna: https://elib.bsu.by/
handle/123456789/350356. 3aru. ¢ akpana. len. B BI'Y 07.07.2026, Ne 021306072026. TekcT : 2IeKTpOHHBIH.
OneKkTpoHHkI yueOHO-MeTonuueckuii komiuieke (OYMK) o yueOHoit nuciumminae « KpunrorexHomorum
[peIHa3HaYeH JJIs CTYAEHTOB cnenuanbHocTh 7-06-0533-04 «MareMaTika 1 KOMIIBIOTEPHBIE HAYKH.
B DYMK coneprkarcs TeKCTHI JIGKIIUH, TUTAHbI JTA0OPaTOPHBIX 3aHATHH, IepedeHb KOHTPOJIBHBIX BOTIPOCOB,
CIIMCKH PEKOMEH/I0BaHHOM JINTEPATYPHI.

VIIK 004.7(075.8)

llepe3 Yeprnos A. X. AWS n o0/j1auHble TeXHOJOTHH : 3JICKTPOH. y4e0.-METOJl. KOMIUICKC JIsl CIEL.
6-05-0533-07 «Maremarnka 1 KOMITBIOTEpHBIE HAyKn», Mpoduim3anuy «Bed-mporpaMMupoBaHie U HHTEPHET-
TEXHOIIOTUHY, «MaremMaTnueckoe u mporpaMmMHoe odecriedeHre MoOMIBEHBIX yeTpoicTBy / A. X. Tlepe3 UepHOB ;
BI'Y. MuHck, 2026. 45 c. : un. bubnuorp.: c. 44. Pexxum nocryma: https://elib.bsu.by/handle/123456789/350369.
3ar. ¢ akpana. Jlen. B BI'Y 07.07.2026, Ne 021406072026. TekcT : 371€eKTPOHHBIN.

OnekTpoHHbIH yueOHO-MeToamueckuii komruieke (DYMK) no yuebnoit aucuuminae «AWS u oOnayHble
TEXHOJIOTUWY» MPEAHA3HAUCH I CTYACHTOB crienuaibHOoCTH 6-05-0533-07 «MaremaTnka 1 KOMIBIOTEPHBIC
HayKm».

B DYMK coneprkarcs TEKCTHI JIEKIIUH, TUTAHBI JTA0OPaTOPHBIX 3aHATHH, IepedeHb KOHTPOJIBHBIX BOIPOCOB,
CIIMCKH PEKOMEH/I0BaHHOM JINTEPATYPHI.

VIK 004.5:004.4(075.8) + 004.8(075.8)
Ilepez Yepnos A. X. IlpoekTHpOBaHHe H TPOTOTHIIMPOBAHHE M0JIb30BATeILCKHX HHTEP(eHcOoB : 2IEKTPOH.
yueb.-meTof. komruteke st crent. 7-06-0533-04 «Maremarnka U KOMIBIOTEPHBIE HayKH», TpOohUIn3anus
«Beb6-nporpammupoBanue u uHTepHeT-TexHonorun» / A. X. Ilepe3 Uepnos ; BI'Y. Munck, 2026. 68 c. : wu.
bubnuorp.: c. 64—66. Pexxum nocryna: https://elib.bsu.by/handle/123456789/350469. 3arn. ¢ sxpana. [len. B BI'Y
08.07.2026, No 021506072026. TekcT : 27E€KTPOHHBIH.

OneKTpoHHBINH yueOHo-MeToanuecknii komruieke (QYMK) no yuebnoit nucuurmne «lIpoextupoBanue
U MPOTOTUIIMPOBAHUE MOJIB30BATEILCKUX UHTEP(EHCOBY NpeaHa3HaueH [UIsl CTYICHTOB CHEIUAIBHOCTH
7-06-0533-04 «Maremaruka 1 KOMITbIOTEpHBIE Haykm» (Tipodrmsanus «Bed-nporpaMMipoBaHie U HHTEPHET-
TEXHOJIOTUN).

B DYMK cozneprkarcs TEKCTBI JICKLIUH, IIAHbI JIAO0OPAaTOPHBIX 3aHITHH, IEpeYeHb KOHTPOJIBHBIX BOIIPOCOB,
CIMCKH PEKOMEH/IOBAaHHOH JINTEPaTYPHI.

VIK 004.89(075.8)
Ilepes Yepros A. X. CucteMHasi apXUTEKTypa U YIpaBJeHUe MPOEKTAMH : IIEKTPOH. Y4e0.-MEeTO]. KOMILIEKC
st cnen. 6-05-0533-07 «MaremaTuka 1 KOMIBIOTEpPHBIE HAyKu», poduimnzaunu «Bed-mporpaMmMupoBanne
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U HHTEPHET-TEXHOIOTHNY, «MareMaTnieckoe v porpaMMHOe o0ecrieueHre MOOMITBHBIX yeTpoiicTy / A. X. TTe-
pe3 Uepnos ; BI'Y. Munck, 2026. 87 c. : wi. bubmuorp.: ¢. 79—85. PexxuMm moctyma: https://elib.bsu.by/handle/
123456789/350471. 3arn. ¢ sxkpana. Jen. B BI'Y 08.07.2026, Ne 021606072026. TekcT : 31€KTPOHHBIH.

OnekTpoHHBIH yueOHo-MeToaunueckuit komruieke (Y MK) no yueOHo# aucnuminae «CucTeMHas apXUTeK-
Typa U yTpaBJIeHHE IPOEKTaMi» MpeHa3HaueH I CTY/IEHTOB crenuanbHocTH 6-05-0533-07 «Maremarnka
1 KOMITBIOTEPHBIC HAYKN.

B DYMK conep:xarcst TEKCTBI JIEKINH, TIaHbI JJA00OPAaTOPHBIX 3aHIATHH, IEPEUCHb KOHTPOJIBHBIX BOIIPOCOB,
CIIMCKHU PEKOMEH/I0BaHHOM JINTEPATYPHI.
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