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Decay of a metastable state. Metastable state (fig. 4) of quantum system can decay through tunneling. 
Special instanton solution (so-called bounce) provides a main contribution in transition amplitude and describe 
the decay probability:
 Γ ∝ − ( ) e S xE b2 τ

.  

Instantons in quantum field theory
Scalar field theories. Scalar field theories with classically degenerate vacuum. Some scalar theories with 

non-trivial potential consist classically degenerate vacuum. Lagrangian of such theory has a form

  = ∂ ∂ − ( )1

2
µ µϕ ϕ ϕV .  (1)

For example, scalar theories with double-well and sine-Gordon potentials (fig. 5 and 6) are theories with 
degenerate vacuum
 V ϕ λ ϕ ρ( ) = −( )2 2

2

,  (2)

 V ϕ λ ρϕ( ) = − ( )( )1 cos .  (3)

Instanton solutions in d dimensions coincide with static soliton solutions in d + 1 dimensions. By Derrick’s 
theorem [2; 3] there are no soliton solutions for scalar field models with Lagrangian of the form (1) in three 
and more dimensions. Hence there are no instantons in two and more dimensions in theories with Lagrangian 
of the form (1). Physically this prohibition is due to the fact that vacuum tunneling transitions are impossible 
because of infinite magnitude of the energy barrier between neighboring vacuums (since considered spatial 
region is infinite: −∞ < < +∞x ).

Scalar field theories with false vacuum. Tunneling causes decay of false vacuum in theories that contain 
it (fig. 7). As long as field contribution in transition amplitude depends on the action of the field configuration, 
corresponding instanton solutions (so-called bounces) as local minima of the action are configurations with the 
greatest contribution and describe tunneling:

Fig. 4. Potential of a system with metastable state:  
a – Lorentzian version; b – Euclidean version

Fig. 5. Double-well potential (2) Fig. 6. Sine-Gordon potential (3)


