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БГУ – столетняя история успеха

where s x t,( ) is the number of healthy people susceptible to the disease; e x t,( ) is the number of infected people 
having the disease in the incubation period; i x t,( ) is the number of infected people; r x t,( ) is the number of 
people who are no longer susceptible to the disease; d x t,( ) is the number of deceased people; n = s + e + i + r 
is the entire population. These functions are normalised for the entire population of the country. Further l is the 
birth rate, s is the inverse of the incubation period of the disease, jr is the recovery rate, je is the asymptomatic 
recovery rate, jd is the mortality rate among patients, be is the asymptomatic contact rate, bi is the contact rate 
with symptoms, m is the mortality rate without the COVID-19, A is a parameter that accounts the distribution of 
resources and is intended for modelling the trends of outbreaks in large populations, and vs, ve, vi, vr are parameters 
of the diffusion of various population groups, which we take as zero, since this paper does not consider the spatial 
spread of infection. In this model a Gerasimov – Caputo time-fractional derivative operator of order a (0 < α < 1) 
is used:
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The model (fig. 2) takes into account asymptomatic transmission of infection, which is considered a key 

factor in the COVID-19 pandemic [7]. The first and second equations from the model (1) show that exposed 
asymptomatic patients can transmit COVID-19 to susceptible people with a contact rate of be. This is consistent 
with recent studies suggesting that patients can transmit COVID-19 almost immediately after infection [7]. 
In addition, the third and fourth equations from the model (1) include the infected patients who do not develop 
symptoms and who move directly to the recovered population. It is also assumed that recovered patients are 
immune therefore there is not any reverse flow from the equation for r to the equation for s [8].

Since there is quite detailed data on the development of infection for the Italian region of Lombardy, we 
took the coefficients for our model from there. We assume s = 1

7
 days–1, ϕr = 1

24
 days–1, ϕd = 1

160
 days–1, and 

ϕe = 1
6

 days−1. These values are based on the data available in the literature on mortality, incubation period 

and recovery time of infected and asymptomatic patients [7]. In addition, we do not consider the birth rate or 
mortality without COVID-19 (that is, we set l = 0 and m = 0 accordingly). The time scale in our simulations is 
days. Based on the results of parameter calibration, we initially set bi = be = 3.3 ⋅ 10– 4 people−1 ⋅ days−1.

Given the uncertainty in the currently available COVID-19 data, we believe that an assessment of the pa-
rameters aimed at matching the dynamics of all parts of the model is impractical. Since not every member of 
the population is tested for infection, and asymptomatic cases are known to exist in possibly large numbers, 
we think that the available data on cases of infection may lead to an unrealistic adjustment of the parameters. 
Conversely, the data presented for COVID-19 deaths provide greater reliability for calibrating the model 
parameters. Therefore, we strive for a quantitative agreement in the subgroup of the deceased d t( ) and a quali
tative agreement for the remaining model subgroups s t e t i t r t( ) ( ) ( ) ( ), , , .

Fig. 2. A block diagram describing the dynamics  
between subgroups of people in the model (1)


