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If the left side of the equation (12) is equal to zero:
 E r beff− ( ) =Φ , ,0  (13)
it corresponds to the turning point (ν = 0) or to the distance of closest approach rm. 

One can see that for some impact parameter b = b0 the condition (13) is satisfied at the point r = r0 (see fig. 2, 
curve 2). The second solution of the equation (13) for the case b = b0 lies in the region r < r0 and is denoted 
as ′r

0
. For the case b > b0 (see fig. 2, curve 1) there are also two values for the distance of closest approach rm, 

namely r rm
1

0

( ) <  and r rm
2

0

( ) < . The only last one has physical meaning since a particle cannot penetrate to the re-
gion r < r0. For the case b < b0 (see fig. 2, curve 3) the equation (13) has only one solution, and its value r rm < ′

0
.

To find the r0 value, it is necessary to consider the joint solution of the equation (13) and the extremum 
condition (14):
 

d
dr
effΦ

= 0.  (14)

Elimination of the impact parameter b for the system (13), (14) gives equation

 2 0E r d
dr

−( ) − =Φ Φ
,  (15)

which can be solved numerically for r0. The ′r0  is a smaller root of the equation (13).
So, for b > b0 the distance of closest approach is greater than r0, and for b < b0 the distance of closest ap-

proach is less than ′r
0
. It means that the distance of closest approach as a function of the impact parameter is 

discontinuous for b = b0, and distances of closest approach in the interval ′ < <r r rm0 0  are physically impossible. 
From the physical point of view, values b > b0 correspond to rather oblique collisions, for which deflection 

of particles occurs with fairly small angles, and attractive forces between particles dominate over repulsive ones. 
Case b < b0 corresponds to almost head-on collisions, deflection occurs with large angles, and repulsive forces 
play main role. Case b = b0 is characterised by the orbiting effect, or the formation of quasi-bound state of two 
particles. In this case particles long time orbit each other at a distance r0.

The critical energy Ec, for which the orbiting occurs and below which rm has discontinuous character, can 
be found according to following. Based on equation (15) one can obtain the expression for energy:
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Extremum of the energy corresponds to the critical energy Ec:

 dE
dr

d
dr

r d
dr0 0

0

2

0

2

1

2
3 0= +







=Φ Φ
.  (17)

So, the solution of the equation (17) gives value of the critical distance of closest approach rc. Substitution 
of the rc into the equation (16) gives the critical energy Ec.

Thus, for the calculation of the deflection angle χ for energies E < Ec the integral (7) should be divided 
into two parts: the integral over r EE ( ) to ′( )r E0  and the integral over r E0( ) to infinity. For energies E > Ec the 
integral (7) is over r EE ( ) to infinity. 

Fig. 2. Effective potential energy function:  
the oblique collision (1), the orbiting effect (2), the head-on collision (3)


